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Model-based controllers often extend improved performance to mineral processing plants by leveraging
predictive models to account for system dynamics, handling constraints, adapting to changing conditions, and
optimizing control inputs. Inaccurate models will cause a deterioration of controller performance, which is
often the case for grinding mill circuits. The plant model ratio was developed to diagnose parametric model
plant mismatches for first-order plus time delay models. Using a simulation study, the plant model ratio is
applied to test the feasibility of using the plant model ratio on a grinding mill circuit. By applying different
scenarios of mismatch, some limitations of the plant model ratio are identified and discussed in light of
a grinding mill circuit model that is used in model-based controllers. The plant model ratio is capable of
identifying parametric model plant mismatches for the model of a grinding mill circuit, specifically changes
in the direction of responses. This may occur in cases where disturbances push a grinding mill to operate to

the right of the peak of a grind curve.

1. Introduction

Grinding mill circuits are highly interactive systems, have strict
process constraints, contain non-linear interactions, and experience
frequent disturbances (Le Roux and Craig, 2019). Model-based con-
trollers such as model-predictive control (MPC) provide significant
advantages over proportional-integral-derivative (PID) controllers to
maintain the process at the desired operating condition despite these
challenges (Remes et al., 2010; Ramasamy et al., 2005; Pomerleau
et al., 2000).

Grind curves are quazi-stationary parabolic curves that relate the
mill filling to performance indicators such as power draw, through-
put and product size (Powell et al., 2009; Le Roux et al., 2020). In
general, the aim is to operate at a mill filling close to the peak of
the throughput grind curve, which is usually left of the peak of the
power grind curve (Craig et al., 1992). Disturbances such as feed ore
hardness or particle size distribution (Morrell et al., 1996) may cause
the grind curves to shift such that the process operates to the right of
the grind curves. This may result in an inversion of the direction of
the relationship between mill filling and power draw, throughput, or
product size (Steyn et al., 2010).

System identification is often used to derive linear time-invariant
(LTI) transfer function models for use in linear MPC. For grinding mills,
the sign of the gain of an LTI model between two process variables
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may change depending on which side of the grind curve the system is
operating. Since a change in process dynamics is unavoidable because
of process disturbances, the accuracy of the model used for an MPC
controller of a grinding mill may deteriorate over time (Olivier and
Craig, 2013). The deterioration of model accuracy, i.e., model-plant
mismatch (MPM), is a common problem for MPC (Qin and Badgwell,
2003; Mayne, 2014; Schwenzer et al.,, 2021). This results in a de-
terioration in the performance of the MPC, and is one of the main
impediments to ensure long-term successful implementation of MPC in
grinding mill circuits. Subsequently, PID control remains the standard
approach to control grinding mill circuits in industry (Wei and Craig,
2009; Hodouin, 2011; Olivier and Craig, 2017).

To address the deterioration of controller performance, a substantial
amount of research has been done on the topic of controller perfor-
mance monitoring (CPM), consisting of several subsets of research. This
article will focus on model-plant mismatch (MPM) detection since the
focus of the study is on model-based controllers. CPM, in the form
of MPM detection and isolation, is categorized into either direct or
indirect methods (Wu and Du, 2022).

The principal categories for the indirect methods of MPM are
statistical-based techniques and sensitivity function-based methods.
Badwe et al. (2009) proposed the first statistical-based technique
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derived from a partial correlation analysis on which most of the
statistical-based methodologies are developed. The proposed methodol-
ogy first calculates the disturbance-free components of the manipulated
variable (MV). These disturbance-free MV components are decorrelated
to all other MVs (éu[) to allow a single transfer function containing the
MPM to be identified within a multiple-input-multiple-output (MIMO)
transfer function matrix. The same steps are used to decorrelate the
model residuals to all the MVs (é,.). A non-zero cross-correlation
between ¢, and é, indicates an MPM within the ; — y; input-output
channel, where u; is the ith input and y; is the jth output of the system.
The larger the correlation coefficient the more significant the MPM will
be.

In contrast to the required setpoint excitation of the partial correla-
tion analysis developed by Badwe et al. (2009), the correlation analysis
method described by Li et al. (2020) requires a data set with zero
setpoint changes. The methodology uses a correlation analysis method
between the inputs and the disturbances along with a model quality
index to formulate a custom model assessment index applicable to an
MPC algorithm using a univariate predictive control structure.

