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1. Introduction

Order convergence arises as a natural mode of convergence of sequences in a partially ordered set (poset). Indeed, order
convergence is a generalization of convergence of sequences of real numbers, with respect to the usual metric topology
on R. Recall that a sequence (u,) in a poset P order converges to u in P if

3(An), (Un) € P:
1) Ap < App1 <uppr < Unp1 S p, NEN,
2) sup{in: ne€ N} =u =inf{uy: n e N}. (1)

It is clear that (1) is equivalent to the convergence with respect to the metric topology on R, if P = R. Order convergence
also appears frequently in analysis, in particular in Riesz space (vector lattice) theory. In this regard, we may recall that
o-order continuous operators and integral operators acting between two Riesz space are characterized in terms of order
convergence [11,21]. This includes, as a particular case, the Ly-spaces of p-summable functions on a measure space.

Another important application of order convergence is to entropy solutions of nonlinear conservation laws. A basic result
in this regard is the following, see for instance [10, Section 11.4.2, Theorem 2].

Theorem 1. Consider the Cauchy problem

ue+ (Fw), =0, u(x, 0) = ug(x), 2)

where ug € Lo (R) and F : R — R is continuously differentiable. For € > 0, denote by u€ the unique smooth solution of the viscous
problem

uf + (F(u€)), =€usy.  u(x,0) =up().
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Let (€n) be a sequence of positive numbers, converging to 0 in R, such that the sequence (u) is norm bounded in Lo, (R x [0, 00)),
and converges almost everywhere to u € Lo (R x [0, 00)). Then u is the unique entropy solution of (2).

If Loo(£2), for some o -finite measure space (§2, X, u), is considered with the usual pointwise almost everywhere order,
given by

ugsv

3dE C £2, E)=0:
( C measure(E) )’ 3)

ux)<vx), xe 2\ E

then Lo (£2) is Dedekind complete Archimedean Riesz space. Order convergence in this Riesz space is precisely the bounded
almost everywhere convergence used in Theorem 1, see [11, p. 484].

A recent application of order convergence of sequences to nonlinear partial differential equations (PDEs) is given in
[16-18]. Spaces of generalized functions are constructed as completions of suitable uniform convergence spaces, the ele-
ments of which are nearly finite normal lower semi-continuous functions, as defined in Section 2, see also [16]. The spaces
of generalized function so obtained contain generalized solutions of large classes of systems of nonlinear PDEs. The men-
tioned function spaces are equipped with the structure of a Riesz space in a natural way, and the sequences that converge
with respect to the uniform convergence structures on these spaces are precisely the sequences that order converge.

In this paper we investigate order convergence of sequences in the space N L£(X) of nearly finite normal lower semi-
continuous functions, see Section 2. Two characterizations of order convergence in this space are obtained, one in terms of
pointwise convergence, and the other in terms of continuous convergence. Both characterizations have close analogies in
the context of measurable functions. Indeed, we may recall [11, Theorem 71.3] that a sequence (u;) in the space M(£2) of
almost everywhere finite, real measurable functions on §2 order converges to u € M($2), with respect to the order (3), if
and only if (up(x)) converges to u(x) for almost all x € £2. Egoroff's Theorem [9,14] states that, for a finite measure space,
almost everywhere convergence in M ($2) is equivalent to almost uniform convergence.

Theorem 2. Let (£2, X, 1) be a finite measure space, and (uy) a sequence in M (82). If (u,(x)) converges to u(x) for almostall x € £2,
then the following statement holds:

Ve > 0:
A C 2, wu(A¢) <e€:

(un) converges uniformly to u on §2 \ Ae.

It should also be mentioned that, due to certain representation theorems for Archimedean Riesz spaces [11, Chapter 7],
the characterizations of order convergence of sequences obtained for the space N'£(X) may be applied to a large class of
such Riesz spaces. Indeed, for an Archimedean Riesz space E, one may construct a topological space ® such that

C*(0) = {ueC®,R): u'(R)isdensein O} (4)

contains E as a sublattice. Here R denotes the extended real line, equipped with the topology generated by all open rays
in R. The space C*°(®) is, in turn, a Riesz subspace of the space N'L(®) of nearly finite normal lower semi-continuous
functions. The notation C*°(®) is unfortunate, since it may lead to confusion with spaces of smooth functions. However, it
is established in the literature, and we will not try to change it here.

