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ABSTRACT

We propose a fast two-stage variational Bayesian (VB) algorithm to estimate unrestricted panel spatial
autoregressive models. Using Dirichlet-Laplace shrinkage priors, we uncover the spatial relationships
between cross-sectional units without imposing any a priori restrictions. Monte Carlo experiments show
that our approach works well for both long and short panels. We are also the first in the literature to
develop VB methods to estimate large covariance matrices with unrestricted sparsity patterns, which are
useful for popular large data models such as Bayesian vector autoregressions. In empirical applications,
we examine the spatial interdependence between euro area sovereign bond ratings and spreads.
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1. INTRODUCTION

The spatial autoregressive (SAR) models, first proposed by Cliff and Ord (1973), have been
widely used in the literature to investigate spatial dependence in cross-sectional units (e.g., Anse-
lin, 1988; Baltagi et al., 2003, 2013; Lee & Yu, 2010). In practice, the spatial weights matrices are
usually set a priori based on geographical distances or economic characteristics (e.g., CLiff & Ord,
1973; Anselin, 1988; Case, 1991). This is not surprising, as a spatial weights matrix potentially
involves N2 — N interrelationships between NV spatial units, which makes it difficult to estimate,
especially when NV is large.

In recent years, a number of variable selection and parameter shrinkage methods have been
developed to estimate the spatial weights matrices of panel SAR models. Among them, methods
resorting to the least absolute shrinkage and selection operator (Lasso) of Tibshirani (1996) and
its variants have gained a lot of attention. For example, Basak et al. (2018) propose estimating a
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triangular weights matrix under the assumption of recursive ordering. Ahrens and Bhattacharjee
(2015) develop a two-step Lasso estimator to identify the weights matrix. Lam and Souza (2020)
estimate the weights matrix using adaptive Lasso with sparse adjustment in mind. Most of the
studies, however, usually impose sometimes unrealistic restrictions on the model’s coefficients
or covariances. Krock et al. (2021) develop a graphical Lasso approach to estimating the unrest-
ricted covariances. Their method, however, does not address the impacts of any possible exogen-
ous variables. Moreover, to our knowledge, few of these studies focus on short panels where V is
large while 7" is small. Only recently, Krisztin and Piribauer (2023) and Piribauer et al. (2023)
used a hierarchical prior setup to identify sparsity when IV exceeds 7" by a large margin, assuming
the same spatial parameter for all the cross-sectional units.

This paper contributes to the SAR literature by developing a fast, two-stage variational Baye-
sian (VB) approach to estimating panel SAR models with unknown spatial weights matrices. We
do not impose any restrictions on the spatial weights matrix or the covariance functions, allowing
our approach to let the data speak. The prior we used for Bayesian regularisation is the Dirichlet—
Laplace (D-L) prior of Bhattacharya et al. (2015). The D-L prior is appealing because prac-
titioners only need to select a single hyperparameter, making it more tractable than many
other shrinkage priors."

Our second contribution is to develop VB methods to estimate large covariance matrices with a
global-local shrinkage prior. We are among the first in the literature to develop a VB estimator for
large covariance matrices with unknown sparsity patterns. Our VB methods using the D-L prior
can be easily extended to accommodate other popular priors, such as the graphical Lasso of Wang
(2012), the half-Cauchy prior of Makalic and Schmidt (2016), and the graphical horseshoe prior of
Li et al. (2019). This is non-trivial because VB is a more computationally efficient alternative to
Markov Chain Monte Carlo (MCMC), and our approach can be applied to estimate other popular
models involving large covariance matrices, such as large Bayesian vector autoregressions (BVARs).

We have conducted a wide range of simulation studies using both dense and sparse spatial
weights matrices.”> Monte Carlo experiments demonstrate that the two-stage VB approach is
accurate and computationally efficient when 7" >> NV, which is typically more relevant for macro-
economic and financial data. When IV >> T, which is often the case with microeconomic data,
two-stage VB estimates tend to exhibit slightly larger biases, depending on the priors. However,
there is ample evidence that two-stage VB can recover the true spatial weights matrix well.

In empirical applications, we use two-stage VB to estimate a two-equation simultaneous
spatial model using panel data comprising sovereign bond ratings and spreads of ten eurozone
countries. The research is motivated by the importance of gaining a deeper understanding of
cross-country contagion dynamics between southern and northern euro area countries, particu-
larly during events like the European debt crisis (e.g., Gibson et al., 2021; Hall et al., 2023). Uti-
lising rolling windows of 2 years, we compare how changes in sovereign ratings and spreads in the
south versus the north affect each individual member country. Our findings reveal significant
differences between these two groups: shocks originating in the south or north impact specific
countries differently, and shocks affecting one country group have varying impacts on southern
and northern countries. Furthermore, our results underscore the substantial impacts of global
financial crises, showing severe effects on southern euro area countries during the European
debt crisis, while northern countries were relatively less affected.

The rest of the paper is organised as follows. Section 2 extends the traditional panel SAR
models to an unrestricted panel SAR. Section 3 develops the two-stage VB methodology. Sec-
tion 4 presents Monte Carlo studies. Section 5 applies the two-stage VB approach to sovereign
bond ratings and spreads data from ten euro area countries. Section 6 provides concluding
remarks. Detailed VB derivation formulas and more extensive Monte Carlo results can be
found in the Appendices A to D in the online supplemental data. Sources for data used in the
empirical example are listed in Appendix E in the online supplemental data.
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2. UNRESTRICTED PANEL SAR MODEL

In this section, we start from a traditional standard panel SAR and then relax the restrictions
imposed upon it in steps, with the aim of giving a flavour of the differences between the tra-
ditional model and the unrestricted panel SAR model that we set out to estimate using two-
stage VB.

