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Abstract

In this paper, the leader-following consensus problem is investigated for upper-triangular nonlinear MASs (multi-

agent systems) via sampled and delayed output feedback. The sampled outputs transmitted through the communication

channels are used to constructed the output feedback controllers directly. Then, the output feedback control signals

transmitted through the other communication channels are used to update the MASs. Two kinds of transmission delays,

i.e., transmission delays from the MASs to the output feedback controllers and transmission delays from the output

feedback controllers to the MASs, make the MASs and the output feedback controllers to be updated at different time

instants. A method of interval decomposition is proposed such that the MASs and the output feedback controllers

are updated at the same interval. Then, sufficient conditions are presented to ensure the MASs reach leader-following

consensus. At last, an example is provided to verify efficiency of the proposed methods.

Index Terms

Upper-triangular, nonlinear systems, leader-following consensus, sampled-data, output feedback, interval decom-

position

I. INTRODUCTION

With the development of artificial intelligence, study on MASs has received increasing attention in the field

of communication and control. As a core of the distributed coordination problem for MASs, the consensus
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problem is currently a very hot research topic. Generally speaking, the consensus problem comprises leader-

less consensus [1]–[12] and leader-following consensus [13]–[23]. Previous studies on consensus problems

focus on MASs with simple dynamics [1], [8] or double integrators dynamics [3]–[5], [9], [16] or linear

dynamics [2], [11]–[15]. Subsequently, researchers devoted to consensus problem for MASs with nonlinear

dynamics [7], [14], [19]–[21], [24], which is hard to deal with because of theirs complex nonlinear dynamics.

In practice, information are often sampled at discrete time instants amd transmitted through a communication

network among agents. Therefore, input delays or transmission delays are frequently encountered in a MAS.

Thus it is necessary and important to study the sampled-data consensus problem of MASs with transmission

delays.

More recently, some progresses have been made on sampled-data consensus of MASs [10], [19], [25]–

[27]. For example, the consensus problem of directed nonlinear MAS was investigated in [25]. Based on

the delayed-input approach, the authors transformed the sampled-data MAS into a nonlinear system with

time-varying delay. Then, they obtained sufficient conditions to ensure that the MAS reach consensus [25].

The event-triggered sampled-data consensus problem for distributed MAS was also studied in [27]. Such a

problem was converted to a stability problem of a time-varying system based on new sampled-data consensus

protocols. New sufficient conditions were given such that the MAS reached consensus. The authors in [19],

considered a more complex case, i.e., each agent had high-order nonlinear and heterogeneous dynamics. A

consensus tracking protocol based on the asynchronous sampled data was proposed to solve the consensus

problem of heterogeneous nonlinear MAS. Since many nonlinear systems can be converted to nonlinear

systems with the structure of lower-triangular or upper-triangular, therefore, some developments have been

made in the study of consensus problem for lower-triangular MASs [28]–[33]. In [28], the authors proposed

full state and output consensus protocol to solve the leader-following consensus problem for nonlinear MASs.

The leader-following consensus problem for high-order lower-triangular nonlinear MASs was studied in [32].

A recursive design approach was proposed to solve this problem.

However, there exist some shortcomings in the above literatures, for instance, transmission delays are

not considered, or only transmission delays from the systems to the controller are considered. On the other

hand, the upper-triangular systems can be applied to represent some physical systems, for example, the

celebrated cart-pendulum system [34], [35] and the planar vertical takeoff and landing aircraft [36]. To

the best of our knowledge, there are few research results on sampled-data consensus for upper-triangular

nonlinear MASs with two kinds of transmission delays, transmission delays from the MASs to the output

feedback controllers and transmission delays from the output feedback controllers to the MASs.



3

In this paper, we consider the leader-following consensus problem for upper-triangular nonlinear MASs

via sampled and delayed output feedback. The main contributions include: a) Inspired by the ideas in

the literatures [39]–[41], the sampled outputs and output feedback control signals transmitted through the

communication channels are used to update the output feedback controllers and the MASs at different time

instants, respectively. b) A method of interval decomposition is proposed such that the MASs and the output

feedback controllers are updated at the same interval. c) Sufficient conditions are presented to ensure the

MASs reach leader-following consensus.

This paper is organized as follows. Section II presents some definitions of graph theory, problem de-

scription and some assumptions. In Section III, we give the main results: leader-following consensus for

upper-triangular MASs via sampled and delayed output feedback. A simulation example is provided to

verify the theoretical results in Section IV. At last, Section V concludes this paper.

II. PRELIMINARIES

A. Graph theory

Let G = (V , E) denote a undirected graph of order N , where V = {1, · · · , N} is the set of nodes, and

E ⊆ V × V is the set of edges. The neighborhood of node i is denoted by Ni = {j ∈ V : (j, i) ∈ E , j 6= i}.

Graph G is called connected if there is a path between any two nodes in G, otherwise, we call that it is

disconnected. A = [aij] ∈ RN×N denote the adjacency matrix of G, where aij = 1, if (i, j) ∈ E, and

aij = 0 otherwise. The degree matrix ∆ is defined as ∆ = diag(∆1, · · · , ∆N), where ∆i =
∑

j∈Ni
aij . The

Laplacian matrix L = ∆−A is symmetric. Let graph Ḡ contain graph G and a leader 0 and edges between

the leader and its neighbors. Let H = L + D, where D = diag(d1, · · · , dN). If the leader and node i are

neighbors, di = 1; otherwise, di = 0.

B. Problem description

Consider a upper-triangular nonlinear multi-agent system consisting of N + 1 agents, where the dynamic

of ith agent (i = 0, 1, · · · , N ) is expressed as




ẋi(t) = A0x
i(t) + f(xi(t)) + bui(t),

yi(t) = Cxi(t), i = 0, 1, · · · , N,
(1)
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where

A0 =




0 1 · · · 0
...

... . . . ...

0 0 · · · 1

0 0 · · · 0




, b =




0
...

