Galerkin finite element approximation of
general linear second order hyperbolic
equations

M. Basson* & N. F. J. van Rensburg |

Department of Mathematics and Applied Mathematics, University of Pretoria, South Africa

Abstract

In this article we derive error estimates for the Galerkin approxi-
mation of a general linear second order hyperbolic partial differential
equation. The results can be applied to a variety of cases e.g. vibrat-
ing systems of linked elastic bodies. The results generalize the work
of Baker [1] and also allow for viscous type damping. Splitting the
proofs for the semidiscrete and fully discrete cases not only simplifies
the proofs but less restrictive regularity assumptions are required.

1 Introduction

In this paper we consider the Galerkin finite element approximation of a
solution of a general second order hyperbolic equation. This includes the
general second order wave equation but also vibrating beams, plates etc.,
since the variational forms are the same as for the wave equation. Even
systems of linked elastic bodies can be accommodated, see Section 7. There
is a restriction to the theory however and this relates to damping. Damping
at the boundary or interfaces is for example not allowed.
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The general second order hyperbolic partial differential equation is formu-
lated in Section 2 in variational form and is referred to as Problem G. Con-
ditions for the existence of a unique solution are given.

Convergence of the Galerkin approximation for the wave equation was con-
sidered in the book [2] and article [3] both published in 1973. In [2] a sketch
of a proof of convergence for the undamped case is presented. In [3] error
estimates are derived for the undamped case and a problem with boundary
damping. These error estimates are for the semi discrete approximation and
the fully discrete approximation.

Dupont [3] made the assumption that the exact solution has a second order
time derivative with respect to the energy norm, which is rather restrictive.
In 1976 Baker derived error estimates with “minimal smoothness require-
ments on the solution”, but no damping [1]. This article had a significant
impact on the literature and other authors adapted his methods or were
influenced by it, see e.g. [4], [5], [6], [7] and [8].

We generalize the results of Baker [1]. The spaces £*(Q2) and HJ(Q) are
replaced by general Hilbert spaces W and V', where V is a subset of W.
In the general problem the £%-norm is replaced by the general inertia norm
|| - |lw and the well known energy norm for the wave equation (equivalent to
the H' norm) is replaced by a general energy norm || - ||y-. Naturally certain
properties of the spaces and their norms need to be assumed in a general
setting (see Section 2). An attempt to obtain error estimates for a general
hyperbolic problem was made in [9] and [10]. The assumptions made were
also rather restrictive. The differentiability assumption is the same as in [3]
and modal damping is assumed.

As mentioned, Problem G in Section 2 is the abstract variational problem in
Hilbert space. (The problem in [1] is a special case.) So called viscous type
damping is included. It is natural to ask whether this restriction is necessary.
We believe that boundary or interface damping requires a different approach
based on the fact that existence results are influenced by the type of damping.

The existence result in Section 2 is presented in variational form. This is more
convenient for the finite element method as one can compare conditions for
existence to conditions for convergence. We see that sufficient conditions
for existence are also used to prove convergence but they seem not to be
sufficient and more regularity of solutions is assumed.

This article is not merely about generalization but other contributions to



the theory are also made. Consider for example the significance of the semi-
discrete approximation. In [3], [1] and other publications (e.g. [5], [6] and [7])
error estimates are derived for the semi discrete approximation and then for
the fully discrete approximation without using the results already obtained.
In some cases the semi-discrete approximation is ignored. We derive an error
estimate for the semi-discrete approximation with respect to the inertia norm
and then an estimate for the error in approximating the solution of the semi-
discrete problem by the fully discrete approximation with respect to the same
norm. The final estimate follows trivially by the triangle inequality. This
approach has two advantages. It is not necessary to assume the existence of
a third or fourth order derivative for the exact solution and the convergence
analysis for the fully discrete approximation is simplified.

In [1] error estimates are derived “using L?-projections of the initial data as
starting values”. The fact that the starting values for the approximation are
a projection, is used to derive estimates (see Section 4). But it is not always
possible to determine the projections exactly. It is not clear in such an event
how the error estimates can be interpreted. In our approach projections are
not used as initial approximations in the fundamental estimate. The errors
for the initial approximations are dealt with at a later stage (see Section 5).

It is well known that the smoothness of a solution is important in convergence
analysis. In this paper we attempt to pinpoint exactly where the regularity in
space and time is used in the analysis. Regarding time, see Sections 4 and 6
and for spatial regularity, see Section 5. An issue that deserves attention here
is the differentiability of the projection of the exact solution. It is possible
that the exact solution does not have a second order derivative with respect
to the energy norm but its projection may have a second order derivative
(see Section 3).

To summarize, error estimates for the semi-discrete approximation are pre-
sented in Section 5 and those for the fully discrete appear in Section 6.
Finally, applications are discussed in Section 7.

Remark To compare results in different articles is time consuming due to
differences in notation. We have used the notation from [2].



