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Highlights 

 Model evaluation in laminar and turbulent flow regimes for a nanofluid 

 Model performance for a range of volume fraction. 

 The mixture model and the combined model gave unrealistic results for both regimes. 

 The discrete phase model was considerably accurate for both flow regimes. 

 The single-phase model with constant properties gave good results for laminar flow. 

2



x/D

h
[W

/(m
2 K

)]

50 100 150 200 250 300 350
500

1000

1500

2000

2500

3000

3500

Experiment (Kim et al.)
DPM
Combined model of discrete and mixture phases
Mixture model
Single-phase

Graphical abstract

3



ABSTRACT 

It is essential to investigate the appropriate model for simulating nanofluid flow for different 

flow regimes because, at present, most previous studies do not agree with each other. It was, 

therefore, the purpose of this study to present a Computational Fluids Dynamics (CFD) 

investigation of heat transfer coefficients of internal forced convective flow of nanofluids in a 

circular tube subject to constant wall heat flux boundary conditions. A complete three-

dimensional (3D) cylindrical geometry was used. Laminar and turbulent flow regimes were 

considered. Three two-phase models (mixture model, discrete phase model (DPM) and the 

combined model of discrete and mixture phases) and the single-phase homogeneous model 

(SPM) were considered with both constant and variable properties. For the turbulent flow 

regime, it was found that the DPM with variable properties closely predicted the local heat 

transfer coefficients with an average deviation of 9%, and the SPM deviated from the DPM 

model by 2%. It was also found that the mixture and the combined discrete and the mixture 

phase model gave unrealistic results. For laminar flow, the DPM model with variable properties 

predicted the heat transfer coefficients with an average deviation of 9%. 
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Nomenclature ܣ଴, ,ଵܣ ,ଵܥ ,ଶܥ ,ଵఢܥ  Tube diameter, m  ܦ Constant properties   .ݐݏܿ Specific heat transfer, J/kg K  ݌ܥ ଶఢ RANS model constants ܽ⃗  Particle accelerationܥ

DPM  Discrete phase model ݀  Nanoparticle diameter, m ܨ  Body force, N ݃  Gravitational acceleration, m/ݏଶ ܩ௄   Generation of turbulent kinetic energy ݖܩ  Graetz number, ܸܦଶ/ܪ ܮߙ  Total enthalpy, kJ/kg ℎ Heat transfer coefficient, W/mଶ K ݇ Thermal conductivity, W/mK ܮ Tube length, m ݉  Mass, kg ܰݑ  Nusselt number, ℎܦ/݇ ܲ  Pressure, Pa ܲݎ  Prandtl number, ݍ ݇/ߤ݌ܥ  Wall heat flux, W/mଶ ݎ  Radial coordinate, m ݎ଴ Tube radius, m 

RANS Reynolds average Navier Stokes ܴ݁  Reynolds number, ߤ/ܦܸߩ ܵ݉, ܵ݁ Source and sink terms 

SPM Single phase model ܶ  Fluid temperature, K ܶ∗  Dimensionless temperature, (ܶ − ௪ܶ) /( ௕ܶ −  ௪ܶ) 
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 Axial coordinate, (m)  ݔ Variable properties   .ݎܽݒ Cell volume, mଷ  ܸߜ ௗ௥   Drift velocity, m/sݒ Velocity vector, m/s  ݒ Time, s  ݐ

Greek letters ߳  Dissipation rate of turbulent kinetic energy (௠మ௦య Density, kg/mଷ ߶  Particle volume fraction ߬ Wall shear stress, Pa ݇஻  Boltzmann constant, 1.3807 ߩ Dynamic viscosity, Pa s ߤ Thermal diffusivity, mଶ/s ߙ ఢ  Effective Prandtl number for the rate of dissipation ߬஽  Timeߪ ௄  Effective Prandtl number for turbulent kineticߪ ௧  Constant for turbulent Prandtl numberߪ Kinematic viscosity  ߢ Turbulent kinetic energy ߈ ( × 10ିଶଷ J/K ߤ௧  Turbulent molecular viscosity ߱  Angular velocity ߭  Kinematic viscosity, mଶ/s 

Subscripts 

av average 

b bulk mean 

bf base fluid 

i inlet 

m mixture 

n total number of particles 
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nf  nanofluid 

p nanoparticle 

w wall 

0 reference to inlet condition 
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1. Introduction

Nanofluids are a suspension of nano-meter sized solid particles either metallic or nonmetallic 

dispersed in a base heat transfer fluid which could be water, ethylene glycol or some other fluids. 

Some common nanoparticles include alumina, silica, copper oxide (CuO), titanium oxide (TiO2) 

[1-11]. Most recently, nanoparticles have even been synthesized from biomaterials [12, 13]. The 

inclusion of these metallic oxides augment the thermal conductivity of the nanofluids 

significantly as the thermal conductivity of the particles is usually some orders higher in 

magnitude in comparison to the base fluid.  In general, it can be concluded that nanofluids have 

shown great prospects and implications for a wide range of heat transfer and other applications 

[12, 14-19] such as electronic cooling, heat exchangers, air conditioning, automotive, nuclear 

system cooling, heating buildings, reducing pollution, storing energy [15, 17, 20-22].  

Some recent works have been carried out on nanofluids by researchers using various innovative 

methods to study the complex heat and fluid dynamic interactions in the flow.  Shirvan et al [23] 

numerically studied a heat exchanger filled with nanofluid. In their study, the response surface 

methodology and two-phase mixture model was used to carry out the sensitivity analysis of heat 

transfer and heat exchanger effectiveness in a double pipe heat exchanger filled with Al2O3 

nanofluid. Ijaz et al. [24] presented a comprehensive study on the liquid and solid particles 

interaction propagating through a finite symmetric wavy channel. Bahiraei et al [25] carried out 

an assessment and optimization of hydrothermal characteristics for a non-Newtonian nanofluid 

( Cu nanoparticles in a base solution of 0.4 wt % carboxymethyl cellulose (CMC) in water ) flow 

within miniaturized concentric-tube heat exchanger where he considered it from the designer’s 

viewpoint in order to find the optimal cases with maximum heat transfer and minimum pressure 

drop. Bahiraei et al. [26] carried out a CFD simulation of the irreversibility caused by heat 

transfer and friction for a power-law nanofluid in a mini-channel having chaotic perturbations. 