0

1




, C =
(

1 0 · · · 0
)

,

xi(t) = (xi
1(t), x

i
2(t), · · · , xi

n(t))T ∈ Rn, ui(t) ∈ R, and yi(t) ∈ R are the agent i’s state, input and output,

respectively, and u0(t) = 0. The nonlinear function f(xi(t)) = (f1(x
i(t)), f2(x

i(t)), · · · , fn(xi(t)))T has the

form of fm(xi(t)) = fm(xi
m+2(t), · · · , xi

n(t)), m = 1, 2, · · · , n− 2, and f i
n−1(x

i(t)) = f i
n(xi(t)) = 0.

Remark 1: The nonlinear system in the form of (1) is called the upper-triangular nonlinear system,

which can be applied to represent some physical systems, for example, the celebrated cart-pendulum

system [34], [35] and the planar vertical takeoff and landing aircraft [36]. The state feedback stabilization

and output feedback stabilization of the upper-triangular system have been well-investigated in [37] and [38],

respectively, and some interesting results have also been established.

We state the following useful results which can be found in [20], [42] for later use.

Lemma 1 ( [20]): If H is positive definite and (A0, b) is controllable, then there exists a row vector K

such that the matrix IN ⊗ A0 −H ⊗ bK is Hurwitz. Furthermore, there exists a positive definite matrix Q

satisfying

(IN ⊗Q)(IN ⊗ A0 −H ⊗ bK) + (IN ⊗ A0 −H ⊗ bK)T (IN ⊗Q) = −I.

Lemma 2 ( [42]): For a given positive definite symmetric matrix RT = R > 0, a real number γ > 0,

and a vector function ω(s) defined on the interval [0, γ], we have
[∫ γ

0

ω(s)ds

]T

R

[∫ γ

0

ω(s)ds

]
≤ γ

[∫ γ

0

ωT (s)Rω(s)ds

]
.

Figure 1 shows the sampling scheme for the MASs. Suppose the system output yi(t) is measured at

sampling instants tk, and tk satisfies 0 = t0 < t1 < · · · < tk < · · · . The sampling period T = tk+1 − tk.

We also assume that transmission delay from the ith neighbor agents j to agent i is τ ji
k , and di

k is the

transmission delay from the controller to the ZOH (zero-order hold). Note that the sampled-data from i and

its neighbor j may reach the output feedback stabilizer at different time instants. Therefore, we employ

a common buffer to deposit the information until all the information is available. Let τ i
k = max{τ ji

k },

τk = max{τ i
k}, and dk = max{di

k}.
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Figure 1. Sampling scheme for the MASs

The aim of this paper is to design output feedback controllers, such that the ith follower’s state xi(t)

asymptotically approaches the leader’s state x0(t), as t → +∞. Based on the sampling scheme shown in

Figure 1, we design the following output feedback controllers



˙̂xi(t) = A0x̂
i(t) + Ma(xi

1(tk)− x̂i
1(tk)) + f(x̂i(t)) + bui(t),

˙̂x0(t) = A0x̂
0(t) + Ma(x0

1(tk)− x̂0
1(tk)) + f(x̂0(t)),

ui(t) = −KW [
∑

j∈Ni

aij(x̂
i(tk)− x̂j(tk)) + di(x̂

i(tk)− x̂0(tk))],

x̂i(tk+1 + τk) = lim
t→(tk+1+τk+1)−

x̂i(t), t ∈ [tk + τk, tk+1 + τk+1), k ≥ 0, i = 1, 2, · · · , N,

(2)

where x̂i(t) = (x̂i
1(t), x̂

i
2(t), · · · , x̂i

n(t))T , M = diag{ 1
L
, 1

L2 , · · · , 1
Ln}, W = diag{ 1

Ln , 1
Ln−1 , · · · , 1

L
} with

L ≥ 1, K = (k1, k2, · · · , kn) is given in Lemma 1, a = (a1, a2, · · · , an)T , where am > 0, m = 1, 2, · · · , n,

are some design parameters.

From (1) and (2), we can obtain



ẋi(t) = A0x
i(t) + f(xi(t))− bKW [

∑
j∈Ni

aij(x̂
i(tk)− x̂j(tk)) + di(x̂

i(tk)− x̂0(tk))],

t ∈ [tk + τk + dk, tk+1 + τk+1 + dk+1).

(3)

Note that the system (2) and the system (3) are updated at the time instants tk + τk and tk + τk + dk,

respectively. In order to analysis the stability of the MASs, we assume that the time delays dk and τk satisfy

dk < m̄1T and τk < m̄2T for all k > 0, where m̄1 and m̄1 are positive integers. Then, tk + τk + dk <

tk + (m̄1 + m̄2)T and tk+1 + τk+1 + dk+1 < tk + (m̄1 + m̄2 + 1)T . Therefore, there exist positive integers

mk1 < m̄1 + m̄2 and mk2 < m̄1 + m̄2 + 1 such that

tk + τk + dk ∈ [tk+mk1
+ τk+mk1

, tk+mk1
+1 + τk+mk1

+1),

and

tk+1 + τk+1 + dk+1 ∈ [tk+mk2
+ τk+mk2

, tk+mk2
+1 + τk+mk2

+1).
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Without loss of generality, let mk1 < mk2 . Then

[tk + τk + dk, tk+1 + τk+1 + dk+1) = [tk + τk + dk, tk+mk1
+1 + τk+mk1

+1)⋃mk2
−1

s=mk1
+1[tk+s + τk+s, tk+s+1 + τk+s+1)

⋃
[tk+mk2

+ τk+mk2
, tk+1 + τk+1 + dk+1).

(4)

Now, we introduce the following notation k̃ which is given by

k̃ =





k + mk1 , t ∈ [tk + τk + dk, tk+mk1
+1 + τk+mk1

+1),

k + s, t ∈ [tk+s + τk+s, tk+s+1 + τk+s+1), s = mk1 + 1, · · · ,mk2 − 1,

k + mk2 , t ∈ [tk+mk2
+1 + τk+mk2

+1, tk+1 + τk+1 + dk+1).