2 Existence and uniqueness of solutions

In this section we consider the general second order hyperbolic equation or
general linear vibration problem in variational form. Let X, W and V denote
Hilbert spaces such that VC W C X.

Notation
X has inner product (-, )y and norm || - || x.
W has inner product ¢ and norm || - ||w.
V' has inner product b and norm || - ||y .

Let J be a bounded or unbounded interval, either an open interval containing
zero or of the form [0, 7) or [0, 00). Let Y be any Hilbert space and consider
a function u on J with values in Y.

We write u/(t) € Y if the derivative exists with respect to the norm
of Y;
u® e £2(J;Y) if uM(t) € Y for each ¢ and [, [[u®[]} < oo;

ue CHJY) ifu® e C(J;Y).

Consider a bilinear form a defined on W and the following general problem.

Problem G
Given a function f :J — X, determine a function u € C(J; V') such that o’
is continuous at 0 and for each t € J

wit) eV, J{t)eV, u4'(t)ew,
c(u"(t),v) +a(u'(t),v) +b(u(t),v) = (f(t),v), foreachveV, (2.1)

while  w(0) =wuy, u'(0)=1wu.

Assumptions The following assumptions are used for existence theory as
well as convergence theory.

E1 V is dense in W,



E2 There exists a constant Cj, such that ||v||lw < Cyl|v||y for each v € V|
E3 There exists a constant C,. such that ||v||x < C.||v|lw for each v € W,

E4 The bilinear form a is nonnegative, symmetric and bounded on W, i.e.

|a(u, v)| < Kallullwllvw-

If the bilinear form a satisfies Assumption E4 we refer to the damping as
viscous type since it is valid for viscous damping in the wave equation and
other vibration problems. (In [11] it is referred to as weak damping.) The
assumption is not valid for boundary damping; it does not hold for the model
in [3].

Remark In the rest of this paper, except Section 7, b and ¢ are inner prod-
ucts for the spaces V and W respectively and a is a bilinear form satisfying
assumption A4.

For the wave equation || - ||x is just the £2-norm and in many applications
the norms || - [[x and || - || are equivalent.
Definition

E, = {x € V| there exists ay € W such that ¢(y, v) = b(z,v) for allv € V }.

Theorem 2.1. Suppose Assumptions F1, E2, E3 and EJj hold, then there
exists a unique solution

we C (V) N C3 (T W),
for Problem G for each ug € Ey, uy € V and each f € C’l(J;X). If f=0
then u € C*((—o0,00); V) N C?((—00, 00); W).

Proof.  See [11]. O

Problem G is equivalent to a first order differential equation in the product
space V x W: ¢y = Ay with y(0) = (ug, u1). The operator A is determined by
the three bilinear forms ¢, b and a and D(A) = E}, x V. The construction of
A is given in [11]. Due to Assumptions E1, E2 and E4, A is the infinitesimal
generator of a Cy group of contractions.

Remarks



1. The definition of Ej implies that Ej, is the set of equilibrium states.

2. Existence results may be found in other publications e.g. [12, 1972]
and [13, 1977] but the result in [11, 2002] is convenient for this paper.

3 Galerkin approximation

In this section we consider the Galerkin approximation. Assumptions E1, E2,
E3 and E4 are assumed to hold for the general convergence theory. Suppose
Sh is a finite dimensional subspace of V. (The symbol h has no meaning at
this stage, but it is customary to use the notation.)

Problem G"
Given a function f: J — X, find a function u;, € C*(J) such that for each
teJ

c(u%(t),v) + a(uﬁl(t),v) + b(uh(t),v) = (f(t),v)X for each v € S*, (3.1)
while 1, (0) = uf, ) (0) =ul.
The initial values u/t and u! are elements of S” as close as possible to uy and
uy, see Section 5.

Since ¢ is an inner product and S” is finite dimensional, existence is no
problem if f is continuous (see Section 6).

Theorem 3.1. If f € C(J,X), then there exists a unique solution uj, €
C?*(J) for Problem G" for each u} and u? in S™. If f = 0 then u;, €
C?((—00,00)).

To find an estimate for the discretization error ej,(t) = wu(t) — uy(t), a pro-
jection is used. The projection operator P, is defined by
b(u — Pyu,v) =0 for each v € S".

If no confusion is possible we will write P for P,. We also use the symbol P
to denote the projection Pu of a function u, i.e. (Pu)(t) = Pu(t) for each
t € J. Using the projection we split the error. Let e(t) = Pu(t) — ux(t) and
ep(t) = u(t) — Pu(t). Then

en(t) = ep(t) +e(t). (3.2)
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Estimates for the norm of e,(t) are obtained from interpolation theory in ap-
plications (see Sections 5 and 7). The problem is to determine an estimate for
e(t), the difference between the projection Pu(t) and the Galerkin approxi-
mation up(t). Our aim is to estimate this error in terms of the projection
error and errors for the initial conditions.

