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1. Preliminary results

A quasi-semimetric on a set X is a mapping p : X x X — [0;00) satisfying the following
conditions:

and p(z,z) =0;

(QM1)  p(z,y) >0,
p(z,y) + p(y,2),

QM2)  p(z,2)

for all x,y, z € X. If, further,

(QM3)  p(z,y) =p(y,2) =0=z =y,

for all z,y € X, then p is called a quasi-metric. The pair (X, p) is called a quasi-semimetric
space, respectively a quasi-metric space. The conjugate of the quasi-semimetric p is the quasi-
semimetric p(z,y) = p(y,z), v,y € X. The mapping p*(z,y) = max{p(z,y), p(z,y)}, x,y € X,
is a semimetric on X which is a metric if and only if p is a quasi-metric.

An asymmetric norm on a real vector space X is a functional p : X — [0, 00) satisfying the
conditions

>
<

(AN1) p(x) =p(~2) =0 =2 =0; (AN2) p(ax) = ap(v);
(AN3) p(x +y) < p(x) +p(y),

for all z,y € X and a > 0.

If p satisfies only the conditions (AN2) and (AN3), then it is called an asymmetric seminorm.
The pair (X, p) is called an asymmetric normed (respectively seminormed) space.

If (X, p) is an asymmetric normed space, then all topological and metric notions are consid-
ered with respect to the quasi-metrics

pp(z,y) =p(y —x) and pp(z,y) =plz—y).
The conjugate asymmetric norm to p is p(x) = p(—x), so that

pp=pp and p°(z) =max{p(z),p(-z)}, = € X.
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If (X, p) is a quasi-semimetric space, then for z € X and r > 0 one defines the balls in X by
the formulae

By(x,r) ={y € X : p(z,y) <r} — the open ball, and
Bylx,r) ={y € X : p(x,y) < r}— the closed ball.

In the case of an asymmetric seminormed space (X, p) the balls are given by
By(z,r) ={y € X : p(y — x) <r}, respectively Bplz,r]|={ye X :p(y —z) <r}.

The closed unit ball of X is B, = B,[0,1] and the open unit ball is B, = B},(0,1). In this
case the following formulae hold true

(1.1) Bylz,r] =2 +7rB, and By(z,r)=x+rB,,

that is, the unit ball of X completely determines its quasi-metric structure. If necessary, these
balls will be denoted by B, x and B}’,’ y» respectively.

The topology 7(p) (or 7,) of a quasi-semimetric space (X, p) can be defined starting from
the family V,(z) of neighborhoods of an arbitrary point z € X:

V eV,(x) <= 3Ir > 0such that B,(z,r) CV
<= 3’ > 0such that B,[z,r'] C V.

The topology generated by a quasi-metric p is only Tp. It is 77 if and only if p(z,y) > 0
for any pair of distinct elements z,y € X. A characterization of asymmetric norms inducing a
Hausdorff topology was given in [8], see also [5].

The convergence of sequences in a quasi-metric space (X, p) is characterized by the conditions

tn D1 = plz,x,) —0;

i Da = p(x,xn) -0 <= p(xn,z) = 0.
If (X, p) is an asymmetric normed space, then

(i) xnix<:>p(xn7$)%0;

(1.2) (ii) Tn LAJSEPEEN p(x —x,) = 0;
(iii) i Br = —z, D -z

From the equivalence (iii) in (1.2) one obtains the following result.

Remark 1.1. Let (X, p) be an asymmetric normed space and Z a linear subspace of X. Then
Z is p-closed <= Z is p-closed.

The following topological properties are true for quasi-semimetric spaces. We use the abbre-
viations lsc for lower semicontinuous and usc for upper semicontinuous.

Proposition 1.2 ([5], P. 1.1.8). If (X, p) is a quasi-semimetric space, then



1. Any ball By(x,r) is T(p)-open and a ball Bylx,r] is 7(p)-closed. The ball B[z, r| need not
be 7(p)-closed.
Also, the following inclusions hold

Bys(z,7) C By(z,r) and Bys(xz,r) C Bs(x,T),

with similar inclusions for the closed balls.

2. For every fized v € X, the mapping p(x,-) : X — (R, |- |) is 7,-usc and 15-Isc.
For every fized y € X, the mapping p(-,y) : X — (R,|-|) is 7p-lsc and 75-usc.

