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ABSTRACT. This work is concerned with the discontinuous Galerkin finite approxima-
tions for the steady Stokes equations driven by slip boundary condition of “friction”
type. Assuming that the flow region is a bounded, convex domain with a regular
boundary, we formulate the problem and its discontinuous Galerkin approximations
as mixed variational inequalities of the second kind with primitive variables. The well
posedness of the formulated problems are established by means of a generalization
of the Babuska-Brezzi theory for mixed problems. Finally, a priori error estimates
using energy norm for both the velocity and pressure are obtained.
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1. Introduction. We consider steady flows of incompressible viscous fluids
modeled by the Stokes system

—divveD(v)+Vp =f in Q, (1.1)
dive =0 in €, (1.2)
where Q is the flow region, a bounded domain in R?, while D(v) = 1[Vou +

(Vv)T]. The motion of the incompressible fluid is described by the velocity v(z)
and pressure p(x). In (1.1) f is the external body force per unit volume depending
on x, and v is the positive parameter representing the kinetic viscosity. Equations
(1.1) and (1.2) are supplemented by boundary conditions which constituted the
novelty of our study. In order to describe the motion of the fluid at the boundary,
we assume that the boundary of Q, say, 9 is made of two components S (say
the outer wall) and I' (the inner wall), and it is required that 9Q = SUT, with
SNT = (. We assume the homogeneous Dirichlet condition on T, that is

v=0 onl. (1.3)

We have chosen to work with a homogeneous condition on the velocity in order
to avoid the technical arguments linked to the Hopf lemma (see [10], Chapter 4,



Lemma 2.3). On S, we first assume the impermeability condition
vy=v-n=0ons, (1.4)

where n is the outward unit normal on the boundary 0f2, and vy is the normal
component of the velocity, while v+ = v — vyn is its tangential component. In
addition to (1.4) we also impose on S, a “friction type” boundary condition [5, 6,
7, 8, 16], which is the main ingredient of this work. The “friction type” boundary
condition can be formulated with the knowledge of a positive function g : S —
(0,00) called threshold slip or barrier function, and the use of sub-differential to
link quantities of interest. It is written as

—(on)r € gdlvs| on S, (1.5)

where (on), is the tangential component of the Cauchy tensor o given by o =
—pI +2vD(v), and 9] - | is the sub-differential of the real-valued function |- |, with
|v]? = v-v. We recall that if X is a Hilbert space with 29 € X, and y € &’. Then

y € 0¥ (xp) means that U(x) — U(xg) >y - (x —x9) Ve X. (1.6)

It should be observed that (1.5) can also be written as [4]

[(on)r| <g,

[(on)r| <g=vr =0, on S. (1.7)
v

l(on)r| =g = vr #0, —(on)r = g——
vz

Clearly, that condition express the fact that the tangential part of the traction is
proportional but opposite to the tangential velocity, while g/|v+| can be viewed
here as the coefficient of “friction”. So, it is the Coulomb’s friction law, but
also called in this context Navier’s slip condition [16]. It should be mentioned
that more advanced slip conditions can be formulated, (such slip condition will
be examined in our future work) we refer the reader to [16]. The friction type
boundary conditions (1.4) and (1.5) are applied to many situations, for example,
in the melt spinning, the friction between the air and the “skin” of the fluid should
be taken into consideration in the case the draw velocity of the fibre is important.
The main concern in this research is to analyze numerically (1.1)—(1.5) using the
discontinuous Galerkin finite element method. This work can be viewed as a first
attempt to solve a flow problem driven by slip boundary condition of friction
type using the discontinuous Galerkin methods. There are two major difficulties
associated with problem (1.1)—(1.5), namely: the incompressibility condition, and
the nonlinear slip boundary condition. It should be observed that the nonlinearity
of the problem comes from the boundary condition (1.5), while the velocity v is
related to the pressure via the incompressibility condition dive = 0. Thus the
pressure is viewed as a Lagrange multiplier. Hence the problem (1.1)—(1.5) can be
formulated as a mixed variational problem, which can be shown to be equivalent
to many others variational problems [16].