The convergence results that can be obtained, depend on the properties of
the solution. But these may vary from problem to problem. The weak-

est assumption is the result of the existence theorem: if u is a solution of
Problem G, then u € C'(J; V) N C?(J; W).

Lemma 3.1. Ifu € C*(J,V), then Pu € CY(J) and (Pu)'(t) = Pu'(t).

Proof.  As the projection operator P is a bounded linear operator with norm
less than one, we have that

1(68) 7" (Pult + 6t) — Pu(t)) = Pu'(t)[[v < [1(08) " (u(t +0t) —u(t)) —u'(t) v

Clearly Pu € C'(J,V) and (Pu)'(t) = Pu/(t). O

We need the following property of the solution for the convergence analysis.

Assumption Al
The solution v € C'(J, V) of Problem G has the property that (Pu) € C?(J).

Remark In [3] the assumption v € C?(J,V) is used and it is then pos-
sible to prove that Pu € C?(J). Baker [1] derived error estimates for the
undamped case using a weaker assumption, but assumed Al without explic-
itly mentioning it. The assumption in [3] is sufficient to prove Al but not
necessary.

It is important to note that we use the fact that (Pu)’ = Pu’ but not (Pu)” =
Pu".

If the solution u of Problem G satisfies Assumption A1, then e, € C?(J, W).
This is easy to see since ¢, = u — Pu and since norms in S” are equivalent,
Pu e C*(J,W).

Proposition 3.1. If the solution u of Problem G satisfies Assumption Al,
then
(e} (t),v) + a(e,(t),v) + b(e(t),v) = 0 for all v € S™.



Proof. By subtracting (3.1) from (2.1) we obtain the following identity. For
any v € S",

c(u”(t) — up(t), v) + a(u'(t) — wy(t),v) +b(u(t) — up(t),v) = 0.
Add and subtract Pu in the bilinear form b above and we have
clen(t),v) + ale,(t), v) + b(u(t) — Pu(t),v) + b(Pu(t) — ux(t),v) =0,

for all v € S*. Since P is a projection with respect to the inner product b,
the result follows. O

4 Fundamental estimate

The following lemma is a generalization of an estimate for e = Pu — uy, in
[1] and we also include damping.

Lemma 4.1. If the solution u of Problem G satisfies Assumption Al, then
fort e 0,77,

le(®)llw < \/5(II@(O)IIW+3T||62(0)||w+3/O les () llw

T
SR en(O) e +35, [ uep@)uw).
0

Proof. In Proposition 3.1 we have
(e} (t),v) + a(e)(t),v) + b(e(t),v) = 0 for all v € S™.
Now, if v is a function on [0, 7] with values in S”, then
c(ep(t),v(t) + aley(t), v(t)) + ble(t), v(t)) = 0. (4.1)

Let v/(t) = e(t), then

d 1 1 ,
2 |3 cle,e) — 5 b(v,v) — c(e),v) — alen, v)
= 0(6,7 6) - b<€7 U) B 6(6/}27 U) - a’(e/hu U) B C(e/hu 6) - a’(eha 6)
= —c(e,, e) — alen, e) (4.2)
from (4.1).



Choose v(7) = 0 for some 7 € (0,7T), and integrate (4.2) between 0 and 7.
We obtain

=[5 ele(0):€00)) = 5 (0001, 0(0) = e} 0).0(0)  afer0)v(0)

—i—% cle(r),e(r)) = — /OT ce,,e) — /OT a(ep, €) — /OT a(e, e).
> 0 and b(v(0),v(0)) > 0, we have

c(e(r),e(r)) < % c(e(0), €(0)) — c(€;,(0),v(0)) — a(ex(0),v(0))

- [ eteper= [ ateno (43
0 0
and consequently

cle(r), e(r)) < c<e(0),e(0))+2/OTc(eg(0),e) —2/070(6;,,@)
+2 /OT a(en(0),e) — Q/OT a(ey, e). (4.4)

Estimates for the terms on the right are now required. We use Young’s

inequality (see e.g. [14]) and denote r%@% by max.
te

< Q/OT |c(€,(0), e)]
2 / e )l Tlellw

2 [ el 0.0

IN

< 2T'max [le(t)[lwle},(0)][w
1 2
< §[max\|e(t>||W} + 9721, (0)[[5y-
Similarly
‘2/ a(en(0),€)| < 2K,Tmax|e(t)|w]en(0)||w
0

IN

1 2
§[max||€(t)||w} + 9K, T?[en(0)][5y,

also using E4. Next

‘2/ c(ey,e)
0

< 2max el [ el
0

Lmwcttoi s (5 1)

9
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and

’2/0Ta(ep,e)

< 2Kamax||e(t)l|w/ llepllw
0

[ma o)) + (356, [ ||€p||W)2-

IN
Nel i

Using these estimates in (4.4), we obtain

4 T
le(D)lf < §maXH€(t)||?4/+HG(O)H%A/+9T2H€2(0)H%v+9/0 ey ()13

T
ORI enO)fy +9K2 [ llea(®)y-
0
Since this is true for all 7 € (0,7"), we have that

1 T
masx ey < 5 max () + [y + 9714 Ol +9 [ 10l
T
ORI enO)fy +9K2 [ llea(®l
0

and hence
T
max [le(t)[[f, < 2(He(o)ﬁv+9T2H62(0)H3v+9/ len (O3 + 9IKZT?||en(0)][5
. 0
vor2 [ el )

T
2 <|I€(0)Ilw + 37|, (0) [lw + 3/ el (®)]lw + 3K.T|en(0)|lw
0

w3, | Tuep<t>uw)2.