In addition to using a partial correlation, other statistical-based
techniques include the plant model ratio (PMR) as developed by Sel-
vanathan and Tangirala (2010a). The PMR is defined as the ratio of the
plant transfer function to the model transfer function. This definition
of MPM allows for the diagnosis of gain, time-constant and delay
mismatches within a single-input and single-output (SISO) system, with
the caveat that high-frequency broadband excitation is required within
the system. To mitigate the requirement for high-frequency excitation,
an improved PMR method, as described by Yerramilli and Tangirala
(2018), was developed where an optimal delay estimation technique is
used to allow for delay mismatch diagnosis without high-frequency ex-
citation. Selvanathan and Tangirala (2010a) discussed how to estimate
the PMR from routine operational data while Yerramilli and Tangirala
(2016) expanded the PMR estimation to MIMO systems by introducing
a decoupling estimation of the PMR for multivariable systems.

The variance ratio-based model evaluation index, much like the
partial correlation analysis (Badwe et al., 2009) and the PMR (Sel-
vanathan and Tangirala, 2010a), is based on the internal model control
(IMC) structure. This method of MPM detection uses the adaptive Lasso
approach to determine the order and estimate the parameters of a linear
regression model (Zou, 2006).

In light of the discussion above, the PMR shows the potential to not
only identify MPM, but also isolate the MPM to a specific input—output
model within the MIMO transfer function matrix. It can also identify
the type of mismatch as either gain-, dynamic—, or delay mismatch and
give a diagnosis of the direction of each mismatched parameter.

To enable long-term use of MPC for grinding mill circuits, this
article investigates the applicability of the PMR as a method to identify
MPM in a grinding mill circuit. This is a continuation of the study
in Mittermaier et al. (2023). However, here an improved PMR approach
is used, the ability to identify an inversion in polarity of process gains
is investigated, and conditions for the successful use of PMR is shown.

The article is structured as follows. Section 2 summarizes the
PMR approach of Selvanathan and Tangirala (2010a), as well as the
improved PMR by Yerramilli and Tangirala (2018). Section 3 gives the
LTI model obtained by system identification of a non-linear grinding
mill circuit model (Ziolkowski et al., 2022). Section 4 simulates MPM
for the circuit using an uncertainty description (Craig and MacLeod,
1995) and presents the results of applying PMR. Section 5 discusses
the challenges of using PMR to identify MPM for a grinding mill circuit.

2. Plant model ratio

The IMC structure is shown in Fig. 1, where R(w) is the reference
signal, U (w) is the control input, V (®) is the measurement noise, Y (®) is
the plant output, ?(w) is the model output, and E(w) is the error signal.
A frequency domain representation of all the variables is given.
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Fig. 1. Closed-loop IMC structure.

The IMC structure allows for model-plant comparison by investigat-
ing the difference between the plant (G) and an online version of the
plant model (6). This comparison denotes the traditional form of MPM
and can be represented as AG = G — G. Since AG is seldom zero, due
to modeling uncertainties and the lack of accurate process knowledge,
the PMR was developed to mitigate the shortcomings of the traditional
MPM (4G) and provide a method to collect more information on MPM.

The objective of the PMR for SISO systems, as developed by Sel-
vanathan and Tangirala (2010a), is to recognize, isolate, and diagnose
the MPM by categorizing it as a gain mismatch, delay mismatch,
dynamic mismatch, or a combination of these three mismatch types.

2.1. Plant model ratio for SISO systems

From Fig. 1, the PMR is defined as the ratio of the frequency re-
sponse function of the plant (G(e/®)) to the frequency response function
of the model (G(e/®)) (Yerramilli and Tangirala, 2016),

: G(e/®)
G (e’ w) == - (1)
PMR G
The polar representation of (1) is,

|G(ejw)|e149(ef“’)e—ij

Gparn(el®) = e
e 1G (i) <C@) i Do @

= M(w)e/4P@),

where G and G represent the delay-free parts of the plant and the model
transfer functions, respectively. D refers to the delay present in the
system. Instead of analyzing AG, as done in most MPM approaches, (2)
evaluates the ratio of the mismatch in magnitude M(w) = % and
j£G(?) —jDw>

phase AP(w) = %

Selvanathan and Tangirala (2010a) developed a systematic ap-
proach, applying the PMR to first-order plus time-delay (FOPTD) mod-
els, e.g., the plant is defined as G(s) = K *DS, and the plant model as

