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SUMMARY

NON-STATIONARY SIGNAL CLASSIFICATION FOR RADAR TRANSMITTER IDENTIFICATION
by
Marthinus Christoffel du Plessis
Study leader: Prof. J.C. Olivier
Department of Electrical, Electronic & Computer Engineering

Master of Engineering (Computer)

The radar transmitter identification problem involves the identification of a specific radar
transmitter based on a received pulse. The radar transmitters are of identical make and model.
This makes the problem challenging since the differences between radars of identical make and

model will be solely due to component tolerances and variation.

Radar pulses also vary in time and frequency which means that the problem is non-stationary.
Because of this fact, time-frequency representations such as shift-invariant quadratic
time-frequency representations (Cohen’s class) and wavelets were used. A model for a radar
transmitter was developed. This consisted of an analytical solution to a pulse-forming network

and a linear model of an oscillator.

Three signal classification algorithms were developed. A signal classifier was developed
that used a radially Gaussian Cohen’s class transform. This time-frequency representation was
refined to increase the classification accuracy. The classification was performed with a support

vector machine classifier.

The second signal classifier used a wavelet packet transform to calculate the feature
values. The classification was performed using a support vector machine. The third signal
classifier also used the wavelet packet transform to calculate the feature values but used a

Universum type classifier for classification. This classifier uses signals from the same domain
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to increase the classification accuracy.

The classifiers were compared against each other on a cubic and exponential chirp test
problem and the radar transmitter model. The classifier based on the Cohen’s class transform
achieved the best classification accuracy. The classifier based on the wavelet packet transform
achieved excellent results on an Electroencephalography (EEG) test dataset. The complexity of

the wavelet packet classifier is significantly lower than the Cohen’s class classifier.

Keywords:
Non-stationary signal classification, quadratic time-frequency representation, discrete
wavelet transform, multiresolution analysis, wavelet packet transform, support vector

machine, Wigner-Ville transform, Battle-Lemarié¢ wavelet.
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NON-STATIONARY SIGNAL CLASSIFICATION FOR RADAR TRANSMITTER IDENTIFICATION
deur
Marthinus Christoffel du Plessis
Studie leiers: Prof. J.C. Olivier
Departement Elektriese-,Elektroniese- & Rekenaar Ingenieurswese

Meester in Ingenieurswese (Rekenaar)

Die radar sender identifikasie probleem behels die identifikasie van 'n spesifieke radar gebaseer
op ’'n ontvangde puls. In die probleem word aanvaar dat die radar senders dieselfde maak en
model is. Dit maak die probleem moeiliker aangesien die verskille tussen radars van identiese

maak en model slegs veroorsaak word deur komponent toleransies.

Radar pulse verander in beide tyd en frekwensie wat beteken dat die probleem nie-stasionér
is. As gevolg hiervan moet tyd en frekwensie voorstellings soos skuif-invariante kwadratiese
tyd-frekwensie voorstellings (Cohen se klas) en golfies gebruik word. ’n Model vir 'n
radar sender was ontwikkel. Dit bestaan uit ’n analitiese oplossing van ’n stel differensiaal

vergelykings wat 'n pulsvormingsnetwerk beskryf en ’n lineére model vir ’n ossillator.

Drie sein klassifikasie algoritmes is ontwikkel. ’n Sein klassifiseerder was ontwikkel
wat die radiaal Gaussiese Cohen klas transformasie gebruik. Die tyd en frekwensie voorstelling
was verstel om die klassifikasie akkuraatheid te maksimeer. Die klassifikasie is met 'n

ondersteunings vektor klassifiseerder uitgevoer.

'n Tweede klassifiseerder wat gebruik maak van die golf-pakkie transformasie om die
kenmerke van die sein uit te werk. Die klassifikasie was gedoen met behulp van ’'n
ondersteuningsvektor klassifiseerder. ’'n Derde sein klassifiseerder is ontwikkel wat ’n

“Universum”-klassifiseerder gebruik het. Die klassifiseerder gebruik seine van dieselfde
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domein om klassifikasie akkuraatheid te maksimeer.

Die klassifiseerders was teen mekaar vergelyk met 'n kubiese tjirp en eksponensiéle tjirp
probleem asook op die radar sender model. Die klassifiseerder gebaseer op die Cohen klas
transformasie het die beste klassifikasie akkuraatheid behaal. Die klassifiseerder gebaseer
op die golflet pakkie transformasie het uitstekende resultate getoon op die EEG datastel.
Die kompleksiteit van die golflet pakkie klassifiseerder is beduidend laer as die Cohen klas

klassifiseerder .

Sleutelwoorde:
Nie-stasionére sein Klassifikasie, kwadratiese tyd en verkwensie voorstellings, diskrete
golflet transform, golflet pakkie transform, vektor ondersteunings masjien, Wigner-Ville

transform, Battle-Lemarié golf.
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CHAPTER ONE

INTRODUCTION

The main focus of this dissertation is on the development and evaluation of non-stationary
signal classification methods for use in radar transmitter identification. The goal of radar
transmitter identification is to identify the particular radar transmitter from which a specific
pulse originated. The problem is challenging since the system should be able to distinguish
between radars of the same make and model (but with differing serial numbers). Transmitters
of the same make and model therefore differ due to factors such as manufacturing tolerances,
tolerances on components and damage to components. Other effects (such as heat) also cause

pulses from the same transmitter to differ from each other.

These differences in the transmitters cause differences in the modulation of the radar
pulses. The signal will therefore be non-stationary (i.e. the frequency content of the signal will
vary with time). Due to the non-stationary nature of the signal, frequency-based methods such
as the Fourier transform cannot be used and methods based on time-frequency representations

(TFR) should be developed.

To ensure that the problem is realistic, it is assumed that the classifier does not have a
model of the source of the pulses. The transmitter classification problem is viewed as a special
case of the broader non-stationary signal classification problem and the classifier is developed
to be problem independent. This allows the classifier to be applied to a variety of non-stationary
signal classification tasks, an example of which is electroencephalogram (EEG) classification

problems [3].

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 1
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1.1 BRIEF BACKGROUND

The radar transmitter identification problem has not yet been widely studied. The most
significant research found are available in [S] and [6] and are based on the application of a

general non-stationary signal classifier developed in [7] and [8].

Non-stationary signal classification is performed in most research studies by mapping
the signals to a time-frequency representation from which a small amount of features are
extracted. These features are then used in combination with a classification algorithm such as
an artificial neural network (ANN). The most prominent time-frequency representations are
Cohen’s class distributions (also known as shift-invariant quadratic distributions) and discrete

wavelet transforms.

Cohen’s class distributions are quadratic representations of the signal energy over time
and frequency. This class of distributions have the shared property that they are invariant with
respect to time and frequency shifts. The disadvantages of these distributions are that they may
produce interference terms (also called cross-terms) and that they may produce negative values.
Because of these properties, they are sometimes referred to as quasi-distributions. The most
prominent member of the Cohen’s class of distributions is the Wigner-Ville transform which
has important applications in signal processing and physics. The radially Gaussian distribution
(described in [9]) is an attempt to reduce the effect of cross-terms by changing the distribution

according to specific criteria such as classification accuracy.

The wavelet transform correlates the signal with a function that is both limited in time
and frequency (the so-called wavelet). The advantage of using a wavelet is that it can be
scaled to have a different spread in time and frequency, thereby allowing varying resolutions at
different frequencies. The continuous wavelet transform scales the wavelet to have good time
resolution at high frequencies and good frequency resolution at low frequencies (this is often
advantageous for the processing of transient signals). A discrete counterpart of this transform,
called the discrete wavelet transform (DWT), can be constructed as a multiresolution signal
decomposition. The advantage of using a multiresolution decomposition is that it allows for an
efficient implementation with filter banks. By changing the filterbank construction slightly, a

signal can also be represented with both low and high frequency resolution at all frequencies.

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 2
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This is known as the wavelet packet transform (WPT).

1.1.1 Non-stationary signal classifiers

A Cohen’s class TFR was used with a radially Gaussian kernel function in a series of papers to
perform non-stationary signal classification [10-13]. In [10] a classification system using the
radially Gaussian kernel was presented. The radially Gaussian kernel is optimised according
to a criterion function that is similar to the Fisher criterion (where the difference between
class means is maximised while the variance within each class is minimised). A Kolmogorov
distance metric was used to determine the distances between class means. This work was
extended to several different distance measure cases and optimisation with respect to the
probability of misclassification in [11]. The work was further extended to using a support
vector machine (SVM) classifier in [12] (this paper did not explain how the radially Gaussian
kernel was optimised). An optimisation method for the radially Gaussian distribution, using a

support vector machine classifier, was presented in [13].

Classification methods using the DWT are less systematic and tend to be problem specific. Most
methods treat the feature extraction and classification as two separate problems. This is mostly
due to the limitations of the classifier used (such as ANNs) in classifying high dimensional
spaces. In pattern recognition this limitation is known as the “curse of dimensionality” [14].
A method to compute the features for classification was described in [15]. In that paper, the
DWT is computed and the energy values calculated from the DWT. These values are used as
the input to a clustering-based feature extractor. These features are then subsequently used to

perform the classification.

This approach was also followed by [16]. In that paper features, such as the average
power of wavelet coefficients in each subband, were used for classification. An ANN was used
as the classifier and the system was tested on a lung sound classification problem. A similar
classifier was developed in [17] to analyse EEG data. In that paper simple features such as the
minimum and maximum of wavelet coefficients in each subband were extracted and used as

the input to an ANN.

An interesting classification method based on the wavelet packet transform (WPT) was
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presented in [18]. This study used a wavelet packet transform to calculate an energy map for

each bin in the wavelet packet tree. This energy map was then used to calculate a feature set

using singular value decomposition.

1.2 OBIJECTIVES OF THE DISSERTATION

The objectives of the dissertation are to:

Develop a realistic radar transmitter model that can serve as a test bed for the evaluation

of radar transmitter classification algorithms.

Develop non-stationary signal classifiers that can perform accurate classification without

requiring an explicit model of the source.

Compare the newly developed signal classifiers to classifiers in literature on well-defined

test problems.

Simulate the classifiers on a realistic radar transmitter model in realistic channel

conditions.

1.3 AUTHOR’S CONTRIBUTIONS AND PUBLICATIONS

1.3.1 Novel contributions

Some novel contributions developed in this dissertation are:

e The development of a radar transmitter model. This includes the modelling of a

pulse-forming network (PFN) with a system of linear differential equations and the
modelling of an oscillator. The channel is modelled as an additive white Gaussian noise

(AWGN) channel.

Significant improvements are made to the classifier presented in [13]. A new spread
function using a Bernstein expansion is developed and this is optimised with a particle
swarm optimisation (PSO) algorithm. A proof is presented to show that the constraints
on the Bernstein expansion can be added to the PSO algorithm without any additional

overhead if the initial particles are initialised in a specific manner. An alternative
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optimisation criterion is derived that makes provision for multiple classes. A method
is also developed to allow the criterion to be calculated with lower complexity (when

compared to the method in [13]).

e A classifier based on the wavelet packet transform using a support vector machine is
developed. The classifier has much lower complexity than the classifier based on the

Cohen’s class TFR. This classifier is also capable of using multiple signals per pattern.

e A classifier is developed that makes provision for the incorporation of a priori
information. This information is in the form of similar signals that are not from the

set of classes to be classified, but originates from the same domain.

o The filter coefficients for high order Battle-Lemarié wavelets are derived. Experimental
results show that the choice of wavelet has a significant effect on the performance of the
classifier. High order Battle-Lemarié wavelets performed well on certain problems. This

was noteworthy since most research available in literature use Daubechies wavelets.

e The wavelet packet classifier is used to perform classification on a standard EEG dataset.
The classifier showed a significant improvement when compared to other classifiers in

literature.

e The simulation of the classifiers on a cubic and exponential chirp problem and on the

radar transmitter model (in an AWGN channel).

1.3.2 Publications

In the course of this study the author co-wrote and presented the following conference paper:

e M.C. du Plessis, J.C. Olivier, “Radar transmitter classification using a non-stationary
signal classifier,” in Proceedings of IEEE ICWAPR 2009, Baoding, China, 11-15 July
2009, CDROM.

The author co-wrote and submitted the following journal paper:

e A paper entitled, “Non-stationary signal classifier for radar transmitter identification”,
authored by M.C. du Plessis and J.C. Olivier was submitted for publication in the

Frontiers of Computer Sciences (China) journal in November 2009.
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1.4 OUTLINE OF THE DISSERTATION

The dissertation consists of eleven chapters and four appendices. In Chapter 2 a radar
transmitter model is developed. Chapter 3 discusses the particle swarm optimisation algorithm
and Chapter 4 gives an overview of support vector machines. A reader who is familiar with
these topics may pass over these sections. Chapter 5 discusses Cohen’s class of quadratic TFRs.
Wavelet transforms are discussed in Chapter 6. In that chapter, higher order Battle-Lemarié
wavelets are also developed. This is done because the filter coefficients for higher order
Battle-Lemarié wavelets are not readily available. These filter coefficients are given in
Appendix C. Only the aspects of wavelet analysis that are directly applicable to methods
developed in the dissertation are discussed — for a broad overview the reader is referred

to [19-21].

Chapter 7 describes the classifier that uses the radially Gaussian TFR to represent the
signal and uses an SVM to perform the classification. The performance of this classifier is
compared with other classifiers in Chapter 10. A classifier using the wavelet packet transform
to represent the signal and an SVM to perform the classification is developed in Chapter 8. The
classification accuracy of this classifier (shown in section 10.3.1) exceeds that of several other
classifiers based on EEG data. Chapter 9 shows how a priori information of the source can be

implemented by using signals in the same domain. The conclusion is given in Chapter 11.
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A radar transmitter model is developed in this section. The primary purpose of the transmitter
model is to aid with the comparison of classification techniques. Knowledge of the model will
not be used directly for the classification task — it is assumed that the model is unknown to the

classifier. The motivation for this is threefold:

1. The classifiers will be used on several radar transmitters of differing make and models.

To develop a model for each of these would be infeasible.
2. Schematics such as circuit diagrams are not readily available for most radar transmitters.

3. Data sheets for components such as oscillators do not in general give an exact model for
deviations. This makes creating a stochastic model for a specific transmitter impossible

for practical purposes.

Since each type of transmitter has certain unique characteristics, using a stochastic model
can significantly aid in the classification process. Alternative methods can however be used
to allow the incorporation of this prior information without the need to construct an explicit

stochastic model of the source. One such a method is presented in Chapter 9.

A simple model with an analytic solution was preferred over a complex model since it
simplifies simulation. By using such a model, there is no need to resort to numerical methods

when solving the system of differential equations that describes the transmitter. By considering
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only the components responsible for the greatest variation in the pulse, a simple model such as

this can be constructed without decreasing the quality of the results obtained on the model.

2.1 STRUCTURE OF THE RADAR TRANSMITTER

For the dissertation the focus is on pulsed radar systems. The classification techniques that
are developed in this dissertation are also applicable to other types of radar systems such as
frequency modulated continuous-wave (FMCW) transmitters — although the pre-processing of
the signal would be more complex. The motivation for modelling a pulsed radar transmitter is
that pulse-forming networks (PFN) often used in pulsed radar transmitters are simpler to model

than solid state components used in other transmitter types.

A pulse-forming network is a type of modulator. The purpose of the modulator (also
called a pulser) is to provide a short pulse to a microwave oscillator. Magnetron oscillators are
commonly used for this purpose. An analytic model for a PEN is developed in the next section

followed by the development of an oscillator model.

2.2 PULSE-FORMING NETWORK (PFN)

Line-type modulators are often used as pulse-forming networks. A line-type modulator’s
behaviour is similar to that of an open-ended transmission line discharging through its
characteristic impedance [22]. Line-type modulators are usually constructed as a network of
identically valued capacitors and inductors. One such a network type — called a Guillemin

E-type network — is given in figure 2.1.

L L L L

FIGURE 2.1: Structure of a Guillemin E-type pulse-forming network.
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The network is charged to a voltage Vs and then discharges a pulse of length 7 and an
amplitude of V? The network consists of capacitors and inductors of identical size. The size of

the components in a PFN can be calculated from [22,23]

L
/A i 2.1
0 c 20y
T=+/L,C, (2.2)
T
C, = Q—ZO (2.3)
L,="" 2.4)

where Z is the characteristic impedance (chosen to match the load), 7 is the pulse length and
L,, and C), are the total network inductance and capacitance. The induction and capacitance per

section can be calculated as

o (2.5)
n

L=in (2.6)
n

where 7 is the number of sections in the PFEN. The more sections a PFN has the higher the rise
time of the pulse will be (the resulting pulse will therefore be more rectangular). The analytic

solution for the output of a PEN for an ideal biased diode is developed in the next section.

2.2.1 Analytical model of PFN

Figure 2.2 gives the case where the PFN discharges through a load consisting of a voltage
source and resistor. This situation occurs in the linear model for the oscillator when the output
voltage of the PFN is larger than the“switch on” voltage (also called the Hartree voltage) for the
oscillator. The linear model for the oscillator is developed in the next section. The PEN circuit
is modelled as a system of linear differential equations. The equations for the current through

the oscillator and voltage over the first capacitor is

i1(t) = —%) 2.7)
0 (1) = (0(0) + Vi) — 1, 220 8
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i1 () ia(t) in—1(t) in(t)
L1 L2 Ln—l Ln
+ + + +
Cl o (U (t) CQ e Ug(t) Cn—l _:vn_l(t)Cn e Un(t)

FIGURE 2.2: The discharging circuit for the pulse-forming network with a ideal biased diode
model of section 2.3. In this model the output voltage is higher than V. All the currents and
voltages are indicated.

