Journal of Process Control 147 (2025) 103388

Contents lists available at ScienceDirect

Journal of
Process Control

Journal of Process Control

journal homepage: www.elsevier.com/locate/jprocont

Check for

Bayesian optimization for automatic tuning of a MIMO controller of a
flotation bank

Albertus V. Richter *", Johan D. le Roux?, Ian K. Craig **>*

a University of Pretoria, Lynnwood, Pretoria, Gauteng, South Africa
b Mintek, 200 Malibongwe Dr, Randburg, Gauteng, South Africa

ARTICLE INFO ABSTRACT

Keywords:

Automatic tuning
Bayesian optimization
Flotation

Inventory control
Level control

MIMO

PI control

Series tanks

A flotation bank consisting of 6 cells in series where each level is controlled by a Proportional-Integral
(PI) controller is tuned using Bayesian Optimization (BO) in simulation. A Multi-Input-Multi-Output (MIMO)
inventory controller is tuned to optimize the level response of the entire bank. The objective function defining
optimality is a trade-off between disturbance rejection and reference tracking in the form of a weighted average
of the integral squared error and the integral time absolute error of the level reference tracking error for each
cell. The MIMO inventory controller used is a lower diagonal matrix where each element has a PI controller
structure. The controller settings selected by the BO are constrained, assuming that the plant is linear, such
that only controllers which produce stable closed-loop responses will result. Structured singular value analysis
is performed, before tuning, to confirm that this is the case. The BO automated tuner is able to tune multiple
PI elements to provide an overall improvement of the flotation bank level control. The method is applied
successfully with and without measurement noise on a simulated plant. For use in industry, since the process
is simple to model, the controller can be tuned off-line in simulation. To compensate for model-plant mismatch,
once the controller is implemented the BO automatic tuner can be allowed a limited number of steps to obtain
the optimal controller parameters. This provides a valuable time-saving tool for a process control engineer to
tune an industrial plant quickly and efficiently.

1. Introduction

Even though the flotation process has a history that spans a century,
long-term supervisory and optimization control of flotation circuits re-
main elusive [1-4]. As is the case for all hierarchical control structures
[51, the success of the upper control layers depend on the lower layers,
specifically the accurate tuning of base layer regulatory controllers. The
use of Proportional-Integral-Derivative (PID) controllers for regulatory
control still dominate the mineral process industry [6]. In light of the
frequent disturbances experienced by a mineral processing plant which
may alter the dynamics or process requirements, base layer controllers
may need to be tuned and re-tuned frequently. The aim of this article is
to investigate the use of a data-driven approach to automatically tune
the regulatory control layer of an interactive multivariable flotation
bank.

The level control of pulp levels in froth flotation banks can range
from simple Single-Input-Single-Output (SISO) controllers to more in-
tricate Multiple-Input-Multiple-Output (MIMO) controllers [7]. The
main goal of these base layer controllers are to regulate the pulp level
of the flotation process [3]. The tighter the base level control of the
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flotation process, the less interaction in the pulp levels occurs which
will benefit the overall grade and recovery. The tuning of these level
controllers play an important part in their performance.

The automated tuning of SISO Proportional-Integral (PI) controllers
can be done in various ways using e.g. relay tuning [8], reinforcement
learning [9], Kalman filtering [10], linear quadratic regulation [11],
and Bayesian Optimization [12]. Although SISO PI controllers have
low dimensionality, they can become difficult to tune, especially by
hand, in a multivariable system with many interactions. Data-driven
approaches are receiving increasing attention to address controllers
with high dimensionality that are difficult to tune [9,10,12-16].

MIMO systems can be tuned automatically using loop shaping and
critical point identification [13,17] or data driven iterative optimiza-
tion methods [11,14]. One such data driven iterative optimization
method is Bayesian Optimization (BO). The goal of BO is to find an
optimum according to an objective function while actively optimiz-
ing the search direction [18]. BO was successfully implemented in
various controller tuning applications [16,19]. More recently it was
implemented in mineral processing [12,15,20].

Received 21 August 2024; Received in revised form 16 January 2025; Accepted 29 January 2025

Available online 11 February 2025

0959-1524/© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).


https://www.elsevier.com/locate/jprocont
https://www.elsevier.com/locate/jprocont
https://orcid.org/0000-0001-7437-3983
mailto:ian.craig@up.ac.za
https://doi.org/10.1016/j.jprocont.2025.103388
https://doi.org/10.1016/j.jprocont.2025.103388
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2025.103388&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

A.V. Richter et al.

Bayesian Optimization

Acquisition

Journal of Process Control 147 (2025) 103388

Gaussian Process <

Y

Function

Cost Function

QA+l > Q(an) N
Y
r(t) e(t) Stz u(t) | Process v |
C(an+1) g ‘T(t) g

Fig. 1. System diagram of a BO automatic tuner and feedback controller.

Data driven methods are of particular interest for controllers with
high dimensionality as they are generally difficult to tune. SISO PI
controllers are attractive because of their low dimensionality, but even
these PI controllers when combined into a larger MIMO controller
can be difficult to tune effectively by hand. The level control of a
flotation bank with 6 cells in series is an example of SISO PI loops
controlling a multivariable system [7]. There are multiple intricacies in
MIMO level control such as controller structure, initializing controller
parameters and MIMO closed-loop stability. Apart from ensuring sta-
bility and managing the interactions in the system, the challenge is to
tune the different loops to ensure satisfactory performance. Robustness
can be ensured using u-analysis [21] (assuming the plant is linear
and time-invariant), but this can come at the expense of sufficiently
fast controller responses. Placing constraints on the sensitivity transfer
function of the closed-loop is shown to be effective in bounding the
controller parameters to ensure closed-loop stability while still pri-
oritizing performance [13]. The performance achieved by the MIMO
inventory controller shown in [7] with a relatively simple structure of
PI controllers is noteworthy. The question remains how to tune this
controller automatically.

