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Abstract

A deterministic nonlinear ordinary differential equation model for mosquito dynamics in which

the mosquitoes can quest for blood either within a human population or within non-human /vertebrate

populations is derived and studied. The model captures both the mosquito’s aquatic and terres-
trial forms and includes a mechanism to investigate the impact of mating on mosquito dynamics.
The model uses a restricted form of homogeneous mixing based on the idea that the mosquito
has a blood-feeding habit determined by its blood-feeding preferences and its gonotrophic cy-
cle. This characterisation allows us to compartmentalise the total mosquito population into
distinct compartments according to the spatial location of the mosquito (breeding site, resting
places and questing places) as well as blood-fed status. Issues of overcrowding and intraspecific
competition both within the aquatic and the terrestrial stages of the mosquito’s life forms are
addressed and considered in the model. Results show that the inclusion of mating induces
bistability, a phenomenon whereby locally stable trivial and non-trivial equilibria co-exist with
an unstable non-zero equilibrium. The local nature of the stable equilibria is demonstrated by
numerically showing that the long-term state of the system is sensitive to initial conditions.
The bistability state is analogous to the phenomenon of the Allee effect that has been reported
in population biology. The model’s results, including the derivation of the threshold param-
eter of the system, are comprehensively tested via numerical simulations. The output of our
model has direct application to mosquito control strategies, for it clearly shows key points in
the mosquito’s developmental pathway that can be targeted for control purposes.

Keywords: Mating, blood-feeding preferences, questing places, Allee effect

1. Introduction and background

Mosquito-borne and other indirectly transmitted diseases of humans still pose a significant
challenge to global health, necessitating the need for a continued search for effective strategies
to control the populations of these disease-transmitting vectors. For a mosquito-borne malaria
parasite to be transmitted from one human to another human, a mosquito must (i) pick up the
infection by biting an infected person, (ii) nurture and harbour the growth and maturation of
the ingested parasite within its gut, (iii) transfer the now matured parasite into the bloodstream
of another person at the second blood meal. So, at the centre of any mosquito-borne disease
transmission is the blood-sucking mosquito. Consequently, any effective control of mosquito-
borne diseases such as malaria must involve vector control, that is, management of the densities
of the mosquitoes that are responsible for the transmission of the disease.

Preprint submitted to Journal of Theoretical Biology October 14, 2025
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In this paper, we consider a compartmental model for the dynamics of mosquito populations.
In the construction of the model, we use the fact that a mosquito needs blood for the maturation
of its eggs and that the mosquito’s eggs, once oviposited, require a suitable aquatic environment
for their growth and development. Building the model, we take into account the fact that the
mosquito undergoes complete metamorphosis and reproduces through repeated gonotrophic
cycles. Thus, the densities of the different life forms of the mosquitoes: aquatic juvenile forms
in an aquatic environment, adult mosquitoes at the breeding sites, adult mosquitoes at questing
places (which include human and non-human habitat sites), and adult mosquitoes at resting
places (where fully blood-fed adults rest before returning to the breeding site to lay eggs) are
the main state variables in the model. The compartmentalisation also divides the mosquito
population into male and female groups and further subdivides the female population into
sub-classes representing their blood meal status (fully blood-fed or questing for blood), their
blood preference (zoophilic or anthropophilic) and physiological status (mated or not mated).
Thus, our model considers often neglected realistic factors such as mosquitoes’ blood meal
preferences. In fact, we are proposing an alternative way of thinking about the mosquito-borne
disease control problem by focusing on the mosquitoes that carry the parasites from human
to human. Previous models have not fully captured these aspects. For example, the model
proposed in [26] and also in [3, 4] divides the mosquito populations into male and female without
considering their blood meal status and preference factors, while the model proposed in [32]
and further studied in [33] takes into account the different blood meal status of the mosquitoes
without, however, subdividing the mosquito population into male and female or accounting for
the population of mosquitoes that fed from nonhuman sources. These are crucial factors in the
mosquito’s life and should be considered when building a model to understand the dynamics
of the mosquito population.

Hence, the main objective of this paper is to present a comprehensive ordinary differential
equation model that captures the above-mentioned stages of the mosquito life cycle. We study
how mosquitoes in these different stages are integrated into a single dynamical system, math-
ematically capturing the interactions between mosquitoes themselves and the blood hosts to
model the dynamics of their populations.

The rest of the paper is organised as follows. In Section 2, we present a derivation of the
mathematical model, including the model’s variables and schematics, discuss the types of mat-
ing encounters, examine choices of appropriate oviposition functions, and present properties
of the model, including issues of existence and stability of steady-state solutions. Numerical
simulations in Section 3 demonstrate our model’s different stability properties. In Section 4, we
study the effect of mating and alternative blood sources on our model’s output by examining
different sub-models that capture different combinations of questing formats and mating proper.
We round up the paper with a discussion and conclusions in Section 5. The proofs of mathe-

matical results and other technicalities required in the paper are discussed in the Appendices
A & B.

2. Model Derivation, Basic Properties and Analysis

In this section, we develop a compartmental system modelling the flow between the com-
partments and changes within them by nonlinear ordinary differential equations.

2.1. Description of the Model

In Table 1, we list the state variables in the model, and in Table 2, we list the parameters
used in the model. The flow chart illustrating the compartments and the links between them
is shown in Figure 1.



State Description of Variables Quasi-dimension

Variables

A Density of aquatic lifeforms. A

Fg Density of unfertilized female mosquitoes emerging from | M
the aquatic stage at the breeding site.

Mp Density of male mosquitoes emerging from the aquatic | M
stage at the breeding site at the breeding site.

B Density of fertilised female mosquitoes at the breeding | M
site.

Qu Density of fertilised female mosquitoes questing blood | M
from humans.

Qv Density of fertilized female mosquitoes questing blood | M
from nonhuman vertebrates.

Ry Density of mosquitoes that fed from a nonhuman verte- | M
brate and are resting before returning to the breeding
site and laying eggs there at a rate \.

Ry Density of mosquitoes that fed from humans and are | M
resting before returning to the breeding site and laying
eggs there at a rate \.

H Constant human population density. H

V Constant vertebrate population density. V

Table 1: Description of state variables showing their quasi-dimension. In the quasi-dimension, A, represents
aquatic density, M mosquito density, H human density and V vertebrate density.
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The stages of life of mosquitoes are divided into two broad groups based on their living
environment: the aquatic and the terrestrial. The aquatic stage comprises the juvenile forms
(egg, larva, pupa) that eventually develop into terrestrial forms (the adult mosquitoes). We
shall represent the aquatic forms of the mosquito with the state variable A. The terrestrial
mosquitoes are further compartmentalised according to their physiological and blood preference
status. We have (i) newly emerged adult female and male mosquitoes that are swarming at the
breeding site to mate, represented by Fp and Mg, (ii) newly and previously fertilized females
that have returned to the breeding site to lay eggs, denoted by B, (iii) questing mosquitoes
(that is, mosquitoes seeking for blood within human and nonhuman vertebrate populations),
which we represent by @, and (iv) blood-fed mosquitoes that are resting before returning to the
breeding site to lay eggs, denoted by R. Since we are accounting for both human and nonhuman
blood sources, the questing mosquitoes, and hence fed and resting mosquitoes, can be in one of
two sub-compartments depending on their blood source: those that quest and successfully feed
on humans will be identified by the subscript H and those that quest and successfully feed on
nonhumans will be identified by the subscript V.

New
births

Emerging adult

Males and females

Swarming and mating

1
I
1
1 Between males and
1
1
1

Females

Fertilized females at Ug

T

1

1

1

1

1

: Breeding ground Ky
______ frommmmmmm e e e AN i

: Adult female mosquitoes [ig, Hoy

1

1 At questing places

1

1

[ e A ERY A VN A A
______ O il i et

: Fed and resting

1

1 Adult females

1

]‘ _____________________ b — == —— —

Figure 1: A flowchart showing the life and reproduction stages of mosquitoes and their progression from one
stage to the other, which are described in detail in this section. The notation was introduced in Tables 1 and 2.

We can consider the life cycle of mosquitoes beginning with adult mosquitoes ovipositing
eggs into an aquatic environment. The eggs eventually develop into adult mosquitoes according
to a maturation process that follows their metamorphic developmental pathway, involving the
aquatic and terrestrial life stages. The adult mosquitoes start their terrestrial life either as
males or females. The total population density of all newly emerged adult mosquitoes, at any
time ¢, is Fp(t) + Mp(t). These mosquitoes are available to take part in the mating process.
We denote by 7 the rate at which the aquatic biomass is depleted by the emergence of the
terrestrial forms and set £ to be a parameter describing the transition factor from the biomass
into the terrestrial individual mosquitoes. A proportion # of the emerging juvenile mosquitoes
will develop into females, while 1 — @ gives the proportion that will become males.

Newly emerged mosquitoes congregate in swarms near their breeding ground, and mating
ensues [43]. We assume all newly emerged female mosquitoes are unfertilized and only unfer-

>
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tilized females mate. Further, as in [35], each unfertilized female mosquito mates only once.
We shall view mating as the outcome of an interactive encounter between male and female
mosquitoes through the lens of incidence rates.

Once a female mosquito is fertilised, it seeks to ingest blood needed for the maturation
of its eggs. The source of blood will depend on the blood preference factor of the mosquito.
Some species of mosquitoes prefer human blood (anthropophilic), while others prefer nonhuman
vertebrate blood (zoophilic). So, the decision to visit a human or a nonhuman environment
for a blood meal will be determined by the blood preference index of a particular mosquito,
as well as the availability of a host. As described above, we will identify mosquitoes that feed
on humans by the subscript H and those that feed on vertebrates by the subscript V. Thus,
when fertilised mosquitoes, B, leave the breeding site to quest for a blood meal, they become
questing mosquitoes Q); specifically, Qg quest within a human population and @y quest within
nonhuman populations. The questing mosquitoes may acquire a blood meal to become fed and
resting mosquitoes, denoted by Ry if the blood source was human and Ry otherwise. Only
fully blood-fed and resting vectors can lay eggs upon return to a breeding site. These eggs will
hatch to continue the mosquito’s life cycle.

2.2. Mating, Ouviposition and Recruitment Rates

Here, we present a brief discussion on the mating, recruitment, flow and exposure rates
within the mosquito populations, and between the mosquito, humans and non-human vertebrate
populations.

1. Mating: While there are many ways to capture mosquito-mosquito interaction, here we
borrow from the idea of incidence rates in disease modelling. If we let o be the average
number of male mating encounters per unit time, then Mp male mosquitoes will make

oMp such encounters per unit time. Then, pMp is adjusted with F;i—BMB, the chance of
finding a female unfertilised mosquito, to get o FB}B\/IB Mp fertilisation encounters per unit

time. This is the standard incidence rate formulation; [36]. In another formulation, we
can use the law of mass action from chemical kinetics; [30], by considering the reaction

sequence Fg + Mp ST+ M. Fora justification of using the mass action law in
insect mating, we refer the reader to, e.g., [40]. Here, we interpret the process by saying
that females interact with males at a rate S, resulting in female fertilisation. Thus,
I' = SFMp is the rate of total fertilisation of females, which then appear in B, setting
the stage for their questing. In all cases, only a fraction of the encounters will lead to
proper fertilisation. For mathematical tractability, in this article, we shall use mass action
to model the mating encounters. It is important to note the following:
(a) During mating, mosquitoes can become more vulnerable to predators as the act of
mating itself is energy intensive and can distract them, making them easier targets
for predators, see [1], [11].
(b) A successful mating occurred when a female was fertilised and successfully exited
the mating site.
So, only a fraction of mated female mosquitoes continue as fertilised females.