Let Y, X and V7 denote the 7" x N matrix of endogenous variables, 7" x (Nm) matrix of
exogenous variables, and 7" x N matrix of disturbances, respectively. A traditional panel SAR
model takes the following form:

V=MW + XB+u, |A <1 (1)

where y;, = (Y1, Yy, ..., Y,v) is the V x 1 vector of observations of the dependent variables,
X1
X2

W, is an N x N known spatial weights matrix with zero diagonal entries, X, = | ... is
Xin

the NV x m matrix of exogenous variables, with X, ; denoting the 1 x m row vector of exogenous
variables associated with dependent variable y,;, B is an 7 x 1 vector of parameters, A is a scalar
parameter, and #, = (V1, Vi, ..., Viy) is the N x 1i.i.d. (independent and identically distrib-

@ 0 ... 0
0 o ... 0
uted) error terms with mean zero and diagonal covariance matrix | .. .. ... .
0 0 ... &

Model (1) imposes the following unrealistic restrictions on the data generating process: (1)
Wy is predetermined, in a fashion that is not related to the variations in the data; (2) A and B3
remain the same across equations associated with different dependent variables and (3) the
covariance matrix of #, is diagonal with the same diagonal entries.

Relaxing those restrictions, model (1) can be written as:

y;=A®(WNy;)+X;B+un Ao <1 )
where W isan N x N unknown spatial weight matrix with zero diagonal entries, AisaN x 1
X1 0 ... 0
0 X ... O
parameter vector, © is the Hadamard product, X, = . e ... . | BisaNmx1
0 0 ... Xn

parameter vector, and # is i.i.d. with mean zero and diagonal covariance matrix 2, with diagonal
entries that can be different from each other. In this model, the dimensions of X, ; and X, ; for
i # 7 can differ from each other. Let the dimension of X, ; be 1 X m;. The dimension of the par-
ameter vector f3 is thus( Y7, m;) x 1.

Note that model (2) is quite flexible. For example, with appropriate restrictions, it can be
easily transformed back into the traditional form described in (1) or a panel SAR containing
the simultaneous cross-sectional spatial relationship as described in Yang and Lee (2017) and
Liu and Saraiva (2019).

If our main concerns in panel SAR models are the spillover effects, there would be little
research interest in separately identifying A and W,. What we care about is the product
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A® Iv) © W, where Iy is a N x 1 column of ones and ® is the Kronecker product, as
(A® Iy) @ Wy is the N x N parameter matrix which captures the spillover effects between
spatial units.

Let A= (A® Iv) ® Wx. Model (2) can be written as:

Ve = Ay: + 5(1[3 + u, (3)

where Iy — A is non-singular and the characteristic roots of Iy — A lie within the unit circle.

The attractiveness of model (3) is that it turns an unrestricted panel SAR model into a system
of simultaneous equations (SEM). As shown in Zellner and Theil (1962) and Fox (1979), the i
equation in model (3) is just identified if Zf\il m; =N — 1+ m; and over-identified if
Zﬁil m; > N — 1+ m,. Under these circumstances, a myriad of estimation methods, such as
two-stage least squares (2SLS), three-stage least squares (3SLS), maximum likelihood methods,
and simultaneous generalised method of moments (GMM), can be used to uncover the structural
parameters A and B. Moreover, standard tests can be developed to test the restrictions on A, W,
and P, if those restrictions are of concern to the researchers.

This paper proposes to estimate A and B in two stages as it is computationally simple. To
estimate the parameters associated with the ™ individual dependent variable, in the first
stage, we estimate

Y =XY; +E; (4)

where Y); is the 7" x (V — 1) matrix of dependent variables except for the i dependent variable,
and E; is a 7' x (IV — 1) matrix of error terms whose precision matrix might not be diagonal.
Making use of the estimated Y, in the second stage, we estimate

.yi = S,\/v/i(AiO)/ +X0) le + Ui, (5)

where y; is the 7" x 1 vector of the it dependent variable, lA//Z =XY;, Ajsisthel x (n — 1) vec-
tor of the i™ row of A with A dropped, and B; is the corresponding coefficients in 3.

In Equation (5), the ™ row of Y /i contains the predicted spatial values of y, from Equation
(1), excluding its i element yir. Since the exogenous variables are used as instrumental variables
to derive the predicted values, Equation (5) is free from the endogeneity problem caused by
reverse causality in Equation (1), where y;, may depend on y;, for j # 7 and vice versa. As proved
by Zellner and Theil (1962), while the variance-covariance matrix of #, is diagonal, the two-stage
least squares method is asymptotically as efficient as the three-stage least squares method in sol-
ving simultaneous equations modelled in Equations (1) and (3).

3. TWO-STAGE VB

The number of unknown parameters involved in estimating model (3) is huge. Assuming the
number of exogenous variables is 7 for each spatially dependent variable, we need to estimate
Equations (4) and (5) N times to uncover a total of
N?(N — 1)m + (N*(N — 1)/2) + N? + Nm parameters. This can easily become computation-
ally costly or even impossible for sampling methods such as MCMC.

As a more computationally efficient alternative to MCMC, VB has been increasingly used in
sophisticated models involving large data where MCMC is too computationally expensive or
untenable (e.g., Gefang et al., 2020, 2023; Loaiza-Maya et al., 2022).