The flows were laminar and turbulent regimes were not applicable. The convective heat transfer 

rate was reported to be limited due to poor flow mixing. Ellahi et al. [27] devoted a study to 

explore the credible potential use of kerosene-alumina nanofluid for thrust chamber regenerative 

cooling in semi-cryogenic rocket engine due to its enhanced thermal properties. Bhatti et al. [28] 

studied the peristaltic transport of two-phase (fluid-particle) flow. Rashidi et al [29] used the 

volume of fluid model to simulate the nanofluid flow and entropy generation in a single slope 
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solar still. They investigated the potential of Al2O3-water nanofluid to improve the productivity 

of a single solar slope still. Rahmat and Ellahi [30] state that the materials that advance the state-

of-art of experimental, numerical and theoretical methodologies are still insufficient. Hence the 

need for more studies on nanofluid.  

Over the years, there have been several experimental and numerical studies on heat transfer 

characteristics of the flow of nanofluids in tubes carried out by researchers [2, 3, 6, 8, 10, 17, 31- 

73]. A quick review of the most relevant works is presented below. 

 Kim et al. [31] experimentally studied the convective heat transfer characteristics of nanofluids 

in a straight circular tube under laminar flow conditions with constant wall heat flux. They used 

alumina nanofluid containing 3 vol% of suspended particles and found a 15% increase in the 

heat transfer coefficient at the early entrance region.  

Wen and Ding [68] carried out an experimental investigation into convective heat transfer of 

nanofluid made of ϒ-Al2O3 nanoparticle and de-ionized water flowing through a copper tube 

under laminar flow (Re < 2300) conditions and found that the enhancement was particularly 

significant in the entrance region. 

Numerical investigation of forced convective heat transfer for water Al2O3 nanofluid inside a 

circular tube under constant wall heat flux has been investigated by several researchers [6, 32, 

36, 43]. Furthermore, some researchers devised new models to simulate nanofluids based on 

their opinions on which phenomenon contributed more to the nanofluid’s behavior [33, 36, 37, 

56, 74, 75]. Several models have been used to simulate nanofluids. Some models used include 

the single-phase model and two-phase models: mixture model, discrete phase model, combined 

model of discrete and mixture phases but not all the models accurately predicted the heat 

transport properties of nanofluid with respect to the flow regimes. For example, Albojamal and 

Vafai [35] used a two dimensional (2D) fluid domain in his study and found that the mixture 

model only succeeded to accurately predict the heat transfer coefficient of the Al2O3/water 

nanofluid in a circular pipe under constant wall heat flux at a low volume fraction (߶) < 1% and 

for the developing region. The converse was true in other regions.  He suggested the single-phase 

model for modeling nanofluids, since it gave results with good agreement with experimental data 

for the fully developed region with a maximum discrepancy of 5%. However, the single-phase 
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models require that the nanofluid under investigation has correlations that accurately represents 

its thermophysical properties before we can use the single-phase model. Additionally, the single-

phase model therefore only solves but does not capture the physics of the particle-fluid 

interactions and does not give information of the secondary phase as a two-phase model will. 

Mahdavi et al. [75] proposed a combined model of discrete and mixture phase for nanoparticles 

in turbulent convective flow in a horizontal tube. They implemented Brownian motion in the 

discrete phase model to predict the migration of the particles and the energy equation was 

modified for particles. The final results were then exported to the mixture equations of flow. 

They compared their results for friction coefficient and heat transfer coefficient with 

experimental results and found that their results deviated by less than 10% for most of the cases. 

However, the focus of their work was the details of changes in fluid flow and particles migration. 

Bianco et al. [6] numerically investigated a developing laminar forced convective flow of water-

Al2O3 nanofluid in a circular tube under constant wall heat flux. They assumed that the flow and 

thermal field are symmetrical with respect to the vertical plane passing through the tube main 

axis; hence they considered half of the tube. They used a single and two-phase model (discrete 

phase model) with either constant or temperature-dependent properties. They found that the heat 

transfer coefficient predicted by the single phase and discrete phase model had a maximum 

difference of 11% from each other. They also found that the heat transfer coefficients were 

higher in the case of temperature dependent models. 

Mahdavi et al. [76] carried out a comparative study on simulation of convective Al2O3-water and 

ZrO2-water nanofluid where they stated that lack of hybrid models for properties of nanofluids in 

different conditions was a problem hampering industrial applications. They investigated the 

single phase homogenous model, discrete phase model and the mixture model. Comparing 

appropriate turbulence models, they found the k-ɛ Realizable model was the best turbulence 

model for simulating nanofluid transport. They also stated that the mixture model was more 

consistent with experimental data for turbulent flow than the discrete phase model, they also 

noted that the discrete phase model could only be relied on for lower volume fractions less than 

1.8%. 
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Albojamal and Vafai [35] carried out an evaluation of single phase, discrete and mixture models 

in calculating nanofluid transport. In his study, he used a two-dimensional axisymmetric 

assumption which was contrary to Mahdavi [33] who opined that it was important to use a three-

dimensional (3D) model in nanofluid flow especially where gravity is present in the Lagrangian 

approach. They argued that two-dimensional axisymmetric only captures radial migration of 

nanoparticles inside the fluid whereas the difference between a three-dimensional and a two-

dimensional axisymmetric simulation results show that nanoparticles migrated from the wall 

both radially and tangentially. 

The review of previous works shows that there is still a gap in the open literature on the 

appropriate model for simulating nanofluid flow as results were obtained by researchers [1, 4, 6- 

8, 11, 32, 33, 35, 37, 77-79] who made important assumptions about the geometry. Albojamal 

and Vafai [35] used a two dimensional (2D) axisymmetric assumption which Mahdavi [33] 

argued was not sufficient to capture tangential migrations from the wall. While Bianco et al. [6] 

assumed that flow and thermal field were symmetrical and therefore considered half of the tube. 