The paper is organized as follows. In Section 2 we obtain characterizations of order convergence of sequences of nearly
finite normal lower semi-continuous functions in terms of pointwise convergence and continuous convergence. The impli-
cations of the results obtained in Section 2 for order convergence of sequences of continuous functions are discussed in
Section 3, while Section 4 concerns the application of our results to large classes of Riesz spaces through the mentioned
representation theorems.

2. Order convergence in N L (X)

Throughout, X will denote a topological space. In this section we characterize order convergence of sequences of nearly
finite normal lower semi-continuous functions on X. Before we formulate and prove these characterizations, a few basic
concepts and results are recalled.

In this regard, see [2,8,19], an extended real valued function u : X — R is called normal lower semi-continuous whenever

I(Sw)x) =uk), xeX. (5)

Here I and S denote the lower and upper Baire operators [4], respectively, which are defined as

I(w)(x) = sup{influ(y): ye V}: Ve V(x)}, xeX (6)
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and

Sw)(x) =inf{sup{u(y): ye V}: Vev}, xeX. (7)

Here V(x) denotes the neighborhood filter at x € X. The Baire operators, as well as their composition I o S, are idempotent
and monotone with respect to the pointwise order on extended real valued functions,

B<y o (VxeX: ) (8)

u@) < v

That is, the identities

I(Iw)=Iw), S(Sw)=Sw, I(SI(Sw)))=1(Sw) (9)

and the inequalities

Iw) <I(v), SW<SW), I(Sw)<I(SW)) (10)

hold for all extended real valued functions u < v on X.

Remark 3. In the same way as the concept of normal lower semi-continuity is introduced above, we may consider the
concept of a normal upper semi-continuous function: A function u : X — R is called normal upper semi-continuous if
S(Iw)) =u.

The concept of normal upper semi-continuity is dual to that of normal lower semi-continuity. In particular, the space of
normal upper semi-continuous functions is lattice isomorphic to the space of normal lower semi-continuous functions.
Thus the results we obtain here for normal lower semi-continuous functions apply also to normal upper semi-continuous
functions.

A normal lower semi-continuous function u is called nearly finite if the set

[xe X: ux) e R} (11)

is dense in X. In fact, if the set (11) is dense in X for some normal lower semi-continuous function, then it contains an
open and dense set. That is, every nearly finite normal lower semi-continuous function is real valued on an open and dense
set. We denote the set of such nearly finite normal lower semi-continuous functions by N L(X).

In view of (5) and the definition of the operators I and S given in (6) and (7), respectively, it is clear that the restriction
of any u e N'L(X) to any open subset V of X is nearly finite and normal lower semi-continuous. That is,

Yue NL(X), V C X open:
uy e NL(V), (12)

where u)y denotes the restriction of u to V.

With respect to the pointwise order (8), the space N'£(X) is a Dedekind complete Archimedean Riesz space [16,20]. It
should be noted that, although the algebraic operations are not given by the usual pointwise operations on real functions,
they are in fact determined by those pointwise operations. The supremum and infimum of a set A ¢ N'£(X) are also
defined in terms of the pointwise supremum and infimum, respectively [16]. In particular, if

pa(x) =sup{u(x): ue A}, xeX

and
vax) =influx): ue A}, xeX,
then

supA=1(S(ga)), InfA=1(S(a)) (13)

provided the supremum and infimum, respectively, exist in A'L(X).

While functions in N'£(X) are typically not continuous, and may in fact fail to be continuous at any point of their
domain of definition, some important properties of continuous functions remain valid. In particular, for u, v e N'£(X) and
D C X a dense set, it is true that

Vx e D: Vx e X:
( u(X)<V(x)> - ( u(x)gv(x)) (14)
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Regarding the continuity of normal lower semi-continuous functions, we may mention the following: For every u € N L(X)
and every € > 0 there exists an open and dense set D.(u) C X with the following property:

Vx € D¢ (u):
wu,x) <€ (15)
where w(u, x) denotes the modulus of continuity of u at x, given by
o(u,x) =inf{sup{|ux) —u)|: ye V}: Ve vn}.

It then follows from (15) that if X is a Baire space, then a function u € N'£(X) is real valued and continuous on a residual
set.

Let us now proceed to establish the mentioned characterizations of order convergence of sequences in N '£(X). These
results are in part based on the following basic lemma.
Lemma 4. Let X be a Baire space. Assume that A C N L(X) satisfies

VM e R:
Ba=13xeX| due A is of first Baire category. (16)
ux)>M

Then there exists ug € N'L(X) such that

u<ug, ueA. (17)

The corresponding statement for sets bounded from below is also true.