2. QOwiposition or recruitment into aquatic stages: The oviposition or recruitment function
into the aquatic form is a key determinant of the size of the newly emerged adult mosquito
population and, thus, the eventual adult mosquito eclosion rate. Under ideal conditions
(ideal temperature, appropriate precipitation, availability of an ideal breeding site, avail-
able blood sources), the relationship between the aquatic life forms and the ovipositing
adult types is approximately linear. However, any deviations from the ideal circumstances
will change the form of the relationship, which becomes non-linear. The capacity of an
average pond at the breeding site to receive and sustain oviposited eggs can also be a
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limiting factor. Additionally, the net recruitment rate into the aquatic life stage will
also be determined by the fecundity of the blood-fed females, as well as by the rate at
which these rested females return to the breeding site and can lay eggs. This suggests
that the recruitment rate into the aquatic stages will no longer be a linear function of
the resting mosquito population R = Ry + Rpy. It is, therefore, necessary to consider a
suitable non-linear recruitment function to model the oviposition. Suppose a blood-fed
and resting mosquito lays A\(R) eggs (treated as aquatic biomass) per mosquito of each
type in one cycle, where A : [0,00) — R is a non-increasing, continuously differentiable
function, which is nonnegative on the range of R. Then, R mosquitoes will lay RA(R)
eggs in the aquatic environment. So anthropophilic mosquitoes will lay RyA(R) eggs,
and the zoophilic ones Ry A(R). Thus, the recruitment rate, I'g, into the aquatic stage,
initialised by the laying of eggs, is given by

FR(R) = aHRH)\(R) + avRv)\(R), (1)

where ay and ay are the respective rates at which anthropophilic and zoophilic mosquitoes
return from their resting places to the breeding sites to lay eggs. Various forms of the
recruitment function, A\, with the desired properties (real-valued, continuously differen-
tiable, monotonic non-increasing), have been proposed and explained in the literature.
These include a constant function, logistic, Ricker, and Maynard-Smith-Slatkin recruit-
ment functions'. See for example [18, 31, 34, 33, 47].

2.3. Model Equations

In this section, we present the equations that describe the dynamics within the aquatic and

adult mosquito classes, starting with the aquatic stages.
Aquatic stages (A): The density of aquatic lifeforms, A, increases when fed and resting female
mosquitoes return and lay eggs via the oviposition function A(R), leading to creation of new
aquatic forms at the rate I'g(R) derived in (1). The density of aquatic lifeforms is reduced due
to natural death and overcrowding (due to the limited capacity of ponds supporting the aquatic
lifeforms), and when aquatic lifeforms successfully transform into terrestrial mosquitoes at the
rate v per the aquatic life form.

The aquatic environment can be a collection of ponds and puddles or a large reservoir of
standing water. For the purpose of this work, we shall assume that the breeding site is a
collection of ponds, where each pond is assumed to have a finite carrying capacity, indicating
the amount of aquatic life forms that each pond can sustain. We expect the carrying capacity of
the entire breeding site (the entire aquatic environment) to be the sum of the carrying capacities
of the individual ponds. Let Lp be the total carrying capacity of the environment and let A(¥)
denote the density of aquatic lifeforms there at any time ¢. Then 1 — ‘%) is the fraction of
aquatic lifeforms that can still be added into the pond. Thus, the equation modelling A takes
the form:

dA A
% = (aHRH —+ avRv) . )\(R) . <1 — L—P) — (’Y + a1 + ,uAZA) A7 (2)

where v, Lp, o, ag, pia1, ftae, and ay are positive constants described in Tables 2.

Terrestrial stages of the mosquitoes: Aquatic forms of the insect develop via the meta-
morphic developmental pathway to become adults, differentiating into either males or females.
We do not address the issue of sex ratio in the current modelling framework, however, some

'For a constant recruitment function, RA(R) = AR for some constant \g, while for a Ricker function, it

takes the form RA(R) = X\ Re~B/L and for a Maynard-Smith-Slatkin, the form is RA(R) = 13‘(*3)”.
L
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studies indicate that developing mosquito juveniles tend to exhibit bias towards more males
than females, while others point to an equal proportion of males and females being produced
at certain times of the day, [28]. Here, we assume that a fraction 6 of the developing juveniles
mature to become female mosquitoes while the remaining proportion 1 — # of aquatic forms
will develop into males. That is, we recognise that different fractions can develop into male
and female mosquitoes as follows:

Male mosquitoes Mp: The density of the male mosquitoes increases when a proportion, 1 — 6
of aquatic lifeforms successfully develop at the rate £+ into adult male mosquitoes, where ¢ is
the bio-transition factor measuring the successful transition from aquatic life forms into adults
that are terrestrial life forms, and decreases as a result of natural death at the rate ps,. Here,
we do not consider other forms of death. Thus, the equation governing the density of male
mosquitoes is i

D8 (1= 0)69A — g, M, )
The unfertilized female mosquitoes Fg: The density of unfertilized females increases when
aquatic lifeforms develop into adult female mosquitoes and decreases due to natural death per
female mosquito but also when mating results in fertilization (modelled here via mass action
contact). We assume that a fraction #; of female mosquitoes are successfully fertilized after
mating encounter, while the remaining 1 — 6; are assumed to die. We interpret the case 6; = 1
as perfect mating so efficient that all female mosquitoes are fertilized during mating. The
equation for the density of the unfertilized female mosquitoes is thus given by:

dF

d_tB = 0{yA — SFgMp — jip, I, (4)
where SFpMp is interpreted as 01.SFgMp+ (1 —01)SFpMpg; compare with (7). All parameters
are as earlier defined in Tables 2.

The fertilized breeding site mosquitoes B: The density of type B mosquitoes increases when a
fraction, 6y, of unfertilized females becomes fertilized after mating with mass action contact
parameter S, and when previously fertilized, fed and reproducing mosquitoes of type Ry and
Ry return from resting places to the breeding site at rates ay and ay, respectively. The density
of class B decreases at the rate ug per B mosquito due to natural death and when they leave
the breeding site to quest for blood.

Flow rate of fertilized mosquitoes to questing places: We assume that humans, H, and other
vertebrates, V', reside at separate spatial locations, called the human and vertebrate sites, or
habitats. These habitats are referred to as questing places. In this paper, we assume that H
and V' are constant, indicating thus an abundant presence of blood sources for the mosquito.
Let wy and wy denote, respectively, the number of mosquitoes per non-human and human that
prefer the respective blood source. Then a total of wy V' mosquitoes prefer questing for blood
from non-humans, while wy H will quest human blood and %, respectively, %,
are the proportion of meals from non-humans and humans. In extreme cases, when wy = 0
or H = 0, we have exclusive questing within non-human or animal populations, and when
wy = 0 or V =0, the mosquitoes quest exclusively in human populations. Since we are mostly
interested in the human-mosquito interaction and its link to disease transmission dynamics, we
shall assume that wg > 0 and define ¢ = :‘j—‘; > 0. Then,

wVV—I—wHH §V+H
CL)VV B— CV B.
LUVV+WHH §V+H

(5)
(6)

Mosquitoes questing in human habitats =

Mosquitoes questing in non-human habitats =



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

If 0 < ¢ < 1, then more female mosquitoes quest within human populations (that is, we
have a larger proportion of anthropophilic female mosquitoes), and if ¢ > 1, then we have a
larger proportion of zoophilic mosquitoes). If ¢ = 1, only the respective sizes of V' and H will
determine the proportions in the flow to different questing places. Nonetheless, even if ¢ is
small, the size of ¢V could be of relative significance depending on the size of V. The question
of strict blood preference for mosquitoes has not been addressed in this model, but the emphasis
is on questing places. If k is the rate at which mosquitoes leave the breeding sites, then (5)
and (6) yield

dB H vV
—:elsMBFB_‘_aVRV‘I'aHRH_K(m)B_K( )B—ILLBB

dt H+ ¢V (7)

=0,SMpFg+ayRy +agRy — kB — ugB,

where all parameters found in this equation are as defined in Table 2.

The questing mosquitoes: When fertilised mosquitoes arrive at questing places in search of
a blood meal, they change status to become questing-type, (), mosquitoes, divided into Qg
mosquitoes seeking human blood and @)y mosquitoes seeking non-human blood. We assume
that there is a cost to questing as follows: (i) mosquitoes questing for human blood can either
succeed in drawing blood with probability p or fail with probability 1 — p, (ii) mosquitoes
questing for non-human blood succeed with probability ¢ and fail with probability 1 — ¢. It is
assumed that any failure at questing leads to the death of the questing mosquito. We assume
that 0 < p < ¢ < 1 since humans are more capable of protecting themselves from being
bitten. If p and ¢ are both very small, then this assumption translates into the fact that many
mosquitoes will die during questing. In the case where blood sources are protected, by, say,
insecticide-impregnated screens, this may be reasonable. This is, however, unlikely in nature.
The phenomenon of multiple feeding attempts by questing mosquitoes, whereby some questing
mosquitoes that failed to take a full blood meal during a blood questing episode are allowed
to try questing again, has been examined in [18]. It is shown there that allowing the mosquito
multiple feeding opportunities increases the survival chances of the insect. Here, for simplicity
and mathematical tractability, we continue to impose this high cost of questing, but assume not
too small values of p and ¢, in the model since the focus of this current paper is to investigate the
effects of mating and alternative blood sources on the population resilience. Once mosquitoes
succeed in drawing blood, they change status and become fed and resting type mosquitoes, Ry
if they fed on human blood and Ry otherwise. Additionally, questing mosquitoes die naturally
at their respective rates pg, and pg, per mosquito. Thus, the equations for the population
densities of questing female mosquitoes are

d H
%:H<m)B_MQHQH—(1—p)THHQH_pTHHQH’ (8)
d Vv
% " (ﬁ) B = pgyQv = (1= g)vVQv — vV Qy. 9)

Fed and resting mosquitoes: The densities of Ry and Ry, defined above, decrease by natural
death with rates, respectively, gy and py, and when they leave to return to the breeding site
to lay eggs, at the rates ay and ay defined above. Thus,

dRy

T =ptaHQH — MRHRH —ag Ry, (10)
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dRy

dt
where all parameters are described the Tables 1 and 2. Combining equations (2)—(11), we
obtain

= qrvV Qv — pr, Ry —av Ry, (11)

.
4 = (ayRy+ayvRy) - A(R) - (1 - L’%) = (7 + par + pazA) A,
G2 = (1= 0)&vA — pa, Mg,

dFy

dt = eg'YA_SMBFB_H;FBFB,

46 = 0,SMpFp+ayRy +ayRy — kB — ppB, (12)
dg—tH = H(HiV)B_THHQH_MQHQH’

“r = k(3%) B—1vVQy — g, Qv,

% = ptuHQu — agRy — piry Ru,

dv = gy VQv —ayRy — pg, Ry, /

where R = Ry+Rpy. To complete the formulation of the system, we specify the initial conditions

A(0) = A, Mp(0) = My, Fp(0) = Fpo, Ry(0) = Ryo, Ru(0) = Rpo,
B(0) = By, Qv(0)=Qvo, Qu(0)=CQno. (13)

As we shall see later, the choice of initial conditions plays an important role in the final solution.

2.3.1. Basic Properties of the Model

To describe the basic properties of the model developed here, we start by examining the
total adult mosquito population. Let N = Fg + Mg+ B+ Qn + Qv + Ry + Ry be the total
density of terrestrial mosquitoes. Then, adding the respective equations in system (12), we get

dA A

il (ag Ry +ayRy) - M(R) - (1 - L_P) — (7 + par + pazA) A (14)
dN

E = ’)/gA — (1 —p)THHQH — (1 — q)TVVQV — (1 — Hl)SMBFB

— (ups Fp + iy Mp + B + 119, Qu + 1oy Qv + tiry, Rv + pry Ru).  (15)

The subsystem (14) and (15) captures the interactions between the totality of terrestrial and
the aquatic forms, showing how type R mosquitoes reproduce, giving birth to aquatic forms of
type A, which later mature to produce more terrestrial forms.

While under the adopted assumptions on A, it is easy to see that (12) has unique locally
defined solutions for any initial condition, a biological requirement is that for each nonnegative
initial population, there is a bounded nonnegative solution that exists all the time. Here,
the recruitment function A plays a crucial role. In Proposition 2.1 we address the issue of
boundedness and positivity of solutions whenever A is nonnegative on [0,00); a more general
case is referred to Section 2.4.
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Proposition 2.1. Let A : [0,00) — [0,00) be the recruitment function. If Lp < oo and the
initial conditions are nonnegative with Ay < Lp, or if Lp = oo and A(t) is bounded, then any
solution of system (12), and hence of (14) —(15), is nonnegative and bounded, and hence ezists
for all t.