The contribution of this article is the use of BO to automatically
tune a MIMO level controller for a flotation bank consisting of multiple
cells in the presence of measurement noise. It extends the work in [22]
where only SISO controllers are considered. The aim is to provide a
control engineer with a time-saving tool to quickly and efficiently tune
a MIMO system.

2. Bayesian optimization and iterative controller tuning

The goal of BO is to iteratively minimize an unknown function, in
as few iterations as possible, using a surrogate model of the function
to optimize the search direction over the parameter space [23]. In
this case the function is the relationship between controller tuning
parameters and an objective function which is used to evaluate the
performance of the controller within a process. The process has to
be perturbed to generate performance data. In BO these perturbations
equate to sampling the unknown function that is modelled by the
surrogate model. The way the surrogate model is constructed can vary
to fit the function being modelled [24]. Here a Gaussian Process (GP) is
used for its flexibility and accuracy. The unknown objective function is
modelled by the GP, where the variance of the GP is used to model the

uncertainty of the GP surrogate model. This is valuable on processes
where inherent uncertainty is expected. The BO automated tuner iter-
atively samples the process and changes the controller parameters to
achieve two things:

» minimize the objective function, and
» minimize the number of samples needed.

The response of the controller is influenced by the choice of the
objective function. The objective function can be chosen to prioritize
different responses such as reference tracking or disturbance rejection.

An acquisition function is used to obtain the next parameters to
sample. The acquisition function can be used to prioritize different
metrics such as convergence or information gain. With the goal to find
the minimum in as few iterations as possible, the Expected Improve-
ment (EI) acquisition function provides a balance between information
gain and minimization. The better the surrogate model predicts the
actual function, the easier it is to find the parameters that minimize
the function. The EI is maximized over the parameter space to obtain
the best point to sample. Therefore, the BO algorithm consists of
an outer optimization that minimizes the cost function and an inner
optimization that maximizes the acquisition function. This is illustrated
in Algorithm 1. Fig. 1 shows the interaction between the BO automatic
tuner and the controller. The BO automatic tuner requires no structural
change to the feedback loop of the controller and only requires access
to the performance values and current controller parameters.

Algorithm 1 : Bayesian Optimization

forn=1,2,...,Ndo
— select new «,,; by optimizing acquisition
function EI:
a,,, =arg max,.,EIl(a|D), (see (8))
— apply a,,; to the plant and observe the output.
- query objective function to obtain Q,,, (see (2))
— augment data D = {D,(a,,,0,,1)}, (see (3))
— update statistical model, (see (4) - (7))
end for

2.1. Problem statement

The goal is to find optimal controller settings according to the
desired response reflected in the cost function (Q). BO is used to
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minimize the cost function in order to select the optimal controller
settings. The cost function is set up from the input-output data from
the plant together with the current controller settings. The problem is
defined as

522 O(w), 1)

where « is a vector of the parameters from the set A used to tune the
given controller, in this case the proportional and integral parts of the
PI controller. The cost function that is minimized by the BO algorithm
defines the desired process response. The multivariable controller, ex-
pressed as a matrix, is tuned column for column, and the cost function
per column can be expressed as

M
0= w;pi), (@)
J

where p; are the performance variables for j = 1,..., M and w; is the
weighting of each performance variable. For example, in this study f;
can reflect the influence of the PI gains to the settling time of a flotation
cell.

2.2. Gaussian process model

A GP model is used to construct the surrogate model from the input—
output data of the process. This model represents the cost function Q.
The GP model is constructed using the mean and covariance of the
observed data points. The observed data points are collected in a data
set D

D={a, 0}, ®)

where n indicates a pair of data points, starting at 1, and the total
number of data points collected through N iterations. The GP model
is used to estimate/predict the cost function over the rest of the
sample space using a Bayesian linear regression model with zero mean
and covariance of the pairs of input-output data with the covariance
function k(-) defined as

k(a,, ap) = cov(Q(a,), O(a,)), (€3]

where the subscripts p and ¢ denote different data points in the data set
D. The covariance function k(-) used in this work is the standard ARD
Matern 3/2 function. The joint distribution of the prior is given by

[Q]~N<o, [K(A,A)+¢721 K(A,A*)]>, -
Q. K (A, A)

K (A, A,)
where o2 is the variance of the training observations, Q is the training
observations at points A where matrix A consists of all » inputs «;
as column vectors, and Q, is the predicted objective function at the
test points A,, yet to be trialed, with K(A, A), K(A,A,), K(A,, A)
and K(A,,A,) the covariance matrices obtained from the pairs of
training data and test points. (In other words, k(e,, a,) is the covariance
between the two data point vectors a, and «,, and K(4,A,) is the
matrix of covariances between the collection of data points in matrices
Aand A,.)
The predicted objective function at the test points is

Q. 1A QA, ~N(Q,cov(Q,)), 6)
where

Q. =K(4,4,) [K(4,4)+0%1] ' Q (7a)
cov(Q,) =K(A *, A,) (7b)

~ K(A,A)T [K(A, ) +0621] " K(4, A,).