Tran et al. (2021) provide a practical tutorial on VB methods. Instead of sampling from the
posterior p(6]y), VB approximates the posterior density by ¢(6) belonging to some tractable dis-
tribution families. The best approximation ¢* is found by minimising the Kullback-Leibler
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divergence (KL(¢(6), p(6]y))), which is equivalent to maximising the evidence lower bound
(ELBO):

ELBO(q) = jg(@)(logp(@) + logp(yl6) — logg(6))d 6

Tran et al. (2021) have categorised VB algorithms into two classes: mean field VB (MFVB) and
fixed form VB (FFVB). Let 6= (6, 6,). MFVB assumes that ¢ can be written as
g(0) = ¢1(61)¢2(6>), indicating that the optimisation problems can be solved by repeatedly
updating ¢,(6,) conditional on ¢1(6;), and then updating ¢;(6;) conditional on ¢,(6,) until con-
vergence. FEVB assumes a fixed parametric form for ¢, but usually involves more sophisticated
stochastic optimisations with a lot of refinements. In this paper, we use MEFVB to approximate
the conditional posterior densities, following Ormerod and Wand (2010) and Blei et al. (2017).

In the two-stage VB, we identify the parameters in model (3) equation by equation. In each
stage, we update the parameters using the approximate ¢ densities through iterations. The con-
vergence of the algorithm can be measured by checking if the changes in ELBO across iterations
are less than a convergence criterion. However, when the number of parameters is large, calcu-
lating ELBO can be time-consuming. Therefore, it is more convenient to check for convergence
by examining if the VB estimates of parameters stop changing across iterations.

3.1. First-stage VB
In the first stage, we estimate model (4) in order to construct the predicted value of Y};.

Let y = vec(Y;). We set hierarchical D-L prior for the j*, for j=1, ..., np, element of 7 as
follows:

Vil T~ DE(¢~T), o~ Dir(a, ..., a), 7~ G(npa,1/2). (6)
where DE(e®) denotes Double Exponential or Laplace distribution, Dzr( )denotes Dirichlet dis-
tribution, G(e)denotes Gamma distribution, n =N — 1, and p = Zl 1 M.

The above hierarchical DL prior for Y; can be expressed as:
¥y ~ N, ,4;7), ; ~ Exp(1/2), (7)
indicating the prior of vy is N(0, V) where V = diag(y (15%72, . np(bflpTz)

Next, we set Exponential priors and D-L priors for the elements of €}, the precision matrix of
E;, as follows:

w; ~Exp(s), i=1,...,n
@ ~ N0, P, ;7 70,

0 PuiToh Vo

~Exp(1/2), i<j=2,...,n, ®)

(bw’ij ~ Dir(ay, ...., as), ~ G(n 2_ naw, 1/2)

where, with a slight abuse of notations, we use w;; and wj; to denote the diagonal and off-diagonal
elements of ().
The conditional posterior of 7y is N(%, V), where

=+ 0 XX)

ol ©)
=V (Q ® X )vec(Y).

The conditional posterior of 7 is giG(npa — np, 1, Z” (2|y]|/qb )).3
The cond1t10nal posterior of ¢; is derived as follows F1rst we have & ~ giG(a — 1, 1, 2|v;)).
Next let B = Z 1§ The cond1t1ona1 posterior of ¢; can then be found to be &/E.
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The conditional posterior of 1/4; is Inverse Gaussian with mean ,/ d)f 7/ yjz and scale par-
ameter 1.

Following Wang’s (2012) Block Gibbs sampler to update the relevant parameters and hyper-
parameters, we use the last column and row of ) as an example on how to update ().

Let § = E!E; and H be the n x n matrix with 0 diagonal elements and the off diagonal
element at i row and /™ column be ‘/fw,ijﬁbi,w'zw- Partition ), S and H as follows:

Q—n,—n W—_p.n S—n,—n S—nyn H—n,—n b—n,n
0= wln,n Wy, §= Sinyn Snn H= /-7/,”,,, Bon (10)

where —# denotes the set of all indices except for 7.
Let o = w,, — w’_n,nQ:iy_ 2W—nnand & = w_, ,. The conditional posteriors are as follows:

2 2
by ~ N( - Cs—n,m C)7 C= ((§ + snn)Q:i’_n + H*il) -1, Hx= diﬂg(b—n,n)
i ~ 161 i~
”—n 2|
Tw ™ gZG (ﬂ3 - 1)) 1; -
(2 Z;%ﬂ
gw,ij ~ glG(dw - 1’ 1’ 2|wlj|)7 ¢w,ij = ga),ij/ Z fw,ij'

i<j

Since the conditional posteriors are all of standard forms, we can then use them to derive the
MFVB approximation densities and ELBO. To save space, we have relegated ¢ densities and
ELBO to Appendix A in the online supplemental data.

Algorithm 1 (First-stage VB estimation). Initialise the parameters, then update the following
until convergence.

o Update y and V
V=0 + 00 X))
¥ =V (Q® X )vec(Y);)
e Update 7
XK pa—npt1(/X)

Knpafnp(\/)_()

¢ Update lpj‘l

SPATIAL ECONOMIC ANALYSIS



Fast two-stage VB approach to estimating panel SAR models with unrestricted spatial weights matrices 7

+ Update ¢,
g
¢) = nj -
TOYhE
o Updateb_l
— T
b= _/2
Sn,n

o Update 4, and C

52 = ( - é}—n,n)
o Update 7,
VXoK,2 Xo
(ﬂw - 1) + 1
T, =
Kn2 —n (\/ /\/a))
(ﬂw - )
2
o Update l,lf;}” = P
Yo = Por
» Update ¢,
gw in
(;bw,]-n = 72]— 5
Zj<k fwg’k

e Update ELBO

3.2. Second-stage VB

We provide detailed technical explanations of the second-stage VB in Appendix B in the online
supplemental data. Below, we briefly outline the priors and posteriors of both the parameters and
hyperparameters.