IN

]

Suppose that there is no damping, i.e. @ = 0 in (4.4). Then, using the same
arguments as in the proof above, we have the following corollary.

Corollary 4.1. If the solution u of Problem G with a = 0 satisfies Assump-
tion A1, then fort € [0,T],

le@®llw < v2[le(0)]lw + 2T le;, (0) lw + 4ﬁ£}?¥] e (@)lw-
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Now, consider the undamped case with the additional assumption that
c(uy — ul,v(0)) = c(e} (0),v(0)) = 0. The estimate in (4.3) reduces to

N | —

c(e(r), (7)) <

N | —

c(e(0),e(0)) — /OT c(e,,e)

and we have the following result.

Corollary 4.2. Suppose the solution u of Problem G with a = 0 satisfies
Assumption A1. If c(uy — ul,v) =0 for all v € S", then for t € [0,T],

le(®)llw < v2[le(0)]lw + 2\/?%3%{] e (@)l lw-

This is a generalization of the estimate for e = Pu — wj;, in (3.13) in [1].
However, it is not necessary to make the assumption at this stage.

5 Convergence and error estimates for the
semi-discrete approximation

The error estimates follow readily from Lemma 4.1.

Theorem 5.1. If the solution u of Problem G satisfies Assumption A1, then

T
lu() = un@llw < Nep(®)lw + V2 (IIPuO = wollw + 3T ur — uillw + 3/ e () llw
0

T
+(1+3KGT)Hu0—ugHW+3Ka/ Hep(t)HW) , (5.1)
0

for each t € [0,T].

Proof. From (3.2), ||u(t) —un(t)||lw < |lep(t)|lw + |le(t)||w. The result follows
from Lemma 4.1 since ||Puy — ul||lw < ||Puo — uol| + ||uo — ud]|- O

In applications it is necessary to consider the errors on the right hand side
of the estimate (5.1).

To formulate an assumption regarding the error when an element of V' is
approximated by an element of S”, we suppose h is a parameter related to
the dimension n of S* and h — 0 as n — oo.

11



Assumption A2
There exists a subspace H of V' and a positive integer a such that if w € H,
then R

inf [lw —vlly < Ch®|[|wl||x,

veSh

where |||w|||g is a norm or semi-norm for H.

Using Assumption A2, estimates for the projection errors in (5.1) can be
obtained. For example, ||e;,(t)|lw = [/ (t) — Pu'(t)[|lw < Gy’ (t) — Pu'(t)||v
by Assumption E2 and Lemma 3.1. Therefore

ey (#)llw < CoOR 1|’ ()]

If we now choose u}} = Pug and u? = Pu; as in [1], then we have for example
luo — ugllw < CoCh|||uol [, (5.2)

and we are done. This is in general not possible. However, the estimate in
Assumption A2 is derived from the interpolation error in applications. If we
choose ul! = ug and u? = Iluy, where II denotes the interpolation operator,
then we have the same estimate as in (5.2).

Theorem 5.2. Suppose Assumption A2 holds and ul = Hug and u?' = ;.
If the solution u of Problem G satisfies Assumption A1, u(t) € H and
u'(t) € H, then

lul)) —un@®)llw < CCRlJu(®)l]i +V2C,Ch® (3T max||[u' ()] ||
+3K,T max ||[u(t)||[ i + (2 + 3K, T)|||uol||
+37T[ual | ),

for each t € [0,T].

Remark In applications it is sometimes possible to use the Aubin-Nitche
trick (see [15], [16]) to obtain higher order estimates for the projection error.
But the improved projection errors serve no purpose if the interpolants are
used to approximate the initial values uo and u;. If the starting values ul!
and u are projections of uy and u; with respect to the inner product ¢ (as in

[1]), then the result above can be improved. This is in general not possible.

12



6 Fully discrete approximation

6.1 A system of ordinary differential equations

In this section we consider the discretization of Problem G". Suppose S" is
the span of the set {¢1, ¢o, -+, ¢,}. Problem G" is equivalent to a system
of ordinary differential equations as we prove below.

Notation
Matrices K, C;, M and the vector F' are defined by

Kij = b(;, ¢i), Cij = a(¢y,di), Mij = c(¢;,¢:) and Fi(t) = (f(t), ¢i)x.