Q. is the mean prediction and the variance is the diagonal elements of

cov(Q,).
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2.3. Acquisition function

The acquisition function provides the next points at which to eval-
uate the cost function where the acquisition function £ is maximized,
with

a,,| =argmax L(x|D). 8
acA

As mentioned earlier, the EI function is used here. The EI function seeks
the next evaluation points where the cost function is expected to show
the best improvement according to the lowest posterior mean of the GP
model. This is given by

El(a, Q) = E max[0, Q. () — Q(@)], €©)

where Q. (@,,,) is the current best mean at the location ea,,. This is
solved analytically as

EI(@) = (Qpey — Qu(0)P(2(@) + o(@)p(z()), (10)

where @ is the cumulative distribution function, ¢ is the probability
density function and

— Qbest - 6*(a)

o(a)

z(a) 11)

where o(a) is the predicted standard deviation at a. The derivation of
(10) follows from expressing (9) as an integral and applying integration
by parts (see Section 3.2 of [20] and [25]).

3. Flotation plant model
3.1. Non-linear plant model

The flotation model used for the flotation bank with 6 cells in series
can be found in [7] and [26]. The pulp level in each cell is modelled by
integrating the difference between the volume flow in and out of each
cell. The plant is given in Fig. 2 under SISO control and in Fig. 3 under
MIMO control.

The rate of change in pulp level is given by

hl‘ = _’, (12)

where A; is the cross-sectional area of the cell which is assumed to
be constant. Note, (12) assumes a constant gas holdup throughout the
bank, similar to [7]. The rate of change in volume for each of the cells
i=1,...,6is given as

Vi= B Cofo(lim)\/himy —hi + H_y
= B,C,f(ID/hi —hiy + Hj,

where C, is the valve capacity coefficient, /; is the input signal to the
valve, h; is the pulp level and H; is the physical height difference
between the bottoms of the cells as shown in Fig. 2. Hy is the difference
in height between the bottom of the last cell and a tailings sump. The
coefficient B; is calculated with /; = 0.5 and Qf = 2336 m®/h to ensure
a steady-state. The rate of change in volume in the first cell is given by

Vi=0p - Blcufc(ll)m’ 14)
and the rate of change in volume in the last cell by
Vo= BsCyf(ls)\/hs—hs+ Hg

~ BsC,.f(ls) \/hs + He.

The valve position f,(/;) is assumed to be a linear function of the control
input signal adapted around the steady-state position, thus f.(/,) =
1;40.5, with f.(I;) = 1 being fully open and f,(/;) = 0 being fully closed.
The valve capacity coefficient C, is given by

P
c,=1.170,, A—", 16)
p

13

(15)

where Q,, = 1.2:‘—”6’(’] is the mean volume flow through a cell with a
volume of V., 4, = p,gH; is the pressure difference across a valve, p,
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Fig. 3. Flotation bank configuration with MIMO inventory controller.

Table 1

Flotation circuit parameters.
Parameter Value Unit Parameter Value Unit
T 1.50 min B_ s 3.49 m?3 /s
Ve 76.0 m’ By 1.41 m?>3/s
A, 12.0 m? H, 0.85 m

Table 2

Cell level profile and inputs for steady-state operation.
Variable Value Unit Variable Value Unit
h, 4.06 m hy 4.15 m
h, 4.09 m hs 4.18 m
hy 4.12 m hg 4.21 m
0 2336 m3/h lioi6 0.5 -

is the pulp density, and g = 9.81 m/s? is the gravitational constant. The
pulp retention time in each cell is = (in minutes). The flotation bank
parameters are shown in Table 1 and the initial steady-state operating
condition is given in Table 2.

3.2. Linear plant model

The flotation level model is linearized to perform robust stability
analysis around a particular operating point, as shown in Section 4.2.
The linearization is performed at the operating conditions and written
as a state-space model used by the u-analysis to find the ranges of
the controller tuning parameters. Note, the non-linear plant model is
controlled in the simulations shown in Section 5 and that the linear
plant model is only used for the robust stability analysis in Section 4.2.
The non-linear system of the form

x(1) = £ (x(1), u(r))
yo =Ix

(17a)
(17b)

is linearized at the equilibrium point shown in Table 2. For (17) the
state vector x represents the six pulp levels 4;, the input vector is u =
[QF. 1, 6]", the elements of the vector function f is given by (12), and
the output y is a measurement of the states. The linear representation
of (17) is given by

sen = o of
bx(n) = = - sx(f) + au|x:¥ su(t)

= ASX(1) + Bsu(r) (18a)
sy(1) = I5x(f) (18b)

where the deviation variables in terms of a steady-state operating
condition (x,a, y) are

ox(t) =x(t)— X

ou(t)=u(t)—u

sy =y -y

and the state-space matrices are given by

—118.7 118.7 0 0 0 0
118.7 -237.4 118.7 0 0 0

A= 0 118.7 —-237.4 118.7 0
- 0 0 118.7 —237.4 118.7 0
0 0 0 118.7 -237.4 118.7
0 0 0 0 118.7 —-137.9
0.08333 -389.3 0 0 0 0 0
0 3893 -3893 0 0 0 0
B= 0 0 3893 -3893 0 0
- 0 0 0 3893 -3893 0 0
0 0 0 0 389.3 -3893 O
0 0 0 0 0 389.3 —389.3

