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Abstract

In this paper, the leader-following consensus problem is investigated for upper-triangular nonlinear MASs (multi-
agent systems) via sampled and delayed output feedback. The sampled outputs transmitted through the communication
channels are used to constructed the output feedback controllers directly. Then, the output feedback control signals
transmitted through the other communication channels are used to update the MASs. Two kinds of transmission delays,
i.e., transmission delays from the MASs to the output feedback controllers and transmission delays from the output
feedback controllers to the MASs, make the MASs and the output feedback controllers to be updated at different time
instants. A method of interval decomposition is proposed such that the MASs and the output feedback controllers
are updated at the same interval. Then, sufficient conditions are presented to ensure the MASs reach leader-following

consensus. At last, an example is provided to verify efficiency of the proposed methods.

Index Terms

Upper-triangular, nonlinear systems, leader-following consensus, sampled-data, output feedback, interval decom-

position

I. INTRODUCTION

With the development of artificial intelligence, study on MASs has received increasing attention in the field

of communication and control. As a core of the distributed coordination problem for MASs, the consensus
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problem is currently a very hot research topic. Generally speaking, the consensus problem comprises leader-
less consensus [1]-[12] and leader-following consensus [13]-[23]. Previous studies on consensus problems
focus on MASs with simple dynamics [1], [8] or double integrators dynamics [3]-[5], [9], [16] or linear
dynamics [2], [11]-[15]. Subsequently, researchers devoted to consensus problem for MASs with nonlinear
dynamics [7], [14], [19]-[21], [24], which is hard to deal with because of theirs complex nonlinear dynamics.
In practice, information are often sampled at discrete time instants amd transmitted through a communication
network among agents. Therefore, input delays or transmission delays are frequently encountered in a MAS.
Thus it is necessary and important to study the sampled-data consensus problem of MASs with transmission
delays.

More recently, some progresses have been made on sampled-data consensus of MASs [10], [19], [25]-
[27]. For example, the consensus problem of directed nonlinear MAS was investigated in [25]. Based on
the delayed-input approach, the authors transformed the sampled-data MAS into a nonlinear system with
time-varying delay. Then, they obtained sufficient conditions to ensure that the MAS reach consensus [25].
The event-triggered sampled-data consensus problem for distributed MAS was also studied in [27]. Such a
problem was converted to a stability problem of a time-varying system based on new sampled-data consensus
protocols. New sufficient conditions were given such that the MAS reached consensus. The authors in [19],
considered a more complex case, i.e., each agent had high-order nonlinear and heterogeneous dynamics. A
consensus tracking protocol based on the asynchronous sampled data was proposed to solve the consensus
problem of heterogeneous nonlinear MAS. Since many nonlinear systems can be converted to nonlinear
systems with the structure of lower-triangular or upper-triangular, therefore, some developments have been
made in the study of consensus problem for lower-triangular MASs [28]-[33]. In [28], the authors proposed
full state and output consensus protocol to solve the leader-following consensus problem for nonlinear MASs.
The leader-following consensus problem for high-order lower-triangular nonlinear MASs was studied in [32].
A recursive design approach was proposed to solve this problem.

However, there exist some shortcomings in the above literatures, for instance, transmission delays are
not considered, or only transmission delays from the systems to the controller are considered. On the other
hand, the upper-triangular systems can be applied to represent some physical systems, for example, the
celebrated cart-pendulum system [34], [35] and the planar vertical takeoff and landing aircraft [36]. To
the best of our knowledge, there are few research results on sampled-data consensus for upper-triangular
nonlinear MASs with two kinds of transmission delays, transmission delays from the MASs to the output

feedback controllers and transmission delays from the output feedback controllers to the MASs.



In this paper, we consider the leader-following consensus problem for upper-triangular nonlinear MASs
via sampled and delayed output feedback. The main contributions include: a) Inspired by the ideas in
the literatures [39]-[41], the sampled outputs and output feedback control signals transmitted through the
communication channels are used to update the output feedback controllers and the MASs at different time
instants, respectively. b) A method of interval decomposition is proposed such that the MASs and the output
feedback controllers are updated at the same interval. c) Sufficient conditions are presented to ensure the
MASs reach leader-following consensus.