Proof. See Appendix B.1
We highlight a few advantages of the modelling framework presented here.

1. If either £ = 0 or v = 0, then 4F < 0 and so N(t) — 0 as ¢t — oo so that both Ry(t) and
Ry (t) tend to 0 as t — oo and the mosquito population becomes eventually extinct for
any initial conditions.

2. It p=q =0, all questing attempts lead to the death of the mosquito, that is, all female
mosquitoes die during questing. This again would lead to the extinction of the total
mosquito population, since in this case, Ry — 0 and Ry — 0 and, finally, A — 0, leading
to N — 0.

3. It p=¢q =1, all questing mosquitoes succeed in blood-feeding and live to lay eggs, thereby
contributing to mosquito abundance.

4. High cost of questing, that is, large mass action contact parameters 75 and 7/, negatively
impacts the total mosquito population, as seen in the negative terms in (15).

5. If 0 < 6; < 1, almost all mating encounters lead to death, leading to the eventual
extinction of the mosquito population. The parameter 6; can be used to assess the
effectiveness of mosquito control methods via mating interruptions using, say, the sterile
insect release method [5, 48, 24].

6. High cost of mating represented here in a large mass action contact parameter S has a
negative impact on the total mosquito population, as seen in negative terms in Equation
(15).

7. If ag = ay = 0, no blood-fed and resting mosquitoes return to a breeding site after
their resting period following the blood meal and hence no eggs are laid. Consequently;,
A(t) — 0 as t — o0, leading to the extinction of all terrestrial forms.

Several combinations of these parameters and scenarios further highlight other properties of our
model. The provided list emphasizes the strength and applicability of our modelling framework
by showing the main parameters where control measures can be applied. Some of the aspects
have been pointed out before; see, for example, [34, 33, 32, 18]. The novelty in the current
model lies in the fact that we have incorporated the idea of an alternative blood source in the
dynamic, which, to the best of our knowledge, has not been fully addressed before.

2.4. On the Choice of an Appropriate Ouviposition function

The oviposition, or recruitment, function A is an important driver for the process, and we
shall demonstrate below that it must remain positive for the model to yield realistic (non-
negative) solutions for all time. Typical examples of such functions, reviewed in [18, 33],
include:

M(R) = Ao (1 — %) ,Re€[0,L), the logistic birth rate, (16)
A
Xo(R) = ﬁ, n > 1, the Maynard-Smith-Slatkin function. (17)
L

The constant L can be arbitrarily large and is linked to the carrying capacity of the breeding
site. We see that )\, satisfies the assumptions of Proposition 2.1. However, when using A, the
positivity of the solution is guaranteed only as long as we can ensure that R(t) < L (note that
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it is not automatic as the equation for A is not a logistic equation — the carrying capacity L
does not refer to the solution A) and, as demonstrated below, A\; may induce negative solutions
if R(t) exceeds L. Despite this drawback, we shall see below that it is still an acceptable choice
for an appropriate selection of parameters.

2.4.1. When is A\ a tenable choice?

The reason why A; often appears in modelling is that it can be obtained as a linear approx-
imation of a general decreasing function A in a neighbourhood of some point R,

AMR) =~ MR) + N(R)(R—R) = X\ (1 — %) :

where A\g = A(R) — N(R)R and L = — ,\);(()R)‘ Such an approximation could be used if we could

keep the solution close to R, which is not always feasible.

Example 2.1. We immediately see that such a model s not well-posed in the positive orthant.
Indeed, assume an empty pool of water and a large swarm of reproducing mosquitoes arriving
from elsewhere. If R > L, then at time t = 0 we have

dA

il A(0) =
pr t:0<0, (0) =0,

and A(t) <0, at least for some t > 0.

However, as shown below, the solution remains in the positive orthant under certain conditions.
More precisely, we shall show that if L, < oo, then for any selection of parameters and the size
of the initial conditions, the solution is nonnegative if the carrying capacity L is sufficiently
large. On the other hand, if Lp = oo, the same result holds if a certain combination of the
parameters is smaller than 1. This is achieved through a series of lemmas stated below, but
whose proofs are postponed to Appendix B.
Recall that for a vector z = (z1,..., zx), we write z > 0 if all entries of z are non-negative,
z > 0 if, in addition, at least one entry is positive, and z > 0 if all entries are positive.
Furthermore, we denote
k
Izl = = (18)
i=1

We denote
xo = (Ti0)1<i<s = (Ao, Mo, Fipo, Bo, Qro, Qvo, Rvo, Ruo) (19)

and let

x(t) = z(t,xo) = (2:(t))1<ics = (A(t), Mp(t), F(t), B(t), Qu(t), Qv(t), Rv(t), Ru(t)) (20)

be the solution emanating from x.
For further use, we also introduce a subdivision of @ as

x=(AJ)Y)=(AJ,B Y Yg),

where J := (Mg, Fp) are the juvenile mosquitoes and Y := (B, Qu, Qv, Rv, Ry) = (B, Y ¢, Y r)
are the mature ones, with analogous split @y = (Ao, Jo, Y o) = (Ao, Jo, Bo, Y go, Y ro) for the
initial conditions. First, we observe that (12) is locally well-posed in RS, that is, for any
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xy € R, there is a solution x(¢) defined on a maximal forward interval of existence (depend-
ing, in general, on xy). Further, using [39, Theorem B.7|, we see that if @y > 0, then x(¢) > 0
as long as (ag Ry (t) + ay Ry (t))A(R) > 0.

Lemma 2.1. If the following conditions:

(i) o> 0, (21a)
(1) If Ap=0andY =0, then Jg > 0, (21b)
(ZZZ) Ry = Ryo+ Ryo < L, (21C)

are satisfied, then there is 6 > 0 such that (t) > 0 on (0,9).
Proof. See Appendix B.2

Remark 2.1. If in Lemma 2.1, in the assumption (21b) Jo > 0 was replaced by either
Mpy > 0 and Fpy = 0, or conversely, then, by the uniqueness, (0, Mpoe *¥5.0,0,0,0,0) or
(0,0, Fpoe ™r5.0,0,0,0), respectively, would be the only solution to (12) emanating from those
initial conditions. So, if we remove (21b) from Lemma 2.1, we can only claim that x(t) > 0
on some (0,9).

Lemma 2.2. Let the conditions of Lemma 2.1 be satisfied. If R(to) = 0 and x(t) is a nonneg-
ative solution to (12) for [0,to], then there is 6 > 0 such that R(t) > 0 for t € (ty,ty + 0) and
x(t) can be extended as a nonnegative solution to [0,ty+ 6|. In other words, R(t) cannot leave

[0, L] through the left end.

Proof. See Appendix B.3

Lemma 2.3. Assume that there exists Ay < 0o such that A(t) < Ay for allt > 0. If x(t, x)
with xq satisfying assumption (i) of Lemma 2.1 is a non-negative solution on [0,T),0 < T < oo
and

L > Rmax(AM>

1S

150 0.5
5—maX{HYO||17_MBOFBO; p & 15 (1= )¢y

015 0(1 — 0)€£2+2
MpoAnps, —— L FpoAnr, — ( i A?w}7
HFg % Mg 1% MFEg M p

(22)
then R(t) < L on [0,T] and hence x(t,x¢) is non negative on [0, c0).

Proof. See Appendix B.4

Since %| arp < 0, we immediately get

Corollary 2.1. If the conditions of Lemma (2.1) are satisfied, Lp < 00, &g is such that 0 <
Ay < Lp and L > Rpax(Lp), then x(t, xg) is a globally defined nonnegative solution to (12).

Lemma 2.4. Let Lp = co. Then

Y41 +\/<’y+u1>2+ max{av,ag}rolL

H2 K2 w2
2

A(t) < max ¢ Ao, (23)

as long as 0 < R(t) < L.
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Proof. See Appendix B.5

Corollary 2.2. Assume that the assumptions of Lemma (2.1) is satisfied, Lp = oo and

6,50(1 — 0)*y* g max{ag, ay } _
HEg Mg 2

1 (24)

and L is sufficiently large, then x(t) is a globally defined nonnegative solution to (12).

Proof. See Appendix B.6

To summarise, the above analysis shows that subject to certain restrictions on the parameters,
the logistic oviposition function 16 is still useful. In fact, any oviposition function that becomes
negative for large R negative will have analogous restrictions on the parameters and constraints.
It is, therefore, appropriate to retain only those oviposition functions that are positive for all
values of R, such as (17). That the Maynard-Smith-Slatkin oviposition function is more
suitable for modelling mosquito dynamics was observed already in [33]. Thus, we shall use the
logistic oviposition function only for comparison purposes and mathematical illustrations.

2.5. Nondimensionalisation and Reparameterisation

To scale the system, we consider the following change of variables (see Appendix A):

t= it My= Gl = gl ~
Bo= () () B Fo= () (B5) B

) () Qi Qv = (578 () (42) Qi (25)
[

Ry =
Ry =

QH - (THHf/LQH
p
q

Substituting (25) in the unscaled system (12) and then, for notational convenience, dropping
the asterisks, we have the scaled system

4 — (aRp+ asRy) - A(m LRy + LRy - (1 —n3A) — (a3 + asA) A, )

W = BI(A_MB)u

% = A—MBFB_/62FBa
% e QIMBFB+61RH+52RV_/83B7
(26)
dg—tH = pl(B_QH)7
dg_tv = pZ(B_QV)v
G = Qu
M =y (Qv — Ry), »

14
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where

* _ H * sV )
kg = K(H+<V) v Ry _”(HHV)’
a = p aF TaH Kl &0
1 ARy THH+UQ AH+Ry ag+pRry )
a = g ay vV Ky §v0
2 av+ury, TvV+ng,, ap+pRy ag+pRy
_ TaH Kh 0 HMp
T]l =D THH+/LQH> (QH+HRH> ( 9) ( LS )7
_ vV [ HKMp
2 = q TVV+/LQV > (av'huRV ( 9) ( ) (27)
 (aEtpRy)HME (e = Fpar - BMplias
= TIpsa-ogy 0 ¥ T T 47 S-0)gy’
b= g, = fh = s
1 aH+RRy ] 2 aH+NR AH+RRy
_ T H Ky
0 = p THH+WQH> (aH+#RH> (GH+HRH>7
by = ¢ wad i
TvV4pQy, aV+NRV ag+pRy
_ taHApgy _ wVtngy _ avtURy,
P ag+ury ' 2 ag+iry * U3 T amtpry, J

In Remark 2.2 below, we assess the relative sizes of the scaled parameters.

Remark 2.2 (On the relative sizes of the scaled parameters.). We can make the fol-
lowing remarks about the parameter groupings:

1. The parameter k measures the flow rate from the breeding site to questing places while the
parameters ag and ay both measure the flow rate from the resting places to the breeding
site. It is reasonable to assume that the resting places are nearer the breeding site so that

k <max{amy,ay}. So, assume that k§; < ay and K, < ay.

2. We can write oy = €, S ith €y, € [0,1]. Similarly, we can write ay = ;=== S with, some
ap (o2}

€ [0, 1], the scaled parameter. So, the size of £ is the main driver of these parameters.

3. Similarly, we see that the parameters 1y, ns, N3, iz, g, are positive.

4. It has been reported that female mosquitoes, on average, live longer than their correspond-
ing male mosquitoes [14, 19, 44]. Also, emerging mosquitoes try to mate quickly, so the
duration of the juvenile stage is shorter than the life span of the adult ones, leading to
0 < By < By < 1. That is, the unfertilized females are at most as old as the males, and
0 < B3 < 1. From the forgoing discussion about k and ag, 0 < 61,09 < 1.

5. From the description, we have 0 < pl, P2, p3 < 00.

K’;{ H*H‘f‘ﬁ*v _ K

6. Since 6; < Py and 0y < — Jm —, we have that 61 + 09 < anThR, — amtumg
_frtps B3, and so by transitivity, 0 + 62 < Ss.
aHVtUR

2.6. Scaled Model: FExistence and Stability of Steady State Solutions
Let, as before, x : [0,00) — R® be a column vector of state variables in R®, defined in (20).