3. The mapping p(x,-) : X — (R,|-|) is 7,-continuous at x € X, if and only if 7,-
cl(By(z, 1)) C Bplz,r] for all > 0.

Similar results hold for an asymmetric norm p, its conjugate p and the associated norm p°.

Example 1.3. Consider on R the asymmetric norm u(t) = ¢, t € R, Then u(t) = (—t)T = ¢~
and u®(t) = |t|. The closed unit ball is B, = (—o0;1] and its complement is R \ B, = (1;00),
and for any point ¢ € (1;00) and r > 0, By (t,7) = (—oo;t 4+ r) € (1;00). Consequently, B, is
not 7,-closed.

The situation considered above can be extended to normed lattices.

Example 1.4. Let (X, - ||) be a normed lattice. Define the functional p : X — R4 by
p(z) = ||z, z € X, where zt = 2V 0. Then (X, p) is an asymmetric normed space, which is
biBanach if X is a Banach lattice. The (symmetric) norm p® associated to p is equivalent to the
original norm || - || and the topology 7, is only Ty (see [2, 3, 6, 7]).

Completeness in quasi-metric spaces
In the case of a quasi-metric space (X, p) there are several notions of Cauchy sequence and
more notions of completeness, see [11]. We present only the following two notions of Cauchy
sequence.
A sequence (z,,) in X is called left (right) K-Cauchy if for every € > 0 there exists ng € N
such that
Vn,k, no <k<n = p(zg,z,) < e (respectively p(zn,xr) <€).

Sometimes, to emphasize the quasi-metric p, we shall say that a sequence is left (right)
p-K-Cauchy.

The quasi-semimetric space (X, p) is called:

o left (right) p-K -complete if every left (right) p-K-Cauchy sequence in X is p-convergent;

o left (right) Smyth complete if every left (right) p- K-Cauchy sequence in X is p*-convergent;

e bicomplete if the metric space (X, p®) is complete.

A bicomplete asymmetric normed space is called sometimes a biBanach space.

Similar notions can be defined for the conjugate quasi-metric p.

Proposition 1.5 ([5], P. 1.2.6 and P.1.2.9).

1. A quasi-semimetric space (X, p) is right K-complete if and only if any decreasing sequence
of closed p-balls Bslx1,r1) D Bplr1,71] O ... with lim,_o 7, = 0 has nonempty intersec-
tion.

If the topology 7, is Hausdorff, then NS Bslan, ] contains exactly one element.



2. A closed subset of a right (left) K-complete quasi-metric space is right (left) K-complete.

3. An asymmetric normed space (X,p) is left K-complete if and only if every absolutely
convergent series is convergent.

As usual, a series )z, in an asymmetric normed space (X, p) is called absolutely convergent
if 07 plan) < oo.

Remark 1.6 ([1]). In an asymmetric normed space (X, p) the following equivalences hold true:

(i) () is left (right) p-K-Cauchy <= (—x,) is left (right) p- K-Cauchy;
(ii) X is left (right) p-K-complete <= X is left (right) p-K-complete.

Continuity of linear operators
Let (X,p) and (Y, q) be asymmetric normed spaces. A linear operator T': X — Y is (p, q)-
continuous if and only if there exists 8 > 0 such that

Ve e X, q(Tz)<pp(z).

Based on this property it is easy to check that the (p, ¢)-continuity of T" is equivalent to its
(P, 4)-continuity. Indeed

Vz € X, q(Tx) < fp(x) <= Vze X, ¢(Tz) = q(T(-x)) < Bp(—z) = Bp(=).

If T is linear and (p, ¢)-continuous then for every p-convergent series x = ) x, in X, the
series > Ty is g-convergent in Y and Tz = ), Tx,. Indeed,

(n—00)

q(Zka —Tx) :q(T(Zxk —)) < /BP(Zwk—w) —0.
P k=1 P

Remark 1.7. All these properties, concerning the equivalence of various kinds of p- and p-
completeness or closedness (see Remarks 1.1 and 1.6), the equivalence of the (p,q) and (p, q)
continuity of linear operators, etc, cease to be true if instead of linear subspaces or spaces we
consider arbitrary subsets, or cones in particular. For examples as well as for completeness
results in some concrete asymmetrically normed Banach lattices see the paper [6].