G(s) = P ¢=Ds, in order to diagnose the MPM present in the system.
The approach 1ncludes the analysis of the zero-frequency component of
the magnitude spectrum of the PMR to determine the gain mismatch.
This is followed by a test of the slope of the magnitude spectrum of
the PMR to ascertain the extent of the dynamic mismatch present, and
lastly, a linearity check of the phase spectrum of the PMR is used
to diagnose the delay mismatch present (Selvanathan and Tangirala,
2010a; Yerramilli and Tangirala, 2016). The full systematic diagnosis
procedure is captured in Table 1. In Step 1, if M(w) evaluated at w =0
is not equal to 1, there is a mismatch in the steady-state gain (K). If
M(w = 0) > 1, the plant gain K is greater than the model gain I?, if
M(w = 0) < 1, the plant gain K is less than the model gain K. In Step
2, the initial slope of the magnitude spectrum is used to determine the
extent of the time-constant mismatch. If the slope is greater than 0, the
plant time-constant (z) is less than the model time-constant (7), if the
slope is less than 0, the plant time-constant (z) is greater than model
time-constant (7). The last step, Step 3, is to do a linearity check on the
entire phase spectrum. This can be done by fitting a linear line to the
phase spectrum and using the slope of the fitted line, « to determine
the phase linearity. If the phase spectrum increases over frequency then
the plant delay (D) is less than the model delay (13), and if the phase
spectrum decreases over frequency then the plant delay (D) is greater
than the model delay (13).
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Table 1 Table 2
MPM analysis using PMR. MPM analysis using improved PMR.
Assessment Diagnosis of MPM Assessment Diagnosis of MPM
procedure MPM direction procedure MPM direction
Step 1 M(@)| g # 1 if M(0)=1: M(w) > 1 if Step 1 M(®)|,— # 1 if M(0)=1: M(w) > 1 if
K =K, else K>K, K =K, else K>K,
K #K M) < 1 if K #K M) < 1 if
K <K K <K
Step 2 M (w) has a if flat: 7 =7, M®)|,, <1 Step 2 M (w) has a if flat: 7 =7, M(®)|,, <1
zero slope else 1 #7 ifr>1, zero slope else  #7 ifr>1,
(flatness test) M (@), > 1 (flatness test) M(®)|per > 1
ifr<? ifr<?
Step 3 Linearity if a=0: a >0 if Step 3 Optimal delay mismatch detection
check of D =D, else D<D, a<0
AP(w) D#D if D>D

2.2. Plant model ratio estimation for SISO systems

As seen in (1), the PMR is defined as the ratio between the process
transfer function G and the model transfer function G. Due to process
variation and non-linearity most process transfer functions will not be
known apriori. To address this issue, the PMR can under certain con-
ditions be estimated from routine operating data. These conditions in-
clude that the setpoint contains sufficient excitation and that the signal-
to-noise ratio is large enough to make reliable inferences (Yerramilli
and Tangirala, 2018).

The cross-spectral density (CSD) is used to estimate the PMR (Ljung,
1999; Selvanathan and Tangirala, 2010a),

A Yyr(@)
G =2
PMR Vor(@)

3

where y, (@) is the estimated CSD between the plant output y and
the setpoint r, while y; () is the estimated CSD between the model
output y and the setpoint r. This correlation between outputs and
setpoint allows for the effects of noise and disturbances (which should
be uncorrelated with the setpoint) to be removed from the estimate of
the PMR (Selvanathan and Tangirala, 2010a; Yerramilli and Tangirala,
2016).

From the polar representation of the PMR in (2), two pitfalls should
be avoided (Mittermaier et al., 2023),

1. Since the PMR is based on a frequency analysis, sufficient broad-
band setpoint excitation is required. For example, a sinusoid of a
single frequency will excite a LTI system only at that frequency,
which will lead to a lack of information at other frequencies that
may be of interest in the CSD (Priestley, 1981).

2. If the model used to describe the system is not a deviation
variable model (Skogestad and Postlethwaite, 2010), the oper-
ating point of each variable of the system should be subtracted
from the recorded data. Eliminating the offset in the data will
remove the corresponding lower frequency components that will
otherwise dominate the CSD and ensure accurate results for the
PMR.

2.3. The improved plant model ratio

The delay mismatch detection seen in Table 1 requires high-
frequency excitation to estimate the delay mismatch (Mittermaier et al.,
2023; Selvanathan and Tangirala, 2010a; Yerramilli and Tangirala,
2016). This requirement is undesirable in real-world systems due to the
effect of high-frequency signals on plant actuators as well as the low-
pass filtering effect of feedback control systems. Therefore, to mitigate
this requirement, an improved PMR methodology was developed by
estimating the delay mismatch using optimal delay estimation (Hamon
and Hannan, 1974; Lindemann et al., 2001; Selvanathan and Tangirala,
2010b).