It is well known that solving nonlinear variational problems is not a trivial task [13].



There exist many finite element discretizations for solving variational inequalities
[13, 14, 19], steady Stokes and Navier-Stokes problems [10, 13] and mixed variational
inequalities [9, 15, 17, 18]. The finite element methods presented in [15, 18] are
motivated by problems in plasticity, while the analysis in [17] uses the penalty
approach in the Stokes equations to circumvent the incompressibility constraint.
Using a different type of slip boundary condition R. Verfurth [20] has analyzed the
problem by relaxing the constraint (1.4) at the expense of an additional unknown.
In [9] a solution technique and the convergence of an algorithm for solving the
Stokes equations with leak and slip boundary conditions is presented, but the
mathematical analysis of the finite element method presented is not discussed.
Our framework for analyzing the finite element schemes of (1.1)—(1.5) is based on a
suitable extension of the mixed finite theory of Babuska-Brezzi [2], reminiscent of
those used in, e.g., [15, 18] for the analysis of problems in plasticity. We formulate
and analyze the discontinuous Galerkin finite element approximations associated
to (1.1)—(1.5) without penalization by considering the mixed variational approach
in which the velocity and pressure satisfy the Babuska-Brezzi (BB) condition [2].
The discontinuous Galerkin finite element schemes are constructed on a regular
decomposition of the domain [3] and a complete mathematical analysis is discussed.

The outline of our work is as follows. First we re-formulate (1.1)-(1.5) in
terms of variational inequalities and prove the unique solvability of the variational
problem in Section 2. In Section 3, we introduce some notations pertaining to
the discontinuous Galerkin approximations. Next, we formulate the discontinuous
Galerkin scheme, show the unique solvability and establish convergence of the
approximate solution using energy norms for both the velocity and pressure. Some
conclusions are drawn in Section 4.

2. Variational formulations/Slip boundary conditions.

2.1. Notation. We shall use the standard Sobolev spaces [1]. For any non-
negative integer s and r > 1, the usual Sobolev space on a domain E C R? is

WoT(E)={¢pe L"(E): forall|m|<s, dm¢pe L"(E)},
where 0™ ¢ are the partial derivatives of ¢ of order m. The norm in W*"(E) is
denoted by ||-||s,» & and the semi norm by || g. The L? inner-product is denoted
by (-,-) and by (-,-) if E = Q. For the Hilbert space H*(E) = W*?2(E), the norm

is denoted by || - ||s,z. Throughout this work, boldface characters denote vector
quantities. We introduce the spaces

Vi={ve H(Q)? wvlr=0, v-n|ls=0}, M:=L3Q). (2.1)
We assume that

v>0, f€L*(Q)? g€ L>(S), g>0ae.onS . (2.2)



2.2. Variational formulation. In this paragraph, we formulate variational mod-
els associated with (1.1)—(1.5); and we also indicate how existence and uniqueness
of the solutions is obtained.

The first variational formulation of (1.1)—(1.5) is classical, and readily obtained
by making use of Green’s formula and (1.6). It reads

Find (v,p) € V. x M such that
a(v,w —v) 4 b(w — v,p) + j(w) — j(v) > L(w —v) for all w €V, (2.3)
b(v,q) =0 for all q e L*(Q),

with

a(v,w) :=v(D(v), D(w)), b(v,q):=—(divwv,q),
()= (F.0), §(w):= [ glorlds

We also know that v is the solution of the optimization problem

{Flnd v € Vv () such that (2.4)

J(v) < J(w) for all w € Vyi (),

where

J(w) = Sw,w) + j(w) — w)

Vdiv(Q) = {’U ev, diVUlQ = 0}.

One readily observes that (2.4) is equivalent to

Fi (Q) such th
{ ind v € Vg () such that (25)

a(v,w —v) + j(w) — j(v) > b(w—v) foral weV.

Let us point out that from a numerical point of view, the solution of (2.4) is difficult
to compute, the main difficulty being to define an internal approximation of the
set Vaiv (). Tt is one of the reasons why mixed finite element methods have been
introduced, and very popular.
Another equivalent model is the saddle point problem which can be formulated as
follows:

Find (v,p) € V x M such that

2.6
L(v.q) < Llv.p) < L(w,p) for all w,g eV x M, (26)

where
£(w,q) = 5w, w) + j(w) — () + blaw, ).