This paper is organized as follows. Section II presents some definitions of graph theory, problem de-
scription and some assumptions. In Section III, we give the main results: leader-following consensus for
upper-triangular MASs via sampled and delayed output feedback. A simulation example is provided to

verify the theoretical results in Section IV. At last, Section V concludes this paper.

II. PRELIMINARIES
A. Graph theory

Let G = (V, &) denote a undirected graph of order NV, where V = {1,--- N} is the set of nodes, and
E CV xV is the set of edges. The neighborhood of node i is denoted by N; = {j € V : (j,i) € £,j # i}.
Graph G is called connected if there is a path between any two nodes in G, otherwise, we call that it is
disconnected. A = [a;;] € RY*N denote the adjacency matrix of G, where a;; = 1, if (i,j) € E, and

a;; = 0 otherwise. The degree matrix A is defined as A = diag(Ay,---,Ay), where A; = > . a;;. The

JEN;
Laplacian matrix £ = A — A is symmetric. Let graph G contain graph G and a leader 0 and edges between
the leader and its neighbors. Let H = £ + D, where D = diag(dy,--- ,dy). If the leader and node i are

neighbors, d; = 1; otherwise, d; = 0.

B. Problem description

Consider a upper-triangular nonlinear multi-agent system consisting of NV 4 1 agents, where the dynamic

of ith agent (: =0,1,--- , N) is expressed as

#(t) = Agri () + F(3(8)) + bui(t),

‘ . (D
yz(t) = Cl’l<t), = O’ ]-7' o 7N7



where

01 0 0

AO: . . . . 7b: . 70:(1 O P O),
00 --- 1 0
00 --- 0 1

2i(t) = (2i(t), 28 (t), -, 2t (¢))T € R™, ui(t) € R, and y'(t) € R are the agent i’s state, input and output,
respectively, and u°(¢) = 0. The nonlinear function f(z'(t)) = (f1(z'(t)), f2(z(t)),- -+, fu(z'(t)))T has the
form of fun(2'(t)) = fn (a7 12(t), -+ 25, (1), m = 1,2,-+- ,n— 2, and f, (2" (1)) = fo(2'(t)) = 0.

Remark 1: The nonlinear system in the form of (1) is called the upper-triangular nonlinear system,
which can be applied to represent some physical systems, for example, the celebrated cart-pendulum
system [34], [35] and the planar vertical takeoff and landing aircraft [36]. The state feedback stabilization
and output feedback stabilization of the upper-triangular system have been well-investigated in [37] and [38],
respectively, and some interesting results have also been established.

We state the following useful results which can be found in [20], [42] for later use.

Lemma 1 ( [20]): If H is positive definite and (Ao, b) is controllable, then there exists a row vector K
such that the matrix Iy ® Ag — H ® bK is Hurwitz. Furthermore, there exists a positive definite matrix )
satisfying

(In®@Q)Iy® Ay — H®DK) + (In @ Ay — H R bK) (Iy ® Q) = —1.
Lemma 2 ( [42]): For a given positive definite symmetric matrix 7 = R > 0, a real number v > 0,

and a vector function w(s) defined on the interval [0, 7], we have

[ con] o[ cou] 5| romn]

Figure 1 shows the sampling scheme for the MASs. Suppose the system output 3'(¢) is measured at

T

sampling instants t;, and ? satisfies 0 =ty < t; < --- < tx < ---. The sampling period T" = ty, 1 — t.
We also assume that transmission delay from the ith neighbor agents j to agent 7 is r,g'i, and di is the
transmission delay from the controller to the ZOH (zero-order hold). Note that the sampled-data from ¢ and
its neighbor j may reach the output feedback stabilizer at different time instants. Therefore, we employ
a common buffer to deposit the information until all the information is available. Let 7, = max{T,gi},

7 = max{7,}, and dj, = max{d.}.



