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Appendix A. Proof of Theorem [3.1]

Proof. We want to prove that for non-negative initial condition, at all time 7 > 0, the system (TI)
has a unique non-negative solution which is contained in Q. The proof is done in three steps:
Firstly we show the non-negativity of the solutions for any non-negative initial data; secondly we
establish the boundedness of the solution and finally we establish uniqueness of the solution.

To prove the non-negativity, we use the method of contradiction as it is in.*>4” Without loss
of generality, we may assume that the trajectory of R will pass to the negative region before
others, i.e., we consider the trajectory of R crosses to the region R < 0 at some positive time 7},
such that

R(t) =0, R(#) <0, and
Alt) > 0, I(t) > 0,A,(t;) > 0,1;(11) > 0, Q(t;) > 0. (A1)

Then, from equation (TTh) we have,
R (1) = yiA(t) + v21(t1) + y3 Q1) + vaA1 (1) + yshi(t). (A2)

Observe that, due to assumption (A.T)), the left hand side of (A.2)) is negative while the right hand
side is positive, which is a contradiction. Hence, R(f) remains non-negative for all # > 0. From
equation (TTa) we have

SO =A-[1+0+ulS +¢R > [+ (o +w]S. (A3)
Applying simple calculus techniques to (A.3), we obtain

!
S() = S(0)exp (—f (Aw) + o + ) du) > 0.
0
Thus, S () remains non-negative for all 7 > 0. Similarly, from equation (ITb) we have
Vi) =0S - [(1=p)d+pulV +(@-@R = =[(1 - p)d+ulV, (A4)
which yields

V(t) = V(0)exp (—f (1 = p)A(u) + ) du) > 0.
0

Hence, V() also remains non-negative for any ¢ > 0.
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To show the non-negativity of the variables A, A, I, I; and Q one can follow a procedure
similar to the one used to show the non-negativity of R.

To proof the boundedness of the system, we use principle of conservation. From (T)) and (TT)),
we obtain

N' @) =A—puN -6+ Q) — 611y < A — uN. (A.5)
For an initial population Ny, implementing Gronwall’s inequality on (A.3) gives
N(@) < AJu+ (Ng — A/w) exp(—ut) < co. (A.6)

Hence, the solution of the model is bounded for every time ¢ > 0.

Finally, the uniqueness follows from Steps 1 and 2 and Theorem 2.1.5 of.*® Thus we are
guaranteed that any solution of (II)) is non-negative and bounded for 7 > 0. Thus, the model
equation (TT) is a dynamical system on Q. This completes the proof of Theorem [3.1]

O

Remark Appendix A.1. Equation(A.6) tells us that the total population at any given time N(t)
remains bounded. In fact

. A
lim (A/p + (No = A/p) exp(-ph)) = u
Thus, the set
0= {5, VA LALILQRIER 0S5 +V A+ +A +1+Q+R=N< | O
7’

is an attractor set of the system (T1).

Appendix B. Calculation of the Basic Reproduction Number

The basic reproduction number refers the average number of secondary cases produced in
a completely susceptible population by an infectious individual during his/her entire infectious
period.?’ We compute Ry by using the method of Next Generation Matrix, see.!31%.20:21

For the model under consideration, we denote infected classes by A and define vector valued
functions ¥ : A — R and U : A — R3 by

(1= )AS lo 1
FX)=| ¢ -pav and  UX) = kA,
(I =¢)d -p)av ksl

0 —9A—91A1—61—€111+k5Q

where
A= {(A’I,Ahll’ Q) : (S’ ‘/,A,I,Al,ll, Q’R) € Q}

The function # represents the rate of appearance of new infection and U denotes the rate of
transfer of individuals among the infective classes, respectively, where

k1=9+’)/1+ﬂ, k2=e+72+6+,u, k3:01+74+,u, k4:61+)/5+(51+/1
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and

ks = V3 + 0+ U
The next generation matrix is given by
K = Jgdy, (B.1)
where
Blv B1 B1V1 B]K 0 kl 0 0 0 0
BzV Bz B2v1 B2K 0 0 kg 0 0 0
J;L’ = B3V B3 B3V1 B3K 0 and qu =|0 0 k3 0 0 (BZ)
B4V B4 B4V1 B4K 0 0 0 0 k4 0
0 0 0 0 0 -0 —91 —€ —€ k5
are the Jacobian matrices of ¥ and U at Ey, respectively with
1- 1- 1-¢)(1 -
e (B YU-po (=6 =)
o+ o+ u o+ o+ u
Notice that
£ 0 0 0 o0
1
0O £ 0 0 0
- 1
J(ul =10 0 & 0 0}]. (B.3)
0 0 0 £ o
6 6 e a1
klkj kzks k3k5 k4k5 k5
We now combine equations (B.2) and (B-3), to get
Byv B Byv Bk
" B & f 0
By B By Bk
By BB Bk
K= > 5 &5 = O (B.4)
Biv By Bovy  Bik
kl kz k3 k4
0 0 0 0 O
Thus, we have
RQ = RA + R[ + RAl + R[l (BS)
where B B B B
Vb 2 V1D3 KDy
Ra=—, Ri=—, Ryy=—, R, = —
A x 1= o I T