Let f:R® - R8 f:x— (fi(x), fo(x), -, fa(x)), be a vector of functions on the right-hand
side of (26) so that the system can be written compactly in the form

W _ p(@), @(0) = ao, (25)

dt
where x(0) is given by (19). As noted above, if X is differentiable, then f € C!(R%;R®) and
hence for any x, € Ri, there exists a unique local solution @(t) € R%. If A(R) is nonnegative
for all R > 0 or, for logistic A\, additionally the assumptions of Section 2.4 are satisfied, then
this solution is nonnegative and exists for all ¢ > 0. Hence, our system is well-posed from a
mathematical and biological standpoint.
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2.6.1. Fxistence of Realistic Steady State Solutions
The class of solutions we are interested in are steady state or stationary solutions and their
stability. We are only concerned with realistic solutions in the sense of Definition 2.1.

Definition 2.1 (Realistic solution.). A solution x of (28), where the detailed form of f is
given by (26), is called realistic if all its components are non-negative.

Theorem 2.1 (Existence of Steady State Solutions.). System (28) possesses a trivial steady
state £} =0 =(0,0,0,0,0,0,0,0), which always exists for all parameter regimes. Furthermore,
any non-trivial steady state Ey, = x* = (A*, M}, F}y, B*,Q%, Q% Ry, Ry,) satisfies

B = Q= @y = Ry = R A =My Fy = g = o (9)
together with the two equations
() Rig = ezt r } (30)
(i) A(LRy(m + 1)) = ofpddtid i . g(AY),
where 6,
c:m>07 b= (aq + az)e > 0. (31)

Proof. See Appendix B.7
Function g, as constructed in (30), plays an important role in the forthcoming analysis. We
summarize its properties in the following lemma.

Lemma 2.5. The g s positive on the interval (0,173_1) and has a single minimum at A}, €

(0,m3"). Furthermore, g is strictly decreasing on the interval (0, A%,), and strictly increasing

on the interval (A%, nz ") with lims oy g(A) =lim, , 1 g(A) = +oc. Also, g is strictly concave
n3

upwards.

Proof. See Appendix B.8

As we noted above, if A(0) > 7%3 and A(R) > 0 for all R >0, % < 0, that is A(¢) decreases

as t increases. Thus, to fix attention, will consider 0 < A(t) < nis

Before formulating the next theorem, we observe that if A* = 0, then from (30) and (29),
all the other components of the equilibrium are zero, and we have the trivial steady state Ej.
On the other hand, A* = nig is not a valid steady state solution because, referring to (30) and

(29), that will be possible only in the biologically unrealistic case (a3 + %)n% = 0.
Theorem 2.2 (On the existence of a non-trivial equilibrium.). Assume that X is a strictly
decreasing function. There exists a threshold parameter By such that By > 1 is a necessary con-
dition for the steady state system (30) and (29) to have at least one non-trivial solution with
A* e (0, nis) and there is only trivial solution if By < 1.
Proof. See Appendix B.9

A more precise description of the structure of equilibria and a better estimate of the thresh-
old can be obtained if we specify the oviposition function.

Remark 2.3. If we consider A = \g = const, then an argument analogous to that in the proof
of Theorem 2.2 shows that if By > 1, then there are exactly two positive solutions, if By = 1,
then there is one positive solution and there are no positive solutions if By < 1, see [7]. Hence,
in this case, By is the genuine threshold.
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Theorem 2.3. Let the oviposition function Ay be the Maynard Smith-Slatkin function, defined
in (17), with n = 1. There is a unique threshold b*\s > aufy + a3 such that there are no
positive steady states if bAg < b*X{, a unique positive steady state if bAg = b*\§ and two positive
steady states if bAg > b*Nj. Any positive steady state, whenever exists, satisfies A* € (O, n%)
Moreover, if Aj(bAg) < A5(bAo) are two steady states, then, monotonically,

lim Af(bX\g) =0, lim A5(bAo) = n3". (32)

b)\0—>oo b>\0—>oo
Proof. See Appendix B.10

Remark 2.4. We observe that the threshold By,, corresponding to general By, that is, such
that if By, < 1 precludes the ezistence of positive equilibria, is given here by
bA
B>\2 = 0 > B,\,
az + Py

where we used v > oy .

For numerical purposes, we can provide a better estimate of the threshold \;b*. Indeed, from
the proof, we see that
<z <7,

Zmin >
where Z is the positive solution to
Y(2) = a52® — 18azazapz — 27a3a; — 4asag = 0.

The second inequality follows from the fact that, by the definition, V(z) > ¢ (2) for z > 0. Then,
solving the quadratic equations,

at 4+ 216a2aya9 — a2 18asag++/18%2a%a2a2 + 4(27a%a? + 4a3a
Va3 12a320 2 ¢ N < gt ot sao++/18%a3a3ad + 4(27a3a? 500)
3

043+Oé452+ 2
2

Theorem 2.4. Let the oviposition function be the logistic function, defined in (16) and satis-
fying assumptions introduced in Section 2.4. There exists a unique threshold value \Gb*, such
that there are no solutions for A\ob < A\jb*, exactly one solution for \ob = A\jb* and two solutions
for Xob > A5b*, in (0,1m51). Moreover, if Aj(\ob) < A5(Aob) are the two positive steady states,
then, monotonically

lim Aj(Aeb) =0, lim A5(N\b) = 7, (33)

Aob—o0 Aob—ro0

where L
x*:{ng if Ay >,
Ap af Ap <,

and A, = 1++/1F40 52
5 :
Proof. See Appendix B.11
In what follows, we assume that the oviposition function is either the logistic Ay, (16) with

assumptions of Section 2.4, or the Maynard Smith—Slatkin Ao, (17) with n = 1, function and
hence the statements of Theorems 2.3 and 2.4 hold.

Theorem 2.5. The stability of the trivial steady state is determined by the roots of the bth
degree polynomial:

P5(¢) = (=¢ = p2) (=C = p3) (61p1 = (C+ 1) (B3 + ¢) (¢ + p1)) + d2p2p3(C + 1) (C+ p1) . (34)
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Proof. See Appendix B.12

A preliminary criterion for the stability of DFE can be obtained using the Gershgorin
theorem, [21]. For a better understanding of the conditions, we use here the parameters of the
original system (12).

Proposition 2.2. [f

Har > (6 - 1)77 KRy > aH>\O> KRy > aV)\Oa (35)
then the trivial equilibrium of (12) is asymptotically stable.
Proof. See Appendix B.13

Corollary 2.3. Suppose py = p2, ps = 1. Then the trivial steady state is always locally asymp-
totically stable.

Proof. See Appendix B.14

Remark 2.5. To explain the meaning of the assumptions py = pa, ps = 1 in Corollary 2.3, we
refer to (27) and observe that then

1. the rates at which reproductive female adult mosquitoes return to the breeding sites from
questing places, ay and ay are equal,

2. the natural death rate is the same for all classes of mosquitoes,

3. the mass action parameters Ty H and 7V are the same.

Though these assumptions, especially the third one, appear to be very restrictive, they offer us
an important glimpse into the effect of alternative blood sources in the model. As we shall see
i the numerical explorations below, even without these restrictions in place, the trivial steady
state is still stable for a range of parameter values, pointing out the fact that alternative blood
sources may only add variety to the survivability options for the mosquitoes but do not affect
the stability properties of the steady states.

2.7. The Ezistence of a Threshold Parameter and Bi-stability
An important outcome of our modelling is the identification of a unique threshold parameter

b

B=2
Agb*’

(36)

determining the emergence of non-trivial steady states. Unfortunately, we do not have an
analytic expression for the threshold, and hence, we cannot identify it with the basic offspring
number for the mosquito population dynamics, at which the population can establish itself in
the environment. The usual interpretation allows one to define the basic offspring number, see
[34], as the average number of new adult mosquitoes that can arise from one reproducing adult
mosquito during the entire period of its reproductive life. Interestingly, as we will demonstrate
numerically below, for the model with mating and alternative blood sources studied here, the
threshold parameter affects only the existence and size of the equilibria but does not affect
their stability. That is, as we will see, the parameter B has the following properties: (i)
when B € [0, 1), the system has only the trivial steady state, which is locally asymptotically
stable, (ii) when B > 1, asymptotically stable trivial steady state co-exists with two non-trivial
equilibria, one of which is always locally asymptotically stable, while the other is unstable.
The simultaneous existence and stability properties of the three equilibria existing when B >
1 is called bi-stability; this property in one-dimensional ecological models, when the middle
equilibrium is unstable, is called the Allee effect, [2]. Here, we will see a scenario in which the
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basins of attraction of the trivial and stable non-trivial equilibria are both non-empty sets that
are not singletons. It is possible, therefore, to achieve extinction of the mosquito population
even when B > 1 by driving the system to the basin of attraction of the trivial equilibrium.
Such a result has not been observed so far for these classes of models.

We see from (31) that the parameter b appearing in the threshold parameter B can be
written as

0 7 H 1 V
b= caq 4 cag = ¢ 67 ( Prpan T + arydy v ) ) (37)

(ag + pry)? \ag + pr, THH + po,  av + pr, vV + po,

which shows that the threshold has components from the human and an alternate blood source.
Recalling the definition of ¢ in (31), ¢ = ﬁ, we see that also the parameter 6, plays an
important role as small ¢;, which indicates an inefficiency in mating, can drive B to small
values, leading to eventual extinction.

Our model has thus identified several pathways to extinction. For instance, (i) we can have
extinction when 6; — 0 because of mating inefficiencies, (ii) we can have extinction when the
initial conditions of the process lie within the basin of attraction of the trivial steady state,
(iii) we can have extinction when there is oviposition deficiency, that is, Ao is small), (iv) we
can have extinction when £ — 0 or v — 0 (inefficient bio-transfer from aquatic to terrestrial).
Note that cases (iii) and (iv) are covered by Proposition 2.2.

3. Numerical Simulations

In this section, we conduct a numerical study to better understand the stability properties
of solutions of (26), useing the logistic oviposition function (16). We shall consider the following
cases.

1. 0 < B < 1. For the parameters in this range, the system has only the trivial steady state.
Results from numerical simulations, as reported below, suggest that when 0 < B < 1, the
trivial steady state is globally asymptotically stable.

2. B > 1. Here, we have two non-trivial steady states coexisting with the trivial steady
state. The results from the numerical studies indicate that when we have three steady
states corresponding to A = Aj =0, A = A}, A = A}, which, for definiteness, we order as
A} < A3, the steady states corresponding to A = 0 and A = Aj are locally asymptotically
stable while that corresponding to A = A7 is unstable. Thus, we see the phenomenon
of bi-stability. The real challenge is to determine the basins of attraction for the two
attracting steady states. We demonstrate numerically that the basins of attraction for
the steady states corresponding to A* = A = 0 and A* = A; > 0 are non-empty.

In the simulations presented in Figs. 2 and 3, we use the following parameter values: \g =
10, ay = 0.6, ay = 0.3, L =100, Lp = 1000, v = 0.7, pa; = 0.05, § = 0.5, £ = 0.6, 7y =
0'27 VvV = 047 HQu = HQv = MRy = HRy = BB = HUFp = 0047 Hmp = 027 b= 0867 q =
0.9,k=04, S=0.01, 0, =08,V =105 H = 10* ¢ = 0.5, ptas = 0.05. With these parameter
values, By = 3.86603 > 1, and we have three steady-state solutions: A* = 0, A7 = 0.0131388,
and A} = 2.56464.
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Figure 2: Numerical integration results showing the long-term solutions for all the state variables of (26). The

initial data, A(0) = 1.1, with all other variables set at zero, are in the basin of attraction of the steady state
corresponding to A*
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= 2.56464, even though the trivial steady state is also stable.
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Figure 3: Numerical integration results showing the long-term behaviour of all state variables of (26). We use
the same parameters as in Figure 2 but change the initial condition to A(0) = 0.4. As the solution profiles show,
all variables decay to zero with time. Here, the initial conditions are in the basin of attraction of the trivial
equilibrium, even though it co-exists with a non-trivial state.