Baire category in quasi-metric spaces

As it is known, many properties in Banach space theory depend, via completeness, on the
Baire category. This is true in the asymmetric framework as well, so we need to see how Baire
category looks in this case.

Proposition 1.8 ([5], P. 1.2.43). A second category asymmetric LCS is a Baire space.

Theorem 1.9 ([5], T. 1.2.44). Let (X,p) be a quasi-semimetric space. If X is right p-K-
complete, then (X, 7,) is of second category in itself.



Baire category in bitopological spaces

A bitopological space, denoted by (T, 7,v), is simply a set T" endowed with two topologies
T,v. Bitopological spaces were introduced by Kelly [9] and their study involves some notions
relating the topologies 7,v. A quasi-metric space (X, p) can be viewed as a bitopological space
with respect to the topologies 7, and 75.

We shall present now, following the paper [3], some Baire properties of bitopological spaces.

Let (T, 7,v) be a bitopological space. A subset S of T is called

e (7,v)-nowhere dense if int,(cl,(S)) = 0;

e of (1,v)-first category if it is the union of a countable family of (7, v)-nowhere dense sets;

o of (1,v)-second category if it is not of (,v)-first categorys;

o (1,v)-residual if T'\ S is of (7, v)-first category.

The space (T, 7,v) is called

e (7,v)-Baire if each nonempty 7-open subset of T' is of (7, v)-second category;

e pairwise Baire if it is both (7, v)-Baire and (v, 7)-Baire.

Remark 1.10. We have slightly changed the terminology with respect to [3], in order to be in
concordance with the notions of (p, p)-Baire category in an asymmetric normed space (X, p).

The following characterizations of the Baire property was proved in [3]. For the sake of
completeness and since the terminology adopted here differs from that in [3], we include the
proofs.

Theorem 1.11. For any bitopological space (T, T,v) the following are eequivalent.

1. The space T is (T,v)-Baire.

2. For every family G,, n € N, of v-open T-dense subsets of T, the intersection (), Gy is
T-dense in T.

3. For every family F,, n € N, of v-closed sets with int,(Fy,) = 0, for all n € N, it follows
int; (U, Fn) = 0.

4. If S C T is of (1,v)-first category, then T \ S is T-dense in T.

For the proof we need the following lemma.

Lemma 1.12. For a subset S of T the following equivalence holds
(1.3) int;cl,(S) =0 < cl, int,(T\S)=T.

PROOF. Suppose int; cl,(S) = 0. If V € 7 is nonempty, then, by hypothesis, VN (T \cl-(S)) # 0.
Since T'\ ¢l -(S) C int, (7 \ S) implying V N (T'\ S) # 0. Since the nonempty set V € 7 was
arbitrarily chosen, it follows cl;int, (T'\ S) = T.

To prove the converse suppose that int, cl,(S) # () and let ¢ € int, cl,(S). Then cl,(S) is a
v-neighborhood of ¢. If we show that cl,(S) N (int, (T°\ S) = 0, then ¢ ¢ clint, (T \ S), so that
clrint, (T'\ S) #T.

Indeed, if it would exist s € cl,(S) Nint, (T \ S), then int, (7 \ S) would be a v-open
neighborhood of s, yielding the contradiction

0+ SNint,(T\S)CSN(T\S)=0.



PROOF OF THEOREM 1.11. 1=-2. If the sets G,, are v-open and 7-dense, then cl;int,(G,) =
cl+(Gy) = T, so that, by (1.3) int;cl,(Gy) = 0, that is the sets T\ G,, are v-closed and
(7,v)-nowhere dense. But

U@\ G =T\ ([\Gn) DT\l ([\Gn) .

n

If G:=T\cl; (N, Gn) #0, then G would be nonempty 7-open and of (7, v)-first category,
in contradiction to the fact that T is (7, )-Baire. Consequently G = 0), that is cl - ([, Gn) = T.

2=3. Let F,, C T, n € N, be v-closed with int,(F,) = 0. It follows int,cl,(F,) =
int,(F,) = 0, so that, by (1.3), cl. (T \ F,,) = cl;int, (T \ F,,) = T. Consequently the sets
G, :=T\ F, are v-open and 7-dense in T, so that, by hypothesis, cl , (ﬂn Gn) =1T.

