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ABSTRACT. The purposes of this paper is to introduce a framework which en-
ables us to study nonlinear homogenization problems. The starting point for
this work is the theory of algebras with mean value. Very often in physics,
from very simple experimental data, one gets sometimes complicated struc-
ture phenomena. These phenomena are represented by functions which are
permanent in mean, but complicated in detail, which functions are subject
to verify a functional equation often nonlinear. The problem is therefore to
give an interpretation of these phenomena by functions having the following
qualitative properties: they are functions that represent a phenomenon on a
large scale, which vary irregularly, undergoing many nonperiodic oscillations.
In this work we study the qualitative properties of spaces of such functions,
say generalized Besicovitch spaces, and we prove general compactness results
related to these spaces. We then apply these results to study some new homog-
enization problems. One important achievement of this work is the resolution
of the generalized weakly almost periodic homogenization problem for a non-
linear pseudo monotone parabolic-type operator. We also give the answer to
the question raised by Frid and Silva in their paper [26] (Homogenization of
nonlinear pde’s in the Fourier-Stieltjes algebras, SIAM J. Math. Anal., Vol.
41, No. 4, pp. 1589-1620) to know whether there exist or not ergodic algebras
that are not subalgebras of the Fourier-Stieltjes algebra, and further we show
that the theory of homogenization algebras by Nguetseng in [36] (Homogeniza-
tion structures and applications I, Zeit. Anal. Anw., 22 (2003) 73-107) cannot
handle weakly almost periodic homogenization problems.

1. INTRODUCTION

The concepts of algebras with mean value [47] (algebras w.m.v., in short) and of
homogenization algebras [36] (H-algebras, in short) were introduced to extend to
the context of more general classes of oscillatory functions (such as almost periodic
functions and others) the theory of periodic homogenization. This gives rise to the
theory of deterministic/individual homogenization.

An algebra w.m.v. A in RY is defined as a Banach subalgebra of the algebra
of bounded uniformly continuous real-valued functions B(RY), which is translation
invariant, contains the constants and whose elements possess a mean value. Thus,
it generalizes the concept of almost periodic functions. In this sense therefore,
from the definition of algebra w.m.v., one easily introduces generalized Besicovitch
spaces BY associated to an algebra w.m.v. A. Moreover to each algebra w.m.v. A is
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associated a compact topological space A(A) (called its spectrum) such that every
element of A can be seen as an element of C(A(A)), in such a way that the space
LP(A(A)) is isometrically isomorphic to some quotient of the space BY}, denoted by
BY. This last result is of great interest and will be the starting point of our work.

An H-algebra is a separable Banach subalgebra of the algebra of bounded contin-
uous real-valued functions which contains the constants and whose elements possess
a mean value. Here we have the same properties as above. However, in order to take
full advantage of the above two concepts we will restrict ourselves to the bounded
uniformly continuous functions.

In this paper we rely on the concepts of H-algebra and of algebra w.m.v. to
introduce a framework for the study of nonlinear homogenization problems. As said
above the choice to work with bounded uniformly continuous functions allows us
to consider the concept of H-algebra as a particular case of that of algebra w.m.v.
As discussed later, this choice is fully justified since some essential properties of
H-algebras used in homogenization systematically derive from the invariance by
translations’ property of the algebra under consideration.

Next, we define according to Ambrosio et al. [2], the notion of vector valued
algebras which is a generalization of that of product H-algebras [36]. In fact, being
given two H-algebras A; and A; on R™ and R™2 respectively, if we denote by
A1 ® As the product H-algebra defined as the closure (in the space of bounded
uniformly continuous functions on R™! x R™2) of the tensor product A; ® A, we
see that A1 ® As = A;(R™; As), where the latter space is defined as the set of
functions f € B(R™*; As) satisfying the following conditions:

e For each L € A} (topological dual of the Banach space As), (L, f) € As;
e The set {(L, f): L € A, with ||L|| < 1} is relatively compact in A;.

We rely on the concept of vector valued algebras to prove a general compactness
result (Theorem 3.6) which generalizes to all points of view, those already obtained
in the papers [36, 40, 41, 42]. In particular in the above-cited papers, this result
is available in the only case when p = 2 in the context e.g. of the algebra of
almost periodic functions. Here we prove it for any real number p > 1 by using the
ergodicity key assumption of the algebra under consideration.

To illustrate the wide scope of application of our result we study homogenization
problems associated with some pseudo monotone operators. We solve a few new
problems as the generalized weakly almost periodic homogenization problems (see
Subsections 4.4.4-4.4.6).

The paper is organized as follows. In Section 2 we define and give some prop-
erties of the generalized Besicovitch spaces. We also define and study some spaces
connected to the above spaces, which are useful in the rest of the work. Section
3 deals with the concept of two-scale A-convergence. We state and prove there
our compactness results, and we give a few examples of algebras satisfying the
hypotheses of our results, notably the weakly almost periodic algebras. We show
there that weakly almost periodic algebras are not H-algebras, which result is a
more significant improvement as the deterministic homogenization theory is con-
cerned. Finally in Section 4 we apply the general framework established in the
previous sections to the homogenization problem of a nonlinear pseudo monotone
parabolic-type operator.

Finally, to simplify the presentation of the results in this work, we assume that
all functions are assumed real valued and all function spaces are considered over R.
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2. THE GENERALIZED BESICOVITCH SPACES

In this section we define and give some properties of the generalized Besicovitch
spaces. To begin with, we first state some fundamentals of algebras with mean value
(algebras w.m.v.), a concept which was first introduced by Zhikov and Krivenko
[47] (see also [30]) as a generalization of the algebra of almost periodic functions
[8, 7]. Tt is the main tool suitable to tackle nonperiodic homogenization problems.
In the same direction we also mention the works by Frid et al. [2] and Casado and
Gayte [12, 13].

2.1. Algebras w.m.v.: an overview of basic concepts. Let m be a positive
integer. Given ¢ > 0, let

ut(z) =u (E) (x € R™)

€
for v € LL_(R™). Then w® € LL_(R™). More generally if u lies in L (R™)

loc loc
(1 < p < o0) then so also is u.

With this in mind, a function u € B(R]') (the space of bounded uniformly
continuous functions on R}") has a mean value if there exists a real number M (u)
such that u® — M (u) in L®(R™)-weak * as ¢ — 0. M (u) is called the mean value
of u, and the mapping M : u — M(u) is a positive linear form (on the space of
those u in B(R}) with mean value) invariant by translation, and attaining the value
1 on the constant function 1, and verifying |M (u)| < ||ull, = sup,egm |u(y)| (thus
of norm 1). M is called the mean value on R™. It is also evident that

7—-+00

. 1
M(u) = lim |'%/Bu(y)dy (2.1)

where B, stands for the bounded open ball in R™ with radius r, and |B,| denotes
its Lebesgue measure. Expression (2.1) also works for u € L} (R™) provided that
this limit exists.

This being so, by an algebra with mean value is meant any Banach subalgebra
A of B(R}') with the properties:

(AMV1) A contains the constants

(AMV2) Any u € A possesses a mean value

(AMV3) A is translation invariant, i.e. for every u € A and every a € R™, 7,u =
u(-—a) € A.

Let A be an algebra w.m.v. Clearly A (with the norm sup topology) is a com-
mutative C*-algebra with identity (the involution here being the identity mapping).
We denote by A(A) the spectrum of A and by G the Gelfand transformation on A.
We recall that A(A) (a subset of the topological dual A’) is the set of all nonzero
multiplicative linear forms on A, and G is the mapping of A into C(A(A)) such that
G(u)(s) = (s,u) (s € A(A)), where (, ) denotes the duality pairing between A’
and A. We equip A(A) with the relative weak * topology on A’.

In [36] Nguetseng introduced the concept of homogenization algebras (H-algebras)
by requiring it to be a separable Banach space of the bounded continuous functions
in R™ which contains constants and whose elements possess a mean value. If we
glance through the results of the above paper, a careful examination of their proofs
tells us that the separability property really is not required in most of the results,
so that almost all the results presented in [36] are still valid when replacing an
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H-algebra by an algebra .w.m.v. In particular the following result about algebras
w.m.v. is worth mentioning; see [36] and [2] for the proof.

Theorem 2.1. Let A be an algebra w.m.v. on Ri*. Then

(i) The spectrum A(A) is a compact space and the Gelfand transformation
G is an isometric isomorphism identifying A with the algebra C(A(A)) of
continuous functions on A(A).

(ii) The mean value M considered as defined on A is representable by some
Radon probability measure B (called the M-measure for A) as follows:

M(u) = / G(u)dp for any u € A.
A(A)

For the benefit of the reader we recall some well-known facts: in the case
when A is the algebra Cpe;(Y') of Y-periodic continuous functions on Ry (Y =
[—1/2,1/2]™), then A(A) can be identified with the m-torus T™ = (R/Z)™. Let
R be a subgroup of Rj". Let APr (R;") denote the algebra of functions on R} that
are uniformly approximated by finite linear combinations of the functions in the
set {cos(k -y), sin(k -y) : k € R}. It is known that APg(R}') is an algebra w.m.v.
and its spectrum A(APg(R}')) is a compact topological group homeomorphic to
the dual group R of R consisting of the characters v, (k € R) of R™, defined by
vie(y) = exp(2irk - y) (y € R™); see [39, Propositions 2.2 and 2.6] for details.

Next, the partial derivative of index ¢ (1 < ¢ < m) on A(A) is defined as the
mapping 9; = G o 6%1, o G~! (usual composition) of D}(A(A)) = {¢ € C(A(A)) :
G '(p) € A'} into C(A(A)), where A* = {¢ € C'(R}') : ¢, g—i eA(1<i<m)}
Higher order derivatives can be defined analogously (see [36]). Now, let A be
the space of ¢ € C*°(R}") such that Dy = 8@;8& € A for every multi-index

T oy
a = (ag, - an,) € N and let D(A(A)) = {p € C(A(A)) : G (p) € A>}.
Endowed with a suitable locally convex topology (see [36]), A (resp. D(A(A))) is
a Fréchet space and further, G viewed as defined on A is a topological isomorphism
of A onto D(A(A)).

Analogously to the Schwartz’s space D’(R™) of usual distributions, we now de-
fine the space of distributions on A(A) as the space of all continuous linear forms
on D(A(A)). We denote it by D'(A(A)) and we endow it with the strong dual
topology. The following result allows us to view the spaces LP(A(A)) (1 < p < o0)
as subspaces of D'(A(A)).

Proposition 2.2. Let A be an algebra w.m.v. Then the space A% is dense in A.

Proof. We just give a sketch of the proof. Let u € A, and let ¢ € D(R™); then
u* @ € C®(R™). Since w is uniformly continuous, the function w * ¢ can be
uniformly approximated by a finite linear combination of translates of u, so that,
as A is translation invariant and closed, u* ¢ € A. Now, let (6,,),>1 be a mollifier
on R™. Clearly ux6, € A>® and ux6,, — uin A as n — oco. Whence the result. [

The above result amounts to saying that D(A(A)) is dense in C(A(A)), so that,
since C(A(A)) is dense in LP(A(A)), one easily sees that LP(A(A)) C D'(A(A))
(1 < p < o0) with continuous embedding. We may therefore define the Sobolev
spaces on A(A) as

WIP(A(A)) = {u € LP(A(A)) : du e LP(A(A) (1<i<m)} (1<p< o)
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where the derivative 0;u is taken in the distribution sense on A(A) (exactly as the
Schwartz derivative in the classical case). This is a Banach space with the norm

N P
l[ullwir(acay) = <|u||ip(A(A)) + Z ||8iu|12p(A(A))> (u € WLP(A(A))) .
i=1

To that space are attached some other spaces as its closed subspace
WHLP(A(A))/R = {u € WHP(A(A)) - / u(s)dB(s) = 0}
A(A)

and its separated completion W;&’p (A(A)); see [42] for a documented presentation
of these spaces.

We can also define the notion of a product algebra w.m.v. For this purpose,
let A; (resp. As) be an algebra w.m.v. on R™! (resp. R™2); then we define the
product algebra w.m.v. A; ® Ay as the closure in B(R™ x R™2) of the tensor
product Ay ® Ay = {D g 10 iy @ Ui, 2 ui; € Ay, j=1,2}.

2.2. Generalized Besicovitch spaces. The notations are those of the preceding
subsection. Let A be an algebra w.m.v. Let 1 < p < co. If u € A, then |ul’ € A
with G(|ul’) = |G(u)|’. Hence the limit lim, o ﬁ [ u(y)|” dy exists and we
have

. 1
Jdim e [l dy =) = [ (67 a.
r—+oo |B,| /p, A(A)
Hence, for u € A, put
1
lull,, = (M (ul"))""”.

This defines a seminorm on A with which A is not complete. we denote by BY the
completion of A with respect to [|-[| .. BY is a Fréchet space, and an argument due
to Besicovitch [7] states that B is a complete subspace of Li (R}"). We have the
following properties that can be achieved using the theory of the completion; see

e.g., [9].
Proposition 2.3. The following hold true:
(i) A is dense in BY;
(ii) If F is a Banach space then any continuous linear mapping | from A to

F extends by continuity to an unique continuous linear mapping L, of BY
into F'.

Now, let 1 < p < ¢ < oo. Obviously we have BY C B, so that one may
naturally define the space BY as follows:

By =Sfe () BL: sup [f], <o
1<p<oo 1<p<oo

We endow B with the seminorm [f] | = sup; <, || fll,, which makes it a Fréchet
space.

Next, thanks to the preceding proposition, the following properties are worth
noting:
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1) The Gelfand transformation G : A — C(A(A)) extends by continuity
to an unique continuous linear mapping, still denoted by G, of B into
LP(A(A)). Furthermore if u € B N L>(R}*) then G(u) € L*(A(A)) and
Hg(u)HLOO(A(A)) = HUHLOO(]RT")

2) The mean value M viewed as defined on A, extends by continuity to
a positive continuous linear form (still denoted by M) on BY satisfying

(u) = fA(A) G(u)dp (u € BY). Furthermore, M(7,u) = M(u) for each
u € BY and all a € R™, where 7,u(y) = u(y — a) for almost all y € R™.