Note that B has seven columns for linearization purposes, one
for O and six for the valve positions. Q is however treated as an
uncontrolled input in what follows, hence the dimension of the MIMO
inventory controller is 6 X 6 as shown in Fig. 3.
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Table 3

Controller settings for SISO PI obtained using BO (cf. [22]).
Cell K, 7; (min) Cell K, 7; (min)
i=1 -8.08 0.582 i=4 -8.08 0.444
i=2 -8.08 0.409 i=5 -8.08 0.338
i=3 —-7.66 0.538 i=6 —6.20 0.565

4. Controller structures, bounds and tuning procedure
4.1. Controller structures
4.1.1. Feedback controller

The SISO controllers to control the plant in Fig. 2 are collected in
matrix form as

Cpy = diag(leyy, ¢, - Co6]) 19)

where each controller has the form

i = Keii (1 + LS) . (20)
Trii

The controllers are initialized with Skogestad Internal Model Control
(SIMC) settings [27], and are tuned further using BO as in [22]. The
controller parameters obtained using BO are given in Table 3. Although
the cells are uniform with the exception of the last cell, the interactions
between the cells depend on their position in the bank. Thus, the
optimum parameters found by the BO automatic tuner for the SISO
controllers might differ. For example, as seen in Table 3 the gain for cell
3 and 6 differ from the other cells. Intuitively it is reasonable to detune
cell 3 to reduce interactions between cells. Since cell 6 is not followed
by another cell, control can be allowed to be less aggressive. The SISO
controller settings and the linearized plant model of (18) are used to
set up an initial parameter space for the p-analysis in Section 4.2.

4.1.2. Feedback-feedforward controller

It is common for feedforward control to be integrated with feedback
control to account for interactions between flotation cells [2,3,7,28].
The inlet flow-rates, if measured, are considered as disturbances and
passed through feedforward controllers to reject upstream disturbances
in downstream units [29]. However, if the flow-rates are not measured,
an inference of the disturbance can be made from the preceding level
controller [30].

A feedback-feedforward (FB-FF) controller is defined below where
each valve is controlled by its own level plus the upstream level errors,
i.e., the error of each cell is used as feedback for its own level and is fed
forward to the cells downstream. The purpose of the FB-FF controller
is for comparison against the BO automatic tuner settings found for
the MIMO inventory controller. The term “feedforward control” is thus
used here to indicate that the level errors of upstream cells are used to
adjust downstream valve positions.

The FB-FF controller copies the BO SISO PI controllers in (19)
through the whole matrix such that the controller is a lower triangular
matrix of the form

ey 0 0 0 0 0
cly 0 0 0 0
e e e 0 0 0
Cyp = o ol (21)
€1 € €33 Cag
€ € €33 cyy css 0
Cl1 € €33 C44  Cs5  Cep

with controller settings given in Table 3. Since the cells within an
industrial flotation bank are generally uniform, it is reasonable to use
the controllers on the diagonal to complete the lower triangle of the
matrix. This FB-FF structure is similar to the controller used in [7], [26]
and [31]. This option is attractive for defining the parameter space used
for tuning the MIMO controller as it already gives the final controller
structure. The issue of closed-loop stability using this controller is
addressed in Section 4.2.
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4.1.3. MIMO inventory controller

The inventory controller (cf. [7], [26] and [31]) in Fig. 3 is a MIMO
controller that takes into account the total inventory of the flotation
bank. Since the entry-ports of the cells are at the bottom, the level
of a cell influences both the in- and outflow volume. To ensure local
consistency of control loops and following the radiating rule [32,33],
a lower triangular matrix structure is chosen for the MIMO inventory
controller with the elements of the matrix individual PI controllers as
per (20). This choice is the industry standard approach as seen in [7]
and [31]. The lower triangular controller is further motivated by the
results in [22], which show that sufficiently fast controllers on the
diagonal mitigate most of the pushback caused by the lower cells. The
reason for this is that the pushback is much slower than the dynamics
introduced by the valve. The pushback is governed by the level of the
lower cell, which is an integration of the change in flow through the
lower cell. However the downstream dynamics is governed by the valve
which directly influences the flow into the next cell. Thus, the lower
triangular controller structure is required to compensate for the fast
acting dynamics of the upstream valves. The upper triangular part of
the controller matrix is not required as the fast control on the diagonal
sufficiently deals with the interactions that would have been controlled
by the upper triangular part of the controller. The controller structure
is

¢p 0 o 0
€ ¢p 0

Cyvmvo = . (22)
%1 2 " Ce6

As shown by the subscripts, the difference between (21) and (22)
is that in (21) all elements of a column are equal, whereas in (22)
the off-diagonal elements can be different from the diagonal elements.
For (21), once the controller parameters for the diagonal elements are
defined, the full matrix is defined. For (22), the controller parameters
for each element in the matrix must be obtained.

The diagonal elements in (22) control the response of each valve
to its own level, whereas the off-diagonal elements influence the in-
teractions between cells. When the diagonal elements are tuned at
the same time as the off-diagonal elements, large fluctuations in the
level responses occur. The reason for this is that the BO automatic
tuner searches over the whole stable parameter space given in Table 4,
found using u-analysis as described in Section 4.2, which include
controller parameter combinations that result in under-damped or slow
closed-loop responses.