If a function w has values in S", i.e. w = > w;¢;, then we define a

j
function

W= (wy,wa, ..., w,) = [wy wy ... w,]",

with values in R,. It is convenient to use d* and v" for iqitial conditions in
this section instead of ul and u?. We define the vectors d = (dy,ds, ..., d,)
and U = (vy,vq,...,v,) where d" =>""_ d;¢; and v" = D1 Vb

Jj=1

Problem ODE
Determine @ € C?(J) such that

Mu" + Cu' + Ku = F(t) with 4(0) =d and @ (0) = 2.

Proposition 6.1. Suppose M, K, C, F, d and v are defined as above. Then,
the function uy, is a solution of Problem G" if and only if the function @ is a
solution of Problem ODE.

Proposition 6.2. If F' € C(J), then Problem ODE has a unique solution
for each pair of vectors d and v.

Proof. Since c¢ is an inner product, M is invertible and the differential equa-
tion in Problem ODE may be written in the form @ + M~ 'Cu'+ M 'Ku =
M~'F(t). It follows from the theory of linear differential equations that the
initial value problem has a unique solution. O

Proof of Theorem 3.1.
Clearly F' € C(J) if f € C(J,X). The result follows from Propositions 6.1
and 6.2. O

13



Remark For existence the continuity of F' is sufficient but for @ to have
derivatives of order 2+k, we need to assume that F' has derivatives of order k.
(Note that F' € C*(J) if f € C*(J,X).)

6.2 Fully discrete Galerkin scheme

A finite difference method is used to approximate the solution of the system
in Problem G” (or Problem ODE). We follow [1] with an obvious modification
to include the damping term. Suppose the interval [0, 7] is divided into N
steps of length 7 = T'/N and denote the approximation of uy(#;) by ull. Our
aim is to estimate the difference between the solution of Problem G and the
fully discrete approximation

w(te) — ujp = [u(te) — un(ty)] + [un(te) — upl.

An estimate for the error u(tx) — uy(tx) was obtained in Section 5 and an
estimate for the error uy(t;) — ul! is required. To be precise, an estimate for
|lu(ty) — un(te)||w is derived in Theorem 5.2 and an estimate for the other
error must be with respect to || - ||w. Although norms are equivalent in a
finite dimensional space, the dimension of S” is not fixed and equivalence
of norms may not be used. For this reason we consider the fully discrete
problem in variational form as in [3], [1] and [14].

Notation For any sequence {z;} C R,, :

Sixr =7 Mzp — T,

Tpel = §[$k+1 + ).

Problem G"-D
Find a sequence {u'} € S" such that for k =0,1,2,..., N — 1,

Sup = Uy L (6.1)
Bt ) vy ) 00y ) = (1) + St )x (62)

for each ¢ € S*, while ul = uy,(0) = d" and vy = u},(0) = v™.

Following [1] we prove that the solution of Problem G"-D is well defined. In
the process an algorithm is derived. No confusion can arise if we write u; for

h
uk-

14



Proposition 6.3. Problem G"-D has a unique solution for any pair of vectors
d" and v" in S".

Proof. For any v € S*,

2
gb(Uk_’_l +up, ) = %b(T_l[uk+1 — ug], ) + gb(uk, V) + %b(uk, V)

2 1
= Eb(i[vk—H + ’Uk], 77[)) + Tb(Uk, ¢)

-2 -2
= Zb(vk-‘rh ¢) + Zb<vk7 ¢> + Tb(uka ¢>
Substitution into (6.2) yields

2 2

C(vrs1, ) = e(vr %) + Fa(vin + vk 0) + b0k ¥) + 00k, ) + (s )
= S(LF(0) + Fte)) ¥)x

or

2
c(Vpg1, ) + Za(ka,@D) + T_b(UkH, V)

2 4
= c(v, 1) — %a(vk,@b) - sz(vkﬂb) — 7b(u, V)
5 (1) + F (b)), 0)x. (6.3)

for any ¢» € S". The bilinear forms b and ¢ are positive definite and as a

2 . .. . . .
consequence ¢ + 7 a + - b is positive definite. Therefore vy, is uniquely
determined by (6.3) and ug1 = ug + Ty 1 from (6.1). O
The following algorithm may be used.

Problem FD
Find a sequence {u;} C R, such that for each £,

T 7'2 _ T 7'2 _ _ T
(M+ 5 C+ZK)Uk+1 = (M— 50— ZK)’Uk —TKuk+§[F<tk) +F(tk+1)]

with g = d and 7y = .

15



6.3 Error estimates

In this subsection we derive an estimate for the error uy () —ul'. Recall that

it must be with respect to || - |lyr. Usually the error u(t) — ul is estimated

directly, see e.g. [3], [1], [14], [5], [6] and [7]. To do this, the assumption is
made that the exact solution has derivatives u® € £2([0,7],V) for k < 4 or
k < 3. This assumption is very restrictive.

To obtain our general result, we adapt the proof in [1] (which is for the wave
equation).