3) Let 1 < p,q,r < oo be such that % + % = % < 1. The usual multiplication
AxA — A; (u,v) — uv, extends by continuity to a bilinear form B x BY —
B’ with

uwll, < hull, ol for (u,v) € B, x BY.
The following result will be of great interest in the work.
Proposition 2.4. Let A be an algebra w.m.v. Then A> is dense in BY.

Proof. Indeed by Proposition 2.2 A is dense in A. The result follows therefore by
[part (i) of] Proposition 2.3. O

Now, let u € BY (1 < p < o0); then |u|p € B (this is easily seen) and so, by part
2) above one has M (lul?) = fA w)"dB = |G(w)]7, (a(ay)- Thus for u € BY

we have [Jul|, = (M (|u |p))1/p, and Hu||p = 0 if and only if G(u) = 0. Unfortunately,
the mapping G (defined on BY) is not in general injective. So let N’ = KergG (the
kernel of G) and let
BY = B4 /N.
Endowed with the norm
-+ gy = llull, (u € B2),

BY is a Banach space with the following property.

Theorem 2.5. The mapping G : BY — LP(A(A)) induces an isometric isomor-
phism Gy of BY onto LP(A(A)).

Proof. Since G is an isometry (indeed [|G(u)|| 1o (a(ay) = llull, for u € BY) it suffices
to show that G is surjective so that, using the first isomorphism theorem, G will
induce an algebraic isomorphism G; : BY — LP(A(A)) which will be moreover a
topological isomorphism.

So, first and foremost, G(BY) is dense in LP(A(A)): this comes on one hand
from the density of C(A(A)) = G(A) in LP(A(A)) and on the other hand from
the inclusion C(A(A)) C G(BY) € LP(A(A)). Now, let v € LP(A(A)). Then there
exists a sequence (u, ), C B such that G(u,,) — v in LP(A(A)) as n — oco. But we
have [lup — un ||, = 1G(un) = G(un)|| Lo(a(ay) = 0 as n,n" — co. Thus (up), is a
Cauchy sequence in BY. As BY is complete there exists a function u € BY such that
un, — u in BY as n — oo, hence G(u,) — G(u) in LP(A(A)) as n — oo. Whence
v = G(u). This shows that G is surjective. Therefore, by the first isomorphism
theorem, the mapping G, : BY) = BY /N — LP(A(A)) defined by

Gi(u+N)=G(u) for u € BY
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is an algebraic isomorphism. But G; is a topological isometric isomorphism since
1G1(u+ M)l o (aay = llull, = llu+ Nz for ue Bj.
This completes the proof. [

As a first consequence of the preceding theorem one can also define the mean
value of u+ N (for each u € BY) as follows:

Mi(u+ N) = M(u), so that M1(v+N) = lim |Bﬁ1|/ u
T B

r——400
One crucial result that can be derived from the preceding theorem is the following
Corollary 2.6. The following hold true:
(i) The spaces BY are reflexive for 1 < p < 0o;

(i) The topological dual of the space BY (1 < p < c0) is the space BZ/ (p =
p/(p— 1)), the duality being given by

<U+N’v+N>BZ/,BZ = = Ja() Grlu+N)Gi(v+N)dp
foruer‘/ andveBi.

This result is easily proven by using the properties of LP-spaces and the above
isometric isomorphism.

Remark 2.1. The space BY is the separated completion of B} and the canonical
mapping of B} into B is just the canonical surjection of B} onto B%; see once
more [9] for the theory of completion.

Another definition which will be of great interest in the ensuing sections is

Definition 2.1. An algebra w.m.v. A on R™ is ergodic if for every u € BY such
that ||u — u(- + a)||; = 0 for every a € R™ we have ||u — M(u)||; = 0.

An equivalent property given by Casado and Gayte [13] is the following propo-
sition.

Proposition 2.7. [13] An algebra w.m.v. A on R™ is ergodic if

]|B1|/B u(- + y)dy — M(u)

The following result provides us with a few examples of ergodic algebras (see
next section for its application).

=0 forallue BY,1<p<oco. (22)
P

11m
7—+00

Lemma 2.8. Let A be an algebra w.m.v. on R™ with the following property:

1
lim W/ u(z + y)dz = M (u) uniformly with respect to y. (2.3)
rl JB

r—+00
Then A is ergodic.

Proof. As A is dense in BY, it suffices to check (2.2) for u € A. Let n > 0 be freely
fixed. For such u’s, according to (2.3) there exists 9 > 0 such that

x+y)dx — M(u)| <nforr>rg
wil
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and all y € R™. This leads at once at

M, ( |Bl/B w(z + y)dz — M(u)

The ergodicity of A follows thereby. O

P
)gnpforr>7‘0.

From now on, we will use the same letter u (if there is no danger of confusion)
to denote an equivalence class of an element u € Bf. The symbol g will denote
the canonical surjection of BY onto BY = B4 /N. With this in mind, one can
define another space attached to B%. To begin with, however, we need one further
definition. Let u € BY be such that 9;G1(u) € LP(A(A)) for fixed 1 < ¢ < m. There
exists an unique u; € BY such that 9;,Gi(u) = Gi(u;). This leads to the following
definition.

Definition 2.2. By a formal derivative of index i of u € BY is meant the unique
element u; of BY (if there exists) denoted by du/dy;, defined by

Gy (g;i) — 0,G1(u). (2.4)

Remark 2.2. For u € B}” (that is the space of u € B such that D,u € (B%)™)
we have

6 (2(50)) =9 () = 2:0(0) = 86) (e(w) = (by definition) & ( (o).

hence B
ou 0
o() = (et

goaiyi:aiyiogonBi"p. (2.5)

or equivalently,

Now, set (for 1 < p < 00)

ou
yi

ij:{uezag: eBg,1gigm}.

We endow 8114’1’ with the norm

m
lally +
i=1

In this norm, B}L"p is a Banach space and further, the restriction of Gy to ka is an
isometric isomorphism of BY? onto W1P(A(A)).

Next, consider the subspace Bz’p/R of B}L"p consisting of u € B}L"p with M (u) = 0.
Equipped with the seminorm

p

ou
yi

1/p
] (u € BYP).

el =
p

m

”u”Bi"p/R = ||by“||p = [Z

p

ou
yi

i=1 p

1/p
] (ue BY?/R)

where D,, = (%)199,“ Bi{p/R is a locally convex topological space which is in

i

general nonseparate and noncomplete. We denote by B;’g the separated completion
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of BY? /R with respect to ||-||ka/R, and by J; the canonical mapping of B5” /R into

B;ﬁ. It is a fact (using the theory of completion of the uniform spaces [9]) that the

mapping 8%,; : Bi’p /R — B extends by continuity to an unique continuous linear

mapping 8%1- : B;’i — BY satisfying

B 7 _ .

o oJ; = Em and ||11J||B;1§£;;l = HDyqu (u € B4Y) (2.6)
where Ey = (%)1Si§m- Since Gy is an isometric isomorphism of 8114”’ onto

WLP(A(A)) we have by (2.4) that the restriction of Gy to Bi{p/R sends isomet-
rically BYP/R onto W1P(A(A))/R. So by [9] there exists an unique isometric
isomorphism G : B;’Z — W;’p(A(A)) such that

GioJi=JoG (2.7)

and

d;0G1=G o a?ﬁ
(We recall that J is the canonical mapping of W1P(A(A))/R into its separated
completion W#p (A(A)) while J; is the canonical mapping of BY” /R into B;gi.)
Furthermore, as .J; (B4”/R) is dense in B#i (this is classical), it follows that (J; o
0)(A>/R) is dense in B;gi, where A% /R = {u € A* : M(u) = 0}.

The properties of G; and G; will come to light in the next section.

(1<i<m). (2.8)

3. THE TWO-SCALE A-CONVERGENCE

In this section we rewrite the definition of the two-scale convergence. Thanks to
the identification Gy (BY) = LP(A(A)) we get more accurate convergence results as
those obtained in the previous papers by Nguetseng et al. [36, 40, 41, 42]. In all
that follow ) is an open subset of RY (integer N > 1) and A is an algebra w.m.v.
on RV,

Definition 3.1. Let 1 < p < oo. A sequence (ug):>0 C LP(Q) is said to weakly
two-scale A-converge in LP(§2) to some ug € LP(; BY) if as € — 0, we have

/ng(x)f (x,g) dz — /Q/A(A) ﬁo(x,s)f(x,s)dﬁ(s)dx (3.1)

for every f € LT’/(Q;A) (1/p" = 1-1/p) where Gy = Gyoug and f: Gof = (Grop)of.
Notation. We express this by writing u. — ug in LP(Q)-weak A.

Remark 3.1. Thanks to the equality Gi(B%) = LP(A(A)), the above definition
of convergence is exactly the same as the one given by Nguetseng in [36], namely
the X-convergence. We have replaced ¥ by A since we do not use the terminology
homogenization structures [36] here. Thus the uniqueness of the limit ug is ensured.

It is also a fact that the weak A-convergence in LP implies the weak convergence
in LP.

In the sequel the letter E will throughout denote a fundamental sequence, that
is, any ordinary sequence E = (&), (integers n > 0) with 0 < e, <1l and e, — 0
as n — oo. The following result is the starting point to all the next compactness
results we will deal with.
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Theorem 3.1. Any bounded sequence (us)ecr in LP(2) (1 < p < o0) admits a
subsequence which is weakly two-scale A-convergent in LP(S2).

Proof. The proof in the general setting of algebras w.m.v. is given in [12, Theorem
4.8]. Here we just give sketch of the proof in the case of H-algebras, that is when
A is separable.

Set L.(f) = [quefedz (f € LP'(Q; A)), where f¢ € LP(Q) is defined by
fe(z) = f(z,z/e), x € Q. Then

[Le(H)| < cllfllLe @iy (€ € E),

hence (L.(f))ecr is bounded in R and therefore, there exist a subsequence E'(f)
and a real number L(f) such that, as E'(f) > ¢ — 0, one has L.(f) — L(f). Using
the separability of L¥'(€2; A) (note that A is separable) and the diagonal process,
one gets the existence of a subsequence E’ from FE such that, as £’ 5 & — 0,

Le(f) — L(f) for any f € L¥ (Q; A).
But one also has the inequality |Lc(f) < c[|f?[|; (q) and further, as £ 3 ¢ — 0,
170 Lo () — Hﬂ L (X A)) (see e.g. [36]), so that the following holds:

L) < )]

L' (Ax A(A)) ¢ ”fHLP'(Q;BZ/) )

The space BZ being reflexive with dual space BY, there exists a function ug €
LP(Q; BY) such that

)= [ [ ot s) e s)dss)de
QJAa)
This concludes the proof. O

The next result will need further notion.

Definition 3.2. A sequence (u.).-o in L!(Q) is said to be uniformly integrable
if (ue)eso is bounded in L'(Q) and further one has sup.q [y |uc|dz — 0 for any
integrable set X C Q such that |X| — 0, where |X| denotes the Lebesgue measure
of X.

The analogue of Theorem 3.1 in the case when p = 1 states as follows.

Theorem 3.2. Any uniformly integrable sequence (u:)-cg in L*(Q) admits a sub-
sequence which is weakly two-scale A-convergent in L'(Q).

Proof. See the proof of [12, Theorem 4.10]. O

The next result requires some preliminaries. Beforehand we recall that A is
translation invariant. Let a € RY; the translation operator 7, : A — A extends by
continuity to an unique translation operator still denoted by 7, : B} — B} (1 <
p < 00). Indeed 7, is bijective and ||7qull, = |[ull, since M(|7,ul") = M(7,|ul”) =
M(Juf?) for all u € A. Besides since each element of A is uniformly continuous,
the group of unitary operators {7,},crny thus defined is strongly continuous, i.e.,
Tou — u in BY as |a| — 0 for all u € BY. Moreover

M(1,u) = M(u) for all u € BY and any a € RY. (3.2)

With this in mind, we begin with the following preliminary result.
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Lemma 3.3. Let (u.).cr be a uniformly integrable sequence in L*(§)) which weakly
two-scale A-converges towards ug € L*(Q;BY). Then

(i) For eacha € RY the sequence (ve)ecp defined by ve(z) = u.(z—ea) (z € Q)
weakly two-scale A-converges in L*()) towards the function T,ug defined
by Tauo(z,y) = u(z,y —a) a.e. (z,y) € Q x RY;

(ii) For each positive real number r the sequence (we)ecp defined by we(x) =
ﬁ fB,,» ue(z + ep)dp (x € Q) weakly two-scale A-converges in L*(Q) to-

wards the function wq defined by wo(x,y) = ﬁ fBT uo(z,y + p)dp.

Proof. Let us beginning by noticing that since G, is a bounded linear operator of
Bl into L'(A(A)) we have the following property

Al ,, wlay+pap) = [ Galuofa+ )y (33)

where ug is as above.
Now, as part (i) is concerned, let ¢ € D(Q2) and let f € A; we have

/Qvg<pfadm = /Qus(:c —cea)p(x)f (g) dx
= /Q_m ue(x)p(x + ca) f (g +a) dx
= /ng(x)ap(x +ea)f (% + a) dx — /Q\(Qsa) ue(x)p(x +ea) f (g + a) dx

= (I)—(II)+ (I1I).
As for (I) we have

(1)

[ a@e@a) (2) dat [ ue@lioto+0) - pl]r-uf) (£) da
= (I)+ (L2).
The algebra A being translation invariant, we have 7_,f € A, and so
(I) — /Q/A(A) uo(z, 8)<p(m)7ia\f(s)d,8da: as E>e—0.
But
/ (@, $)7_uf(s)dB = M(uo(e,)7—af)
AA)

M(7—o(Tauo(z,") f))
= M(7quo(z,-)f) because M is translation invariant

_ / Fatio(x, 5)F(s)dB.
A(A)

Note that here we have identified ug(x, -) € BY with its representant ug(z,-) € B} so
that M (ug(z,-)) = M(uo(z,-)), uo(x,-) on the left-hand side being an equivalence
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class whereas ug(z, -) on the right-hand side is its representant. On the other hand
we have

(12) < <ol (sup D (o /|u5 07 (2 +a)| do

and so (I;) = 0as E>¢e — 0. Besides, the uniform integrability of (uc). and the
inequality
x
/ uco)l ot +a)l |1 (£ + a) | do < el 11 | [ue (@) dz
(R—ea)AQ € (R—ea)AQ

(where BAC denotes the symmetric difference between the two sets B and C) lead
to the fact that (I1) and (I1I) go towards 0 as E 3 & — 0. (i) is proved thereby.
As for (ii), let ¢ and f be as above. We have by the Fubini’s theorem,

/Q<|.Blr| /BT uE(x+sp)dp> o(z)f (g) de = |Bl,,| /Br/ng(x+ep)<p(a:)f (g) dxdp.

