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A B S T R A C T

This study investigates the heat transfer and flow behavior of Al2O3-water nanofluid in micro-scale systems, 
using the lattice Boltzmann method (LBM) for numerical simulations. To implement the LBM code, FORTRAN 
home-made programming is employed. The research focuses on a three-dimensional microtube (500 μm diam
eter and 6,000 μm length) subjected to a uniform wall heat flux, with Reynolds numbers between 40 and 100. 
Spherical particles of varying sizes and quantities are introduced into the flow path to investigate the impact of 
porosity on thermophysical properties. The study explores the relatively unexamined application of the LBM to 
curved boundaries. Results indicate that introducing 6–10 spherical objects at Re = 40 increases the average 
Nusselt number by about 23.61 % and 25.83 %, respectively, whereas larger spheres in smaller quantities exhibit 
minimal or negative effects on heat transfer. Although the lattice Boltzmann method is gaining traction in fluid 
dynamics, its application to curved boundaries remains limited. This study advances the field by analyzing flow 
dynamics in a microtube with spherical inserts, integrating curved boundaries, nanofluids, and porous structures, 
thereby providing valuable insights into thermophysical studies.

Introduction

Nanofluids have garnered attention for their superior heat transfer 
capabilities compared to traditional fluids, especially in the thermal 
management of micro-electro-mechanical systems (MEMS) [1]. Choi [2]
introduced the concept involving dispersing nanoparticles in base fluids 
to enhance their thermophysical properties. While numerous studies 
have explored the applications and properties of nanofluids [3–9], their 
practical implementation often overlooks critical factors such as flow 
dynamics in complex geometries or interactions with porous structures. 
Nanofluid performance factors include nanoparticle size and concen
tration, temperature, base fluid properties, and pH levels [10]. However, 
most research focuses on optimizing these factors under simplified 
conditions, leaving the impact of geometrical features like curved 
boundaries or internal inserts underexplored. Despite the promise of 
nanofluids in optimizing thermal systems [11], there is a lack of 

comprehensive studies addressing their behavior in microtubes with 
innovative designs.

Deploying micro-sized devices brings notable benefits, enhancing 
systems’ economic and environmental aspects. As electronic devices 
rapidly evolve, the need for highly efficient thermal management sys
tems intensifies. Microtubes and microchannels, often enhanced with 
advanced geometries or nanofluid applications, are critical in opti
mizing heat transfer. Beyond electronic cooling, these devices are 
pivotal in various industrial and research domains, including drug de
livery, medical and pharmaceutical technologies, bioengineering, and 
biotechnical analyses. Microtube applications span biomedical and en
gineering fields, enabling advancements in diagnostics, therapeutic 
methods, and organ-on-a-chip models. Innovations include devices for 
parallel fluid flow and enhanced cancer therapies through targeted 
mechanisms [12–14].

Studying fluid flow and heat transfer in microtubes has been a focal 
point for many researchers. Rahmati et al. [15] examined non- 
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Newtonian nanofluid flow in microtubes and highlighted how increased 
nanoparticle concentrations enhance heat transfer. However, their study 
focused on constant heat flux conditions and did not explore complex 
geometries or porous structures, which are key to further improving 
thermal performance. Salman et al. [16] investigated the laminar flow of 
nanofluids in microtubes and found that smaller particles and higher 
concentrations significantly enhance heat transfer. While insightful, 
their work was limited to straight microtubes and did not assess the 
impact of inserted objects or curved boundaries on flow dynamics and 
heat transfer. Salman et al. [17] explored forced convection in nano
fluids experimentally and numerically, reporting a 22 % improvement 
for the SiO2-water nanofluid. However, their analysis was restricted to 
basic geometries, neglecting the potential of design optimizations like 
porous or ribbed structures for enhancing heat transfer. Salman et al. 
[18] studied the effects of nanoparticle characteristics and heat flux on 
thermal performance, noting that the Nusselt number is independent of 
heat flux. However, the influence of complex boundary conditions, such 
as spherical inserts, was not addressed. Karimzadehkhouei et al. [19]
demonstrated that higher inlet temperatures improve heat transfer in 
microchannels, particularly at the entrance. Nonetheless, their work 
primarily dealt with straight channels and did not examine the interplay 
of nanofluids with intricate geometrical features or porous media. While 
previous studies have significantly advanced the understanding of heat 
transfer in nanofluid-based systems, they often rely on simplified ge
ometries and lack consideration of porous structures or curved bound
aries. This study addresses these gaps by incorporating spherical inserts 
into microtubes, employing nanofluids, and using the Lattice Boltzmann 
Method to investigate flow and heat transfer dynamics under more 
complex and realistic conditions.