Appendix C. Proof of Theorem

The proof is based on the Center manifold theory and Theorem 4.1 from.?? For this we
introduce a change of variables by setting , x; =S, xx =V, x3 = A, x4 =1, x5 = A}, X =
I1, x; = O and xg = R and use the new variables to write model as

X,(t) = f(X) = (fhf%fé’ f4’f5’f6’ f7’f8)Ta
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. _ T
WlthX - (xl’x25x3’-x47-x57-x6’ .x7,.X8) H and

fii=x10) = A= [+ kolx; + pxs,

fri= x50 = ox) = [(1 = p)Ad + ulxz + (0 = @)xg,
fi= Xé(f) = ndx; — ki1x3,

fa = x40 = A = Ax; — kg,

f5 1= x5(0) = ¢(1 = p)Axz = ks xs,

fo = xg(t) = (1 = $)(1 = p)Axz — kaXg,

fr 1= x5(1) = Ox3 + 01 x5 + €x4 + €1.x5 — ksx,

f3 1= x5(8) = viX3 + yaXa + ¥3X7 + YaXs + YsX6 — keXg,

(C.1)

where kg = o+u, k1 = 0+y1+u, ky = €+y,+0+u, ks =01 +ys+u, ky = € +ys+01+u, ks =
Y3+ 6+, and k¢ = w + p. Then, the force of infection A in (2)) and the disease-free equilibrium
Ey in (T4) in terms of the new variables are given by

X4 + VX3 + VX5 + KXg

A= , C.2
A I (C2)
and
A oA
EO = (xlsx2’x3’x47x59x69x7’x8) = »—303070303050)’ (C3)
o+p p(o+p)
respectively.
Next, we calculate the Jacobean matrix of the system (C.I) at (C3) and we get
—kop 0 -y —my —vim —Kmy 0 @
o —(1 - p)ym, -1 - p)Vom> —(1 = pyvimy —(1 = p)xm, 0 w-¢
0 0 nvmy — k; nmy nvim; KMy 0 0
JEy=| 2 O (1 =myymy (I =mmi =k, (1= nyvim (1 = p)xmy 0 0
“Zlo o0 ¢(1 = pyvmy ¢(1 - pymy é(1 = pyvimy — k3 #(1 = p)cm; 0 0
0 0 (A-¢l-pym (A-¢l-pm (I-¢)1-pwvimy (L—d)(l—pm—ks 0 0
0 0 0 € 0, € —ks 0
0 0 b2 b2 V4 s V3 —ke
(C4)
up 9B

where m; = = and m, = e We now consider §* := § as a bifurcation parameter at Ry = 1.
Solving for 8 from (B.3)) at Ry = 1 gives

) kokkoksky
viukoksks + (1 = mukiksky + ve(1 — p)okikoks + k(1 = ¢)(1 — p)okikaks”

(C.5)

At Ry = 1 the matrix J(E,) has a simple zero eigenvalue and all other eigenvalues have negative
real parts. This can be verified by substituting (C.3) into (C.4) and follow the usual way of calcu-
lating the eigenvalue of a matrix. Borrowing the notation of 2 letw = (Wy, wa, W3, Wa, Ws, We, W7, Ws)
and v = (v, V2, V3, Va, Vs, Ve, V7, Vg)| respectively be the left and right eigenvector associated with
the zero eigenvalue of J(Ej) such that v - w = 1. Therefore, w and v satisfy the system

wJ(Ep) =0 and J(Ep)v = 0. (C.6)
Solving for v and w from (C.6) yields

Vi =av3, vy = aavs, v3=v3 >0, vy=a4v3, Vs =asvi, Ve = QeVs, V7 = agv3, Vg = (gV3,
30
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where

and

491

a2

@y

a5 =

g =

a7 =

g

—Vm| — M4 — ViMmas — Km| s + QoQag

k)

ko
oay — (1 = p)yymy — (1 — p)Vomaay — (1 — p)vimpas — (1 — p)kmaas + (w — p)asg
M b

—(nvmy — k) — nvimias — nkmyas
nmy ’
nvm; —k;
(1= p)pmy (Lot — )
(1 = pyim (1 - 2) ~ ks
nvm;—k
(1= p)(1 = gymy (v — L=l)
(1 = ¢)(A — p)kmy — ky
0+ €y + 91(15 + €16
ks
Y1+ Y24 + Y45 + Y5 + Y37
ke '

s

wi=wy =0, w3=w3>0,

. kl—nvml] B ¢(1—P)Vm2}w ) (1—¢><1—p)vm2}w
4 | (1 = n)vm, (1 = mpvm (1 = mpyvm 6
| mimy (kg = (1 = )0 = p)kmy) — (1 - 77)V1m1c]
W5 = D w3
[ memy (ks = p(1 = p)vimy) + (1 - n)Km1C]
We = D w3