In the next figure, maintain the same parameter values, except for the value of \g, which is
changed from A\g = 10 to A\g = 0.5. With this change, we have B, = 0.193302 < 1, and hence,
the trivial equilibrium is unique.
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Figure 4: Numerical integration results showing the long-term solutions for all state variables of (26). The
unique trivial steady state is asymptotically stable, suggesting its global stability in this case.

To better understand the dynamics of (26), we numerically investigated how the steady
states of the system vary with increasing A\gb. Since the trivial steady state always exists, we
focus only on the non-trivial steady states, and, for brevity, we will only consider varying Ag.
We observed that the threshold parameter B increases with Ay and there exists a unique value
value of \g = Aj at which B = 1. As )¢ further increases beyond \j, B increases to B > 1, and
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the analysis above shows that the system switches from having exactly one, trivial, equilibrium
to having multiple equilibria.

Now, we provide a numerical illustration of the above considerations. Using the parameter
values introduced before Figure 2, we vary \g starting from zero and observe that, indeed, there
exists a threshold value Aj, such that when Ay < A, the trivial steady state is the only steady
state solution. At Ay = Aj, the system experiences a saddle-node bifurcation at which a new
steady state emerges, which then splits into two steady states corresponding to Aj and Aj.
When we order the non-zero so that A} < Aj always holds, the steady state corresponding to
A = A} increases and the steady state corresponding to A = A7 decreases with growing Ao,
confirming the statements of Theorems 2.3 and 2.4. These results are reported in Figure 5.

4z

-

0 A5 Ao 0 3 Ao

(a) (b) (c)

Figure 5: Diagrams showing the behaviour of the steady-states solutions of system (26) as A¢ varies. When
Ao > A5, the system has two non-trivial equilibria A} and Aj. (a) A7 is monotone decreasing as a function of
Ao- (b) A3 is monotone increasing as a function of A\g. (c) For A\g < A§, only the trivial equilibrium exists (the
solid black line on the horizontal axis). At Ag = A§, a new steady state solution emerges, which then bifurcates
into Af (the dashed curve) and Aj (the solid curve) for A9 > A§. Equilibrium A} decreases to zero as Ay — 00,
and A3 increases to (in this case) ?7% and the inequality 0 < A} < A3 < n% always holds.

Next, we explore the dependence of the A component of the non-trivial equilibrium on the
parameter \g. For this, we select an initial condition outside the basin of attraction of the
trivial steady state. We hold all other parameters of the system fixed as ag = 0.6, ay =
0.3, L =100,Lp = 1000, v = 0.7, pa3 =0.05, 0 =0.5, £ =0.6, 74y =0.2, 7v = 0.4, pg, =
1oy = PRy = MRy = B = pry = 0.04, g, = 0.2, p=0.86, ¢ =09, S=0.01, 6, =08,V =
105, H = 10* ¢ = 0.5, pas = 0.05 and vary )\g. For each value of )y, we numerically solve
(26), then select the value of A at which the values for all state variables stabilise, indicating
reaching the equilibrium state. We denote the corresponding value of A by A.. The graph
of A, against ) is presented in Figure 6 (a). The results again confirm the existence of a
threshold value of A\g, Aj, below which only the trivial steady state exists. As )\ increases from
zero, and B < 1, only a trivial steady state exists, and it is selected by default because it is
also stable. As \g increases further, a saddle-node bifurcation occurs at \j, after which B > 1,
leading to the creation of two non-trivial steady states. The initial condition now deselects the
trivial steady state and, at the same time, selects the steady state for which its A component is
increasing with respect to A, i.e., the steady state corresponding to A = A} as shown in Figure
6 (a). For illustration, we mark the point (A, As) = (10,2.56) as shown on Figure 6 (a). With
Ao = 10, we numerically integrate the full system to obtain the time series solution curve for
A in Figure 6 (b), which is consistent with what we expect from Figure 6 (a). At Ay = 10,
A7 =0.0131388, A} = 2.56464, affirming the stability of the steady state corresponding to A3.
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Figure 6: Numerical exploration of the dependence of the A component of the equilibrium, A, on Ag. (a)
The bifurcation diagram shows that as Ag increases from zero, B < 1, A is 0 and, as \g increases further, a
bifurcation occurs at A leading to the creation new non-trivial steady states for A\g > A§. At that bifurcation
point, the initial condition ceases to be included in the basin of attraction of the trivial equilibrium, and moves
to the basin of attraction of the stable non-trivial equilibrium, corresponding to the A branch, which increases
with respect to Ag. (b) Long-term profile of the time series plot of the solution of the A-component of the
solution for A\g = 10. It converges to the value of Ay, = 2.56, as marked on the graph in (a).

The stability result illustrated in 6 (b) is local since we can alter the initial conditions so that
the dynamics selects the trivial equilibrium, shown in Figs 2 and 3, where we first demonstrated
the bi-stability nature of the system. To further understand this concept, we consider initial
conditions of the form

@o(Ag) = (Ap,0,0,0,0,0,0,0), Ay € R,. (38)

With the parameter values used in Figure 6 (b), we consider initial conditions (38) and vary
Ay starting from zero, then plot a graph of A., against Ay, see Figure 8 (a). This graph shows
that the sets

S() = {330(140) : Ao < as} and S* = {wo(Ao) : AO Z as} (39)

are respectively, subsets of the basin of attraction of the trivial and non-trivial steady states.
To confirm this, we numerically solve (26) starting at x((0.2) € Sy and xo(1.1) € S,, obtaining
the graphs in Figs 7 (a) and (b), respectively.

To investigate how the size of ag varies as a function of \g, we repeat the simulations shown
in Figure 8 (a) for different values of A\g. The points of the set

SS = {JZO(A()) . AO = ag}. (40)

are represented by the blue curve on the A(0) — Ao plane in Fig. 8 (b). When A\g < A§, the only
stable equilibrium is the trivial equilibrium. For Ay > Aj, we have two stable steady states,
the trivial and non-trivial. In this case, the size of ag reduces with an increase in \q. Hence,
the sets Sy and S, respectively, shrink and increase with increase \y and we can partition the
A(0) — Ao plane into three regions: Sy, Sy and Syr, as shown in Fig. 8 (b), so that the following
hold: 1) SrUS C S(). 11) SS U S C S,
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Figure 7: With the parameter values adopted in this section, we can observe that 2(0.2) = (0.2,0,0,0,0,0,0,0) €
So, (a), and ®(1.1) = (1.1,0,0,0,0,0,0,0) € S,, (b).
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Figure 8: With the parameter values of this section, we consider initial conditions of the form x(A4p) and vary
Ap starting from zero, then plot a graph of A, against Ag, (a). Figure (b) shows that we can partition the
A(0) — Ao plane into three regions: Sy, Srr and Srrr. For Ao < A§, we are in the region Sy, for which the trivial
steady state is the only stable solution. For Ag > A§, we have regions Srr and Srrr. In these two regions, the
locally stable trivial steady state coexists with a locally stable non-trivial steady state. For (\g, A(0)) € Syy,
the solution will converge to the trivial steady state, while the region Sty will give rise to solutions converging
to the non-trivial steady state corresponding to A3.

4. Impact of Mating and Alternative Questing Places

In earlier models for mosquito dynamics that incorporated the gonotrophic cycle, such as
those in [18, 32, 33], there existed a threshold hold parameter, R, called the basic offspring
number, that determined both the existence and stability of equilibrium solutions in the sense
that when R < 1, the trivial steady state was the only steady state and it was globally
asymptotically stable. It became unstable when R > 1, for which values a non-trivial steady
state co-existed with the unstable trivial equilibria. The non-trivial equilibrium, which was
stable for a range of system parameters, could also be driven to instability via a Hopf bifurcation.
The model we propose and study in this paper has yielded results that differ in several ways
from those of the earlier models studied in op. cit. Namely, (i) the model studied here exhibits
a bi-stability (the co-existence of locally stable trivial and non-trivial steady states), absent in
previous models of this type, (ii) the threshold parameter B found here, differs from R or N/
found in the earlier models in that it only affects the existence and size of the steady state
solution but does affect their stability, (iii) the model studied here does not display oscillatory
dynamics, that is, we have not been able to identify the presence of a Hopf bifurcation, even by
using the oviposition functions that are known to lead to it in other models. These novel features
likely occur due to the inclusion of alternative blood sources and mating dynamics, factors not
considered in the prior models. Next, we investigate whether the observed bi-stability is driven
primarily by mating, alternative blood sources, or a combination of both.

23



1

2

3

10

11

12

13

14

15

16

17

18

19

20

21

4.1. Model with Mating but Without Alternative Blood Sources
We begin investigating the source of bistability by considering (26) with no alternative blood
sources. Then, by setting Qy = Ry = 0, (26) reduces to

dA

at = OélRH)\ (’IhLRH) (1 — 1’]3A) — (043 + O!4A)A, )

% = 61(A_MB)7

dFp
dt

= A— MpFp— B2F5,

B — 9, MpFp+ 6 Ry — (3B,

“dt

dg_tH - pl(B_QH)v

dRy

dt = QH_RH y,

Theorem 4.1. Let the birthrate function be either Ay or Ay, defined in (16) and (17), respec-
tiwely. The trivial steady state of system (41), which always exists, is locally asymptotically
stable irrespective of the system parameters.

Proof. See Appendix B.15

Similarly to the results obtained in Section 3, numerical experiments demonstrate that when
non-trivial steady states exist, one is stable and coexists with the stable trivial steady state.
This shows that alternative blood sources do not introduce the bistability. Instead, alternative
blood sources merely increase the chances of mosquito survival, as explained in Section 2.7. The
expression for B reveals that even without humans, alternative blood sources can potentially
push the value of B above its threshold value, leading to mosquito abundance when the starting
initial densities of mosquitoes are of the right order of magnitude.

4.2. Model with no Mating and no Alternative Blood Sources

To investigate the effects of including mating into the mosquito dynamics, we revisit equation
(2) in terms of the original parameters of the system and assume that aquatic life forms are
converted to terrestrial forms at a rate ~, so that a proportion £y mature directly into females
of type B at the breeding site. If we do not consider alternative blood sources, we have the
system

\
% = (agRuy+avRy) - N Ru) - (1 - %) — (V4 par + pazA) A,
% = f’yA—l—aHRH—bB_,UBBa
(42)
dg—tH = K'B—1myHQuy — 1o, Qn,
d};% = pTHHQH_aHRH_:uRHRH‘ /
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System (42) is the model for mosquito population with no mating (Fp = Mp = 0) and no
alternative blood sources (Ry = Qv = 0). Similarly to (12), we can rewrite (42) in the form

= () R ERY) (1= 225 ) = TO 0+ i+ (uaaA”)A) A

% — (§7A0T0> A* + (ﬂ) RH ((/f‘f‘,uB)To) B*7

dQ; 0 b BO (43)
dtH = (THH + MQH)T ((m) B* — Q*H> ,

dR% T HQY * *

= (am + pry) T° (<R():(:H—%> Qi — RH> ;

Vs

then, with an appropriate choice of the parameters: T°, B®, Q% and RY and dropping the #’s,
we can scale (43) to take the form analogous to (41),

W@ = aBReAnLRa)(1-A) = (a5 + asd)4, )
Cg—? = A+0Ry — 3B,
(44)
dilz—tH = M (B_QH)v
% — QH_RHa /

with d; < f3. To proceed with the analysis of this model, we define the parameter grouping:

Oél)\(O) . Oél)\o
a3 (53 - 51) B a3 (53 - 51)'

We assume that A is a continuous, nonnegative decreasing function and 0 < Ay < 1 so that
0 < A(t) < 1. Then we have

By =

(45)

Theorem 4.2. Let the parameter By be as defined in (45). Then,

1. system (44) has a trivial steady state that always exists for all system’s parameter values,

2. system (44) has a unique nontrivial equilibrium if and only if By > 1,

3. the trivial steady state is locally asymptotically stable when By < 1 and unstable when
BH > 1,

4. the non-trivial steady state, when it exists, is stable for a range of values of By, but can
also be driven to instability via a Hopf Bifurcation.

Proof. See Appendix B.16.
This result demonstrates that the bistability observed in (26) will not occur when we sup-
press both mating and alternative blood sources.