The review also shows that there are some disagreements amongst researchers as to which model 

is good for simulating nanofluid flow under different flow regimes. Bianco et al. [6] compared 

the results of the ratio of local Nusselt number to local Nusselt number of the base fluid for ߶ = 1%, reported at x/D = 26 and 63 for Re = 1050 with experimental data of Wen and Ding 

[68] and found that the discrete phase model with temperature dependent properties had lower 

difference with a maximum gap being 3.5% at x/D = 63. In addition, Albojamal and Vafai [35] 

stated that the single phase model was more accurate in predicting heat transfer coefficient in 

laminar flow. He also stated that there were issues with regards to correlations for predicting 

thermal conductivity and viscosity accurately and the single phase model is only possible when 

these correlations are available and reliable. This dependence on correlations makes the single 

phase model difficult to use in cases where correlations are not available. In addition, the single 

phase model does not provide information about the secondary phase. Kristiawan et al. [7] 

carried out a numerical study of laminar convective heat transfer of TiO2/water nanofluids of 

volume fractions 0.24, 0.6, 1.18 % using two-phase mixture model and found that the mixture 

model accurately predicted the heat transfer coefficients. 
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It was, therefore, the purpose of this study to investigate forced convective flow of nanofluid 

inside a complete three dimensional (3D) circular tube without assumptions about the geometry 

under constant wall heat flux boundary condition. ANSYS FLUENT software using finite 

volume method was used to solve the governing equations. Four models were studied and used 

for the simulation: single-phase and two-phase (which included Eulerian-Lagrangian and mixture 

models, and the novel combined model of discrete and mixture phases) to evaluate the accuracy 

in predicting the heat transfer coefficient of the nanofluid between the investigated models taking 

into account constant and temperature dependent thermo-physical properties for the two main 

flow regimes encountered and established in literature and in practice: the laminar and turbulent 

flow regimes. The results were compared with the experimental results of Kim et al. [31]. 

2. Thermophysical properties of the nanofluid for a single-phase mode

The thermophysical properties of solids are higher than conventional heat transfer fluids like 

water. Dispersion of the solids as small particles  ≤ 100 nm in diameter in a heat transfer fluid 

can improve the inherently low thermo-physical properties of the fluid. The thermo-physical 

properties of the base fluid (water) and the alumina particles are given in Table 1. Researchers 

have proposed several correlations for calculating thermo-physical properties like thermal 

conductivity, density, viscosity, and heat capacity, but there are still problems regarding the 

proper correlations for predicting thermal conductivity and viscosity within an acceptable range 

Khanafer and Vafai  [22]. 

2.1.Nanofluid density and specific heat 

The following equations are used to estimate the density and specific heat capacity of the 

nanofluid [22, 80-82]. 

௡௙ߩ  = (1 − ௕௙ߩ(߶ + ௡௙݌ܥ ௣ (1)ߩ߶ = (1 − ௕௙݌ܥ(߶ +  ௣ (2)݌ܥ߶

2.2. Nanofluid dynamics viscosity 

2.2.1. Constant properties 
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Table 1. Physical properties of the base fluid and nanoparticles at Ti = 295K [35, 83] 

Properties Water Al2O3 

4181 733 

0.6 36 

997.86 3880 

- 

Table 2. Heat transfer coefficient h [kW/m2K], calculated for various Reynold numbers based 
on Williams et al. [97] experimental data 

Re Tin [K] [kW/m2]  = 0.009 

Williams et al. [97] 

 [kW/m2K] 

 = 0.009 

Present study 

 [kW/m2K] 

% Deviation 

17417 295.950 94.391 9.600 8.000 16.7 

29178 311.950 95.204 16.300 12.500 23.3 

30140 294.550 93.568 14.200 12.800 9.9 

31230 301.050 170.146 16.500 13.200 20.0 
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For constant properties, the effective viscosity depends only on the volume fraction ߶, Maiga et 

al. [34] based on experimental data,  carried out a least-square curve fitting, which led to the 

correlation: 

ఓ೙೑ఓ್೑ = 1 + 7.3߶ + 123߶ (3) 

It is worthy to note that when we refer to constant properties, we are referring to a property 

with no variation with respect to temperature. 

2.2.2. Temperature-dependent properties 

Corcione [46] developed temperature-dependent properties for dynamic viscosity using best-fit 

and recommended the following correlation with 1.84% standard deviation of error. 

ఓ೙೑ఓ್೑ = 1 − 34.87 ൬ௗ೛ௗ೑൰ି଴.ଷ ߶ଵ.଴ଷ (4) 

݀௙ = 0.1 ൬ ଺ெேగఘ೑൰ଵ/ଷ
(5) 

It is also worthy to note that when we refer to temperature dependent properties, we mean that 

the properties are changing with temperature. 

2.3. Nanofluid thermal conductivity 

2.3.1. Constant properties 

Maiga et al. [34] carried out the same procedure used for dynamic viscosity for thermal 

conductivity. The correlation is. 

௞೙೑௞್೑ = 1 + 2.72߶ + 4.97߶ଶ (6) 

2.3.2. Temperature-dependent properties 

Corcione [46] recommended the following correlation which he obtained by regression analysis 

with 1.86% standard deviation error. 

௞೙೑௞್೑ = 1 + 4.4ܴ݁௣଴.ସܲݎ௙଴.଺଺ ൬்೙೑்೑ೝ൰ଵ଴ (௞೛௞೑)଴.଴ଷܺ଴.଺଺ (7) 
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ܴ݁௣ = ఘ೑௨ಳௗ೛ఓ೑ = ଶఘ೑఑್்೙೑గ ఓ೑మௗ೛  (8) 

Proper polynomial thermo-physical properties of water as the base fluid was chosen from a 

simple curve fitting which is available in heat transfer textbooks and the technical literature 

McNab and Meisen [84].  ߤ௕௙ = 0.414092804247831 − 4.792184560427 × 10ିଷ × ܶ + 2.0927097596 × 10ିହ ×ܶଶ − 4.0781184 × 10ି଼ × ܶଷ + 2.9885 × 10ିଵଵ × ܶସ     (9) ߩ௕௙ = 765.33 + 1.8142 × ܶ − 0.0035 × ܶଶ (10) ݌ܥ௕௙ = 10444.58656104 − 54.08920728 × ܶ + 0.15359377 × ܶଶ  (11) −0.00014301 × ܶଷ  ݇௕௙ = −0.46662403 + 0.00575419 × ܶ − 7.18 × 10ି଺ × ܶଶ  (12) 

3. Boundary conditions and geometrical configuration

A complete three dimensional (3D) geometry was considered as shown in Fig. 1(a) with a non-

uniform mesh with fine mesh at the wall as shown in Fig.1(b) to capture the near wall behavior 

of the fluid while at the axis of the tube is relatively coarse since flow properties are expected to 

change more gradually. To ensure fully developed flow in the tube outlet section, the tube was 

chosen to be long enough. The tube is subjected to a constant wall heat flux condition with a 

uniform temperature profile and axial velocity at the inlet section. The nanofluid is made of 

water with Al2O3 particles of an average of 20 nm in size.  