For the well-posedness analysis of (2.3), instead of Babuska-Brezzi’s theorem
[2], we need its extension to mixed variational inequalities obtained by Han and
Reddy [15, 18], which entails showing that



(a)  the bilinear and linear forms a(-,-); b(-,-) and £ are continuous;
(b)  j is convex and lower semi-continuous;
(c)  there exists a constant a > 0 such that
a(v,v) > a|v||? forall ve Z, (2.7)
with Z ={w € V ; b(w;q) =0 for all ¢ € M};

(d)  there exists a constant S > 0 such that

b(v,q)

o]l

Bllgllaryzr < sup forall veV (2.8)
vev

with Z7 ={ge M ; b(w,q) =0 for all w € V}.

We then state that (following Han and Reddy [15])

PROPOSITION 2.1. Problem (2.3) has a unique solution, which satisfies the esti-
mate

[vlli + lIpllo < C(Q,v)(IFI1 + llgllzzcs))- (2.9)
3. Discontinuous Galerkin approximations.

3.1. Notation and preliminaries. Assume that € is a convex domain with
polygonal boundary, so that it can be entirely covered by finite number of triangles,
say, K. Let h be the diameter of a triangle K and px the diameter of its inscribed
circle. We let h = max{hg, K triangle in the partition of Q}, and we denote by
Tr the corresponding triangulation. We assume that the triangulation 7j, is regular,
that is (see Ciarlet [3]), there exists a parameter o > 0 such that

— =og <o forall K €T, (3.1)
PK

The set of all the edges of T}, is denoted by &, the set of all edges that lie on S is
55, and the set of all edges that do not lie on S is denoted by 5;5. Next, we define
the average and jump operators. To this end, let K+ and K~ be two adjacent
elements of 7, and  be an arbitrary point of the interior edge £ = 0K+t NoK ™.
For scalar-, vector-, and matrix-valued functions ¢, v, and T, respectively, that are
smooth inside each element each K*, respectively, we define the following averages
att € E=0KTNOK™:

@)= 5" +a7), o)=L o), {r)= (1)



Similarly, the jumps at £ € E = K™ N K~ are given by

ld) = ¢ g+ + ¢ ng-,

] =vt ngr +v ng,
[v] =v* @ng+ +v7 Qng-,
=zt +1

If E is an edge of element K that lies on 0f), then the averages and jumps are

defined by
{¢}=q, {v}=v, {z} =1,

and
[(]]an ) [’U}:’U'TL ) [Q}:’U@n ) [1]:1'” s

where n denotes the unit outward normal vector to 9. Now for vectors v and
tensors T, piecewise smooth on 7, we recall the following identity

S [ vma=3 [pimer ¥ (e @)

KeTn Ec&yn Ec&p\o2

obtained by re-arranging terms.

We denote by Py (K) the space of polynomial functions of degree at most k > 0
on K, and we finally recall or introduce the following standard trace and inverse
inequalities:

IN

—1/2 1/2
€[5 ollie + 2190l
for all edge E C 0K, and all v € H(Tp,),

lonlle < Ch?|lon|lx for all edge E C 9K, and all v, € Py(K), (3.3)
IVopllx < Ch;(1||vh|\K for all v, € Pr(K),

ol

where C'is a positive constant independent of hx and F is an edge of K. Here and
henceforth || - || and || - |z will denote respectively the L?-norms on an element
K and edge E.

3.2. Variational formulation: “continuous formulation”. Before intro-
ducing the discontinuous Galerkin scheme, it is important when dealing with error
estimates, to set out in clear terms the regularity of the weak solution of the
continuous problem. The question of regularity of solutions to Stokes flow driven
by the slip boundary condition of friction type is a much more subtle matter than
the corresponding question for Stokes flow with the non-slip boundary condition,
and complete results are not yet available. In what follows, we require that both the
gradient of the velocity, and the pressure have a trace on line segments. This entails
taking (v,p) € HE,(Q)* x H} (Q). These assumptions are somewhat stronger
than what is known in the literature [16] at least for Lipschitz domains. Now, to
introduce the discontinuous Galerkin formulation, we need additional notations.