To other agents
ZOH Agenti Sampler i :
- Y@
Y, —
From neighbor
agent j
Transmission delay d, Transmission delay 7,
Output feedback
stabilizer

Figure 1. Sampling scheme for the MASs

The aim of this paper is to design output feedback controllers, such that the ith follower’s state z°(¢)
asymptotically approaches the leader’s state x°(¢), as ¢ — +o0o. Based on the sampling scheme shown in
Figure 1, we design the following output feedback controllers
[ di(t) = Aot (1) + Mali(te) — #1(t)) + F(E(2)) + bul(8),

(1) = Apd®(t) + Ma(af(ty) — &9 (1)) + f(2°(1)),

wi(t) = —KW[ Y ay(@(t) — 29 (1)) + di( (1) — 2°(tx)], @
JEN;
:i‘i(tk_l'_l—i_’rk): hIIl ii(t),te[tk+rk,tk+1+rk+1), ]{720, i:1,2,--' ,N,
\ t— (k1 +Th41) "
whete (1) = (#(6), 35(t), -+, &,(8)7, M = diag{L, 5, , &}, W = diag{h, pir, -, 1} with
L>1, K= (ky,ky,-++ ,k,) is given in Lemma 1, a = (ay,as, -+ ,a,)’, where a,, >0, m=1,2,--- ,n,

are some design parameters.

From (1) and (2), we can obtain

#(t) = Aox' (1) + f(2'(1)) — bKW[,EEJZV_ aij (2 (te) — &7 (L)) + di (2" (tx) — 2°(t))], )

t € [tk + T + diy trr1r + Tor1 + dis1)-

Note that the system (2) and the system (3) are updated at the time instants ¢; + 7, and ¢y + 7 + d,
respectively. In order to analysis the stability of the MASs, we assume that the time delays d; and 7, satisfy
dp < miT and 7, < moT for all £ > 0, where m; and m; are positive integers. Then, 1 + 7 + dj <
ty + (my + mo)T and tgyq + Tiy1 + dpy1 < tg + (my + Mo + 1)T'. Therefore, there exist positive integers

mg, < mi+ ma and My, < mMyp+ ma + 1 such that

tk; + T + dk S [tk—i—mkl + Tk-i—mkl ; tk-‘rmkl-i-l + Tk-l—mkl +1)a
and

tet1 + Thyr + di1 € [tk+mk2 F Thtmpy > Uetmp, +1 T Tk+mk2+1)-



Without loss of generality, let my, < my,. Then

[tk + Tk + diy tirr + Tropr + dipr) = [t + T + iy Ty +1 F Thpmy, +1) @
My, —1
Ui, 1 lters + Torss torsrn + Trorsrt) Uk, + Tomg, s Bt + Tipr + disn).
Now, we introduce the following notation k which is given by
k+mu,,t € [ty + 75 + di, Uiy, +1 T Tk+mk1+1)>
&)

k+s,t € [thts + Thts thpst1 + Thost1), S = My + 1, my, — 1,

e
I

k+ My, t € [Errmy,+1 + Thrmp,+1 thrr + T + diy).-
With the interval decomposition (4) and the notation k introduced by (5), we can consider the system (2)

and (3) on the same interval. When t € [t} + 73, + iy thymy, +1 + Tk+mk1+1), or t € [tpys + Thos thrst1 +
Thtst1), S =My, + 1, ,my, —1,0ort € [thkQ + Thtmpy > b1 + Th1 + dr+1), the output feedback control

laws can be given as
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Tty + 7)) = lim Z(t).
\ (i1 + Ty B ()
Let n(t) =t — ty, 7(t) =t — t;. Then t; and ¢; can be converted into

th =t —mn(t), tp =t —y(t). (7)

When t € [ty + Tk, tpr1 + Trr1), we have n(t) < tpyq + 701 — b < (Mo + 1)T < (Mg +ma + 1)T. We can
also obtain ’}/(t) < tk+1 + Tg41 + dk+1 — i < (m1 + mo + 1)T, for t € [tk + T + dk, tk+1 + Tp41 + dk+1).

With the help of (7), the system (3) and the system (6) can be rewritten as

i'(t) = Aoa'(t) + f(2'(t)) — bEW| g]:v ai (2 (t —n(t)) — 7 (t — n(t))) .
+di (2 (t —n(t)) — 2°(t — n(t)))],
Fi(t) = A (t) + Ma(2i(t — y(t)) — 21 (t —v())) + F(&(t)) + ba'(t),
2°(t)), 9)

O(t) = Apz°(t) + Ma(z9(t — v(t)) — 29(t — (1)) + f(
—KW[ Y ag(z'(t —y(t)) — @7 (t — (t))) + di

JEN;

Bt =) — 2%t —~(1))]-

u'()

Now, we give the following definition.