An arbitrary transfer function H(w) can be split into a transfer
function containing the delay-free portion of the system (H(w)) and the
delay of the system (e~P),

H(w) = H(w)e P, (€]

The phase spectrum of the transfer function contains a contribution
from both the time-delay and delay-free part of the transfer function,

arg[H (w)] = arg[ H(w)] — D(w), )

where arg represents the angle of the complex number. Therefore, if
the left-hand side and the delay-free contribution of (5) is known, the
delay (D) can be estimated. The left-hand side of (5) can be estimated,
by using the linear system relation,

H(w) = R (6)

where y,,(w) is the CSD between the input and output of the system,
and y,,(w) is the auto-spectral-density of the system input.

Note the magnitude of the delay-free term (H(w)) and the mag-
nitude of the complete transfer function (H(w)) in (5) are identical,
i.e., |H(w)| = |H(w)|. Therefore, arg[ H(w)] can be estimated as shown
in (7), without using the delay factorization in (4). Assuming that H (w)
is a minimum phase system, arg(H(w)) in (5) can be approximated
using a discretized Hilbert transform relation (Oppenheim, 1999),

B
arg[ﬂ(a)l)]=—%kg#llog‘H((uk)HCOt(a’[;wk) ”
=1, 7

®; + @
t\ —— ,
+c0< : ))

where, o, is the frequency in question, while ®, forms a moving
window of frequencies within a bandwidth of frequencies denoted by
B (Lindemann et al., 2001).

The estimates of arg[H(w)] as in (6), and arg[ H(w)] as in (7) can be
substituted into (5) to form the following error function,

e(w) = arg[H(w)] - arg[ H (@)] + D(w). ®

From the error function the delay (D) can be determined by solving the
cost function (Hamon and Hannan, 1974),

max J (D) = zB:W(co) cos(e()), ©)

where W is the weighting function as defined in (11).

When the error term of (8) tends to zero, the cosine function in (9)
will reach a peak value. Therefore, the cost function searches for the
integer value of D that realizes the maximum value of the cost function
over the same bandwidth, B, as in (7). The bandwidth is a proper band
of normalized frequencies [0, z/T,], where T, is the sampling rate.

The weighting function of the objective function is derived from a
least-squares approach (Ljung, 1999) with the aim of applying a bias
to the objective function that is inversely proportional to the variance
of the phase spectral estimate per normalized frequency. When using
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the smoothed periodogram method to estimate the phase spectra, the
variance of the phase estimate will be (Lindemann et al., 2001),

L 1), 10

@)

var(arel @) = © <

where v is the degrees of freedom and x?(w) is the magnitude-squared
coherence between the input and output of the system. The weighting
function W (w) is therefore chosen based on the weighted least-squares
as,

2
W)= ———. an

Combining the weighting function in (11) with the error function in
(8) and the objective function in (9), a non-linear integer optimization
problem should be solved to estimate the delay D. Seeing that in an
actual real-world process, the expected delay variability due to MPM
tends to be small, the non-linear integer optimization can be simplified
to a standard search over a predetermined variable set of plausible
integers, for example, D € Z|_jy<p<jo-

From the assumption that the PMR can be represented as a transfer
function between the process output (y) and the model output (§), as
mentioned by Yerramilli and Tangirala (2016), the arbitrary transfer
function (H(w)) can directly be replaced with the PMR (Gpg) to
obtain the MPM within the delay term of the transfer function in
question. The last step of Table 1 can thus directly be replaced with
the optimal delay estimation, as seen in Table 2.

2.4. Plant model ratio expanded to MIMO systems

For a MIMO system, the matrix elements are SISO transfer functions
between individual input/output channels,

G, G - Gy
G G e Gy,

o 71 (12
Gy Gp - Gy

The objective of the PMR when applied to a MIMO system would be to
isolate the MPM to a specific transfer function within the MIMO transfer
function matrix and apply the SISO PMR diagnosis procedure (Table 2)
to each element in the matrix. Seeing that the SISO PMR, as described
in (1), cannot be directly applied to MIMO systems in a trivial way, an
approach to the MIMO PMR was developed by Yerramilli and Tangirala
(2016). From the IMC structure in Fig. 1, the plant output Y; can be
expressed in terms of the model output Y,-,