The combination of an under-damped or slow controller on the
diagonal and a much faster off-diagonal element means that down-
stream cells might e.g. overcompensate for the level fluctuations in
cell 1. For example, if the first column in the controller matrix is
being tuned, in other words the controllers responsible for providing
the control signal to all valves affected by changes in level 1, the
control action of valve 1 will influence the flow to all down-stream
cells. The off-diagonal elements are supposed to correct for the change
in flow induced by valve 1. If both the diagonal and off-diagonal
elements change, the plant may encounter large level fluctuation as
the controllers may produce widely varying responses in the valve
positions. This will slow down the learning part of the BO automatic
tuner.

For these reasons a 2-step approach is chosen to first fix, i.e., de-
termine and set, the diagonal controllers, and secondly tune the off-
diagonal controllers. By fixing the diagonal controller settings first, the
fluctuations are limited, and the tuning procedure also becomes more
efficient and less perturbing to normal operation. This can be done by
obtaining the controller settings for the diagonal elements using either
a classical approach such as SIMC, or a machine learning approach such
as BO.

The off-diagonal controller entries in (22) are chosen to be of the
form shown in (20) (similar to [20]), with the initial K; T and 7y, ;



A.V. Richter et al.

06 T T T T T T T T T T T T T T T T T T 1T

0 I A A A 1 O W A s
1072 107" 10° 10" 10> 10° 10* 10°
frequency [rad/h]

Fig. 4. Maximum singular values (u) for constraints given in Table 4.

Table 4

MIMO bounds for BO.
Cell (ij) Kei; 7y, (min)

Lower Upper Lower Upper

il -8.79 -1.72 2.022 0.104
i2 -8.78 -1.72 1.43 0.0738
i3 -8.33 -1.63 1.87 0.0978
i4 -8.78 -1.72 1.73 0.0795
i5 -8.78 -1.72 1.26 0.0607

values of each column taken from the diagonal controller element c;;,
i.e. initially ¢y; = ¢3; = ¢4y = ¢5; = ¢; = ¢;;. This initial structure is
equivalent to the FB-FF controller in (21). Initializing the search in this
way helps the BO automatic tuner to find the optimal settings in fewer
iterations, but does not influence the final settings that are found by
the BO.

The outline for the tuning procedure of the MIMO inventory con-
troller in (22), is given as follows:

1. determine the diagonal controller settings and set them constant,

2. find the controller bounds making use of the robust stability
analysis and using the FB-FF controller structure as shown in
(21), and

3. tune the off-diagonal controller settings using BO.

4.2. Controller bounds

The MIMO inventory controller in (22) is subjected to a robust
stability analysis (see e.g. [21]) from which stability bounds on the con-
troller gains (K; j) and integral time constants (z; J-) are obtained. (The
robstab function in MATLAB is used to obtain the controller bounds.)
For the robust stability analysis the plant is represented by the linear
plant model in (18). The controller has a lower diagonal structure with
each nonzero element as given in (20). The robust stability analysis
is performed similar to [20], with the resulting controller parameter
ranges given in Table 4. The result of the robust stability analysis can
be visualized through a structured singular value (x) plot of the closed-
loop system shown in Fig. 4. The closed-loop system is robustly stable
(u < 1) over the whole frequency range, meaning that the MIMO
controller in (22) will result in a stable closed-loop response for any
controller parameter in the ranges shown in Table 4. Constraining the
search space of the BO in this way will ensure closed-loop stability as
long as the plant is adequately represented by (18).
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5. BO controller tuning

The plant and controller is simulated in MATLAB and Simulink.
Note, the non-linear plant model in (17) is used to represent the plant
during simulations. The diagonal controllers are fixed using the BO
settings in Table 3 (cf. [22]). The off-diagonal elements are tuned one
cell at a time, using step changes in the level reference values and
evaluating the error between the reference and process variable. The
controllers are tuned column by column because the plant is perturbed
by level setpoint step tests. Only one reference is stepped at a time to
clearly differentiate how much interaction is caused by which cell. The
reference errors for each cell can be evaluated according to the integral
squared error (ISE), the integral absolute error (IAE), or the integral
time absolute error (ITAE) [34]. These metrics are defined as

T
ISE®) = / e (tdt (23a)
0
T
TAE() = / |e;(1)] dt (23b)
0
T
]TAE(i)=/ t|e;()] dt (23¢)
0

where i refers to the specific cell evaluated and T is the time period
across which the error signal is evaluated.

The errors are collected in an objective function Q, shown below,
expressed as a weighted sum of the ISE and ITAE for each cell i. The ISE
metric was selected to penalize large errors, whereas the ITAE metric
was selected to increasingly penalize errors as the end of the evaluation
period [0,T] is approached. The weights of the performance metrics
were obtained in a trade-off between these two metrics.

6
0= 2 0.2ISE(i) + 0.8ITAE()). 24)
i=1
The BO tuner is given 80 iterations to minimize the objective function
in terms of the controller parameters. The standard bayesopt function in
MATLAB is used with the “Expected-improvement” (EI) chosen as the
acquisition function and with an exploration ratio of 0.8. The explo-
ration ratio is a parameter used to control the algorithm’s propensity
to explore the parameter space if little improvement is being made in
subsequent iterations. The rest of the bayesopt parameters are kept to
their default values.

The tuning starts at cell 1 and ends at cell 5 as only the off-diagonal

elements are tuned. The tuning is done using two different strategies:

« Strategy 1: The off-diagonal elements are added as each next cell
is tuned.
« Strategy 2: The tuning starts with the full controller of (22).