(5)

With the interval decomposition (4) and the notation k̃ introduced by (5), we can consider the system (2)

and (3) on the same interval. When t ∈ [tk + τk + dk, tk+mk1
+1 + τk+mk1

+1), or t ∈ [tk+s + τk+s, tk+s+1 +

τk+s+1), s = mk1 +1, · · · ,mk2−1, or t ∈ [tk+mk2
+ τk+mk2

, tk+1 + τk+1 +dk+1), the output feedback control

laws can be given as




˙̂xi(t) = A0x̂
i(t) + Ma(xi

1(tk̃)− x̂i
1(tk̃)) + f(x̂i(t)) + būi(t),

˙̂x0(t) = A0x̂
0(t) + Ma(x0

1(tk̃)− x̂0
1(tk̃)) + f(x̂0(t)),

ūi(t) = −KW [
∑

j∈Ni

aij(x̂
i(tk̃)− x̂j(tk̃)) + di(x̂

i(tk̃)− x̂0(tk̃))],

x̂(tk̃+1 + τk̃+1) = lim
t→(tk̃+1+τk̃+1)−

x̂(t).

(6)

Let η(t) = t− tk, γ(t) = t− tk̃. Then tk and tk̃ can be converted into

tk = t− η(t), tk̃ = t− γ(t). (7)

When t ∈ [tk + τk, tk+1 + τk+1), we have η(t) ≤ tk+1 + τk+1− tk ≤ (m̄2 + 1)T ≤ (m̄1 + m̄2 + 1)T . We can

also obtain γ(t) < tk+1 + τk+1 + dk+1 − tk ≤ (m̄1 + m̄2 + 1)T , for t ∈ [tk + τk + dk, tk+1 + τk+1 + dk+1).

With the help of (7), the system (3) and the system (6) can be rewritten as

ẋi(t) = A0x
i(t) + f(xi(t))− bKW [

∑
j∈Ni

aij(x̂
i(t− η(t))− x̂j(t− η(t)))

+di(x̂
i(t− η(t))− x̂0(t− η(t)))],

(8)





˙̂xi(t) = A0x̂
i(t) + Ma(xi

1(t− γ(t))− x̂i
1(t− γ(t))) + f(x̂i(t)) + būi(t),

˙̂x0(t) = A0x̂
0(t) + Ma(x0

1(t− γ(t))− x̂0
1(t− γ(t))) + f(x̂0(t)),

ūi(t) = −KW [
∑

j∈Ni

aij(x̂
i(t− γ(t))− x̂j(t− γ(t))) + di(x̂

i(t− γ(t))− x̂0(t− γ(t)))].

(9)

Now, we give the following definition.
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Definition 1 ( [20]): The leader-following consensus problem of the nonlinear multi-agent system (1)

can be solved by the sampled and delayed output feedback controllers (2), if under the controllers (2), for

any initial condition xi(0) (i = 1, 2, · · · , N), the state xi(t) of the follower agent i asymptotically approaches

the state x0(t) of the leader, as t → +∞, that is,

lim
t→+∞

‖xi(t)− x0(t)‖ = 0, i = 1, 2, · · · , N.

Remark 2: In [20], the authors proposed continuous state and output feedback controllers for a class

of upper-triangular nonlinear MASs. In [25], the authors designed sampled-data state feedback controllers

without considering the effect of transmission delays. In this paper, we propose sampled-date output feedback

controllers by using sampled and delayed outputs for the upper-triangular nonlinear MAS. The agent systems

are continuous while the controllers are discrete, which stands for a typical computer-based control scheme.

Remark 3: Notice that x̂i(t) are continuous on the interval [tk + τk, tk+1 + τk), and the functions f i(·)
which satisfy Assumption 2 are also continuous. It is obvious that x̂i(t) are continuous on the interval

[t0, +∞). For the same reason, xi(t) are continuous on the interval [t0, +∞) as well.

We also make the following assumptions.

Assumption 1: Graph G is connected.

Assumption 2: Assume there exists l > 0 such that the nonlinear functions fm satisfy Lipschitz condition

‖fm(y)− fm(z)‖ ≤ l‖y − z‖,∀y, z ∈ Rn.

III. MAIN RESULTS

In what follows, based on the sampled-data output feedback controllers (2), we try to construct a

Lyapunov-Krasovskii functional and present sufficient conditions to ensure the upper-triangular multi-agent

systems with delayed and sampled outputs can reach consensus. The error dynamics are given by:

ėi(t) = A0e
i(t)−Maei

1(t− γ(t)) + f i + bui(t)− būi(t), i = 0, 1, · · · , N, (10)

ξ̇i(t) = A0ξ
i(t) + Ma(ei

1(t− γ(t))− e0
1(t− γ(t))) + f̂ i + būi(t), i = 1, 2, · · · , N, (11)

where ei(t) = xi(t) − x̂i(t), f(xi(t)) − f(x̂i(t)) = f i = (f i
1, f

i
2, · · · , f i

3)
T with i = 0, 1, · · · , N , and

ξi(t) = x̂i(t)− x̂0(t), f(x̂i(t))− f(x̂0(t)) = f̂ i = (f̂ i
1, f̂

i
2, · · · , f̂ i

n)T with i = 1, 2, · · · , N .

Consider the following variable transforms

εi(t) = (εi
1(t), ε

i
2(t), · · · , εi

n(t))T , εi
m(t) = Lmei

m(t), i = 0, 1, · · · , N, m = 1, 2, · · · , n,
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zi(t) = (zi
1(t), z

i
2(t), · · · , zi

n(t))T , zi
m(t) = Lmξi

m(t), i = 1, 2, · · · , N, m = 1, 2, · · · , n.