Let m > 1 be a natural number so that we consider the following infinite dimen-
sional spaces:

H™(Tw)?* = {vel?Q)? v|xecH™K)? foral KeT,},
V(Th) = H(Tw)? (3.4)
M(Tn) = {qeLi(), qlx € H(K), forall K € Ty},

endowed with the following norms

Wl = > Vol +hklolix] + D *II[ I,

KEeTy, Eee}l
and (3.5)
lalirry = D lalk +r%IVal%] -
KeTy,

Next, for v,w in V(T3), and g in M(T},), we set

iw) = % [ alorl as

Eegy
a(v,w) = Z/ Vo : Vadx — Z/ (Vo) : [w] + a{Vw) : [u]) ds
EcE}
B
+E§§’1E E[y] [w]ds, (3.6)
b(v,q) = —EK:/qulvvdx—«— Z /{q}[v]ds,

where o = {£1} and f is a positive constant that will be made precise later. With
these forms, we then consider the following problem:

Find (v,p) € V(T;,) x M(Ty), such that

for all (w,q) € V(Tn) x M(Tp),

a(v,w—v) +blw —v,p) + j(w) — j(v) > l(w —v),
b(v,q) = 0.

(3.7)

REMARK 3.1. One readily sees that the variational formulation (3.7) is equivalent
to the following problem:

Find (v,p) € V(Tn) x M(Tp), such that

for all (w,q) € V(Tp) x M(77L,)7 (3.8)
a

A(v,p;w, q) + j(w) = j(v) > {(w -

where A(v, p;w, q) = a(v, w) + b(w, p) — b(v, q).



For the analysis of (3.8), we first recall the following crucial inequality obtained in
[11]: for each real number p € [2,00), there is a constant C(p) such that

[ollr @) < C@)|[vllv(r), forallv e V(7). (3.9)

With (3.9) in mind, Cauchy Shwarz and Holder’s inequalities, one may readily
deduce the following

LEMMA 3.1. There are positive constants C1,Cs independent of the mesh size h
such that for all w,v in V(7) there hold

1/2
j) —jw) < | Y gl v —wllv(7,),
Eeg?
l(w) < Collwlly(r,)-

Now for all w and v in V(7}), one deduces from (3.3);, that

> [ (9o} )+ o{Vu} : u)

EcE}
1/2 ~1/2
S p> (||Vv||%<+h%<v|%,f<)] >oohplllE| (310)
KeTn Eecgt i
1/2 ~1/2
0| 3 (vl st | 3 0l
KET, Ecgt ]
which, Holder’s inequality leads to
LEMMA 3.2. There is a constant C, independent of h, such that
a(v,w) < C|v|lvryllwlves) forall v,we V(Th).
Similarly one obtains,
1/2 1/2
> /E{q}[’v] < O Y llallk +bklali x >oohptllliE] s (311

EeE] KeTh BeE]

which with (3.5)2 and (3.11) gives



LEMMA 3.3. There is a constant C, independent of h, such that

b(v,q) < Cllollv(ryllallaer,y  for all v.q € V(Tn) x M(T).

As far as the coercivity of the bilinear form a(-, -) goes, there are two possibilities:

e For @ = —1 and w = v in (3.6), one obtains

ZHVUIIK+5 Z o)l = min(1, 8) [|v[|(7,)-

Ee&zt

e For =1 and w = v in (3.6), yields

o(00) = S Ivelf 2 3 JSOREEED ST

EeE} EcE]
> IVolk -G [ > IVl + hilol3 x) Y hetllE
K KeTh, Ecé€t
+8 ) b llE

E€E]

So, by applying Young’s inequality and choosing § appropriately, we can state the
following

LEMMA 3.4. There is a constant C', independent of h, such that

a(v,v) > C||'v||%,(7-h) for all v € V(Ty).