For Strategy 2 the assumption is that by tuning with all controller
elements in place the cost function will be more representative of the
final response and the need for doing multiple passes through the
columns will be mitigated. For example if the first column is tuned
without the full down-stream controllers in place the ability of the
down-stream cells to handle the inventory being sent down will be very
limited and in turn limit the upstream controllers to more conservative
settings. To implement Strategy 2, it is assumed that all cells have
similar dynamics and the off-diagonal controllers can be initialized
safely with the diagonal controller parameters. This is not necessarily
the case for an industrial plant where cells dynamics may differ. In
comparison, Strategy 1 is a cautious approach where controllers are
added as the automatic tuner progresses down the flotation bank. The
computational complexity and optimization time remain the same for
both strategies as the number of parameters optimized at a time are the
same. Only the cost function changes between the two strategies.

The FB-FF controller serves as the base case for comparison and
the BO automatic tuner will aim to find a controller similar to the
FB-FF controller. The performance of the BO tuned MIMO controllers
are compared to the FB-FF controller using the following performance
metrics: IAE, ISE and ITAE.
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5.1. Tuning without measurement noise

The initial controller structure is similar to (22)
o 0 0 0 0 0
¢ cp 0 0 0 0
c31 €3 C33 0 0 0
e g g3 oy O 0
C51 G52 Cs3 Cs4  Css 0
1 2 C63 Co4  Co5 Co6

Cpo = @5)

with each element an individual PI controller as given in (20). The
diagonal elements in blue are fixed and not tuned. The controller
settings found by the BO tuner for Strategies 1 and 2 are shown below
in terms of the PI controller gains and integral time constants.

« Strategy 1:
—-8.08 0 0 0 0 0
—-845 —8.08 0 0 0 0
a _ )-823 =736 -7.66 0 0 0
Ky = -8.61 -7.52 —-6.53 -8.08 0 0 (262)
-8.85 -7.73 -7.05 -743 -8.08 0
-829 -786 —-685 -747 -7.83 -6.20
0.579 0 0 0 0 0
1.45  0.409 0 0 0 0
@ _J1911 0678 0538 0 0 0
J o= . 26b
T1ij 1.293  0.653 0.836 0.444 0 0 (26b)
1.035 0.707 0.778 0.697 0.338 0
1.941 0.665 0.837 0.720 0.596 0.565
+ Strategy 2:
—8.08 0 0 0 0 0
-8.08 —8.08 0 0 0 0
-8.08 -7.84 -7.66 0 0 0
K? = 2
1 -8.08 -7.61 -742 -8.08 0 0 (273)
-8.08 -840 -7.77 -7.10 -8.08 0
-8.08 -8.06 -7.75 -734 -7.81 -6.20
0.579 0 0 0 0 0
0.579  0.409 0 0 0 0
@ _ J0.579 0.704 0.538 0 0 0
T1; 710579 0706 0731 0.444 0 0 (270)
0.579 0.625 0.738 0.754 0.338 0
0.579 0.608 0.730 0.755 0.594 0.565

The plant and MIMO controllers are subjected to two different
performance tests:

» Test 1: a sequence of reference steps of 3 cm to the level of each
cell.

» Test 2: a —20% disturbance to the feed flow, O at time t = 10
s, as well as 75 m3/h of spillage water pumped into cell 3 from
time ¢ = 100 s.

The performance of the BO controllers are compared to the FB-FF
controller. The level responses to the step changes in the reference
signals are shown in Fig. 5. Although the controller responses are
visually indistinguishable, the performance metrics in Table 5 show
that both the BO tuned MIMO controllers perform better than the FB-FF
controller for reference tracking. The BO controllers eliminate the error
quicker than the FB-FF controller.

The level responses to the disturbances are shown in Fig. 6. Similar
to the case above, the controller responses are visually indistinguish-
able, Table 6 shows that the BO controller tuned according to Strategy
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Table 5

Reference tracking performance.
Metric Controller Improvement

FB-FF BO1 BO2 BO1 BO2

IAE 65.4 57.3 57.7 12.39% 11.77%
ISE 34.2 33.4 335 2.34% 2.05%
ITAE 17 645 16120 16274 8.64% 7.77%
(0] 14123 12907 13031 8.61% 7.73%

Table 6

Disturbance rejection performance.
Metric Controller Improvement

FB-FF BO1 BO2 BO1 BO2

IAE 60.3 101.4 59.3 —68.2% 1.66%
ISE 57.1 61.0 56.9 —6.83% 0.35%
ITAE 3759 6057 3603 —61.1% 4.15%
o 3019 4857 2894 —60.88% 4.14%

2 performs better than the FB-FF controller in terms of disturbance
rejection. However, Strategy 1 performs much worse than both the FB-
FF controller and the settings found by Strategy 2. This makes sense as
Strategy 1 tunes the controller without all the elements in place, and
might be optimal at the time it is being tuned but at the end is not
optimal anymore. Once again the smallest improvement is seen in the
ISE, similar to what is seen for reference tracking in Table 5.

The results show that the BO automatic tuner is able to tune
multiple PI elements to a satisfactory level. The most parameters tuned
at once is for cell 1 where 5 PI controllers are tuned (c;; is fixed)
consisting of 2 parameters each, thus 10 parameters in total. The
objective function in (24) is shown to be effective as the minimization
of the objective function leads to an improvement over the FB-FF
controller for the entire bank in the case of Strategy 2.