Proof. Assume that A Cc N'L(X) satisfies (16). Then the function

¥ X3 x> sup{u(x): u e A} (18)

is real valued on R = X \ B 4. Since we clearly have

us<y, ued

it follows by (10) and the normal lower semi-continuity of each u € A that

us<v=I(SW)), uecA

Furthermore, (5) and (9) imply that v is normal lower semi-continuous. We claim that v is nearly finite. In this regard,
suppose that

3U € X a nonempty open set:
VxeU:
V(X) = 00. (19)
Note that I(S(¥)) < S(¥). Therefore (19) implies

SW)(x) =00, xeU. (20)

In view of (7) it follows from (20) that

VxeU, M>0, WeVkx):
dyeWnu:
Y(y) > M. (21)

That is, for every M > 0, the set Uy = {x € U: ¥ (x) > M} is dense in U. Since ¢ is lower semi-continuous, being the
pointwise supremum of lower semi-continuous functions, it follows that Uy, is also open. Therefore the set

M e R:
P={xeU| VueA: ={xeU: y® <oo}= [ J WU\ Unm)
ux) <M MeN
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is of first Baire category in U, being the union of countably many closed and nowhere dense subsets of U. Furthermore,

U=PUUNB.L).

(22)

Since B 4 is of first Baire category in X and U is open in X, the set U N B4 is of first Baire category in U. Therefore
(22) implies that U is not a Baire space, being the union of two sets of first Baire category, hence of countably many
closed nowhere dense sets. However, since U is an open subset of a Baire space, U is also a Baire space, see [6, Exercise
46.9], contrary to the conclusion that U is not a Baire space. Therefore (19) cannot hold. Consequently, the set of points

{x e X: |[v(x)| < oo} is dense in X, which proves that v is nearly finite.
The statement for sets bounded from below follows in the same way. O

Theorem 5. A sequence (uy) in N'L(X) order converges to u e N'L(X) in N'L(X) if and only if

Ve > 0:

JA¢ C X an open and dense set:

Vx € A¢:

INe(x) e N, Ve(x) € V(x):

VneN, n2>Ne(X), y € Ve(x):
lun(y) —u(y)| <e.

Proof. Assume that (u,) C N'L(X) order converges to u in N'£(X). Then

A(kn), (n) CNLX):
1) A < Ang1 S Un < Unt1 < M,
2) sup{in: ne€ N} =u =inf{un: ne N}.
Let D C X be the open and dense set D = {x € X: |A1(x)|, |t1(X)| < o0}. It follows from (24) that

vneN, xeD:
[u@)|, [An(x)

Mn(x)| <00

’

so that the pointwise algebraic operations involving the functions u and A,, u, for n € N are well defined.

Now suppose that

Je > 0, U C D nonempty and open:
VxeU,neN:
uXx) —An(x) > €
so that
VxeU,neN:
An(X) <u(x) —e.
Consider the function

V(X):{u(x)—g %fer,
u(x) ifx¢ U.

By (27) it follows that
Mm<v<u, neN.

Since the operators I and S are monotone and idempotent, see (9) and (10), it follows that
A <I(S(v))<u, neN

which implies that

[1(S()(x)| <oo, x€D.

(27)
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Since I(S(v)) is normal lower semi-continuous and D is open and dense in X, it follows that v € A'£(X). Because U C D is

open, it follows by (6) and (7) that
€
I(SW)x) =1(SwW))x) — 5 XxeU.
Since u is normal lower semi-continuous it now follows that

€
I(S()x) =u(x) — 5> xeU.

This shows that I(S(v)) # u, so that, by (28), u cannot be the supremum of the increasing sequence (A,). This conclusion

contradicts (24) so that (26) cannot hold. Therefore the set

DGZ{XeD‘EIn(x)eN: }

0<u®) —Ag(x) <€

is dense in D for every € > 0. Consider any X € D.. By definition of D we have

In(xp) € N:
0 < u(Xo) — An(xg)(X0) < €

so that

An(xg) (X0) < U(X0) < An(xg)(X0) + €.

31)

Consider any open set V € V(xp), with V C D. Since V is open, u and Ay, are normal lower semi-continuous on V. If the

set

{xeV:iu® > i)+ €}
is dense in V, then by (14) it would follow that

UX) > Apxg)(¥) +€, xeV

which is contrary to (31). Consequently, we have that

3U C V nonempty and open:
Vx e U:
An(xg) (X) < UX) < Ap(xg) (X) + €.