According to (i) we have for each fixed p € B,., as E 3 ¢ — 0,

[ weta+ene@r (2)aa— [f o T )ple) o)

Thus, using the Lebesgue dominated convergence theorem we are led at once at
(ii). O

The preceding lemma has an important corollary whose usefulness will come to
light in the proof of the next compactness result.

Corollary 3.4. Let Q = Q x (0,T) where 0 < T < oo and 2 is an open bounded
set in RN. Let (u:)ecp be a uniformly integrable sequence in L'(Q) which weakly
two-scale A-converges towards ug € L'(Q;BY) (A being an algebra w.m.v. on
RY ). For each positive real number r the sequence (we)eep defined by we(x,t) =
ﬁ fBr ue(x +ep, t)dp ((z,t) € Q) weakly two-scale A-converges in L'(Q) towards

the function wy € LY(Q; BY) defined by wo(x,t,y,7) = \B%I fBr wo(z, t,y + p, 7)dp.

Proof. This is a mere adaptation of the proof of Lemma 3.3 by changing x € ) into
(z,t) € Q and a € RY into o’ = (a,0) € RN*1. O

In order to state the next result, we need one further definition. For 1 < p < oo,
set
VP = {ve LP(0,T; WlP(Q)) : v = dv/dt € LP (0,T; W~ ()}
where 0 < T < oo and Q is an open bounded set in RY. Then V? is a Banach
space under the norm

||U||Vp = ||’UHLP(O,T;W01’p(Q)) + Hvl|‘Lp’(07T;W71,p/(Q)) (U € Vp)'
Moreover if p > 2, then V? is continuously embedded in the space C([0,T]; L?(Q))
and compactly embedded in the space L?(Q) where, as above,
Q=0x(0,T).

We also define according to [2] the notion of vector valued algebra. Let A, be an
algebra w.m.v. on R,, and let X be a Fréchet space. We denote by A,(R.; X)
the space of functions f € B(R.; X) (the space of bounded uniformly continuous
functions of R, into X) satisfying the following conditions:

(i) For all L € X’ (topological dual of X) we have (L, f) € A
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(ii) The family Fy = {(L, f) : L € X’ with ||L|| < 1} is relatively compact in
A

Since there is an isometric isomorphism between A, (R;;X) and C(A(A4,); X)

(see [2, Theorem 5.1]), one sees that A, ® X is dense in A;(R,; X). Indeed this

follows from the classical fact that C(A(A;))® X is dense in C(A(A4,); X) as A(A,)

is a compact topological space. In particular we have the following result which

shows that the concept of vector valued algebra is a generalization of the notion of
product algebras.

Lemma 3.5. Let Ay (resp. Az) be an algebra w.m.v. on R™ (resp. R™2). Then
A1 ® A2 = Al(le;AQ).
Proof. This follows from the fact that A; ® Ay is dense in A;(R™1; A,). O

Now let u € A.(R;;X); then due to the compactness of the corresponding
family F,, we have that the function 7 — |ju(7)| y, denoted by ||u| y, lies in
A; (this comes in fact from the equality [|u(7)|y = suppex: o<1 [{(L;u(7))])-
Hence for any 1 < p < oo we have |lu|% € A;. Therefore we define the vector
valued generalized Besicovitch spaces Bir (R;; X) as the completion of the space
A;(R.; X) with respect to the seminorm

lull, = (M(ulE )" (u€ Ar(Ry; X)).

Next, we know that, in the above seminorm, A,(R,; X) is dense in BY} (R.;X),
so that A, ® X is dense B} (R.;X). In particular if A, is an algebra w.m.v. on
R} then A; ® A, (and hence A; © A,) is dense in BY (R,; Bf‘y).

We can also define the corresponding quotient spaces BQT (R;; X) and it can
be proven that the space BZT (R,; X) is isometrically isomorphic to the space
LP(A(A;); X).

Now, let A = A, ©® A7, Ay and A, being as above. The same letter G will
denote the Gelfand transformation on A,, A, and A, as well. Points in A(4,)
(resp. A(A;)) are denoted by s (resp. sp). The compact space A(A,) (resp.
A(A7)) is equipped with the M-measure 3, (resp. f3,), for A, (resp. A.). We
have A(A) = A(4,) x A(A,) (Cartesian product) and the M-measure for A, with
which A(A) is equipped, is precisely the product measure 3 = 3, ® 3, (see [36]).

We can now state and prove the compactness theorem we will deal with in the
forthcoming sections.

Theorem 3.6. Let A = A, ©® A, where A, (resp. A;) is an algebra w.m.v. on
]Rév (resp. R;). Assume A, is ergodic. Let 1 < p < oco. Finally, let (uc)eck
be a bounded sequence in VP. There exist a subsequence E' from E and a couple
u = (ug,u1) € VP x LP(Q; B (RT;B;’Q)) such that, as E' 3¢ — 0,
Ue — ug in VP-weak (3.4)
3u5 auo 5u1
— +
(9$i 6$i 8yi
Proof. Let the hypotheses be those of Theorem 3.6 above. By the reflexivity of the
space V? and also arguing as in Theorem 3.1, there exist a subsequence E’ from E

and, a function ug € V? and a vector function w = (w;)1<i<n € LP(Q; (BY)Y) such
that, as £’ 5 ¢ — 0, we have (3.4) and g’;? — w; in LP(Q)-weak A (1 <i< N). It

in LP(Q)-weak A (1 <i < N). (3.5)
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remains to check that there exists a function u; € LP(Q; B (R B;iy)) such that
w; = g“o + 6"1 (1 <4 < N). For that purpose, let 7 > 0 be freely fixed. Let B,

T

denote the open ball in Rév with radius er. By the equalities

1 1 1 1
— | ue(x,t) — —— ue (T + ,td) = f—/ Ue(x,t) —ue(x +y,t))d
(e — g [ e wt) = L [ e -t vy

(’LLE(.’E, t) - ue(m + &Y, t)) dy
B,

B,

1 1
B |/B dy/o Du(z + ey, t) - ydb,

(the dot denoting the usual Euclidean inner product in RY) we deduce from the
boundedness of (ug)ecpr in VP that the sequence (ve)ecpr defined by

v t) = (us@c,t) i ), e t)dp)
is bounded in LP(Q). Hence due to Theorem 3.1 there exist a subsequence from E’
not relabeled and a function V. € LP(Q; BY) such that, as E' 5 ¢ — 0,
ve — V. in LP(Q)-weak A. (3.6)
But for ¢ € D(Q), ¥ € AJ° and x € A° we have

Jo & (uela,t) ,B—WBH ue(w + p,t)dp) 5L (2)x(L)p(w, t)dudt
=~ Jo (520 = (5 J., 322 (@ + o, 0)dp) H(EN(Dp(w, dadt (3.7)
— Jo (el m) et Ja, e+ p,0)dp) V()X (L) 2 (w,t)dadt.

Now since ue — ﬁ str ue(-+ p,)dp = eve — 0in LP(Q) as E' 3 ¢ — 0 (recall
that (ve)ecpr is bounded in LP(Q)) we then pass to the limit in (3.7) as E' 3 ¢ — 0,
and obtain, using Corollary 3.4 and property (3.3),
foxA(A) ‘Z@@Q@dﬂcdtdﬁ
=- foxA(A) ('@(x, t,s,s0) — ﬁ fBT Gi(wi(z,t, -+ p, -))dp) YXpdxdtdf,

and because of the arbitrariness of ¢, ¥ and ¥,
~ 1
OiVi(x,t,-,) =G (wi(amt, ) = |Bi| w;(z,t, -+ p, ~)dp) a.e. (z,t) € Q.
T B,
We recall that here w;(z,t,s,s0) = Gi(w;(z,t,-,-))(s,s0) a.e. (s,80) € A(Ay) %

A(A;). But 8V, (x,t,-,-) = 0;G1(Ve(z,t,-, ) = Gy (g‘y/ (x,t,-, )), hence, for 1 <

1 <N,
v, 1
—(z,t, ) = wi(z, t,-, ) — — wi(z,t, -+ p,-)dp a.e. in (z,t) € Q
Byi( ) ( ) B,y ( ) (z,1)

since Gy is an isomorphism of BY onto LP(A(A)). Set f, =V, — My(V,.), M; being
taken with respect to the variable y. Then M;(f,) = 0 and moreover D,V, =
D, fr. Now since By C B} (Rr;BY} ) (this comes from the fact that A, ® A; C
By (RT;Biy)z indeed for every L € A} and any u € A, ® A, we have (L,u) €
A, ; moreover, the closed unit ball of A; being weakly sequentially compact, any
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sequence from F, (for v € A, ® A;) has a compact subsequence in F,,) we have
that w; € LP(Q; BY (RT;Bzy)) and so Jf,/dy; € LP(Q; BY (R Biy)), that is,

fr € LP(Q; B, (R-; BLP/R)).

So let g, = Jy o f, where J; denotes the canonical mapping of 8,14’5 /R into its

separated completion B;iy. Then g, € LP(Q; BY (R.; B;giy)) and furthermore,

g,
y;

1
(.’L’7t,','):wi($,t,-,')— / wi(xvtv"’_pv')dp (1§7’§N)
|Br| /B,

since ggf (x,t,-,-) = gir_ (x,t,-,-) = g‘;} (x,t,-,+). We still view w;(x,t,-,-) as its

representant in BY. With this, we have

lgr(2,t,,7) — g (2,2, 'aT)”B;& < ||5yg7’(w7ta 57) —w(@,t, -, 7) + M(w(z, t, "T))Hp
Y

+ ||Eygrf (x,t, 1) —w(z, t, -, 7) + M(w(x,t, -,T))Hp.
But
Hﬁygr(x, t,,7) —w(x,t, -, 7)+ Mw(x,t,-, T))Hp

= || Jo, wlante- 4 p.7)dp — M(w( 1, 7))||

Therefore, since the algebra A, is ergodic, we have

||g?”(xvtv '77—) - gT’($7tv 'vT)HB;Q — 0 as T, r— +o0.
Yy

Thus the sequence (g, (z,t, -, T))r>0 is a Cauchy sequence in the Banach space B;iy,

whence the existence of an unique u;(x,t,-,7) € B;Ay such that

gr(mvta 'aT) - ul(x,tv '77—) in B;ﬁ’iy as r — 400,

that is
Dygr(x,t,-,7) — Dyui(z,t,-,7) in (BZy)N as r — 400.
Once again the ergodicity of A, and the uniqueness of the limit leads us at once at
Dyui(x,t,,7) =w(z,t,-,7) — M(w(x,t,-, 7)) ae (r,t,7) € Q xR,
hence the existence of u; : Q — BY (R B;’iy), (z,t) — uyi(x,t,-,-), belonging to
LP(Q; BYy (Ry; B;giy )) such that
w— M(w) = Dyuy.

Finally, since Du. — w in LP(Q)"-weak A as E' > ¢ — 0, it follows that Du. —
M(w) in LP(Q)N-weak A as E' > & — 0, and so, by (3.4) we get M (w) = Duy, so
that

w = Dug + Eyul.
This concludes the proof. ([l

Another important result whose proof is quite similar to the preceding one is the
following



16 MAMADOU SANGO, NILS SVANSTEDT, AND JEAN LOUIS WOUKENG

Theorem 3.7. Let A be an ergodic algebra w.m.v. on R{)’. Let (ug)ecr be a
bounded sequence in WHP(Q) (1 < p < o). There exist a subsequence E' from E
and a couple u = (ug,u1) € WHP(Q) x LP(Q; B#i) such that, as E' 3¢ — 0,

ue — ug in WHP(Q)-weak

and _
Ou, Oug  Ouy
—
Naturally the proof of this result being copied on that of the preceding one, is
omitted.

in LP(Q)-weak A (1 <i < N).

Remark 3.2. As it will be seen below, Theorems 3.6 and 3.7 extend all the results
of all the previous papers dealing with deterministic homogenization theory [42, 40,
41] since all the H-algebras till encountered so far are ergodic algebras. We will also
see that our results apply to particular algebra w.m.v. which are not H-algebras.

We give here below a few examples of algebras which match hypotheses of The-
orems 3.6 and 3.7.

3.1. Example 3.1: Periodic setting. Let A4, = Cpe;(Y) (Y = (0,1)V) be the
algebra of Y-periodic continuous functions on R;f . It is classically known that A,
is an ergodic algebra with mean value, so that Theorem 3.7 applies. Also for any
algebra wm.v. A, on R;, the algebra A = C,e,(Y) © A, satisfies hypotheses of

Theorem 3.6.

3.2. Example 3.2: Almost periodic setting. Let A, = AP(R;V) be the algebra
of Bohr continuous almost periodic functions RZI!V . We recall that a function u €
B(R]) is in AP(RY') if the set of translates {r,u : a € RV} is relatively compact
in B(R)). An argument due to Bohr [8] specifies that u € AP(RY') if and only if
u may be uniformly approximated by finite linear combinations of functions in the
set {cos(k - y), sin(k - y) : k € RV}

It is also a classical result that A, is an ergodic algebra w.m.v.; see e.g. [20,
47]. Hence Theorem 3.7 applies with A,, and Theorem 3.6 applies with A =
AP(R;V) ® A, for any algebra w.m.v. A, on R,.

Now, let R be a countable subgroup of RY. We denote by APg (Rév ) the space
of those functions in AP (R;V ) that can be uniformly approximated by finite linear
combinations in the set {cos(k - ), sin(k - y) : k € R}. Then A, = APr(RY') is an
H-algebra [36]. We have the following

Proposition 3.8. The H-algebra A, = APR(RZ]!V) 18 an ergodic algebra.