If V :=int, (U, Fn) # 0, then T'\ V is 7-closed. The inclusion

Gn=T\|JFCcT\V,

yields the contradiction

cr ([\Gn) CT\V #T.
n

3=4. Let S =J, Sn be a set of (7, v)-first category, that is int, cl,(S,) = 0 for all n € N.
Then, for every n € N, the set F), := cl,(S,,) is v-closed and satisfies int,(F}) = 0, so that, by
hypothesis, int, (Un Fn) = (). For an arbitrary nonempty set Ve 7, VN (T'\ U, Fn) = () would
imply V' C |J,, Fn, and so int,(F,) # @, a contradiction. Consequently, V N (T \ U,, Fn) # 0
for every nonempty set V' € 7, showing that 7'\ |, F, is 7-dense in 7. But then the set
T\ S >T\U,, F, will be also 7-dense in T'.

4=-1. Suppose that T is not (7,r)-Baire. Then there exists a nonempty 7-open subset G
of T that is of (7,v)-first category. It follows that cl-(T'\ G) =T\ G # T, that is the set T\ G
is not T-dense in T'.

In the case of an asymmetric normed space (X, p) we use the notation (p, p) instead of (7, 7).
As in the case of Baire category we have the following result.

Proposition 1.13. If an asymmetric normed space (X,p) is of second (p,p)-category, then it
is (p,p)-Baire.

PROOF. Suppose that there exists a nonempty 7-open subset G of X that is of first (p,p)-
category. If xg € G then U := —zg + G is a 7-open neighborhood of 0 which is still of first
(p, p)-category. If we prove that X = (J7Z kU, then the space X would be of first (p, p)-category
too, in contradiction to the hypothesis.

Let © € X. Then p(n~'z) = n~'p(z) — 0 as n — oo, that is n~ 'z 2 0. It follows that
there exists k € N such that k™2 € U < x € kU, so that X = [J;, kU. O

2. Zabrejko’s lemma

The aim of the present Note is to prove asymmetric versions of the open mapping theorem,
the closed graph theorem and the uniform boundedness principle, based on the Zabrejko’s lemma
[12], see also [10, p. 172].



Let (X,p) be an asymmetric normed space. The notation = p-Y_ 7, x,, means that the
series is p-convergent with sum z, that is limy, 0o p (3_p_; @x — ) = 0. The sum of a p-convergent
series is denoted by « = p-> 7 | ,,, which is equivalent to lim, oo p (z — > p_; 25) = 0.

Observe that

(2.1) T =p- an:>p <Zp:cn.

n=1

Indeed, the inequality
n
=D @)+ plw),
k=1 k=1

yields for n — oo,

o0

< Zp T
k=1

A positive sublinear functional ¢ defined on an asymmetric normed space (X,p) is called
p-o-subadditive if for every p-convergent series ) x, in X

o0
(2:2) z=p- Zmn — (@) <) plan
n=1

n=1

The notion of p-o-subadditive functional is defined similarly.

Remark 2.1. A functional ¢ : X — R is called sublinear if it is positively homogeneous and
subbaditive. Note that the p-o-subadditivity of ¢ implies its subadditivity, so it is sufficient to
suppose that ¢ is only positive and positively homogeneous.

Proposition 2.2 (Zabrejko’s lemma). Suppose that the asymmetric normed space (X, p) is
of second (p,p)-Baire category. If the sublinear functional ¢ : X — [0;00) is p-o-subadditive,
then there exists 8 > 0 such that

p(z) < Bp(z)
for all x € X.

The proof will be based on the following lemma.

Lemma 2.3. Let A be a subset of an asymmetric normed space (X,p). If B, C cl3(A), then
for every x € By, there exists a sequence (xy,) in A such that

> T
- n
_p_z 2n—1
n=1

Proor. The proof goes by induction. Let x in B,,. By hypothesis there exists x; € A such that

—_

p(x—xl) < —

[\



Suppose that we found z1,...,2, in B}, such that
"z 1
k
p<x_z2k71> =g
k=1

Then 2" (z — Y7, Zf—ﬁl) € By, so that there exists z,41 € A such that

" 1 = 1
k k
P(Q”(l‘— 1) —:an) S5 = P(if— > ,W) S gnat
k=1 k=1

a

PROOF OF PROPOSITION 2.2. Let E,, := {z € X : p(x) <n},n € N. Then X =J,, E,. Since
the space X is of second (p, p)-Baire category, there exists j € N such that int,(cl 5(E;) # 0. It
follows that there exists g € X and r > 0 such that

1 1
T0+1B, Cclp(By) = By C ~(—a0+cly(Ey) =l (;(—xo +Ej)).