3.3. Finite element discretization: error estimates. In this paragraph, we
discuss the solvability of the finite element scheme associated to (3.7). We also
derive a priori error estimates in the energy norm of the error for the velocity and
the mesh dependent norm of the error for the pressure.

In order to approximate v and p, we introduce two finite dimensional spaces V}, C
V(Tn) and My, C M (Ty,), define as follows

Vi = {v, €V(Ty); forall K €Ty, vy, € PHK)},
My, = {qn€ M(Tp); forall K € Tp, qn € Pr_1(K)}.



We endow V}, and M;, respectively with the usual norms

lonll, = D IVorli + > hgtllvalls,
KeTn EcE}
(3.12)
lanl3n, = D llanllk-
KeTn

We note immediately that, using the inverse inequality (3.3)s, we have that on V},
and Mp, the DG norms (3.12) are equivalent to the norms (3.5) originally intro-
duced in V(T3) and M(Tp) respectively. In particular there are positive constants
C4, Cy independent of the mesh size h such that

lvrllvir) < Cillvnllvi. < Cillvallverm)s (3.13)
and
lanllarery < Collanllan, < Collanllarer,)- (3.14)

The discrete problem is formulated as follows:

Find (vp,pr) € Vi x My, such that

for all (wp,qn) € Vi x My,

a(vp, wn, —vp) + b(wy, — v, pr) + j(wn) — j(vr) > Lwy, — vy),
b(vn,qn) = 0.

(3.15)

REMARK 3.2. With the bilinear form A(-,-) introduced earlier (see Remark 3.1),
the variational formulation (3.15) can be re-written as

Find (vp,pn) € Vi, X M, such that
for all (wp,qn) € Vi X My, (3.16)
A(n, pr; wh, qn) + j(wp) — j(vn) > L(wy, —vp).

Based on (3.13), and (3.14), Lemmas 3.1, 3.2, 3.3 and 3.4, one obtains the following
result

PROPOSITION 3.1. There are positive constants Cy, Csy, Csz, Cy independent of the
mesh size h such that for all v;, and wy, in V}, and q; in My;

1/2
jon) —jwn) < Cr | > lgliem| v —walvi
Ee&f
Uwp) < Collwnllvy,
bvn,an) < Csllvnllvillgnlla,,
a(vp,vp) > O4||UhH%/h~



Finally, to claim existence of DG solution v, and p, defined by (3.15), it is
important to obtain the inf-sup condition involving the bilinear form b(-,-) in the
DG norm (3.12). That is, there is a constant C' independent of h such that

b(vh, qn)

for all g, € My, C|lqllap, < sup lvnllv,
h

Vh€Vh

(3.17)

It should be noted that the compatibility condition (3.17) has been proved in [11]
in the case where the continuous space of velocity V = Hg(2)2, and € is made of
two sub non-overlapping domains. The situation here is slightly different, indeed
V ={ve HQ)? ,vlr =0, v-n|s = 0}. But nevertheless, the proof in [11] can
be adapted and will not be repeated here. Hence, the solvability of the variational
problem (3.15) is obtained, and can be summarized as follows

PROPOSITION 3.2. The DG finite element formulation (3.15) has a unique solution
(’Uh,ph) in Vh X Mh.

Having the existence of the solution of (3.15), our next task is to measure the
quantities v — vy, and p — py, in appropriate norms. For that purpose, we first put
in place adequate instruments.

The pressure will be interpolated by the classical operator Z;, € L(L3(£2), M}) (see
[10]) given as follows. For any K € Ty,

/K 20(Zn(q) — q) = 0, for all (q,zp,) € L3(Q) x Pr_1(K), (3.18)

satisfying the following error estimate for £ > 1 and m =0, 1
g = Zn() lm, & < CRE™Vqllk i, for all g € H*(Q) N LF(<). (3.19)

The velocity is interpolated by a Clément type operator R, € L(H(Q)%, V)
introduced by Girault and Scott [12] and satisfies for any K € Tp,

b(Rp(w) — w,qp) 0 forall g,b € M, weV, (3.20)
IRy (w) — wHV(Th) < Chk|’w|k+179 for all w € Hk—H(Q)Q NV, (3.21)
|Ry(w) —w|x < CREMw|piia, forallw e HH(Q)?, (3.22)

where A is a suitable macro element containing K. Having these preliminaries in
place, we are now in a position to state the a priori bound for the error committed.