Proof. Since APR(R{/V ) C AP(R;V ), the ergodicity of A, is obtained. Thus our only
concern here is to show that A, is translation invariant. To this end, we know by
[31, Theorem 4.1.4] that A(A,) is a compact Abelian topological group additively
written. With this in mind, let the mapping j : Rfj — A(Ay) be given by

j(y) =, (the Dirac mass at y € RY).
Then thanks to [39] j is a group homomorphism with the following properties:

(a) j is continuous;

(b) j(R)) is dense in A(A,).
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So let a € RN, and let u € A,. It is a fact that the function Tj(a)G(u), defined by
Ti@)G(uw)(s) = G(u)(s — j(a)) (s € A(Ay)), lies in C(A(A,)). On the other hand
we have, for each y € RV,

Ti9W®) = Gw)(ily) —i(a) =G (ily —a)) = (0y—a,uv)
= uy —a) = (Tau)(y) = by, Taw) = G(1au)(1(y))-
By the density of j(R.') in A(A,) and by the continuity of G it follows that
TjG(u) = G(1qu). (3.8)
It turns out that 7,u € A, because by (3.8), G(T.u) € C(A(Ay)) = G(Ay). O

In view of Proposition 3.8 the conclusion of:
e Theorem 3.7 holds with A = APr (R} );

e Theorem 3.6 holds with A = APR(R}) ® A, for any algebra w.m.v. A; on
R-.

Remark 3.3. As was said in Remark 3.2 we see by Proposition 3.8 that our results
in this setting extend those in [42] and in [40]. Indeed in the above-mentioned
papers, these results were proved only in the case when p = 2. Here they are
extended to the case when 1 < p < oo is arbitrarily fixed.

3.3. Example 3.3: The convergence at infinity setting. Let B, (Rév) denote
the space of all continuous functions on RY that converge at infinity, that is of all
u € B(R)) such that lim,|_, u(y) € R. The space B (R))) is an H-algebra on R
[36]. It is an easy exercise to see that B (R))) is an ergodic algebra w.m.v. Indeed
by [20] any u € BOO(RQ] ) is uniformly continuous, has a mean value defined by
M (u) = limy|_, u(y). Moreover By (R)) is translation invariant, and once more
by [20], B (R)) is ergodic (this will be seen in the next subsection). Therefore we
have the conclusion of Theorem 3.7 with A = By (R}) and of Theorem 3.6 with
A= BOO(RZIJV) ® A, for any A, as in the preceding subsection.

3.4. Example 3.4: The weakly almost periodic setting. We begin with the
notion of weak almost periodicity due to Eberlein [20].

Definition 3.3. A continuous function v on RY is weakly almost periodic if the
set of translates {T,u : a € RV} is relatively weakly compact in B(Ré\’ ).

We denote by WAP(R?]JV ) the set of all weakly almost periodic functions on
Ré\/ ; WAP(R?]JV ) is a vector space over R. Endowed with the sup norm topology,
WAP(R]) is a Banach algebra with the usual multiplication.

The space WAP(R?JJV ) is sometimes called the space of Eberlein’s functions. As
examples of Eberlein’s functions we have the continuous Bohr almost periodic func-
tions, the continuous functions vanishing at infinity, the positive definite functions
(hence Fourier-Stieltjes transforms); see [20] for more details.

The following properties are worth mentioning (see [20] for details):

(P1) WAP(RY) is a translation invariant C*-subalgebra of B(R)).

(P2) A weakly almost periodic function is uniformly continuous and bounded.

(P3) A weakly almost periodic function possesses a mean value with

. 1
M(“) = 7,EI_POO B, | /Bq- u(y +a)dy,
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the convergence being uniform in a € RV,

(P4) If u,v € WAP(R)) the convolution defined by the mean value w(y) =
(vkv)(y) = M, (u(y — 2)v(2)) = M, (u(z)v(y — 2)) is an usual Bohr almost
periodic function, where M, stands for the mean value with respect to z.

(P5) ([21, Theorem 1]) Every u € WAP(R]) admits the unique decomposition
u = v + w, v being a Bohr almost periodic function and w a continuous
function of quadratic mean value zero: M (|w|?) = 0.

Property (P5) above, knowing as a decomposition theorem, is crucial in the defi-
nition of the weak almost periodic algebra. Indeed let W) (Rév ) denote the subset of
WAP(R;V ) consisting of elements with quadratic mean value zero. One easily ob-
serves that the set of bounded continuous functions on RY of quadratic mean value
zero is a complete vector subspace of the algebra of bounded continuous functions
on RY. Hence Wo(R)') is a complete vector subspace of WAP(RL). Property
(P5) states as follows: WAP(RL) is a direct sum of the two spaces AP(R)') and
WQ (RZIJV)

WAPR)) = APR))) & Wo(R))).
Another representation of the space WO(RLV ) is given by de Leeuw and Glicksberg
[19]:
WO(R;V) ={ue WAP(R;V) : M(|u]) = 0}.
With this in mind, let R be a subgroup of RY (not necessarily countable). Set
A= APR(R)) & Wo(R})) (3.9)

where APr (Rff ) is defined in the preceding subsection. Note that in the case when
R =R then we have A = WAP(RY'). The following holds true.

Proposition 3.9. The vector space A = APR (R )&W,(R)) is an ergodic algebra.

Definition 3.4. The algebra A defined by (3.9) is called the weak almost peri-
odic algebra with mean value represented by the subgroup R. A is denoted by
WAPr (Ré\’) when R # RN,

Proof of Proposition 3.9. (1) The ergodicity of A is a consequence of Proposition
2.7 and of property (P3). (2) Thanks to the properties (P1)-(P4) our only concern
here is to check that A is a Banach subalgebra of WAP(IR{éV ). To this end, because
of the decomposition theorem any u € WAP (RZIJV ) uniquely expresses as u = f + ¢
with f € AP(R)) and g € Wp(R)'). Set

P(u) = f.
This defines a mapping ¢ : WAP(R]') — AP(R)). (a) Claim: ¢ is continuous.
In fact let F = WAP(RY), P = AP(R"Y) and G = W(R"Y). Then F = PG, P
and G are closed in F, hence P x G is a Banach space and further, the mapping
i: Px G — F defined by i(z,y) = = 4+ y is a one-to-one continuous mapping,
hence, in view of the open mapping theorem, i is an isomorphism (we endow P x G
with the Hilbertian norm |(z,v)| = (|z|% + |lyl>)"?). But ¢ = p o i, where
p1 is the natural projection of PE@ G onto P (which is naturally continuous),
hence v is continuous, as claimed. (b) Now as APr(RY) is a closed subspace of
AP(RY), it turns out that ¢~ '(APr(RY)) = APR(RN)@ Wo(RN) = A is closed
in WAP(RY). Moreover A is a Banach algebra. Indeed this will be accomplished
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if we can check that ¥(fg) = ¢¥(f)(g) for all f,g € WAP(RY). Solet f =u+wv
and ¢ = uy + vy with u,u; € AP(RY) and v,v; € Wo(RY™); then fg = wu; +
u1v + uvy + vvy with uu; € AP(RY). But ujv + uvy + vv; € Wo(RY) since:
lurv] < clv| (¢ = ||ully), whence M(|uiv]) < eM(Jv]) = 0, ie., M(Jv]) = 0 as
M is a positive linear form on WAP(RY); M(|luvi|) = 0 and M(Jovi|) = 0 by
the same argument. It turns out that ¥ (fg) = uu; = ¥(f)¥(g), so that ¥ is a
homomorphism of algebras. This being so, let f,g € A; then ¥(f) and ¥(g) are
in the algebra APg(RY), hence ¥(fg) = ¥(f)¥(g) € APr(RY), that is fg € A.
Therefore A is a closed subalgebra of WAP(RY), that is A is an ergodic algebra
on RV,

Returning to the statement of Theorems 3.6 and 3.7, we immediately see that the
conclusion of Theorem 3.7 holds for the above W APg (RY), and that the conclusion
of Theorem 3.6 holds for any A = W AP (RY)® A, where A, is any algebra w.m.v.
on R,.

It is however important to establish the link between the above algebras and some
H-algebras defined in [36]. Let Co(RY) denote the space of continuous functions
on RY which are vanishing at infinity. Then by [20] we have AP(RY) + Co(RY) C
WAP(RY). Since RY is a [IN]-group in the sense of Grosser and Moskowitz [27]
(indeed V = [~1,1]" is a compact neighborhood of the origin 0 of RY which is
invariant under all the inner automorphisms of RY: the only inner automorphism
of RY is the identity mapping of RY), we deduce from [14, Theorem 4.5] that
APRN) + Co(RY) is a proper subset of WAP(RY), i.e.

APRN) 4+ Co(RY) ¢ WAPRN).

Now let R be a countable subgroup of RY. Set A; = APgr(RY) + Co(RY).
Arguing as in part (2) of the proof of Proposition 3.9 we see that A; is a closed
subalgebra of W APg (RY) which is further strictly contained in W APg (RY). On
the other hand, we have A; = APg (RY) + B (RY) where Boo (RY) = Co(RY) PR
is defined in Subsection 3.3. Thus A; is exactly the H-algebra Boo = (RY) defined in
[36, Example 2.4] as the closure in B(RY) of the space APg (RY) + B (RY). Tt is
therefore a fact that speaking in [36, Propositions 3.5 and 3.7] about the ”closure”
is superfluous since A; is already closed as seen above.

Remark 3.4. All the ergodic algebras encountered so far are subalgebras of WAP(RY)
(see e.g. Cper(Y), AP(RYN), Boo(RY) and others which can be obtain by combining
the previous ones such as AP(RY) + B, (RY) etc.). Therefore we are right to ask
whether there exist or not ergodic algebras that are not subalgebras of WAP(RY);
this is an open problem.

The following result will allow us to see that weakly almost periodic algebras are
not H-algebras.

Theorem 3.10. The algebra Wy(R™) is nonseparable.
For the proof of this theorem we need the following lemma.

Lemma 3.11. Let G and H be two Banach spaces, and let ¢ be a surjective con-
tinuous linear mapping of G onto H. If G is separable then so also is H.

Proof. Let (a,)n>1 be a countable dense set in G, and let ¢ be a positive constant
such that [|¢(9)| z < cllglls for all g € G, where ||-||; and ||| ;; denote respectively
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the norms in G and in H. Set B = (¢(an))n>1 C H, and let us show that B is
dense in H. For that, let h € H and let € > 0 be freely fixed; let finally g € G be
such that h = ¢(g). There exists some ng > 1 such that ||g — an,||s < €/c, hence
|h = @(an)l g < cllg — anyllg < €. Thus B is a countable dense subset of H, and
the proof is complete. O

Proof of Theorem 3.10. Set G = Wy(R™), H = W(R™)/Co(R™) and ¢ the natural
(canonical) homomorphism of G onto H. Assume G is separable (with the sup
norm topology), then according to the above lemma, H is separable. But we know
by [15, Theorem 4.6] that the quotient space H contains a linear isometric copy of
£>° and hence is nonseparable. This contradicts our assumption, and hence G is
nonseparable.

Now let R be a subgroup of R™ (countable or not). Since Wy(R™) C WAP(R™)
we conclude by Theorem 3.10 that the ergodic algebras WAPg(R™) are not H-
algebras because they are nonseparable with respect to the sup norm topology.
So we have in hands an example of algebra w.m.v. which contrarily to the algebra
AP(R™), induces no H-algebra, say WAP(R™). This is therefore sufficient to show
that the concept of H-algebras cannot handle weakly almost periodic homogeniza-
tion problems. This is a true advance as far as the deterministic homogenization
theory is concerned.

4. APPLICATION: HOMOGENIZATION OF NONLINEAR PSEUDO MONOTONE
PARABOLIC OPERATORS

4.1. Introduction. We are concerned here with the homogenization of nonlinear
parabolic pseudo monotone operators in a general deterministic setting. Here we
present a new approach connected to a concrete physical assumption, contrary to
what has been till now done in the deterministic homogenization theory. This allows
us firstly to obtain a very general homogenization result and secondly a corrector
type result. This also has the advantage of considering concrete homogenization
problems from their true perspective, taking into account the discontinuities in
general. We finally apply the above result to the resolution of several concrete
problems such as the almost periodic one, the weak almost periodic one, and others.
We rely on the tools developed in the earlier sections of this paper to achieve this.
To be more precise we are interested in the asymptotic behavior as 0 < ¢ — 0
of the solutions u. of the initial-boundary value problem
a;f — diva (z,t, Z, g,uE,DUE) + ag (:z:,t, Z é,uE,DuE) =fin@
ue =0 on 9Q x (0,7T) (4.1)
ue(x,0) =01n Q,

where Q = Q x (0,T) and f € LP (0,T; W27 (Q)), Q being an open bounded
set in RN with Lipschitz boundary, reals T > 0 and p > 2 with p’ = p/(p —
1), D and div denoting respectively the gradient and divergence operators in £,
and where the functions (z,t,y,7, 1, A) — a(z,t,y, 7, 1, A) and (z,t,y, 7, 4, A) —
ao(z,t,y, 7, 11, \) from Q@ x RV x R x R x RY to RY and R, respectively, satisfy the
following assumptions:

For each fixed (z,t) € Q and (u,\) € R x RV the functions a(z,t, -

.+ iy A) and ag(z, ¢, -, -, 4, A) are measurable (4.2)
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a(z,t,y,7, 1, 0) = 0 almost everywhere (a.e.) in (y,7) € RY xR
and, for all (z,t) € @ and all p € R

There are three constants cg, ¢1, ca > 0 and a continuity modulus w
(i.e., a nondecreasing continuous function on [0, +00) such that
w(0) =0,w(r) >0if r >0, and w(r) =1 if r > 1) such that a.e. in
(y,7) € RN x R,

(i) (a(w,t,y,T,,u, A) —alz, t,y, T, w1, )\')) . ()\ — )\') > |)\ — X|p

(ii) ao(SU, 6LY, T, )‘),u >0
(
(

(4.3)

111) |a0(mat7y’7—a My >‘)| + |a(m’t7y77—v My )‘)| < 02(1 + |’u‘p—1 + ‘/\|;D—1)
iv) ’ao(x,t,y,r,u,)\) —ao(2’, t' y, T, 1, /\/)‘ +
+ ’a(m,t, Yy Ty oy A) — ala! 'y, 7, 1 )\’)|
<wlle—a'|+ ]t =t + | — @)L+ P~ AP
FINTY o (T4l + A+ ]+ X2 A= N
for all (z,t), (z/,t') € Q and all (u, \), (', ) € R x RN where the dot
denotes the usual Euclidean inner product in RY and || the associated
norm.