The Lattice Boltzmann Method (LBM) is a mesoscopic numerical 
approach derived from lattice gas automata (LGA). In this method, fluid 
behavior is modeled using discrete particles that move along predefined 
lattice directions, a process known as streaming, and interact at lattice 
nodes through collisions. LBM offers efficiency and versatility for 
simulating single-phase and multiphase flows. Its strength lies in 

managing complex geometries and multi-component systems. And the 
local nature of LBM’s collision and streaming processes allows for high 
parallelizability, which can significantly reduce computational time on 
modern hardware. however, it’s important to note that this claim may 
depend on the specific problem being solved, the grid resolution, and the 
implementation. In some cases, LBM’s memory and computational re
quirements can increase due to its explicit nature and additional data 
storage for velocity distributions.[20–26]. Huang et al. [27] demon
strated the LBM’s accuracy and efficiency over the Direct Simulation 
Monte Carlo (DSMC) method in analyzing slip gas flow in microtubes at 
Knudsen numbers between 0.01 and 0.1. Yang and Lia [28] showed the 
alignment of LBM and Control Volume Method results in analyzing 
Al2O3-water nanofluid flow at low Reynolds numbers, particularly for 
laminar flows. Xu et al. [29] applied the LBM to simulate spherical 
microparticle movement and sedimentation within a nanofluid flow 
microchannel, focusing on flow behavior and heat dissipation in nano
fluid suspensions. Abdollahzadeh et al. [30] applied LBM to study the 
hydrothermal characteristics of Al2O3-water nanofluids at low Reynolds 
numbers, highlighting its applicability in thermal studies. Zhang and Liu 
[31] developed a 3D thermal lattice Boltzmann model to simulate 
magneto-hydrodynamic (MHD) convection in Czochralski silicon crystal 
growth. The model simplifies grid handling in cylindrical geometries 
using a coordinate transformation, enabling accurate melt flow and heat 
transfer simulations. Validated against experimental data, it shows that 
a transverse magnetic field stabilizes the system and extends the oper
ational range of crystal growth parameters, offering valuable insights for 
optimizing CZ crystal production.

Mustafa et al. [26] investigated the mixed convection flow of cop
per/water nanofluids in a rectangular cavity using the Lattice Boltzmann 
Method (LBM). It examines the influence of magnetic fields and varying 
dimensions and positions of high-temperature obstructions (HOBs) on 
heat transfer. Results show that increasing the height of HOBs and 
positioning them closer to the cold wall significantly boosts the average 
Nusselt number, while higher Richardson numbers reduce heat transfer. 
The study provides valuable insights into optimizing heat transfer by 

Nomenclature

c Velocity vector
cs Speed of sound
cp Specific heat capacity [J.kg-1.K-1]
Dh Hydraulic diameter [m]
dp Nanoparticle’s diameter [m]
ei Lattice velocity direction
f Distribution function
feq Equilibrium Distribution Function
g Temperature distribution function
geq Equilibrium temperature distribution function
h Convective heat transfer coefficient [W.m-2.K-1]
k Thermal conductivity [W.m-1.K-1]
ṁ Mass flow rate [kg.m-3]
Nu Nusselt number [-]
q Heat flux [W.m-2]
rp Nanoparticle’s radius [m]
Re Reynolds number [-]
tl Nanolayer thickness [m]
T Temperature [K]
T0 Absolut temperature [K]
T* Dimentinless temperature [-]
u velocity [m.s-1]
U* Dimentinless velocity [-]
wi Weight factor in ith direction
X Dimensionless coordinate in X direction

Y Dimensionless coordinate in Y direction
Z Dimensionless coordinate in Z direction

Greek symbols
ν Kinematic viscosity [m2.s-1]
φ Volume concentration [-]
α Heat diffusivity [m2.s-1]
τ Relaxation time
ρ Density [kg.m-3]
µ Dynamic viscosity [kg.m-1.s-1]

Subscripts
p Particle
pe Equivalent particle
f Base fluid
w Wall
b Bulk
eff Effective
nf Nanofluid
l Nanolayer
i Discrete lattice directions

Abbreviations
LBM Lattice Boltzmann Method
MD Molecular Dynamics
MT Microtube
CCF Convergence Criteria Factor
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manipulating obstruction geometry and magnetic field effects.
Recent advancements in Graphics Processing Unit (GPU) accelerated 

simulations have significantly enhanced computational efficiency and 
enabled more detailed investigations into complex fluid flow and heat 
transfer phenomena, as demonstrated in the following studies. Sorour 
Amini and Mohammadi [32] studied microparticle migration and sep
aration in square microchannels using inertial microfluidics and die
lectrophoresis (DEP). Particles settled near channel walls without an 
electric field, while an oscillating field shifted them by size and dielectric 
properties. GPU-accelerated simulations enabled a two-step method for 
efficient separation of polydisperse particles. Nee and Chamkha [33]
developed a hybrid GPU-based CFD solver combining the lattice Boltz
man and finite difference methods for 3D natural convection. The solver 
achieved over 30 × speedup but had stability issues at high Rayleigh 
numbers, limiting versatility. Akter et al. [34] examined non-Newtonian 
nanofluids in a porous cavity using GPU-accelerated MRT-LBM. Results 
showed more substantial buoyancy-enhanced heat transfer, with model 
validation confirming accuracy for porous media applications. Existing 
research often simplifies fluid behavior or neglects intricate interactions 
between nanoparticles and porous or dynamic geometries. This study 
addresses these limitations by leveraging LBM to analyze nanofluid 
behavior in advanced microtube configurations, emphasizing particle 
interactions and thermal enhancement mechanisms.