Truncation

Consider Problem G"-D. Substituting ¢ = ¢, and t = t;,; respectively into
Problem G" (Equation (3.1)), we obtain

ofr ™ on(trn) = vu(t)], ) + 5 al{on(tinn) + vult)], ) + 5 B[ (tn) + a0, )

1

= 5 (If(tesa) + f(tR)], ) x + clon, ¥) (6-4)

where vy, (t) = uj,(t) and
1
pr =7 on(tryr) — onlty)] — 5 [on(tisn) + 03 (t0)]- (6.5)
We denote the errors by e, and gy:

e = uh(tk) — U and qr — u’h(tk) — Vk-

Note that in our approach ¢y = 0 and ¢y = 0.

By subtracting (6.2) from (6.4) we obtain

C(T_l[QkH — Q) ¥) + a(%[Qk—&-l + qi), V) + b(%[ek—i-l + €], V) = c(pr, V),

which can be rewritten as follows
c(6rqr, V) + G(Qk+%>¢) + b(€k+%a¢) = c(pr, V). (6.6)
Substitution of uy, and vy, into (6.1) yields
P un(tien) = wn(t0)] = 5 (e (tr) + 0u(t0)) + o, (67
16



where (obviously)

o= unltanr) — (b)) = 5(nte) + o). (©08)

It follows from (6.1) and (6.7) that

e = iyt + 0. (6.9)

Stability

Consider any integer n > 0. It follows from (6.9) that

n—1 n—1 n—1
en:TE (5tek:TE qk+;~|—TE O
2
k=0 k=0 k=0

Consequently
1
Cnyl = 5( n+1 + €n)
- n n—1 - n n—1
10 97D YN P10 oRRS 2 R
k=0 k=0 k=0 k=0
But from (6.9) we also have
1
5ten = §[Qn+1 + Qn] + oy
n n—1
-
7 [z 5+ S b +om 6.11)
k=0 k=0

Let so =0 and s,, = TZZ;S Crrls then
- n n—1
St = 5 [Z e+ ek+é] : (6.12)
k=0 k=0

In the analysis that follows, 1) denotes an arbitrary element of S”*. Using

17



(6.10), (6.11) and (6.12), we have forn =1, 2, ..., N —1

C<6t€n; w> + a(€n+%> w) + b<5n+%7 w>

n n—1
= %c ( Z 0uqi +Z 5tQk] ﬂb) + c(on, )
k=0 k=0
n n—1
BEMENE
k=0 k=0
n n—1
b([z €k+%+z %%]ﬂﬂ)-
k=0 k=0

Using (6.6), it follows that

_|_

Do

C((St@n, w) + a(en+%7 w) _'_ b<8n+%7 w)

Let

forn=1,2,...N — 1, then

0(6t6n7 1/’) + a’(en—&-%? ) + b(sn—i-%? ) = C(€n7 1/})

Choose ¢ = e, 1, then

n+§7

len+ill® = lleall” + 27alens 15 enp 1) + lsusalli — lsalli

= 27¢(€p, en%).

(6.13)

(6.14)

(6.15)

Consider any integer v with 2 < v < N. Using (6.15) and the fact that

a(€n+%, en+%) > 0, we have

<
|
—

v—1

Neneall® = lleall® + st llv = lsallv] <27 ) clen, enr1).
2

n=1 1

3
Il

18



It follows that

levlliy = Nlexlliy + llsully = llsallv

v—1 v—1
<477 fleallds + 1= lenr 1l (6.16)
4T 2
n=1 n=1

using the Cauchy-Schwartz inequality and Young’s inequality.

Now, consider n = 0. Let k£ =0 in (6.6):

(S0, V) + algs. ) + bles. ) = clpo, ). (6.17)

Also, let kK =0 in (6.9):

dreg = q1 + 0o.

Since qo = 0 and ey = 0 we have d,eg = <, er = S, 0o = L and g1 = i
and hence
g1 = — €1 — 20’0.
-

Making the appropriate substitutions into (6.17) we obtain

2 1 1

=) C(ela ,lvb) + = a(eh @D) +3 b(€17 w)

T T 2

2
- C(pOJ TP) + ; C(UOJ w) + a(007 ¢) (618)
From the definition of sq and s;, we have e; = %sl. Substituting this into
the bilinear form b in (6.18) (and multiplying by %) yields
T T 72 72

0(617 ¢) + 5 CL<€1, ¢> + Eb(slv ¢) = ? C(p07 ¢> + TC(O'(), ¢) + 5 CL(Uo, ¢>

Choose 1 = eq, then

-
lealliy + llsilly + Faler, en)

2 7_2

-
=5 c(po, e1) + 7 c(og, €1) + 5 a(og, e1).
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Since a(ey, e;) > 0,
2 2

T T
lealli +llsully: < 5 loolwllexllw + 7 lloollwllexllw + 5 Ka lloollwllexflw

1 1
< loolliy + 35 lealliy + 47> loolliy + Fellealliv

1
el

3
= el + ool + (47 + T Kool (619)

+7 K2 ||oo|[y +

using the Cauchy-Schwartz and Young’s inequalities.