Remark 4.1. The positivity constraint (ii) in (4.4) is stated in order to establish
the a priori estimates. It plays no role in the process of the existence of solutions
to (4.1).

Owing to the presence of the term ag (z,t,2/e,t/e, us, Du.), the entire ellip-
tic part of the leading equation in (4.1) is not monotone in general, but pseudo
monotone. It is also to be noted that the elliptic part of the leading equation
in (4.1) is degenerate so that the problem under consideration is a parabolic non
monotone degenerate one. Thus, provided the diffusion term in (4.1) is rigorously
defined (this will be accomplished in Section 2), we will see that equation (4.1)
admits (at least) a solution u.. Thus, in order to have a sequence, we need that the
coefficients a and ag fulfill some conditions (that we do not specify here) so that,
to each ¢ is associated a unique solution u. to (4.1). We will therefore assume that
problem (4.1) has a unique solution associated to each fixed e > 0, in the above
sense, and our goal will be the investigation of the limiting behavior as ¢ — 0, of
Ue.

Using G-convergence method, this class of problems has been studied by Pankov
and co-authors in several works. We refer e.g., to [11, 22, 23, 24]. More precisely,
in [43], the periodic homogenization of (4.1) is carried out by Pankov. In [11], time
averaging in random case is studied by Pankov et al. The general random case of
(4.1) is studied in [23], and finally in [24], problem (4.1) is carried out in the almost
periodic setting. It is worth noting that in [35], Nandakumaran and Rajesh have
studied the particular case where ag = 0.

In all the works cited above, the coefficients ag and a of the elliptic part are
independent of the macroscopic variables (z,t) as opposed to what is considered
here. This is a nonnegligible aspect as the applications are concerned.

In this section, we investigate the asymptotic behavior of u. (the solutions of
(4.1)) when ¢ — 0, under an assumption on a;(z,t,y,7, 1, A) (with respect to
(y, 7)), for fixed x,t,u, A and 0 < i < N (where a;, for 1 < ¢ < N, denotes the i
th component of the function a), covering a set of concrete behaviors such as the
almost periodicity, the weak almost periodicity, and others. This is the so-called de-
terministic homogenization theory which encompasses the periodic homogenization
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theory as a particular case. As opposed to what is usually done in the deterministic
homogenization theory, we present here a new approach based on the generalized
Besicovitch type spaces (see Section 2), which widely opens the scope of applica-
tion of our main homogenization result, Theorem 4.9, as we will see it therein. In
particular we will work out the almost periodic homogenization problem without
further assumption on the functions a;, as was usually the case in all the previous
papers dealing with deterministic homogenization theory; see for instance hypoth-
esis (4.34) in Remark 4.6 (which was fundamental in all the previous works [40, 41,
42, 46], and which is purely dropped here).

This section is organized as follows. Subsection 4.2 deals with some trace results.
In Subsection 4.3, we state and prove the main homogenization result, Theorem
4.9. Finally in Subsection 4.4, we solve some concrete homogenization problems for
(4.1).

4.2. Preliminaries.

4.2.1. Traces. In this subsection we need to give a meaning to certain functions
which will be useful in the forthcoming sections. We begin with one preliminary
result.

Lemma 4.1. Let (vg,v) € C(Q)xC(Q)N = C(Q)N*+L. Let0 < i < N. The function
((z,t), (2", 1), (y, 7)) = a;(z, t,y, 7, v0(z’, '), v(2', '), of Q@ x Q x Rév x R, into R,
lies in C(Q x Q; L (R I1)) so that one can define the trace function (z,t,y,7) —
ai(z, t,y, 7, v0(z,t), v(z,1)), from Q@ x RY I to R, as element of C(Q; L™= (RIF)).

Proof. For any fixed (z,t) and (2’,t'), the function a;(x,t,-,-, vo(z', '), v(z',t')) is
measurable (see assumption (4.2)). We conclude by [part (iii) of] (4.4) that this
function belongs to L>(R) ). Now, let (zo,t0) and (x{,t;) be freely fixed in Q;
then

Hai(wvt’ K 'avo(xlvtl)av(xlvtl)) - ai(mOath R vo(x6,t6),v($6,t6))||oo
< w (2 — ol + [t — tol + [oo(a’, ) — ol )]} (1 + 2 ol + 2w
+eo (142 [[vollo + 2 VI )P 2 V() = v(ah, t)] -

Thus, as (z,t) — (x0,to) and (z',t") — (z(, 1), the right-hand side, and hence the
left-hand side of the above inequality go to zero. We conclude that the function
((x,1), (&', ) = ag(x,t, -, vo(a’, 1), v(2',')), of @ x @ into L>®(R}I'), lies in
C(Q x @Q; L=(R)F)), and so one defines naturally the trace function (z,t) —
ai(m7 b ’Uo(l', t)7 V(ZC, t)) by

ai(mat7 ) '7U0(1',t),V(.T,t)) = ai(‘raty ) ',Uo(l‘/,t/),V(l’/,t/))|(:v/7t/):(z7t) 5

which sends continuously @ into L>(RJF1). O

Let e > 0, and let (vg,v) € C(Q)NT!. Thanks to Lemma 4.1 and [39, Proposition
1.5], one can define the trace function (x,t) +— a;(x,t,x/e,t/e,vo(x,t),v(x,t)) on
@, as an element of L>(Q), denoted by a$(—,vg,v). We have the following result
whose proof is exactly the same as that of [45, Proposition 3.1] and is therefore
omitted.
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Proposition 4.2. Let 2 < p < oo and p' = p/(p — 1). The transformation
(v, V) + a5(—,vo,v), of C(Q)N*! into L>(Q), extends by continuity to a con-
tinuous mapping still denoted by (vo,v) — a5(—,vo,v), of LP(Q)NT! into ) (@)
verifying

a®(—,v0,0) =0 a.e. in Q

(4.5
(@ (= v0,v) —a*(—,v0, W) - (v—w) > e [v—w[”" ae inQ (46
ag(—,v9,v)vg > 0 a.e. in Q (4.7

(

€ —1 —1
a5 (=0, V)l () < b (1+ oty + IVIEaigyn )

||a1§(_’U07V) - af(—,’UmW)HLP/(Q)

-2
< o |1+ fvol + [v] + (Wil 11V = Wil ooy

a7 (=, v0, V) = ai (=, wo, V)|

< w (oo — wol) (1+ oo™ + fwol ™ + V") ae inQ
for all vo,wy € LP(Q) and all v,w € LP(Q)N.

Remark 4.2. Due to Proposition 4.2, the diffusion term in (4.1) is now well defined
and rigorously justified. Hence, problem (4.1) is from now on well-posed, and admits
(at least) a solution u. € LP(0,T; W, "*(2)) for each fixed & > 0 (see, e.g., [32, Chap.
2] or [1]). Moreover, u, lies in

VP = {ve LP0,T; WEP(Q)) : v’ = dv/dt € LP' (0,T; W7 (Q))}.

‘We recall that, endowed with the norm

||'Uva = HvHLrJ(o,T;WOLP(Q)) + ||U/||Lp’(01T;W71-,p’(Q)) (veVv?)

V? is a Banach space which is continuously embedded in C([0, T]; L%(2)) (this is a
classical result), in such a way that the existence of u.(0) is justified. Therefore u.
belongs to the space VI’ = {v € VP : v(0) = 0}, a Banach space under the V?-norm.

Let (¢, ¥) € C(Q; BRNTHNFTL) | Let (w,t),(2/,¢') € Q and (2,0) € RY x R
be freely fixed, and finally, let 0 < ¢ < N. We know by (4.2) that the function
ai(z,t, - (2!, ', 2,0), (', ', 2,0)) is measurable and thanks to [part (iii) of]
(4.4), this function lies in L>°(R,"F!). Moreover, due to inequality (which implies
the continuity with respect to (z,0) for fixed (z,t) and (2/,#') in Q)

||ai(xa t7 ) ¢o($la tla 2 9)7 \Ij(xla tla Z, 9)) - ai(ma ta ) 1/)0(55'7 tla 20, 00)3 \IJ(JT/, t/a 20, 00))”

< (o, 2.0) — @ 20.00)]) (1 + 2 [ +2 W) +

+CO (1 + 2 ||w0||oo + 2 H\IJHoo)p_2 ‘\P(aj/?tly 2, 9) - \If(aj/’t/’ 20, 00)| )

we have that the function (z,0) — a;(x,t,-, -, ¥o(a', ¢, 2,0), (2, ¢, 2,60)) sends
continuously Ri\fjl into L>*(RJ/F), and so, belongs to B(Ri\fjl; L*(R) 1)) (the
space of bounded uniformly continuous functions of Ri\{ S into L (R)F1)). Thus,
by using [42] one can define the trace function (y,7) — a;(z,t,y, 7, V(' , t',y, 7),
(2, t',y,7)) of RIT! into R, as element of L (R} F1).

With this in mind, we have the following result whose proof is similar to that of
Lemma 4.1, and is therefore omitted.
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Proposition 4.3. For each (1, ¥) in C(Q; BRYTH)N*1) and each 0 < i < N the

function ((z,t), (2',t), (y,7)) — ai(x,t,y, 7,02, t',y,7), (2, ¥y, 7)), of Q x
Q x Rg{jl into R, lies in C(Q x Q; LOO(RZZXjfl)), so that one can define the trace

(xvt,y77—) = ai(xat7y577¢()($vtay,7—)v \Il(mata:%T))’ Of@XRé\f;rl into R, as element
of C(Q; L= (RN ).

Remark 4.3. Let (¢, V) in B(RY1)N*!. For fixed (z,t) € @, the function
a;i(z,t, o, U) given by (y,7) — ai(z,t,y, 7, ¥(y, 7), ¥(y, 7)), of Ré\{jl into R,
is defined in the sense of the preceding proposition and belongs to L™ (R{)’ +1). This
function will be of particular interest in the forthcoming sections.

Corollary 4.4. Lete > 0. The data being those of Proposition 4.3, one can define
in the sense of [39, Proposition 1.5], the function (x,t) — a;(x,t,x/e,t/e,py(2, 1,
x/e, t/e), Uz, t,x/e,t/e)), from Q to R, as element of L>(Q), denoted by a5 (—, vy,
ve),

Corollary 4.4 is a direct consequence of Proposition 4.3.

4.3. The abstract homogenization problem for (4.1).

4.3.1. Setting of the abstract problem and preliminary. The notations are
those of the preceding sections. Let A = A, ® A, be an algebra w.m.v. and let
1 < p < oo. It is easy to see that Property (3.1) (in Definition 3.1) still holds for
fec; Bf{’oo) instead of f € LP (Q; A) mutatis mutandis, where BZ/’OO = Bf: N
L>*(R) 1) and p’ = p/(p—1). Furthermore, if we provide the space Bfl"oo with the
L (R} 1)-norm, it can be shown that, for u € BQ,’OO, we have G(u) € L*(A(4))
and [|G(u)|| poe(a(a)y < |\u||Lm(Ra¢1), G being the canonical mapping of Bf{ into
LY (A(A)).

This being so, the main purpose of this section is to investigate the asymptotic
analysis, as € — 0, of u. (the solution of (4.1)) under the hypothesis

ai(z,t, -, A) € Bfll for any (z,t) € Q and all (u,A\) € RVT1 0 <i < N (4.11)

where p’ = p/(p—1) with 2 < p < 0.

The following result is the cornerstone of the homogenization process. It allows
us to go from a concrete hypothesis to the abstract one which is fundamental in
the proof of the main homogenization result in this section.

Proposition 4.5. Assume (4.11) holds true. Then, for every (¢, ¥) € A x
(AN = (AN and every (x,t) € Q, the function (y,7) = ai(z,t,y,7,9o(y, 7),
U(y, 7)) denoted below by a;(x,t,-, -, 1y, V), lies in BY .

Proof. Let K C R x RN be a compact set such that (¢, (y,7),¥(y,7)) € K for
all (y,7) € RY x R. By viewing a; as a function (x,t, u, \) — a;(z,t,-, -, u,\) of
Q x R x RY into Bﬁ/, we have that a; belongs to C(Q x R x RY; BZ/) (combine
(4.11) with [part (iv) of] (4.4)). Still denoting by a; the restriction of this function
to @ x K, it immediately follows that a; € C(Q x K; BZI). Hence using the density

of C(Q x K) ® Bﬁ/ in C(Q x K;BZ'), one may consider a sequence (gn),>1 in
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CQxK)® Bﬁl such that

sup sup ||qn(l',t,',',/.l/,>\)—G/i(l',t,',',/.l,,A)Hp/ —0
(z,0)eQ (WA EK
as n — oQ.

||QTL(‘T7t7 %y '7’[/)07 \I’) - ai($7ta %y 'a¢07 lIj)le S
sup sup HQH(TH ey >‘) - (Zi(ZIJ, Loy by )‘)”p'
(z,t)€Q (WA)EK
we have g (z,t,-,, %0, ¥) — a;(z,t,-,, 10, ¥) in Bi/ as n — oo. Thus, the propo-
sition is shown if we can verify that each ¢, (z,t,-,-, vy, ¥) lies in BY . However

this will follow in an obvious way once we have checked that for any function
q:QleijXRTXRNXRIAV%ROftheform

q(z,t,y, 7, 1, N) = x(@, 8, 0, \)O(y, 7) (y, A € RN, p,7 €R, (2,1) € Q)
with y € C(Q x K) and ® € BY,

we have q(z,t,-,-, 1, ¥) € Bfll. But given ¢ as above, we know by the Stone-
Weierstrass theorem that there is a sequence (fy,),>1 of polynomials in (z,¢, 1, A) €
Q x K such that f, — x in C(Q x K) as n — oo, hence f,(z,t,1y,¥) —
x(x,t, 1, ¥) in B(R{/V x R;) as n — oco. Therefore, it follows that x(z,t,1,, ¥) lies
in A, since the same is true for each f,(x,t,1,, ¥) (recall that A is an algebra).
We conclude that

q(l‘,t, K '7’(/)07\11) = X(x7t’w0’\p)q) € Bi

as the product of an element of A by an element of Bﬁ/. This concludes the
proof. (Il

Remark 4.4. Let € > 0 be freely fixed, and let (¢, ¥) € C(Q; (A)N*+1). Tt is an
easy exercise to define the function (z,t) — af(z,t,x /e, t/e, V(. t,x /e, t/e), ¥(z, t,x /e, t/c)),
from @Q to R, as element of L>°(Q), denoted by a5 (—, g, ¥¢). Moreover, thanks to
the preceding proposition, if we assume that (4.11) holds, then one can also easily
define the function (z,t,y,7) — a;(z,t,y, 7, Yo (z, t,y,7), ¥(z,t,y,7)) as element of

C(Q; BY™), denoted by a;(—, 1, ¥) or explicitly by a;(z,t,y, 7,1, ¥).