Since D¢ is dense in D, it follows from the relation (33) that

VV C D nonempty, open:
dny ¢ €N, Uy ¢ €V nonempty and open:
Vxe Uy e:

Any (%) SUX) < Ay (%) + €.

Since the sequence (A) is increasing, relation (34) implies that

YV C D nonempty, open:
dny ¢ €N, Uy ¢ C V nonempty and open:
VneN, n>nye, xeUye:

() Su®) <An(x) +e€.

Define the set Cc C X as

Ce = U{vae: V C D nonempty, openj}.

(32)

(33)

(35)

(36)

Recalling that D C X is open and dense, we see that (35) implies that C¢ is open and dense in X. Furthermore, the relation

(35) also implies that
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Vx € Ce:
EINS(X) eN, Ug(x) C C¢ a neighborhood of x:
VneN, n> Ng(x), y e Ug(x):
A (¥) Su(y) <aa(y) +e. (37)

In exactly the same way it follows that, for any € > 0, there exists an open and dense set B € X with the property that

Vx € Be:
EINg x) eN, Ué (X) C Ce a neighborhood of x:
vneN, n>N!(x), y e Ul (x):
Un(y) — € <uy) < ua(y). (38)

Setting Ac = B N Ce, the relation (23) follows from (24) and (37) to (38).
Conversely, assume that (23) holds for some sequence (u,) € N L(X) and a function u € N'£(X). Consider the function

@:X>3x— supfup(x): ne N} eR. (39)
Setting € =1 in (23) we find that
JA1 C X open and dense:
Vxe Aq:
AV1(x) € V(x) open, w € NL(V1(x)):
Vy e Vi(x):
) <w(). (40)
Indeed, the relation (23) implies that
vneN, n>Ni(x), y € Vi(x):
un(y) <u(y)+1. (41)

The function v =u + 1 is clearly nearly finite and normal lower semi-continuous. Since V(x) is open, it follows from (12)
that

Vv, s Unvy o ENL(V1®), neN, (42)
while (41) implies that
vneN, n>Ni(x):
Un|vi0) S VVi(x)-

The relation (40) now follows upon setting

W =sup{u1v,x), - - -» UNy )| V1(x)5 VIV (0 )

The monotonicity (10) of the operators I and S now implies that

uo(y) =1(S@)(¥) <I(SW)(») =w(y), yeViX. (43)

Since (43) holds for every x € A1, where A1 C X is open and dense, and since w is finite on an open and dense subset of
V1(x), it follows that ug € N'£(X). In particular, applying (13) we find that

Ug = supup € NL(X). (44)

neN

In the same way, we may show that
vo = inf up e NL(X). (45)
neN

Therefore the sequence (uy,) is bounded from above and below in N £(X). Therefore, since A'L(X) is Dedekind complete,
it now follows from (44) and (45) that the sequences (1) and (A,), defined as
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An = inf{ug: k >n}, n = sup{ug: k >n} (46)

are well defined in N'£(X). Furthermore, it follows immediately from the respective definitions in (46) that

Up <An < Angt Supp1 S np1 S U < Vo, neN (47)
so that
wo = sup{in: n € N} <inf{un: n e N} = wy. (48)

We claim that wg = wy. Assume that this is not the case. Then (14) and (48) imply that

3V C X nonempty and open:
VxeV:
Wo(X) < wq(X). (49)

Without loss of generality, we may assume that V C ugl(]R) N v61(]R). Then (47) and (48) imply that wg, w; and each
of the functions A, and u, are real valued on V, so that the usual pointwise operations are well defined. Without loss of
generality, the relation (49) may be strengthened to

dM e R, € >0, V C X nonempty and open:
VxeV:
wo(x) +€ <M < wi(x) —e€. (50)
Since A, < wo < wq < uy, for every n € N, it follows from (50) that
VxeV,neN:
An(X) +€ <M < up(x) —e. (51)

Without loss of generality, we may assume that V C A, where A¢ is the open and dense subset of X associated with (u;)
and e through (23). For each n € N, consider the functions ¢, and v, defined as

@n: X3 x> sup{ug(): k>n} eR
and
Y s X 3 x> infug(): k>n} eR.
Using the techniques employed in the proof of Lemma 4, we find that
VneN:
3V, C V open and dense:
Vxe Vy:
Yn(x) +€ <M < @n(x) —€. (52)
Since V C A, it follows from (23) that
VxeV:
IN¢(x) € N, Ve (x) C V an open neighborhood of x:
Vy eVe(®), €N, n 2= Ne(x):
0<en(y) —¥n(y) <e. (53)
Since V, is open and dense in V for every n € N, it follows that
VeX) NV #£0, n>Ne®). (54)
But according to (52) we have

On(y) —Yn(y) > 26, yeVe(x)NVy. (55)

In view of (54), the relation (55) contradicts (53). Therefore the assumption that wg # w1 is false, which verifies our claim
that wg = wy. The relation (47) now implies that (u,) order converges to wy.
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We now show that wg = u. Suppose that this were not the case. Then (14) implies that

3V C X nonempty and open:
VxeV:
Wo(x) # u(x).