Definition 1 ( [20]): The leader-following consensus problem of the nonlinear multi-agent system (1)
can be solved by the sampled and delayed output feedback controllers (2), if under the controllers (2), for
any initial condition z°(0) (i = 1,2, --- , N), the state 2*(¢) of the follower agent 7 asymptotically approaches

the state 2°(¢) of the leader, as t — +oo, that is,

tlifrnoo |z (t) —2°(t)| =0, i =1,2,---, N.

Remark 2: In [20], the authors proposed continuous state and output feedback controllers for a class
of upper-triangular nonlinear MASs. In [25], the authors designed sampled-data state feedback controllers
without considering the effect of transmission delays. In this paper, we propose sampled-date output feedback
controllers by using sampled and delayed outputs for the upper-triangular nonlinear MAS. The agent systems
are continuous while the controllers are discrete, which stands for a typical computer-based control scheme.

Remark 3: Notice that #°(¢) are continuous on the interval [t + 71,1511 + 7%), and the functions f°(-)
which satisfy Assumption 2 are also continuous. It is obvious that #‘(¢) are continuous on the interval
[to, +00). For the same reason, z*(¢) are continuous on the interval [ty, +0c) as well.

We also make the following assumptions.

Assumption 1: Graph G is connected.

Assumption 2: Assume there exists [ > 0 such that the nonlinear functions f,, satisfy Lipschitz condition
[fm(y) = fm ()| < Uy — 2]l Vy, 2 € R™.

III. MAIN RESULTS

In what follows, based on the sampled-data output feedback controllers (2), we try to construct a
Lyapunov-Krasovskii functional and present sufficient conditions to ensure the upper-triangular multi-agent

systems with delayed and sampled outputs can reach consensus. The error dynamics are given by:
e'(t) = Ape'(t) — Mae' (t —v(t)) + f* + bu'(t) — bu'(t),i = 0,1,--- , N, (10)
§1(t) = Ao€'(t) + Malei(t — () — e}t = (1) + f' +bu'(t),i = 1,2, | N, (1D

where ¢i(t) = #i(t) — i(t), f(a'(t)) — f(@@) = f* = (fi, fi---, f)T with i = 0,1,--- , N, and
Ei(t) = &'(t) — 2°(t), f(&'(1) — F(2°t) = fi=(fi, fi,-- . f)T with i =1,2,--- | N.

Consider the following variable transforms

gl(t) = (e4(t),eh(t),--- et ()T, e (t) = L™e (t), i=0,1,--- N, m=1,2,--- ,n,



zz(t) = (zi(t),zg(t), e ,zi(t))T, zfn(t) = mefn(t), 1=1,2,---,N, m=1,2,--- ,n.

agi(t) + ta [, E(s)ds + f' + L"bu'(t) — L"bu'(t), i = 0,1,--- N, (12)

S

F(t) = = Ap2'(t) + %a(ei(t — () — ¥t —~(t)) + L"bu'(t) + f*, i =1,2,--- , N, (13)

where <C:Zl(t - V(t) = Lell(t - ’Y(t))’ fl = (fllvféa afriz)T’ f:,n = merln’ and fl = (ffaf;v af'riz)T’
Jon =L [

Let e(t) = ((e'()", (€2(@®)", -+, €V (@)), ert) = (e1(8),€1(8), -+, e7 ()", enlt — (1)) = (ex(t —
v(@®), it = (1), et (t—(1)7, and 2(2) = ((z1(1)", (z*(£)", -, (M)

Then, the systems (12) and (13) can be expressed in matrix form

1 1 1 [t .
e(t) = =(In ® Ag)e(t) — —e1(t) @ a + —/ éi(s)ds@a+ f+ L"u®@b— L"u®b,
1

2(t) = E(IN ® Ao)z(t) + %(51@ —vt) — Iy @)t —v#))®a+ L"u®b+ f,

where f = ((fNO)T> (fl)Tv T (fN>T)T’ f = ((fl)Tv (f2)T7 B (fN)T)T’ U = (ul(t),UQ(t>, T qu(t))T’
u=(u'(t),u?(t), -, u¥ ()"

Note that
['ugb = —%(H @ bK)2(ty), L' ® b — —%(H @ bE)(t:).
Thus
E(t) = H(In @ Ag)e(t) — ter(t) @ a+ 1 [y éu(s)ds @ a+ f + 1(H @K [/, 2(s)ds (14
—H(H@VK) [, (s)ds,
2t)=1(In® Ay — HRDK)z(t) + 1(e1(t — (1)) — Iy @ 3t — (1)) ® a + 1 (H @ bK) 1)

i A(s)ds + [

Now, we present the following main results.