LetZ = (f/v/l X-,i)/ and 6 = [(Ai.)/ Bz]
We elicit hierarchical D-L prior for 6 as follows:
0;l¢, ¥ ~ DE(¢;7), ¢; ~ Dir(a, ..., a), 7~ G(ka, 1/2) (12)

where 2= N—1 +, mi.
This prior for 6; can be expressed as:

0, ~ N, §,$,7), ¥ ~ Exp(1/2) (13)
Hence, the prior of 6 is N(0, V) where 7 = diﬂg(l:’/l &:i’rz, . J/,ﬂ)ii’z).

SPATIAL ECONOMIC ANALYSIS
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Next we set a Gamma prior for o2

a2~ G, S). (14)
It can be found that the conditional posteriors are of 6is N (Z, I'T/), with 7 = [072Z'Z + f/rl]_l

and 5 = 0727 Z'y; and the conditional posterior of 7is giG(ka — £, 1, Zi‘:l (2] Hjl/gbj))

To find the conditional posteriors of ¢~j, we integrate T out following Bhattacharya et al.
(2015). First, we have Ej ~ giG(a2—1,1, 2|6;]). Nextlet 5 = Zi‘:l éj The conditional posterior
of (ij can then be found to be éj/é

The conditional posterior of 1/ JJ] is Inverse Gaussian with mean 4/ (bji’z / HJZ and scale par-
ameter 1, while the conditional posterior of 02 is G(7'/2 + v, 1/2(y; — Z0)' (y; — Z6) + 3).

Making use of the ¢ densities described in Appendix B in the online supplemental data, the
second-stage VB estimation can be conducted as following:

Algorithm 2 (Second-stage VB estimation). Initialise the parameters, then update the follow-
ing until convergence.

¢ Update ; and 6

_ -1
7= (2 2z
§
o= (L/ )+ v)l?/Z’yi
N
o Update §
_ 1 - 2 = -
S= §[||y1 —Z0| +tr(Z'ZV)]+ S
o Update 7
3_ VXK i1(VX)
o K- t(VX)
¢ Update Ni
¥
o Update Zj

¢ Update ELBO

4. MONTE CARLO STUDIES

In the Monte Carlo studies, we investigate a range of panel SAR models with different spatial auto-
correlation coefficients, spatial weights matrices, and various sample sizes. Our focus is data
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generation process 1 (DGP 1). In this scenario, for estimation simplicity, we assume that the dimen-
sion of the exogenous variables associated with each spatial unit is of dimension 7" x 1. To examine
the impact of the changes in the dimension of the exogenous variables, we conducted further simu-
lation exercises using the same data generation process of DGP 1, but allowing the dimension of
exogenous variables associated with each spatial unit to be of 7" x 5 and 7" x 10 (DGP 2).

4.1. DGP 1
The true model takes the following general form:

Ve = AWy + 0.9X; + uy, (15)

where we generate X,; and V}; independently from N(0, 1) and 0.1NV(0, 1), respectively.

We make use of two types of true spatial weights matrices: one sparse and the other dense.

For the sparse W, each cross-sectional unit is connected to the two units ahead and behind
it. The matrix Wy, is then normalised by rows.

For the dense Wy, 2N/5 elements ahead and 2/V/5 elements behind each diagonal element
are randomly generated from U( — 0.5, 1.5). The matrix Wy, is similarly normalised by rows.

We allow for negative values in the spatial weights matrix to capture phenomena such as more
developed regions attracting labour from less developed regions, which can exert negative spatial
effects on the latter’s economic development.

The true value of A is set to either Ag = 0.4 or Ay = 0.6.

The sample sizes we considered are N = 30 and 7" = 20, N = 30 and 7" = 80, N = 50 and
T =30, N =50and 7= 100, N = 100 and 7" = 50, and N = 100 and 7" = 200.

For each case, we conduct 1000 Monte Carlo replications. To expedite the process, we moni-
tor changes in parameters rather than in ELBO to assess convergence of the two-stage VB. To
better understand the performance of VB with D-L priors, we compare the results with VB using
horseshoe priors. Following Gefang et al. (2020), we set the standard 2 = 1/#np in the first stage
and 2 =1/N — 1+ m; for the D-L priors described in (6) and (12). For horseshoe priors, we
used the standard Gamma priors as described in Makalic and Schmidt (2016).

Algorithm 3 (Monte Carlos). Given N, select the sparse or dense Wy, according to model
specifications, then repeat the following steps 1000 times.

e Independently generate X,; and V,; from N(0,1) and 0.1N(0, 1), respectively, for
i=1...,Nandz=1, ..., T+ 1.

Xqa 0 0 Va
0 Xn 0 Vo

» Generate y, by computing y, = (I, — Ao WNO)_1 09] 0 0 0o 1+1 ... ,
fort=1, ..., T+1 0 0 Xy Vi

» Using the first 7" observations of y, and X,; for estimation
— First-stage VB: Using the 7" x N matrix X, which contains all the exogenous variables, to
calculate the predicted values of Y); fori=1, ..., V.
— Second-stage VB: Substitute the endogenous variables by their associated predicted values,
then estimate 8, A and Wy.
o Compute the predictive log likelihood log P(y741| X741, B, A, Wa).