The thermophysical behavior of porous media significantly depends 
on the porous structures’ size, geometry, and positioning, which influ
ence flow and heat transfer characteristics. Numerous studies have 
explored these dynamics using various modeling techniques [35–41]. 
Wang et al. [42] investigated forced convection gas flow in porous 
microtubes, focusing on porosity, thermal conductivity ratio, Biot 
number, and porous material shape factor, all of which influence ther
mal and physical properties. Nojoomizadeh et al. [43] examined nano
fluid flow in a partially porous microchannel, finding that reduced 
permeability and lower porosity enhance heat dissipation and thermal 
performance. Papazian et al. [44] compared solid and porous twisted 
tape inserts in cylindrical tubes, concluding that solid inserts provide 
better thermal performance due to their stronger mixing effects. Ibrahim 
et al. [45] Analyzed nanofluid flow in microtubes with twisted porous 
blocks, revealing that increasing the number of blocks raises the Nusselt 
number and improves heat transfer. Derikvand and Rahmati [46]
demonstrated that porous disk inserts in microtubes with hydrophobic 
walls enhance the Nusselt number, with the thermal conductivity of the 
disks contributing more significantly than changes in size or positioning. 
Although these studies highlight the role of porous structures in 
enhancing heat transfer, many focus on simplified geometries or specific 
configurations. This research extends the understanding by examining 
complex porous geometries and their interactions with nanofluids in 
microscale systems, optimizing thermal performance through innova
tive designs.

Pore-scale modeling has been increasingly used to analyze heat 
transfer and flow in porous media, providing valuable insights into the 
impact of structural and dynamic factors. Zhu and Xuan [47] investi
gated concentrated solar power systems with porous media-based re
ceivers, finding that higher porosity, smaller incident angles, and sphere 
surface absorptivity enhanced radiation propagation. They proposed a 
hybrid packed bed design to optimize thermal efficiency. Habib et al. 
[48] explored unsteady forced convection in porous media with cylin
drical voids, highlighting the influence of Reynolds numbers on non- 
linear flow behavior, particularly under fluctuating inlet flow condi
tions. Cheng and Wong [49] developed a method to assess heat transfer 
efficiency in packed beds filled with spherical particles, offering insights 
into heat transfer dynamics in reactors with finite-thickness walls under 
consistent external heating. Wang et al. [50] studied packed beds with 
internal heat sources, noting significant variations in fluid properties 
along the bed. They introduced a modified pressure drop model to 
address inaccuracies in conventional models, improving predictive ac
curacy. While these studies provide advancements in understanding 
pore-scale dynamics, they often rely on simplified configurations or 
focus on specific scenarios. This research builds on these findings by 
incorporating more complex geometries and varying heat sources to 
enhance the design and efficiency of porous media systems.

In recent years, significant efforts have been made to enhance heat 
transfer in microscale systems, particularly in microtubes used for 
thermal management in microelectronic devices and micro
electromechanical systems. While the impact of porous materials on 
heat transfer has been extensively studied, limited research has exam
ined their behavior within microtubes, especially in conjunction with 
nanofluids. This study addresses this gap by investigating the effects of 
spherical porous materials on heat transfer and fluid dynamics in 
microtubes. Specifically, this work explores their potential to improve 
thermal efficiency in microscale systems by analyzing their influence on 
nanofluid behavior under varying flow conditions. The findings have 
significant implications for enhancing the design of micro-cooling sys
tems, improving the performance of heat exchangers in miniaturized 
devices, and optimizing the thermal management of high-performance 
microelectronics. In this work, home-made FORTRAN programming is 
used to implement the LBM code.

Numerical procedure

Problem description

This study investigates nanofluids’ heat transfer and flow behavior 
within a microtube using the LBM in both single-phase and multi-phase 
configurations. The numerical model focuses on laminar forced con
vection and incompressible flow conditions. To analyze the effects of 
homogeneous microporous substances on nanofluid hydrothermal 

Fig. 1. Three-dimensional representation of the investigated microtube, including its geometric specifications.
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behavior, spherical objects were strategically inserted into the micro
tube as homogenous microporous media in various numbers and ar
rangements. Fig. 1 provides a 3D depiction of the microtube and 
spherical objects, detailing their geometrical parameters. Additionally, 

Fig. 2 illustrates 2D schematics of different sphere configurations (A to 
E), maintaining a constant distance between centers equal to five times 
the sphere radius (PP = 2.5DP) across all arrangements. With a constant 
heat flux of 75 kW.m− 2 on the microtube wall, the inlet conditions 
include an inlet temperature of 303 K and varying inlet velocities 
ranging from 0.032 to 0.16 m.s− 1. The study employs the Al2O3-water 
nanofluid with a 4 % volume concentration (ϕ = 4 %), assuming the 
working fluid is in thermal equilibrium and there is no slip at the 
boundary. Table. 1 summarizes the geometrical parameters outlined in 
Fig. 1.

Boundary and initial conditions

Physical boundary and initial conditions
The physical initial conditions applied to this study are as follows: 

• The inlet temperature is maintained at 303 K.
• The inlet velocity of the nanofluid ranges from Vinlet = 0.032 m.s− 1 to 

Vinlet = 0.16 m.s− 1, corresponding to Reynolds numbers between Re 
= 20 and Re = 100 (four values).

• Constant heat flux of 75 kW.m− 2 is considered on the microtube wall.

Also, the physical boundary conditions applied to the microtube are 
detailed below: 

• The inlet temperature at X  = 0 is assigned as Ti = 303 K = 30 ℃.
• The inlet velocitis at X  = 0 is assigned as u = ui, v = 0, and r = 0.
• A no-slip boundary condition is imposed on the microtube’s surface 

(u = 0, v = 0, and r = 0).