Theorem 1: Under the Assumptions 1 and 2, there exist sampled-data output feedback controllers in the
form of (2) to make the multi-agent systems (1) to reach consensus, if there exists a matrix P = P > 0
such that

ATP+ PA < -1,



and the sampling period 7" and the high gain L satisfy

T . A2L—8nvV/NApA2l L—4nvNAgl 2XZL—8nAp A2l —Yot\/VaHAn1 L2 —vaty/7i 64N L2
< mln{ 24mA2(14na1+n2N)+m’ 8mA2, +8mn2 N’ 16mA2(1+na1+n?)+m’ 2my1 ’ 2mA7 ’ (16)
—y2+4/ 73 +4y3 L2
2my1 }’
L > max{1,1, 80V N\, 4nv/ N\, 4n\,l}, (17)
where a; = max{a?}, m = mi +my + 1, 1 = 6na; + 5z, 72 = 4naA2L + L s = 4nay + 4/\2,
V4 = 20)\2)\%L, and A\, = Anax(P)s Ap = Amax(Q)s A = Amax(H @ DK), Aap = Amax(IN @ A9 — H @ bK),
_al 1 .« .. O
r= 64na1)\ ro = 64nNa1)\ Al =
_an_l 0 .« .. 1
—a, 0 -+ 0
Proof: Consider the following Lyapunov-Krasovskii functional
V(t) = r(Vi(t) + Va(t)) + Va(t) + Vs (t) + ro(Vs(t) + Vi(t)). (18)

where Vi (t ) = ( )T(1N®P) (t), Va(t) = 2(t )T(IN®Q)Z( ), Vs(t) = °(t )TPgO( ) V4( ) =
ft T fﬂ s)dsdp, Vs(t) ft T fﬁ s)dsdf, Vs(t) J; mTf s)dsdp.
The derivatives of V;(t) , Va(t) and V3(t) along the system (12) and the system (15) are given as follows
Vi(t) = te®) Iy ® (ATP + PA))e(t )+25( )T(JN®P fj7 g1(s)ds ® )+2e( t(Ix @ P)f
+2e(t)” (IN®P)(H®bK ft o A(8)ds — 2e(t)"(In ® P)(H @ bK) ft L A(8)ds
< —Ze)” <> Ze(t)” (IN®P>(ft ()ds® a) + 2¢(t)" (IN®P)f
FENN2 ([ o) 2 (s)7ds [ o 2 )ds—i—ft v (s)7ds [ o A(8)ds),

19
Va(t) = 12" (In @ Q)(H @ bK + Iy ®A0) + (H®bK + Iy ® Ag)" (In ® Q)]z(2) e

+72(6)"(In © Q)(H @ bK) [; ) #(s)ds + F2(8) (In ® Q)(e1(t — (1)) — Iy @ (t — 7(1)))

®a] + 22(t)" (IN ®Q)f
< —2z2(t) Tt 4/\2)\2ft v z(s)Tdsft L A(s)ds + 220" (In @ Q)[(e1(t — (1))
1y @ei(t - V(f))) ®al + QZ(t)T(IN ® Q)f

(20)
Va(t) = Le(t)T (AT P + PA;)(t) + 2¢° TPaft L0 E(s)ds + 20T P fO o

(1) TE0(t) + Lmna A2T [ L E(8)TE(s )ds + 20T P£O.

e

GIED S DTALED B) SUAITAED B) DRl DGR LE O LE O o)



27 () (In ® P)f < 20e(®)" (Ins1 @ P)e(O)2 [T (Insa @ P)f)2 < L2 e(t)"e(t),
2:(6)7(In © Q)F < 20 (NP 2(0)F < Q@“%@Mw
2nA,l