3.1.Grid generation method and independence study 

The element mid-side nodes were dropped and the curvature sizing function was used to examine 

the curvature on the edges and faces and computed element sizes on these entities such that the 

size will not violate the maximum size or curvature angle. The relevance center was chosen to be 

fine so that the element size was reasonably small. Inflation layers were used to capture near wall 

physics. 
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Figure 1(a) Geometrical configuration for the present study.

Figure 1(b) Mesh for the present study.
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For a grid independence test four grid densities 14400, 77600, 388000, 1081356, were used as 

shown in Fig.2. Graphs of local Nusselt number were observed for Re = 1620 and q = 2089.56 

W/m2. There was less than 0.2% difference between the 1081356 and 388000 elements. Hence 

the latter was chosen for the simulation. 

4. Solution scheme

The fluid and the solid phase was considered to be coupled using two-way coupling during the 

simulation. Meaning that the fluid can alter the particle motion via drag, and the particles could 

interchange energy and momentum with the continuous fluid.  The commercial code ANSYS 

FLUENT was used, which is based on the finite volume method and the SIMPLE algorithm 

couples pressure and the velocity fields. PRESTO scheme for pressure, QUICK for volume 

fraction and SECOND ORDER UPWIND for other parameters were considered to discretize the 

governing equations. 

In the discrete phase model, 600 and 900 flow iterations were completed per DPM iteration for 

laminar and turbulent flow. When particle trajectories are resolved, and interphase exchange of 

the momentum, heat, and mass in the control volume are updated, these interphase exchange 

terms disturbs the continuous phase when the continuous phase iterations are calculated. 

Convergence was reached when the continuous phase flow no longer varied with further 

calculations, and when this happened, the discrete phase trajectories was no longer disturbed 

since changes in the discrete phase trajectories would lead to changes in the continuous phase 

flow field [85]. In this study, the convergence criterion was met when residuals fall below 10ି଺ 

and drag coefficient was also monitored to not change with iterations. 

5. Mathematical modeling

5.1. Homogenous single-phase approach 

Under this approach, the nanofluid was considered as a homogenous fluid flow with improved 

thermophysical properties of which the thermal conductivity and viscosity depend on 

correlations drawn from experimental data. Also, this model takes the liquid and particle phases 

as in thermal equilibrium and that they move with the same velocity [86]. 

18



 

The dimensional governing equations for steady state single-phase model are as follows [6, 40, 

80, 81]: 

Continuity ∇. ൫ߩ௡௙⃗ݒ൯ = 0 (13) 

Momentum ∇. ൫ߩ௡௙⃗ݒ⃗ݒ൯ = −∇ܲ + ∇.  (14) (ݒ⃗∇௡௙ߤ)

And Energy ∇. ൫ߩ௡௙⃗݌ܥ ݒ ܶ൯ = ∇. (݇௡௙∇ ܶ) (15) 

5.2. Lagrangian-Eulerian approach (DPM) 

In the Lagrangian-Eulerian model (or discrete-phase model) it is considered that the fluid is a 

single fluid with two phases which are strongly coupled with the continuous phase being taken as 

a continuum and the dispersed phase (particles) can exchange mass, momentum, energy with the 

continuous fluid-the base fluid. A major assumption made in this approach is that the dispersed 

phase is adequately diluted in such a way that particle-particle interactions are virtually 

negligible [85]. 

The mathematical formulation of the Lagrangian-Eulerian two-phase model is given below [17, 

80, 87]: 

Continuity, ∇. ൫ߩ௡௙⃗ݒ൯ = 0 (16) 

Momentum, ∇. ൫ߩ௡௙⃗ݒ⃗ݒ൯ = −∇ܲ + ∇. ൫ߤ௡௙∇⃗ݒ൯ + ܵ௠ (17) 

And Energy, ∇. ൫ߩ௡௙⃗݌ܥ ݒ ܶ൯ = ∇. ൫݇௡௙∇ ܶ൯ + ܵ௘ (18) 
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Source/Sink terms ݏ௠and ݏ௘ represent the combined effects of the momentum and energy 

exchange with the base fluid as the particles move through the Eulerian phase of the base fluid 

with the volume of ܸߜ. It is worthy to note that in the case of single-phase the source/sink terms 

are both equal to zero. 

The exchange of momentum between the particles and the base fluid is calculated as Mirzaei et 

al. [60] 

ܵ௠ = ଵఋ௏ ∑ ௣௡௣ୀଵܨ⃗ (19) 

In the Lagrangian reference frame, a force balance equates the particle inertia with the forces 

acting on the particle, and the trajectories of particles are calculated by integration. 

݉௣ 
ௗ௏ሬሬ⃗೛ௗ௧ = ܨ ஽ + ܨ ௚ + ܨ ௅ + ܨ ஻ + ܨ ் + ܨ ௣ + ܨ ௩ (20) 

where the left-hand side represents the particle inertia in which ሬܸ⃗௣ is the particle velocity, ݉௣ is 

the particle mass and the right hand side represents the forces acting on the particle which are the 

drag ܨ஽, gravity ܨ௚, Saffman’s lift ܨ௅, Brownian ܨ஻, thermophoresis ்ܨ, pressure gradient ܨ௣ 

and virtual mass force ܨ௩ respectively. 