The boundary conditions applied to the spherical objects are detailed 
below: 

• A no-slip boundary condition is imposed on the sphere’s surface (u =
0, v = 0, and r = 0).

• At steady-state condition, the temperature of the fluid near the 
sphere surface is assumed to be in thermal equilibrium with the 
sphere surface temperature.

LBM boundary and initial conditions
The LBM initial conditions applied to this study are as follows: 

• The inlet is maintained at T* = th (0, j, k) = 1.

The dimensionless inlet velocity in different directions is assumed as 
follows: 

• u (0, j, k) = U*
• v (0, j, k) = 0.0
• r (0, j, k) = 0.0

Fig. 2. Two-dimensional representation of the microtube configurations: (a) 
Standard microtube without spheres, (b) Configuration A featuring a single 
spherical object, (c) Configuration B with two spherical objects, (d) Configu
ration C containing six spherical objects, (e) Configuration D with ten spher
ical objects.

Table 1 
Microtube dimensions for different arrangements.

Description Symbol Value 
[mm]

Microtube’s Total Length LCh 6
Microtube’s Diameter DCh 0.5
Entrance Length LEn 0.9
Sphere’s Diameter of Porous Arrangement 1 (One Sphere) DP1 0.36
Sphere’s Diameter of Porous Arrangement 2 (Two 

Spheres)
DP2 0.28

Spheres’s Centre to Center Distance for Porous 
Arrangement 2

PP2 0.72

Sphere’s Diameter of Porous Arrangement 3 (Six Spheres) DP3 0.2
Spheres’s Centre to Center Distance for Porous 

Arrangement 3
PP3 0.5

Sphere’s Diameter of Porous Arrangement 4 (Ten Spheres) DP4 0.166
Spheres’s Centre to Center Distance for Porous 

Arrangement 4
PP4 0.42

Fig. 3. Plan view of the boundary of the curved wall in two dimensions in LBM.

Table 2 
The thermal and physical properties of the material used [46].

Material ρ [kg.m-3] k [W.m-1⋅K-1] Cp [J.kg-1.K-1] μ [kg.m-1.s-1]

Water 995.7 0.603 4183.0 7.98E-04
Al2O3 3600.0 39.2 765.0 −

Table 3 
Comparison of microtube grid sizes.

Dimensions TOutlet [K] Error [%]

40 × 40 × 456 314.71 −

50 × 50 × 570 321.92 2.240
60 × 60 × 684 323.075 0.358
70 × 70 × 798 323.089 0.004
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where T* and U* are dimensionless temperature and velocity, 
respectively.

Also, the LBM boundary conditions applied to the microtube are 
detailed below: 

• A no-slip boundary condition is imposed on the microtube’s surface: 
(u (i, j, k) = 0, v (i, j, k) = 0, and r (i, j, k) = 0).

• The extrapolation method is utilized to determine the outlet tem
perature and velocity:f1(i, j, k) = 2 × f1(i − 1.j.k) − f1(i − 2.j.k)

• The thermal boundary condition applies to the microtube wall based 
on constant heat flux is T(i.j+ 1.k) = T(i.j.k) + q.dx

k .

Lattice Boltzmann method

The discrete approach in numerical simulations looks at molecules or 
atoms’ movements and collisions and points out the position and 

Fig. 4. (a) Evaluating the findings of the present LBM model concerning the results reported by Salman et al. [16] and (b) the comparison of the results of the present 
LBM work with the experimental results from Kherbeet et al. [59].

Table 4 
The current LBM’s average Nusselt numbers compared to Kays and Crawford’s 
analytical findings [60].

Heat Flux 
Ratio (rq)

Nu1 (relative error %) Nu2 (relative error %)

Kays and 
Crawford [60]

LBM Kays and 
Crawford [60]

LBM

0.5 17.48 17.25 
(1.3 %)

6.51 6.49 
(0.3 %)

1 8.23 8.16 (0.9 
%)

8.23 8.16 
(0.9 %)

1.5 11.19 11.10 
(0.8 %)

7 6.91 
(1.3 %)

Fig. 5. Impact of sphere number on (a) the temperature at the microtube outlet 
and (b) the temperature of the microtube wall.
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velocity of each particle as tracked at every time step [51]. Molecular 
Dynamics (MD) considers a single particle’s behavior, which is quite a 
convenient microscale study method for complex geometries and 
multiphase situations. However, the MD method’s computation volume 
and duration are limitations in larger systems. LBM employs the meso
scopic scale and was initiated using the LGA method. Despite other 
discrete methods, LBM observes a cluster of particles instead of inves
tigating individual particles. In LBM, the particle distribution function, f 
(r,c,t), defines the count of particles within the interval r to r + dr, 
possessing velocities from c to c + dc at time t. This simple discrete 
lattice equation, which is known as the working horse of the LBM, can be 
written as below [51]: 

∂fi

∂t
+ ci∇fi =

1
τ (fi

eq
− fi) (1) 

τ = 3ϑ
Δt

Δx2 +0.5 (2) 

where feq denotes the equilibrium distribution function, τ stands for the 
relaxation factor, and i refers to multiple lattice orientations. The dis
cretized representation of the equation in Cartesian coordinates is given 
by [51]: 

fi(r+ ciΔt, t+Δt) − fi(r, t) =
Δt
τ [fi

eq
(r, t) − fi(r, t) ] (3) 

fi
eq
(r, t) = wiρ

[

1+
ci.u
c2

s
+
(ci.u)2

2c4
s

−
u2

2c2
s

]

(4) 

where 

cs =
c̅
̅̅
3

√ (5) 

c =
Δx
Δt

(6) 

About a study by Mei et al. [52], the D3Q19 method offers a good 
balance between computational reliability and efficiency for curved 
boundary studies, compared to other lattice Boltzmann configurations 
such as D3Q15 and D3Q27. Therefore, the D3Q19 model is applied in 
this study for velocity and temperature distribution functions.