The following result will be of great interest in this section. It will allows us to
rigorously set the homogenized problem.

Proposition 4.6. Let 2 < p < oo and let 0 < i < N. Suppose (4.11) holds. For
any (Yo, ¥) € C(@; (A)N'H) we have

ai (—,v5, ¥°) — ai(—, ¥, ¥) in L (Q)-weak A as £ — 0. (4.12)

Let a(iv 1/’0» \IJ) = (ai(fv d)Oa \p))lngN T:he mapplng (wO’ \II) = (a0(77 1/10’ \Ij)v
a(—, 10, ¥)) of C(Q; (A)N*1) dnto LP' (Q; BY )N T extends by continuity to a unique
mapping still denoted by (ag,a), of LP(Q; (BR)N*+1) into L' (Q; Bf;)N“‘1 such that

(a(— u,v) —a(—u,w) - (v=w) >ci|[v-w[" ae inQxR) xR,

p—1 p—1
Ha'i(_au7v)||Lp’(Q;Bg') S 0,2/ (1 + ||u||LT’(Q;BZ) + ||V||L:D(Q;(BZ)N)>
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||ai(_7 U, V) - ai(_a U, W)HLP/(Q;BZI)

Y (4.13)
< co |1+ ful + VI + W05 IV = WlliLousz)v)

|ai(x7t?y77-7u7w) - a,-(a:',t',y,T,v,w)\ S
<wllz—a/|+ 1t =¥+ fu—vl) (1+ ™+ o~ + wP)
a.e. in Q XR?]JV X R,

for all u,v € LP(Q; BY), v,w € LP(Q; (BY)N) and all (z,t), (2',t') € Q, where the
constant ¢ depends only on cy and on Q.

Proof. Thanks to Remark 4.4, we see that the function a;(—, 1, ¥) lies in C(Q; Bf;’oo).

Since Property (3.1) (in Definition 3.1) still holds for f € C(Q; BZ/’OO) the conver-
gence result (4.12) follows at once. On the other hand, by the definition of the func-
tion a;(—, g, V) (for (g, ¥) € C(Q; (A)N*1)) it is immediate that this function
verifies properties of the same type as in Proposition 4.2 (see for instance properties
(4.5)-(4.10) therein). Therefore arguing as in the proof of [45, Proposition 3.1] we
get the remainder of Proposition 4.6. O

The preceding proposition has several corollaries as will be seen below. To see
this, for (1, ¥) € LP(Q; (BR)N ') we set @;(—, ¥g, ¥) = Glai(—, g, ¥)) (0 <i <
N), which defines a mapping from LP(Q; (B%)N*1) to LV (Q x A(A))N*!, where
@0 = G o, (a similar definition for \/I}), G being the canonical mapping of Bﬁ/ into
LY (A(A)).

Corollary 4.7. Let (uc)-cr be a sequence in LP(Q) such that ue — ug in LP(Q)
(strong) as E > ¢ — 0, where ug € LP(Q). Let ¥ € C(Q;(A)YN), and finally let
0<i<N. Then, as E>¢ — 0,

as (=, ue, U°) = ai(—, ug, ¥) in LP (Q)-weak A.

i
Proof. Let f € LP(Q; A), and let (¢),); be a sequence in C5°(Q) such that ¢, — ug
in LP(Q) as j — oco. We have

Jo @i (= ue, W) fodadt — [ [, a ¢y @i = uo, U) fdwdtd
= Jo [a5 (=, ue, W) — a5 (=, ug, U°)] fodwdt+
+ Jo a5 (= u0, W9) = af (=05, ¥9)] fodwdt
+ Jo ai (=1, ©9) fodadt — [[, A4y Gi(—, w0, V) fdzdtds
= As + Bs,j + Cg,j
where:
AE = fQ [a?(f, Ue, \IIE) - a?(*, Uo, \I/E)] fEdiIde,
B.j = Jo [a5(= w0, ¥°) — a5 (=, ¢, U9)] fodwdt, .
Cej = Joai (=1, O9) fodwdt — [[, a(a) @i(— w0, V) fdzdtdp
We proceed in three steps.

Step 1). We first evaluate limgs. 0 A-.
‘We have

Al < [ e = wol) (14 ™+ ol + [0 1 7] .
Q
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Let F. = (1 + ueP 7+ JuolP T+ \\I/5|p_1) |f¢|. We have, on one hand, F. €
LY(Q) and (F.).cp weakly converges in L'(Q) as E 5 & — 0 (this is easily seen).
On the other hand, since ve = u. —up — 0 in LP(Q) as E 3 ¢ — 0, we know by
[10, Thm IV-9] that there exist a subsequence E’ from E and a function g € LP(Q)
such that

ve — 0 (hence |v.| — 0) ae. inQas E'>e—0

lve] < g ae. in @ foralle € E.

w being continuous and in particular at 0 with w(0) = 0, and moreover being
increasing, we deduce that w(|ve|) is measurable for all ¢ (each v, is measurable
and hence |v.| too) and

(i) w(|ve]) =0 ae. in@Qase—0

(ii) w(|ve)? < w(g)? ae. in Q for all e.

w being a continuity modulus, the function w(g) = w o g is measurable and
essentially bounded on Q, i.e., w(g) € L>=(Q). Thus, the sequence w(|ve|)?" is equi-
bounded (see (ii) above) and converges almost pointwise in @) towards 0. Therefore,
due to Egorov’s theorem, one obtains

/ w(|ve|)? Fodzdt — 0 as € — 0.
Q

But the above limit being independent of the subsequence v., still holds for the
whole sequence v.. We deduce from this that A, — 0as £ > ¢ — 0.
Step 2). As C.; is concerned.

The function (z,t) +— a;(x,t,-,-,¢;(x,t), ¥(z,t,-,-,)) belongs to C(Q; Bi/’oo).
Thus, using the convergence result (4.12) in Proposition 4.6, we are led at once at

C&,j - // (Zii(—,wj,\fl) —ai(—,uo, \/I})) fd.’lﬁdﬁdﬁ = éj as EF>e¢—0.
QxA(A) '
B

ut
&

< //QM(A) w (|9; — o) (1 N LN Y ‘\T/’M) |7 dwatas.

Therefore, proceeding as we have done it in Step 1) above, we obtain éj — 0 as
j — o0.
Step 3). For the term B, ;, the same analysis conducted in Steps 1) and 2) yields

lim lim B.; =0.
E3e—0j—o0

Finally, since
M Ese 0 (fQ 05 (— e, O9) fodadt — [f, x4y i~ 0, @)fdwdtdﬁ)
= limEBEHO AE + limEQEHO hm]ﬂoo Be,j + hmEBaHO hm]—»oo Ce,j =0,
the result follows. O

Corollary 4.8. Let 0 < i < N. Let ¢y € D(Q) and ¢, € D(Q) ® A®. Fore > 0,
let

P =9y + ey, (4.14)
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i.e., Pc(z,t) = Po(z,t)+eb,(x,t,x/e,t/e) for (x,t) € Q. Let (uc)ecr be a sequence
in LP(Q) such that ue — ug in LP(Q) as E 3 € — 0 where ug € LP(Q). Then, as
E >¢—0, one has

(Z) al‘?(_auEa D@&‘) - ai(_7u07Dw0 + Dy%bl) in Lpl (Q)_wea’k A.

Moreover, if (ve)ecr is a sequence in LP(Q) such that ve — vg in LP(Q)-weak A as
E > & — 0 where vy € LP(Q; BY), then, as E > e — 0,

(#4) / ai(—, ue, D®)v.dxdt — // ai(—, ug, Dby + 09, Yooddtdp.
Q QXA(A)

Proof. This is a direct consequence of the preceding corollary and of Proposition
4.6. Therefore we just give a rough sketch of the proof.

Let us begin by showing (i). Since D®. = Dy + (Dyyp,)® + (D)%, it is
immediate by [property (4.9) in] Proposition 4.2 (where we have taken there vy =
Ue, V=D&, and w = Dypy + (Dy2;)?) that, as E 3¢ — 0,

as (=, ue, D®.) — a5 (—, ue, Dby + (Dyihy)?) — 0 in L (Q). (4.15)
Therefore using the decomposition (for f € LP(Q; A))

Jo @ (= ue, D®) fodadt — [[ o, () i =, o, Do + O, ) fdwdtds
= fQ[af(*ausa D®.) — a5 (=, ue, Dby + (Dyipy)°)] fodadt
+ fQ a; (=, ue, DYy + (Dywl)e)fgf\lﬂ?di
- foxA(A) @;(—,uo, Do + O%y) fdzdtd,
part (i) follows at once by (4.15) and by Corollary 4.7.
As for (ii), by approaching the function 4y by smooth functions in C§°(Q) as in
the proof of Corollary 4.7 one can easily show that, as £ 3 e — 0,
fQ veaf(_7uE7Dz/}0 + (‘Dywl)e)dxdt N
— foXA(A) i)\gai(*, Ug, Dwo + 3w1)dxdtdﬂ
Once more using the convergence result (4.15) along with (4.16) we arrive (thanks

to a decomposition similar to that in the proof of Corollary 4.7) at part (ii) above.
This shows the corollary. ([

(4.16)

4.3.2. Homogenization results. The notation and hypotheses are those of the
preceding subsections. Let A, and A, be two algebras w.m.v. on Rév and on
R;, respectively. We assume from now on that A, is further ergodic and we set

A=A, A, Forl<p<oo, weput H=DB (RT;B;iy), a Banach space with
an obvious norm. The canonical mapping of 311475 /R into its separated completion,
B;’Z‘y, is denoted by Jj.

Let Fy? = VP x LP(Q; H). We equip Fy? with the norm

IVligze = lvollys + loill oy (v = (vo,01) € Fg™).

In this norm, F(l)’p is a Banach space which admits F§® = D(Q) x (D(Q)®[o,(4A°)®
(J100,)(Ay°/R)]) as a dense subspace; see the end of Section 4.2) where o, (resp.
0,) denotes the canonical mapping of B} (resp. Biy) onto BY  (resp. Biy).

We are now able to state and prove the main result of this section.
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Theorem 4.9. Let 2 < p < co. Assume (4.11) holds with A = A, © A, being as
above. For each real € > 0, let us be a solution of (4.1). There exist a subsequence
of {e}, still denoted by {c}, such that, ase — 0,

ue — ug in LP(0,T; Wy P(Q))-weak (4.17)
aue 8u0 . p' . 714’/
5% o ™ L (0, T;W (Q))-weak (4.18)

Oou, Aug  Ouy
- +
8951- 8.’Ei 8%‘
where u = (uo,ul) € IF(I)’p solves the variational equation
fo ug(t ) dt+ [foxaa) a(—uo, Du) - Dvdadtdf+
+ foXA(A) (l()( , U0, ]D)u)'U()d.'L'dedﬁ = f()T <f(t)7 Uo(t)> dt (420)
for all v = (vo,v1) € Fy?,

in LP(Q)-weak A (1 <i < N) (4.19)

with Dw = Dwy + 0wy for w = (wp,wy) € ]Fé’p where: 0wy = (0;W1)1<i<N,

o, = Gy (aw1>. Moreover uy is unique and any weak A-limit point in VP of

(te)eso0 18 a solution to problem (4.20).
Proof. We first show that the sequence (u.)e>0 is bounded in V. Let v € V{J'; then

fo ul( )) dt + fQ (x,t,ue(x,t), Duc(x,t)) - Dv(x t)dmdt—|—
—|—fQ ag x,t,us(x7t),DuE(m7t)) v(z,t)dzdt = fo )) dt
where a®(z,t, us(z,t), Dus(z,t)) = a(a:,t,x/s,t/s,us(x,t),Dus(:c,t)) and af(z,t,
Ue(x,t), Duc(x,t)) = ao(z,t,x/e,t/c, uc(x,t), Dus(z,t)) for (z,t) € Q. Taking in
particular v = w. in (4.21) and using the fact that fOT (ul(t),ue(t)ydt =
%HUE(T)HQLQ(Q) > 0 and fQ as(z,t, us(x,t), Due(z,t))ue (x, t)dedt > 0 (this is a
consequence of (4.7)), we obtain, thanks to property (4.6),

(4.21)

sup [[ucll Lo 0, 7w v ) < 00 (4.22)
e>0

It therefore comes from (4.22) that
sup HGJ(E)(_a Ue s D’U,s) ||LP'(Q) + sup ||(l€(—, Ue D’U,s) ||LP'(Q) < 00. (423)
e>0 e>0

It follows that sup,~ H % ||Lp/ < 00, and hence (ue)e>0 is bounded

(0,T;W—17'(Q))
in V?, and so in V. Thus, given an arbitrary fundamental sequence E, there exist
a subsequence E’ from E and a couple u = (ug,u;) € Fy” such that (4.17)-(4.19)
hold when E’ 3 ¢ — 0. The next point is to show that u verifies the variational
equation (4.20). For that, let ® = (¢, (J1 0 0) 0 ¢y) € F§° with ¢, € D(Q),
P, € D(Q)®[AFX ® (AOO/R)] Define ®. as in Corollary 4.8. Then, . € D(Q)

and, due to property (4.6) one has
) u

0< [y (f(8) —ul(t),u () = @l ) dt = Joa* (=, DO - Dlue — P )dodt
— fQ aﬁ(—,us,Due)( O, )dxdt,

or using the equality fo ul(t), us(t)) dt = % ||u. (T)||2LQ(Q),
3 (e < Jy (f uel) - 2, 0)dt + Jo (We®, @) de= o

foa (-, uE,Dfl) ) - D( — &, )dxdt — fQ ad (-, ue, Due ) (ue — O, )dzdt.
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On one hand, as ¢ — 0, one has