Without loss of generality, we may assume that

Je > 0:
VxeV:
wo(x) + € < u(x). (56)

Since (up) order converges to wy, it follows that (23) is satisfied. In particular,

AV C VopeninV, Ne e N:
Vxe Ve, neN, n> N¢:

€
|Wox) — up ()| < 3 (57)
Since (up) and u satisfy (23) by assumption, we also have
3V, C Veopenin Ve, N, e N:
vxeV., neN, n>N.:
€
[u@x) — up (x| <3 (58)
It follows from (57) and (58) and the triangle inequality that
2e ,
|wo(x)—u(x)|<?, xeV.. (59)

Since V/ C V it is clear that (59) contradicts (56). Therefore the assumption that u # wy is false. Therefore (u,) order
converges to u = wq. This completes the proof. O

One may make the following comparison between Theorem 5 and Egoroff's Theorem 2: Whenever a sequence in A L(X)
order converges to some u € A'£(X), one can obtain a uniform estimate of convergence locally on a topologically large set,
namely, on an open and dense set. Thus Theorem 5 relates order convergence of normal lower semi-continuous functions
to uniform convergence estimates, while Theorem 2 relates order convergence in M(£2) to uniform convergence on sets of
arbitrarily large measure.

As a first application of Theorem 5 we obtain a characterization of order convergence in A £(X), for X a Baire space,
in terms of pointwise convergence. In this regard, we show that a sequence (u,) in AN'L(X) order converges to u if and
only if (uy) converges to u pointwise on a residual set. That is, order convergence in N'£(X) is equivalent to pointwise
convergence on a set which is topologically large, in the sense of Baire category. This result should be compared with order
convergence in the Archimedean Riesz space M (£2) of nearly finite measurable functions on a o -finite measure space 2.
As mentioned in Section 1, order convergence in M (£2) is equivalent to pointwise convergence almost everywhere.

Theorem 6. Let X be a Baire space. Then a sequence (uy,) in N'L(X) order converges to u € N'L(X) if and only if (uy) converges to u
pointwise on a residual set.

Proof. Suppose that (u,) order converges to u in N'£(X). Then (u,) converges to u pointwise on a residual set by Theo-
rem 5.

Conversely, suppose that (u,) converges to u € N'/L(X) pointwise on a residual set R € X. Then (up) is pointwise
bounded on R. Thus Lemma 4 implies that (u;,) is order bounded in N £(X). Since N'£(X) is Dedekind complete, it follows
that the sequences

An = inf{ug: k >n}, n = sup{ug: k >n} (60)
are well defined in N'£(X). Furthermore, we clearly have

An K Ang1 SUppt < pp1 S Up, NEN. (61)
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Therefore we have

wo = sup{in: n € N} <inf{up: ne N} =wq (62)

in N'L(X). We claim that wg = wy. Assume that this is not the case. Then (14) implies that

3V C X open and nonempty:
VxeV:
Wo(X) < wq(X). (63)

In fact, without loss of generality, we may strengthen (63) to

dM e R, € > 0:
VxeV:
Wo(X) +€ <M < wi(X) — €. (64)

For each n € N, consider the functions

¢n: X3 x> influp(x): k>n}eR

and

Y X 3 x> supfur(®): k>n} eR.

According to (13), for each n € N, the functions ¢, and ¥, determine A, and w,, respectively, through the identities

an=1(S@n).  1n=1(SWm). (65)
From (62) and (64) we obtain the relation
VxeV,neN:
An(x)+€ <M < up(x) —e€. (66)
Note that wu, = I(S(¥y)) < S(¥y) for all n € N. Therefore (66) implies