For the remaining sections the system can be calculated as

ir(t) = i (t)—old”;t(t) (2.9)
v (t) = n (t)—de’jlf) (2.10)
i) = i () — Gy 22t ) @.11)
on () = vy (t)— L, 2n®) 2.12)

dt
The current through the last capacitor in the system can also be calculated in terms of v,,(¢) as

dv,, (t)

in (1) = G @13
Substituting equation 2.7 into equation 2.8 results in
le (t) Rg . 1 VH
=——11(t) — —v (t) + —. 2.14
dt LW -+ (2.14)
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The above equations can be rewritten in a system format given below.

M$w==—%%@—£fﬂﬂ+%§ (2.15)
mzfo _ é%h(w-—é%w(ﬂ (2.16)
mgw :iim@%f%w@) (2.17)
S (2.18)
d%g@): oif““w_éiwa (2.19)
d@f): éywmw—%ymw (2.20)
dvgt(t) _ O%LZ" () (2.21)

This gives rise to a matrix notation. The currents and voltages in the system can be expressed

as a vector

th

(
(t
(t
x(t) = | v (t
in (t)
vn (t)

<
=

S
[\

)
)
)
)

(2.22)

Using the above definition the system can be written as

x(t) = Ax(t) + b. (2.23)
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The coefficient matrix of this system is

R
- -5 0 0 0 0 0
1 1
& 0 —Z 0 0 0 0
0 4 0 -7 0 0 0
1 1
A_| 0 0 7w 0 g 0 0
o 0 0 0 0 - 0
o 0 0 0 0 0 -4
00 0 0 0 = 0
and the vector b is
e
Ly
0
0
b= 0
0
0

(2.24)

(2.25)

The solution of the above system is the sum of the characteristic and particular solution (the

characteristic solution is the solution to the homogeneous equation x(¢) = Ax(t)). This can be

expressed as

x (t) = x¢ (t) + xp (1) .

(2.26)

Since the non-homogeneous term is constant, a constant term will be used as a particular

solution. Differentiating the constant term x,(¢) = [a1 a2 ... a2,—1 agn]T gives xp(t) = 0.

This constant term can therefore be calculated as

)'cp(t) = Axp(t) +b (2.27)

0= Axp(t) +b (2.28)

xp(t) = —A"'b (2.29)
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The characteristic solution will be the general solutions to the homogeneous system
Xe (t) = C1X1 (t) + C9Xo (t) + ... +Cop—1Xop-1 (t) + ConXop, (t) . (230)
The above can be calculated as

A2n—1t

Art Aot Aont
X, (t) = cre’'ug + cpe™'ug + ...+ cop_g€ Wo,—1 + Con€ 2 Uy, (2.31)

where A\, Ao, ..., Ay, are the eigenvalues of A and uy, uy, ..., u,, are the eigenvectors of A.

The constants can be calculated from the initial values as
c=U"(x(07) —xp), (2.32)

where c is the coefficient vector, U is a matrix containing the eigenvectors and x (07) is the

initial values of a fully charged network. The initial values are expressed as

x(07) = | Vs |. (2.33)

The pulse will end when v (t) = —i;(t) /R < 0. Since this equation is the sum of

exponentials it is best to determine the end condition numerically.

2.2.1.1 Example of pulses

An example of a few pulses with a purely resistive load is given in figure 2.3. The design
parameters for the pulses were: Vs = 10kV, 7 = 1.5us, Zo = 125082 and Vi = OV. These
pulses only differ in the number of sections used for each pulse. As can be seen from the figures,
the more sections the PFN contains the more rectangular the pulse will be (corresponding to a

higher rise time).
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(a) Pulse from a 4 section PFN. (b) Pulse from a 6 section PFN.
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(c) Pulse from a 10 section PFN. (d) Pulse from a 20 section PFN.

FIGURE 2.3: Example of 1.5us long SkV pulses from pulse-forming networks of different
length.
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2.2.2 Simulink model

A Simulink! model was developed for a two section pulse forming network in order to validate

the above model. The Simulink model is given in figure 2.4.

Vh :I 1L —>Q—>|:I
+
Constant Gain2 A Final result
1 Ll
= -R
S 'l
11
) ;I -RIL Integrator Gainé > —
Gain1 Scopef
1L
VA(s)
Gain
kl 11C > d
Vl l s
+
Gaind Integrator1
-1/C
29 Gain5
N[
Scope2
o > T
Vl g s
Integrator2
V2(s)
4>{ 11c » 1
Integrator3

Gain7

FIGURE 2.4: Simulink model of a two section pulse-forming network.

! Mathworks Simulink is a program for modelling dynamic systems. The result of the simulation is obtained
by numerical methods.
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2.3 OSCILLATOR MODEL AND MODEL VARIATION

Magnetrons are commonly used as oscillators in pulsed radar systems. In this section a simple
model for magnetrons are developed. The input current and voltage relationship in magnetrons
are highly non-linear. Only a small amount of current is drawn in a magnetron until a certain
voltage — called the Hartree voltage — is reached [22]. This is similar to a reverse-biased
Zener-diode with a certain “switch on” voltage. This behaviour is illustrated in figure 2.6(a).
A linear model was created to approximate this (figure 2.6(b)). The primary motivation for the
linear model is to ensure that the system differential equations can be solved analytically. The

value for R, is calculated as

v
Ry =Ry — -2 (2.34)

Io
The circuit model for this is a voltage source in series with a resistor if the applied voltage

across the oscillator is higher than the Hartree voltage.

The oscillator output was modelled as a cosine signal of random phase (since most magnetrons
are non-coherent) with a small amount of frequency pushing. Frequency pushing occurs
when the oscillating frequency in some oscillators (such as magnetrons) is dependent on the
input current [24]. The pushing figure and shape differs significantly from oscillator model to
oscillator model. The frequency pushing was modelled as the input current multiplied by the
pushing figure (MHz/A) over a small range of currents around the operating current /. The
power dissipated by the oscillator is directly proportional to the power dissipated by the linear

model.

The actual value for capacitors are assumed to be uniformly spread within a range of
x% of the specified values. This is a standard model with differences due to manufacturing

tolerances in the components. The reason for using a uniform distribution is threefold:

1. Datasheets only specify the tolerance range within a certain percentage of the nominal
value (and not the distribution) which the actual value of the capacitor is guaranteed to be

in (e.g. the International Electrotechnical Commission (IEC) 60063 standard).

2. Different types of capacitors have different underlying distributions. The specification of

some types of capacitors (such as electrolytic capacitors) can even be asymmetric.
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3. The capacitors are often measured beforehand and any capicitors that are not within
the specified tolerance (as percentage of the nominal value) are rejected. If the initial
distribution of the capacitors are Gaussian, the resulting distribution will not be. This is

illustrated in figure 2.5.

It is also assumed that the capacitors will exhibit tolerances from signal to signal (due to such
factors as heat). This is modelled as a Gaussian distribution with the standard deviation specified

as a percentage of the nominal component value.

%

D

FIGURE 2.5: Selection of capacitors from a batch that is Normally distributed.
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Vo

Hartree
voltage

Applied Voltage (kV)

Current (A) Io
(a) Voltage current relationship of a magnetron (adapted from [22])

A 2

S

Applied Voltage (kV)

Current (A)

(b) Linear model developed from the true non-linear model

FIGURE 2.6: Model of a magnetron’s current and voltage relationships and the linear model.
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Particle swarm optimisation (PSO) is a stochastic optimisation technique which is based on the
social behaviour of birds in a flock [25]. The individual particles (each particle represents a
solution) in the swarm are flown through the search space. The individual particles emulate the
success of other individuals in the swarm [25]. If the vector x; (¢) represents a particle (which

is a possible solution for the problem), the updated particle can be calculated as

Xi(t+1):Xi(t)+Vi(t+1), (31)

where v; (t) is a particle dependent velocity vector. The velocity of the particle update should
reflect both the experimental knowledge of the particle and the socially exchanged information
from the particle’s neighbourhood [26]. The velocity update is divided into two components
[26]:

1. The cognitive component which is proportional to the distance of the particle to its own

best position.

2. The social component which is calculated from the socially exchanged information.

3.1 GLOBAL BEST PSO

The global best PSO algorithm uses the whole swarm as its neighbourhood. The personal best
for particle 7 at time step ¢ is denoted as y; (¢) and the global best by ¥ (). The update for the
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velocity of particle 7 is [26]

vilt+1)=ovi(t) +pi(yi(t) =% (1) + p2 (¥ () —x: (1)), (3.2)

where ¢ is the inertia constant and p; = c¢;7r; and py = core. The values r; and 7, are chosen
as uniformly distributed random variables in the range [0, 1]. These random values introduces
a stochastic element in the algorithm. The constants c¢; and ¢, is used to scale the contribution
of the personal best and the global best. The contribution due to the personal best is referred to
as the cognitive component and the global best as the social component. The optimal choice
of these values is problem dependent. In this update rule, the random values will only create a
difference in the composition of the final update value and scale the individual contributions.

The resulting velocity is therefore still a linear combination of y;, ¥ and x;.

The algorithmic description of the global best algorithm is given in algorithm 1 (the

same notation as [26] is used). In the algorithm, the function f (x) will be minimized.

Algorithm 1 Algorithmic description of the global best PSO that minimizes the function f(x)
repeat

for:=1,...,n,do
// set the personal best
if f (Xi) < f (yl) then

yi — X
end if
// Set the global best position
if £ (x;) < f () then
Y — X;

end if

end for

for:=1,...,n,do
// Update the velocity of particle i
T U (O, 1)
To U (O, 1)
vi(t+1) =v; (t)+ar (1) [yi(t) —x; (¢)] + cara () [§;(1) — xi(2)]
// Update the position of particle i
Xl(t—|—1) :Xl(t)+V1(t—|—1)

end for

until Stopping condition is met
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(a) The star neighbourhood struc- (b) The ring neighbourhood structure (c) The wheel neighbourhood struc-
ture. ture

FIGURE 3.1: Different particle swarm optimisation neighbourhood topologies [26].

3.2 PARTICLE SWARM OPTIMISATION TOPOLOGIES

Several different types of topologies that are used for the update of the social component of the
velocity are presented in [25]. Some basic topologies are given in figures 3.1(a), 3.1(b) and

3.1(c).

The topology of the particle swarm determines how the velocity update of each particle
is calculated. The three topologies illustrated in figure 3.2 differ in their communication
structure. In the star topology all the particles are connected and will therefore follow the
global best particle [25]. The global best PSO in the previous section uses the star topology.
The ring topology on the other hand, differs in that each particle only communicates with its
immediate neighbours and will therefore attempt to move closer to the individual best of its
neighbours. The advantage of the ring topology is that due to its slower convergence, a larger
area of the search space is searched, though at the cost of slower convergence. A compromise
in this is the wheel topology. All particles in the wheel topology are connected to the focal
particle. Only the focal particle includes the global best in its velocity calculation (therefore
following the global best). All the other particles will update from the focal particle. The focal

particle therefore communicates any improvements to the rest of the particles.
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3.3 STOPPING CONDITIONS

Several stopping criteria are presented in [26] and [25]. The simplest criteria is to terminate
after a specified number of iterations or functional evaluations. This method has two drawbacks:
the particle swarm may deliver a suboptimal solution, or the particle swarm will execute even
though a global minimum has been found. This criterion is used in the implementation as a

worst case bound. Some other stopping conditions are listed below.

e Stop the algorithm when an acceptable solution is found. In other words, the algorithm
is stopped when f (x;) < f(x*) 4+ € where x* is the global minimum. The drawback
of this approach is that the global optimum has to be known. As an example of how
this approach can be used, consider x as the parameters of a classifier (such as a neural
network) and f (x) the classification accuracy for the parameters x on a dataset. The
algorithm may then be stopped if a sufficiently good classification accuracy is achieved

using the parameters.

e Stop the algorithm when no improvements are observed for a number of iterations. For

drawbacks of the stopping criterion of this algorithm see [26].

e Stop when the normalised swarm radius is small. The rationale for using an approach
such as this is that the swarm will have little probability of improvement if all the particles

lie together, since both the social and cognitive contribution will be extremely small.

3.4 INITIALISATION OF STARTING VALUES

The initial particles are set to uniformly distributed values in the range of the search space [25]

Xi (O) ~U (Xmina Xmax) . (33)

The initial particles should also be linearly independent from each other to ensure that the
whole subspace created by the initial vectors is searched (this aspect is addressed in section
7.3.2). The optimum cognitive and social values tend to be problem dependent, and should be
set empirically. The sum of the cognitive and social values should however be smaller than 4 to

ensure stability (see [25]). To ensure convergence the following relation should hold (proved in
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Van Den Bergh [27])
1
o > 3 (c14+c)—1 (3.4)

where ¢ (the inertia constant in equation 3.2) is less than 1.
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CHAPTER FOUR

SUPPORT VECTOR MACHINES

4.1 INTRODUCTION

The binary classification problem is the simplest model for classification. The task of the
classifier is to associate a class label {—1, 1} to any unknown vector x; € H (where H is a vector
space endowed with an inner product and a norm [28]). The training data will therefore be
{(x1,11), (X2,92) - - ., (xe,y0)} € H x {—1, 1}. Classification in this setting can be performed
with a hyperplane defined by

(w,x) +b=0, 4.1)
where (., .) is the inner product. This leads to the decision function
f (%) = sgn((w,x) +0). (4.2)

Of all the possible hyperplanes that can separate the training patterns, the hyperplane that
separates the training patterns with the maximum margin will lead to the best generalisation
performance (see the discussion in the next section for the motivation). To simplify the
calculation of the margin, the hyperplane in equation 4.1 can be scaled by a constant without
changing its position. The hyperplane can therefore be scaled so that

min |
=10l

(w,x;) + b = 1. (4.3)
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This form of a hyperplane is called a canonical hyperplane [2]. Assuming that the patterns are

linearly separable, a separable hyperplane for x;, Xs, . .., X, can be expressed as
(w,x;) +b>1 ify, =1 (4.4)
(%) +b< —1 if yi=—1 4.5)

or more concisely as
yi ((w,x;) +0) > 1. (4.6)

The distance of a vector x from the hyperplane (w, x) + b = 0 can be calculated as

_fwx b (4.7)

o lwl vl

The vectors nearest to the hyperplane (called the “support vectors”) will lie on either (w, x) +
b= 1lor (w,x)+b= —1 (because of equation 4.3). By substituting this into the above equation,

the margin will therefore be
A=— (4.8)

(this is illustrated in figure 4.1).

4.1.1 Motivation for the maximum margin hyperplane

The motivation behind selecting the maximum margin separating hyperplane stems from
statistical learning theory (SLT) considerations. The main aim of SLT is to guarantee good
generalisation. Generalisation is the ability of a classifier to produce good classification
accuracy on patterns not in the training set (unseen data) [29]. The generalisation performance
of a support vector machine classifier is linked to its Vapnik-Chervonenkis (VC) dimension.
The VC dimension is a measure of the “richness ” of a classifier. An upper bound for the VC

dimension for a hyperplane in 7 dimensional space is [30]

2
h < min ([%] ,n) +1 4.9)
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Support Vectors
FIGURE 4.1: Optimal hyperplane and margin

where R is the radius of a sphere in which all the patterns are contained. Thus from the above
equation it is clear that the larger the margin of separation between the two classes are, the
lower the VC-dimension of the classifier will be. The following theorem from [30] relates the

generalisation performance to the VC-dimension.

Theorem 1 Vapnik [30] With probability 1 — n the probability that test examples will not be
correctly separated by A-margin hyperplanes is bounded by

m & 4m
< — — - .
&M__€+—2<1+ :L+£€> (4.10)

where

h(In2 +1) —Inn/4
E bl

£—4 (4.11)

m is the number of training examples that are not separated by the hyperplane and h is the

bound of the VC-dimension.
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The first term in the above inequality is a measure for the training error (the number of samples
that could not be separated divided by the total number of samples — i.e. m/f). The second
term is dependent on the VC dimension. Thus from equation 4.10 and 4.11, smaller the the VC
dimension A is, the smaller £ will be and consequently the error bound (P,,,.) will be smaller.

Thus a maximum margin separating hyperplane provides the lowest error bound.

4.2 CALCULATION OF THE OPTIMAL HYPERPLANE

For the optimal hyperplane the margin A = m is maximised. Therefore the problem can be

expressed as the constrained quadratic program

minimise ¢ (w) = 3| /w]|? 412)
subjectto y; [(w,x;) +b]>1 i=1,2,... 1L

This is called the primal problem. The problem can also be calculated in its dual form with
the aid of Lagrange multipliers (see [31-33] or [34] for a detailed discussion of Lagrange

multipliers). The Lagrangian of the above problem is

l
1

L(w,b,a)= §y\wu2 — ;a [(ys [(w, %) + b)) — 1]. (4.13)

Because of the inequality constraint the following constraints apply to the Lagrange multipliers

a; >0, Vi=1... [ (4.14)

The primal problem is both convex and differentiable [2, 34]. This means that the
Karush-Kuhn-Tucker (KKT) conditions are both necessary and sufficient for the solution [34].
The KKT conditions imply that [2]

OL (w,b, )

—0 (4.15)
ow
OL (w,b,«)
AT . 4.1
BT 0 (4.16)
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The above results in

¢
W = E OGYiX;
i=1

and

¢
i=1

Equation 4.13 can be expanded as

l l l
1
L(w,b,0) = EHWW =) oayiwoxi) = > oagb+ Y .
=1 =1 =1

4.17)

(4.18)

(4.19)

The third term is zero when equation 4.18 is substituted. Substituting equation 4.17 into the

first term of the above gives

¢
1 1
§HWH2 = §<W> Z QYiX) (4.20)
=1
1
=5 Z ;Y (W, ;). (4.21)
=1
Subtracting the second term from the first leaves
1
—3 Z ;i (W, X;). (4.22)
=1
Substituting equation 4.17 again in the above results in
1 1 ¢
—5 > gi(w,xi) = —5 > iy (Z O‘j%"j) , X;) (4.23)
i=1 i=1 j=1
1Lt
= = ZZaiajyiyj<xi7xj>. (4.24)
i=1 j=1
Finally, the Lagrangian can be completely written in terms of the multipliers as
¢ 1Lt
W(a) = Z =3 Z Z Yy (X, X)) (4.25)
i=1 i=1 j=1
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The Dual problem can be expressed as [2] (keeping in mind the second condition for optimality,

equation 4.18)

. ¢ ¢ ¢

maximise W (a) =Y, 0 — 2> ., > o1 @0y (X, X;)

subjectto o; > 0,0 =1,2,....,1 (4.26)
and 22:1 a;y; = 0.