Hence,

ε̇i(t) = 1
L
A0ε

i(t)− 1
L
aεi

1(t) + 1
L
a

∫ t

t−γ(t)
ε̇i
1(s)ds + f̃ i + Lnbui(t)− Lnbūi(t), i = 0, 1, · · · , N, (12)

żi(t) =
1

L
A0z

i(t) +
1

L
a(εi

1(t− γ(t))− ε0
1(t− γ(t))) + Lnbūi(t) + f̄ i, i = 1, 2, · · · , N, (13)

where εi
1(t − γ(t)) = Lei

1(t − γ(t)), f̃ i = (f̃ i
1, f̃

i
2, · · · , f̃ i

n)T , f̃ i
m = Lmf i

m, and f̄ i = (f̄ i
1, f̄

i
2, · · · , f̄ i

n)T ,

f̄ i
m = Lmf̂ i

m.

Let ε(t) = ((ε1(t))T , (ε2(t))T , · · · , (εN(t))T )T , ε1(t) = (ε1
1(t), ε

2
1(t), · · · , εN

1 (t))T , ε1(t− γ(t)) = (ε1
1(t−

γ(t)), ε2
1(t− γ(t)), · · · , εN

1 (t− γ(t)))T , and z(t) = ((z1(t))T , (z2(t))T , · · · , (zN(t))T )T .

Then, the systems (12) and (13) can be expressed in matrix form

ε̇(t) =
1

L
(IN ⊗ A0)ε(t)− 1

L
ε1(t)⊗ a +

1

L

∫ t

t−γ(t)

ε̇1(s)ds⊗ a + f̃ + Lnu⊗ b− Lnū⊗ b,

ż(t) =
1

L
(IN ⊗ A0)z(t) +

1

L
(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))⊗ a + Lnū⊗ b + f̄ ,

where f̃ = ((f̃ 0)T , (f̃ 1)T , · · · , (f̃N)T )T , f̄ = ((f̄ 1)T , (f̄ 2)T , · · · , (f̄N)T )T , u = (u1(t), u2(t), · · · , uN(t))T ,

ū = (ū1(t), ū2(t), · · · , ūN(t))T .

Note that

Lnu⊗ b = − 1

L
(H ⊗ bK)z(tk), L

nū⊗ b = − 1

L
(H ⊗ bK)z(tk̃).

Thus

ε̇(t) = 1
L
(IN ⊗ A0)ε(t)− 1

L
ε1(t)⊗ a + 1

L

∫ t

t−γ(t)
ε̇1(s)ds⊗ a + f̃ + 1

L
(H ⊗ bK)

∫ t

t−η(t)
ż(s)ds

− 1
L
(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds,

(14)

ż(t) = 1
L
(IN ⊗ A0 −H ⊗ bK)z(t) + 1

L
(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))⊗ a + 1
L
(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds + f̄ .

(15)

Now, we present the following main results.

Theorem 1: Under the Assumptions 1 and 2, there exist sampled-data output feedback controllers in the

form of (2) to make the multi-agent systems (1) to reach consensus, if there exists a matrix P = P T > 0

such that

AT
1 P + PA1 ≤ −I,
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and the sampling period T and the high gain L satisfy

T < min{ λ2
qL−8n

√
Nλpλ2

ql

24m̄λ2
q(1+nā1+n2N)+m̄

, L−4n
√

Nλql

8m̄λ2
ah+8m̄n2N

,
2λ2

qL−8nλpλ2
ql

16m̄λ2
q(1+nā1+n2)+m̄

,
−γ2+

√
γ2
2+4γ1L2

2m̄γ1
,
−γ4+

√
γ2
4+64λ2

hL2

2m̄λ2
h

,

−γ2+
√

γ2
2+4γ3L2

2m̄γ1
},

(16)

L > max{1, l, 8n√Nλpl, 4n
√

Nλql, 4nλpl}, (17)

where ā1 = max{a2
i }, m̄ = m̄1 + m̄2 + 1, γ1 = 6nā1 + 1

4λ2
q
, γ2 = 4nā1λ

2
pL + L

4
, γ3 = 4nā1 + 1

4λ2
q
,

γ4 = 20λ2
qλ

2
hL, and λp = λmax(P ), λq = λmax(Q), λh = λmax(H ⊗ bK), λah = λmax(IN ⊗ A0 −H ⊗ bK),

r = 64nā1λ
2
q , r0 = 64nNā1λ

2
q , A1 =




−a1 1 · · · 0
...

... . . . ...

−an−1 0 · · · 1

−an 0 · · · 0




.

Proof: Consider the following Lyapunov-Krasovskii functional

V (t) = r(V1(t) + V4(t)) + V2(t) + V5(t) + r0(V3(t) + V6(t)). (18)

where V1(t) = ε(t)T (IN ⊗ P )ε(t), V2(t) = z(t)T (IN ⊗Q)z(t), V3(t) = ε0(t)T Pε0(t), V4(t) =
∫ t

t−m̄T

∫ t

β
ε̇(s)T ε̇(s)dsdβ, V5(t) =

∫ t

t−m̄T

∫ t

β
ż(s)T ż(s)dsdβ, V6(t) =

∫ t

t−m̄T

∫ t

β
ε̇0(s)T ε̇0(s)dsdβ.

The derivatives of V1(t) , V2(t) and V3(t) along the system (12) and the system (15) are given as follows

V̇1(t) = 1
L
ε(t)T [IN ⊗ (AT

1 P + PA1)]ε(t) + 2
L
ε(t)T (IN ⊗ P )(

∫ t

t−γ(t)
ε̇1(s)ds⊗ a) + 2ε(t)T (IN ⊗ P )f̃

+ 2
L
ε(t)T (IN ⊗ P )(H ⊗ bK)

∫ t

t−η(t)
ż(s)ds− 2

L
ε(t)T (IN ⊗ P )(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds

≤ − 3
4L

ε(t)T ε(t) + 2
L
ε(t)T (IN ⊗ P )(

∫ t

t−γ(t)
ε̇1(s)ds⊗ a) + 2ε(t)T (IN ⊗ P )f̃

+ 8
L
λ2

qλ
2
h(

∫ t

t−η(t)
ż(s)T ds

∫ t

t−η(t)
ż(s)ds +

∫ t

t−γ(t)
ż(s)T ds

∫ t

t−γ(t)
ż(s)ds),

(19)
V̇2(t) = 1

L
z(t)T [(IN ⊗Q)(H ⊗ bK + IN ⊗ A0) + (H ⊗ bK + IN ⊗ A0)