The improvements in Tables 5 and 6 are quite small. Because the
cells in the simulation have similar dynamics throughout the flotation
bank, it is difficult to improve upon the FB-FF controller. However, if
the cell dynamics differ and change, as can be expected on an industrial
plant, the FB-FF controller settings are not necessarily the best to ensure
good performance, especially in terms of interactions between cells.
The BO automatic tuner will be able to compensate for these differences
and find the best controller settings according to the cost function.

5.2. Tuning with measurement noise

The process above was repeated using Strategy 2 with noise added
to the cell level measurements. The magnitude of the reference steps
were kept at 3.0 cm. Band limited white noise was selected to simulate
level sensor noise of up to +10 mm in magnitude. This equates to 11%
of the operating range of the levels, which is in line with the average
resolution of common radar levels sensors such as the VegaPuls 31 [35].
Therefore, the noise is similar to what is expected on an industrial
plant. The automatic tuning procedure was conducted with the noise
present providing new controller parameters. The final setpoint follow-
ing and disturbance rejection performance is shown in Figs. 7 and 8 for
the controller parameters in (28).

-808 0 0 0 0 0
-753 -808 0 0 0 0
e _ ] =302 —455 =766 0 0 0
K" = 28
i -5.16 -394 -500 -808 0 0 (282)
-7.68 —632 -600 -830 -808 0
-622 -688 -848 -8.09 -7.61 —620
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Fig. 8. Disturbance rejection with measurement noise.

It can be seen from both the controller gains and time constants that
the BO automatic tuner favours detuning the controllers in the presence
of noise. This makes sense as the original controller settings are quite

(28b)

aggressive and in the presence of noise it might be beneficial to detune
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Table 7
Reference tracking performance with noise.
Metric Controller
FB-FF BO Change
IAE 1120 1155 -3.13%
ISE 625 659 —5.44%
ITAE 301077 314759 —4.54%
(0] 240992 251939 —4.54%
Table 8
Disturbance rejection performance with noise.
Metric Controller
FB-FF BO Change
IAE 313 324 -3.51%
ISE 197 225 -14.0%
ITAE 22506 22776 -1.20%
0] 18044 18265 -1.22%

the controllers. The newly tuned controller performance is compared
to the FB-FF controller. As seen in Tables 7 and 8 the controller given
by the BO automatic tuner performs almost on par with the FB-FF
controller.

The impact of the measurement noise can be seen in the change
in the controller parameters and the error metrics from Tables 5 and
6 to Tables 7 and 8. This result is obtained without filtering the
levels and shows the BO automatic tuner is capable of handling noisy
environments while keeping the process stable. It does not provide an
improvement as in the case with no noise, but does come close to
equalling the performance of the FB-FF controller.

The use of filters on the level measurements might help in improv-
ing the controller settings found by the BO automatic tuner. However,
in this work the goal is to test if the BO automatic tuner is able to
function in a noisy environment, as filtering the level measurement
signals might not get rid of all the noise and might come at the cost of
information loss. Thus, the level measurement signals were not filtered
in this work.

5.3. Iteration convergence and efficiency

The matters of iteration convergence and efficiency still remain.
Convergence in this case implies that the level responses converge to
an optimal response as defined in (24). As expected from the robust
stability analysis in Section 4.2, the closed-loop responses for all it-
erations are stable as the BO only selects controller parameters that
yield a stable closed-loop. The level responses of all 80 iterations for
Strategy 2 for the first three columns of the noise free case are shown in
Figs. 9 to 11. Here the iterations are plotted in grey, with the optimum,
corresponding to the controller settings given in (26), plotted in red.
As seen from the level responses all iterations return to setpoint, and
thus the bounds found in Table 4 are valid and adhered to. (The BO
iterations while tuning with measurement noise is not displayed as the
added noise makes it very difficult to distinguish the different iterations
from each other.)

Fig. 12 shows the objective function value of all 80 iterations for
all columns. It is evident that much of the search space produce similar
responses. The first column, where the most parameters (10) are being
tuned, has the most variability.

The minimum objective function value at each iteration is shown in
Fig. 13. A value of 1 represents a performance equal to that of the FB-FF
controller. All the columns, except for column 1, show an improvement
in performance. (Note, cell 1, which depends only on ¢,; in (22), does
not show an improvement. As discussed in Section 4.1, this is expected
since the diagonal elements are first tuned using BO, then fixed, and
afterwards the off-diagonal elements are tuned, i.e., ¢;; is the same for
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Fig. 11. Cell 3 BO iterations.

both the FB-FF and the MIMO inventory controllers.) Fig. 13 shows that
the iterations required to find the minimum of the objective function
decreases as fewer parameters need to be tuned, i.e. as the automatic
tuner moves further down the bank. Each of the 80 step tests is given
35 s to complete, which makes the total tuning time per column about
47 min and the total for the whole bank 3 h and 54 min.
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Fig. 13. Minimum of objective function value traces normalized to the performance
of the FB-FF controller.

Table 9
Reference tracking performance for BO with different no. of iterations.

Metric

No. of Iterations

20 40 80
TAE 62.4 60.3 57.7
ISE 33.8 33.6 33.5
ITAE 17629 17312 16274
0 14110 13856 13031
Change in Q from FB-FF 0.10% 1.89% 7.73%

The performance of the controllers obtained by the BO automatic
tuner are compared for the cases where 20, 40 and 80 iterations are
used respectively. The performance for each case is given in Tables 9
and 10. The BO tuner is able to obtain a larger improvement over the
FB-FF controller with 80 iterations than with 20 or 40 iterations. In
most the cases the minimum for each column is found well before the
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Table 10
Disturbance rejection performance for BO with different no. of iterations.