Results of Monte Carlo simulations provide strong evidence that the two-stage VB is able to

recover the true parameters in the data generating process, especially when 7" > N. When
T < N, two-stage VB estimates tend to have larger biases depending on the priors. More
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Figure 1. True spatial weights matrices.

important, there is clear evidence that the true spatial connections can be identified regardless of
the length of the panel, long or short.

To give a flavour, we present the heatmaps of the spatial weights matrices for N = 30.% The
true spatial weights matrices are displayed in Figure 1. We then plot the spatial weights matrices
estimated using D-L priors in Figure 2, followed by those estimated using horseshoe priors in
Figure 3. In Figures 2 and 3, the true values for Ag and T, and the characteristics of W, used
in the Monte Carlo setups are listed at the top of the corresponding subfigures.

An inspection of Figures 1-3 shows that both D-L and horseshoe priors are able to uncover
the true sparse spatial matrix quite well under all circumstances. In comparison with horseshoe
priors, D-L priors perform better when the true spatial weights matrix is dense. Holding Ag
unchanged, the true dense spatial weights matrix can be better recovered when 7" is set to 80
instead of 20. Holding 7' unchanged, the dense spatial weights matrix is better estimated
when A is larger. Same pattern can be also observed in Appendix C in the online supplemental
data in heatmaps involving N = 50 and NV = 100.

Table 1 summarises the Monte Carlo results. The structured similarity index measure (SSIM)
index measures the structural similarity between the heatmap of the estimated spatial weights matrix
and its true counterpart, with values closer to 1 indicating higher similarity.” Peak signal-to-noise
ratio (PSNR) calculates the similarity between the heatmaps of the estimated and true spatial weights
matrices, with higher values indicating greater similaurity.6 The Frobenius norm of the difference
between the estimated and true spatial weight matrices is reported asF,,,. A smaller F,,,,, indicates
greater similarity between the matrices.” To facilitate comparison between different estimated spatial
matrices, we also compute the ratio of the Frobenius norm of the difference between the estimated
matrix and its true counterpart to the Frobenius norm of the true spatial matrix, denoted as RF . A
smaller RF,,,, thus implies a better estimation. Finally, we report the log predictive likelihoods
(log p) and then the energy scores (ES) proposed in Gneiting et al. (2008).

The SSIM, PSNR and Frobenius norm related values reported in Table 1 are consistent with
our visual assessment from Figures 1-3 and those in Appendix C in the online supplemental data.
However, the log predictive likelihoods and energy scores reveal that when 7" 3> N, there is little
difference between the D-L and horseshoe priors. In contrast, when NV 3> T, horseshoe priors
consistently outperform D-L priors, likely due to the fact that horseshoe priors tend to produce
less biased estimates of B.

When N > T, the estimated A is very similar to its true value when D-L priors are used for
VB. However, the estimated s are notably downwards biased. Conversely, when horseshoe
priors are used, the situation is reversed. This phenomenon is expected because horseshoe priors

SPATIAL ECONOMIC ANALYSIS
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(a) Ao = 0.4, T' = 20 and sparse W, (b) Ao = 0.4, T = 20 and dense Wy,
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Figure 2. Estimated spatial weights matrices with D-L priors.

tend to impose smaller or no shrinkage on larger coefficients, while shrinking smaller coefficients
more aggressively compared to D-L priors.

When N « T, D-L priors exhibit excellent performance in uncovering the true A and Bin all
cases. In contrast, horseshoe priors, despite performing well in uncovering parameters when Wy
is sparse, tend to produce biased A estimates.
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Figure 3. Estimated spatial weights matrices with horseshoe priors.

We use high-performance computing (HPC) services for estimation. All computations are
performed using one compute node with four processor cores. On average, each Monte Carlo
replication for a model with V= 30 and 7" = 80 takes approximately 20 s, while for the same
model with N = 30 and 7" = 20, it requires about 60 s.
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Similar patterns are observed for models with N = 50 and V = 100: two-stage VB requires sig-
nificantly more time to converge when NV 3> 7. To provide a sense of the convergence speed of
two-stage VB, each Monte Carlo replication for a model with N = 100 and 7" = 50 takes approxi-
mately 20 min, whereas this reduces to 5 min for the same model with V = 100 and7" = 200.

The convergence speeds for models with the same /V and 7" are relatively similar, regardless of
the priors used and whether the spatial weights matrix is sparse or dense.

4.2. DGP 2

The only difference between DGP 2 and DGP 1 is that, in DGP 2, we allow the dimension of
Xy, the exogenous variables associated with each spatial unit to be 1 x 5 and 1 x 10 respectively,
with each element of the exogenous variables again drawn from a standard normal distribution.
Since the simulation results for DGP 1 indicate that D-L priors are effective in uncovering the
true spatial weight matrices, particularly when they are dense, for brevity, we focus on evaluating
the performance of the D-L prior on simulated data where V = 30 and Ag = 0.6.