From the above it can be seen that the final dual problem depends only on inner products of the

training data.

4.2.1 Discriminant function

The discriminant function for the SVM is therefore (by taking equation 4.17 into account)

¢
g(x) = sgn (Z iy (%, X) + b) : (4.27)
i=1

Since the Lagrange multipliers will be zero for non-support vectors, the above summation only
needs to be performed over the support vector set. By using a positive support vector the b value

for the hyperplane can be calculated as [35]

b=1—(w,x%). (4.28)

4.3 SUPPORT VECTOR MACHINES FOR THE NON-SEPARABLE

CASE

In section 4.2, only the case where the patterns are linearly separable was treated. In most
practical problems the two classes cannot be separated by a hyperplane. SVM formulations
that deal with this problem are often called “soft margin” support vector machines. In this

dissertation two approaches to the soft-margin SVM were used: C-SVM and v-SVM.

4.3.1 C-SVM formulation

For the non-separable case, some patterns will violate the y; ((w,x) + b) > 1 constraint. This

can be remedied by introducing a slack variable, &, into the constraint [36]. The constraints then
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become [36]
yi ((Wyx) +0)>1-&, i=1,2,..., L. (4.29)

By increasing the size of {; for each pattern x;, the constraints can always be met. Since the size

of the slack variables should be kept as small as possible, the problem can be written as [30]

minimise ¢ (w,€) = 3llwll* + ¢ i, &
subjectto  y; ((w,x;) +b) > 1—¢ (4.30)
and &> 0.

where the parameter C' determines the effect of the slack variables. The term %Zle & is
included to ensure that the slack variables are kept small. It is suggested in [29] that the C' > 0
should be selected based on the performance of the classifier on a validation set or through using

cross validation. This primal problem can be written in the standard form as

minimise ¢ (w,¢) = 3{lwl* + ¢ iy &
subjectto  —y; ((w,x;) +b)+1—-¢ <0 (4.31)
and =& <0.

The Lagrangian for the above problem can then be written as

L(w,b,a):%Hw]P Zgz Zaz yi [(w, i) +8]) — 1] - Zalfz ZAQ(432)

The KKT conditions for the non-separable case (eq. 4.17, 4.18) stay exactly the same. The new

conditions for the slack variables are

OL (w, &) .
— 1 = =3 T 4.33
agz O? 2 ) ) 76 ( )
This gives the expression
0L (w,§) C
—_— = _ . — R 4' 4
9, 7 % Ai=0 (4.34)
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Using the above results in

¢ ¢ ¢ ¢ C
Zfz’ - Z ;& — Z A& = Zfz (7 - Q; — )\i) (4.36)

=1
= 0. (4.37)

~|Q

The dual for this problem is therefore exactly the same as for the separable case (equation 4.26)
except for the additional constraint of \; > 0. This constraint can be rewritten (by substituting

equation 4.35) as

C
C
a < —. (4.39)
14
The dual problem can therefore be written as
maximise W () = Z§=1 o — 3 Z§=1 Z;Zl ;oYY (Xi, X5)
subjectto 0 < q; < %, 1=1,2,...,1 (4.40)

and Z§=1 a;y; = 0.

The only difference between this problem and the separable problem (equation 4.26) is the

upper constraint < on o;.

4.3.2 v-SVM formulation

The SVM can also be parameterised as follows

minimise 7 (w,€,p) = 3|W|* —vp+§ 3, &
subjectto y; ((w,x;) +b) > p—& (4.41)

with the v parameter selected beforehand [37]. The v parameter controls the number of margin

errors. If the classes are linearly separable the margin of the hyperplane will be p/||w/||. The
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Lagrangian can be written as

1

74 l
L (W7€7p7b7a7167 6) :iHWH2 —Vvp+ % Zgz - Zai (yi(<W,Xi> =+ b) - p+€l)
=i =il

, (4.42)
— ) Bi& —dp.
=1
Applying the KKT conditions to this problem results in
¢
W=y (4.43)
=1
¢
> ayi=0 (4.44)
=1
¢
v=> a;—9 (4.45)
=1
1
a+fi=7 (4.46)
When these values are substituted into the Lagrangian it results in
1
L(a,B,0) = 3 ; 2- iy (Xi, X;). (4.47)

The Lagrangian is only dependent on the dual variables (and only uses inner products of
the pattern vectors). The inequality constraints in the primal problem result in the following

constraints in the dual problem

a; > (4.48)
Bi =0 (4.49)
0> 0. (4.50)
Substituting 4.45 and 4.46 in the above results in the following constraints
1
0<aq; < 7 (4.51)
¢
d > (4.52)
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Writing the dual problem, taking into account the above constraints (and 4.44) gives

maximise —% ZZ Zj Q05 YY (xi, Xj>
subjectto 0 < a; < %
(4.53)
D>
> qiyi =0

The advantage of the »-SVM problem over C-SVM is that it is more intuitive to select the v
parameter. A theorem is proved in [37] that connects the v parameter to the amount of margin
errors and number of support vectors. It is suggested in [2] that the v parameter should be set
to the expected error rate. There is also a connection between the -SVM and C-SVM in that
should v-SVM training lead to p > 0, then the C-SVM training with C' = 1/p will lead to the

same decision function (proved in [37]).

4.4 KERNELS

In the preceding discussion the classification was performed by a hyperplane. Many practical
problems are not linearly separable. These patterns can be mapped to a high-dimensional space
where they are linearly separable. This can be performed by a mapping ¢ : x — z [38]. Since
the discriminant function (equation 4.27) and optimisation problems (eqs 4.40 and 4.53) are all
in terms of inner products, only (¢ (x) , ¢ (x')) needs to be calculated. Under certain conditions

the inner product can be calculated in a simple kernel function

k(x,x) = (¢ (x), ¢ (x)). (4.54)

This is known as the “kernel trick” (introduced in [39]). For a function % (x, x’) to be a kernel

function it should fulfil certain conditions known as Mercer’s conditions (see [2], [29] or [38]).

The above can be made clear by using the classic XOR classification problem (introduced
in [40]). This problem is illustrated in figure 4.2. The classification problem on the left is not
separable by a plane. When the mapping

z = ¢(x) (4.55)
= (]}, V2Ixli [x]2. 3) (456)
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is used the problem becomes separable. The dot product of z and z’ is calculated below

(z-2) = ¢(x,) @) (4.57)
= [T+ 2x]i [x]a X (X2 + (XI55 (4.58)
= (xh [+ [xalx)2)” (4.59)
= (x-x)". (4.60)

The result is a simple kernel function k (x,x’) = (x,x')?. As can be seen from figure 4.2,
the problem has become linearly separable. The problem can be implicitly mapped by using
the kernel function (there is no need to calculate the higher dimension representation). Several

types of these kernel functions are discussed in the next section.

Z3
rox O 1 %
(1,v2,1)
Q
|
Pary : /\/5 2
-
| s
|//
& N LXC s }
1 1

FIGURE 4.2: A simple binary classification problem on the left with a mapping to a space where
the problem is separable (using equation 4.56).

4.4.1 Kernel types and rules for constructing new kernels

The following positive definite kernels are amongst those commonly used and included in most
SVM toolkits (e.g. SVMlIight [41], 1ibSVM [42], Universvm [1], Shogun [43]) [2]:

1. Polynomial kernel k (x,x’) = (x,x’)¢ (d is the order of the polynomial).
2. Inhomogeneous polynomial kernel k (x,x') = (14 (x,x'))%.

3. Gaussian radial basis function (RBF) kernel k (x,x") = exp (_H%ﬂﬁ
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The Gaussian kernel is sometimes specified as
k(x,%) = exp (=[x —x|I%) , (4.61)

where v = 1/202. The width of the Gaussian needs to be specified beforehand and is often
problem specific. When the Gaussian kernel is used (in section 7.3, for example) o is calculated

by minimising the error using the training set and a strategy similar to cross-validation.

4.4.1.1 Creating new kernels

New kernels can be constructed from other existing kernels. If k; and k- are kernels, then the

following are also kernels [2,29]:
1. Sums of kernels ks (x,x') = arky (x,%X') + agks (x,%X), g, 2 > 0
2. Pointwise products ks (x,x') = k1 (x,x') ko (x,X).

A larger set of rules can be found in [2] and [29]. Kernels represent prior information about the
problem, therefore the choice of a kernel is important. Another approach to incorporate prior
information in the classifier, is to explicitly map the pattern to a feature space (e.g. using the
wavelet packet transform) — as opposed to the implicit mapping by the kernel function. The
Universum also presents a new approach in which prior information can be incorporated by

adding patterns of related classes (this is discussed in chapter 9).

4.5 TRAINING SUPPORT VECTOR MACHINES

The SVM problems in equations 4.40 and 4.53 are constrained convex optimisation problems.
Several algorithms were investigated to perform the optimisation problems. Osuna et. al. [44],
introduced a strategy in which the C-SVM problem is decomposed into smaller subproblems
which are then solved iteratively. The sequentional minimal optimisation (SMO) algorithm
used the extreme case where the size of the subproblems were only two parameters [45]. The
advantage of two parameter subproblems are that they can be solved analytically (i.e. without
resorting to numerical methods). The optimisation for the C-SVM case is discussed in the next

section.
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4.5.1 Calculation of optimal solution for the subproblem

The two parameter subproblem for the «, and «;, multipliers can be written as

1
W (Qta, ) =g + p — =02 Koo — Qa0 Kapyals

. (4.62)
- §agKbb — QpYpUp — QYU + Wconst
where the W, value is constant with respect to o, and «y,. v; is defined as

l
va= Y. oKy (4.63)

j=1,j#a,j#b

old

2@ and ag’ld refers to the unoptimised values where «, and oy refers to the new

The values «

values. Using the equality constraint Zle a;y; = 0, a,, can be expressed as

o = 2+ (ag’ld — ). (4.64)

The subproblem can be minimised by setting the derivative to zero. By substituting the above

into this, the minimum of the subproblem is [46]

old Yo (Ea — Ep)
= ) 4.65
@ % * Kaa - 2Kab + Kbb ( )
This equation is written in terms of the error £; defined as
¢
= Z Oé;ldyjKij -+ bold — Y;. (467)

J=1

The advantage of this approach is that the error £; can be updated without re-evaluating the

whole expression when the two parameters are changed. This can be expressed as

Erev = pold _ goldyoldfes  o0Myold 10— bog + Qo Ko + cnys K + b. (4.68)

a

The constraints on the multipliers should still be handled. The constraints are 0 < a; < % (see

equation 4.64). The two cases where 1, # ¥, and y, = ¥, are dealt with separately.
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Case 1: y, # y,

For this case equation 4.64 reduces to

T aZld — ozf,’ld + . (4.69)

The box constraints on «v; therefore become

C
0<a, < 7 (4.70)
old old O
0<a,"—a +ab_? (4.71)
C
ag’ld — aZld < < 7 + agld — aZld. (4.72)
If oy, is constrained to
L<ay<H (4.73)
then L = max (O, agld — agld) and = min (%, % + agld — agld) .
Case 1: y, =
In the same manner as above (with o, = agld + ag’ld — o) the constraints become
C
o' +af! =~ <oy <o+ o, (4.74)
Using the same strategy as above, L = max(0,af%+af?—<) and H =

min (%, a2l + ozgld).
The selection of the working set (i.e. the two parameters to be optimised) can dramatically
increase the training speed. A good working set selection algorithm, for which the convergence
was proven, is given in [47]. The algorithm explained above can also be developed for the

v-SVM case. This was done in [48] and [47].

4.5.2 Implementation notes

The above algorithm was implemented with the original SMO working set selection algorithm

for C'-SVM. For the v-SVM case, the libSVM library was used (described in [42]). This library

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 37



UNIVERSITY OF PRETORIA

-+
&

“ UNIVERSITEIT VAN PRETORIA

& YUNIBESITHI YA PRETORIA SUPPORT VECTOR MACHINES

CHAPTER FOUR

implements the SMO algorithm, discussed above, for the -SVM case. The Shogun library was

also used for some SVM and multiple kernel learning experiments [43].
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CHAPTER FIVE

SHIFT INVARIANT QUADRATIC
TIME-FREQUENCY
REPRESENTATIONS (COHEN’S
CLASS)

5.1 INTRODUCTION

Two representations of a signal often used in signal processing is the instantaneous energy
and energy-density spectrum. The instantaneous energy for a signal z(¢) is |z(¢)|* and the

energy-density spectrum is 5- |7 (w) |*. The total signal energy can be calculated as

B, = /oo |x(t)|2dt=i/oo 3 (w) dw. 5.1)
o 21 J_ oo

This representation is not useful in all instances since the frequency content of many practical
signals vary with time. To illustrate the inadequacy of these methods, consider a simple linear
chirp (see section 10.1.2 for a definition). The signal’s frequency changes with time — so both
the instantaneous energy of a signal and the energy density spectrum is of limited utility. This
gives rise to the idea of an energy density that is a joint function of the time and frequency [49].
This joint time and frequency function is referred to as the time-frequency representation (TFR)

of the signal. This is denoted as P f(u, &) where u is the time and ¢ is the frequency.
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5.2 PROPERTIES OF DISTRIBUTIONS

Several properties of a time-frequency representation may be required so that it corresponds
with the properties that are expected of an energy distribution. This section discusses
those properties to ensure that only quadratic time-frequency representations that fulfil these

properties (at least in part) are used. The properties are listed below [19,49, 50].

1. Invariance to phase shifts. The distribution should be invariant to phase shifts.
ft) = €'g(t) & Pf(u,§) = Pg(u,¢) (5.2)

2. Time-shift invariant. The distribution should be invariant to shifts in time. If the input

signal is f(¢) then the following should hold:
ft) =gt —uo) & Pf(u,€) = Pg(u—ug,¢). (5:3)

3. Frequency-shift invariant. The distribution should be invariant to shifts in input

frequency:
f(t) = g(t)e_j&)t Ang Pf(u> 5) = Pg(u>€ - 50) (54)

4. Time and frequency marginal properties. The most important property for a TFR is that

the time and frequency marginal properties should hold:

2

| Prwgdn = o-|7© 55

and

/ T Pfwo)de = |f(u)f. (5.6)

5. Real valued energy density spectrum. The energy density spectrum should be real valued.

In other words Pf(u,&) = [Pf(u,£)]" where [|* is the complex conjugate.

6. Scaling in time. A scaling in time should also cause an appropriate scaling in frequency
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parameters (as the short-time Fourier transform (STFT) would), i.e.

10 =20 (1) & Purwe =Py (“.s¢) 5)

S

7. Positive valued. The distribution should preferably be positive:

Pf(u,&) > 0. (5.8)

Wigner proved that there is no quadratic time-frequency distribution that satisfies the marginal

conditions (properties 4) and is positive valued (property 7) [19].

5.3 WIGNER-VILLE DISTRIBUTION

The Wigner-Ville distribution (WVD) is the most well known of the Cohen’s class TFRs
(discussed in the next section). The Wigner-Ville distribution is defined as!

Py (u,&) = /00 x(u+ g)x*(u — g)e_ijdT (5.9)

where u is the time and ¢ is the angular frequency. The WVD is both time and frequency shift
invariant (shown in next section). It also satisfies the time and frequency marginal properties

[49] and is real valued. The latter can be proved by

[Py (u,8)]" = [ / " st g)x*(u — g)e—ijdT} (5.10)
_ > * Z . I iTE
= /_Oox (u+ 2)313(u 2)e] dr. (5.11)

Making the substitution v = —7 yields

[Py (u, )] = /_00 z* (u — %) B (u - g) e e dy (5.12)
= P (u,§). (5.13)

The WVD is however not positive valued (property 7). Because of this, it is sometimes referred

to as a quasi-distribution.

! The notation of the WVD and the Cohen’s class TFR differs from the standard notation in order to keep it
consistent with the next chapter.
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Another interesting property of the WVD is that it does not spread the time or frequency support

of diracs or sines [19]. This can be shown by

ft)=06(u—wu) < Pvf(u,&) =d(u—up) (5.14)
(6) = copliet) & P f(u,6) = 5-0(E ~ &), (5.15)

5.3.1 Cross components

A disadvantage of the Wigner-Ville distribution (and quadratic TFRs in general) is that it creates

cross-components. As an example, consider the signal

x(t) = xq(t) + ap(t). (5.16)
The WVD of this is
Pya(u,§) :/ To(u + g)xz(u — %)e‘ijdT

h Tyaer(u— T Tyt — Ty] e-ime
+/_ [a:a(u+2)xb(u 2)+xb(u+2)xa(u 2)6 dr (5.17)

o0

+ / xp(u + g)xz(u - g)e_ﬁfdr

o0

Collecting the terms above results in

Pyo(u,€) = Pyaa(u, &) + Pyas(u,€)

Auto—components

o T T T T ,
+ / [a:a(u + E)xz(u — 5) + xp(u + E)xZ(u — 5) eI dr

" /
~~

Cross—components

(5.18)

The auto-components are the normal WVD of the different components of the signal. The

cross-components are interference terms caused by the quadratic nature of the WVD.