T (IN ⊗Q)]z(t)

+ 2
L
z(t)T (IN ⊗Q)(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds + 2

L
z(t)T (IN ⊗Q)[(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))

⊗a] + 2z(t)T (IN ⊗Q)f̄

≤ − 3
4L

z(t)T z(t) + 4
L
λ2

qλ
2
h

∫ t

t−γ(t)
ż(s)T ds

∫ t

t−γ(t)
ż(s)ds + 2

L
z(t)T (IN ⊗Q)[(ε1(t− γ(t))

−1N ⊗ ε0
1(t− γ(t)))⊗ a] + 2z(t)T (IN ⊗Q)f̄ ,

(20)
V̇3(t) = 1

L
ε0(t)T (AT

1 P + PA1)ε
0(t) + 2

L
ε0(t)T Pa

∫ t

t−γ(t)
ε̇0
1(s)ds + 2ε0(t)T P f̃ 0

≤ − 3
4L

ε0(t)T ε0(t) + 4
L
m̄nā1λ

2
pT

∫ t

t−γ(t)
ε̇0(s)T ε̇0(s)ds + 2ε0(t)T P f̃ 0.

(21)

Note that

(f̃)T f̃ =
N∑

i=1

n∑
m=1

(f̃ i
m)2 =

N∑
i=1

n∑
m=1

L2m(f i
m)2 ≤

N∑
i=1

n∑
m=1

nl2

L4
εi(t)T εi(t) ≤ n2Nl2

L4
ε(t)T ε(t), (22)
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f̄T f̄ =
N∑

i=1

n∑
m=1

(f̄ i
m)2 =

N∑
i=1

n∑
m=1

L2m(f̂ i
m)2 ≤

N∑
i=1

n∑
m=1

nl2

L4
zi(t)T zi(t) ≤ n2Nl2

L4
z(t)T z(t), (23)

2

L
ε(t)T (IN ⊗ P )(

∫ t

t−γ(t)

ε̇1(s)ds⊗ a) ≤ 1

4L
ε(t)T ε(t) +

4

L
nā1λ

2
p

∫ t

t−γ(t)

ε̇1(s)
T ds

∫ t

t−γ(t)

ε̇1(s)ds, (24)

2εT (t)(IN ⊗ P )f̃ ≤ 2[ε(t)T (IN+1 ⊗ P )ε(t)]
1
2 [f̃T (IN+1 ⊗ P )f̃ ]

1
2 ≤ 2n

√
Nλpl

L2
ε(t)T ε(t), (25)

2z(t)T (IN ⊗Q)f̄ ≤ 2λq((f̄)T f̄)
1
2 (z(t)T z(t))

1
2 ≤ 2n

√
Nλql

L2
z(t)T z(t), (26)

2ε0(t)T P f̃ 0 ≤ 2λp((f̃
0)T f̃ 0)

1
2 (ε0(t)T ε0(t))

1
2 ≤ 2nλpl

L2
ε0(t)T ε0(t), (27)

2
L
zT (t)(IN ⊗Q)[(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))⊗ a]

≤ 1
4L

zT (t)z(t) + 4
L
nā1λ

2
q(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))2.
(28)

From (19)-(28), we have

V̇1(t) ≤ − 1
2L

ε(t)T ε(t) + 2n
√

Nλpl

L2 ε(t)T ε(t) + 4
L
m̄nā1λ

2
pT

∫ t

t−γ(t)
ε̇(s)T ε̇(s)ds

+ 8
L
m̄λ2

qλ
2
hT (

∫ t

tk
ż(s)T ż(s)ds +

∫ t

t−γ(t)
ż(s)T ż(s)ds),

(29)

V̇2(t) ≤ − 1
2L

z(t)T z(t) + 2
L2 n

√
Nλqlz(t)T z(t) + 4

L
m̄λ2

qλ
2
hT

∫ t

t−γ(t)
ż(s)T ż(s)ds

+ 4
L
nā1λ

2
q(ε1(t− γ(t))− 1N ⊗ ε0

1(t− γ(t)))2,
(30)

V̇3(t) ≤ − 3
4L

ε0(t)T ε0(t) + 2nλpl

L2 ε0(t)T ε0(t) + 4
L
m̄nā1λ

2
pT

∫ t

t−γ(t)
ε̇0(s)T ε̇0(s)ds. (31)

The derivatives of V4(t), V5(t) and V6(t) are given by

V̇4(t) = m̄T ε̇(t)T ε̇(t)− ∫ t

t−m̄T
ε̇(s)T ε̇(s)ds

≤ 6
L2 m̄T{[(IN ⊗ A0)ε(t)]

2 + (ε1(t)⊗ a)2 + (
∫ t

t−γ(t)
ε̇1(s)ds⊗ a)2 + L2f̃T f̃

+[(H ⊗ bK)
∫ t

tk
ż(s)ds]2 + [(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds]2} − ∫ t

t−m̄T
ε̇(s)T ε̇(s)ds

≤ 6
L2 m̄T{ε(t)T ε(t) + nā1ε1(t)

T ε1(t) + m̄nā1T
∫ t

t−γ(t)
ε̇1(s)

T ε̇1(s)ds + L2f̃T f̃

+m̄λ2
hT (

∫ t

tk
ż(s)T ż(s)ds +

∫ t

t−γ(t)
ż(s)T ż(s)ds)} − ∫ t

t−m̄T
ε̇(s)T ε̇(s)ds,

(32)

V̇5(t) = m̄T ż(t)T ż(t)− ∫ t

t−m̄T
ż(s)T ż(s)ds

≤ 4
L2 m̄T{[(IN ⊗ A0 −H ⊗ bK)z(t)]2 + [(H ⊗ bK)