W7 = wg = 0
(nvmy — k1)(1 — p)kvimy
(1 —mvm,

D = ksks — (1 — p)msa (1 - ﬂ) [pviks + (1 — $)icks] .
v

C=

uo  Therefore, the bifurcation coefficients a and b as defined in** at the disease-free equilibrium (C-3)
are given by

741

8
62
a = Z kaivjﬁv (C7)
ki j=1 Xi0Xj

6 6

O fa
= W3ZVV +W4ZV'V
" dxi0x Lt jax,(')xj
i,j=3 i,j=3

i
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and

= Zml[n (W3V3V4V + W3V3Vs5VV| + W3V3VeVK)
+(1 — 1) (Wav3vey + wevsvsvvy + W4V3V6VK)]
+2my [¢(1 — p) (WsV3v4V + WsV3V5VV| + WsV3V6VK)
+(1 — @)1 — p) WeV3V4V + WeV3Vs5VV] + WeV3V6VK) ],

= 2V[m1(T]W3 +(1 - n)W4) + m2(¢>W5 +(1 - ¢)W6)]V3(V4 +vivs + Kv6>,

}]ww (oﬁ) (C3)
k,i=1
Sz SINRiE o e
w Vi +w Vi +w Vi +w Vi———,
32 "ox,08 a/s “; "oxi0p 5; "ox,0p 6; "oxi0p
1-
(V3W3V + vawsz + vsw3vy + V6W3K) + ( 77)/1 (V3W4V + vawg + Vswyvy + V6W4K),
o+ o+
1- 1-¢)1 -
M(V3W5V + vaws + vswsvy + V6W5K) + M(\@Wév + vawg + VsWwevy + V6W6K),
o+ u o+ u

(1

[O_L_’_ﬂ(ﬂm +(1- U)W4) + O__Tp'u)o-((bW5 +(1- ¢)W6)](VV3 + V4 +Vivs + KV6),

pm+ (A —nas) + (1 - p)o(das + (1 — P)as)
o+u

. (v + a4 +Vvias + K(Zé)V3W3, (C9)

where v3 > 0 and w3 > 0.

Since all parameters are positive and the components v3, and w3 are positive, it is not difficult

to verify that b > 0 with m; = % and my = % Thus, it follows from Theorem 4.1 in?? the
model (TT) exhibits a backward bifurcation at Ry = 1 whenever a > 0.

Appendix D. Proof of Theorem 3.8]

To prove the global stability of the disease-free equilibrium at w = 0 and p = 1, we use

LaSalle Invariance Principle.*’ For this we first define a Lyapunove function L : G — R, by

where

u u

LB = s sorm”

G={S, VA LA,I,,O,R) eQ:A,=0,1,=0}cQ, and EcgG.

Now observe that

L(E))=0, L(E)>0 forall E € G\{Eo).

Hence the function L is positive definite.

We now rewrite (IT)) in a vector form by

X' = f(X),
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where
X =(5,V,A,1,0,0,Q,R)"
I =(fis o S S S5 oo i SO
with
fi=A-[1+0+ulS,
fa=0S —uy,
=018 — @0+ 7y + WA,
fa=(A-mAS —(e+ 5+ 2+,
fs=0
f6=0
fr=0A+el—(ys+6+m)Q,
fs=y1A+yl +y;0 - uR.

Let L represent the directional derivative of L in the direction of f. Then we have

L = VL-f,
- (O’O’3<oﬂ+m’6< 000 f
= m(n/lS k1A>+(JL+m«1—ms_k21),
< ﬁ(nﬂ(w\“) klA)+‘S(O_LW((I—U),B(VA+I)—IQI),
S S8 RA+ S E B -k,
< (Vk—ljl— )0_+ k1A+(f—22—1)0_+#k21,
< (Vk—lfl %—1) #(k1A+k21),

= (Ro- 1)— (k1A + k1) .
o+u

S
Here we used the fact that v <1

Thus, L < 0 on G whenever Ry < 1. Hence, L is a Lyapunov function for Ey on G. Further-
more, at Ey we have 4 = 0. Which implies that

[ =0 E =E,.
Hence, the largest invariant set contained in M = {E €G:L(E)= O} is {Ep}, 1. e
lim E(7) = Ey.
1—o00
Therefore, we conclude by LaSalle Invariance Principle® that the disease-free equilibrium E,
of the model with w = 0 and p = 1 is globally asymptotically stable on G for Ry < 1. This

completes the proof of the theorem. (I
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