As an example, consider a signal composed of two linear chirps both and OHz and ending at 0.3
and 0.4Hz respectively. The WVD of the chirps are given in figure 5.1. As can be seen from
figure 5.1 (c), the sum of the two chirps creates cross components. Only the cross components
(Pyx(u,&) — Pyaza(u, &) — Pray(u, £)) are given in figure 5.1 (d).
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FIGURE 5.1: Wigner-Ville distribution of the sum of two linear chirps. (a), (b) Two linear
chirps starting at 0 Hz and ending at 0.3 and 0.4 Hz. (c) Wigner-Ville transform of the sum. (d)
Cross-terms that appear in (c)

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 43



e
&

ﬂ UNIVERSITEIT VAN PRETORIA
’ UNIVERSITY OF PRETORIA
Qe VYUNIBESITHI YA PRETORIA

CHAPTER FIVE SHIFT INVARIANT QUADRATIC TIME-FREQUENCY REPRESENTATIONS (COHEN’S CLASS)

5.4 COHEN’S CLASS DISTRIBUTIONS

The Cohen’s class of quadratic time-frequency distributions can be expressed as [51]

P8 (u,6) = /m/m¢&Dvm»%vmwM%@wmr (5.19)

The ¢4—p(7,n) function is the kernel function that determines the properties of the distribution.

A.(7,7n) is the symmetric ambiguity function and is defined as

A, (1,m) = /00 x (t - %) x* (t — %) eI dt. (5.20)

—00

An equivalent representation for the Cohen’s class TFR is as a smoothing of the Wigner-Ville

distribution. This can be expressed as [51]

Bl (u,€) = [ [ Gue (u— s — &) Py(ul, € )dulde" (5.21)

The function ¢, can be obtained from ¢,_p by a Fourier transform and Fourier inversion (see
for instance [51]). Cohen’s class of distributions are also known as shift-invariant distributions
because they are invariant to shifts in time and frequency (properties 2 and 3 in section 5.2).
The other properties in section 5.2 are fulfilled for certain kernel functions. For the TFR to be

real valued (property 5), the kernel function must fulfil [50]

Ga-p(T,n) = dg_p(—T,—1). (5.22)

For the time and frequency marginal properties (property 4 in section 5.2), the kernel function

should fulfil

de—D(Oﬂ?) =l (523)

and
qbd_D(T, O) =1 (524)

respectively.
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5.4.1 Specific kernel functions

The Wigner-Ville distribution is a Cohen’s class distribution with a kernel function
¢a-p(7,m) = 1.

5.4.1.1 Radially Gaussian Kernel

Consider the definition of the a Cohen’s class TFR in equation 5.19. The kernel function
completely determines the properties of the TFR. The cross and auto-components occur in the
ambiguity function (since it is a quadratic function). As an example of this, see figure 5.2
which is the ambiguity function for the sum of two linear chirps (from 0.2 to 0 Hz and 0.4 to

0.3 Hz). The kernel function determines which of the cross components are passed to the TFR.

150
100

50

Cross—components -0.2 0 Autocomponents

-0.4 -20

n [Hz]

FIGURE 5.2: The ambiguity function of the sum of two linear chirps. The auto- and
cross-components are indicated.

Since the auto-components occur at the origin, the kernel function can be viewed as a two

dimensional low pass filter.
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The goal of a Cohen’s class TFR is to achieve good cross-component suppression and
auto-component concentration [9]. It is not possible to find a general kernel that will achieve
this because there will always be signals with either significant auto-components in the stop
band or cross-components in the pass band [9]. It is suggested by Baraniuk and Jones [9] that
a Gaussian be used to suppress the cross-components. The radially Gaussian kernel is defined
as [9]

(e

¢(r,n) =e 2@ (5.25)
where 6 = arctan (2). The function o (6) is the spread function (or contour function) that
completely defines the radially Gaussian kernel. As stated above, the optimal kernel function
is signal specific. Since the kernel function for the radially Gaussian kernel only depends on
the spread function, the search for the optimal kernel is equivalent to the search for the optimal
spread function. To ensure that the resulting distribution is real, the kernel function must satisfy
d(u, &) = [p(—u, —&)]". This implies that the spread function should be 7-periodic. Another
desirable property for the spread function is to be smooth (continuous and differentiable) [9].
In [10] it is suggested that a truncated Fourier series should be used as a spread function
(since this function is both m-periodic and continuous). As an alternative to this, a truncated
Bernstein series is developed in Chapter 7. This function has interesting properties that makes
optimisation more efficient. Criteria for optimising the spread function is also discussed in that

chapter.
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This chapter presents a brief overview of wavelet transforms. Since the field is large, only
the areas that are directly applicable to the classifiers that were developed in chapter 8 and
chapter 9 are discussed. A large part of the theoretical considerations are omitted — several
other sources such as the book and paper by Daubechies [20, 52] or the book and paper by
Mallat [19, 53] have a thorough discussion of these and other aspects.

The first section discusses the continuous wavelet transform. The discrete wavelet transform
(DWT) is developed as a multi-resolution approximation of this in section 6.2. The wavelet
packet transform that is derived as an extension of the DWT is discussed in section 6.3. Section
6.4 discusses the properties of wavelets and section 6.5 discusses several wavelets. The filters

for the Battle-Lemarié wavelets are calculated in this section.

6.1 CONTINUOUS WAVELET TRANSFORM

The wavelet transform (like the short-time Fourier transform) correlates a signal with a
dictionary of waveforms that are concentrated in both time and frequency. The continuous

wavelet transform can be defined as

Wf(u,s)z/_:f(t) %w* (t_“) d, 6.1)

S

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 47



UNIVERSITY OF PRETORIA

-

&

“ UNIVERSITEIT VAN PRETORIA
& YUNIBESITHI YA PRETORIA

CHAPTER SIX WAVELET TRANSFORMS

where the function 1) (¢) is known as the mother wavelet. The mother wavelet has a mean of

zero

/_ Ty (t) dt = 0, (6.2)

is centred around ¢ = 0 and normalized' ||| = 1 [20]. This can be written more concisely as
an inner product

Wf (u,s) = (f, thus) (6.3)

where the inner product in L? (R) (square integrable functions) is defined as

ra)= [ g @ (6.4
and 1, s(t) is defined as
1 t—u
1/}u,s (t) = %d} ( s ) . (6.5)

6.1.1 Effect of the scaling parameter

The effect of the scaling parameter is to dilate the mother wavelet in time. It is therefore

intuitively clear that it will decrease the frequency of the wavelet. If we let

b (1) = 0 (f) 66)

then its Fourier transform is

U () = /_ h %1/; (é) eIt (6.7)

Making the substitution v = g results in

Vs (W) = m%d}(v)e_””ss.dv (6.8)
= Vst (sw). (6.9)

! The L? (R) norm is defined as || f||> = (f, f) = [~_|f (t)[* dt
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Anincrease in the scaling parameter therefore decreases the frequency. A real wavelet transform

maintains energy conservation if the mother wavelet satisfies an admissibility condition [19-21]

0< / —dw < 0. (6.10)
0 w

The admissibility condition ensures that the signal can be reconstructed from its continuous
wavelet transform.
6.1.1.1 Wavelet example

The above is illustrated with the Mexican hat wavelet. The Mexican hat wavelet is defined
as [20]

2
V3T

W(t) = (1—t2)e /2, (6.11)

The Fourier transform for this is calculated as (source given in appendix B.2)

2(1 — e ="/?

(V3mt/1)

h(w) = (6.12)

The above function’s Fourier transform is the same as the function itself. The example of a
Mexican hat function and a Mexican hat function dilated by 2 is given in figure 6.1. As can be

seen from the figure, the dilated function is narrower in frequency.

6.1.2 Time-frequency resolution

The time and frequency localisation of a wavelet is limited by the Heisenberg uncertainty
2

theorem [19]. Suppose that o2, is the spread in time for the mother wavelet and o2 _ is
the spread in frequency for the mother wavelet (The time and frequency spread is defined as the
variance of the wavelet in time and frequency [19]). The spread for 7, ; in time and frequency

is then

ol = ol (6.13)
2

o2 = Jom, (6.14)
S
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(a) The Mexican hat function and a dilated Mexican hat (b) The Fourier transform of the Mexican hat function and
function. the dilated function.

FIGURE 6.1: A Mexican hat function and a dilated Mexican hat function.

For an increasing value of s the spread of v, ; will be narrower in time and wider in frequency.

The Heisenberg uncertainty theorem states that the area of the Heisenberg box is [19]

1
010y Z 5 (615)

This limits the time and frequency resolution of the signal. The better the signal is resolved
in time, the worse it is in frequency (and vice versa). The area of the Heisenberg box for
Yy, s 1s constant 0,0, but the frequency and time resolution differs. The box is longer in time
and narrower in frequency at low frequencies, which means that the frequency resolution is
good, but the time resolution is bad. At high frequencies it is the exact opposite — the box is
narrow in time and wide in frequency (this means that the time-resolution will be good at high

frequencies).

This is advantageous in situations where transient signals are analysed (transient signals
generally contain high frequency components of a short duration). The short-time Fourier

transform has constant-sized boxes across all frequencies.

6.1.3 Scaling function

An important property of the continuous wavelet transform is that the function f (¢) can be

reconstructed from W f (u, s). Since the focus is to find a basis for which the signal is separable
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(for classification purposes), reconstruction is not discussed in depth — for details see [19]

and [21].

If Wf(u,s) is known only for s < s, the signal can be reconstructed with the aid of a

scaling function that is an aggregation of scales larger than unity (i.e. low frequencies). The

frequency response for the scaling function is defined as [19]

= [t

2 ds

S

~

$(w)

(6.16)

with an arbitrary complex phase. The low frequency approximation is therefore [19]

L) = (£, 520 (1))

(6.17)

6.1.4 Energy density of the continuous wavelet transform

The centre frequency of the mother wavelet is [19]?

1 0
/)7 _

2d
=% ), w w.

P(w)

The Fourier transform of 1, ;(¢) in terms of the mother wavelet is

121%3((,0) = \/El[)(SCJ) eXp(_jwu)'

The centre frequency of this is therefore

¢ = %/@”wmf

Substituting v = sw gives

1 | o 2]
= — — —d
¢ 2m Jo Svs () S v
_n
S

zzi(sw)f (1,

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

2 The % scaling factor is caused by the energy density spectrum (Parseval’s theorem). The energy density

spectrum of a signal z(t) is | X (f)|* or = |&(w) |” in angular frequency.
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The local time-frequency energy density (scalogram) at (u,f = g) is therefore [19]

2

Py (u,§) = )Wf (u g) (6.23)

6.1.5 Example

The time and frequency spread of the Mexican hat wavelet function (defined in equation 6.11)
will be calculated in this section. The function is centred around ¢ = 0 in time. The time spread

will therefore be (using the definition for the time-spread in [19])

s = [l i (6.24)
o 4(1—t2)2e?
= / (t —0)? dt (6.25)
e 3/
symerf(t)y  (20343t) et W merf(t)  (APH10884150) e e ’
' 412 8 o 4 + 16 o 8 T2
:blir?o 3T
b
(6.26)
7
= _. 6.27
5 (6.27)

In the last two steps Maxima was used (the source for this is given in appendix B.2). The centre

frequency can be calculated (using 6.18) as

Y 2

~

n = — w|Y(w)| dw (6.28)
27 0
2 2
1 [ 2 2w2+2)—2v/2 v
_ _/ (V2R Q42 Z2V2VE) e (6.29)
27 Jo 3T
b
147 (—w* =20 —2) e
il it Dt (6.30)
b—oo 27 3
0
4
= —. 6.31
WG (631)
The spread in frequency can be calculated as (see appendix B.2 again)
157 — 32
2
= - = 32
Ow 127 (6.32)
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33t

FIGURE 6.2: Example of the time and frequency spread of the Mexican hat wavelet

Therefore

7 /157 — 32 1
w =1/=\/—— ~ 0.6841 > - :
00, 5 o7 0.6841 > 5 (6.33)

An example of the above is given in figure 6.2. In this figure several Mexican hat wavelets are
drawn against time and frequency. The centre frequency and Heisenberg boxes are indicated on

the time-frequency axis. This is drawn in a similar manner as the figures in [19] and [54]

6.2 MULTIRESOLUTION SIGNAL DECOMPOSITION

Multiresolution signal decomposition using wavelets was introduced by S. Mallat in 1989 in
the paper “A Theory for Multiresolution Signal Decomposition: The Wavelet Representation”

[53]. In this the link between wavelet analysis and subband decomposition was established.
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In multiresolution analysis a discrete signal x[n] is represented as two signals, a[n| and d[n]
that are both half the length of the original signal. The first signal a[n] is an approximation
of the original and the second signal, d[n| contains the fluctuations (detail components). The
approximation is the result of filtering the signal with a low-pass filter and down-sampling it
by a factor of two. The detail signal is the result of a high-pass filter and down-sampling.
The approximation signal can again be further subdivided (each offering a lower resolution
representation of the original signal). Such a setup is illustrated with the Haar transform below.
The sections that follow this systematically develops the multiresolution representation from

wavelet functions.

6.2.1 Haar transform example

For a discrete signal z[n| (length N) the Haar approximation coefficients can be calculated by

1 1
aln| = —=z|2n| + —x|2n + 1|, 6.34
] = Z5elon] + —sofen+ 1 (634
and the detail coefficients can be calculated as
dln] = —=[2n] — ——zf2n + 1] (6.35)
n| = —xz2n| — —z[2n . )
V2 V2

As can be seen from the above, the 2n index introduces downsampling. As an example, consider

the signal

x=[12210121} (6.36)

The approximation coefficients is calculated using the above as

1
a[n]zﬁ[s 31 3] (6.37)
and the detailed coefficients as
1
) = — 11 11 (6.38)
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It can easily be seen that the original signal can be reconstructed from a[n| and d[n| by

x[2n] = ga[n] + gd[n] (6.39)

and

|
©|S

x2n+1] = ga[n] [n]. (6.40)

6.2.2 Preliminaries

This section will cover several preliminaries needed to develop multiresolution analysis.

Definition 1 (Riesz basis [19]) The sequence {¢,},  is a frame of 'H if there exists two
constants B > A > 0 such that

VieH, AlfF <) (f,éa)* < BIfF. (6.41)

nel’
If A= B and {¢n}, o is linearly independent then the frame is a Riesz basis.

A Riesz basis therefore spans the space (i.e. any f € 'H can be represented as a linear
combination of ¢, (¢) functions). In linear algebra an analogous concept is a linearly
independent (but not orthogonal) basis. The orthogonalisation trick to orthogonalise a Riesz
basis is given in section 6.2.3.1. This is again analogous to the Gram-Schmidt orthogonalisation

in linear algebra.

6.2.3 Multiresolution representation requirements

A function f is approximated at a scale 2/. The approximation of a function at a scale 27 is
the orthogonal projection on a space V; C L*(R). The orthogonal projection is the function

f; € V; that minimises | f — f;| [19].

The idea behind multiresolution analysis is to describe a signal from a coarse to a high
resolution. A signal is represented in a sequence of approximation spaces V;. The closed

subspaces satisfy [20, 53]

.cVycvicVycVo CcVyC... (6.42)
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with
UV =L*®R) (6.43)
JEZ
and
MV = {0}. (6.44)
JEZ

The above ensures that lim;_._, P;f = f (where P; is an orthogonal projection of f on V})

[19]. The multiresolution aspect is created by the requirement that [20]

VielZ, f({t)eV,ef (%) € Vi (6.45)

In other words, a dilation of every function is included in the coarser space. The full

requirements for a multiresolution approximation are given in [19].

6.2.3.1 Orthogonalisation of the scaling function

The construction of an orthonormal basis often starts with a Riesz basis. Conditions are given
in [20] to ensure that {0, } 7 18 a Riesz basis for every V; (conditions 5.2.4 and 5.2.5 in [20]).
Orthogonalising the basis can be performed by the following theorem from [19].

Theorem 2 Let {Vj}jGZ be a multiresolution approximation and ¢ be the scaling function
having a Fourier transform
- O(w
o(w) = () T (6.46)
(ZZi_oo 8w + 2km)| )

NI

Then

1 t—2n
Binlt) = \@qb( = ) (6.47)

forms an orthonormal basis of V; for all j € Z.