To proceed, we combine (6.16) and (6.19):
v—1 - v—1

leolly < ATTY  llealld + 7 D lensslliv
n=1 n=1

3
+gllenliv +7 ool + (47% + 7 Ka) ool
v—1

1
< ATTY  lealliy + 5 max [lenlliy + 7 olliy + (47° + 7 Ka)lloo iy

n=1

The stability result follows.
Lemma 6.1. Stability

N-1
max |leq|ffy < 8T Y leallfy + 27 ollfy + (877 + 27" K)ol [y -

n=0
Convergence

It remains to determine estimates for p, and o;. To find an estimate for py,
we consider the following two parts separately

-
pa = T_l[vh(tk+1) — up(ty)] — v, (. + 5) and

1 T
PB = —3 [, (trg1) 4 vp, (t)] + 03, (tr + 5)-

Recall that v, (t) = >, vi(tr)¢;. Using Taylor expansions we obtain

r osltien) = vilto)] = vilte + )
1 tet1 1 tet+g
(tepr — 0)20"(0)dO + — (tx — 0)%0" (6)d6.

= - i i

20



From the Cauchy-Schwartz inequality

tht1 2 tiet1 let1
/ (b — 0)%"(0)d0 | < / (b — 0 d0 [ (o(6)) a6
t t

kt35 kt35 tet+g
7'5 Bt " 9 2d(9 d
= 160 tk+%(vi (0)) an
tht3g 2 75 tktg
/ (t— 02" (0)d0) < — (0"(6))% do.
b 160 J;,

Using the estimate above and assuming that {¢;} is orthonormal, we have

_ aNIE:
lpallie = || fontta) = onfti)) = vhte + )|

< 22 ( N / " e — 00 "’(e)de) +Zz ( 4lT / " e — 0 ”’(9)d9>

< T / [ (6) 2, 4o + / [ (6)) 2, o
~ 1280 [ Jyz v " v

4
1280 max ||U/NHW7

where maxgep,7) is denoted by max.

<

To find an estimate for pg, the same steps are followed.

From Taylor expansions

1 / / / T
é[Uz‘(tkH) + vi(te)] — vi(te + 5)
1 [+ 1 tp+5
_1 / (bosr — O)0"(6)d0 — ~ / (b — 00" (6)dD.
2 tk-‘r% 2 ty

Using the Cauchy-Schwartz inequality again, we obtain

tet1 2 tet1 tet1
[ tea-owreas) < [ -opas [ )2 as
tk+% tk+% tk‘i’%

7.3 tet+1
= % (v/"(0))*dd  and

tet3 , 2 23 et
/ (te — OO0 < — (V)" (6))2 do.
tr 24 tk
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Therefore

4
.
loslli < g max v -

Combining the estimates for p4 and pp yields

loellfy < " maxc[Jvy|[5- (6.20)

Now consider o = 7 up(try1) — un(te)] — 3[up(ter1) + ) (tx)]. Following
the same method as for py, we obtain

lowlliy < 7 max [l |15 (6.21)

The following estimate for €, (see (6.14)) is obtained from (6.20) and (6.21).

lealliy < 5T*7" max [l [[§y + 47" max [l |3

Using the result in Lemma 6.1 yields

max e, |7 < 4077 max ||v) |7, + 32777 max ||u)||3

+27% max HU;Z,”I%V + 87% max ||u’é’||12/v + 278K, max ||ug'||%,v

Note that if f € C?([0,T], X), then u; € C*([0,T], W) and consequently the
following error estimate is obtained.

Theorem 6.1. Error estimate.
If f € C*([0,T),X), then

Jun(te) —ulllw < 7727 max ||ul” ||y + 7772 max ||ul’||w

+v/2K, 7 max ||u)||w (6.22)

for each t € (0,T).

Finally, error estimates for the fully discrete approximation of the solution
of Problem G are obtained by combining results from Section 5 with Theo-
rem 6.1.
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7 Applications

The multi-dimensional wave equation

As an elementary application we consider the wave equation in a two-dimensional
bounded domain denoted by (2. Let ¥ be a part of the boundary 9. Given
functions f,ug and wuq, find u defined on Q x [0, 7] such that

pdiu = V-(AVu) —kdu+ f in Qx(0,T),
u = 0 on 0N — X,
—AVu-n = 0 on %,
while u(-,0) = up and Jyu(-,0) = u;.
The unit outer normal on the boundary is denoted by n. The given param-
eters in the problem are the matrix of functions A = (a;;) and the functions
k and p. We assume that the parameters are bounded above and below by

positive numbers and the matrix A is uniformly positive definite. For the
problem in [1], ¥ is empty and k = 0.

Next consider the variational form. The test functions T'(€2) are functions
in C*(Q) which vanish on 9Q — %. Let (f,g) denote the usual innerproduct
for £2(Q). The bilinear forms a, b and ¢ are defined as follows (using weak
derivatives for b)

bu,v) = / /Q AV - Vo dV
e(u,v) = / /Q puv dV
a(u,v) = //Q kuv dV.