Y(@) = Y Gu(@Uy@) + V()
k=1

= Z Gpumry (@G (@)Ui(@) + V(@) 13)
k=l

n
= Z Gpumr, (@i (@) + Vi(w),

k=1
where ¥, is the kth component, of the ith model output (¥;), corre-
sponding to the kth input u,. Thus, for an n x n MIMO system, the
element-wise division between the plant and model transfer function
matrices defines the PMR matrix (Yerramilli and Tangirala, 2016,
2018),

[Gu@ . Gu®
G (@) Gip(@)
Gpyrl@)=| :
Gy (@) . Gp(@)
[ Gt (@) Gn(®) 14)
Gpymry, GPMRU
| Gpmr, GPMR,,
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2.4.1. MIMO PMR estimation from operational data

As discussed in Section 2.2, the process transfer function will
seldom be known apriori, thus, the MIMO PMR must be estimated using
routine operational data. If the inputs are uncorrelated, i.e., the transfer
function matrix of (12) is a diagonal matrix, the PMR can be described
as (Yerramilli and Tangirala, 2016, 2018),

V3.5, (@)

Gpup, (@) = (15)

i394 (@)’
where the ith row of the PMR matrix in (14) is interpreted as a transfer
function between the n components of the model output y; and the plant
output y;.

Since MIMO industrial systems typically do not have a diagonal
transfer function matrix and significant correlations exist between all
inputs and all outputs, the PMR in (15) does not hold true due to
the confounding effect, i.e., the PMR in a particular channel is also
influenced by contributions of inputs/outputs from other channels (Yer-
ramilli and Tangirala, 2018).

The confounding effect between correlated channels can be miti-
gated using either an implicit or explicit MIMO PMR estimation. The
explicit method of estimating the MIMO PMR uses a partial CSD (Yer-
ramilli and Tangirala, 2016). The implicit method, which is simpler
than the explicit method, will be used in this article and is described
in Section 2.4.2.

2.4.2. Implicit MIMO PMR estimation

The implicit method of estimating the PMR uses a multiple regres-
sion approach on (13) by firstly correlating both sides of the equation
with all setpoints. The correlation realizes n equations for » entries of
each row of the MIMO PMR matrix as seen in (16). The correlation
step mitigates the effects of disturbances and noise (Yerramilli and
Tangirala, 2018).

Yy (@) V9o (@) V9inory (@) || Gpu Ri1 (@)
Vy,.,r.z (@) _ Y5 J.z (@) }’pm,,.z (@) GPM{{iZ (@) (16)
Dy @] (15,07, (@) Vi (@) [ LGP bR, (@)

Therefore, elements of the ith row of the PMR matrix can be
estimated via regression. It should be noted that the values in (16)
are complex, and therefore the complex conjugate transpose operation
should be used for each frequency within the bandwidth B when
calculating the Gp,, R, values (Yerramilli and Tangirala, 2018).

The implicit method of estimating the PMR matrix realizes a matrix
of SISO PMR transfer functions, homogeneous to the SISO PMR transfer
function in (3). Therefore, the SISO analysis and systematic diagnosis
shown in Table 2 can be applied to each entry of the PMR matrix.

2.4.3. Importance of scaling

As shown in (16), each individual model output is used to de-
couple the process outputs from the PMR matrix. Therefore, attention
should be given to the relative size difference in gain terms of each
transfer function within the transfer function matrix (Skogestad and
Postlethwaite, 2010). These size differences in gain terms can cause
an overpowering of information within the frequency analysis, most
prominently in the CSD calculation (Lathi and Ding, 2010; Proakis and
Salehi, 2014).

As seen in (3), the PMR is estimated as a ratio of two CSDs G PMR =
:”—::3) and the estimation of the MIMO PMR includes a ratio of CSDs
between all process outputs and model outputs in (16).

Considering the mathematical formulation of the CSD (Oppenheim,
1999), P, (w) = Z;’:?m ny(m)e‘j‘”'", where R, is the cross-correlation
sequence between signals x and y, defined as, R, (m) = E {x,,,V} =
E{x,y_,}, the trivial connection between the absolute size of the

signals (x and y) and the absolute size of the CSD can be made.
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Fig. 2. Single-stage closed grinding mill circuit.

Applying this deduction to the CSD of the MIMO PMR estimation,
it is evident that if the plant being diagnosed does not have gains
within the same order, the ratio of the PMR (G py, g = ;“Ez;) might be
overpowered by model outputs having a different output’rsize (larger or
smaller) when compared to the plant output size.

This limitation of the PMR can be accounted for by normalizing the
gain values of all transfer functions within the MIMO transfer function
of the plant under consideration (Skogestad and Postlethwaite, 2010).