PROPOSITION 3.3. Let (f,g) € L?(2)?2x L>°(Q). Let k = 1,2 or 3 be the degree of
the polynomials in the definition of V}, and assume that the solution (v,p) of (1.1)—
(1.5) belongs to H**1(Q)? x H*(Q). Then the discontinuous Galerkin solution
(v, pr) satisfies the error estimate

1/2
lo = vnllvemy < CIZa®) = Plascr) + ClIRA(®) = o],

+ ClRa(v) —vlv(7,), (3.23)

where C' is a positive constant independent of h.



Proof. We start by decomposing the error in two parts, namely
e=v—vp=(v— Ry(v)) + (Rp(v) —vp).

With the above decomposition of the error, it appears that we just need to estimate
Ry, (v) — vy, as v — Ry (v) is given by (3.21) and (3.22).

Now, we use (3.13), the ellipticity of the bilinear form a(-,-), and the linearity of
the bilinear form a(-,-) to obtain

Cllvn = Ru(v)]I7,

C a(vy — Rp(v),vn — Ra(v))

= C [a(vy, —v,vp — Rp(v)) + a(v — Ryp(v), v, — Rp(v))]
= C(Th + T, (3.24)

lon = Ru(@) 37y <
<

with
T, = a(vy —v,vp, — Rp(v)), Tz =a(v— Ry(v),vp — Rp(v)).

Thanks to Lemma 3.2, one has

Ty < C||Ru(v) — vllv (7 lvn — Ru(v)[lv(7,)- (3.25)
To proceed with the bound of 77, we re-write it as follows

T, = a(vp, vy, — Rp(v)) — a(v, vy, — Rp(v)).

We next express a(vp, v, — Rp(v)) and a(v, v, — Rp(v)) using (3.15) and (3.7).
We first set wy, = Rp(v) in (3.15), then

a(vn, v — Rp(v)) < b(Rp(v) — vn,pn) + §(Rp(v)) — j(vn) — €(Ri(v) — vp).
Hence T7 is bounded as follows
Ty < b(Rp(v)—vn, pr)+i(Rp(v))—j(va) —€(Rp(v) —vn) —a(v,vp—Ra(v)). (3.26)

Next, we set successively w equal vy, and v — Rp(v) in (3.7), one obtains after
adding the resulting equations

—a(v,v,—Rp(v)) < b(vthh('v),p)+j('vh)72j(v)+j(2vah(v))fé(vth;(L(v))).
3.27
Returning to (3.26) with (3.27) one obtains

T, b(Rp(v) — vp, pr — p) + 4j(Rp(v) — v)
b(Rn(v) = vn,pr — Tn(p)) + b(Ru(v) —vn, Tn(p) —p)  (3.28)

+45(Rp(v) —v),

VANVAN

where the triangle inequality has been used for the terms involving j(-). Now taking
into account the weak incompressibility condition in (3.15) and (3.7), one gets

b(vy, —wv,qn) =0 for all g5, € M},



which by the linearity of b(-,-) and (3.20) yields
b(Rp(v) —vp,qn) = b(Rp(v) —v,q,) =0 for all g, € My, (3.29)
So, (3.28) becomes
Ty < b(Ri(v) — v, In(p) — p) + 4 (Ri(v) — v), (3.30)
which by Lemma 3.1 and Lemma 3.3 gives

Ty < ClBRu(v) = vnllvm)IZa(p) = pllarr) + CllRr(v) = vllv(7,)- (3.31)
Now, returning to (3.24) with (3.25) and (3.31) and Young’s inequality, one obtains

2
lon = Ru(@) vy < ClIZa(p) = Plascr) + ClIRA() = v]/,

+ C|lRn(v) = v|lvr)- (3.32)

The result announced in Proposition 3.3 then follows from (3.32) and the triangle
inequality. O

REMARK 3.3. (a) Once more, it is apparent that the error estimate depends
solely upon the regularity of the solution (v, p).