Metric No. of Iterations

20 40 80
IAE 60.9 60.7 59.3
ISE 57.0 57.0 56.9
ITAE 3828 3775 3603
(o] 3074 3031 2894
Change in Q from FB-FF -1.82% -0.41% 4.14%

Table 11
Circuit parameters and variables for ‘industrial’ case where there is model-plant
mismatch.

7, 1.45 min Ve, 63.6 m?
7, 1.63 min Veent, 66.1 m?
4 1.20 min Vean, 66.83 m3
7 1.38 min Ve, 68.99 m?
75 1.29 min Veeil, 67.17 m?
74 1.26 min Veerty 71.21 m3
B, 12.05 m?5/s C, 1280 -
B, 2.86 m25/s c, 1182 -
B, 19.82 m>5/s c, 1625 -
B, 3.81 m?5/s c, 1458 -
Bs 5.26 m25/s C,, 1519 -
By 3.73 m2>5/s c, 1649 -
Variable Value Unit Variable Value Unit
hy 3.87 m hy 4.30 m
hy 4.61 m hs 4.04 m
hy 3.49 m hg 4.31 m
Or 2569 m?/s

80th iteration.

5.4. Model-plant mismatch for industrial case

In some cases it may be infeasible to allow the BO automatic tuner
approximately 4 h to tune an industrial flotation bank. Since the circuit
parameters in Table 1 and the level profile in Table 2 are available
to plant operators or are relatively simple to calculate, it is possible
to obtain a controller off-line in simulation similar to (28) and apply
the controller obtained off-line to the industrial circuit. However, for
various reasons there may be mismatch between the simulated model
and industrial plant [36]. For example, silting may change the actual
volume of a tank, the valves may be worn, the retention time may be
different from what is expected, the feed flow-rate may have increased,
or the level profile have changed. In this case, the BO automatic tuner
can use the controller obtained off-line as the seed and be allowed a
limited period to optimize the controller on the industrial circuit.

The simulation below investigates the case where a controller ob-
tained off-line is applied to an ‘industrial’ circuit. The off-line controller
in (28) is used as the seed controller on the industrial circuit which
is further optimized by the BO automatic tuner. The industrial circuit
in this case is simulated and represented by the set of parameters and
variables as shown in Table 11 such that there is model-plant mismatch.
The values were obtained by varying the parameters and variables in
Tables 1 and 2 by a random percentage in the range [—20, 20]%. The BO
automatic tuner was allowed 15 iterations (i.e., 44 min for the entire
bank) to improve the seed controller and obtained the parameters in
(29). No significant improvement is obtained after more iterations.

-808 0 0 0 0 0

—422 -808 0 0 0 0

e )=369 =300 -7.66 0 0 0
Ko = 29
i —438 -531 -334 -808 0 0 (292)

-338 -253 -215 -6.16 -8.08 0

~239 =236 =593 -6.09 -371 —620
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Table 12
Reference tracking performance for industrial case. (Final columns show improvement
of BO compared to other controllers.)

Metric Controller
FB-FF Seed BO % Improvement
FB-FF Seed
IAE 1725 1705 1696 1.68% 0.54%
ISE 1463 1439 1424 2.67% 1.02%
ITAE 474909 467799 459202 3.31% 1.84%
0] 380220 374527 367 646 3.31% 1.84%
Table 13

Disturbance rejection performance for industrial case. (Final columns show improve-
ment of BO compared to other controllers.)

Metric Controller
FB-FF Seed BO % Improvement
FB-FF Seed

IAE 578 564 519 10.21% 7.95%
ISE 674 629 556 17.51% 11.63%
ITAE 45192 43936 41482 8.21% 5.59%
o} 36288 35275 33297 8.24% 5.61%

0.579 0 0 0 0 0

0.650 0.409 0 0 0 0
(,{‘,lise) _ 0.214 0.255 0.538 0 0 0 (29b)
1ij 0.385 0.749 0.581 0.444 0 0

0.573 0270 0.367 0.289 0.338 0

0.533 0.180 1387 0.610 0.152 0.565

Tables 12 and 13 compare the performance of the seed controller to
the final controller. Although the seed controller has reasonable perfor-
mance, the BO automatic tuner can improve the controller performance
to compensate for the model-plant mismatch in a relatively short period
of time.

6. Conclusion

The BO automatic tuner is able to tune multiple PI elements to
a satisfactory level to improve the overall performance in the level
control of the flotation bank. A performance improvement is seen in the
simulated level control for both the reference tracking and disturbance
rejection. The BO automatic tuner successfully finds parameters that
are on par or better than a FB-FF controller, even in the presence of
measurement noise. The advantage in an industrial setting is that any
flotation bank can be tuned automatically with relative ease, especially
if a controller is first found off-line and the off-line controller is tuned
further on-line for a limited time.

Future work can include exploring strategies for reducing the num-
ber of iterations required to achieve acceptable controller tuning pa-
rameters. Different perturbation methods could also be explored to-
gether with doing multiple rounds of tuning. Future work can also
consider limiting the improvement that is searched for rather than
just limiting the iterations and seeing how much improvement in the
objective function can be obtained.
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