Let € B,. By Lemma 2.3 there exists a sequence (z,) in E; such that

s > —x0 + Tn
x_p_z on—1p 7

n=1
implying

(o)
@(—xo + xn)
AU P e
n=1

By the definition of the set FEj,

p(—wo + xn) < p(=w0) + p(2n) < p(—20) +J,

implying 20 ( )
J +pl=To
olo) s HLTETI0,
Since this inequality holds for every = € B, it follows

p(r) < "

Y

for all x € X.

3. The open mapping theorem

The following version of the open mapping theorem was proved by Alegre [1].

Theorem 3.1 (see [5], T.2.3.1). Let (X,p) and (Y,q) be asymmetric normed spaces. Suppose
that (X,p) is right p-K-complete and Y is Hausdorff and of second (q,q)-Baire category. If
T : X — Y is linear, surjective and (p,q)-continuous, then for every p-open subset G of X,
T(G) is q-open in Y.



Based on Zabrejko’s lemma we can prove the following version of the open mapping theorem.

Theorem 3.2. Let (X,p), (Y,q) be asymmetric normed spaces. Suppose that X is right p-
K -complete and that Y is of second (q,q)-Baire category. If T : X — Y is a linear, (p,q)-
continuous and surjective, then for every p-open subset G of X the set T(G) is q-open in 'Y .

PrOOF. Define ¢ : Y — R4 by
o(y) =inf{px):x e X, Tx =y}, yev,

and show that ¢ is g-o-subadditive.
Lety = q-Y o2, yn and € > 0. Without restricting the generality we can suppose Y > | ¢©(yn)
< 00. By the definition of the function ¢, for every n € N there exists x,, € X such that
€
Ty =y, and p(z,) < o(yn) + o
Then

(3.1) Zp(xn) <e+ Z o(yn) < 00.
n=1 n=1

Because p(spik—$n) < Zle P(Zn+i), it follows that the partial sum sequence s, = > )_; T,
n € N, is right p-K-Cauchy. By hypothesis and Remark 1.6.(ii), there exists x € X such that
T =pP-y o7, Tpn. By the linearity and the (p, ¢)-continuity of T,

00 0o
(3.2) T$:€7'ZT$n:(j'Zyn:y-
n=1 n=1

Taking into account (3.1) and (3.2) one obtains

p(y) <p(x) <Y plan) <e+ > oun),

that is
o
o) <e+ > oyn)-
n=1

Since € > 0 is arbitrary, this implies

) <> oyn),
n=1

so that, by Proposition 2.2, there exists 8 > 0 such that

o(y) < Ba(y),

forally e Y.
Taking v := (1 + 3)~! one obtains the implication

ay) <y = ey <1,



which in its turn yields
(3.3) fyB; - T(B]'D) .

Indeed, if ¢(y) < 7, then p(y) < 1. By the definition of ¢ there exists z € X with Tz =y
such that p(x) < 1, that is y € T'(B,).
Finally, show that (3.3) implies the openness of the mapping 7. Let G be an open subset of
X and let yp € T(G). If xg € G is such that T'zy = yo, then, taking r > 0 such that $0+7“B;) c G,
one obtains
yo + B, C Txo +7T(B,) = T(zo +7B,) C T(G).

a

A consequence of the open mapping theorem is the inverse mapping theorem which, in
essence, is an equivalent form of it.

Corollary 3.3. Let (X,p) and (Y,q) be two asymmetric normed spaces. If (X,p) is right p-
K -complete and (Y, q) is of second (q,q)-Baire category, then the inverse of any bijective (p,q)-
continuous linear mapping T : X — Y is (q, p)-continuous.

4. The closed graph theorem

As in the case of Banach spaces, the closed graph theorem can easily be derived from the
open mapping theorem, but can be also proved directly, based on Zabrejko’s lemma.

The graph T'y of a mapping f : X — Y is the subset of X x Y given by I'y = {(z,y) €
X xY :y= f(x)}. For two asymmetric normed spaces (X, p) and (Y, ¢) consider X xY endowed
with the asymmetric norm

(4.1) r(@,y) = p(x) +q(y), (z,y) € X x Y.