0. Oy , OYy .
n LP(Q)-weak A (1 <j < N).
oz, 8% + 5 ayj (Q)-weak A (1 <j<N)

Thus, combining (4.19) with part (ii) of Corollary 4.8 we get
/ a® (=, ue, D®c) - D(ue — ®.)dwdt — // —, ug, D®) - D(u — &)dadtds.
Q QxA(A

Besides, observing that

/OT (WL (t), Do (-, ) dt = _/ 88t

and in view of the compactness of the embedding V? — L?(Q) (from which results
the convergence result: u. — ug in L?(Q)), we see immediately that

T T
/ <u;(t)7¢s(~,t)>dt—>/ (ufy(t), 1o (-, 1)) dt as E' 3 & — 0.
0 0

On the other hand, the transformation v — ||'U(T)||iz(9) being continuous on V{

and since u. — ug in V-weak as E’ 3 ¢ — 0, one has
2 o 2
luo(T)13 2@y < liminf flue (7)]32(q

The sequence (ag(—,ue, Due))eso is bounded in LP' (Q) (see (4.23)), thus, there

exist a subsequence from E’, still denoted by E’ and a function y € L”/(Q;Bi)
such that, as ' 5 ¢ — 0,

a5 (—, ue, Du.) — x in LP (Q)-weak A. (4.25)

Now, using the compactness of the embedding V? — LP(Q) (this is a classical
result), we have, as B/ 3 ¢ — 0, uc — ®. — ug— 1, in LP(Q); hence, as E' 3 ¢ — 0,

/ ag(—; ue, Duc)(ue — ®c)dadt — // X(uo — g)dzdtds.
Q QxA(A)

Therefore, taking the liminfg/5. .o of both sides of (4.24) and using equality

1 T
3 o)) = / (1) o 1)) i,
we are led at once at

0.< [y (&) = up(t),uo(t) = (1)) dt = [, a(a) (= 10, DP) - D(u — )dadtds
— foXA(A) /)E(U() ’ll)o)dxdtdﬁ
(4.26)
Since F5° is dense in Fy?, (4.26) still holds for any ® € Fy”. Taking in (4.26) the
particular functions ® = u — Av with A > 0 and v = (v, v1) € Fy”, then dividing
both sides of the resultant inequality by A, and letting A — 0, and finally changing
v into —v, leads to

fo ug(t )) dt + foxA(A a(—,ug, Du) - DvdadtdS+
+ foxA(A) Xvod:cdtd,é’ Jy (f(),vo(t))dt for all v = (vg,v1) € FyP.

The last point to check is to show that x = ag(—,ug, D,u) where Dyu = Dug +
Dyuy. To thisend let 0 < n < 1 be arbitrarily fixed. Let By (u1,n) (resp. Bo(uo,n))

(4.27)
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denote the closed ball of LP(Q;H) (vesp. LP(0,T; W, (52))) centered at u; (resp.
up) and of radius 7. Since LP(Q;H) and LP(0, T; Wy () are reflexive, these balls
are weakly compact. Set
— — -2

d= sup sup 1+ |ug| + |Dug + Dyv1| + |Dvg + Dyvy pp ,

v1E€ By (u1,m) vo€Bo(uo,n) || | ! | | ! |HL (@:82)
and k = cpd + 1; then k& > 1. By using the density of D(Q) in LP(0,T} Wol’p(Q))
and that of D(Q) ® [A3° @ (J1 0 0)(A;°/R)] in LP(Q;H), we deduce the existence
of ¥y € D(Q) and of 1, € D(Q) ® [A*° ® (A;°/R)] such that

< o0

n n
w0 = Poll 1o o, 75w2 2 0)) < 1, &nd lur = (Jio gy)(wl)HLP(Q;H) < (4.28)

Clearly

Yo € Bo (uo,n) and (J100,)(¢1) € By (u1,7).
Set @ = (v, (J1 © 0,) ©¥;)) and define ®. as in (4.14). First we have

||a0 —,UO, ) XHLp (@; BP’) <
< HG'O(_aU/Oa]D) )_ao(_ U’OvDUO_'_Dywl HLp QBP’)+
+ Hao(—,uo,Duo + Dywl) — ao(—,uo, HD( (I) HLP (Q;BIX) +

+ ||a0(—,'u0;ﬁyq)> - XHLP'(Q;BZ,)

where, for v = (vp,v1) € Fé’p we have put Dyv = Duvg + D,v1, and Dytp; =
Dy(J1 0 0)(1;). But, on one hand
Hao - U'Ovﬁyu) 7a0(7 Uo,DU0+Dy’l,[}1 ||Lp QBTJ’)
< co |1+ |uo| + |Dyu| + |[Dug + Dy¢1|HLP(Q B2) [Dy(ur = (i 0 0,)(¥1) HLP(Q SBE)N
<3
since
||Dy(u1 - (Jl o Qy)(%))HLP(Q;Bi)N = ||u1 - (Jl © Qy)("/)l)HLp(Q;H) )
and
||a0 uO,DuU+Dyw1)—a0( ’U,(),D (I) HLP (QBP)
< co |1+ |uo| + |Dug + Dyt, | + | Dy <I>H|Lp @) 100 = o)l Lo (i)~
<3
since
D (uo — wO)HLP(Q;B’;)N = [luo — dJOHLP(O,T;WOl’p(Q)) :

On the other hand, combining part (ii) of Corollary 4.8 (notice that u. — wg in
LP(Q) as E' 5 ¢ — 0) with convergence result (4.25) we get

||a0(*aU0aﬁy(I) X||Lp (Q:B%) < gglsmf l|ag(—, ue, DP:) — ag(—, ue, Due)| o Q) -

But
a5 (— e, DD.) — a§(— e, D) | g
-2
< co |1+ [ue| + [Due| + |D(I)a|||IL)p(Q) [Due — D(bs”LP(Q)N )

and using the fact that |D®.| < |Du. — D®.| + |Duc|, which leads to
1+ |ue| + |Due| + |DP.| < 1+ |ue| + 2 |Due| + |Due — DP.|, we get
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/ (1 + |uc| + |Due| + |D®.|)? dedt < / (1 + |uc| + 2 |Duc| + |Due — D®.|)? dxdt,
Q Q

whence
11+ [ue| + |Due| + |D(I)€H|LP(Q) ST Jue| +2 |Du5|HLP(Q) +
+ |1 Due — Dq)EHLP(Q)N
< c+ || Due — D(I)EHLP(Q)N

where ¢ > 0 is a constant independent of ¢, the last inequality above being obtained
thanks to (4.22) and to the Poincaré inequality. Thus,

||a’0(7’ uo,ﬁyfp) - X||LP/(Q;BP/ <

a)

p—2
< lim inf (c+ |Du. — D<I>8||L,,(Q)N> 1Dus — D 1y oy -

Besides, in view of (4.6) we have
(&1 HDUE - D(I)EHII)JP(Q)N <
fQ (a®(—,ue, Due) — a®(—, ue, D®.)) - (Due — D®,)dxdt.
Proceeding as we have done it to obtain (4.27), we are led to (as E' 5 ¢ — 0)
B, = fQ (af(—, ue, Due) — a(—, ue, D®.)) - (Due — D®.)dzdt
— foxA(A) (@(—,uo, Du) — a(—, ug, DP)) - D(u — ®)dzdtds = B.

Thus there exists €9 > 0 such that E’ 5 € < g yields B. < B 4 7. But according
to Holder’s inequality and to Proposition 4.6 we get that

—2 2
B < o1+ [ug| + [Duf + ‘D(I)WL)IJ(QXA(A)) [D(a— @) 7r(oxacay -

But
14 [uol + [Dul + DR[| Ly guacay = 1+ luol + [Duf + D[ Ly Lr(a(ay)
= 1+ ol + [Dyuf + Dy 1o .5
< k
and
[D(u— (I))HLP(QXA(A))N = Hﬁy(u - @)HLP(Q;BQ)N

IN

o — ¢0||LP(07T;W01W(Q)) +llur = (1o Q)(¢1)“Lp(Q;H)

< % (see (4.28)).

Thus B < k(n/2k)? = n?/4k. Since k > 1 and n < 1 we get B < 1/4 and so,
B. <n/2 for E' 5 ¢ < g, hence

Ngﬂ for E' 3 ¢ < g.

c1|[Due — D[, ) 5

Therefore

. . piz
};%?S;Efo (c + || Due — Dq)EHLP(Q)N) [ Due — Dq)EHL”(Q)N <

<) @)
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19p—2
_ 7 7 n o\
lao (=0, Dyw) = x| o ey < 5 + (261> [CJF (261) ] .

The above inequality holds true for any positive real n < 1. Hence on letting n — 0
we arrive at once at y = ag(—, ug, Dyu).

As the uniqueness of u; is concerned, let (z,t) € @ and let (r,£) € R x RN be
freely fixed, and let 7(z,t,r, &) be defined by the so-called cell problem

m(x,t,r &) € H :
fA(A) a(—,r, &+ 0m(x, t,r &) - OwdB = 0 for all w € H.

According to Proposition 4.6, we get by [32, Chap. 2| that problem (4.29) has at
least a solution. However this solution is unique. In fact, if 71 = my(z,¢,7, &) and
mo = mo(x,t, 1, &) are two solutions of (4.29), then

/ (@, €+ 0F1) — (=1 € + OFs)) - (91 — OF2)dB = 0,
A(A)

Finally, we get that

==

(4.29)

hence 87/1:1 = 87?'2 (1 S ) S N), i.e. c’)ﬁl = aﬁf\g, or Ql ((;;j) = 91 (%) by

2.8). It therefore comes that % = 5—”?, 1 < i < N which amounts to saying
dy dy.

that 71 = 7o since they belong to H (recall that H = B} (RT;B;L’QV)). Now,
taking in particular r = wug(z,t) and & = Dug(z,t) with (z,t) arbitrarily fixed
in @, and then choosing in (4.20) the particular test functions v = (0,v1) such
that v1(x,t) = p(z,H)w ((z,t) € Q) with ¢ € D(Q) and w € H, and finally com-
paring the resultant equation with (4.29), it follows (by the uniqueness argument)
that vy = 7(+, -, up, Dug), where the right-hand side of this equality stands for the
function (z,t) — m(x,t, uo(z,t), Dug(z,t)) of Q into H. The uniqueness of u; is
therefore established, and the proof is complete. ([

The variational problem (4.20) is called global homogenized problem for (4.1) un-
der the assumption (4.11). Our goal here is to derive the macroscopic homogenized
problem for (4.1). Let

q(x,t,r, 6) = fA(A) a(—,T,f + 8%(1:77577‘7 g))dﬁ and
qo(z,t, 1, &) = fA(A) ao(—,7,& + 07 (x,t,7,£))ds

for fixed (z,t) € Q and (r,£) € R x RY. Substituting u; = 7(-, -, ug, Dug) in (4.20)
and choosing there the particular test functions v = (p,0) with ¢ € D(Q), we are
led to the macroscopic homogenized problem for (4.1):

% - leQ(, ~7U,0,D’UJ0) + QO(', ‘,UO»DUO) = f in Q
uo =0 on 00 x (0,7)
uo(z,0) =0 in Q.

Thanks to (4.20), the above problem has (at least) a solution.
The next result deals with a corrector type result. Before we can state it, we

need to fix some basis: from now on, we suppose that E’ denotes the subsequence
for which (4.17)-(4.19) hold.

Proposition 4.10. Let the hypotheses and notation be as in Theorem 4.9. There
exists a continuous increasing function v : [0,00) — [0,00) with v(0) =0 such that
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for all® = (y, (J100,)(101)) with b, € LP(0, Ts Wi P(Q)) and, € LP(0,T; Wi ()@
[A; ® (A}/R)], if we define ®. as in (4.14), then

1};{191551:0) [Due — D¢ 1pg)v <V (Hﬁyu - ﬁy(I)HLP(Q;BZ)N) . (4.30)

Proof. Let F} be the vector space of all ® as in the statement of Proposition
4.10. Endowed with its natural topology, Fy has F§° as a dense subspace (this
is straightforward). Thus, we begin by show (4.30) for ® in F§°. But, in view of
(4.6), for ® € F§°,

¢1 || Due — D(I)EHLP(Q)N <

fQ(as(—,ue, Du.) — a®(—,ue, D®.) - D(u. — ®.)dzdt = B..

A quick survey of the proof of Theorem 4.9 reveals that, as E' 5 & — 0,
B. — // (@(—, uo, D) — @(—, ug, D®)) - D(u — d)dadtdf = B,
QxA(A)

where u = (ug,u1) is as in Theorem 4.9. Thus, limsup |[Du. — D®c||1pg)n <

E’'5e—0
1

(5) ”. But using Holder’s inequality and [(4.13) in] Proposition 4.6, we get

c1
-2 2
B < co[1+ |ug| + [Duf + ‘HD(I)HVL),P(QxA(A)) [D(u— (I))HLP(QXA(A))N )
and by the obvious inequality |D®| < |Du — D®| + |Dul,

p—2
B<c (Hl + |uol + 2 [Duolll o (gx a(ay) + [ID(u — q))”Lp(QXA(A))N) X
2
XD = ®) |70 (g (ay -
Now, set o = |1+ [uo| + 2 |Duoll| »(gx a(4)) and

v(r) = c—ir% (a —|—7‘)1_% for r > 0.

cf
Then the function v is independent of ® and satisfies hypotheses stated in Propo-
sition 4.10 (this is straightforward by observing that [[D(u— ®)||;,gxa(ayy =
Dy =Dy @, .5 v )- Whence (4.30) is shown for @ in F*.
Now, let ® € F. Let (¥;); be a sequence in F§° such that ¥; — ® in Fj as
j — o0. Set

v = (SOOja (Jio Qy)(‘Plj)) and ® = (¢, (J1 0 Qy)w’l))y
and define
Uje = +epi; and @ =g + e} as in (4.14).
We have

limsup || Due — De|| 1 q)n < limsup |[Due — DVl o)~ +
E'3¢—0 E'3¢—0
limsup | DV, . — D<I>€HLP(Q)N
E’'3e—0
=v (H]D)yu - ]D)y\pJ'HLp(Q;BZ)N) + g{g:ﬂ% 1DV — D(I)EHLP(Q)N .
Now, since U; — & in F, we get D¥; — D& in LP(Q x A(A))Y as j — co. On
the other hand, it can be easily shown that lim lim o | DY, — D(I)€||LP(Q)N =0.

j—ooE'Se—
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Hence, taking the limit (as j — 00) of both sides of the last inequality above, we
are led to (4.30). O

As a consequence of the preceding result, we have the following corrector-type
result.