3. Grinding mill

The PMR is used to identify MPM in the LTI model representation of
a grinding mill circuit. A semi-autogenous grinding (SAG) mill circuit
is used as the case study.

The SAG mill in Fig. 2 receives the mined ore to be milled (uy; o),
along with water, steel balls, and the underflow of the hydrocyclone to
form the mill load (y,, ). The mill turns causing the falling balls to crush
the ore and mix the broken ore in the mill to form a slurry. An end-
discharge grate is placed at the outflow of the mill to ensure only the
slurry is discharged to the sump. The sump level (yg; s),) is controlled
by adding water (ugpy ) to the sump. The slurry is pumped from the
sump to the hydrocyclone classifier via a variable speed pump to ma-
nipulate the cyclone feed flow rate (uc ). The hydrocyclone classifier
allows fine ore in the slurry to exit the circuit via the hydrocyclone
overflow, while the coarse ore returns to the mill for further grinding
via the hydrocyclone underflow. The percentage of ore particles in the
overflow below a specification size is defined as ypgp-

The mill is modeled as in Ziolkowski et al. (2022), using an adapted
version of the continuous-time phenomenological non-linear popula-
tion balance model of Le Roux et al. (2020) and Le Roux and Steyn
(2022). The developed model provides a wide variety of suitable oper-
ating conditions based on grind curves to test the MPM diagnosis.

3.1. Linear model fitting

Standard SID procedures, as described by Ljung (1999), can be
applied to the non-linear grinding mill circuit by exciting the following
three manipulated variables (MVs)

+ Cyclone Feed Flow (ucpp)
+ Mill Feed Ore (u;r0)
* Sump Feed Water (ugpy,)
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and measuring the following three controlled variables (CVs)

« Particle Size (ypgg)
+ Mill Load (y,,)

» Sump Fill (g, py)
to obtain the model of the grinding mill circuit. The transfer function

entries in the MIMO matrix conform to the FOPTD structure, except
G,,, which is modeled as a pure integrator with a time delay,

YPSE UcFF
Yip |=Glumro | (17a)
YSLEV Usrw
where,
—9.9x10~9 ¢~ 0-044s —5.2x10~4 1.9x10~4
0.49s5+1 0.195+1 0.0485+1
G= 4.3x1074 2.8x1074e~0047s - _3 11040053 (17b)
0.325+1 s 0.24s5+1
—45 113¢-0-03s 92
535+1 8.3s+1 94s+1

3.2. Linear model scaling

Since the transfer function matrix in (17) consists of LTI transfer
functions, the homogeneity property of an LTI system can be used to
scale the plant model in (17). The following scaling matrices were de-
rived from the constraints and operating points as described by Coetzee
et al. (2010). The MV scaling matrix (u ) and the CV scaling matrix

(y.vtaling) iS,

scaling

[150 0 0
Ugeqiing =| 0 326 0 (18a)
|0 0 3728
[0015 0 0
Yeating =| 0 002 0 (18b)
0 0 25

The multivariable plant in (17) can be scaled as follows (Skogestad and
Postlethwaite, 2010),

|
Gycaled = Yscaling XGXu

scaling
W9 o 150 0 0
3 (19)
=10 50 0 |G| O 326 0
0 0  0.04 0 0 372.8

4. Simulation case study

Three scenarios are simulated to test the PMR methodology:

Scenario 1: PMR is used to detect only gain mismatches
applied to the system.

Scenario 2: An uncertainty description is used to simulate the
extent to which MPM can be expected from an
industrial grinding mill.

Scenario 3: A change in sign for transfer functions G|; and

G,.
4.1. Simulation description

The simulation of the plant was done using the system given in Fig.
3. Both the plant and model outputs are logged for use with the PMR
algorithm along with the setpoints. As typically required for model-
based control, the CVs of the plant are used in conjunction with a
Kalman filter to estimate the plant states. The estimated states along
with the required setpoints are fed back into the MPC to determine the
required MVs applied to both the model and the plant.
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Setpoint MPC

Plant output

Estimated states
Kalman Filter

Fig. 3. Grinding mill feedback loop.
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Fig. 4. PMR magnitude spectra for Scenario 1.

To ensure that the necessary excitation is applied to the process,
pseudo-random binary sequences, with a maximum switching time of
10 times the sampling rate of 10 s, are used as reference signals. All
setpoints are perturbed at the same time. If perturbations are applied
to one setpoint at a time, the low-frequency interference to the CSD as
described in Section 2.1 is observed. White Gaussian noise (AWGN) is
added to the plant outputs to simulate measurement noise.