The proof of the results from the following proposition are similar to those in the symmetric
case.

Proposition 4.1. Let (X,p), (Y,q) be asymmetric normed spaces.

1. The asymmetric norm r defined by (4.1) generates the product topology T, x 74 on X X Y.
2. If (X,p) and (Y, q) are right (left) K-complete, then (X x Y,r) is right (left) K-complete.

The same assertions hold with respect to the conjugate norms p, ¢ and 7.

Theorem 4.2 (The closed graph theorem). Let (X, p),(Y,q) be asymmetric normed spaces.
Suppose that (X, p) is right p-K -complete and of second (p,p)-Baire category, and (Y,q) is right
q-K-complete. If T : X — Y is a linear operator with 1, x 14-closed graph, then T is (p,q)-
CONtINUOUS.

PROOF. In the proof we shall use again Remark 1.6.(ii).
Show first that the functional ¢ : X — R, defined by

p(z) =q(Tz), z € X,

10



is p-o-subadditive. Let x = p-> 2 | x,. Suppose that > > ¢(Tz,) = > o7 p(xn) < co. Then

the sequence n, = > ;_, Tz is right g-K-Cauchy, so there exists y € Y such that n, 4, 1.
Denoting &, = > ._; oy, it follows 7, = T, and we have the following situation

gnix, nniy and Vn €N, (&,n,) € Tp.

The 7, x 74-closedness of the linear subspace I'r of X x Y implies its 75 X 75-closedness, so that
the above conditions imply
(r,y) elp <—= y=Tzx.

It follows Tz = q-Y .2 Tz, so that

p(x) = q(Tx) <> q(Twn) = o(xn),
n=1

n=1

proving that ¢ is p-o-subadditive. By Proposition 2.2 there exists S > 0 such that for all z € X

o(r) < Bp(z) <= q(Tz) < Bp(x),

which is equivalent to the continuity of 7.

A proof based on the open mapping theorem.

The projection P : I'r — X defined by P(z,Tz) = x, x € X, is continuous and bijective.
By Corollary 3.3, P! : X — I'r is also continuous, so that there exists 8 > 0 such that
r(P~Y(x)) < Bp(x), which is equivalent to p(z) + ¢(Tz) < Bp(x). Consequently,

q(Tz) < (B —1)p(z),

for all x € X, proving the continuity of T O

5. The uniform boundedness principle

Let (X,p), (Y,q) be asymmetric normed space. One denotes by L, ,(X,Y) the cone of all
(p, q)-continuous linear operators from X to Y. A family 7 = {T; :i € I} C L, 4(X,Y) is called
pointwisely bounded if

(5.1) Ve e X, supq(Tiz) < oco.
iel

In this case the condition (5.1) is equivalent to

(5.2) Ve e X, supq(Tix) < oo.
icl

The following version of the uniform boundedness principle was proved in [5].
Theorem 5.1. Let (X,p) be a right p-K-complete asymmetric normed space, (Y,q) an asym-

metric normed space and T ={T; : 1 € I} C Ly, 4(X,Y) Suppose that the family T is pointwisely
bounded, that is

(5.3) Mr(x) :=supq(Tiz) < oo,
i€l
for every x € X. Then

(5.4) sup sup ¢(T;x) < oo and sup sup ¢(Tiz) < o0 .
icI z€B, icI z€Bp

11



PROOF. As the proof given in [5] is not correct (see the comments in the next section) we give
here a different one. Since X is right p-K-complete, it is of second p-category (see Theorem
1.9). For n € N and i € I let

E,i={re X :qTix) <n} and E,={zeX:Viel, ¢(Tixz)<n}.

Since the function ¢(-) is ¢-1sc and 7; is also (p, ¢)-continuous, it follows that q o T; is p-lsc,
so that E,,; is p-closed and E, = (;c; En,; as well.