The above theorem is easily proven by noting that (¢(t — n), ¢(t — p)) = 0n—p. The theorem

is also known as the orthogonalisation trick in [20] (The Riesz basis is denoted in this text as ¢
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and the orthogonalised basis is denoted as ¢*). The orthogonal projection

Pyf= > (f . bin)bin (6.48)

is obtained if f is expanded over V. The inner products a; [n] = (f, ¢;») provides a discrete
approximation at scale 27 [19].
6.2.3.2 Calculation of multiresolution filters
Since V; C Vj, any scaling function in 1/ can be written in terms of a sum in V{:
1 [t = 1 [t
—o| =) = —¢| = ),0(—n t—h 6.49
ﬂqﬁ(z) n;m<ﬂ¢(2) ¢ ( >>¢< ) (6.49)

which can be more concisely written as

hln] = <%¢ (%) (- n)> (6.50)

and

1 [t -
ﬁqﬁ (5) = > hnlo(t—n). (6.51)

n=—0oo

h|n| above is clearly a discrete filter. Taking the Fourier transform of both sides of the above

equation and using the identities in equations A.3 and A.7 gives

V20(2w) = > hinjg(w)e (6.52)
V26(2w) = d(w) D hlnle*m, (6.53)

The right hand side of the above is recognized as the discrete-time Fourier transform of h[n]

(see equation A.18 ). The ﬁ(w) can therefore be calculated as

hw) = va22) (6.54)
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6.2.3.3 Orthogonal wavelets

Since V; C Vj_1, another space can be defined that is orthogonal to V; such that
Viai=V; +W;. (6.55)
The projection of V;_; can therefore be decomposed as [19]

Py, .f=Py,f + Pu,/. (6.56)

The wavelet 1 that is the basis for I¥; can be constructed from the scaling function as the

following theorem from [19] states:

Theorem 3 (Orthonormal basis [19]) Let ¢ be a scaling function and h the corresponding

filter. Let 1) be a function with a Fourier transform

- 1 S,

P(w) = —Zg(w)ab (5) (6.57)
with

G(w) = e R (w + 7). (6.58)

Then j,, = \/%1/1 (t_22jj"> is a basis for any scale at 2.

g[n] can be calculated from

gln) = % <¢ (%) (- n)> - (6.59)

For real filters this can be calculated as

gln] = (=1)"""h[1 —n]. (6.60)
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The proof that the above stems from §(w) = e 7“h*(w + ) is given below.

Z glnle 7 = e Z (h[n])*emlwtm) (6.61)
= Y (W)™ (-1)ne (6.62)
= Y (AN (6.63)

Making the substitution m = 1 — n gives
> ghle?r = Y[R —m](=1) "] eI, (6.64)

n=—0oo m=—00

If h[n] is real, equating the two discrete-time Fourier transforms proves 6.60.

6.2.3.4 Multiresolution calculation with a filter bank

To make the multiresolution approximation clear, consider a function f(¢) that is approximated

at a scale Vj with ag[n]. This approximation can be expressed as

Puf = 3 (holi—mhot—n) (665)
= i ao[n]¢(t —n) (6.66)

where
ao[n] = (f,o(t —n)). (6.67)

The calculation of Py, f can be done in a similar manner as

- 1 (t—2n\\ 1 (t—2n
v ER ()
S al[n]%¢ (t_zzn) (6.69)
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where

aln] = <f,%¢ (t_zzn». (6.70)

To help with the above simplification, the inner product of ¢; , and ¢y ,, is calculated below.

<%¢(%),¢(t—n)> - _(:\}_qﬁ( Zp)qﬁ(t—n)dt. (6.71)

Making the substitution 7 =t — 2p gives

<%¢(%),¢(t—n)> - Oo\lf (>,¢*(T+2p—n)dt (6.72)

= h[n — 2p| (6.73)

2n

where h[n] is defined in equation 6.50. Using the above, %qﬁ (5

) can be written as

(analogous to 6.51)

1 (t—2
ﬁqﬁ( ”) Zh — et — k). (6.74)

k=—o00
Substituting the above into the expression for a; [n] (equation 6.70) gives

aln] = <f, > h[k—2n]¢(t—k)> (6.75)

k=—o00

= > hlk—2n](f ¢t — k). (6.76)

k=—0o0
The inner product above is the same as 6.67. Substituting this in turn results in
> " hlk — 2n]ao[k]. (6.77)
k=—0o0

The above is a convolution sum of h[—n| with ay which is then downsampled. To make it

clearer, substitute k — 2n = —p and define h[n] = h[—n]. This gives
Z h[—plao[2n — p]. (6.78)
p=—00
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| Gl[z] > | 2 d4[n]

Y
Q
5
Y

v
=
S
Y
—
[N}

[

)
2
=3

]
3
\

| 2f—> a3[n]

FIGURE 6.3: Wavelet decomposition tree for the discrete wavelet transform.

This is the convolution sum with 2[—n| (where 2n causes the downsampling). Writing in terms

of h|n] = h[—n] gives

ai[n] = Z h[plao[2n — p]. (6.79)

p=—00
Therefore the multiresolution approximation can be done by only using discrete filters. As can
be seen from above, the coarser approximation is calculated by applying the filter h(n) and
then downsampling the result by a factor of two. A filter g[n] can also be derived along the

same lines for g[n].

These filters are conjugate mirror filters (also known as quadrature mirror filters). Conjugate
filters are traditionally used in subband coding schemes. Another set of filters can be calculated
to reconstruct the signal (these filters are called the synthesis filters). The proof that the filters
are indeed conjugate filters is in [53]. A discussion of quadrature mirror filters in the traditional
digital signal processing setting can be found in [55] and an extensive discussion of subband

decomposition is done in [56].

6.2.3.5 Discrete wavelet transform

The decomposition in figure 6.3 is often described as the discrete wavelet transform (DWT)

(even though the DWT is sometimes defined by discretising equation 6.1 instead of using
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multiresolution filters — cf. [19]). The decomposition described in the previous section can
be represented as a tree (see figure 6.3). A similar tree can be created for the reconstruction

casc.

6.2.3.6 Haar wavelet example

The above principles is illustrated for the Haar wavelet. The scaling function for the Haar

wavelet is [52]

1 0<t<1
o (t) = (6.80)

0 otherwise

and the Haar wavelet is

1 0<¢
bt)=4 -1 L<t<

0 otherwise.

IN

1
2
1

(6.81)

These functions are illustrated in figure 6.4. The Fourier transform of the above functions can

be calculated using the rectangular function (defined in equation A.12). This gives

ot) = 1I (t—%) (6.82)
_1 _3
W(t) = H( 24)—H(t24). (6.83)
o) o 1/}(15)“
1 1
! o
0 — t Y

FIGURE 6.4: The scaling function (left) and wavelet (right) for the Haar wavelet.
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The Fourier transform is therefore

o) — %e—%jw (6.84)
and
) 10N ot Ll sy s
o) = SH(5) et =i (5) et (©8
_o2sin(§) ay 2sin(§) sy (6.86)
w w

It is easy to show that these two functions are orthogonal. The scaling filter can be calculated

using equation 6.50 as

hin] = <%¢ (%) ot — n)> | (6.87)

This calculation is illustrated in figure 6.5. The first value of the discrete filter will therefore be

ho| = /_ : %¢ (%) S(1)dt (6.88)
_ /01 %(1)0% _ % (6.89)
For the /(1] component this is
B = /_ z 750 (%) St — 1)t (6.90)
_ /12 %(1)dt _ % 6.91)

From the illustration it can be seen that all other components of 4 will be zero. The filter for the

wavelet can be calculated in almost the same way using equation 6.59

gln] = <%¢ (%) ot — n)> - (6.92)
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i ¢(t—0) ¢(t—1)
s s
F9)
t

0 1 )
FIGURE 6.5: Calculation of scaling filter.

) (1) ¢t —1)

1 ¢ P
%

5 9)
0 1 s !
,% ,,,,,,,,,,,,,,,,,,,

FIGURE 6.6: Calculation of Haar wavelet filter

This is illustrated in figure 6.6. The filters can therefore be calculated as

* 1 t
0] = — — t)dt 6.93
a0 = [~ Zse(3)e0 (693)
| 1
= —dt = — 6.94
/0 V2 2 (654)
and
0= [ o (5) et - var (695)
g VAR '
2 _q 1
= —dt = ———. (6.96)
/1 V2 V2
The filters to be used for the multiresolution approximation are therefore h[n] = h[—n]. These
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@)
0.8 SERRERE o ¥ R b))
061 e N ERE AR R e P .
ol LR
oz ~ WA A
. ‘
-6 -4 -2 0 2 4 6

(a) Fourier transform of the Haar scaling function and

wavelet function

1

1/vV2}
1/21

-2 -1 0
n

(c) Filter coefficients of g

1
1/V2} ® Q
=1/2t
0
-2 -1 0 1
n
(b) Filter coefficients of h
3/2 T T T T
V2 = P SRR AR o 1
ol / ,,,,,,,, T ,,,,,,,,
hw)” : D gw)
1 . S ,,,,,,,, ,,,,,,, S
0 ; ; ; ;
0 0.2 0.4 0.6 0.8 1
w/m

(d) Frequency response of the h(w) and g(w) filters.

FIGURE 6.7: Filter coefficients and frequency response for the Haar wavelet.

are given as

and

L
V2
0

=—1,0
(6.97)
otherwise
=0
=1 (6.98)
otherwise.

The filter impulse response and discrete-time Fourier transforms are plotted in figure 6.7.
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6.2.4 Summary

A summary for the calculation of the multiresolution filters from the Riesz basis is given in

figure 6.2.4. This was used to calculate the Battle-Lemari¢ quadrature mirror filters in section

6.5.1.

Riesz basis

Scaling function

Scaling function MR filter

Wavelet MR filter

Wavelet

~ f_l
O(w) 0(t)
) = o
(T |9A(w+21c7r)|2)g
~ f—l
P(w) (t)
hw) = V2]
) Forer
h(w) hn]
G(w) = e 7“h* (w+7) n—T)l—”h[l .
Forer
9(w) gn]
dw) = Ha(2)HE)
~ f_l
(W) (1)

FIGURE 6.8: Calculation of scaling function, wavelet and multiresolution filters from a Riesz
basis. The inverse Fourier transform (F~!) and the inverse discrete-time Fourier transform
(Fprpr) are defined in equations A.2 and A.19 respectively.
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6.3 WAVELET PACKET TRANSFORMS

The multiresolution approach repeatedly divides the approximation space (V;) into two
separate spaces (as shown in figure 6.9). This can be generalised by also subdividing the detail
space. This is called wavelet packet analysis and it was introduced by Coifman, Meyer and

Wickerhauser in [57].

This subdivision is shown in figure 6.10. A new notation is used — the subscript indicates
the level in the tree and the superscript indicates the position. A left branch indicates the

approximation space (low-pass) and the right branch indicates the detailed space.

Vi
| | |
Vi1 Wi
| | | |
Viie Wiri2 Wi
VI
Vit Wi
Vi Wi io

FIGURE 6.9: Subdivision of the signal in the normal multiresolution case.

Several possible subdivisions are possible. A tree is an admissible tree if each node has either
zero or one child (i.e. the original signal can be reconstructed from the WPT). It is easy to see
that the original signal can be reconstructed from the leaf nodes of any admissible tree. Each

different admissible tree has a different covering of the time-frequency spectrum.
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W}

| | |

Wi Wi
| | | | |
Wi Wi, Wi, Wi,
Wi
A /zﬂ\\
Wi Wi, Wi, Wi,

FIGURE 6.10: Subdivision of signal in the wavelet packet case.

6.4 WAVELET PROPERTIES

6.4.1 Vanishing moments

The function v has p vanishing moments if [19]

/ thp ()dt=0 Y0 <k <p. (6.99)
This means that ¢ (¢) is orthogonal to any polynomial up to degree p— 1. If a signal is orthogonal
to the wavelet, it would produce zero values. This is often desirable in compression applications

— if the underlying signal is highly regular only a few non-zero values would be produced.

6.4.2 Size of support

A function f(t) is supported on [a, b] if the function is zero outside that interval. A signal can

be represented in WW; as

0

P, f = Y (frthjm) Vi (6.100)

n=—oo
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The size of the wavelet support determines the effect that an isolated singularity will have [19].
Suppose that the signal is zero except for a single singularity. The detail coefficients of the
signal is d[n] = (f, ;). It is clear that the larger the support of v, ,, is, the more non-zero d[n]

values there will be.

There is an interplay between the length of the support and the number of vanishing
coefficients. If 1) has p vanishing moments, then it has a support of at least 2p — 1 [20].

Daubechies wavelets have the minimum support size for the number of vanishing moments.

The amount of d[n| that is small or non-zero is usually motivated by compression
considerations. As an example, the JPEG2000 standard uses a wavelets with a small
support similar to the Daubechies wavelet. Since classification is the focus, little attention has

been paid to the size of the wavelet support in the classifiers that was developed.

6.5 WAVELET FUNCTIONS

Several different orthogonal wavelets are discussed in this section. The Battle-Lemarié wavelet
is discussed in depth in this section. The motivation for this is twofold. Firstly, the filter
coefficients for high-order Battle-Lemarié filters are not available and secondly these wavelets

were the best performing wavelets in certain classification problems.

A concise overview is given for Daubechies wavelets, Symmlets and Coiflets. Since the
design considerations for these wavelets are not applicable for classification and their filter

coefficients are readily available, they are only discussed briefly.

6.5.1 Battle-Lemarié wavelets

This section shows the calculation of Battle-Lemarié filters. This was done to calculate high
order Battle-Lemarié filters as the filter coefficients for these are not readily available. The
derivation of the scaling function is done the same way as in [20]. The Battle-Lemarié wavelet
is defined as

L (t) = T0I(¢) * TI(¢) * ...« T1(¢) (6.101)

. /

~
n+1
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where II is the rectangular pulse function defined as

<t<

N[
N[

1
() =
0 otherwise.

(6.102)

The convention is that 3™ (¢) is centred around ¢t = 0 for odd n and centred around ¢ = % for

even n. The result for 3™ (t) for n = 1 and n = 2 is calculated in the next sections. It can be

proven that equation 6.101 is a Riesz basis (cf. [20] p.g. 146).

6.5.1.1 Calculation for n =1

ERORESGEN ()

_ /mﬂhm&—ﬂﬁ

II(t — 7) is calculated as

It —7) = Loy st-rs,
0 otherwise

)1 g4t T <+t

a 0 otherwise.

(6.103)
(6.104)

(6.105)

(6.106)

The two cases where the convolution is nonzero is illustrated in figure 6.11. The overlapping

area is shaded. For —1 < t < 0 the value is

B0 = / © (dr
t

For 0 < ¢t < 1 this is calculated as

Nl

Ot = [ ldr

1
§+t

The result is also shown in figure 6.11.

(6.107)

(6.108)

(6.109)

(6.110)
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1
-3+t

D=

1
3+t

rolm
|
rolm

A1)

N[
+
~ N

-1

1

1
3+t

FIGURE 6.11: The result of convolution for 5 ().

6.5.1.2 Calculation for n = 2

The three cases for which the convolution is nonzero are shown in figure 6.12. For —% <t<

1 . .
-3 this is

For — t

N[
IA
IA

N[

S+t
s — [

this is

T+ 1dt
= ey
2 2 8

(6.111)

(6.112)

(6.113)

(6.114)
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iyt 1+t I t
—i<t<j
—1 1 t
—3+t 14t
i<t<?
—1 1 t
-3+t 1y

FIGURE 6.12: The convolution for 3 (t).

For 3 <t < 2 thisis

1
5O = / r—1dr (6.115)
-3+t
1, 3, 9
T 11
=St 6.116)

The result is plotted in figure 6.13.

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 72



UNIVERSITY OF PRETORIA

-

&

“ UNIVERSITEIT VAN PRETORIA
& YUNIBESITHI YA PRETORIA

CHAPTER SIX WAVELET TRANSFORMS

FIGURE 6.13: Result of Battle-Lemarié for n = 2

6.5.1.3 Frequency representation

The Fourier transform of the scaling function for the Battle-Lemarié wavelet is easier to

calculate since the explicit calculation of the convolution can be avoided. The Fourier transform

of the block pulse is
Mw) = / II(t)e 7 dt (6.117)
— / S ety (6.118)
—2
1 2
= L g (6.119)
_']w _%
1 -1 1.
- [e—naw_eaﬂw] (6.120)
Using the identity 2j sinz = e 7% — 7% gives
- 1 PR |
Mw) = —(—2j)sin-w (6.121)
—Jw 2
ﬁn%w
= = (6.122)
§w
_ smc(i) (6.123)
2m

sinmx
T

with sinc(z) = . The standard for Battle-Lemarié wavelets is for the odd wavelets to

be centred around 0 and the even wavelets to be centred around % Thus the odd wavelets are
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defined by:

B = () * T(E) % ... T1(2). (6.124)

J

nil
Since convolution is just multiplication in the frequency domain, the Fourier transform of the

above can be expressed as

Bw) = [sine (2)]" (6.125)

The case for where n is even is defined as
2(t) = Bt —to), (6.126)

where ¢, = % and ¢y = 0 for the odd case (i.e. unchanged). Using the time shift statement

proven in (A.11), the Fourier transform of this can be expressed as

Hw) = B (w)e It (6.127)
; w i —Jjwto
[smc (%)} e v, (6.128)

where t; = % for the even case and £, = 0 for the odd case.