VxeV,neN:
M+ € < S(¥n)(x). (67)
Then it follows from (7) that

VxeV,neN:
U eVX), xyelUNV:
M + € < Yn(xm). (68)
Since v, is the pointwise supremum of a set of lower semi-continuous functions, ¥, is lower semi-continuous itself. Thus
(68) implies that
VneN:
3D, C V open and dense in V:
Vxe Dy
M + € < ym(x). (69)
In the same way, we obtain
VneN:
3D;, C V open and dense in V:
VxeD):
On(x) <M —e€. (70)
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Since X is a Baire space, the open subset V of X is a Baire space in the subspace topology [6, Exercise 46.9]. Therefore the
set R = (Npen(Dn N D) €V is a residual set in V, being the intersection of countable many open and dense sets in V.
According to (69) and (70) we have

VneN, xe R
on(X)+€ <M < Yp(x) —€ (71)

which implies that

liminfu,(x) <M —€ <M+ € <limsupu,(x), xeR’.
neN neN

Therefore R’ N (V NR) =@ so that RNV is contained in a set of first Baire category in V. This contradicts the assumption
that R is a residual set in X. Therefore wg = wj.

Using essentially the same method as above, we may show that u = wg = wy. Then (61) implies that (u;) order con-
verges to u in A£(X). This completes the proof. O

Recall [5, Definition 1.1.5] that a filter on C(X) converges continuously to u € C(X) whenever the filter wx r(F, V(X))
converges to u(x) for every x € X. Here
wxR:CX)x X3 W, x)—~ux) eR

is the evaluation mapping. Continuous convergence is perhaps the most important non-topological convergence structure,
and has important applications in duality theory for locally convex spaces. If F is the Frechét filter associated with a
sequence (uy), that is,

F=[{{un: n>k}: keN}]

then the definition of continuous convergence is easily seen to be equivalent to

Ve >0, xe X:
dNe(x) €N, Ve € V(X):
Vye Ve, neN, n> Ne(x):
|un(y) —u@)| <e. (72)
In view of these remarks, we introduce the following definition.

Definition 7. A sequence (up) of extended real valued functions on a topological space X converges continuously to
u:X—->RatxeXif

Ve > 0:
INc(x) e N, Ve e V(X):
Vye Ve, neN, n> Ne(x):
lun(y) —u)| <e.
We should note that Definition 7 implies that the function u is real valued at x € X, and the sequence (uy) is eventually
real valued in a neighborhood of x, whenever (u,) converges continuously to u at x. Also note that a sequence of continuous

functions that converges continuously at every point in X converges continuously in the sense of (72). The following is an
immediate consequence of Theorem 5.

Corollary 8. Let X be a Baire space. Then a sequence (u,) in N'L(X) order converges to u € N'L(X) if and only if (u,) converges to u
continuously at every point of a residual set.

An immediate consequence of Theorem 6 and Corollary 8 is the following rather surprising result relating continuous
convergence to pointwise convergence.

Corollary 9. Let X be a Baire space. Then a sequence (uy) in N'L(X) converges to u € N'L(X) pointwise on a residual set if and only
if (up) converges to u continuously at every point of a residual set.
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3. Convergence in C(X)

We now apply the results obtained in the previous section to convergence in C(X). In this regard, we note that N £(X)
contains C(X) as a sublattice. Therefore any sequence that order converges in C(X) also order converges in A'L(X). The
following are therefore immediate consequences of Theorem 6 and Corollary 8.

Corollary 10. Let X be a Baire space, and let (uy,) order converge to u in C(X). Then there is a residual set R C X such that (up)
converges continuously to u at every x € R.

Corollary 11. Let X be a Baire space, and let (u,) order converge to u in C(X). Then there is a residual set R C X such that (uy)
converges pointwise to u on R.

Tucker [15] investigated the relationship between order convergence and pointwise convergence in C(X). The main
result states that if a sequence (u,) of continuous functions on a completely regular Baire space X with the countable chain
property is uniformly bounded, and converges pointwise to u € C(X), then (up) order converges to u in C(X). Therefore
Corollary 11 is a partial converse to Tucker’s result.

The converses of Corollary 10 and 11, respectively, may fail, as is shown in the following.

Example 12. Consider the sequence (u) of continuous functions on R defined as

| n—nPixifix < g,
uﬂ(X)_ . 1
0 if x| > 1.

The sequence converges continuously, and hence also pointwise, to 0 on R\ {0}. However, (u;) is unbounded (in the sense
of order) in C(R), and hence it cannot order converge to 0.

We can, however, obtain partial converses to Corollaries 10 and 11. In this regard we recall the following [1,7]. By
Hf:(X) we denote the space of finite Hausdorff continuous interval valued functions on X. This space is order isomorphic
to the set N'Ls(X) € NL(X) of finite normal lower semi-continuous functions. This order isomorphism of Hy.(X) onto
NLj(X) also preserves arbitrary suprema. A topological space is called a weak cb-space if every locally bounded lower
semi-continuous function on X is bounded above by a continuous function. The following result is due to Danef [7].