The heatmaps of the estimated spatial weight matrices are presented in Figure 4. Upon visual
inspection, it is hard to distinguish the differences between subfigures (a), (¢), (¢) and (g) plotted
in Figure 4, and indeed, any differences between them and subfigures (c) and (d) of Figure 2.
Likewise, subfigures (b), (d), (f) and (h) of Figure 4 look similar, and they resemble the subfigures
(d) and (h) of Figure 2. A closer study of Table 2, however, reveals that when NV >> T, increasing
the dimension of the exogenous variables tends to result in less accurate estimates of the spatial
weight matrices, and more importantly, cause the coefficients of the exogenous variables to be
noticeably downward biased. In contrast, when 7" >> N, changes in the dimension of the exogen-
ous variables have little impact.

4.3. VB estimates versus MCMC posterior draws

To evaluate how VB point estimates compare with MCMC posterior draws, we consider an
illustrative example based on data generated from DGP 1, withNV =15, 7'= 40, Ay = 0.6,
By = 0.9 and a sparse spatial weight matrix.

Using the same priors for VB estimation as outlined in Section 4.1, the MCMC algorithm
was executed for 7000 iterations, with the initial 2000 iterations discarded as burn-in.

Figures 5 and 6 show histograms of the MCMC posterior draws (in light blue) alongside the
corresponding point VB estimates (in red) and true parameters (in dark blue), under the D-L and
horseshoe priors, respectively. The estimate for 8 and A are presented first, followed by four non-
zero elements from the first two rows of the spatial weight matrix.

As anticipated, in most cases, the VB estimates closely align with the MCMC posterior
means or modes. Additional plots for the non-zero elements of the spatial weight matrix, pro-
vided in Appendix D in the online supplemental data, further corroborate these findings.

5. EMPIRICAL APPLICATIONS

The relationship between sovereign bond ratings and spreads in eurozone countries is of great
interest to researchers and policymakers alike, as discussed in studies such as Gibson et al.
(2021) and Hall et al. (2023). A key inquiry is whether changes in ratings and spreads, respectively,
among southern euro area countries and their northern counterparts have different impacts on indi-
vidual member countries, particularly during the European debt crisis, which persisted from late
2009 to 2015. To address this question, we employ the two-stage VB approach on a dataset com-
prising five southern euro area countries — Spain, Greece, Ireland, Italy and Portugal — and five
northern euro area countries — Austria, Belgium, Finland, France and the Netherlands.

We use monthly data of Gibson et al. (2021). Sovereign rating is denoted by Rate, which is
the combined sovereign ratings given by Standard and Poor’s, Fitch and Moody’s then
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Figure 4. Estimated spatial weights matrices with X;; of higher dimensions, Ay = 0.6 and N = 30.
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transformed into numerical scale with ‘triple A’ having value 1 and ‘selected default’ having the
value 22. Spread is defined as the difference between the yield on 10-year government bond of a
country and that of Germany. Hence a rise in the rate or spread implies a worsening situation.
Following Gibson et al. (2017), we use the following variables that capture the economic and
political fundamentals as control variables: GDPgrowth, which is the real GDP growth rate;
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Table 2. Summaries of simulation results (GDP 2).

Priors Xgisof 1 x5 Xgis of 1 x 10
Whn, Sparse Dense Sparse Dense
N=30,T=20

ssim 0.9632 0.8244 0.9658 0.7888
psnr 39.7788 31.9357 40.3890 31.1356
Frorm 0.3077 0.7592 0.2869 0.8324
RFnorm 0.1124 0.4288 0.1047 0.4702
log p —1.5562 —1.5565 -2.1017 —2.1041
ES 0.8014 0.7042 1.3512 1.1878
A 0.6615 0.6725 0.6796 0.6925
(0.0822) (0.0753) (0.0935) (0.0842)

By 0.3839 0.3892 0.2638 0.2722
(0.1736) (0.1714) (0.2112) (0.2100)

B, 0.3842 0.3885 0.2635 0.2691
(0.1783) (0.1774) (0.2042) (0.2025)

B3 0.3853 0.3921 0.2643 0.2713
(0.1811) (0.1777) (0.2064) (0.2074)

Ba 0.3825 0.3884 0.2823 0.2901
(0.1810) (0.1774) (0.2015) (0.2024)

Bs 0.3851 0.3882 0.2532 0.2595
(0.1752) (0.1737) (0.2053) (0.2043)

Bs 0.2658 0.2719
(0.2116) (0.2073)

B, 0.2662 0.2730
(0.2084) (0.2085)

Bs 0.2595 0.2658
(0.2067) (0.2025)

Bo 0.2632 0.2751
(0.2107) (0.2082)

Bio 0.2659 0.2704
(0.1981) (0.1967)

N=30,T=80

ssim 0.9999 1.0000 0.9999 1.0000
psnr 67.6057 67.4311 70.5797 70.5724
Frorm 0.0125 0.0128 0.0089 0.0089
RFnorm 0.0046 0.0072 0.0032 0.0050
log p 0.8829 0.8834 0.8774 0.8775
ES 0.0701 0.0619 0.0725 0.0629
(Continued)
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Table 2. Continued.

Priors Xgisof 1 x5 Xgiis of 1 x 10
Wh, Sparse Dense Sparse Dense
A 0.6027 0.6022 0.6013 0.6010
(0.0030) (0.0030) (0.0022) (0.0022)
Bi 0.9003 0.9004 0.9001 0.8993
(0.0154) (0.0153) (0.0165) (0.0153)
B 0.9000 0.9002 0.8998 0.9002
(0.0153) (0.0150) (0.0158) (0.0158)
Bs 0.9000 0.9002 0.9006 0.9004
(0.0145) (0.0144) (0.0156) (0.0160)
Ba 0.8999 0.8999 0.9002 0.8995
(0.0152) (0.0147) (0.0149) (0.0161)
Bs 0.8998 0.8990 0.9007 0.8996
(0.0144) (0.0147) (0.0168) (0.0155)
Bs 0.9001 0.8999
(0.0153) (0.0163)
By 0.8996 0.8993
(0.0161) (0.0157)
Bs 0.9005 0.8995
(0.0155) (0.0157)
Bo 0.8996 0.8997
(0.0159) (0.0165)
Bio 0.8992 0.8997
(0.0156) (0.0160)

Note: Standard deviations are presented in parentheses.