∫ t

t−γ(t)
ż(s)ds]2 + L2f̄T f̄

+[(ε1(t− γ(t))− 1N ⊗ ε0
1(t− γ(t)))⊗ a]2} − ∫ t

t−m̄T
ż(s)T ż(s)ds

≤ 4
L2 m̄T{λ2

ahz(t)T z(t) + m̄λ2
hT

∫ t

t−γ(t)
ż(s)T ż(s)ds + L2f̄T f̄

+nā1(ε1(t− γ(t))− 1N ⊗ ε0
1(t− γ(t)))2} − ∫ t

t−m̄T
ż(s)T ż(s)ds,

(33)
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V̇6(t) = m̄T ε̇0(t)T ε̇0(t)− ∫ t

t−m̄T
ε̇0(s)T ε̇0(s)ds

≤ 4
L2 m̄T (1 + nā1 + n2)ε0(t)T ε0(t) + ( 4

L2 m̄
2nā1T

2 − 1)
∫ t

t−γ(t)
ε̇0(s)T ε̇0(s)ds.

(34)

From (22), (23) and the condition L > l, we have

f̃T f̃ ≤ n2N

L2
ε(t)T ε(t), f̄T f̄ ≤ n2N

L2
z(t)T z(t),

and

(ε1(t− γ(t))− 1N ⊗ ε0
1(t− γ(t)))2 =

N∑
i=1

(εi
1(t− γ(t))− ε0

1(t− γ(t)))2

=
N∑

i=1

[εi
1(t)− ε0

1(t)−
∫ t

t−γ(t)
ε̇i
1(s)ds +

∫ t

t−γ(t)
ε̇0
1(s)ds]2

≤ 4ε(t)T ε(t) + 4m̄T
∫ t

t−γ(t)
ε̇(s)T ε̇(s)ds + 4m̄NT

∫ t

t−γ(t)
ε̇0(s)T ε̇0(s)ds + 4Nε0(t)T ε0(t).

From (29)-(34), one can obtain that

V̇ (t) ≤ − r
L2 [

L
2
− 2n

√
Nλpl − 6m̄T (1 + nā1 + n2N)− 16

r
m̄nā1T − 16

r
nā1λ

2
qL]εi(t)T εi(t)

−r[1− 4
L
m̄nā1λ

2
pT − 6

L2 nā1m̄
2T 2 − 16

rL
nā1λ

2
qm̄T − 16

rL2 nā1m̄
2T 2]

∫ t

t−m̄T
ε̇i(s)T ε̇i(s)ds

− r0

L2 [
3L
4
− 2nλpl − 4m̄T (1 + nā1 + n2)− 16N

r0
nā1m̄T − 16N

r0
nā1λ

2
qL]ε0(t)T ε0(t)

−r0[1− 4
L
nā1λ

2
pm̄T − 4

L2 nā1m̄
2T 2 − 16N

r0L
nā1λ

2
qm̄T − 16N

r0L2 nā1m̄
2T 2]

∫ t

t−m̄T
ε̇0(s)T ε̇0(s)ds

− 1
L2 (

L
2
− 2n

√
Nλql − 4λ2

ahm̄T − 4n2Nm̄T )z(t)T z(t)

−(1− 20
L

λ2
qλ

2
hm̄T − 16

L2 λ
2
hm̄

2T 2)
∫ t

t−m̄T
ż(s)T ż(s)ds

≤ − r
L2λp

[L
4
− 2n

√
Nλpl − 6m̄T (1 + nā1 + n2N)− m̄T

4λ2
q
]V1(t)− 1

L2λq
(L

2
− 2n

√
Nλql

−4λ2
ahm̄T − 4n2Nm̄T )V2(t)− r0

L2λp
[L
2
− 2nλpl − 4m̄T (1 + nā1 + n2)− m̄T

4λ2
q
]V3(t)

− r
m̄T

[1− 4
L
nā1λ

2
pm̄T − 6

L2 nā1m̄
2T 2 − m̄T

4L
− m̄2T 2

4λ2
qL2 ]V4(t)− 1

m̄T
(1− 20

L
λ2

qλ
2
hm̄T

− 16
L2 λ

2
hm̄

2T 2)V5(t)− r0

m̄T
[1− 4

L
nā1λ

2
pm̄T − 4

L2 nā1m̄
2T 2 − m̄T

4L
− m̄2T 2

4λ2
qL2 ]V6(t).

(35)

The conditions (16) and (17) imply that

V̇ (t) ≤ − ρ

L2
V (t), t ∈ [t0,∞).

where ρ = min{ 1
λp

[L
4
−2n

√
Nλpl−6m̄T (1+nā1 +n2N)− m̄T

4λ2
q
], 1

λq
(L

2
−2n

√
Nλql−4λ2

ahm̄T −4n2Nm̄T ),

1
λp

[L
2
− 2nλpl − 4m̄T (1 + nā1 + n2) − m̄T

4λ2
q
], 1

m̄T
[L2 − 4Lnā1λ

2
pm̄T − 6nā1m̄

2T 2 − m̄TL
4
− m̄2T 2

4λ2
q

], 1
m̄T

(L2 −
20Lλ2

qλ
2
hm̄T − 16λ2

hm̄
2T 2), 1

m̄T
[L2 − 4Lnā1λ

2
pm̄T − 4nā1m̄

2T 2 − m̄TL
4
− m̄2T 2

4λ2
q

]}.

Then, the error systems with the output feedback controllers (2) are asymptotically stable. In other words,

the system (1) reaches leader-following consensus.
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Remark 4: The results can be extended to the leader-following consensus problem of multi-agent systems

with lower-triangular nonlinear terms:



ẋi
1(t) = xi

2(t) + f(xi
1(t)),

ẋi
2(t) = xi

3(t) + f(xi
1(t), x

i
2(t)),

...