Curved boundaries in LBM
Curved boundaries require more consideration in lattice Boltzman’s 

analysis, and there is a lack of literature focusing on them. Some authors 
assumed curve boundaries as stairs for simplifying the solution, and 
according to Mei et al. [53], this simplification leads to the devaluation 
of accurate results.

Fig. 3 presents a plan view of the boundary of the curved wall in two 
dimensions. In this layout, bf is a link between two nodes, b in the solid 
and f in the fluid parts. The portion of this connection that resides within 
the fluid is denoted by Δ as follows [53]: 

Δ =

⃒
⃒xf − xw

⃒
⃒

⃒
⃒xf − xb

⃒
⃒

(7) 

The term eα represents the discrete velocity moving from the fluid 
node toward the solid wall while eα denotes the discrete velocity in the 
opposite direction. 

eα = − eα (8) 

Fig. 6. Velocity magnitude contours in a computational domain slice (y/H = 30) for different scenarios.
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fα
(
xf = xb + eαδt.t+ δt

)
= f̃α(xb.t) (9) 

To derive particle distribution function of node f in Fig. 2, the dis
tribution function of node b is required. Filippova and Hanel [54]
offered a linear interpolation technique: 

f̃α(xb.t) = (1 − χ)̃fα
(
xf .t

)
+ χf (*)α (xb.t)+2ωαρ 3

c2eαuw (10) 

uw ≡ u(xw.t) (11) 

f (*)α (xb.t) = ωαρ(xf .t)
[

1+
3
c2eα • ubf +

9
2c4

(
eα • uf

)2
−

3
2c2uf • uf

]

(12) 

uf ≡ u
(
xf .t

)
(13) 

uf represents the velocity of the fluid in the node close to the 
boundary wall. 

ubf = (Δ − 1)uf/Δ+uw/Δ (14) 

Assuming Slow Flow condition and applying Chapman–Enskog 
expansion, the following correlations are applied by Filippova and 
Hanel [54]: 

fα
(
xf .t

)
≈ fα

(eq)( xf .t
)
− λeα • ∇fα

(eq)( xf .t
)

(15) 

fα
(eq)( xf .t

)
= ρwα

[

1+
3
c2eα • u+

9
2c4(eα • u)2

−
3

2c2 u • u
]

(16) 

∇fα
(eq)( xf , t

)
= ρwα

3
c2eα • ∇u (17) 

Applying the concept outlined below, 

fα
(eq)( xf , t

)
= fα

(eq)( xf , t
)
− 2ρwα

3
c2uf • eα (18) 

And substituting Equations (16), (17), and (18) into Equation (15), 

fα
(
xf , t

)
= fα

(eq)( xf , t
)
− 2ρwα

3
c2uf • eα − τδt2ρwα

3
c2eα • ∇u

• eα∇fα
(eq)( xf , t

)

= ρwα
3
c2eα • ∇u (19) 

where, 

λ = τδt (20) 

According to the equilibrium distribution function correlation [54]: 

fα
(eq)( xf , t

)
= ρwα

[

1+
3
c2eα • u+

9
2c4(eα • u)2

−
3

2c2 u • u
]

(21) 

The correlation for f (*)α (xb, t) can be reformulated as follows [54]: 

f (*)α (xb, t) = fα
(eq)( xf , t

)
+ ρwα

3
c2eα •

(
ubf − uf

)
(22) 

From the equation above, the ̃fα(xb, t) can be formulated as [54]:  

From Equations (19), (23), and (21): 

fα
(eq)( xf , t

)
− (1 − χ)(τ − 1)δtwαρ 3

c2eα.∇u.eα +wαρ 3
c2eα.

(
χubf − χuf − 2uw

)

= fα
(eq)( xf , t

)
− 2ρwα

3
c2uf • eα − τδt2ρwα

3
c2eα • ∇u • eα

(24) 

⎧
⎪⎪⎨

⎪⎪⎩

ubf =
(Δ − 1)uf

Δ
+

uw

Δ
andχ = (2Δ − 1)/τforΔ ≥

1
2

ubf = uf andχ = (2Δ − 1)/(τ − 1)forΔ <
1
2

(25) 

Mei et al. [53] modified the Filippova and Hanel correlation for the 
cases where Δ is less than 0.5. 
⎧
⎪⎪⎨

⎪⎪⎩

ubf =
(Δ − 1)uf

Δ
+

uw

Δ
andχ = (2Δ − 1)/τforΔ ≥

1
2

ubf = uf andχ = (2Δ − 1)/(τ − 2)forΔ <
1
2

(26) 

Mei et al. [52] investigated curve boundary conditions in LBM and 
noticed results from previous correlations are less accurate in the nodes 
with Δ close to one; hence, they modified the last model for Δ higher 

Fig. 7. (a) The impact of sphere number on the average Nusselt number, and 
(b) heat transfer rate variations versus the Reynolds number.

f̃α(xb, t) ≈ fα
(eq)( xf , t

)
+(1 − χ)(1 − 1/τ)fα

(
xf , t

)
+wαρ 3

c2eα.
(
χubf − χuf − 2uw

)

= fα
(eq)( xf , t

)
− (1 − χ)(τ − 1)δtwαρ 3

c2eα.∇u.eα +wαρ 3
c2eα.