4.8. Model with no Mating but with Alternative Blood Sources

Again, we revisit equation (2) in terms of the original parameters of the system and assume
that aquatic lifeforms are converted to terrestrial forms at a rate v, so that a proportion &v
matures directly into females of type B at the breeding site. If we keep alternative blood
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sources, we have

%—f = (agRy+avRy) - MRy, Rv)- (1_ﬁ> = (v 4 par+ pazA) A, \
% = ¢&yA+ayRy +ayRy —bB — uphB,
Wn — 2B —1ypHQy — 110, Qu,
dt H " (46)
Ly = kB -1 VQy — g, Qv,
d;‘% = pruHQuy —ag Ry — pr, Ru,
dﬁ% = qrvVQ, —ay Ry — ,URVRVv /

System (46) is a model for mosquito dynamics with no mating (Fg = Mp = 0), but where the
mosquito can access multiple questing places. Again, with an appropriate choice of parameter
regrouping, we can scale (46) to

4 = (ayRy + aaRv)N(mLRy +mLRy) (1 — A) — (a3 + asA)A, )

Cfi—f = A+51RH+52R1)_63B7

dilg_tH = pl(B_QH)a

dg_tv = pZ(B_QV)7

e~ Qu-
d(};% = p3(QV_RV)7 Y,

with §; + 02 < B3. We now re—examineAthe results of Theorem 4.2 with the following modifica-
tions. First, the threshold parameter By for this model takes the form

5 (a4t a)A0) (a1 +a)ho
Buv = = , (48)
as (B3 — 01 — 62) az (B3 — 01 — d2)
while the equation Ah(A) =0 in (B.32) becomes
a1 + Qg (m + 7]2).[/14)
Ah(A) =0, h(A)= A 1—-A)— (az+ s A). 49
() =0, ) = 522y (BRI () (v aid). (49
Then,
1. points 1 and 2 of Theorem 4.2 follows with By replaced with By,
2. point 3 of Theorem 4.2 can also be verified, since
—Qs3 0 0 0 al)\(()) Oég)\(O)
1 —p53 0 0 01 0o
o 0 P1 —pP1 0 0 0
JO=1 o o 0 s 0 0 : (50)
0 0 1 0 -1 0
0O 0 0 ps 0 —p3



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

and the characteristic polynomial takes the form ps(¢) = (% + asC® - - - + a1¢ + ag, where
the sequence of coefficients {1, as, a4, as, as, ai, ap} is easily established. In particular, we

find ay = agpipaps (Bs — d1 — 92) (1 — Z’S’HV>, while the others are positive. It is then

clear that when By > 1, ag < 0, showing the presence of a positive eigenvalue. Hence,
the trivial steady state is unstable whenever Byy > 1.

Therefore, the bistability can not be obtained in this case. We have thus established that
mating is the likely cause of the phenomenon of bistability observed in the full model.

Now, the reproductive success of mosquitoes requires behavioural responses by the adult
mosquitoes directed towards the location and recognition of mating partners and mating itself.
The insect must optimise this aspect of its reproductive life. For anophelines, it is generally
accepted that mating occurs within the first 3-5 days of adult female life. While [43] considers
a case when most Anopheles sp. females take their first blood meal before mating, [9, 10]
studies the case when the anopheline rarely takes a blood meal before mating. In some species
of mosquitoes, such as Aedes aegypti, mating is accompanied by a change of behaviour, caused
by the transfer of 'matron’, a male hormone, which makes the female refractory to successive
matings and instead induces blood questing, see [22, 23, 10, 22, 20]. It is generally believed
that in most mosquitoes, the female stores the spermatozoa in spermatheca after copulation so
that during each subsequent oviposition, the eggs can be fertilized during their transit through
the oviduct and that for the Anopheles, males can mate several times but re-mating in females
is rare, though has been reported, see [49, 45].

Having an unstable trivial equilibrium state benefits the organisms as driving the population
to extinction becomes difficult. Since mating is ubiquitous for the type of fertilisation involved,
it is advantageous for the mosquito to mate only once during its entire reproductive life to
avoid returning to the bottleneck caused by mating. This is an important result for mosquito
dynamics. In the model studied here, mating is successful with probability #;, and the insect
lives to continue the life cycle, or is killed with probability 1 —#;. This, therefore, makes mating
very expensive for the mosquito. Based on the foregoing, the current analysis shows that for
an adult female mosquito, it is better to mate once on emergence and then carry on with blood
feeding and egg laying as many times as possible. In a general setting, while recognising the
fact that mating is a dangerous process, it may be, however, possible to assume that only a
fraction of the mosquitoes that did not succeed in mating during the mating encounter die, and
the remaining fraction lives to try mating again.

5. Discussion and Conclusion

In this manuscript, we used mathematical modelling to study the role of mating in the
dynamics of the mosquito population. We proposed a system of ordinary differential equation
that partitioned the mosquito population into aquatic forms (A), newly emerged male and
female mosquitoes (Mp and Fp, respectively), fertilized female mosquitoes at breeding sites
(B), questing (@), and fed and resting mosquitoes (R). We assumed that Fz can only transition
to type B mosquitoes through mating. The questing mosquitoes were allowed to visit multiple
questing places, including both human and non-human sources, where they could quest for
blood.

Within this framework, in Section 2, we derived a system of equations describing the pop-
ulation’s dynamics. There, we also discussed different ways mating can occur, and finally, we
settled on the mass-action mechanism of encounters. We assumed that only a fraction 6; of
all mating encounters led to successful fertilisation. The parameter 6; plays an important role
in the mosquito’s life as it captures the fact that if many female mosquitoes do not succeed
in mating, the population may face extinction. Thus, we can interpret mating as a bottle-
neck in the sequence of events in the mosquito’s life, which can limit the growth of the entire
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mosquito population. In the model, we also considered two blood-questing possibilities: human
and animal habitats. In the context of mosquito dynamics and disease control, it can give the
possibility to study the effects of various techniques preventing human infections, such as the
use of Insecticide Treated /Impregnated Nets (ITNs), or zooprophylaxis as a method to decrease
human-mosquito interactions. Our model allowed adult mosquitoes to lay eggs directly in an
aquatic environment with a possibly finite carrying capacity. Juvenile forms developing in this
environment can then mature into male and female mosquitoes that start the terrestrial life
stages of the mosquito.

An important aspect of our modelling framework is its ability to quantify the reproductive
gains acquired by a mosquito after its interaction with blood sources, which are represented
by the oviposition function that measures the density of eggs produced by each reproducing
mosquito per unit time. It is customary to assume in the literature that such a function
should be a monotone decreasing function of the total size of the reproducing mosquitoes.
We observed that the oviposition function should be positive on the admissible domain, as
otherwise, we can encounter negative solutions, rendering the model biologically incorrect. In
particular, we determined conditions to ensure that a popular logistic function did not generate
negative solutions. Such a result has not been established in earlier models of this type.

We rescaled the model for notational convenience and discussed the relative sizes of the
scaled parameters. We studied the existence and stability of steady states for the scaled model
and presented numerical simulations to provide insight into the solutions of our system when
we could not provide analytical results. Analysis of the model revealed the existence of a
positive threshold parameter, B, defined in (36), which differs in several ways from threshold
parameters that have been identified in mosquito dynamics models, e.g., in [29, 32, 18, 35]. In
fact, B only affects the existence and size of the steady states of the system but does not affect
their stability properties. In particular, when B < 1, the system has only the trivial steady
state and when B > 1, the system now has two nontrivial steady states co-existing with the
trivial steady state. In the latter case, the initial conditions determine the long-term behaviour
of the solutions depending on the basin of attraction to which they belong. In other words,
the system’s long-term fate depends on the choice of the initial conditions. We observed that
the oviposition parameter Ay and the effective fertilisation parameter 0 (affecting b) are crucial
for the size of B in the sense that irrespective of the path through which (\g,6;) — (0,0),
lim,,0,)—(0,00 B = 0, and B — 0 is a sure pathway to extinction. We note that though other
parameters, such as the bio-transition parameters £ and +, also affect the size of B in a similar
way, we found )\g to be the most convenient bifurcation parameter.

Numerical simulations allowed us to capture some important features of our model by
varying B. When B < 1, the trivial steady state, which is the only steady state, is globally
asymptotically stable. When B > 1, the trivial steady state persists as a locally asymptotically
stable equilibrium alongside two non-trivial equilibria (which bifurcate from one equilibrium at
B = 1), the larger being stable and the smaller unstable. The system’s long-term behaviour
is then determined by the basin of attraction the initial condition belongs to. We note that
analytical confirmation of these results for a class of considered models has been achieved by a
combination of asymptotic analysis and methods of monotone systems in [7].

We note that the bistability, a mathematical term for the Allee effect, is quite common in
insect populations, [15], and has been studied in some simpler mosquito population models, see,
e.g., [27, 25, 48, 41]. In all these papers, however, the Allee effect was introduced by a suitable
modification of the mating or oviposition mechanism. Here, we begin with a more complex
system but with a simple mass-action mating mechanism, [40], and examine the impact of
different features of the model, such as alternative blood sources or mating, on its long-term
dynamics, establishing that the bistability is a natural consequence of sexual reproduction. We
concluded that to increase the species’ survival chances, it is advantageous for a mosquito to
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mate only once and then lay as many eggs as possible. Our findings highlight the following key
insights:

1. Allee Effect: In contrast to models without mating [32, 18], the trivial steady state in
our model incorporating mating is always locally asymptotically stable. Moreover, if a
non-trivial steady state exists, the long-term dynamics of the system depends on its initial
size. This property resembles the Allee effect in one-dimensional systems: if the initial
mosquito population is very small, the system is unsustainable. Conversely, sufficiently
large populations survive.

2. Targeting Mating: The model suggests that interfering with the mating process is a
highly effective strategy for suppressing mosquito populations at low densities. This is
evident from the nature of B. Reducing the effectiveness of mating by making 6; < 1
makes B < 1, which yields the extinction of mosquito populations.

Due to the complexity of the model, we could only present numerical studies of the stability
results of the non-trivial steady state and the existence of the basins of attractions for the
trivial and non-trivial equilibria. However, a class of models of this type can be studied using
multiscale analysis and monotonicity methods; see [7], and the analytical results obtained there
confirm the observations formulated in this paper and based on numerical simulations. It is our
understanding that, given the nature of the environment in which mosquitoes live and breed,
a more appropriate framework to study their population dynamics should include elements of
stochasticity, climatic factors, as well as spatial considerations. It will also be beneficial to fit
and validate our model with data, and as such relate the aspects of bistability studied here to
the real world. These and many other aspects of the mosquito control problem, are aspects
under consideration to be presented elsewhere.
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Appendix A. Scaling

Here, we present details of the scaling process. Let t = T°*, Ry = RY R}, Ry =
R%R%‘/, A=AA*, Mp = MIM}, Fg = FpF;, B=BB* Qp=0%Q%, Qv = ?/Q}k/
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1 so that (12) becomes

2

dA*
dt*

dt*

dFy,
dt*

dB*
dt*

dQy;
dt

aQy,
dt

ARy,
dt*

dR;,
dt*

where K

dA*
dt*

dM3,
dt*

dry,
dt*

dB*

dt*

dQy;
dt

aQy,
dt

ARy,
dt*

dR;,
dt*

= () Ry + (255 By ) MRY Ry + By Ryp) (1 - 24
— T°(y+ par + (pazA°) A¥) A%,
((1—0>5wT0A°> A* — (uar, TO) M,

0
MB

_ (M) A* — (SMYTOY M5y, — (g, TO) F,

Fy

0 (B ) My + () By + (255 ) Ry — (6 + ) T0) B,

k%, BOTO " T HQO 70 "
HQ(;I >B - < = >QH (:U’QHTO)QHJ

k¥, BOTO * vV QO TO " "
- ) B* — (V—Q%L> Qv — (ha, T°)Qy,

\4

T HQYTO
P ) Qi — (am + i) T°) Ry

VS / // /N
Q
<O

vV Q9T
TET) Qi — ((av + ) T°) Ry

/

=k (7)), K}y =r(55). Terms in (A.1) can be grouped to have (A.2) below.