Proposition 13. Let X be a completely regular weak cb-space. Then H ¢, (X) is the Dedekind completion of C(X).

Theorem 14. Let X be a completely regular Baire space which is also a weak cb-space. Assume that C(X) is order separable. Assume
that (uy) is order bounded in C(X). If (u,) converges pointwise to u € C(X) on a residual subset of X, then (up) order converges to u
in C(X).

Proof. Since (u,) converges pointwise to u € C(X) on a residual subset of X, and X is a Baire space, it follows from
Theorem 6 that (uy,) order converges to u in N'L(X). Let (A;) and (i) be the increasing, respectively decreasing, sequences
associated with (u,) through (1). Since (u;) is order bounded in C(X) we have

Iwo, wi € C(X):
VneN:
wo < Up < wr. (73)

For n e N set

Ay = hn V Wo, Ui = thn A W1.
Then (1) and (73) imply that

VneN:
1) An < <un < fy < s
2) hy < Apr < Mgy < Mg (74)

The relation (74) implies that (A,) increases to u and (u,) decreases to u. Furthermore, since wo, wy € C(X) C N Lf:(X),
it follows from
wo <A, < U

n<wi, neN
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that (A7), (Lp) S N Ly (X). Thus (un) order converges to u in AL (X). Since X is a completely regular weak cb-space,
Proposition 13 implies that A'L;(X) is the Dedekind completion of C(X). Since C(X) is order separable by assumption, it
follows that

vneN:

30). (1) €C00:
1) (Ap,) increases to Ay,
2) (up,) decreases to Ay

Using [3, Lemma 36] we can construct sequences (A,) and () in C(X) that increases and decreases, respectively, to u and
satisfy A <A, <up < uj, < up, n€N. Therefore (u,) order converges to u in C(X). O

Remark 15. The assumption of order separability of C(X) in Theorem 14 is a technical one. We should note that this
assumption is true whenever X is a metric space or a separable space.

We should note that Theorem 14 is a partial strengthening of Tucker’s result [15, Theorem 1] mentioned above. In
particular, the conditions on the convergence and boundedness of the sequence (up) in Theorem 14 is weaker than those
imposed on the sequence in [15, Theorem 1]. Thus, if the space X is assumed to satisfy the conditions of Theorem 14 and
[15, Theorem 1], then Theorem 14 is a stronger result than Tucker’s.

4. Order convergence in Riesz spaces

The results obtained in Sections 2 and 3 may, to some extent, be applied to all Archimedean Riesz spaces. Indeed, using
well-known representation theorems [11, Chapter 7], we show that a large class of Riesz spaces are Riesz isomorphic to
sublattice of N'L(®), for some topological space &.

In this regard, we recall [11, Chapter 7] that for a given topological space X, the set of all continuous functions u : X — R
that are finite on a dense set, where R carries its usual topology, is denoted by C°°(X). With respect to the pointwise order,
C%°(X) is a lattice, but not necessarily a Riesz space. The Johnson-Kist Representation Theorem [11, Theorem 44.4] states
that every Archimedean Riesz space is Riesz isomorphic to a Riesz space which is a sublattice of C*>°(X), for some topological
space X. The Yosida Representation Theorem [11, Theorem 45.3] states that an Archimedean Riesz space with strong order
unit is Riesz isomorphic to a Riesz subspace of C(X) for some compact Hausdorff space X. We summarize these results in
the following.

Theorem 16. Let F be an Archimedean Riesz space. Then there exists a topological space © and a Riesz space F which is a sublattice
of C*°(®) such that F is Riesz isomorphic to F. R
If F has a strong order unit, then © is a compact Hausdorff space and F is a Riesz subspace of C(O).

Since each u € C*°(X) is continuous, it is also normal lower semi-continuous. Furthermore, the set of points where u is
finite is dense in X so that u is nearly finite, that is, u € A'£(X). The inclusion

C®(X) SNLX)

is easily seen to be an inclusion of lattices. Combining these remarks with Theorem 16, we arrive at the following.

Proposition 17. Let F be an Archimedean Riesz space. Then there exists a topological space © and a Riesz space F which is a sublattice
of N L(®) such that F is Riesz isomorphic to F. If F has a strong order unit, then ® is a compact Hausdorff space and F C C(®).