The pointwise boundedness of the family 7 implies X = (J, cyy En- Since X is of second
p-category, there exists ng € N such that int;(Ep,) # 0. It follows that there exist xy € X and
ro > 0 such that Bj[xo, 0] = 2o + roBp C Enp,. Consequently,

Viel, Vo' € xg+10Bp,  q(Tix'") <ny.
For x € By, 2/ = xg+rox € 9+ roBp and z = ral(x’ — x). It follows that

() < AT+ a(Ti(20) _ o+ V(o)
- T0 o 7o ,

for all x € By and all i € I. Consequently

M+ (—
sup sup q(Tir) < M0
el wEBﬁ To

The first inequality in (5.4) can be proved similarly by considering the sets
Foi={reX:qTixz) <n} and F,={reX:Viel, ¢(Tix) <n},

although the conditions from (5.4) are in fact equivalent, see Remark 5.2 below.

Remark 5.2. The conditions from (5.4) are equivalent.
Indeed

sup sup ¢(Tix) =00 <= Vn €N, J(ip,z,) € I x By, st. q(T;,xzn) >n.
i€l zeB)

But
(in,zn) € I x B, and q(Ti,xn) >n I (in,yn) € I x By and q(T;,yn) > n,
showing that

sup sup q(Tyz) = oo <= sup sup ¢(Tiy) = 0o
i€l z€By iel yeBy

The following version of the Uniform Boundedness Principle was proved in [4].
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Theorem 5.3. Let (X,p),(Y,q) be asymmetric normed spaces such that (X,p) is of second
(p, p)-Buaire category and let T;, i € I, be a family of (p, q)-continuous linear operators from X
toY. If the family {T;} is pointwisely q-bounded, that is

Ve e X, supq(Tiz) < oo,
1€l
then it s uniformly bounded on By, that is

sup sup ¢q(Tix) < 0.
1€l x€By

PRrROOF. We give a proof based on Zabrejko’s lemma. Let the functional ¢ : X — R, be defined
by
o(z) =supq(Tiz), = € X.
i€l
and show first that ¢ is p-o-subadditive. Indeed, if x = p-Y 2| @y, then, for every i € I, the
(p, g)-continuity of T; implies its (p, §)-continuity, so that Tjx = g-> - | Tiz, and

n=1 n=1 n=1

Consequently,
o0
¢(x) = supq(Tix) < > (@)
€ n=1

By Proposition 2.2, there exists S > 0 such that

o(x) < Bp(x),

for all x € X. It follows
Vo € By, ¢(r)<B,

that is

sup sup ¢(T;x) = sup supq(Tiz) < 3.
i€l zeB) zeB)y i€l

a

Remarks 5.4. 1. In [4] the term half second Baire category is used instead of second (p, p)-
Baire category.

2. As it is shown by Example 2.2 in [4], if the asymmetric normed space (X, p) is biBanach,
then the uniform boundedness principle could not hold, even for linear functionals.

3. If (X,p) is the asymmetric normed space associated to a Banach lattice (X, | - ||) (as in
Example 1.4), then (X, p) is not right K-complete, but it is of second (p, p)-Baire category (see

[4])-
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6. Some remarks on the condensation of singularities in the asymmetric case

This is a stronger form of the uniform boundedness principle. Let T; : X — Y, 7 € I, be a
family of continuous linear operators between two asymmetric normed spaces (X, p) and (Y q).
Put T ={T; : i € I}. The set

(6.1) Sr={x € X :supq(Tiz) = oo}
el
is called the set of singularities of the family 7.
In the symmetric case the principle of the condensation of singularities asserts that if a family
T :={T;:i€ I} C L(X,Y) of continuous linear mappings between a Banach space X and a
normed space Y is not uniformly bounded, then the set of singularities is Gs and dense in X.
This means that

sup ||T;|| = o0 = S7 is of Gs-type and dense in X.
el

In [5] one asserts that the proof given to the Uniform Boundedness Principle ([5, Theorem
2.3.7]) yields the principle of the condensation of singularities. In the proof one supposes that
the family 7 is g-pointwise bounded but not g-pointwise bounded, that is 7 satisfies (5.1) but
not (5.2), that is obviously false since, as we have remarked, these two conditions are equivalent.

We want to point out the main difficulty that arises in the tentative to prove a Principle of
Condensation of Singularities in the asymmetric case.