(
χubf − χuf − 2uw

)
(23) 
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than ½ to improve the accuracy as below: 

ubf =

[

1 −
3

2Δ

]

uf +
3

2Δ
uwandχ = (2Δ − 1)/(τ + 1/2)forΔ ≥

1
2

(27) 

Physical properties of nanofluid in LBM single phase approach

In this study, the correlations derived by Koo and Kleinstreuer [50]
are applied to calculate the thermal conductivity model. This model 
considers Brownian motion in nanofluid’s thermal conductivity 
calculations: 

keff = kstatic + kBrownian (28) 

kstatic =
kpe + 2kf + 2

(
kpe − kf

)
(1 + γ)3φ

kpe + 2kf −
(
kpe − kf

)
(1 + γ)3φ

kf (29) 

kBrownian = 5 × 104βφρf Cpf

̅̅̅̅̅̅̅̅̅
KT

ρpdp

√

f(T.φ) (30) 

For Kpe in equation (29), Yu and Choi’s [51] equivalent nanoparticle 
thermal conductivity model is applied: 

kpe =

[
2(1 − ν) + (1 + γ)3

(1 + 2ν)
]
ν

− (1 − ν) + (1 + γ)3
(1 + 2ν)

kp (31) 

γ =
tl
rp

(32) 

ν =
kl

kp
(33) 

kl = 10kf (34) 

For f(T, φ) and β factors addressed in the above equations, Vajjha and 
Das [55] model is applied, which is valid in a wider range of tempera
tures and nanoparticle size: 

f(T.φ) =
(
2.8217 × 10− 2φ+3.917 × 10− 3) T

T0
+
(
− 3.0669

× 10− 2φ − 3.91123 × 10− 3) (35) 

β = 8.4407(100φ)− 1.07304 (36) 

In the experimental investigation conducted by Sharifpur et al. [56], 
the following equation is utilized to describe the density of the 
nanofluid: 

ρnf =
φρp + (1 − φ)ρf

(1 − φ) + φ
(
rp + tl

)3
/rp

3
(37) 

tl = − 0.0002833r2
p +0.0475rp − 0.1417 (38) 

To calculate nanofluids’ viscosity, the Brikman model [57] is used. 
This model considers a solid–liquid interfacial layer; hence, the volume 
fraction is substituted with an equivalent volume fraction: 

μnf

μf
=

1
(1 − φe)

2.5 (39) 

Below correlations are used for nanofluid’s specific heat capacity, 
thermal diffusivity, and Kinematic viscosity, which have been applied by 
several authors [58]: 

ρnf cp.nf = φρpcp.p +(1 − φ)ρf cp.f (40) 

Fig. 8. Non-dimensional temperature intensity contours in a computational domain slice (y/H = 30) for different scenarios.
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αnf =
keff

ρnf cp.nf
(41) 

ϑnf =
μnf

ρnf
(42) 

Table 2 presents the thermophysical properties of the base fluid 
(water), and the nanoparticle.

Convergence criteria

The convergence criteria applied for temperature and velocity in our 
home-made 3D LBM code are as follows: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i,j,k

(
un+1

i,j,k − un
i,j,k

)2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i,j,k

(
un+1

i,j,k

)2
√ = CCF1 (43) 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i,j,k

(
Tn+1

i,j,k − Tn
i,j,k

)2
√

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

i,j,k

(
Tn+1

i,j,k

)2
√ = CCF2 (44) 

where the CCF1 and CCF2 are equal to 10-6.

Grid Independency and validation analysis

A custom 3D LBM FORTRAN code was developed to analyze how a 2 
% Al2O3-Water nanofluid behaves in a circular microchannel. To ensure 
accuracy, four different grid sizes were tested: 40 × 40 × 456, 50 × 50 ×
570, 60 × 60 × 684, and 70 × 70 × 798. The outlet temperature was 
compared across all examined grids. According to Table 3, the 60 × 60 
× 684 grid showed the most consistent results, with negligible variation 

Fig. 9. Influence of sphere number on the local Nusselt number: (a) at 3,000 
μm from the entrance of the microtube, (b) at 5,000 μm from the microtube 
entrance versus various Reynolds numbers.

Fig. 10. The fluid flow streamlines passing through the spheres within the channel.
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compared to the larger 70 × 70 × 798 grid.
To verify the model, the local Nusselt number for the standard 

microtube was compared against the results obtained by Salman et al. 
[16]. Fig. 4a displays this comparison, showing acceptable percentage 
differences. Also, as the second validation evaluation, the current nu
merical analysis is validated by comparing the distribution of the local 
Nusselt number of the plain backward-facing step microchannel 
(without any sphere) with the experimental results of Kherbeet et al. 
[59]. The study’s findings agree with the experimental data, as shown in 
Fig. 4b. The graph’s percentage differences, which might result from 
experimental uncertainties and heat dissipations, are presented in tables 
below each figure.