=
/-\
A
\_/
~
n
o
~~
~
~—
~—
[T
VAN

20(1)TP O < 20,((f)T %)z (e

221 (O(Un @ Q)l(er(t — (1) — Iy ® }(t — (1)) ® d]
< qp2" (O)2(t) + Tnai(ei(t — (1) — Iy @ }(t — (1))
From (19)-(28), we have
Vi(t) < —gre()Te(t) + 2P e () e(t) + 2mna 2T f) , &(s)7é(s)ds
+EMAINT ([} 2(s)T2(s)ds + [ ) 2(s)74(s)ds),

Va(t) < —5-2(t)T2(t) + %n\/ﬁ)\qlz(t)Tz(t) + FmANT ftt_v(t) 2(s)T2(s)ds
+rna (et — (1) — Iy @€t — y(1)))*,

Va(t) < —Z20(t)Te0(t) + 22 0(1)Te0 (1) + £mna AT [, &%(s)2%(s)ds.
The derivatives of V,(t), V5(t) and Vg(¢) are given by
Vi(t) = mTe( ft T € )ds
< LimT{[(JN@@AO) ())? +(51 j; L E1(5)ds © a)? +L2fo
+[(H ® bK) [ #(s)ds]* + [(H®bK ft L (8)ds]?} = [h o é(s)TE(s)ds
< %mT{e(t)T (t) + nalel(t) () + mnalT ft_v(t) é1(5)Té,(s )ds + LZfo
+mXT( [, 2 s)ds + j; Lo 2(5)72(5)ds)} — [h L E(s)TE(s)ds,
v‘g,(t) mT()T2(t) — [1 . 2(s)72(s)ds
Am T{[(IN®A0 H®bK) ()]2+[(H®bK ft )ds] + L2fTf
-W&U—Wﬂ%ﬂN®£@—() a’} — ﬁmT Z(s)ds

< mT {207 2(t) + mNT [ 4 > 2(s)ds + L2fo
+nis (21 (8 = (1)) — Iy @ 9t = ¥(1)*} = [ 2(5)T2(5)ds,

10

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

(31

(32)

(33)
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Vﬁ(t) = ng ft mr € (S)

(34)
< %mT(l + nay + n?)e’ (t) (t) + (zm*na; T% — 1) fttﬂ(t) e%(s)Te%(s)ds.
From (22), (23) and the condition L > [, we have
o 2N _  n®N
Fri < "R ewyre. 717 < N a(oTe0),
and
0 3 0 2
(e1(t = (1) — Iy @ V(t = (1)) = Z(él(t — (1) — et =7(1)))
N
= S = 0 — [ 24051 + [ 225)dsP
< de(t)Te(t) + 4mT [ L E(s)TE(s)ds + 4mNT fttﬂ(t) e%(s)Te%(s)ds + AN (t)Te0(1).
From (29)-(34), one can obtain that
V(t) < —L&[L — 2nVNA — 6mT (1 + nay +n?N) — mna, T — Bna; \2L] ()T (t)
—7"[1 — 2mnay 2T — F5naym®T? — %nalx\zmT 5 na1m2T2 ft _pE(s)TE(s)ds
— 753 = 20,0 = 4mT (1 4 nay +n?) — na,mT — na, N2 L]0 (t)< (1)
—ro[l — —nal)\zmT Lnaym*T? — Mna omT — 16L]\£na m2T? ft S El(s)TE0(s)ds
— (L —2nV/NAL — 402, mT — 4n®NmT) ()" 2(t)
—(1 = 2X2\mT — 5 Am*T?) ftfmTz s)T2(s)ds
oW (& —2nV/NAL — 6mT(1 + nd; +n*N) — 4/\2]‘/1( ) — L2)\ (& —2nV/NA
—4X2, mT — 4n?NmT)Va(t) — = (£ —2n),l — 4mT (1 + ndy +n?) — %]V},(t} 35)
— =1 — tna 2T — Snaym?T? — 5 — %]W(t} — == (1= 2X2\mT
— NPT Vs(t) — 251 — tnay XomT — Fynaym?T? — 2L — Z‘\%—ﬁ]\/ﬁ(t).
The conditions (16) and (17) imply that
V(t) < —ﬁV( ), t € [to, 00).
where p = mln{)\ (£ —2nvV/ Nl —6mT(1+nd; +n>N) — 4/\2], e (£ —2nV/ N A — 402, mT — An*NmT),
/\p[ —2nA\l — 4mT (1 + nay + n?) — NL —=[L? — 4Lnay \2mT — 6naym?T? — 20k — mAT2), Lo(L? —
20LNNmT — 16X, T?), Zp[L? — ALnay \ymT — dnaym®T” — "7k — T},