4.2. Controller design

The plant of (17) is controlled using a linear constrained MPC, based
on the scaled version of the transfer function, seen in (19).

The plant is discretized using a sampling time of 10 s. The pre-
diction horizon (N p) is chosen as 50 samples and the control horizon
(NV,) is chosen as 10 samples, while O = diag[100,100,50] and R =
diag[10, 10, 10] for the cost function of the MPC.

4.3. Model plant mismatch applied

The parametric uncertainty description for the grinding mill circuit
shown in (20) is based on Craig and MacLeod (1995). The polarity of
each quantity indicates either an increase or decrease applied to the
parameter during the MPM simulation.

[-31% -14% -31%

Kj=|65% 11% 16% (20a)
[-18% - -19%

T, =] 40% - 60% (20b)
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(20¢)

4.4. Scenario 1 — Gain mismatch diagnosis

To determine the effectiveness of the PMR in diagnosing MPM
within the gain terms of the transfer function matrix, the first simu-
lation will only include the MPM seen in (20a).

4.4.1. Step 1 — Gain mismatch

The MPM in the gain term of all transfer functions in the transfer
function matrix can be determined using the zero-frequency term of the
PMR magnitude spectra as seen in Fig. 4.

AK = (|Gppgr(0)] — 1) X 100
0.69 0.86 0.69

=|[165 111 1.16|-1]|x100
1 11 2D
[—31% -14% -31%

=|65% 1%  16%
| 0% 0% 0%

4.4.2. Step 2 — Time-constant mismatch

The relative time-constant mismatches can be deduced from the
linear fitted line (orange line) to the initial slope of the PMR magnitude
spectrum as seen in Fig. 5. All terms are multiplied by —1, to eliminate
the inverse relationship between the initial slope and the direction of
the time-constant MPM, as shown in Table 2.

At =G, X 100

—0.3365 0.3814  0.4801
10 (22)
=[-0.0041 0.0589 —0.0107|x 107" =0,
0.0084  0.0586  0.0215

where dg,, . is the estimated gradient of a linear fitted line to the PMR.

4.4.3. Step 3 — Delay mismatch

Finally, the time delay mismatch can be estimated using the optimal
delay estimation technique, described in Section 2.3. The cost function
seen in (9) is solved for all entries in the PMR matrix as seen in Fig. 6.
Since the maximum of the cost function results in the delay present in
the specific transfer function, from Fig. 6 it is evident that all transfer
functions have no MPM since the maximum values calculated for each
cost function is at D = 0.

0 samples 0 samples 0 samples
AD =|0 samples 0 samples 0 samples|. (23)
0 samples 0 samples 0 samples

4.5. Scenario 2 — Full mismatch diagnosis

To determine the effectiveness of the PMR in diagnosing MPM
within all parameters of the transfer function matrix in (17), the second
simulation includes the full uncertainty description of (20) as MPM.

4.5.1. Step 1 — Gain mismatch
The MPM for the gain terms can be obtained from the zero-
frequency components of the PMR as seen in Fig. 7.

AK = (|Gppgr(0)] — 1) X 100

0.0605 1.1929 0.4397
=[[2.0237 1.1567 1.3768|—1]|x 100
1 1 1 24)
[-93.95% 19.29% —56.03%
=[10237% 1567% 37.68%
| 0% 0% 0%
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Fig. 5. Initial slope of PMR magnitude spectra for Scenario 1. (For interpretation of

the references to color in this figure legend, the reader is referred to the web version
of this article.)
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Fig. 6. Objective function results for Scenario 1.

4.5.2. Step 2 — Time-constant mismatch

The relative time-constant mismatches can be deduced from the
linear fitted line (orange line) to the initial slope of the PMR magnitude
spectrum as seen in Fig. 8.

At = aGPMR x —100
5819 0079 0273
=10.147 —0.0029 0.174 | x 103
0 0 0

(25)

4.5.3. Step 3 — Delay mismatch
The results of the cost function, used for the optimal delay estima-
tion, are visible in Fig. 9.

6 samples 0 samples 0 samples
AD =|0 samples 0 samples —1 samples|. (26)
0 samples 0 samples 0 samples
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Fig. 7. PMR magnitude spectra for Scenario 2.
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Fig. 8. Initial slope of PMR magnitude spectra for Scenario 2.