6.5.1.4 Orthogonalising the basis

The Riesz basis can be orthogonalised with equation 6.46. For the Battle-Lemarié wavelet the

Fourier transform of the Riesz basis for odd n is

Iw) = [Sin(%)] . (6.129)

w
2

Therefore

sin (% + 7Tk;) 2

5+ 7k

6w+ 27rk;))2

(6.130)
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(where k € Z). A simple identity can be defined to simplify the sin factor (when k € 7Z) :

sin (z + km) = sinzcosknm + sinkmcosx
= (=1)fsinaz.
Simplifying the denominator of 6.46 gives

° 2 2(n+1) X

f(w+2k)| = [sin(Z !
k;m (w + 2Kk) sm(2> k;m (%+7Tk)2(n+1)

0

2 (n+1)

] "(3)
sin | —
2

> 10w +2k)

k=—o00 k=—o00 (% + ik

The above can be written in a simpler form if the following definition is made

w) =300 (%Jrlﬂk)P

where p = 2(n + 1). The above is then

0

2.

k=—o0

2

(n+1)
A/ 22(n+1)(w)-

0(w + 2k)

()

1
Z )2(n+1)'

(6.131)
(6.132)

(6.133)

(6.134)

(6.135)

(6.136)

There exists an identity that relates the series expression in terms of a sine function (see [58]

for a list of identities)

1 > 1 T
- = — V- ¢Z. (6.137)
sin? x k:z—:oo (km+ x)2 T £

The summation can be written as

zp(w) = i : (6.138)
P - w p ‘
k=—0o0 (5 + 7Tk/')
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The derivative of this is

d d 1
el - S 6.139
dwzp(w) dw Z (g + 7Tk’)p ( )
k=—o0 \2
1 - 1
R OD D ——— (6.140)
2 k;oo (% _|_7Tk)17+1
- %pzpﬂ(w), (6.141)
Thus 2,1 (w) can be expressed as
—-2d
Zpr1(w) = ?%zp(w). (6.142)

A general formula can be derived from the above in terms of z3(w) by recursively expanding

2p(w) as
-2 d (-2 d -2d
_ 1 dr—2
- 1 dr—2
= (=1)" 22?—2mng(w). (6.145)

The values for each of the z,(w) functions can thus be calculated if the value of z5(w) is known
(It can easily be seen that the series does not converge for z1(w)). z2(w) is written with the aid

of the sine identity as

2nw) = —2. (6.146)

~

P(w) = T (6.147)
(221 o [ftw + 28m) 2) 2

Jun
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Substituting the values above gives (odd n)

dw) = (%)/([mgrﬂ Z2(n+1)(w)) (6.148)
= (@)/( Z2(n+1)(w)) (6.149)
- ! . (6.150)

The calculation of the zy(,41) functions is given in table 6.1. The calculation of qg (w) is trivial

once z, is known. The calculation of the filter coefficients is discussed in the next section.

6.5.1.5 Calculation of Battle-Lemarié filter coefficients

The scaling function for the Batttle-Lemarié wavelets can be calculated by using equation 6.46.
Because of z,(w) this expression tends to be extremely large even for moderate degrees of the
filter. As an example, consider the values for z,(w) in table 6.1. For n = 7, z14(w) will be used.
The expression for this is given in the last row of the table. Odd Battle-Lemarié filters up to the
order of 31, were calculated. For this reason, CAS (Computer Algebra System) software was

used. The scaling MR filter was calculated as (using equation 6.54)

; h(2
h(w) = V222 (6.151)
$(w)
The filter coefficients were calculated from the above using a numerical inverse discrete Fourier
transform (DFT). The source code for to calculate z,(w) and the Fourier transform of the

multiresolution filters is given in appendix B°.

The scaling function, wavelet function and multiresolution filters for n = 1,5 are plotted in
figures 6.14 and 6.15. The time domain values were calculated using a numerical inverse
Fourier transform. The multiresolution filters are plotted for n = 1,7, 31 in figure 6.16 to show

the effect of increasing the order of the polynomial.

3 This was written in Maxima, an open source CAS package.
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FIGURE 6.14: Plots for the linear Battle-Lemarié wavelet (n
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= 1). From top to bottom, left

to right are the Fourier transform of the scaling function, scaling function, Fourier transform
of the wavelet, the wavelet, the multiresolution filters (conjugate mirror filters) and the impulse

response for the h[n] filter.
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FIGURE 6.15: Plots for the linear Battle-Lemarié wavelet (n = 5). From top to bottom, left

to right are the Fourier transform of the scaling function, scaling function, Fourier transform
of the wavelet, the wavelet, the multiresolution filters (conjugate mirror filters) and the impulse

response for the h[n] filter.
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FIGURE 6.16: The multiresolution filters (§(w) and h(w)) are plotted for the n = 1 (linear),

n = 7 and the extreme case of n = 31. The filters can be identified by the sharpness of the
cut-off — the higher the order of the filter, the sharper the cut-off.

DEPARTMENT OF ELECTRICAL, ELECTRONIC & COMPUTER ENGINEERING PAGE 81



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

CHAPTER SIX Qup YUNIBESITHI YA PRETORIA WAVELET TRANSFORMS

O

6.5.2 Daubechies wavelets

As stated earlier, Daubechies wavelets are constructed to have the smallest support for the
number of vanishing moments. If p is the number of vanishing moments then the size of a
Daubechies wavelet is 2p — 1 [20]. In particular the wavelet support is [0, 2p — 1] and the
scaling function support is [—p + 1, p|. The scaling function and wavelet for the Daubechies
2, Daubechies 5 and Daubechies 7 wavelet are plotted in figure D.2. The corresponding
multiresolution filters are plotted in figure D.1. The filter coefficients for different Daubechies

wavelets can be found in [20] p.g. 159.

6.5.3 Symmlets

Symmlets are designed according to the same criteria as the Daubechies filters but they are
selected to be more symmetric [19]. Daubechies wavelets have their energy concentrated at the
start of their support. Symmlets also have a minimum support, but are constructed to be more
symmetric around the centre of its support. The Symmlets 2 and 5 scaling function and wavelet

are plotted in figure D.3.
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The classifier presented in this section builds on the series of classifiers developed in [11-13].
The classifier calculates a Cohen’s class time-frequency representation (TFR) with a radially
Gaussian kernel for each signal. The classification is performed on this TFR with a v-SVM

classifier. The TFR is furthermore refined to increase the classification accuracy.

7.1 TIME-FREQUENCY REPRESENTATION

The Cohen class TFR can be calculated as (see equation 5.19)

P¢ (u, &) / / o (1,n) Ag(1,1m)e? M) dndr (7.1)

where ¢ (7, 7) is the kernel function. The above is normalized before classification as

. 1P (,6) |
NGO = fm P () dude i

The Radially Gaussian kernel is defined as

—i" + 772))
) =exp | — 1) (7.3)
o(7,1m) p ( 2 (0)°
where § = arctan (2). The spread function o(f) completely defines the radially Gaussian
kernel. The search for a kernel that minimises a suitable criterion is therefore the search for

the optimal spread function. For the resulting TFR to be real, the spread function should be
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m-periodic to ensure that ¢(7,7) = ¢*(—7,—n) (see section 5.4). The kernel should also
preferably be smooth (continuous and differentiable) in order to prevent ringing [9]. Since the

function is 7-periodic it implies that the function should be differentiable from 7 to 0.

A method is proposed in [10] that uses a truncated Fourier series be used as a spread

function. This can be defined as

Pmaz
o(0)=ap+ Z [a; cos (2i0) + b; sin (2i0)]. (7.4)

=1

The motivation for this is that the function will be continuous and 7-periodic. Since it is used

as a divisor, it is required that
o(0)>ap>0 (7.5)

An improvement presented in the next section is to use a Bernstein expansion as a spread
function. This provides several advantages with respect to the optimisation (as discussed in

section 7.3.2).

7.2 BERNSTEIN BASIS FUNCTIONS

The Bernstein expansion is defined as [59]
Bu(t) = > BiBin(t) (7.6)
i=0

where [3; is the coefficient and B;,(¢) is the Bernstein basis polynomial. The number of
Bernstein polynomials used in the above is n + 1. A Bernstein polynomial can be defined
as

n

Bi, (t) = ( )ti (1 -4, (1.7)

1

where the binomial coefficient is calculated as

n n!
() = o
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The highest order of a polynomial in an expansion will therefore be n. Bernstein polynomials
were initially used to prove the Weierstrass approximation theorem but found applications
in many other fields (e.g. [60] and [61]). A function f(x) can be approximated by setting
B; = f (%) [59]. The Bernstein polynomials for B; 4(¢) are plotted in figure 7.1.

09r\ SRR e SRR SRR i
08F \ SRR SEREENEE SRREREEE SRR %
o7l \ e e e ) z

06F N\ S S S AR |

B, 5(1

oo\
X~ A
of /N <N RN
ot /o NN N\

01p/ T N N CNC |

FIGURE 7.1: Plot of Bernstein polynomials for n = 4. The Bernstein polynomials is from left
to I'ight, BQ74, BL47 e ,B474.

To ensure that the spread function is periodic it will be calculated as

B, (0/7) 0<6<m.
o(0) = (7.9)
B,(0/mt—1) 7 <6 <2nm.

The function must be continuous at o(7) and differentiable. To ensure differentiability the

derivative of the Bernstein expansion must be calculated. The derivative of a Bernstein
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polynomial can be can be calculated as

d d(n\ . ;
— B, () =—| _ J#(l—-t"" 7.10
B0 =5 (1) a0 .10
. n! | n—i ) n/! i n—i—1
=j——t" (11t —7)———t'(1—¢ -1 7.11
gt 0 Fh—damt =97 (=0 01D
: n(n —1)! 4 i
_ £1(1 — 4)ln—1-l-1]
mon-p-nua-1n’ Y
N (7.12)
_ n(n — ) . ti(l . t)(n—l)—i
((n—1)—d)ld!
— 1N, . 1N . _
- n(rf )tz‘l(l e n(n , )tz(l _ ¢)ln—Di (7.13)
1—1 1
= nBi_Ln_l(t) — nBZ'm_l(t). (714)
The derivative of the Bernstein expansion is therefore
d n
aBn(t) = Zﬁm [Bi—l,n—l (t) — Bi,n—l (t)] (715)
i=0
The values for the Bernstein polynomial at £ = 0 is
B;n(0) = (n> 0i(1)™ (7.16)
)
1 =0
= (7.17)
0 otherwise
andat¢t = 11s
Bin(1) = (n) 19(0)"~ (7.18)
)
1 2=n
_ (7.19)
0 otherwise
To ensure continuity from 1 to 0, B; ,,(0) = B ,,(1), the following must hold
Bo = P (7.20)
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To ensure differentiability the following must be true

d d
aBn(O) = EBn(l) (7.21)
—nfy +nb = nb, —nf_ (7.22)
Br — Bo = Bn — Bn-1. (7.23)
Both constraints therefore are
Bo = Bn (7.24)
B1 — Bo = Bn — Bn-1. (7.25)

It is interesting to note that both of these constraints are linear. The spread function can then be

written as

B, (0/7) 0<6<m.
o(0) = (7.26)
B,(0/mt—1) 7<6<2nm.

7.3 CRITERION FUNCTION

The criterion function should approximate the probability of misclassification.  The
approximation of the probability of misclassification is then minimised by changing the spread
function. The parameter vector that is changed in order to minimise the criterion function is the

coefficients of the Bernstein approximation (that is used as a spread function)

6= 6 ... 5] (7.27)

when a linear SVM is used. When a Gaussian kernel is used, the parameters to be optimised is

6=|06 O ... B o], (7.28)

where o is the width of the Gaussian kernel. The criterion function is similar to the one

presented in [10] (in that the normal assumption is used for the distribution of the classes).
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The discriminant function that is used for classification is (see equation 4.27 )

¢
=) iy (xi, %) + b, (7.29)
=1
where the classification result is sgn(g (x)).

The criterion function is calculated as the probability of misclassification using the training
set. The training dataset O is divided into two parts, O and Or of approximately equal size
which contain elements of both classes. The criterion function K (8|Oy) is obtained in the

following manner:

1. Oy is used to train the »-SVM classifier (the current parameter set 6 is used for the TFR
kernel). The set of parameters a and b will be obtained. This can be done with standard

SVM training algorithms (such as SMO).

2. The decision function g (x) is evaluated for each signal in the test set (O7). The number
of positive patterns (y; = 1) in the test set O is denoted as 7" and the number of negative

patterns in this set is denoted as 7.

3. The empirical mean and variance is calculated for each of the two classes

1 .
= — ' (7.30)
and
1 o
i 2
ot =7 (g — i) (7.31)
+1 i—1

The mean and variance for the negative case is calculated in an similar manner.

4. The criterion function for these specific subsets is calculated as (derived in the next

section)

K(0|0r,0r) = % + —erfc (\/_0 ) — ierfc (\;;; ) (7.32)
+

The assumption that the two classes are normally distributed is motivated in [10]. This
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procedure is repeated R times for different subsets Or and Oy, of Oy. The final criterion

is therefore
| &
Kgr(8|Oy) = = ;:1 K (0|0r,0;) (7.33)

where O and Oy, are different random subdivisions of O7.

Since the above selection of subsets is random, the criterion to be optimised will be a stochastic
function. An alternative that was implemented in this dissertation is loosely based on k-fold
cross-validation (see [62] for an explanation of cross-validation). For each calculation the
dataset is subdivided into n sets (each set containing an equal number of patterns from both
classes). The first set is then used to test while the rest is used for training. An example of this

for 5 folds is given in figure 7.3. This strategy offers three advantages:
1. Each pattern appears at least once in the test set.

2. The training dataset is much larger than in the previous case (where the complete dataset
is subdivided into a training and test set). This is especially advantageous if the dataset is

small.

3. The subdivision is not stochastic which means that optimisation methods will work better.
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FIGURE 7.2: Cross-validation strategy to calculate the probability of misclassification
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7.3.1 Derivation of the criterion function

It is assumed that the pattern x will be classified as 1 if g (x) > 0 and —1 if g (x) < 0 and
that g(x;|y = 1) and g(x;|y = —1) are normally distributed (see [10] for a motivation). The

probability that a pattern will be misclassified is

P(misclassification) =
(7.34)
Po=-1lw=1)Pw=1)+P@=1w=-1)P(w=-1)

where w is the true class of the vector and w is the classified class of the vector. Assume
that p, (x) probability density function of g(x|y = 1) and p_(z) is the probability density
function of g(x|y = —1). The error function and complementary error function for the Gaussian

distribution is used in the derivation and is defined here as

2 [t _p
erf(t):—/ e "dt (7.35)
T Jo
and
2 [
erfc(t) = — e " dt (7.36)
T J¢
= 1 —erf(¢). (7.37)

The cumulative distribution function of a Gaussian distribution N (u, o) can be written in terms

of the error function as

1 t—
F(t)=—=|1+erf . 7.38
=3 [ (\/50 )] (739
Using the normal assumption the derivation below simplifies equation 7.34. The probability of
misclassification for a pattern of class w = —1 is
Pl=1llw=-1) = / p_ (x)dx (7.39)
0
= 1-—F(0) (7.40)
1 —l_
= 1——|1+erf 7.41
[+t () A
1 —
= —erfc . 7.42
2 ( V20 ) (7:42)
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The probability of misclassification for a pattern of class w = 1 is

Po=-lw=1) = /0 P (z) do (7.43)
_ F0) (7.44)
)] s
() o
— 1 %erfc (\;5’”:) (7.47)

The total probability for misclassification is therefore

P (misclassification) = P (w = —1) F erfc (\fg )}

rem ()]

The P(w = 1) and P(w = —1) can be set as 1 if both classes are equally likely. It is important

(7.48)

though to use the above formula when the strategy of one-versus-all is used to change the SVM
into a multi-class classifier. The case where the two classes are equally likely simplifies the

above to

1 1 1
P(misclassification) = — erfc ( —H- ) + - -~ erfc (

7.4
V20 ) (7.99)

V2o

7.3.2 Optimisation

The optimisation was performed with the global best PSO algorithm (this is explained in
Chapter 3). The optimization should be performed while the linear constraints are met

(equations 7.25 and 7.25). A general set of linear equations can be expressed as
Ax=Db (7.50)

where x is the vector to be optimized and A and b are the linear constraints. Consider the

calculation for the velocity update (equation 3.2)

vi(t+1)=vi(t)+p1(yi (1) —xi (1) + p2 (¥ (£) —xi (1)) - (7.51)
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If the initial particle positions satisfy the constraints and the initial velocity is zero then

multiplying the velocity update with A gives

Avi(t+1) = Avi(t) +p1(Ayi (t) — Axi () + p2 (AY (t) — Axi (1)) (7.52)
= Av;+p1(b—0b)+ ps(b—b) (7.53)
= 0 (7.54)

With an induction argument it can therefore be proven that if the initial conditions satisfy the
constraints and the initial velocity is zero, all subsequent solutions will be zero. This means
that as long as the initial particles satisfy the constraints, all subsequent solutions will satisfy
the constraints. This is significant since it allows the constraints on the Bernstein coefficients

to be added without any additional overhead.

What is also interesting to note is that any intermediate result is therefore simply a linear
combination of all the initial starting vectors. This implies that just a subspace of the full vector
space is searched. Therefore, to find the optimal solution for an n parameter problem, at least
n linearly independent particles must be used. The performance of the classifier is discussed in

chapter 10.
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8.1 INTRODUCTION

As previously stated, the radar transmitter signal is non-stationary (the frequency content of the
signal varies with time). This motivates the use of representations that represent the signal in
both time and frequency. As from the discussion in section 1.1, methods for non-stationary

signal classification can roughly be divided into three groups:
1. Parametric signal dependent classifiers using a stochastic model of the source.

2. Ad hoc signal dependent models utilising a TFR and a problem dependent feature
extraction method. The feature extraction and classifier are usually constructed based

on trial and error.

3. Signal independent methods for automatic classification. These also incorporate a feature
extraction method but is not tuned to a specific model (an example of this method is given

in [18]).

The feature extraction step is usually motivated by the so called “curse of dimensionality”
problem many classifiers face. In short, to approximate an unknown probability distribution
with a given accuracy, the number of patterns needed increases exponentially with the
dimensionality of the feature space [63]. This problem is not just limited to neural networks

but also occurs in Bayesian analysis approaches.

Support vector machines do, however, not suffer from this problem. If patterns are inseparable
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a kernel function is used to implicitly map a feature vector to a higher dimensional space. The
reason for the good performance of SVMs in high dimensional spaces is that methods such as
Bayesian analysis attempt to approximate the probability density of the feature space. This,
however, is not necessary and often disadvantageous. The central philosophy behind SVMs as

stated by V. Vapnik is [64] :

“When solving a problem of interest, do not solve a more general problem as an
intermediate step. Try to get the answer that you really need but not a more general

2

one
The following advice is also given in the same text

“Do not estimate a density if you need to estimate a function. Do not use the
classical statistics paradigm for prediction in a high dimensional world: Do not use

generative models for prediction.”