News, which is fiscal news constructed using European Commission forecasts;Des#/ GDP, which
is the ratio of government debt to GDP;C4/GDP, which is the ratio of current account balance
to GDP; P/P*, which is the ratio of a country’s harmonised consumer price to that of Germany;
and Pol, which is the index of political uncertainty reflecting the climate for foreign investors and
political uncertainty. The monthly data runs from January 2000 to April 2019. For brevity, we
report the data sources in Appendix E in the online supplemental data.

Taking account of the feedback loop between sovereign bond ratings and sovereign spreads,
our dynamic model takes the following form:

Debt;
Rate;, = o1, + i x Spready + c13,; ¥ GDPgrowth;; + c14,; * CDP. = ¢15.; * News+
74
P
(16,i * m + 17, * Raz‘ei(,_l) + VVimtE * Rate, + 8@; "
Spread;, = c1,; + 0, * Rate, + c3,; * GDPgrowth, + c24,; * CDP.. =y s.; * Poly+
it
CA; 5
6.7 * GDP, + ¢7,i * Spreadis_1y + W," * Spread, + Sz;

(16)
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Figure 5. Plots of MCMC posterior draws against VB estimates and true parameter values, with D-L
priors.

where W7 and W’ " are the i row of the 10 x 10 spatial weights matrices W™ and W%
respectively. Note that W7 and W*"**? are both with zero diagonals and the rest of the elements
to be estimated.

Model (16) can be rewritten as

Rdl"{,’lc _ IIO _ Wrute —c1p -1 17 0 Rﬂfet_l S;ate
I:SP read; :| B |: —2 Lo — wreed 0 ¢y || Spread, +dx+ glreed

(17)

where Rate, = (Rate,, ..., Rateyy,), Spread, = (Spreads,, ..., Spreadlot)/, g =
" :pread fpread :prmd g g

(efe, ..., ey, = (g3, el cip = diag(cini, - .., €12,10), Co=diag

(€221, .-, €2,10), €17 = ﬂ’wg(cn,l, ceey 017,10), ¢y7 = diag(caz1, ..., €2210), X is the vector con-

taining all the exogenous variables, and 4 is the matrix containing their respective parameters. In
the spirit of Debarsy et al. (2012), we use Equation (17) to calculate the impulse response func-
tions and evaluate how rate and spread changes in one country spill over to the other countries.
Due to the interconnected nature of economic variables, #/*“and W, 774 tends to be dense
rather than sparse. Hence we exclusively employ D-L priors in this empmcal experiment, in
contrast to Gibson et al. (2021) who used fixed, a priori, weights. Also, in contrast to Gibson
et al. (2021), we show the time-varying behaviour of spillovers and spatial structures in Figures
7 and 8. The priors are set following the same approach as in the earlier Monte Carlo simulations.
We use a rolling window of 24 months to trace how the spillovers fluctuate over time. For the
country, the average rating spillovers from the south is computed by taking the mean of the
cumulative impacts of a one notch value increase in ratings of southern euro area countries; and
the average rating spillovers from the north is computed by the average of the cumulative impacts
of a one notch value increase in northern euro area countries. In both cases, the impact responses to
a shock of own country are excluded. In the same fashion, we calculate the average spread spillovers
from the south and the north. We set the amount of shock to the spread to be one basis point.
Figure 7 presents the average spillovers from the southern euro area countries and those from
the north, where spillovers are measured by the cumulative impacts over 5 years.® Two salient

Z'z‘/)
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Figure 6. Plots of MCMC posterior draws against VB estimates and true parameter values, with horse-
shoe priors.

patterns emerge. First, spatial spillovers between countries only become apparent after the out-
break of the global financial crisis in 2007. Before that, the spillovers between countries are mini-
mal. Second, shocks to a country’s spread consistently increase other countries’ spreads, but the
impacts of shocks to sovereign ratings are mixed.

Let’s examine the impacts of rating changes in a northern euro area country. We observe that
shocks to rates of the southern countries tend to improve the sovereign ratings of France, Finland
and the Netherlands (causing their rates to decrease), but worsen the ratings of Austria and
Belgium (causing their rates to increase), especially during the period of the euro area crisis.
Conversely, shocks to rates of other northern countries tend to slightly worsen the sovereign
ratings of a northern country.

For a southern country, aside from Greece and Ireland, shocks to rates of northern countries
tend to have minimal cumulative impacts on its ratings. However, for Greece and Ireland,
especially during the euro area crisis, positive shocks to northern countries’ ratings cause their
own ratings to deteriorate. For all southern countries, shocks that worsen the ratings of other
southern countries also significantly worsen their own ratings, far more than similar shocks to
northern countries’ ratings.

In all countries, an increase in the spreads of northern countries is consistently followed by an
increase in their own spreads, increasing borrowing costs. Similarly, increases in the spreads of
southern countries also lead to higher borrowing costs, but the impacts are much more pro-
nounced than those from northern countries in all cases. During the euro area crisis, the spreads
of France, Finland, and Spain increased significantly following shocks to southern countries’
spreads.