(b)  The error estimate obtained in Proposition 3.3 is typical for variational

inequalities of second kind in the sense that the error is dominated by the
1/2

contribution appearing on the boundary, that is ||Ry(v) — UHV(Th)'

(¢)  One observes that for DG mixed finite element approximations, the error
estimates on the unknown variables cannot necessarily be obtained simulta-
neously unlike the classical mixed finite element method (see [10]). Hence,
the DG mixed method can be regarded as “decoupling” approach when it
comes to finding error estimates.

(d)  From the interpolation error estimates (3.19)—(3.22), and assuming that
the exact solution (v, p) € H*1(Q)2 x H*(2), then Proposition 3.3 gives

o = wnllvr) < OR** (ol + Ipli).

(e)  Proposition 3.3 does not yield optimal estimates even if the solution (v, p)
is in Hk+1(0)2 x H*(2). But an optimal rate of convergence can be achieved
if one assumes the following regularity of the solution (v,p) € H*1(Q)? x
HF%(). We refer the reader to [21], where a similar analysis has been done. Of
course, the situation here is slightly more involved because we are dealing with
a saddle point problem, but it is conjectured that the arguments presented
in [21] carry over to our problem.

As far as the error estimate about the pressure is concerned, we have the following



PrOPOSITION 3.4. Under the assumption of proposition 3.3, then we have the
following a priori error estimate for the pressure

lp=prllvmy < Cllp =@M + Cllv —vallviz,), (3.33)
where C' is a positive constant independent of h.

Proof. We first let Vi = Vi N {wp|s = 0}.
For w = v + wy, with wy, € V3 in (3.7) one obtains (after utilization of the triangle
inequality and the fact that wy|s = 0)
a(v,wh) + b(wh,p) > é(wh) for all wy, € ‘7}“ (3.34)
—a(v,wp) — b(wp, p) > —L(wy,) for all wy, € Vj,. (3.35)

Putting together (3.34) and (3.35) yields
a(v, wp) + b(wp, p) = L(wy,) for all wy, € V. (3.36)

Repeating the same steps with the DG finite element approximations (3.15), one
gets _
a('uh,'wh) + b('wh,ph) = é('wh) for all wy, € V3. (3.37)

Subtracting (3.37) from (3.36), we obtain
b(wh,ph —p) = a('uh — v,'wh) for all wy, € ‘7}1. (3.38)

Now, from the compatibility condition (3.17), (3.14), (3.13) and (3.38), Lemma
3.2, and Lemma 3.3, one gets for ¢, € M,

b Wh, B
Clion —anllv(my < sup own, ph — )
wh,€‘7h, ||wh||V(Th)

b(wp, pr — p) + b(wp, p — qn)

T men lwnllver)
— sw a(vy, — v, wp) + b(wp,p — qn)
I lwnllv (7
< Cillvn —vllven) + Callp — aullmer)- (3.39)

Hence by the triangle inequality [|p — prllar¢r,) < P — anllaeer) + llan — pullaer)
and taking gn, = Zp,(p) one obtains the desired inequality. O

4. Conclusion. In this work, we have derived a priori error estimates for a
discontinuous Galerkin approximation of the steady incompressible Stokes driven
by a slip boundary condition of friction type in two dimensions. We have considered
symmetric and non-symmetric discontinuous approximations and established con-
vergence of the approximations by using the energy norm for both the velocity



and pressure. Our analysis is based on a suitable extension of Babuska-Brezzi’s
theory for mixed problems. It is observed that the convergence rate depends on
the regularity of the solution, while the a priori error estimate is controlled by
the expression on the boundary S. To our knowledge, this is the first study of
discontinuous Galerkin approximations for Stokes problem driven a slip boundary
condition of friction type. Numerical experiments are under investigation.

Acknowledgments. We wish to thank the referees for constructive remarks that
have led to some improvements in the paper. We also want to thank Dr. Christiaan
Leroux and Prof. Daya Reddy for their constant support.

10.

11.

12.

13.