Then, the error systems with the output feedback controllers (2) are asymptotically stable. In other words,

the system (1) reaches leader-following consensus.
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Remark 4: The results can be extended to the leader-following consensus problem of multi-agent systems
with lower-triangular nonlinear terms:

#(t) = 25(t) + f (]
(1) = 25(t) + f(21(2), 25(1)),

(36)

~

oy (1) = 2, (0) + f (@1 (1), -+ 2, (1),
() = (@1 (), -+, 2, (1)) + ' (D),
| ¥'(1) =21(t), i=0,1,--- N,

where f(t) are continuous functions and satisfy global Lipschitz conditions. Then, the following similar

output feedback controllers can be proposed:
TH(t) = Ao (t) + Ma(x(ty) — 21 (tx) + f(2"(1)) + bu'(t),
(1) = Aoi®(t) + Ma(29(ty) — @0(t) + f(2°(1)),
+ d;(

u'(t) = —Kwl2, aig (#(ts) = & (t)) + di(2"((t)) — 2°(8))]; 37)
lim Zi'z(t) = [i’i(tk_H + Tk—i—l)a

t—(thg1+Th41)"

| € [tk + Tho trst + Thpr), K >0, i=1,2,--- N,
where b = (0,---,0,1)", M = diag(L,L? ---,L"), W = diag(L", L""",--- ,L). Then, there exists a

proper gain L, a sampling period 7" and positive gains a; such that the system (36) under the controllers (37)

can reach leader-following consensus.

IV. SIMULATION
In order to validate the theoretical results, the following numerical example is presented.
Example 1: Consider a class of nonlinear upper-triangular multi-agent systems composed by 3+1 agents,
the dynamic of agent 7 is described by
#1(t) = w5 (t) + log[1 + x5(1)7],
5 (t) = w5(t),
() = ui(t), i=0,1,2,3.

the output feedback controllers are proposed as follows:
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where w%(t) = 0, u'(t) = —KW[ > ay;(&(tx) — 27 (tx)) + di(&"(t5) — 2°(tx))] with W = diag(5, 12, 1)-
JEN;
The communication topology graph is shown in Figure 2. Choose the appropriate parameters K = (3,4, 6),

(a1, as,a3) = (2,3,4) and L = 8. The initial conditions z) = [—1,—1, 1|7, 2} = [-2,-2,-2|T, 2% =
[—3, -3, -3]7, 23 = [~4, —4, —4]T, and 29 = [1,2,3]T, &} = [4,5,6]T, &2 = [7,8,9]T, &3 = [10,11,12]7.
The sampling period is set as 7' = 0.05s. The transmission delays r,g'i and d; are simulated by random
numbers in the intervals [0, 1.67 and [0, 1.87].

The simulation results are shown in Figure 3 and Figure 4. Figure 3 shows that the trajectories of the
state estimation errors ¢! (t) = z' (t) — 2% (t), (n =1,2,3,1 = 0,1,2,3). Figure 4 shows that the trajectories
of the state estimation errors between the follower agents and the leader agents ¢’ (t) = % (t) — 22(¢),

(n=1,2,3,i=1,2,3). Figure 5 shows that the trajectories of the state z.

Figure 2. Connected graph
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V. CONCLUSION

In this paper, we investigated the leader-following consensus problem for upper-triangular nonlinear
MASs via sampled and delayed output feedback. The sampled outputs and the sampled output feedback
control signals were used to update the output feedback controllers and the MASs at different time instants,
respectively. We proposed a method of interval decomposition such that the MASs and the output feedback
controllers were updated at the same interval. Then, sufficient conditions were presented to ensure the MASs
could reach leader-following consensus. In the future, we will research leader-following consensus problem

for MASs with more general form via sampled and delayed output feedback.
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