Correlations are used for each force term as follows 

Drag force ܨ஽ is evaluated using Stokes’ relationship for submicron particles, but only valid for ܴ݁ௗ ≤ 0 . 1  where  

ܴ݁ௗ =  ఘௗ೛หሬ௩⃗೛ି௩ሬ⃗೎หఓ (21) 

and, 

= ஽ܨ ଵ଼ఓௗ೛మఘ೛஼೎ 
൫ݒ−⃗ ݒ⃗  ௣൯݉௣ (22) 

ௗ
where the factor ܥ௖ is the Cunningham 

correction: ܥ௖ = 1 + ଶఒ (1.257 + 0.4݁ିቀభ.మഊభ೏ቁ) (23) 
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where ߣ = 0.17 ݊݉ is the mean free path of the base fluid and ⃗ݒ௖ is the continuous phase 

velocity. Cunningham correction is necessary to apply the stokes’ relationship to submicrometer 

particles [88, 89]. 

Gravity force ܨ௚ is defined as: 

௚ܨ =  ௚(ఘ೛ିఘ)ఘ (24) 

Saffman’s lift force ܨ௅ is found by Khanafer et al. [20] 

௅ܨ = ଶ௄௩భ/మఘ ௗ೔ೕఘ೛ௗ೛(ௗ೗ೖௗ೗ೖ)భ/ర ൫⃗ݒ −  ௣൯ (25)ݒ⃗

where ܭ is the constant coefficient of Saffman’s lift force and is equal to 2.594 and the rate 

deformation tensor ݀௜௝ =  ଵଶ ௜,௝ݑ) +  .(௝,௜ݑ

It should be noted that this form of lift force is only recommended for submicron particles and is 

intended for small particle Reynolds number [90]. 

Brownian force ܨ஻ is determined by [85] 

஻ܨ = ௜ටగ ௌబ∆௧ߞ  (26) 

where ߞ௜ are zero-mean, unit-variance-independent Gaussian random numbers and ܵ଴ = ଶଵ଺ ௨ ௞ಳ்గమఘ ௗ೛ఱቀഐ೛ഐ ቁ஼೎
where ݇஻ is the Boltzmann constant 

Thermophoresis force ்ܨ is determined by the correlation suggested by Talbot et al. [91]. 

்ܨ = ଺గௗ೛ఓమ஼ೞ൬ ೖೖ೛ା஼೟௄೙൰ఘ(ଵାଷ஼೘௄೙)൬ଵାଶ൬ ೖೖ೛൰ାଶ஼೟௄೙൰ ଵ௠೛் ∇ܶ (27) 

where 
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 ௧ܥ ,௠ is the momentum exchange coefficient and is 1.146ܥ ,௣݀/ߣ௡ is Kundsen number and is 2ܭ

is the temperature jump coefficient = = ௦ is the thermal slip coefficientܥ ,2.18 1.147 

Pressure gradient force ܨ௣ is obtained by: 

௣ܨ = ൬ ఘఘ೛൰ ௣ܸ. ∇ܸ (28) 

where ܸ is the axial velocity. 

Virtual mass force ܨ௩, the force required to accelerate the fluid surrounding the particle as it 

moves and it is given as: 

௩ܨ = ௩௠ܥ ఘఘ೛ ௣∇vሬ⃗ݒ⃗) − ௗ௩ሬ⃗ ೛ௗ௧ ) (29) 

where ܥ௩௠ is the virtual mass-factor which has a default value of 0.5. 

The energy balance of a particle can be stated as: 

݉௣݌ܥ ௗ ೛்ௗ௧ = ℎܣ௣(ܶ − ௣ܶ) (30) 

where ℎ (heat transfer coefficient) is calculated from Ranz and Marshall’s correlation[92] 

ݑܰ = ௛.ௗ௞ = 2 + 0.6ܴ݁ଵ/ଶܲݎଵ/ଷ (31) 

We can obtain the energy exchange when we solve the energy balance equation: 

ܵ௘ = ଵఋ௏ ∑ ݉௣݌ܥ ௗ ೛்ௗ௧௡௣ୀଵ (32) 

5.3. Mixture model 

This model uses a single fluid two-phase approach; it assumes that local equilibrium between the 

phases is reached over a short spatial length scale and that there is a strong coupling between the 

phases. The mixture model is a simplified multiphase model. It solves the continuity, 

momentum, and energy equations. It also solves the volume fraction equation for the particulate 

phase, and then it uses an algebraic expression to calculate the relative velocity between the base 

fluid and the particle. 
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The dimensional equations of the mixture model governing equations are stated below [5, 32, 

87]: 

Continuity, ∇. (௠ݒ௠⃗ߩ) = 0 (33) 

Momentum, ∇. (௠ݒ௠⃗ݒ௠⃗ߩ) = ݌∇−  + ∇. (௠ݒ⃗∇௠ߤ) + ∇. ൫∑ ܺ௞ߩ௞⃗ݒௗ௥,௞⃗ݒௗ௥,௞௡௞ୀଵ ൯ (34) 

Energy,  ∇. [∑ ߶௞⃗ݒ௞(ߩ௞ܪ௞ + ௡௞ୀଵ(݌ ] = ∇. (݇∇ܶ) (35) 

And volume fraction ∇. ൫߶௣ߩ௣⃗ݒ௠൯ = −∇. (߶௣ߩ௣⃗ݒௗ௥,௣) (36) 

ݒ⃗ = ∑ థೖఘೖ௩ሬ⃗ ೖఘ௡௞ୀଵ  (37) 

ߩ =  ∑ ߶௞ߩ௞௡௞ୀଵ ߤ (38)  =  ∑ ߶௞ߤ௞௡௞ୀଵ  (39) ݇ =  ∑ ߶௞݇௞௡௞ୀଵ  .௞ is the sensible enthalpy for phasesܪ (40) 

The drift velocity (⃗ݒௗ௥,௞) for the secondary phase is ⃗ݒௗ௥,௞ = ௞ݒ⃗  −  ௠          (41)ݒ⃗

The relative or slip velocity is defined as the velocity of the second phase (p) relative to the 

velocity of the primary phase (f): ⃗ݒ௣௙ = ௣ݒ⃗  −  ௙ (42)ݒ⃗

The drift velocity related to the relative velocity becomes 
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ሬ௩⃗೑ೖథೖఘೖఘ೘௡௞ୀଵ⃗ݒௗ௥,௣ = ݒ  ௣⃗௙ − ∑           (43)     

and Manninen et al. [52] and Naumann and Schiller[93] proposed the following respective 

equations for relative velocity ݒ௣⃗௙ and the drag function ݂ௗ௥௔௚. 