H+cV H+4sV

(55 By + (25) Ry ) ARYR; + Ry Ryy) (1 - 440)
T

O (v + par + (1asA®)A*) A*,

“0NAY\ ax _ ars
(oo (i) A° = M3),

= (S A (SMYTO)ML G — (1, T)F,

B

0, (—SM%BP;J%TO) MALF} + (“HR T ) Ry + (a‘fR v ) Ry — ((k + up)T°) B,

TH

K BO * *

= (THH +/1’QH)TO ((QHG ( };I+“QH)> B* — QH) )
KY BO * *

= (W + o)1 (g B~ Q7).

T : * *
= (apRY + pr,)T° ((WLC)H) Qi — RH) ;

H(CLHJF#RH)

vV QY * %
— (v ) ( (P2 ) 0 - 1y )
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70 — 1 o_ L am+pry,
CLH—FMRH’ B STO S ’
MB MP (am + pry ) s 0 J15Ys
AO _ B B _ B B _ H B FO —0 AOTOZ B
-0 (-0&  si-og = 5" (1—0)( 5)

0 2273
0 _ 0 00 _ B\ _ p0
B® = SMgFgT" = (—1 _9) <_S > Fg,

Q= il =( a2 )( - )(MMB),
THH + poy, THH + oy, 1-40 S

@ = B =( “ )( 9 )(“MB%
vV + pg, vV + ug, 1-6 S

- B (o () e
amg + Ry TaH + gy, amg + LRy, 1-46 S

R qrvV @y ( vV ) < K} ) ( 0 ) (UMB>
o= =g
ay + [Ry vV +ug, ) \av +pr, ) \1 -0 S

to get the parameters in (25).

Appendix B. Proofs of key results

Appendix B.1. Proof of Proposition 2.1

If Lp < o0 and 0 < Ay < Lp, then % < 0at A= Lp and hence A(t) is bounded by Lp,
therefore (1 — %?) > (0 for all £ > 0. Then, by assumption, for all 0 < Lp < oo, the oviposition
term is always nonnegative and the nonnegativity of solutions of (12) follows directly from [39,
Theorem B.7] or [6, Theorem B.21].

By assumption, there is L; < oo be such that A(t) < L; for all £ > 0. Using the nonnega-
tivity of N and L = max{L;, Lp}, we have

dN

< NEL — pinN, B.1
dt_vf I (B.1)

Hmin = min{,uFB s MMp, BBy HQy s HQy s MRy » ,U/RH}a and hence

N(t) < N(0)emmt 4 182 _ 2EE

Hmin Hmin

efl'bmint

, (B-2)

which means that all components of the solution are bounded. Hence, using, e.g., [6, Theorem
B.14], the solutions are are defined for ¢ € [0, 00). O

Appendix B.2. Proof of Lemma 2.1

We observe that if 2,y > 0 for some 7, then, by continuity, z;(¢) > 0 on some interval [0, J).
In particular, if Jo > 0, then J(¢) > 0 on some [0, §).

Lets first consider ¢ = 4, that is, B(t) > 0 on some interval [0,d). Using the variation of
constants formula for the non-homogeneous linear Cauchy problem y' = —ay + f,y(0) = yo:

y(t) = yoe ™ + e_“t/o e f(s)ds, (B.3)

we get 2;(t) > 0 on (0,0) for 5 < 7 < 8. Let Yo > 0, then pry HQ o+ qrvV Qo > 0. If either
Rpo > 0 or Ryg > 0, then, by continuity, there is an interval [0, ) on which both R(¢) > 0 and
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agRy(t) + ayRy(t) > 0 and R(t) < L. If Ryg = Ryo = 0, adding the last two equations in
(12), we obtain

dR

7 praHQH0 + qTvV Qo > 0,

¢ li=o0
and again, R(t) > 0, ag Ry (t) + ay Ry (t) > 0 and R(t) < L on some interval.
Summarizing, if x;0 > 0 for some i > 4, then R(t) > 0, agRgy(t) + ayRy(t) > 0 and

R(t) < L on some interval (0,0). Next, we re-write the first equation of (12) as

dA G(t)

E = G(t> - (L_P + v+ pnar ‘|‘IUA2A) A,

where G(t) := (agRu(t) + ay Ry (t))A(R(t)) > 0 on (0,0). Then, if Ay =0,

S t S (2
A(t) — e fot(GL(P) +7+uA1+#A2A(s))ds/ 6f0 (GL(P) +7+uA1+uA2A(cr))doG<$)dS -0 (B.4)
0

on (0,0).

If Ag > 0, then, irrespective of G(t), A(t) > 0 on some, possibly smaller interval. In either
case, using the variation of constants formula again, we have Mp(t) > 0 on (0,6). Then, as
above, we write the solution to the third equation of (12) as

¢
Fp(t) = Fp(0)e #rat=S Jo Mp(s)ds | Ocye +rpt=S Jo Mp(s)ds / ehrpstS [g Mp(9)d7 A (5)ds
0

t
> =S Jo Ma(s)ds (FB(O)e_“FBt + 9676_’”8’5/ e“FBSA(s)ds) >0, te(0,d],
0

where, by Mpg(c) > 0 on (0,4), we have
Sl Mp(@)do > 1 g < <.

Hence, as before, Fg(t) > 0 on (0,4). In particular, Mp(t) > 0 and Fg(t) > 0 irrespective of
other initial conditions if (21b) is satisfied.
Now, we write the last five equations of (12) as a non-homogeneous linear system,

Y'(t)=AY (t) + F(t), Y (0)=Y,, (B.5)
where
—K — B 0 0 ay ay
K (ﬁ‘fv) —tuH — g, 0 0 0
A= |k (Hicv) 0 -1V — gy 0 0 ,
0 pTHH 0 —ayg — URy 0
0 0 (]Tvv 0 —ay — URy
0.SMgFp
0
F = 0 ,
0
0
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whose solution is given by

t
Y (t) = Y —|—/ eU=AR(s)ds. (B.6)
0
Since A is a Metzler matrix, e** > 0 and, if some ;0 > 0,4 > 4, (ensuring G(¢) > 0 in (B.4)),
or Ag > 0, or Jy > 0, (ensuring F'(t) > 0), then Y (¢) > 0 on (0, ). In particular, also in the
two last cases, ag Ry (t) + ay Ry (t) > 0 on this interval. Hence,

dB
% Z GlsMBFB —rB — ,uBB,

and the variation of constants formula ensures B(t) > 0 on (0,¢), which gives the positivity of
Qpn and Qv, and of Ry and Ry, on some (0, ), and the cycle is complete. O

Appendiz B.3. Proof Lemma 2.2

By [39, Theorem B.7], ®(t) > 0 as long as R(t) € [0,L], and, by the previous lemma,
agRp(t) + ayRy(t) > 0 on some (0,0). Assume that R(ty) = 0 for some ty and R(t) < L for
t € [0,t0]. From (B.4), we see that A(ty) > 0. Hence, we can argue similarly to the previous
lemma to obtain Ry (t) > 0 and Ry (t) > 0 on (to,to + 9). O

Appendiz B.4. Proof of Lemma 2.3

Using the non-negativity of solutions and (B.3), we obtain

B.7
06~ (B.7)
O<FB(t) < max FBQ, AM
Fp
Then, we can estimate (B.6) as
A ' A

Y @1 < e IYoll + e’ Hl/ e HLE(s)lds, (B.8)

0
where [||]]| is the operator norm induced by the norm ||-|| in R?, see, for example, [6, Appendix

A1]. A convenient norm here is the I'—norm on R?, see (18). For non-negative solutions, we
have

1Y ()[l: = B(t) + Qu(t) + Qv(t) + Ru(t) + Rv(t),
and hence, by adding the equations,

1Y (@)} < —pllY (1)1, (B.9)

where
n = min{_:uB7 ((1 - p)THH + HQu s ((1 - Q)TVV + MQV?:U“RHHMRV} > 0.
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1 This means that |||e*||| < e7#. Hence, using (B.8) and (B.7),

t
R(t) < [I[Y(®)[l < e™™|¥oll + e“t/ || F(s)l[1ds
0

0 1-6 0
gmax{HYoHl,I—SmaX{MBO,ﬂAM}maX{FBO, 57AM}}
1

lLﬂfB lLFf
0 0 0 015 6(1 — 0)£22
zmax{||Yo||1,—SMBoFBo, MS &y 615 (1-0)¢y 15 0(1 - 0)&%y A?w}-

MpoAwu, BoAn,
Mg % HMp % HFg Mg

2 U

s Appendiz B.5. Proof of Lemma 2.4

Consider

Ry + Ry

’QD(RH, Rv) = )\o(CLHRH -+ @VRV) (1 — I

)7 0< Ry+ Ry < L.

It is a continuous function on a compact set, so it achieves a maximum. We see that it is
attained at the boundary if ay # ay or along the line Ry + Ry = L otherwise; in both cases
it is given by
max{ay,ay} oL

4

U=

Thus, we obtain
A<V — (y+ 1 + peA)A.

Considering the quadratic function on the right-hand side, we find its roots to be

2
e 4 rta )T max{av,am} oL
B2 B2 L2

5 .

A+(L) =

+ The parabola is directed downwards, so the solution for any 0 < Ay < A (L), converges to
s Ar(L) in an increasing way and decreases to it if Ay > A (L). O

s Appendiz B.6. Proof of Corollary 2.2
7 We should ensure that

vy + \/(’Y+lt1>2 + max{ay,amg }AoL

15 H2 H2
2

L > Ry | max < A, (B.10)

The problem is that L appears on both sides of the above inequality. Hence, we consider

YHp +\/<'y+u1 )2+ max{ay ,ap}NgL
2 H2 H2
Ryax | max < Ag,

2

I 6,50(1 — 0)*4*Ng max{ag,ay }
im = :
L—o0 L K oM L2

s Hence, if (24) is satisfied, then there is L* such that for any L > L* the estimate (B.10)
o holds. 0
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Appendix B.7. Proof of Theorem 2.1

First, we note that the parameters ¢ and b are positive by Remark 2.2, point (6). Set the
right-hand side of (26) to zero and solve. From the last four equations, we get

B*=Q} =Qy =Ry =Ry (B.11)
Substituting (B.11) in the first four equations of (26) gives A* = M}, Fj = Af}:BQ = M];EBQ
and
(1) Rylay+ o)1 = nsA™) - A(LRy (m +12)) — (a5 + asA™) A" = 0, (B.12)
(1) 614" (525 ) + 01 Ry + Ry — Boltyy =0, '
Solving the above gives (30). It is evident that Ej = 0 solves (29) and (30). O

Appendiz B.8. Proof of Lemma 2.5
We simplify

(a3 + g A)(A+Fy)  asA® + (a3 + aufa) A+ asf

I =T A bA(L = )

(B.13)

by defining z = n3A and

§(z) == H% =: HG(z),

where H = ay/bns, E = (a3 + aufa)ns/as, F = niasfs/ay, and, noting that the constant H
does not alter the analysed properties, we continue with G. We have
(1+E)2?42Fz—F  ®(z)

22(1 — 2)? 21— 2)?

G'(2) =

and, noting ®(0) = —F <0, (1) =1+ E+2F > 0,9'(z) > 0 on [0, 1], we see that there is a
unique z, € (0,1) such that G’(z,,) = 0. Thus, G(z) is strictly decreasing from 400 to G(z,)
on (0, z,) and strictly increasing from G(z,,) to +00 on (z,,1). Now,

(1+ E)2*+3F2>-3Fz+F
23(1—2)3

G"(z) =2

and we observe that the term ¢(z) = 3F2% — 3Fz is negative on (0, 1). However, the minimum
of ¢, attained at z = %, is —%. Hence, ¢(z) + F > % > (0 and G” > 0 on (0, 1), so g is strictly
concave upwards. O

Appendiz B.9. Proof of Theorem 2.2

In the notation of Lemma 2.5, we find

A = @3 L (B.14)

: \/04352 (Oés + %) <52 + n%) + azfs "

At the point A* = A | g(A*) attains a minimum

G = g(A) = 2v/asfa (asms + o) (Bams Z 1) + B2 (2a3ms + o) + a3 (B.15)
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Now, since A is continuous and strictly decreasing, a necessary condition for A (LR}, (1 +12)) =
g(A*) to have a solution is that g, < A(0) = Ag. We rearrange this solvability condition with
gm from (B.15) using (31) as

2\/04352 (agns + ) (Bams + 1) + Ba (2asns + o) + g (a1 4+ a2)B1 N

< A = >(B.16
b ° (az + v)(Bs — 01 — 02) (B.16)
where
V= 2\/04352 (asns + ayq) (Bans + 1) + B2 (2a3nms + ) .
This gives a threshold parameter
B)\ _ (Ozl + a2)91)\0 . b)\o (Bl?)