4.6. Scenario 3 — Grindcurve detection using the PMR

The parabolic relationships between the throughput, grind, and
power of a grinding mill in terms of the mill load are called grind
curves (Powell et al., 2009; Le Roux et al., 2020). Depending on the
operating conditions of the grinding mill, it is possible to operate either
to the left or right of the peak in a grind curve. The process dynamics
may invert when the process crosses a peak. The aim of Scenario 3 is
to simulate the crossing of the peak in the grind curves of the mill by
inverting the signs of G|; and G,,. Along with the sign changes, the full
uncertainty description of (20) is also applied to the mill.

The MPM diagnosis presents the same results as in (24)-(26). This
is expected, as the change in sign of G, and G,, does not influence the
magnitude of the process gain, time constants, or time delays. However,
the sign change influences the phase spectrum of the PMR as described
in (2). The analysis of the phase spectrum is shown in Fig. 10.
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Fig. 10. PMR phase spectra for Scenario 3.

5. Discussion of results

5.1. Scenario 1 results

For Scenario 1, from (21), (22), and (23) it is evident that the
PMR can identify the MPM for all parameters given that only a gain
mismatch is present in the system. However, this may be unrealistic as
some mismatch is normally present in the other parameters as well.
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5.2. Scenario 2 results

From (24), (25), and (26) it is evident that if all the parameters
experience mismatches, the PMR is unable to correctly diagnose MPM
for a grinding mill represented by a multivariable transfer function
matrix.

Recall that the PMR can be expanded to a polar representation,

|G (/)] <G =i Do

Gpyre®) = 27)

|Gler)|e/<Ceg=iDo
This polar representation of the PMR reveals that both the magnitude
spectrum as well as the phase spectrum are influenced by a time-
constant mismatch. Furthermore, as discussed in Section 2.1, the time-
constant mismatch diagnosis consists of a linearity check on the rate of
change of the PMR magnitude spectrum. Therefore, if certain models
within the MIMO transfer function have faster dynamics when com-
pared to other transfer functions, some frequency-based information
might be filtered out, rendering the PMR less effective.

It should be noted that the PMR is developed for FOPTD systems.
(17) contains a pure integrator, instead of fully consisting of FOPTD
transfer functions. This does not pose a problem seeing that the PMR
was developed to identify the MPM, without any knowledge of the
system, under the assumption that all models of the system are FOPTD.
Since the PMR is an offline method and has no effect on the closed-
loop performance of the system, the PMR can accommodate pure
integrators, which are interpreted as FOPTD models with the dynamics
orders of magnitude magnitudes slower than the other models in the
system.

Fig. 11 shows a Bode magnitude plot of the unscaled plant model
in (17) (blue line) and the scaled plant model in (19) (orange line).
The dynamic imbalance in the plant can be observed by inspecting the
role-off rate rates and the critical frequencies. The dynamic imbalances
within the plant can be seen between for example G,, and G, or G,
and Gj3;. These dynamic imbalances will cause certain parts of the plant
to react faster to the setpoint changes than others, causing a filtering
effect on frequency-based information.

5.3. Scenario 3 results

The effects that the time-constant and delay mismatches have on
the phase spectrum, as defined in (2), are visible within all plots of
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Fig. 10. However, the rapid phase wrapping about +z is clearly visible
for £Gppr_1; and £Gpy gr_oy- This leads to the identification of the
sign change for G|, and G,, in the presence of MPM.

In the case where a process disturbance causes the peaks of the grind
curve to shift such that the process operates to the right of the peak, the
change in the direction of the response can be identified by evaluating
the phase spectrum of the PMR. Early identification of a change in the
operating conditions of the plant may help operators to quickly adapt
to these changes.

6. Conclusion

The PMR can be a helpful tool for process engineers to detect MPM
and diagnose controllers that are performing sub-optimally. This is
especially true for SISO system as shown in Yerramilli and Tangirala
(2018). The PMR method works very well to identify gain mismatches,
but only if the dynamics of the model (as represented by the time
constant of the model) closely match the dynamics of the process
(Scenario 1). If there is a large mismatch in dynamics represented by
time constant parameters as shown in Scenario 2, the PMR is unable to
accurately capture the MPM present in the grinding mill. This is a result
of a filtering effect of the fast components in the model. However, in
general, a controller is capable of controlling the plant as long as the
direction of change between variables is captured correctly. In this case,
the PMR is a helpful tool to identify a change in the direction.

Future work will consider quantifying the point at which dynamic
imbalance causes the PMR to misidentify MPM. In addition, consider-
ation will be given to decoupling the system in terms of slow and fast
dynamics before applying the PMR.
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