= ௣௙ݒ⃗  ఘ೛ௗ೛మଵ଼ఓ೘௙೏ೝೌ೒ ఘ೛ିఘ೘ఘ೛ ܽ⃗ (44) 

݂ௗ௥௔௚ =  ቊ 1 + 0.15ܴ݁௣଴.଺଼଻ܴ݁௣ ≤ 1000
 0.0183ܴ݁௣ ܴ݁௣ ≥ 1000             (45) 

Here the acceleration is determined by ܽ=⃗  ݃ −⃗ ( ݒ⃗ ௠. ∇ ) ݒ ௠⃗ (46) 

And ݀௣ is the diameter of the nanoparticles of the secondary phases and ܽ⃗ is the secondary phase 

particles acceleration. 

The solids shear viscosity is given by the sum of collisional and kinetic parts and the optional 

frictional part. 

The collisional part is a viscosity contribution due to collisions between particles taken from the 

kinetic theory of granular flow of Syamlal et al. [94]. 

௣,௖௢௟ = ସହߤ ߶௣ߩ௣݀௣݃0, ݌݌(1 + ݁௣௣)(஀೛గ )ଵ/ଶ߶௣ (47) 

while for the kinetic viscosity part the Syamlal et al. [94] model is used to calculate it. The 

expression is given as: 

 = ௣,௞௜௡ߤ
థ೛ௗ೛ఘ೛ඥ஀೛గ଺(ଷି௘೛೛) ቂ1 + ଶହ ൫1 + ݁௣௣൯൫3݁௣௣ − 1 ൯ ߶ ௣݃0, ݌݌ቃ  (48) 

and the bulk viscosity is the granular particle’s resistance to compression or expansion. The 

model is developed from the kinetic theory of granular flow based on Lun et al. [95]. 

௣ = ସଷߣ ߶௣ߩ௣݀௣݃0, ݌݌(1 + ݁௣௣)(஀೛గ )ଵ/ଶ (49) 
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where, in Eqs (47-49) ݃0, ݌݌ is the radial distribution function and Θ௣ is the granular 

temperature and ݁௣௣ is the restitution coefficient and ߣ௣ is the bulk viscosity. 

5.4. A combined model of discrete and mixture phases 

The numerical procedure for this model is as given by Mahdavi et al. [75]; they first solved the 

flow and energy equations for the base fluid in the turbulent regime to convergence then solved 

discrete phase for one iteration with Brownian force and particle heat transfer equation with 

turbulent particle diffusivity calculated and stored. Then the particles concentration is stored and 

the gradient of temperature is calculated. All fluid properties are changed and the source terms of 

energy equation implemented, and simulation goes to reach a final acceptable solution. 

5.5. Turbulence modeling 

The realizable ߢ − ߳  turbulent model was proposed by Shih et al. [54]. The equations for the 

turbulent kinetic (ߢ) and dissipation of turbulent kinetic energy (߳) used in the Realizable ߢ − ߳ 

turbulent model are given as 

= ⃗(ݒߢߩ)ݒ݅݀      ݀ ݅ ݒ ቄ ቀ ߤ + ఓ೟ఙೖቁ ݃ ݎ ܽ ݀ ߢ  ቅ  + ܩ  ௞ − (50)         ߳ߩ 

= ⃗(ݒ߳ߩ)ݒ݅݀      ݀ ݅ ݒ ቄ ቀ ߤ + ఓ೟ఙೖቁ ݃ ݎ ܽ ݀  ߳ ቅ  + ߩ  ܥ ଵܵఢ − ߩ ܥ ଶఢమ఑ା√௩ఢ (51) 

Here 

= ଵܥ ݉ ܽ ݔ ቂ 0 . 4 3 ,ఎఎାହ ఢቃ, ܩ௞ = ߤ ௧ܵଶ, ߟ = ܵ ఑ and ܵ =  ඥ2ܵ௜௝ܵ௜௝ 
In these equations ܩ௞ represents the generation of turbulent kinetic energy due to the mean 

velocity gradients. Here, ܵ is the modulus of the mean rate-of-strain tensor, ߪ఑ and ߪఢ are the 

effective Prandtl numbers for the turbulent kinetic energy and the rate of dissipation respectively. 

Hence, ߤ௧ is modeled as 

௧ = ఘ఑మߤ + ܣ) ܣ  ఑௎∗ఢ ଴ ௦ ఢ )ିଵ (52) 

Here, ܣ଴ and ܣ௦ are the model constants given as 
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= ଴ܣ  4 . 0 4  and ܣ௦ = ඥ6ܿݏ݋߶ respectively with  

߶ = ଵଷ = ∗ܷ ,ଵ√6ܹିݏ݋ܿ  ටܵ௜௝ܵ௜௝ + Ω ෩௜௝ ෩Ω෩Ω௜௝ , ௜௝ = Ω ෩௜௝ − 3 ߳ ௜௝௞߱௞ and 

ௌయ ܹ = ௌ೔ೕௌሚೕೖௌೖ೔ (53) 

Here, Ω෩௜௝ is the mean rate of rotation tensor with the angular velocity ߱௞. in Eqs. 50 and 51, the 

model constants are ܥଵ = 1 . 4 4 = ଶܥ , 1 . 9 = ఑ߪ , 1 . 0  and ߪఢ = 1 . 2 

6. Results and discussion

The results were obtained first for pure water flowing inside a circular tube to evaluate the 

accuracy, grid independence, and the model. The Nusselt number obtained for Re = 1460 was 

validated with a correlation by Churchill and Ozoe [96] with an average error of less than 3% as 

shown in Fig. 3 for thermally and hydraulically developing flow with a uniform heat flux of 

2089.56 W/m2. The correlation by Churchill and Ozoe [96] is as follows: 

ே௨ವସ.ଷ଺ସ൤ଵାቀ ಸ೥మవ.లቁమ൨భ/ల = ൦ 1 + ቌ ಸ೥భవ.బర൤ଵାቀ ುೝబ.బమబళቁమ/య൨భ/మ൤ଵାቀ ಸ೥మవ.లቁమ൨భ/య ቍଷ/ଶ൪ଵ/ଷ
(54) 

And it agrees within 5% for Pr = 0.7 and Pr = 10 of other investigators’ numerical data 

The Nusselt number obtained for Re = 4600 in this current study is in a good agreement with 

Gnielinski’s equation [55] as shown in Fig.4. 