Let V denote the closure of T(Q) in H'(Q2). The weak variational form of
the problem is to find u such that for each t > 0, u(t) € V, u”(t) € L3(Q)
and

c(u"(t),v) + a(u'(t),v) + blu(t),v) = (f(t),v), for each v € V
while u(0) = up and «/(0) = ;.

Note that the restriction to two dimensions is not necessary. Next we show
that Assumptions E1, E2, E3 and E4 are satisfied.
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El: V is dense in £%(Q) since C§°(Q) is dense in L3(9).

E2: Assuming that 02 — ¥ has positive length, the Poincaré-Friedrichs
inequality can be proved and it follows that b is positive definite. The
norm corresponding to the inner product b is ||v||y = /b(v,v). It is
equivalent to the norm of H'(Q2) on V.

E3: The bilinear form c is clearly an inner product for X = £%(Q) and
the corresponding norm is equivalent to the norm of £2(€2). The space
L£2(2) with inner product ¢ is the space W (with norm || - ||w).

E4: Clearly a is defined on £%(€2) and is bounded.

Existence of a unique solution for the weak variational problem follows from

Theorem 2.1, provided that f € C*([0,T7], £L2(2)).

Now consider the finite element approximation of the problem. For simplicity
we consider the two-dimensional case and use triangle elements. A finite
dimensional subspace S” of V is constructed, using piecewise linear basis
functions.

The Galerkin approximation is to find a function u;, € C?(0,T) N C*0,T]
such that

c(up(t),v) + a(uy(t),v) + b(un(t),v) = (f(- 1), v)x,
for each v € S, while u;(0) = u? and u},(0) = ul.
Depending on the properties of the boundary of €2, the parameters, initial
values ug and u; and the function f, it can be proved that A1 and A2 hold.
(It is beyond the scope of this article.) For the problem under discussion we
have that H = H*(Q2) NV (see Section 5). Instead of Assumption A2 we
have the following result for piecewise linear basis functions: If u € H*(Q)

for k > 2, then R
M — ully < Crhluls,

where | - |5 denotes the usual semi-norm.

Consider application of Theorem 5.2. For the present problem we have

lu — Pullw < Cyllu — Pully < CoCrhluls. (7.1)

Error estimate 7.1
Suppose uff = Tluy and uf = Tluy. If the solution u of Problem G satisfies
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Assumption A1, u(t) € H*(Q) and «'(t) € H?*(S), then

u(t) —un(®)llw < CyCrhlu(t)]s + V2C,Crh (3T max [/ (1),
+3K,Tmax |u(t)]2 + (2 + 3K,.T)|uols + 37w ]2),

for each t € [0, 7.

If the solution is sufficiently smooth, i.e. E, C H?*({), the Aubin-Nitche
trick may be used. Instead of (7.1) we have |Ju — Pully < Kh2|u|, where K
depends on Cj and 6T. Using this estimate in Theorem 5.1, we obtain the
following result.

Error estimate 7.2
Let ul = Pug and u? = Pu;. Assume that u(t) and u/(t) are in H?(9).
Then,

u(t) —un(@®)llw < Kh2|u(t)]y + V2K h?(3T max [/ (1)),
+3K,T max [u(t)]2 + (2 + 3K, T)|ugls + 3T |uy2),

for each t € [0, 7.

From the definition of the spaces X, W and V and the bilinear forms ¢, a
and b, it follows that the theory of Section 6 is applicable. Combining either
Estimate 7.1 or 7.2 with Theorem 6.1 yields the error estimate for the fully
discrete approximation.

Elasto-dynamics, hybrid models and structures

The theory in this article can also be applied to the Timoshenko beam
model (with viscous type damping) [5], the Reissner-Mindlin plate model
(undamped) [17] and linear elasto-dynamics (undamped) [7].

The theory of this article is really intended for systems where elastic bodies
interact. Numerous examples can be found in [18], for example networks of
linked beams.

Another example where the theory may be applied, is in article [19] where
the importance of vibration analysis of structures in engineering is stressed.
The authors consider a system consisting of two plates.

A hybrid model where a beam has complex boundary conditions due to a
damping tip body attached to one end is considered in [20]. The damping is
not of viscous type and the theory in this article does not apply, but it does
for the undamped hybrid model.
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Perhaps the most convenient example for the present discussion, is in a plate-
beam model from [21]. The model problem referred to as Problem RMT, is of
the same type as Problem G. If the damping in a joint is replaced by viscous
damping on the plate, then Problem RMT is a special case of Problem G. It
is proved in [21] that assumptions E1, E2 and E3 are satisfied. For viscous
damping on the plate, Assumption E4 is easy to verify.

Finally, we mention the rather obvious fact that other types of damping
need to be considered. Considering the existence results for different types
of damping in [11], we believe that mere adjustments to the present article
will not yield the desired results.
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