REFERENCES

. R.A. Apawms, Sobolev Spaces, Academic Press, New York, 1975.
. F. BrEzzl AND M. FORTIN, Mized and Hybrid Finite Element Methods, Springer

Series in Computational Mathematics, Vol. 15, Springer Verlag, New York, 1991.

. P. CIARLET, Finite FElement Method for FElliptic Problems, North Holland,

Amsterdam, 1978.

. G. DuvauT AND J.-L. LIONS, Inequalities in Mechanics and Physics, Grundlehren

der Mathematischen Wissenschaften, Vol. 219, Springer-Verlag, Berlin, 1976.

. H. FuJita, A mathematical analysis of motions of viscous incompressible fluid under

leak or slip boundary conditions, In: Mathematical Fluid Mechanics and Modeling
(Kyoto, 1994), RIMS Kokyturoko, Vol. 888, pp. 199-216, Kyoto University, Kyoto,
1994.

, Non-stationary Stokes flows under leak boundary conditions of

friction type, Journal of Computational and Applied Mathematics 19 (2001), 1-8.

, Variational inequalities and nonlinear semi-groups applied to

certain nonlinear problems for the Stokes equation, In: Tosio Kato’s Method and
Principle for Evolution Equations in Mathematical Physics (Sapporo, 2001), H. Fujita
et al. (eds.), RIMS, Kyoto, pp. 70-85, 2002.

, A coherent analysis of Stokes flows under boundary conditions of
friction type, Journal of Computational and Applied Mathematics, 149 (2002), 57-69.

. H. Fujita, H. KAWARADA AND A. SASAMOTO, Analytical and numerical approaches

to stationary flow problems with leak and slip boundary conditions, In: Advances in
Numerical Mathematics (Tokyo, 1994), Lect. Notes Numer. Appl. Anal., T. Ushijima
et al. (eds.), Vol. 14, pp. 17-31, Kinokuniya, 1995.

V. GIRAULT AND P.A. RAVIART, Finite Element Methods for Navier-Stokes
Equations: Theory and Algorithms, Springer-Verlag, Berlin/Heidelberg/New-York/
Tokyo, 1986.

V. GIraULT, B. RIVIERE AND M. WHEELER, A discontinuous galerkin method with
nonoverlapping domain decomposition for the Stokes and Navier Stokes problems,
Mathematics of Computation 74 (2004), 53-84.

V. GIRAULT AND R.L. ScoTT, A quasi-local interpolation operator preserving the
discrete divergence, Calcolo 40 (2003), 1-19.

R. GrowiNskl, Numerical Methods for Nonlinear Variational Problems, Springer
Series in Computational Physics, Springer-Verlag, New York, 1984.



14.

15.

16.

17.

18.

19.

20.

21.

R. Glowinski, J.-L. Lions and R. Tr’emoli‘eres, Numerical Analysis of Variational
Inequalities, Studies in Mathematics and its Applications, VVol. 8, North-Holland, Amsterdam,
1981.

W. Han and B.D. Reddy, On the finite element method for mixed variational inequalities
arising in elastoplasticity, Siam Journal for Numerical Analysis 32 (1995), 1778-1807.

C. Le Roux, Steady Stokes flows with threshold slip boundary conditions, Mathematical
Model and Methods in Applied Sciences 15 (2005), 1141-1168.

Y. Li and K. Li, Penalty finite element method for Stokes problem with nonlinear slip
boundary conditions, Applied Mathematics and Computations 204 (2008), 216-226.

B.D. Reddy, Mixed variational inequalities arising in elastop-lasticity, Nonlinear Analysis:
Theory, Methods and Applications, 19(11) (1992), 1071-1089.

M. Sofonea, W. Han and M. Shillor, Analysis and approximation of contact problems with
adhesion or damage, Pure and Applied Mathematics, Vol. 276, Chapman & Hall/CRC, Boca
Raton, FL, 2006.

R. Verfu'rth, Finite element appoximation of incompressible Navier-Stokes equations with
slip boundary condition, Numerische Mathematik 50 (1987), 697-721.

F. Wang, W. Han and X.-L. Cheng, Discontinuous Galerkin methods for solving elliptic
variational inequalities, Siam Journal for Numerical Analysis 48(2) (2010), 708-733.