The analytical results from Kays and Crawford [60], derived for a 
parallel-plane duct with two surfaces subjected to heat fluxes q̈1 and q̈2, 
respectively, are utilized to validate the proposed thermal LBM model, 
as the third validation analysis. Heat flux ratios rq=q̈2/q̈1 of 0.5, 1, and 
1.5 are examined. Table 4 presents the average Nusselt numbers of both 
surfaces, Nu1 and Nu2. The comparison shows outstanding agreement 
between the LBM results and the analytical data from [60], with a 
maximum relative error of about 1.3 % for both surfaces.

Data processing method

In the calculation of heat flux through the microtube wall, the 
following formula is utilized [17]: 

q =
ṁcp.nf (Tout − Tin)

Aw
(45) 

where Aw denotes the area of the microtube’s wall and Cp,nf is the spe
cific heat of the nanofluid. This equation calculates the heat flux 
transferred through the microtube wall based on the temperature dif
ference between the microtube’s outlet (Tout) and inlet (Tin).To deter
mine the average heat transfer coefficient have and average Nusselt 
number, one can employ the following equations [17]: 

have =
q

(Tw − Tb)
(46) 

here, Tw refers to the mean temperature of the microtube surface, and Tb 
denotes the mean temperature of the bulk fluid. These parameters are 
essential for evaluating heat transfer efficiency within the microtube. 
Finally, the average Nusselt number is calculated using the relationship 
[17]: 

Nuave =
haveDh

k
(47) 

where Dh is the hydraulic diameter of the microtube, and k is the thermal 
conductivity of the nanofluid. These equations are fundamental for 
assessing the microtube’s thermal performance and the nanofluid’s 
effectiveness in enhancing heat transfer.

Results and discussions

Al2O3-Water nanofluid containing particles of 47 nm size at a volume 
concentration of 2 % was used to study how different arrangements of 
spherical objects affect their behavior in a microtube. The arrangements 
included 1, 2, 6, and 10 spheres along the microtube’s centerline. The 
porosity (ε = 83 %) and entrance length of the microtube were kept 
constant across all arrangements. The distance between the centers of 
spheres was maintained at five times their radius for each arrangement. 
A uniform heat flux of 75 kW.m− 2 was applied to the microtube wall. 
Numerical simulations covered Reynolds numbers (Re) ranging from 40 
to 100, corresponding to inlet velocities of 0.064 m.s− 1 to 0.16 m.s− 1. A 
3D home-made LBM code was employed to analyze the heat transfer 
characteristics of the nanofluid, focusing on parameters such as average 
Nusselt number, average outlet temperature, average microtube wall 

temperature, and local Nusselt number for each scenario.
Fig. 5a and 5b, present the microtube wall temperature and micro

tube outlet temperature variations with the total number of spherical 
objects. These figures illustrate how the arrangement of spheres in
fluences the hydrothermal performance of the microtube. Fig. 5a depicts 
the outlet temperatures observed across all scenarios. It highlights a 
consistent trend: as the Reynolds number increases, the outlet temper
ature decreases for both the bare microtube and those equipped with 1, 
2, 6, or 10 spherical objects. Notably, the microtube containing 10 
spheres exhibits the highest outlet temperature at higher Reynolds 
numbers. In contrast, the microtube with just one sphere consistently 
shows the lowest outlet temperature across all Reynolds numbers, 
except at Re = 40, where the plain microtube records the lowest tem
perature. At Re = 40, the plain microtube records the lowest outlet 
temperature due to insufficient flow disruption and limited convection, 
as conduction dominates at this low Reynolds number. The single-sphere 
configuration slightly enhances mixing but not enough to maintain a 
significantly higher outlet temperature. As the Reynolds number in
creases, convection becomes dominant, and even minimal flow disrup
tion from one sphere improves heat transfer, leading to higher outlet 
temperatures compared to the plain microtube.

According to the data in Fig. 5b, increasing the Reynolds Number 
decreases the microtube wall temperature across all scenarios. 
Furthermore, the microtube wall temperature is consistently lower in 
cases where spherical objects are present compared to the plain micro
tube. This indicates that incorporating spherical objects improves the 
heat transfer efficiency of the microtubes. Notably, while the tempera
ture difference between the configurations with 1 and 2 spherical ob
jects is minimal, both setups exhibit lower wall temperatures than the 
plain microtube.

Fig. 6 displays velocity magnitude contours in a computational 
domain slice (y/H = 30) for different cases. These contours provide 
insights into the dynamics of fluid movement and thermal transfer 
within various configurations. Fig. 6 illustrates how inserting spheres 
into a microtube creates transverse flows inside, disrupting the bound
ary layer near the microtube wall. This disruption is most prominent 
when there is only one sphere, which is noticeable due to the distance 
between the sphere and the microtube wall.

As more spheres are added, each sphere’s impact on the boundary 
layer decreases, mainly because the spheres are smaller in diameter 
while maintaining constant porosity. Despite this minimal effect, mul
tiple spheres induce additional transverse flows along the microtube, 
enhancing thermal exchange between the fluid and the microtube 
surface.