ẋi
n−1(t) = xi

n(t) + f(xi
1(t), · · · , xi

n−1(t)),

ẋi
n(t) = f(xi

1(t), · · · , xi
n(t)) + ui(t),

yi(t) = xi
1(t), i = 0, 1, · · · , N,

(36)

where f(t) are continuous functions and satisfy global Lipschitz conditions. Then, the following similar

output feedback controllers can be proposed:



˙̂xi(t) = A0x̂
i(t) + Ma(xi

1(tk)− x̂i
1(tk) + f(x̂i(t)) + bui(t),

˙̂x0(t) = A0x̂
0(t) + Ma(x0

1(tk)− x̂0
1(tk)) + f(x̂0(t)),

ui(t) = −KW [
∑

j∈Ni

aij(x̂
i(tk)− x̂j(tk)) + di(x̂

i((tk))− x̂0(tk))],

lim
t→(tk+1+τk+1)−

x̂i(t) = x̂i(tk+1 + τk+1),

t ∈ [tk + τk, tk+1 + τk+1), k ≥ 0, i = 1, 2, · · · , N,

(37)

where b = (0, · · · , 0, 1)T , M = diag(L,L2, · · · , Ln), W = diag(Ln, Ln−1, · · · , L). Then, there exists a

proper gain L, a sampling period T and positive gains ai such that the system (36) under the controllers (37)

can reach leader-following consensus.

IV. SIMULATION

In order to validate the theoretical results, the following numerical example is presented.

Example 1: Consider a class of nonlinear upper-triangular multi-agent systems composed by 3+1 agents,

the dynamic of agent i is described by



ẋi
1(t) = xi

2(t) + log[1 + xi
3(t)

2],

ẋi
2(t) = xi

3(t),

ẋi
3(t) = ui(t), i = 0, 1, 2, 3.

the output feedback controllers are proposed as follows:



˙̂xi
1(t) = x̂i

2(t) + 1
L
a1(x

i
1(tk)− x̂i

1(tk)) + log[1 + x̂i
3(t)

2],

˙̂xi
2(t) = x̂i

3(t) + 1
L2 a2(x

i
1(tk)− x̂i

1(tk)),

˙̂xi
3(t) = ui(t) + 1

L3 a3(x
i
1(tk)− x̂i

1(tk)), i = 0, 1, 2, 3,
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where u0(t) = 0, ui(t) = −KW [
∑

j∈Ni

aij(x̂
i(tk)− x̂j(tk)) + di(x̂

i(tk)− x̂0(tk))] with W = diag( 1
L3 ,

1
L2 ,

1
L
).

The communication topology graph is shown in Figure 2. Choose the appropriate parameters K = (3, 4, 6),

(a1, a2, a3) = (2, 3, 4) and L = 8. The initial conditions x0
0 = [−1,−1,−1]T , x1

0 = [−2,−2,−2]T , x2
0 =

[−3,−3,−3]T , x3
0 = [−4,−4,−4]T , and x̂0

0 = [1, 2, 3]T , x̂1
0 = [4, 5, 6]T , x̂2

0 = [7, 8, 9]T , x̂3
0 = [10, 11, 12]T .

The sampling period is set as T = 0.05s. The transmission delays τ ji
k and di

k are simulated by random

numbers in the intervals [0, 1.6T ] and [0, 1.8T ].

The simulation results are shown in Figure 3 and Figure 4. Figure 3 shows that the trajectories of the

state estimation errors ei
n(t) = xi

n(t)− x̂i
n(t), (n = 1, 2, 3, i = 0, 1, 2, 3). Figure 4 shows that the trajectories

of the state estimation errors between the follower agents and the leader agents ς i
n(t) = xi

n(t) − x0
n(t),

(n = 1, 2, 3, i = 1, 2, 3). Figure 5 shows that the trajectories of the state xi
k.
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Figure 2. Connected graph
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Figure 3. Trajectories of the state estimation errors ei
n(t) = xi

n(t)− x̂i
n(t).
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Figure 5. Trajectories of the state xi
k .

V. CONCLUSION

In this paper, we investigated the leader-following consensus problem for upper-triangular nonlinear

MASs via sampled and delayed output feedback. The sampled outputs and the sampled output feedback

control signals were used to update the output feedback controllers and the MASs at different time instants,

respectively. We proposed a method of interval decomposition such that the MASs and the output feedback

controllers were updated at the same interval. Then, sufficient conditions were presented to ensure the MASs

could reach leader-following consensus. In the future, we will research leader-following consensus problem

for MASs with more general form via sampled and delayed output feedback.

ACKNOWLEDGMENT

This work was supported by the National Natural Science Foundation of China (61374028, 51407104,

61773172).

REFERENCES

[1] Olfatisaber R, Murray R M. Consensus problems in networks of agents with switching topology and time-delays. IEEE Transactions on

Automatic Control, 2004, 49(9):1520-1533.

[2] Wang J, Cheng D, Hu X. Consensus of multi-agent linear dynamic systems. Asian Journal of Control, 2008, 10(2):144-155.

[3] Li S, Du H, Lin X. Finite-time consensus algorithm for multi-agent systems with double-integrator dynamics. Journal of Tianjin University

of Technology, 2013, 47(8):1706-1712.

[4] Ma C Q, Zhang J F. Necessary and sufficient conditions for consensusability of linear multi-agent systems. IEEE Transactions on Automatic

Control, 2010, 55(5):1263-1268.

[5] Jin H S, Shim H, Back J. Consensus of high-order linear systems using dynamic output feedback compensator: low gain approach.

Automatica, 2009, 45(11):2659-2664.

[6] Qin J, Gao H, Zheng W X. Second-order consensus for multi-agent systems with switching topology and communication delay. Systems

& Control Letters, 2011, 60(6):390-397.



15

[7] Li, Z, Liu, X, Fu, M, et al. Global H∞ consensus of multi-agent systems with lipschitz nonlinear dynamics. Control Theory & Applications

Iet, 2012, 6(13):2041-2048.

[8] Sun Y G, Wang L, Xie G. Average consensus in networks of dynamic agents with switching topologies and multiple time-varying delays.

Systems & Control Letters, 2008, 57(2):175-183.

[9] Yu W, Chen G, Cao M. Some necessary and sufficient conditions for second-order consensus in multi-agent dynamical systems. Automatica,

2010, 46(6):1089-1095.