= (ݔ)ݑܰ ೑ఴ(ோ௘ିଵ଴଴଴)௉௥మయଵାଵଶ.଻ටఴ೑(௉௥ ିଵ)൤1 + ቀௗ௅ቁଶ/ଷ൨ (55) 

݂ = ଵ(ଵ.଼ ୪୭୥భబ ோ௘ିଵ.଺ସ)మ (56) 

Next, the results of the nanofluid were validated for laminar flow using experimental data of 

Wen and Ding [68] for Re = 1050 and ߶ = 0.6% in Fig. 5. The figure showed good agreement of 

the present study with experimental results with a particularly high heat transfer coefficient at the 

entrance region as reported in their experimental results. Additionally, it should be noted that the 
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Figure 3. Model validation with Churchill and Ozoe’s correlation [96].

27



(x/(Re*Pr*D))1/2

N
u

0.02 0.04 0.06 0.08 0.1

38

39

40

41

42

43

44

Current study
Gnielinski equation

Figure 4. Model validation with Gnielinski equation [55].

28



x/D

h
[W

/(m
2 K

)]

40 60 80 100 120 140 160 180 200600

800

1000

1200

1400

1600

1800

Experiment (Wen and Ding)
Present study

Figure 5. Nanofluid validation for laminar flow using experimental data of Wen and Ding [68] 
for Re = 1050 and = 0.6%.

29



 

highest deviation which was 35% from their experimental results was observed at the entrance 

region and the deviation reduces along the pipe’s length. This deviation could be attributed to the 

limitation of modeling multiphase flows as their numerical methods have not yet been fully 

validated. 

Results of the nanofluid were  further validated for turbulent flow using experimental data of 

Williams et al. [97] as shown in Table 2. It can deduced from the table that a satisfactory 

agreement was found. 

Four different models were used in the numerical simulation: single-phase homogenous, two-

phase (Lagrangian-Eulerian, mixture phase and combined model of discrete and mixture phases) 

each with constant properties and temperature dependent properties to ascertain which model is 

best for nanofluid simulation under laminar and turbulent flow regimes. Re = 1460, Re = 6020 by 

comparison of all models with experimental data of Kim et al. [31] with particle loading of 3% 

and wall heat flux boundary conditions; q = 2089.56W/m2. 

Fig. 6 shows the profiles of dimensionless radial velocity along the tubes radius at different axial 

locations up to x/L = 0.4 for Re = 1460, q =2089.56 W/m2 and ߶ = 3% using the single phase 

model. The hydrodynamic entry length is given by ܮ௛,௟௔௠௜௡௔௥ = 0.05ܴ݁஽[99 ,98] ܦ which 

evaluates to x = 0.3 m from the inlet section. It can be observed that the nanofluid is fully 

developed at an entrance length of 0.4 m. It should be noted that the mean velocity is different 

for different nanoparticle volume fraction to maintain a constant Reynolds number. This may be 

attributed to the fact that  the Reynolds number depends on the density and viscosity of the fluid 

which varies directly with the nanoparticle volume fraction. In addition, the nanofluid’s viscosity 

increases faster than the density as the volume fraction of nanoparticles is increased.  

Fig. 7 shows the profiles of dimensionless radial velocity along the tubes radius at different axial 

locations up to x/L = 0.4 for Re = 6020, q = 2089.56 W/m2 and ߶ = 3% using the single phase 

model. The hydrodynamic entry length is given by ܮ௛,௧௨௥௕௨௟௘௡௧ = 1.359ܦ ܴ݁஽ భర [100, 101] which 

evaluates to 0.05 m from the inlet section. It can be seen that the nanofluid under turbulent flow 

is fully developed at 0.08 m. It should be noted that the entry length is much shorter in turbulent 
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Figure 6.  Radial velocity profiles for q = 2089.56 W/m2, Re = 1460 and = 3%.
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Figure 7.  Radial velocity profiles for q = 2089.56 W/m2 and Re = 6020 and = 3%.
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flow, as expected. This is because when the fluid just enters the pipe, the boundary layer 

thickness gradually increases from zero moving in the direction of fluid flow, it eventually 

reaches the pipe center and fills the pipe, and this happens faster in turbulent flow than in laminar 

flow hence a shorter entry length. Also, the dependence of the entry length on Reynolds number 

in the turbulent flow case is weaker compared to laminar flow as can be seen from the 

relationship that Reynolds number is to the one-fourth power in the turbulent flow case.  

When the single-phase model is considered for constant properties, the velocity profiles and 

hydrodynamics entrance length for ߶ = 0% and ߶ = 3% and Re = 1420 lie on each other. This 

shows that nanoparticles move with the fluid velocity and the velocity profile and hydrodynamic 

entrance length are independent on nanoparticles concentration values. The velocity axial 

profiles at x/L for ߶ = 0% and 3% are shown in Fig. 8. 

In turbulent flow case, Re = 6020 it was observed that in contrast to laminar flow the 

nanoparticles have a different velocity from the fluid velocity and the velocity profile and 

hydrodynamic entrance length are dependent on nanoparticles concentration values since the 

plots overlap as can be seen in Fig. 9. 

Fig 10 (a) and (b) shows the comparison of the dimensionless temperature profiles for ߶ = 0% 

and ߶ = 3% respectively at various locations along the tube for Re = 1420. A reduction of 2.9 % 

in the dimensionless temperature profile at x = 1.8 m with respect to the base fluid and the wall. 

Additionally, it can be seen that since the increase of volume fraction increases viscosity and 

Prandtl number, a longer thermal entrance length results. 