Fig. 7a and 7b illustrate the influence of spheres on the thermal 
performance. Reynolds number increases, the average Nusselt number 
generally rises across all microtube configurations as illustrated in 
Fig. 7a. Microtubes with 6 and 10 spheres consistently show higher 
average Nusselt numbers than the plain microtube, indicating improved 
thermal performance resulting from including spheres within the range 
studied. However, for microtubes with 1 and 2 spheres, this trend varies 
with the Reynolds number, showing less steep increases as the Reynolds 
number increases. At Re = 100, both cases exhibit lower average Nusselt 
numbers than the plain microtube, possibly due to the sphere size 
affecting flow dynamics.

In Fig. 7b, the thermal performance varies with the sphere count 
across Reynolds numbers 40–100. Generally, increasing the number of 
spheres results in higher heat transfer rates, underscoring the enhanced 
heat transfer capabilities facilitated by spherical objects in the micro
tube configurations. Fig. 7b shows the heat transfer rates at different 
Reynolds numbers across the investigated cases. The trends observed 
mirror those in Fig. 7a, where higher Reynolds numbers correspond to 
improved heat transfer rates. Notably, except for configurations with 1 
or 2 spheres at higher Reynolds numbers, all other cases demonstrate 
higher heat transfer rates than the plain microtube. At lower Reynolds 
numbers, the differences between configurations are minimal, but these 
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differences become more significant as Reynolds numbers increase. The 
presence of 1 or 2 spheres does not notably enhance the heat transfer 
rate, suggesting that fewer larger spheres may not effectively disrupt the 
flow and improve heat transfer within the microtube.

Fig. 8 illustrates the dimensionless temperature distribution contours 
in a computational domain slice (y/H = 30) for various configurations. 
Including spherical inserts disrupts the thermal boundary layer, 
enhancing thermal stratification near the heated wall. Notably, the 
configurations with more spheres (e.g., six and ten) exhibit a more 
uniform temperature distribution than those with fewer spheres or the 
plain microtube. This indicates that while a single sphere creates 
localized disruptions, multiple spheres lead to a cumulative effect, 
enhancing overall heat transfer. These findings highlight the importance 
of optimizing the number of spheres to achieve efficient thermal 
performance.

Fig. 9a and 9b show the local Nusselt numbers for all cases at two 
positions: X = 3,000 μm and X  = 5,000 μm from the microtube entrance. 
The profiles of the local Nusselt number exhibit a pattern comparable to 
that of the average Nusselt number (Fig. 7a) across all Reynolds 
numbers. At positions farther from the entrance (X = 3,000 μm and X  =
5,000 μm), the local Nusselt numbers exhibit sharper variations, 
emphasizing more pronounced variations between cases at different 
Reynolds numbers. The maximum local Nusselt number is recorded in 
the configuration with 10 spheres in both figures. The variations be
tween models become more prominent at higher Reynolds numbers than 
at lower Reynolds numbers.These results emphasize how spherical in
serts affect local heat transfer within the microtube, especially in con
figurations with multiple spheres and greater distances from the 
entrance.

At Reynolds numbers Re = 40 and Re = 60, all configurations with 
spherical inserts show higher local Nusselt numbers than the plain 
microtube. After Re = 60, a change in the pattern of the local Nusselt 
number profiles is observed. This alteration is evident in every config
uration, excluding the single-sphere configuration, which shows the 
minimum local Nusselt number at Re = 80. Moreover, at Re = 100, The 
configurations with 1 and 2 spherical objects display lower Nusselt 
numbers than the standard microtube, with the single-sphere model 
having the smallest Nusselt number.

Fig. 10 illustrates the 3D flow patterns at Re = 40 within the 
microtube, highlighting the distinct crossflow patterns generated behind 
the spheres. These patterns indicate flow disruption caused by the 
spheres, a mechanism that enhances heat transfer rates.

Conclusion

The study investigated the laminar forced convection of a 4 % Al2O3- 
water nanofluid in a microtube modified with spherical inserts, treating 
it as a microporous medium. Using 3D lattice Boltzmann method sim
ulations, several key findings were identified: 

• Outlet temperatures decreased with increasing Reynolds numbers 
across all cases, including plain microtubes and microtubes with 
varying numbers of spherical inserts (1, 2, 6, and 10).

• The microtube with 10 spheres consistently showed the highest 
outlet temperatures, while the microtube with one sphere generally 
exhibited the lowest, except at Re = 40, where the plain microtube 
had the lowest.

• Wall temperatures in microtubes with spherical inserts were 
consistently lower than in plain microtubes, indicating enhanced 
heat transfer performance. The difference in wall temperatures be
tween configurations with 1 and 2 spheres was minimal, but both 
were lower than plain microtubes.

• At Re = 100, the average Nusselt numbers for microtubes with 6 and 
10 spheres were around 22.95 % and 31.01 % greater than that of the 
plain microtube, respectively.

• Configurations with fewer spheres, implying larger sphere sizes, 
exhibited less noticeable effects from spherical inserts.

The study explored strategies involving microporous structures and 
nanofluids to improve heat transfer rates in microtubes. It focused on the 
influence of sphere diameter, number, and Reynolds number on nano
fluid hydrothermal behavior within the microtube. Future research 
could further investigate the impact of fixed nanofluid properties, such 
as type, volume concentration, and nanoparticle diameter, to deepen 
understanding of their role in microtube heat transfer enhancement.
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