It is this philosophy that enables SVMs to work well in high dimensional spaces (by avoiding

the calculation of a probability density function).

8.1.1 Wavelet Packet Transform

This section will show, with the aid of examples, why the wavelet packet transform is an apt
method to extract the time and frequency information. For the normal multiresolution case

(figure 6.10) the approximation can be expressed as

Py, = ) an] \/%b (tf")- (8.1)

n=—0oo

where a;[n] is the inner product defined as

ajln] = <f, \/12—j¢ (t_;jn». (8.2)

f is approximated at 1}, as the sampled discrete signal.

The local time-frequency energy at (t = 2/n,§ = 3) can be calculated as the energy

contributed by the scaling function (some scaling functions are not centred at £ = 0 — this
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however does not change the argument). The energy contributed by the scaling function is

therefore (assuming a normalized wavelet)

2

. o0 1 — 27
PEf(t = 2/n, %) = / a;j[n] 2jq§ (t 5 n) dt (8.3)
= a;[n]|* (1). (8.4)

The same approach can be followed for the wavelet function (and the approach can be extended

t—2in
27

to the wavelet packet transform case). The above function \/%qb ( ) has a higher time
resolution for small ;5 and a higher frequency resolution for large j. The above expression can
therefore be used to calculate the energy content of the signal (similar to a spectrogram or
scalogram). The wavelet packet tree is given in figure 8.1 to illustrate the time and frequency

solution for the WPT.

A
1
W,
Higher time resolution, Higher frequency
lower frequency . .
luti resolution, lower time
resolution 1 2
WL+1 WL+1 resolution
1 2 3 4
Wiis Wiis Wiis Wiio '

FIGURE 8.1: Time and frequency resolution in the wavelet packet tree.

Due to space considerations the wavelet packet tree will be represented as a matrix.
This notation is illustrated in figure 8.2. It is assumed that the signal starts at time 7, and
ends at 7¢,4. The matrix containing the intensities of the wavelet packet tree for a signal x is
denoted as T'F' Ry (i, j;x). It is assumed that the signal length is extended to be a power of
two. Each wavelet packet will therefore have % samples and there will be log, N, + 1 levels.
The intensity for t+ = 2n for packet p (using the notation in figure 8.2) can be indexed as

TFRw (j+1,5(p) + 1 +n).

The WPT of a cosine signal of 512 samples is given in figure 8.3(a). This example
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FIGURE 8.2: Description of a wavelet packet tree in a matrix format. j is the row of the matrix
and the columns range from 1,2..., Ns.

shows that the signal is concentrated in frequency. Since the lowest levels of the WPT is
completely resolved in frequency (since each packet only contains a single sample), the packet
with the highest intensity in should therefore be around % x 512 = 153.6. It is clear from
this example that two pure cosine signals are separated best at the packets with the highest

frequency resolution.

A signal with opposite characteristics is the Kronecker delta. An example of such a
signal with a Kronecker delta at ¢ = 256 is given in figure 8.3(b). As can be seen this figure
the signal is spread over the frequencies lower in the wavelet packet tree. Therefore if two
Kronecker delta signals are to be separated the first level would offer the best resolution. These
two extreme examples illustrate the advantage of the WPT — the WPT can “focus” to the

correct resolution.
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(b)

FIGURE 8.3: Wavelet packet transform of two common signals concentrated in frequency and
time respectively. (a) WPT of a cosine signal of 0.15Hz. (b) WPT of a Kronecker delta at
t = 256. The row and column indices is explained above. Both figures used the Battle-Lemarié
31 filter.
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8.1.2 Description of the classifier

The wavelet packet transform is calculated for each signal . An SVM is used with the WPT

representation for each signal to be classified. A linear kernel for an SVM can be defined as

logy Ns+1 Ns
Kinear(x,X) = Y Y TFRyy(i,;x)TFRyy (i, j; X ). (8.5)
i=1  j=1

The discriminant function for the SVM can then be defined as

14
g (X) = Z aiyiklinear(X, Xi) + b. (86)

=1

The discriminant function can either be calculated with the C'-SVM or »-SVM algorithm.

8.1.2.1 Other kernel functions

A kernel function was also defined that combined second order polynomial kernels for each

packet. The kernel was therefore defined as

p

/ !/ 2
k (x,x> = (<xx> n 1) 8.7)
=1
where x; is the ith wavelet packet and p is the total number of wavelet packets (it is easy to
show, by using the rules of 4.4.1.1, that the above is a proper kernel). This construction of
a kernel was done in an attempt to exploit correlations in the energy of each position. This

however did not result in an improvement in the classification accuracy.

Another kernel was defined along the lines of the locality improved kernel in [2, 38, 65].
The calculation of the resulting kernel is illustrated in figure 8.4. The point-wise product is
taken between x and x . This is then sampled with a pyramidal receptive field centered at each

location [2]. It can be expressed as

=Y w(li—j)) (x.*x’>j (8.8)
J

It is suggested in [2] to use a weighting function as w (n) = max (p — n, 0) where p is the width

of the receptive field. It is further suggested that z; can be raised to a power d; and the sum of
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z; can be raised to a power d;. The locality improved kernel was implemented for each wavelet

FIGURE 8.4: Locality improved kernel with a pyramidal receptive field.

packet and the result summed (as in the previous section). This however did not result in an

increase in the classification accuracy.

8.1.2.2 Combining multiple signals

Several non-stationary signal classification problems involve multiple signals for each pattern.
A good example of such a class of problems are several electroencephalography (EEG)
classification problems. Each EEG pattern contains multiple non-stationary signals — each of
these signals represent different physical positions of electrodes and are recorded at the same
time. A recently developed SVM algorithm called multiple kernel learning (MKL) allows for

the combination of multiple kernels [66]. The resulting kernel can be expressed as [43]
K.
ka(x,x) =) Bki(x,x) (8.9)
k=1

with 3, > 0 and ZkK:CI (. = 1. In the above each kernel k;, uses a distinct set of features. In the

multiple signal problem with & signals we can define each kjpeqr (X, X ) as

/ ’

kk (X> X ) = klinear (Xsigk> Xsigk) (810)
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where X, is the kth signal of the pattern x and £ is defined in equation 8.6. The resulting

discriminant function would therefore be

¢
g(x) = Zk’M(X,Xi) +b. (8.11)

=1
Several efficient algorithms have been developed to calculate the weight vector 3 and the (o, b)
values (see for instance [43]). The Shogun toolbox includes an implementation of multiple

kernel learning [43].

8.1.2.3 Incorporating prior information

Certain properties of the signal may be known beforehand. For some types of signals (e.g.
radar pulses) it may be a requirement for the classifier to be invariant to small translations of
input signals. A well known method to incorporate this is to generate a virtual training set. This
training set contains the original training data and translations of the training set. This method

unfortunately creates an extremely large training sets.

A different technique known as the virtual SV method can overcome this problem [38].
The classifier is trained with the training set. After the training is complete, the translation is
applied to only the support vectors. The SVM is then retrained on the generated dataset and
the training dataset. The motivation for this is that the SV set generally only encompasses a
fraction of the training set. These vectors also support the hyperplane therefore translations of

these vectors are more likely to change the classification boundary.

Another method to incorporate prior information is to use data that is generated from a
similar source to the two sources that are to be classified. Such a method is discussed in the

next chapter.
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0.1 INTRODUCTION

In the classical binary classification setup, the training of a classifier is performed on a dataset
((x1,1), (X2,92), - -, (X¢, 7)) Where x; is the pattern vector and y; € {—1,1} is the class
label. One method used to improve the classification performance is semi-supervised learning
(SSL) [67]. In this framework a second dataset is used. This dataset originates from the same
two classes but is unlabelled. The unlabelled training dataset is usually a lot larger than the
training dataset. The motivation for this is that the cost of labelling a pattern for training may
be high or the labels are simply not available. The performance improvement in this framework
is due to the clustering assumption (patterns in the same clusters are likely to be of the same
class [67]). An an example of this, consider the general problem of e-mail spam classification.
A relatively small dataset of labelled e-mails is available (since human effort is required to
perform the labelling). The unlabelled dataset is much larger since it does not require any
human effort to create.

A new classification framework was introduced in [1]. In this framework the second dataset
(known as the Universum) is in the same domain as the classes of interest but not from the two
classes. To make this clear, consider the a classification task between two faces (from person A
and person B). The size of this dataset is very small. Another dataset consisting of images of

faces of people not in those two classes is then used to improve the classification (i.e. person C,
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D, ..).

9.2 DEFINITION OF THE UNIVERSUM PROBLEM

The Universum classifier in [1] is developed along the lines of the classic C-SVM classifier
(described in section 4.3.1). The C'-SVM problem can be rewritten with the aid of a hinge loss

function as [1]

¢

%3%29% [wi*+ CE;Hl [Yigws(x:)] (0-1)
where Hy[t] = max (0,6 — t) (note that the C' parameter is not divided by ¢ in this definition).
From theoretical reasoning (discussed in [1]) the hyperplane with the maximum number of
contradictions is preferable. If f(x;) is close to zero a small change in f will cause a
contradiction. This leads to adding a term Cy Y ;" U.[f(x;)] to the above expression. U.|[t]
is called the c-insensitive loss and is defined as U, [t] = H_.[t] + H_.[—t] [1]. The problem can

therefore be written as

¢ 0y

1 X
min o wl’ + C ; Hy [yigwp(x:)] + CuZ; Ut [gws(x;)] 9.2)
where x* are the Universum patterns. The Hinge and the c-insensitive loss function is illustrated
in figure 9.1. This problem is a convex optimization problem that can be solved in its dual.
Details regarding this can be found in [1]. Selection of the Universum samples is discussed

in [68] and [69].

9.2.1 Example problem

An example is used in this section to illustrate a scenario where the Universum can be useful.
Consider the problem where each class is specified by a radius that is generated from a uniform
distribution  ~ U(0, 10). For each pattern generated by the class, an angle is calculated as

0 ~ U(0,27). The pattern is then generated as x ~ N (u,>) where

sin(0)
"l’ =T 5 (9.3)
cos(0)
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(a) Hinge Loss (b) e-insensitive loss

FIGURE 9.1: Hinge loss and e-insensitive loss functions [1,2]

and
Y= . (9.4)

Figure 9.2 shows 20 patterns of a class with » = 3.0. The advantage of using the Universum
will be the greatest for problems with a few training vectors. An example of this is figures
9.3 and 9.4. In this problem two classes were generated as described above with 4 patterns
per class. The decision boundary is given in figure 9.3. The same problem with a decision
boundary generated using the Universum is given in figure 9.4. For these two figures % = 10
and %‘ = 1 (the Universum examples will therefore only effect the final solution in a small
way). It can be seen that the first figure will have a high misclassification rate — since the
patterns will be generated as a Gaussian with a mean on the circle and the classifier classifies

the bottom half as a single class.

The improvement in classification accuracy for various values of Cy/fy and training
sizes for the problem is given in figure 9.5 (calculated by subtracting the classification accuracy
without using the Universum from the classification accuracy using the Universum). From
the figure it is clear that the increase in classification accuracy increases for extremely small
values of Cy//y. It is also clear from this that the Universum values should have a very low

weight (i.e. Cy;/¢ should have a small value). The Universum also seems to be most beneficial
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FIGURE 9.3: Classification boundary without the Universum.
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FIGURE 9.4: Classification boundry for the problem with the Universum. Universum examples
are given in cyan.

when the training set is small. If the training set becomes larger, the weight of Cl/ /s should be

reduced.
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FIGURE 9.5: Improvement of classification accuracy for various training sizes (¢) and values of
%‘. The size of the Universum dataset is kept constant at 200 samples.
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0.3 DESCRIPTION OF THE WPT-UNIVERSUM CLASSIFIER

The WPT-Universum classifier is the same as the WPT-SVM classifier described in the previous
section except for the fact that the Universum classifier is used instead of the v-SVM classifier.
For most signals it was found that the Gaussian kernel achieved the best performance. This
is interesting since experiments in [1] (digit, character and document classification) also show
better performance when Gaussian kernels are used. The width of the Gaussian kernel was
calculated using a strategy similar to cross validation. The training dataset is divided into
n datasets. Each of these sub-datasets is used as a test dataset while the rest are used for
training the classifier (see figure 5.2). The average classification accuracy using this strategy
is calculated and the Gaussian’s width optimised according to this (using a line search). The

process of searching for a kernel width is however computationally costly.

For the radar transmitter problem, the two transmitters that will be classified are treated
as the two classes. Other transmitters of the same make and model are treated as the
Universum. This is an apt model since in practical situations the models will not be known.

The results for this is presented in the next chapter.
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10.1 TEST PROBLEMS

This section describes three test problems against which the classifiers were evaluated. The
first is an EEG classification problem. This is a non-stationary signal that has a wide spectrum.
The second problem is the classification of a model that generates cubic and exponential chirps.
This is a model that generates models (i.e. each source is created according to a probability
distribution). The chirps are also multi-component. The third problem is the radar transmitter

classification problem using the model described in Chapter 2.

10.1.1 EEG data

An EEG dataset described in [70] was selected to test the classifier. The motivation for this was

twofold:

1. The dataset is large and well studied which facilitates a reasonable comparison between

the classifiers developed here with other classifiers in literature.
2. EEG data is non-stationary and the generating model is unknown.

The dataset contains five categories of a 100 segments each (from a single channel). Two
of these categories were used in the classification experiment. The A category contained
EEG measurement of healthy volunteers with eyes open. Categories C, D and E was from a
presurgical diagnosis for epilepsy. The dataset E contained data from an epileptic patient in

seizure. For the problem, classification was performed between category A and E. The dataset
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was recorded at 173.61Hz and each segment is 23.6 seconds long (giving a total of 4097 samples
which were truncated to 4096). The testing procedure for different studies unfortunately differ
so the results between studies are not directly comparable. The testing procedure for each study

was exactly reproduced to compare it with the classifiers developed in this dissertation.

10.1.2 Cubic-Exponential chirp problem
10.1.2.1 Chirp definitions

The equations for a linear chirp, cubic chirp and exponential chirp is developed in this section.

The instantaneous frequency for a linear chirp can be expressed as
wi (t) = wo + Bt. (10.1)

If the start and end time and frequencies are specified by (0,wo) and (¢7,wy) the [ parameter

can be calculated as

Wy — Wo

g y

(10.2)
The chirp is then calculated as
Lo
o(t) = Acos wgtiﬁt + s |, (10.3)

where )5 is the starting phase of the cosine. The instantaneous frequency of a cubic chirp is
defined as

w(t) = a [2 (i _ 3)]3 o, (10.4)

where ¢ is the time step and ¢, is the final time. The start and end values for the instantaneous

frequency will therefore be

w(0) =—a+w. (10.5)
w(ty) =a+w. (10.6)
W(%tf) = We. (10.7)
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The chirps can therefore be specified by the center frequency w, and the final frequency wy. The

a value can be calculated as @ = w; — w.. The signal can then be generated as

4
o(t) = Acos(2a (t/tf — %) tr + wet + 1s) (10.8)

Alternatively the cubic chirp can be specified by specifying the start and end values. w. and a

are then calculated as

we =T (10.9)
0= @ (10.10)

The instantaneous frequency of an exponential chirp can be defined as (where ¢ is normalized

as above)
w;(t) = aexp (bt/ty). (10.11)

When the chirp is specified by its start and end frequencies it the parameters can be calculated

as

a = w;(0) (10.12)
b= log, wilts) (10.13)

The final chirp can be expressed as
¢ (t) = Acos (ibf exp(bt/ts) + 1/Js>. (10.14)

10.1.2.2 Cubic-exponential chirp model definition

The cubic-exponential chirp problem was created to be a simple test alternative for the
transmitter model. The problem is similar to the radar transmitter model in that a model

generates different models.
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10.1.2.3 Model definition

The parameters of each model is generated as random variables. This model will then generate
signals randomly according to the generating parameters. Each model will therefore differ
from other models and each signal generated by a specific model will differ from other signals
generated by the same model. The model is a multi-component non-stationary signal consisting

of a cubic chirp and an exponential chirp.

The means for the start and endpoint for the cubic chirp in the model is generated as

fies ~ U(0.05,0.25) (10.15)
fies ~ U(0.35,0.45). (10.16)

For the exponential component the start and end values means are generated as

fies ~ U(0.1,0.3) (10.17)
fies ~ U(0.3,0.45) (10.18)

For each signal, the start and end values for the cubic chirp are generated as

Wg ~ N (,ucsa O-cs) (1019)
wy ~ N (,U,Cf, O'Cf) (1020)

and for the exponential chirp this is generated as

a ~ N (fles, Ocs) (10.21)
wyr ~ N (,uef, O'ef) . (1022)

The o values are set to 0.025. All the start and end instantaneous frequencies are clamped to
between 0 and 0.5 if they are out of this range. Gaussian noise is added with o2 = 1. An
example of the WVD of a signal generated by such a model is given in figure 10.1(a). The
cubic, exponential and noise components are separately given in figures 10.1(b), 10.1(c) and
10.1(d). Each training set consists two models generated in the manner explained above. 80

signals in total are generated in this way (equally divided as 40 from each class).
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(b) WVD of the cubic chirp

(a) WVD of a generated signal. Sum of an exponential

chirp, cubic chirp and noise.

f[Hz]

f[Hz]

150 200 250

250 50 100
n

100 150 200
n
(c) WVD of the exponential chirp. (d) WVD of the AWGN noise.
FIGURE 10.1: Plot of the abosolute WVD values of the components of the Cubic-Exponential

50

chirp problem.
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10.1.3 Radar transmitter problem

Radar pulses were generated according to the model in Chapter 2. The number of sections used
in the pulse-forming network was 7. The pulse width were 1.5 us. The pulse height was 5.8 kV'.
The tolerances on the capacitors and inductors were 5% from model-to-model. 2, was set to
1450€). The center frequency was set to 900 M hz and the frequency pulling was set to 0.6 M hz
in the range of 899.4 M hz and 900.6 M hz. Each pulse was sampled to produce a length of 128

samples.