Fig 11 (a) and (b) shows the comparison of the dimensionless temperature profiles for ߶ = 0% 

and ߶ = 3% respectively at several locations along the tube for Re = 6020. It can be observed that 

the shape is changing and it follows the logarithmic thermal profile for turbulent flow for both 

cases. 

To show which of the multiphase models used to model nanofluid predict the heat transfer 

coefficient more accurately, experimental data of Kim et al. [31] for laminar flow of Re = 1460 

and ߶ = 3% for Al2O3/water nanofluid flow inside a circular tube subjected to a constant wall 

heat flux was plotted along with the local heat transfer coefficients predicted by the models in 

Fig. 12 and Fig. 13.  
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Figure 9. Radial velocity profile for q = 2089.56 W/m2, Re = 6020 at x/L = 0.4 for = 0% and = 
3%.
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Figure 10. Dimensionless temperature for q = 2089.56 W/m2 and Re = 1420 at different axial
locations for: (a) = 0% (b) = 3%
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Figure 11. Dimensionless temperature for q = 2089.56 W/m2 and Re = 6020 at different axial
locations for: (a) = 0% (b) = 3%
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Fig. 12 was for constant properties assumption. It can be seen that the mixture model and the 

combined model of discrete and mixture phases overpredicts the local heat transfer coefficient 

while the single-phase model deviates from the experimental data at the midsection, the 

discrete phase model underestimates it at the entrance but gives good predictions elsewhere. It 

should be noted that constant property assumption is an approximation of the real conditions 

since transport properties of most fluids vary with temperature hence it was not expected to give 

results that are more accurate than variable property assumption. 

From Fig. 13 for temperature dependent or sometimes called variable properties, it can be seen 

that the mixture model and the combined model of discrete and mixture phases overpredicts the 

local heat transfer coefficient while both the discrete phase and single phase models give good 

predictions and closely follows the experimental data. The average deviation of the discrete 

phase model from experimental data of Kim et al. [31] was 9%, and the average deviation of the 

DPM from single phase model was 4.25%. 

Fig 14. and Fig.15 is used to show which of the multiphase models used to model nanofluids 

predicted most accurately the local heat transfer coefficients under turbulent flow conditions. For 

this purpose, the experimental data of Kim et al. [31] for turbulent flow of Re = 6020 and ߶ = 

3% for Al2O3/water nanofluid flow inside a circular tube subjected to a constant wall heat flux 

was compared to the local heat transfer coefficients predicted by the models. It can be deduced 

from Fig. 14 for constant properties assumption, that the mixture and the combined model of 

discrete and mixture phases gave similar results but overpredicted the local heat transfer 

coefficients. However, the single-phase model underestimates it. It was also found that the 

discrete phase model closely predicted the local heat transfer coefficient at the entrance region 

after which it began to fail,  The average deviation was 13% from the experimental data of Kim 

et al. [31]. In addition, it can be seen from Fig. 14 that the discrete phase model gave b e t t e r  

results than the other models studied for constant properties assumption. 

It can be observed from Fig. 15 for temperature dependent properties, that the mixture, combined 

model of discrete and mixture phases overpredicted the local heat transfer coefficient while the 

discrete phase and single-phase models give similar results which are closer to experimental data 

by Kim et al. [31]. However, the discrete phase model accurately predicts the local heat transfer 

coefficient of the nanofluid at the entrance region and has an average deviation of less than 9% 
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from experimental data of Kim et al. [31]. On the other hand, the average deviation between the 

single-phase model and the DPM was 2% as the single-phase model underestimated the heat 

transfer coefficient at the entrance region while the DPM overestimated it at the early entrance 

region. 

From Fig. 16 for laminar flow conditions (Re = 1420), it can be seen that the mixture model and 

combined model of discrete and mixture phases overpredicts the average Nusselt number for ߶ = 

1%, 2%, 3% for both constant and variable properties. While the DPM and single phase models 

give similar results between the same range of volume fractions. This is because they capture  

important nanofluid phenomenon which the other models fails to capture. It should be noted that 

the single phase model only solves based on known correlations hence it can only be as accurate 

as the correlation at various nanoparticle volume fraction. Additionally the DPM has shown to 

give good results at many nanoparticle volume fractions; however, there is a limiting volume 

fraction of 10% above which DPM fails due to a violation of the assumption of no particle-

particle interactions. 

It can also be observed in Fig. 17 for turbulent flow (Re = 6020), that the mixture model and 

combined model of discrete and mixture phases give unrealistic results for ߶ = 1%, 2%, 3%, 

while as with laminar flow the DPM and single phase models give similar results for the same 

range of volume fractions. Additionally, it can be observed from the plot that SPM cst, SPM var, 

DPM cst, and the combined model of discrete and mixture phases cst show an optimum range of 

volume fraction of 1.5 – 2.5% in a bell shaped curve under turbulent flow regime. This is due to 

the fact that as more particles are added to the base fluid it increases its thermal conductivity and 

hence heat transfer by conduction increases hence the Nusselt number drops. It should be noted 

that this trend is not observed in all the models; the reason could be that they may have their own 

local optimum values. 

7. Conclusion

A three-dimensional model considering nanofluid flow for the laminar and turbulent flow was 

studied. The DPM, single-phase, mixture, combined model of discrete and mixture phases, each 

with either constant or variable properties were investigated. For the turbulent flow regime, it 
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was found that the DPM with variable properties predicted the local heat transfer coefficients 

with an average deviation of less than 9%, the discrete phase model deviated from the single-

phase model by less than 2%. For the laminar flow regime, it was found that the discrete phase 

model with variable properties predicts the local heat transfer coefficient accurately at the exit 

and entrance region of the pipe and it deviates by 9% and its average deviation from the single 

phase model was 4.25%, while the single-phase model predicts the local heat transfer coefficient 

better with constant property assumption. Also, using the single-phase model requires that 

correlation of thermo-physical properties be ready at hand which significantly limits its use 

although it is less computationally tasking. From the results presented, the discrete phase model 

is suggested for the simulation of nanofluid given its accuracy and none dependence on the 

thermo-physical correlation of the particular nanofluid in the question. However, more studies 

should be carried out to accommodate particle coalescence in the DPM and include other flow 

phenomenon of nanofluid. 
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