(az+1v)(Bs— 01 — &)  az+v’

see (31), so that we can conclude that By > 1 is a necessary condition for the steady state
equation to have at least one positive solution within the required interval. Further, if 0 <
B, <1, then \(0) is below or at the same level as g,,, which, having in mind that X is strictly
decreasing, precludes the existence of non-trivial solutions. 0

Appendiz B.10. Proof of Theorem 2.3

The non-trivial steady states are obtained by solving the equation

A*Q
AT B

A (g(A7), (B.18)

where o = ¢(n; +12) and g was defined in (B.13). In this case, \™'(R) = M, so that (B.18)
takes the form

oA (A% + a3) = DAgA* (1 — m3A%) — (a3 + g A*) (A* + By), (B.19)

which can be transformed to

Py(A) = a3 A® + ayA? + ay A+ ap,  where
ag = asfs >0, a; = ayfs +az —bhg, as = g+ bnsAg + azo > 0, (BQO)

as = oo > 0.
The discriminant of P5 can be calculated as, [38],
A = —4aza’ + asa] + 18azazapa; — 27a3a; — 4asay.

A > 0 is a necessary and sufficient condition for three distinct real roots to exist (if A = 0,
then we have a double root, automatically real). Consider now z = —a; = bA\g — ayfls — a3 and

VU(z) = 4az2® + a32® — 18azazapz — 27a3a; — 4asag, 2z > 0.
Then ¥(0) < 0, lim, o ¥(2) = 0o, and
V' (2) = 12a32* + 2a52 — 18azasao.

Then, ¥'(z) has only one positive root and ¥’'(0) < 0. Consequently, W(z) has only one sta-
tionary point for zy;, > 0 and, since ¥(z) is decreasing at z = 0, it must be a minimum. Then,
for z > zmin, Y(2) is increasing to co. Hence, there is a unique z* > 0 for which ¥(2*) = 0. In
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other words, there is a unique b*\j such that if
ayfly + ag < by < DY, (B.21)
then A < 0, and so there must be two complex roots Ps, and if
b* Ay < b, (B.22)

then A > 0 and hence all roots of P; are real.

First, we observe that P3(0) = ag > 0; thus, P; has a negative root. First, we consider what
happens if bAg < ayfs + ag, that is, a; > 0. Then there are no positive solutions as P > 0
for A > 0. So, assume b\g > ayf3y + ag, as above. Then, we can focus on the case (B.22),
as otherwise, the only real solution is negative. Since, in this case, a; < 0, we have two sign
changes, and Descartes’s rule of signs ensures that P3(A) has either two or no positive real
roots. Since all roots are real, we have either three negative roots or two positive roots. In the
former case, P3(A) must increase for A larger than the largest negative root, so, in particular,
P§(0) > 0. On the other hand, Pj(A) = 3azA? + 2a3A + a; so that P}(0) = a; < 0.

g(A),i(AT

g(4)
1(0)

Im

Figure B.9: An illustration of the proof of Theorem 2.3. Here, ¢ is defined in (B.13) and A is the Maynard
Smith-Slatkin function with n = 1.

Next, we observe that no positive solution to Py(A*) = 0 can satisfy A* > ni?) Suppose, for
a contradiction, that P;(A) = 0 has a positive solution A* > an Then A* = 2 for some w > 1

and Py (%) — 0. Then

Py(A") = Py (%) _ bz Ao(w — 1w + (asns + a4¢j?)3(52ﬁ§ + ¢ (m + n2) w? + n3w) >0,
3 3

contradicting the fact that A* is a root of P3(A).
To complete the proof, let us denote

Ao(A* 4 B2)
L(A* + 3) + o A*?

W (A7) = AML(m + m2) Ry) =

Then we observe that the graphs of W, for different values of Ay do not intersect with the graph
for a higher ), is above the graph with a smaller one. This shows that A* (bAj) < A* (bAj) and
A% (DAG) < AT (bAG) for Ay > Ag. Indeed, the point (A* (bAG), W, (A* (bAG)) is above the graph
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of g and therefore the intercept of g and W, satisfies A* (bA;) < A (bAg). The other statement
follows in the same way. Furthermore, let us fix a small positive A and consider g(A)+h, where
h > 0 is a constant. There is A\ satisfying

Xo(A + Bs) Iy
L(A+B) +0A 94 +h,

and the point (A, U5 (A)) is above the graph of g and thus A* (\g) < A. This proves the first
formula in (32). The other follows in the same way. O

An illustration of this proof is shown in Figure B.9. We can see that the tangency condition,
N(A*) = ¢'(A"), is satisfied when we have a single solution A*.

Appendiz B.11. Proof of Theorem 2.4
Combining the equations in (30) with the logistic form of A gives

. A* 4 By — 0 A*? . az + g A*) (A" + e
MLRjy(m +12)) = dob™— g = W(AY) = = ot —)7(73,4*) ) gy B23)
We have
oA 4 20 B, A* 20 64
U/(A*) = —\gb U7 (A*) = = \gb—————

so, ¥ is decreasing and concave on [0,00). Since ¢ is a scalar multiple of g, it has the same
properties and hence U” — §” < 0 on (0,75 '), which means that the function 1(A*) — g(A*) is
strictly concave and hence the equation ¥(A*) — g(A*) = 0 has two, one or no solutions. As
before, we write U, to emphasize the dependence of ¥ on A\yb. Since the graphs of ¥, for
different values of \gb do not intersect, and the graph with a smaller value is below the graph
with a bigger one, we see that there exists a unique threshold value Aj0*, such that there are no
solutions for A\gb < Ajb*, exactly one solution for A\gb = Ajb* and two solutions for A\gb > A\jb*, as
illustrated in Fig. B.10. The last part of the proof is done as for Theorem 2.3. First, A, is the
single positive root of Wy ,, independent of \gb. Thus, we always have A, (A\gb) < min{A,,n;"'}
and, since limy,p_00 Waos(A) = 0o for any A < min{A,,n;"'}, we can proceed as before. O

g(A), A(AT

g(A)
A(0)
A(4)

Gm

Figure B.10: An illustration of the proof of Theorem 2.4. A sketch of the graph of A (Laﬁr;g) = g(A), with
g defined in (B.13) and X the logistic function (16).
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Appendiz B.12. Proof of Theorem 2.5

The stability of the trivial steady states can be determined by observing the signs of the
eigenvalues of the Jacobian matrix for system (26) evaluated at the trivial steady state 0* =
(0,0,0,0,0,0,0,0). We have

—Q3 0 0 0 0 0 Oél)\o 052)\0
B =B 0 0 0 0 0 0
1 0 —fB 0 0 0 0 0
o 0 0 0 —pB3 O 0 01 P
V= o 0 0 a0 0 (B.24)
0 0 0 P2 0 —ps O 0
0 0 0 0 1 0 -1 0
0 0 0 0 0 03 0 —p3
The characteristic polynomial of (B.24) is given by
|J(O*) - U| = (—043 - Q) (—51 - C) (—52 - C) P5(C), (B-25)

where P5(() is as defined in (34). The results follow since ag, 81 and [35 are real and positive.

O

Appendiz B.13. Proof of Proposition 2.2

Writing the Jacobi matrix of (12) with the original parameters at the trivial equilibrium,
we find from the Gershgorin theorem, [21], applied to the columns of the matrix, that the
spectrum of this matrix is contained in the union of circles with centres at —(vy + pa1), —(k +
pB), —(taH + po, ), —(vV + pgy ), —(ag + pr,) and —(ay + pg, ) with radii, respectively,
(1 =0y 4+ 0vE =&,k (%) + K (Hiqu) =R, ptgH,qmyV,ag + Agay and ay + Agay. Since
0 < p,q <1, we find that (35) imply that the spectrum is contained in the left half-plane of C,
yielding the asymptotic stability of the trivial equilibrium. 0J

Appendiz B.14. Proof of Corollary 2.3
When p; = ps, p3 = 1, the polynomial P5 defined in (34) reduces to

(CHD(CHp1) (B¢ H1)(CH+p1) +p1 (1 + 8 = ((C+1)) = C(C+1)) (B.26)
Now, (—B5(C+1) ((+p1) +p1 (01 + 02 — C(C+ 1)) — (3(¢ + 1)) = 0 if and only if
Ps(¢) = ¢® 4+ p2® +p1C +po = 0, (B.27)

where

po=p1(Bs—61—02), pr=0s(pr+1)+p1, pp=PBs+p+1 (B.28)

We then conclude stability using the Routh-Hurwitz conditions since pips — po = 2 (p1 + 1) +
53(p1+1)2+,01(51+(52+p1+1)>0. O

Appendiz B.15. Proof of Theorem 4.1

The eigenvalues of the Jacobian of (41) evaluated at the trivial steady state are roots of the
polynomial

pﬁ(C)Z(OéS-l-C) (61 +¢) (52+C)P3(C)a (B.29)

Pi(¢) = ¢ 4 asC? 4 a1 + ao, (B.30)
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where

ap=p1 (B3 —01), a1 =P3(p1+1)+p1, aa=Ps+p +1. (B.31)
Since 3 < 01, ag > 0, a3 > 0, a3 > 0 and a0y — a9 = ﬁg)(pl‘i‘l) + 53(/)1—1-1)2 +
p1 (01 + p1 + 1) > 0, the results then follow from the Routh-Hurwitz stability criteria. O

Appendiz B.16. Proof of Theorem 4.2

The steady states of (44) are given by Q% = B* = R}, R}, = *5 , where A* is a non-
negative solution of the equation
LA
Ah(A) =0, h(A) = —2 )\( n ) (1— A) — (a3 + asd). (B.32)
B3 —01 \f3—0

1. From (B.32), A* = 0 is always a solution leading to the trivial steady state solution where
A*=B*=Qy; =R;;=0.

2. Notice that if X is decreasing, then h is a strictly decreasing on [0, 1]. It is then easy to
see that h(0) = ag(By — 1) and h(1) < 0. Since h is continuous and strictly decreasing,
the equation h(A) = 0 can only have a solution if h(0) = az(By — 1) > 0, ie., By > 1
and this solution is unique.

3. The Jacobi matrix of (47) evaluated at the trivial steady state is given by

—Q3 0 0 Oél)\(O)
B 1 —p5 0 0
o= 5 0 (B.33)
0 0 1 -1

The characteristic polynomial of J(0) is given by

Pi(¢) = ¢* + a3C® + a:(® + a1 + ap,

ag = praz(fs — 61)(1 — BH>7 ay =az (B3 (p1+1)+p1) +p1 (B3 —61) >0, (B.34)
aa=a3(Bs+pm+1)+Bs(p1+1)+p1 >0, az=a3+ps+p+1>0.

We notice that ag > 0 when By < 1. Some algebra shows us that ajasas — a2 — agad > 0,
giving the stability of the trivial steady state whenever By < 1. Furthermore, examining
the sequence of coefficients of the characteristic polynomial, {1, as,as,a1,a0}, we can
notice that as By increases from zero, there is no sign change in the sequence of coefficients
whenever By < 1, and that as By increases further to values of By > 1, ag becomes
negative, hence, there is one sign change in the sequence of coefficients mdlcatlng the
presence of one positive real eigenvalue. Thus, the trivial equilibrium loses stability.

4. Using similar analytical techniques as in [18, 32], we can establish that there is a range
of system parameters for which the non-trivial steady state is stable whenever it exists
and can be driven to instability via Hopf bifurcation.

O
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