10.2 COHEN’S CLASS CLASSIFIER RESULTS

10.2.1 Cubic-exponential chirp problem

The Cohen’s class classifier achieved an accuracy of 79.16% on the Cubic-exponential chirp

problem.

10.2.2 Radar transmitter model

The classification accuracy for the Cohen’s class classifier on the radar transmitter problem is

given in figure 10.2.
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Error rate

SNR [dB]

FIGURE 10.2: Classification accuracy for the radar transmitter model

10.3 WPT-SVM CLASSIFIER

10.3.1 EEG data

10.3.1.1 Comparison one

The study in [3] used the discrete wavelet transform to calculate the relative wavelet energy
(calculated from the wavelet coefficients). An ANN was used to perform the classification of the
EEG signals. The classification accuracy was determined by randomly subdividing the dataset
of 200 segments into a testing and training dataset of a 100 segments each. This was performed
repeatedly and the average classification accuracy was calculated for this. The performance of
the WPT-SVM classifier that was developed is given in figure 10.3. The performance of the
best and worst wavelet in the WPT-SVM classifier is given in table 10.1.
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FIGURE 10.3: Classification accuracy for the WPT-SVM classifier on the EEG problem using the testing procedure of [3].
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TABLE 10.1: Performance of the WPT-SVM classifier compared to the classifier in [3].

Classifier Classification Accuracy (%)
Guo, Rivero, et. al. [3] 95.20
WPT-SVM Battle-15 wavelet (Worst) 97.65
WPT-SVM Coiflet-1 wavelet (Best) 98.20

10.3.1.2 Comparison two

The study [4] used a different testing methodology. Each EEG section of 4096 is split up into
sixteen 256 sample length signals. These are then in turn treated as independent samples. 5
and 10 fold cross-validation was then used to calculate the performance (an overview of k-fold
cross validation can be found in [62]). The use of cross validation ensures that the training set
would be larger (when compared to the 50%-50% training and test set division in the previous
section). This will therefore increase the classification accuracy. The classification accuracy
for the WPT-SVM classifier for the 5-fold cross validation is given in figure 10.4 and for the
10-fold cross validation in figure 10.5. The performance of the best and worst case classification

of these and [4] is given in table 10.2.

TABLE 10.2: Performance of the WPT-SVM classifier compared to the classifier in [4].

5-fold cross-validation

Classifier Classification Accuracy (%)
Polat & Giines [4] 08.68
WPT-SVM Battle-15 wavelet (Worst) 99.63
WPT-SVM Coiflet-1 wavelet (Best) 99.75
10-fold cross-validation
Classifier Classification Accuracy (%)
Polat & Giines [4] 98.72
WPT-SVM Battle-13 wavelet (Worst) 99.63
WPT-SVM Symmlet-10 (Best) 99.78
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FIGURE 10.4: Classification accuracy for the WPT-SVM classifier on the EEG problem using the 5-fold cross-validation testing procedure

of [4].
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FIGURE 10.5: Classification accuracy for the WPT-SVM classifier on the EEG problem using the 10-fold cross-validation testing procedure
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10.3.2 Cubic-exponential chirp problem

The classification accuracy of the WPT-SVM classifier on the cubic-exponential chirp problem

(described in section 10.1.2.3is given in figure 10.6.
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10.3.3 Radar transmitter problem

The error rate (misclassified signals divided by total signals) for the WPT-SVM classifier on
the radar transmitter classification problem is given in this section. Due to space considerations
only a selected set of wavelets are plotted. The error rate for the Battle-Lemarié wavelet is given
in figure 10.7. The error rate for the Daubechies wavelets, Symmlets and Coiflets are given in
figure 10.8, figure 10.9 and figure 10.10.

Error rate

10°F | —+— Battle-7

—+— Battle-13
Battle—-23

—+— Battle-31

0 2 4 6 8 10 12 14 16
SNR [dB]

FIGURE 10.7: Error rate for the WPT-SVM classifier on the radar transmitter problem using
Battle-Lemarié wavelets.
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FIGURE 10.8: Error rate for the WPT-SVM classifier on the radar transmitter problem using
Daubechies wavelets.
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FIGURE 10.9: Error rate for the WPT-SVM classifier on the radar transmitter problem using
Symmlet wavelets.
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FIGURE 10.10: Error rate for the WPT-SVM classifier on the radar transmitter problem using
Coiflet wavelets.

10.4 WPT-UNIVERSUM CLASSIFIER

The classification accuracy for the WPT-Universum classifier on the cubic-exponential chirp
problem is given in figure 10.11. The classifier used a radially Gaussian kernel. The
classification accuracy is plotted against the number of training samples. Because of the high

running time the WPT-Universum classifier was not simulated on the radar transmitter problem.
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F1GURE 10.11: Classification results of the WPT-Universum classifier with a Gaussian kernel
compared to the classification accuracy of the WPT-SVM classifier

10.5 DISCUSSION OF RESULTS

The results for the classifiers on the test problems are discussed in this section.

10.5.1 Cubic exponential chirp problem

The Cohen’s class classifier achieved an accuracy of 79.16% on the cubic-exponential chirp
problem. This is higher than the classification accuracy for the WPT-SVM for any wavelet
(see figure 10.6). The highest classification accuracy for the WPT-SVM is 76.88% using the
Battle-Lemarié-29 wavelet. The Battle-Lemarié wavelets performed significantly better on this
problem than other wavelets and the performance increased with the order of the wavelet.
It is illustrated in figure 10.11 that the WPT-Universum can attain a higher classification
accuracy with fewer training samples than the WPT-SVM classifier. The complexity of the

WPT-Universum classifier is however much larger since the Universum set is extremely large.
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Because of this complexity the algorithm was not run on the radar transmitter problem. The
EEG classification problem also did not have any acceptable datasets that could be used as a

Universum.

10.5.2 EEG data

For the EEG data, only the WPT-SVM classifier was used because the Cohen’s class classifier is
infeasible for long signal lengths (discussed below in section 10.5.4). The WPT-SVM achieved
a higher classification accuracy on the EEG data than the studies [3] and [4] (results in table
10.1 and 10.2). All wavelets outperformed the studies and the difference in classification
accuracy between the different wavelets was small. It is unclear what caused the difference

in performance between wavelets.

10.5.3 Radar transmitter data

For Battle-Lemarié wavelets (figure 10.7), the higher the order of the wavelet the higher
classification accuracy is on the radar transmitter problem. The differences are however fairly
small. It should be noted that the higher order wavelets have long filter lengths. In problems
where the signal is longer, the effect of higher order would probably be more visible. For
Daubechies wavelets (figure 10.8) the best performing wavelet was the Daubechies-16 wavelet

(this was also the overall best performing wavelet on the problem set).

A comparison between the Cohen’s class classifier and WPT-SVM for the best wavelet
for each class is given in figure 10.12. The Cohen’s class classifier outperforms the WPT-SVM
significantly at high signal to noise ratios. It is interesting that the WPT-SVM performs a little
better than the Cohen’s class classifier at low signal-to-noise ratios. This may be because high

noise amplifies the effect of the cross-terms.
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FIGURE 10.12: Comparison between the Cohen’s class classifier and the WPT-SVM classifier

10.5.4 Complexity of algorithms

Both the computational complexity and memory requirements for the Cohen’s class classifier is
significantly higher than for the WPT-SVM. For a signal of length [V, the Cohen’s class classifer
calculates a TFR of length N2. For the WPT-SVM classifier, the size of the wavelet packet
transform is approximately (log, N + 1) N. This is illustrated in figure 10.13. The Cohen’s
class classifier also requires that the TFR be calculated multiple times during training. It is

because of this complexity that the Cohen’s class classifier was not tested on the EEG dataset.
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FIGURE 10.13: Size of the time-frequency representation for the Cohen’s class classifier and
the WPT-SVM classifier.
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CONCLUSION

11.1 SUMMARY

In this dissertation, radar transmitter identification was investigated. For this a radar transmitter
model and several signal classifiers were developed. The radar transmitter model was developed
as a pulse-forming network followed by an oscillator. A linear model for a magnetron oscillator
was developed which incorporated frequency pushing. The linear model was used in the pulse
forming network to develop an analytical solution based on the system of differential equations

that describes a Guillemen E-type pulse-forming network.

In Chapter 7 a classifier was developed that improves on the series of classifiers developed
in [11-13]. This classifier used a Cohen’s class time-frequency representation with a radially
Gaussian kernel. This kernel is described by a Bernstein expansion spread function introduced
in Chapter 7. Constraints on the spread function were introduced to ensure that the spread
function is continuous and differentiable. It was also proven that the constraints on the spread
function can be added without increasing the complexity of the particle swarm optimisation

algorithm. This classifier is compared to other classifiers in Chapter 10.

A new classifier using a wavelet packet transform was developed. In this classifier, the
wavelet packet transform was calculated for each signal. The energy contribution for each of
the points in the wavelet packet transform was then calculated. This was used with a support
vector machine classifier. The classifier was compared to both the Cohen’s class classifier

with a cubic-exponential chirp (in Gaussian noise) test problem and on the radar transmitter
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problem. On the cubic-exponential chirp problem, very high order Battle-Lemarié wavelets
performed the best. The multiresolution filter coefficients for these wavelets are calculated in
Section 6.5.1 and are listed in Appendix C. The classification accuracy of the wavelet packet
classifier on this problem is slightly worse than the Cohen’s class classifier. The complexity of
this classifier was discussed in Chapter 10. This showed that the classifier has a much lower

complexity than the Cohen’s class classifier (N log, N compared to N?).

The wavelet packet classifier was also tested on an EEG dataset (Section 10.3.1). The
classification accuracy achieved with this classifier was much higher than the classification
accuracy of two papers [3,4] that used the same dataset. The difference in performance between

different wavelets was also much smaller than in the cubic-exponential chirp case.

On the radar transmitter problem, the wavelet packet classifier performed better than the
Cohen’s class classifier at low signal-to-noise ratios but worse on higher signal to noise ratios
(Section 10.5.3). This is probably caused but the increased effect of cross-terms in the Cohen’s
class classifier at low signal-to-noise rations. The wavelet packet classifier also allowed for

multiple signals per pattern to be incorporated.

A new classifier was developed in Chapter 9 that enables the prior information of a
signal to be incorporated in the classification process with the aid of signals in the same
domain. The disadvantage of this approach is that it has much higher complexity and little
research has yet been done on Universum type classifiers. This concept however forms a good

basis for future research.

11.2 FUTURE WORK

11.2.1 Universum classifiers

Classification using the Universum is a relatively new field. There are two main questions

regarding Universum classifiers:

1. Selection of the Universum samples. Only a single study has been done regarding the

selection of Universum samples [68]. The results however, remain inconclusive.

2. Weighting of the Universum samples (i.e. selection of the C}, factor).
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The current formulation of the Universum also treats the class labels of the Universum samples
as unknown. There are however be cases where the labels of the Universum patterns may be
known which could be used to improve the classification. The Universum classifier could also

be extended for multi-kernel classification.

11.2.2 Usage of a redundant wavelet packet transform

The discrete wavelet transform and wavelet packet transform only represents translations at
t = n2’ (i.e. the coarser the approximation the less translation values there are). There is
an extension to the discrete wavelet transform that makes provision for ¢ = n translations at
every level. This is known as the redundant discrete wavelet transform (RDWT) [71]. It may
be possible to extend the wavelet packet transform also along these lines and utilise this for

classification purposes.

11.2.3 Extended to image recognition problems

The wavelet packet based classifier may be extended to image recognition problems. The
wavelet packet transform is extended to the image case with a wavelet packet quadtree.
An example of this is given for the familiar boat test image (figure 11.1). The first level
decomposition is in figure 11.2.3 and the second level decomposition is in figure 11.3.

As can be seen from these figures, the majority of the energy is in the low-pass representation.
This is usually the motivation for wavelets in image compression — the higher frequency
components tends to be sparse. This however does not mean that the higher frequency
components are useless for classification. The higher frequency components clearly shows the
edges. Many computer vision algorithms use edge detection as a feature extraction step (the
Mexican hat wavelet is often used for edge detection [19]). Features such as textures also tend

to have a certain frequency response that is concentrated in a specific frequency band.

As an example of where this may be used, consider optical character recognition. Two
test digits are given in figure 11.4 along with the first and second wavelet packet decomposition
levels. This will be used as the features. The total size of the calculated features would be

N?log, N where N is the image width and height (which is extended again to be a power of 2).
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FIGURE 11.2: First level of a wavelet packet decomposition on the boat test image
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FIGURE 11.3: Second level of a wavelet packet decomposition on the boat test image
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APPENDIX A
MATHEMATICAL DEFINITIONS

A.1 FOURIER TRANSFORMS

A.1.1 Continuous Fourier transform

The continuous Fourier transform of z(t) in terms of the angular frequency w is defined as

W) = F {a(t)} = / o(t)eT L, A1)
The inverse continuous Fourier transform is defined as
—1 4 ! OO A jwt
v (1) = F i)} = o / ()t duy. (A2)
T J-—c0
The Fourier transform of a scale change x(at) is
I
z(at) & —z(w/a) a > 0. (A.3)
a
This can be proven by
FA{z(at)} = / x(at)e <t (A.4)
Making the substitution v = at gives
1 [~ e
FA{z(at)} = —/ z(v)e ¥ dv (A.5)
a —0o0
1
- —i(2). (A6)
a \a
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MATHEMATICAL DEFINITIONS

The Fourier transform of the time-shift is

z(t —ty) & (w)e I, (A7)
This can be proven by
r(t—ty) = / z(t — to)e ¥idt, (A.8)
making the substitution v =t — ¢, gives
Fla(t —to} = / z(v)e 7o) gy (A.9)
= e Jwto / z(v)e ¥ dv (A.10)
= e ¥ (w). (A.11)
A.1.1.1 Fourier transform of selected functions
A rectangular function can be defined as
1 <<t
() = 22 (A.12)
0 otherwise.
The Fourier transform of this is
I(w) = / II(t)e 7“tdt (A.13)
i
_ / it gy (A.14)
+4
1 —jwt P
= —e (A.15)
_Je . Jje (A.16)
w w
2 sin (£
_ 2sin(5) (A.17)
w
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APPENDIX A MATHEMATICAL DEFINITIONS

A.1.2 Discrete-Time Fourier Transform (DTFT)

The discrete-time Fourier transform is defined as [55]

o0

#w) = Fprer{zln]} = ) znle*". (A.18)

n=—oo

The inverse of the discrete time Fourier transform is defined as

vl = Fob o {i(w)} = — / " (W), (A.19)

2 )
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APPENDIXB
MAXIMA SOURCE CODE

B.1 SOURCE CODE FOR THE SCALING MR FILTER CALCULA-

TION

J ot sqgrt(-1);

pi: %pi;

/+ This function calculates the z’nth valuex/

zp(p,w) := trigsimp((-2) " (p-2)*(1/factorial (p-1))+diff(1l/(sin(w/2))"2,w,p-2));

/+ calculates phihat for a specific degree of n =/
phin(n,w) := 1/((w/2)" (n+l)*sqgrt (zp (2 (n+l),w)));
phins (n,w) := subst (w,tmp,expand (phin (n,tmp)));

/* calculates hat h for a specific n */
hn(n,w) := sqgrt(2)*phins(n,2xw)/phins(n,w);

hnconj(n,w) := subst (w,tmp,expand (conjugate (hn(n,tmp))));

/* calculates g hat for a specific n x/

gn(n,w) := exp(-j*w)x+hnconj(n,w+pi);

/+ calculate psin x/

psin(n,w) := (1/sqgrt(2))*gn(n,w/2)*phins(n,w/2);
/* calculate hm - inverse fourier transform =/
hm(n,m) := integrate (hn(n,w)*1/(2+x%pi)*exp (j*w*m),w,-%pi,%pi);
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APPENDIX B MAXIMA SOURCE CODE

B.2 SOURCE CODE FOR THE CALCULATION OF THE MEXI-

CAN HAT FOURIER TRANSFORM
J ot sqgrt(-1);
phi(t) := 2/sqgrt(3)*1/sqgrt (pi)* (1-t"2)xexp(-t"2/2);

phih(w,t) := integrate (phi (t)*exp(-j*t*w),t,—-inf,inf);
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APPENDIX D
DAUBECHIES AND SYMMLET
WAVELETS

D.1 DAUBECHIES WAVELETS

1.5

amplitude

o/t

FIGURE D.1: Frequency response of the Daubechies 2 and Daubechies 7 conjugate filters
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APPENDIX D DAUBECHIES AND SYMMLET WAVELETS

w(t)

1.2 T T T T T T

(e) ®

FIGURE D.2: Daubechies wavelets. (a), (b) Scaling and wavelet for Daubechies 2. (c), (d)
Scaling and wavelet for Daubechies 5. (e), (f) Scaling and wavelet for the Daubechies 7.
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(02@

D.2 SYMMLETS

(c) (d

FIGURE D.3: Symmlet wavelet. (a),(b) The scaling function and wavelet for Symmlet 2. (c),
(d) The scaling function and wavelet for Symmlet 5.
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