In this way we come to realize how the results of Sections 2 and 3 may be applied to a large class of Archimedean
Riesz spaces. In particular, Corollaries 10 and 11 apply to all Archimedean Riesz spaces with strong order unit, while
Theorem 5 applies to all Archimedean Riesz spaces. Note that only one direction of Theorem 5 may be used for an arbitrary
Archimedean Riesz space. Indeed, a sequence (u,) € F that order converges to u € Fin NL(@®) may fail to order converge
tou in F.

5. Conclusion

We have obtained a number of characterizations of order convergence of sequences in N £(X). In particular, it was
shown that order convergence is equivalent to pointwise convergence on a residual set, provided that X is a Baire space.
Furthermore, order convergence is also equivalent to continuous convergence at every point of a residual set, provided that
X is a Baire space. Similar results are obtained for convergence of sequences of continuous functions, although additional
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assumptions on the topological space X as well as the sequence of functions are necessary. Lastly, it is indicated how these
results may be applied to order convergence in Archimedean Riesz spaces. Here we may also mention that these results
have a significant application in nonlinear theories of generalized functions, see [20], which are used in the solution of large
classes of nonlinear partial differential equations [12,13,17-19].

References

[1] R. Anguelov, Dedekind order completion of C(X) by Hausdorff continuous functions, Quaest. Math. 27 (2004) 153-170.
[2] R. Anguelov, S. Markov, B. Sendov, The set of Hausdorff continuous functions — the largest linear space of interval functions, Reliab. Comput. 12 (2006)
337-363.
[3] R. Anguelov, J.H. van der Walt, Order convergence structure on C(X), Quaest. Math. 28 (2005) 425-457.
[4] R. Baire, Lecons sur les fonctions discontinues, Collection Borel, Paris, 1905.
[5] R. Beattie, H.-P. Butzmann, Convergence Structures and Applications to Functional Analysis, Kluwer Academic Plublishers, Dordrecht, Boston, London,
2002.
[6] S. Berberian, Lectures in Functional Analysis and Operator Theory, Grad. Texts in Math., vol. 15, Springer-Verlag, London, 1974.
[7] N. Danet, When is every Hausdorff continuous interval-valued function bounded by continuous functions?, Quaest. Math. 32 (2009) 363-369.
[8] R.P. Dilworth, The normal completion of the lattice of continuous functions, Trans. Amer. Math. Soc. 68 (1950) 427-438.
[9] D.Th. Egoroff, Sur les suites des fonctions mesurables, C. R. Hebdomadaires des Séances Acad. Sci. 152 (1911) 244-246.
[10] L.C. Evans, Partial Differential Equations, 2nd ed., Grad. Stud. Math., vol. 19, American Mathematical Society, Providence, 2010.
[11] W.A]. Luxemburg, A.C. Zaanen, Riesz Spaces I, North-Holland, Amsterdam, 1971.
[12] M.B. Oberguggenberger, E.E. Rosinger, Solution of Continuous Nonlinear PDEs Through Order Completion, North-Holland, Amsterdam, London, New
York, Tokyo, 1994.
[13] E.E. Rosinger, Nonlinear Partial Differential Equations, an Algebraic View of Generalized Solutions, North-Holland Math. Stud., vol. 164, North-Holland,
Amsterdam, 1990.
[14] W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill International Editions, New York, 1987.
[15] C.T. Tucker, Pointwise and order convergence for spaces of continuous functions and spaces of Baire functions, Czechoslovak Math. J. 34 (1984) 562-
569.
[16] J.H. van der Walt, The uniform order convergence structure on M L(X), Quaest. Math. 31 (2008) 55-77.
[17] J.H. van der Walt, The order completion method for systems of nonlinear PDEs: Pseudo-topological perspectives, Acta Appl. Math. 103 (2008) 1-17.
[18] J.H. van der Walt, The order completion method for systems of nonlinear PDEs revisited, Acta Appl. Math. 106 (2009) 149-176.
[19] J.H. van der Walt, On the completion of uniform convergence spaces and an application to nonlinear PDEs, Quaest. Math. 32 (2009) 371-395.
[20] J.H. van der Walt, The order completion method for systems of nonlinear PDEs: A differential-algebraic representation, Technical Report UPWT2011/03,
University of Pretoria, 2011.
[21] A.C. Zaanen, Riesz Spaces II, North-Holland, Amsterdam, 1983.



	Convergence of sequences of semi-continuous functions
	1 Introduction
	2 Order convergence in NL(X)
	3 Convergence in C(X)
	4 Order convergence in Riesz spaces
	5 Conclusion
	References