Since model (16) is dynamic, the spatial spillovers measured by impulse responses are com-
plicated by time dependence. To gain a deeper understanding of the spatial structure, we proceed
by plotting the average spatial weights associated with each country in Figure 8. For the i
country, the average rating spatial weights from the south is computed by taking the mean of
the non-zero elements in W/** that are associated with the southern euro area countries;
and the average rating spatial weights from the north is computed by taking the mean of the
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non-zero elements in W/** that are associated with the northern euro area countries. In the same
way, we calculate the average spread spatial weights from the south and the north. The plots in
Figure 8 provide further evidence for the marked differences in how a country is spatially linked
with the north and the south. In general, northern countries are less spatially influenced by other
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countries than the southern countries, warranting us to take a closer look at how a southern coun-
try’s rate and spread are spatially related to those of other countries.

In terms of the spatial relationships between one country’s ratings and the ratings of other
countries, Greece and Ireland stand out during the crises period, with other countries’ ratings
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spatially influencing these two countries’ ratings negatively, highlighting the limitations of tra-
ditional spatial weight matrix where all the elements are non-negative. Apart from Greece
and Ireland, a country’s sovereign ratings tend to be positively associated with other countries’
ratings. Interestingly, ratings of Spain and Portugal are more closely associated with those of
other southern countries than those of the northern countries from 2007 to 2010, but become
more influenced by northern countries’ ratings in the euro area crisis after 2010. Italy’s sovereign
ratings, by contrast, are more spatially influenced by ratings of the northern countries than those
of the south throughout time.

For spreads, negative weights are rare, indicating an increase in one country’s spread tends to
be associated with spread increases in other countries too. Apart from Spain, whose spreads are
more spatially influenced by the northern countries for a brief period during the euro area crisis,
spreads of all southern countries are more closely spatially linked with other southern countries
than with the northern ones.

These results stand in sharp contrast to Gibson et al. (2021). In that paper, Europe’s north
and the south spatial weighting matrix had fixed equal weights which were symmetric. For
example, the effect of Germany on the Netherlands was the same as the effect of the Netherlands
on Germany. This is true of many fixed weight schemes, such as those using distance. These
results not only suggest that there is time variation in the spillover effects but also that they
are far from symmetric. Such a finding would not have been possible using the fixed weight
scheme of Gibson et al. (2021).

6. CONCLUSIONS

In applied work, if the spatial weight matrix set a priori were to be far from its true value, the
empirical analysis using SAR models would be misleading. In this paper, we have developed a
two-stage VB approach to estimating panel SAR models with unknown spatial weights matrices
so as to let the data speak.

Our two-stage VB with D-L priors method can be easily extended by using other popular
priors such as the Lasso, horseshoe and spike and a slab priors. Furthermore, the success of
two-stage VB shows the potential of combining VB with more sophisticated methods, such as
three-stage least squares, full information likelihood and GMM to estimate panel SAR models,
especially those involving V > T'. Monte Carlo experiments show that our two-stage VB is
rather fast, and it can recover the spatial impacts well for both the long and short panels.

As an empirical example, we apply the two-stage VB to the sovereign bond ratings and sover-
eign spreads data of 10 eurozone countries to uncover the impacts of spatial spillovers of the
southern countries, which were more severely hit by the eurozone debt crisis, and those of the
northern countries. Without pre-imposing any spatial weights matrices that might be unrealistic,
we are able to shed new lights on the spillover behaviours of the south and the north. To our best
knowledge, our findings are among the first in the literature to delineate how an individual
country is affected by the spillovers from other countries in the eurozone.
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NOTES

1 Global-local shrinkage priors such as the horseshoe (Carvalho et al., 2009) and the R2-D2 prior
(Zhang et al., 2022) are known for improving on the D-L prior in terms of the mass at the origin
and tail thickness. For comparison, we extended our VB algorithms to include the horseshoe prior.
2 This research used the ALICE High Performance Computing Facility at the University of
Leicester.

3y~ giG(p, a, b) if f(y) oc y?Lexp[ — 1/2(ay + 4/y)].

4 Heatmaps related to V=50 and N = 100 are plotted in Appendix C in the online sup-
plemental data.

> SSIM between two images x and y of size NV x N is calculated as follows:

(ZMx:U“y + fl)(zaxy + 52)

SSIM =
(Wi + 15 + )07 + 07 + )

where pu, and m, are the means of x and y, respectively; o2 and oi are the respective variances of x
and y; 0, is the covariance; and ¢; and ¢, are constants to avoid instability when any of the fol-
lowing four terms 2, Wy 20y, w2+ p,j and o2 + oi are close to zeros. We refer readers to Zhou
et al. (2004) for more technical details.

® PSNR between two images 4 and B of dimensionsN x M is calculated as follows:

RZ
(ZfL 2?11 (Aij - Bij)z)/MN

where the denominator is the mean square error and the numerator R is the maximum fluctu-
ation in the input image data type. For example, if the input image has a double-precision float-
ing-point data type, then R is 1. If it has an 8-bit unsigned integer data type, R is 255. More
details about image types can be found in Matlab’s User’s Guide for Image Processing Toolbox™
(R2024b) (Matlab Help Center, 2024).

7 The Frobenius norm of an N x M matrix D is derived as follows:

N M
Foorm = Z Z |Dlj|2

i=1 j=1

PSNR = 1010g10

8 The impulse response functions typically converge to zero after 2 to 3 months.
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