[10] Yu W, Zheng W X, Chen G, et al. Second-order consensus in multi-agent dynamical systems with sampled position data. Automatica,

2011, 47(7):1496-1503.

[11] Qin J, Yu C. Cluster consensus control of generic linear multi-agent systems under directed topology with acyclic partition. Automatica,

2013, 49(9):2898-2905.

[12] Qin J, Yu C. Exponential consensus of general linear multi-agent systems under directed dynamic topology. Automatica, 2014, 50(9):2327-

2333.

[13] Ni W, Cheng D. Leader-following consensus of multi-agent systems under fixed and switching topologies. Systems & Control Letters,

2010, 59(3-4):209-217.

[14] Qin J, Yu C, Gao H. Coordination for linear multi-agent systems with dynamic interaction topology in the leader-following framework.

IEEE Transactions on Industrial Electronics, 2014, 61(5):2412-2422.

[15] Cao W, Zhang J, Ren W. Leader-follower consensus of linear multi-agent systems with unknown external disturbances. Systems & Control

Letters, 2015, 82:64-70.

[16] Hu J, Zheng W X. Adaptive tracking control of leader-follower systems with unknown dynamics and partial measurements. Automatica,

2014, 50(5):1416-1423.

[17] Song Q, Cao J, Yu W. Second-order leader-following consensus of nonlinear multi-agent systems via pinning control. Systems & Control

Letters, 2010, 59(9):553-562.

[18] Shao J, Qin J, Bishop A N, et al. A novel analysis on the efficiency of hierarchy among leader-following systems. Automatica, 2016,

73:215-222.

[19] Ding L, Zheng W X. Consensus tracking in heterogeneous nonlinear multi-agent networks with asynchronous sampled-data communication.

Systems & Control Letters, 2016, 96:151-157.

[20] Zhang C, Chang L, Zhang X. Leader-follower consensus of upper-triangular nonlinear multi-agent systems. Automatica Sinica IEEE/CAA

Journal of, 2014, 1(2):210-217.

[21] Wang C, Sheng J, Ji H. Leader-following consensus of a class of nonlinear multi-agent systems via dynamic output feedback control.

Transactions of the Institute of Measurement & Control, 2014, 37(2):154-163.

[22] Jin X Z, Zhao Z, He Y G. Insensitive leader-following consensus for a class of uncertain multi-agent systems against actuator faults.

Neurocomputing, 2017.

[23] Jin X Z, Wang S F, Yang G H, et al. Robust adaptive hierarchical insensitive tracking control of a class of leader-follower agents.

Information Sciences, 2017, s406-407:234-247.

[24] Mu X, Xiao X, Liu K, et al. Leader-following consensus of multi-agent systems with jointly connected topology using distributed adaptive

protocols. Journal of the Franklin Institute, 2014, 351(12):5399-5410.

[25] Wen G, Duan Z, Yu W, et al. Consensus of multi-agent systems with nonlinear dynamics and sampled-data information: a delayed-input

approach. International Journal of Robust & Nonlinear Control, 2013, 23(6):602-619.

[26] Zhang Y, Tian Y P. Consensus tracking in sensor networks with periodic sensing and switching connected topologies. Systems & Control

Letters, 2015, 84:44-51.



16

[27] Guo G, Ding L, Han Q L. A distributed event-triggered transmission strategy for sampled-data consensus of multi-agent systems.

Automatica, 2014, 50(5):1489-1496.

[28] Wang X H, Ji H B. Leader-follower consensus for a class of nonlinear multi-agent systems. International Journal of Control, Automation

and Systems, 2012, 10(1):27-35.

[29] Wang Z. Adaptive output consensus tracking of uncertain multi-agent systems. American Control Conference. IEEE, 2011:3387-3392.

[30] Yoo S J. Distributed adaptive containment control of uncertain nonlinear multi-agent systems in strict-feedback form. Automatica, 2013,

49(7):2145-2153.

[31] Su Y, Huang J. Cooperative global robust output regulation for nonlinear uncertain multi-agent systems in lower triangular form. IEEE

Transactions on Automatic Control, 2015, 60(9):2378-2389.

[32] Hua C C, You X, Guan X P. Leader-following consensus for a class of high-order nonlinear multi-agent systems. Automatica, 2016,

73:138-144.

[33] Li R. Global output regulation of a class of lower triangular nonlinear systems with unknown control direction via output feedback.

International Journal of Systems Science, 2014, 47(7):1-8.

[34] Mazenc F, Bowong S. Tracking trajectories of the cart-pendulum system. Automatica, 2003, 39(4):677-684.

[35] Mazenc F, Praly L. Adding integrations, saturated controls, and stabilization for feedforward systems. IEEE Transactions on Automatic

Control, 1996, 41(11):1559-1578.

[36] Teel A R. A nonlinear small gain theorem for the analysis of control systems with saturation. IEEE Transactions on Automatic Control,

2002, 41(9):1256-1270.

[37] Wei LIN, Xunjing Li. Synthesis of upper-triangular non-linear systems with marginally unstable free dynamics using state-dependent

saturation. International Journal of Control, 1999, 72(12):1078-1086.

[38] Qian C, Li J. Global output feedback stabilization of upper-triangular nonlinear systems using a homogeneous domination approach.

International Journal of Robust & Nonlinear Control, 2006, 16(9):441-463.

[39] Gao H, Chen T. Network-based H∞ output tracking control. IEEE Transactions on Automatic Control, 2008(3):655-667.

[40] Zhang D, Shen Y, Mei J, et al. Sampled-data observer design for a class of nonlinear systems with delayed measurements. Chinese Control

and Decision Conference. 2016:2242-2246.

[41] Zhang D, Shen Y. Global output feedback sampled-data stabilization for upper-triangular nonlinear systems with improved maximum

allowable transmission delay. International Journal of Robust & Nonlinear Control, 2016, 27(2):212-235.

[42] Lis J G, Perlmutter D D. Stability of time-delay systems. Birkhäuser Boston, 2003.