Corollary 4.11. Let the hypotheses and notation be as in Theorem 4.9. Assume
further that

u € LP(0,T; Wy P(Q) ® [Ar ® (J1 0 0,) (A} /R)].
Then, as E' 5 ¢ — 0,

ue — ug — euj — 0 in LP(0, T; WHP(Q)).

Proof. Tt is clear that, on one hand, eu§ — 0 in LP(Q) as E' 3 ¢ — 0; and on
the other hand, due to (4.17)-(4.18) and to the compactness of the embedding
VP — LP(Q), we have u. — ug in LP(Q). Thus u. — up — eu§ — 0 in LP(Q) as
E’ 5 ¢ — 0. It remains to show that D(u. —ug—ceu5) — 0in LP(Q)N as E' > ¢ — 0.
But, if we set ®. = ugp + eu§, then applying (4.30), we get

limsup || Due — D®c|| 1 (q)n =0
E'3e—0

since v (H]D)yu - ]Iqu)HLp(Q;BZ)N) = v(0) = 0, and so EIIBiIEIlH() [Due = Dc|[ 1p(gyv =
0. The result follows thereby. O

Remark 4.5. Assuming ag to be the null function, and replacing hypotheses (4.3)
and [part (i) of] (4.4) by

(a(%t’y,ﬂ%)\) - a(xatay77—7p’a)‘/)) ’ (A - )\/) >0 for A 7& )‘/a
a(x7tvya7—7/’(")‘) A 2 €1 |)‘|pa

we also reach the conclusion of Theorem 4.9.

4.4. Some concrete applications of Theorem 4.9.

4.4.1. Problem I (Periodic homogenization). Here we mean to study the problem
of homogenizing (4.1) under the periodicity hypothesis on the functions (y,7) —
a;(z,t,y,7, 1, \) (for each fixed (z,t,1,A) € Q@ x R x RV and 0 < i < N), i.e.

For each k € Z" and any [ € Z, we have
ai(zytay+k77+laﬂ>)‘) :ai(z,t,y,T,u,)\) (431)
a.e. in (y,7) € RV x R.

(4.31) is very often expressed by saying that the function (y,7) — a;(x,t,y, T, i, \)
is Y-periodic in y € RY and 7-periodic in 7 € R where

Y =(0,1)" and 7 = (0, 1).

Surprisingly, this problem has never been studied before. Our aim here is to
provide a better understanding and accurate results in this setting by means of
deterministic homogenization theory.

Let L2, (Y') denote the space of Y -periodic functions in L? ' (R)). It is classically

per loc
known that Lg;r (Y) is the closure of Cpe,(Y) in Lf) (R)) with respect to the norm

o T\ /P RN
[[II,, (which is here defined by |[u|,, = (M(|u|p )) = (fy [u(y)|” dy) ). One
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- B

also has L?' Y) = BY Cper (V)

- Cyor (V) (this is easily seen). By hypothesis (4.31)

we deduce that

a;(z,t, - - 1y \) crL” (Y x T) for all (z,t) € Q, (u,\) ERxRN, 0<i<N.

per
This suggests us that the appropriate algebra for this study is the periodic algebra
A=Coer(Y XT) =Cper(Y) @ Cpex(T), the algebra of Y x T-periodic continuous
functions on Rév X R,. Since A satisfies hypotheses of Theorem 3.6, the conclusion
of Theorem 4.9 follows under hypothesis (4.31).

4.4.2. Problem II. Let F be a Banach subalgebra of B(R™). Let By, (R%; F) denote
the space of all continuous functions ¢ € C(R?; F) such that ¢(¢) has a limit in F
as |¢| — oo. In particular, it is known that B, (R%;R) = B, (R9).

With this in mind, our goal here is to homogenize problem (4.1) under the
hypothesis

ai(2,t, -, 1, A) € Boo(Rys L, (V) for any (u, A) € R x RY

per

and for all (z,t) € Q (0<i < N)
where Y = (0,1)V.
With this in mind it is an easy task to see that the appropriated algebra here is

the product algebra A = Cpe; (V) ® Boo(R;), which satisfies hypothesis of Theorem
3.6. The conclusion of Theorem 4.9 follows under the hypothesis (4.32).

(4.32)

4.4.3. Problem III (Almost periodic homogenization). Our objective here is to ho-
mogenize problem (4.1) under the assumption

ai(‘ratf)'uuv)‘) € BZP(Ryjl) for any (/’[’7 )‘) € RN+1

and any (z,t) € Q (0 <i < N), (4.33)

where Bﬁ/ p (Rjyv 1) denotes the space of functions in Lﬁ)/c (Rijv 1) that are almost
periodic in the Besicovitch sense [6, 7].

Appeal to [40, Corollary 4.1] yields the existence of three countable subgroups
R, and R, of RY and R respectively, such that

ai(xvta ) ',,U,)\) € BZ’P,Ryx’RT (Rjy\{;rl) for all (x,t) € @7 (/%)‘) € RV
(0<i<N)

where Bf; PR, xR, (Rév +1) is the generalized Besicovitch space associated to the al-
gebra wm.v. A = APg ., (R}F'). This suggests us to take A = APg (R))®
APr_(R;), an H-algebra satisfying hypotheses of Theorem 3.6. Whence the ho-
mogenization of (4.1) under hypothesis (4.33).

Remark 4.6. In all the previous papers dealing with deterministic homogenization
theory (see for instance [40, 41, 42, 46]) the almost periodic homogenization problem
were stated by combining hypothesis (4.33) above with the following one

For each (1, ¥) € AP(RY x R;)N*! and each (z,t) € Q we have

SUPgeznN+1 fk+y><’]’(| az($7tvy -nT = 6a ﬂfo(yﬂ')a \Il(va))_ (434)
—G,i(.’lf,t, Z/,Tﬂ/)o(ya T)7 lII(yaT)) |p dydT) - O
as |n| + [6] — 0.

We observe that here we have one significant improvement: hypothesis (4.34) above
on the uniform equicontinuity of the a; is purely dropped. This is a true advance



GENERALIZED BESICOVITCH SPACES AND APPLICATION 37

as far as the applications in the almost periodic setting are concerned, and our
contribution in this framework is clearly highlighted.

4.4.4. Problem IV (Weakly almost periodic homogenization I). In order to rigor-
ously and judiciously set the homogenization problem for (4.1) in that case, how-
ever, we need some preliminaries.

Preliminaries. We begin with the

Proposition 4.12. [15] Let N and m denote two positive integers. Then we have
WAPRY) o WAPR™) = {f e WAPRY xR™):{f, :y € R"}
is relatively compact in WAP(R™)}
where f, € WAP(R™) is defined by f,(2) = f(y,2), z € R™.

One of the most significant consequence of the preceding result is summarized
in the following corollary.

Corollary 4.13. One has WAP(RY) ® WAP(R™) ¢ WAP(RN x R™).

Proof. Tt will be sufficient to exhibit a function f € WAP(RY x R™) such that
the set Fr = {f, : y € RV} is not relatively compact in WAP(R™). To this end,
in order to construct such an f, we follow closely the proof of [15, Theorem 4.6].
Set Y = [-1/2,1/2]" and Z = [-1/2,1/2]™. Pick a; € Z", and for n > 2, choose
inductively a,, € Z" such that

7
(279 ¢ {Zyzyl 6YU{:|:@1,...7:|:CLn1}}.

i=1

Construct also a sequence (by,),>1 C Z™ such that

7
bn ¢ {Zzi 2 € Zu{ibl,...7ibn1}}.
i=1

Then we have
(ak+Y)N(ap+Y)=2 and (bpy +2)N (b, +2Z2) =D if n # k.

Now, choose g € Cg°(RY) and h € C5°(R™) such that g(0) = h(0) =1,0< g <1,
0 < h <1, and suppg C Y, supph C Z (where supp stands for the support). Set

Fly:2) = gy —an)h(z —by), (y,2) € RN x R™.

Then by [15, theorem 4.6] we have that f € WAP(RY x R™). But for z € R™ we
have

fa(2) = flar,2) = glar —an)h(z —by)

= h(z—0bg)since g(0) =1and (ax +Y)N(a,+Y) =2 if n #k.

= (1o, h)(2),
hence f,, = Tp, h. Since supp(7p,h) C b+ Z and (b + Z)N (b, + Z) = @ if n # k,
we see that {f,, : £k > 1} = {7, h : £ > 1} is not relatively compact in B(R™).
Therefore f ¢ WAP(RY)® WAP(R™). Whence the proof. O
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Statement of the problem. Let BY,,, (B, ,p(RY) if there is a danger of
confusion) denote the completion of the algebra WAP(RY) with respect to the
seminorm |-, (see Section 2.2 for the definition of [|-[|,). It is known that if
BY p (resp. BE) denotes the space of Besicovitch almost periodic functions (resp.
the space of w € Bl ,p such that M(|u|]) = 0, which is obtained as the com-
pletion with respect to |||, of the algebra W(RY)) then B, + Bj C By ,p
since AP(RY) ¢ WAP(RY) and Wo(RY) ¢ WAP(RYM). It can be shown that
By, 4p = BYp @ Bl (direct sum); see [6, Chap. VIII, Theorem V]. Therefore we
have the following characterization of elements in By, 4 p:

e u€ B, ifand only if u € L (RY) and the set of translates {r,u: a €

RN} is weakly relatively compact with respect to the Besicovitch topology
1/p
defined by the seminorm |[||u|[|,, = (lim SUP, 4 oo ﬁ J5 u()l” dy)

Such an u’s is called generalized weakly almost periodic function.
With this in mind, our goal here is to homogenize problem (4.1) under the
assumption

ai(z,t, 1 A) € Bi:VAP(R.T; By ap(R))) for any (u,A) € R x RY (4.35)
and for all (z,t) € Q (0 <i < N).

Before we can solve the above problem, however we need to clarify the choice of
assumption (4.35).

It is known that AP(R)Y x R.) = AP(R)') ® AP(R); see Berglund and Milnes
[5, Theorem 2.3] for a simple proof. Thus the almost periodic homogenization
problem can as was earlier seen in Subsection 4.4.3, be set in terms of the general,
say in terms of Bf‘/ P(RZJX ). However, in the weakly almost periodic setting, this
does not hold, that is, one cannot set the above-mentioned problem in terms of
B%AP(Ré\{jl). Indeed by Corollary 4.13 above we have WAP(R)) © WAP(R,) #
WAP(R] xR;). That is why assumption (4.35) is the best one suitable to set the
weakly almost periodic homogenization problem in our situation.

Now returning to the statement of the problem we see immediately that the
suitable algebra for our study is the product algebra A = WAP(]RJyV YJOWAPR,),
an algebra satisfying conditions of Theorem 3.6 in Section 3; see Subsection 3.4.
Therefore the homogenization problem for (4.1) is achieved under hypothesis (4.35).

4.4.5. Problem V (Weakly almost periodic setting II). The problem to study states
here as follows: solve the homogenization problem for (4.1) under the assumption

ai(x,t, -, pu,A) € BZP(RT;B%}/,AP(R;[)) for any (1, ) € R x RY

‘A 4.36
and for all (z,t) € Q (0 <i < N). (4.36)

One also reaches the conclusion of Theorem 4.9 under hypothesis (4.36) with A =
WAP(R;V ) ® AP(R;), an algebra w.m.v. satisfying conditions of Theorem 3.6; see
Section 3.2.

Remark 4.7. Hypothesis (4.36) contains the particular case (4.33) since AP(R) 1)
= AP(RY; AP(R,)) = AP(RY) ® AP(R,) and AP(R,) C Bl ,p(R,).

Yy
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4.4.6. Problem VI (Weakly almost periodic setting I1I: Homogenization in the Fourier-
Stieltjes algebra). We begin by defining the Fourier-Stieltjes algebra on RY.

Definition 4.1. The Fourier-Stieltjes algebra on R” is defined as the closure in
B(RY) of the space

Ny = ‘RN — T) = exp(ix - v or some v " N
FS.RY) = {1 BY <R f0)= [ explic paviy) § e M.(&")]

where M, (R"Y) denotes the space of complex valued measures v with finite total
variation: |v| (RY) < co. We denote it by FS(RY).

Since by [20] any function in FS.(RY) is a weakly almost periodic continuous
function, we have that FS(RY) C WAP(RY). Moreover thanks to [14, Theorem
4.5] FS(RY) is a proper subalgebra of WAP(RY), such that the question raised by
Frid and Silva [26] to know whether there exist ergodic algebras that are not subal-
gebras of F'S(RY) find its answer here: The ergodic algebra W AP(RY) fulfills the
above required conditions since it contains F'S(R™) as proper ergodic subalgebra.

As FS(RY) is an ergodic algebra which is translation invariant (this is easily
seen: indeed F'S,(RY) is translation invariant) we see that hypotheses of Theorem
3.6 are satisfied with any algebra A = FS(RY) ® A,, A, being any algebra w.m.v.
on R,.

With all this in mind, our concern here is to solve the homogenization problem
for (4.1) under the assumption

ai(z,t, - pu,A) € BZT(RT;B%/S(RZZJV)) for any (p, \) € R x RY

_A 4.37
and for all (z,t) € Q (0<i < N). (437)

where: Bg s(R}) denotes the completion of the algebra F.S(R,’) with respect to the
seminorm ||-||,, and A; is any arbitrary algebra w.m.v. on R;. Then arguing as in

the preceding Subsections we reach the conclusion of Theorem 4.9 under hypothesis
(4.37) with A = FS(RN) ® A,.

4.4.7. Concluding remarks. In this paper we have proved a new compactness theo-
rem (Theorem 3.6) which enables us to solve new homogenization problems associ-
ated to a parabolic degenerate-type operator. We also state its stationary analogue
(Theorem 3.7) which can permits us to handle homogenization problems for elliptic
operators. We have applied Theorem 3.6 to solve several new problems (to the
best of our knowledge this is the first time that such problems are considered); see
particularly Problems IV-VI. These problems involve the algebra Wy (R™) which is
nonseparable. Therefore, as pointed out in Section 3, the above-mentioned prob-
lems cannot be handled by the theory of H-algebras. This is a true advance as far
as the applications are concerned.
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