Consider a family 7 = {T; : : € I} C L, o(X,Y) of (p, ¢)-continuous linear mappings between
two asymmetric normed spaces (X,p), (Y, q) and suppose that (X,p) is (p,p)-Baire. Suppose
that the family 7T is not uniformly bounded, that is

(6.2) sup sup ¢q(T;x) = 0.
1€l xeBy

Consider the sets

(6.3) Xni ={x e X :q(Tiz) >n}, (n,i) e NxI,

and

(6.4) X :=|JXni={xeX:3iel, ¢Tix)>n}, neN.
icl

It is obvious that
St = ﬂ Xn s
neN
so if we show that each set X, is p-open and p-dense, then, by Theorem 1.11, the set Sy will
be p-G§ and p-dense.

Since the asymmetric norm ¢ is g-1sc (see Proposition 1.2) and the operator 7 is also (p, q)-
continuous, it follows that g o Tj is p-lsc, implying that the set X, ; is p-open for every i € I,
and X,, as well.

The proof will be done if we show that X,, is p-dense in X. Supposing the contrary, there
exist zo € X and r > 0 such that Bp[xo,r] N X,, = 0, implying

q(Tiz") <n,

14



for all 2’ € By[xo, 7] and all i € I. Since By[zo, 7] = xo + 1rB), it follows that every 2’ € Bp[zo, r]
is of the form

1
¥ =x0+rr = xv=—(2' —x0),
r

for some = € B,,. But then for every i € I and = € B,

¢(Tiz') + ¢(=Tizo) _ n+q(Ti(=w0))

a(Tir) < r r r
To go further and to deduce the uniform boundedness of the family 7 and to obtain so a
contradiction to (6.2), we need that sup;c; ¢(Ti(—z0)) < co. In the symmetric case this bound
is n, because q(T;(—x0)) = q(—=Ti(zo)) = q(Ti(z0)) < n, for every i € I, an inequality that could
not hold in the asymmetric case.
Consequently, versions of the Principle of Condensation of Singularities in the asymmetric
case remain to be proved.

Acknowledgements. The first author acknowledges with thanks the University of Pretoria
staff exchange bursary programme for financial support.

Both authors express their thanks to the reviewer for a careful reading of the manuscript
that led to an improvement of the presentation.

References

[1] C. Alegre, Continuous operators on asymmetric normed spaces, Acta Math. Hungar. 122
(2009), no. 4, 357-372.

[2] C. Alegre, J. Ferrer, and V. Gregori, On a class of real normed lattices, Czechoslovak Math.
J. 48(123) (1998), no. 4, 785-792.

[3] C. Alegre, J. Ferrer, and V. Gregori, On pairwise Baire bitopological spaces, Publ. Math.
Debrecen 55 (1999), no. 1-2, 3-15.

[4] C. Alegre, S. Romaguera, and P. Veeramani, The uniform boundedness theorem in asym-
metric normed spaces, Abstr. Appl. Anal. 2012, Article ID 809626, 8 p. (2012).

[5] S. Cobzas, Functional Analysis in Asymmetric Normed Spaces, Frontiers in Mathematics,
Birkhauser, Basel, 2013.

[6] J.J. Conradie, and M. D. Mabula, Convergence and left-K-sequential completeness in asym-
metrically normed lattices, Acta Math. Hungar. 139 (2013), no. 1-2, 147-1509.

[7] J. Ferrer, V. Gregori, and C. Alegre, Quasi-uniform structures in linear lattices, Rocky
Mountain J. Math. 23 (1993), no. 3, 877-884.

[8] L. M. Garcia-Raffi, S. Romaguera, and E. A. Sanchez-Pérez, On Hausdorff asymmetric
normed linear spaces, Houston J. Math. 29 (2003), no. 3, 717-728.

[9] J.C. Kelly, Bitopological spaces, Proc. London Math. Soc. 13 (1963), 71-89.

[10] H. Queffélec, Topologie — Cours et exercises corrigés, Dunod, Paris 2007.

15



[11] 1. L. Reilly, P. V. Subrahmanyam and M. K. Vamanamurthy, Cauchy sequences in quasi-
pseudo-metric spaces, Monatsh. Math. 93 (1982), 127-140.

[12] P. P. Zabrejko, A theorem for semiadditive functionals, Funct. Anal. Appl. 3 (1969), 70-72
(translation from Funkt. Anal. Priloz. 3 (1969), no. 1, 86-88).

16



	Preliminary results
	Zabrejko's lemma
	The open mapping theorem
	The closed graph theorem
	The uniform boundedness principle
	Some remarks on the condensation of singularities in the asymmetric case

