
FINITE GROUPS WITH FEW CHARACTER VALUES THAT ARE
NOT CHARACTER DEGREES

SESUAI Y. MADANHA, XAVIER MBAALE, AND TENDAI M. MUDZIIRI SHUMBA

Abstract. Let G be a finite group and χ ∈ Irr(G). Define cv(G) = {χ(g) | χ ∈
Irr(G), g ∈ G}, cv(χ) = {χ(g) | g ∈ G} and denote by dl(G), the derived length of G.
In the 1990s Berkovich, Chillag and Zhmud described groups G in which |cv(χ)| = 3
for every non-linear χ ∈ Irr(G) and their results show that G is solvable. They also
considered groups in which |cv(χ)| = 4 for some non-linear χ ∈ Irr(G). Continuing
with their work, in this article, we prove that if |cv(χ)| ⩽ 4 for every non-linear χ ∈
Irr(G), then G is solvable. We also considered groups G such that |cv(G)\cd(G)| = 2.
T. Sakurai classified these groups in the case when |cd(G)| = 2. We show that G is
solvable and we classify groups G when |cd(G)| ⩽ 4 or dl(G) ⩽ 3. It is interesting
to note that these groups are such that |cv(χ)| ⩽ 4 for all χ ∈ Irr(G). Lastly, we
consider finite groups G with |cv(G) \ cd(G)| = 3. For nilpotent groups, we obtain a
characterization which is also connected to the work of Berkovich, Chillag and Zhmud.
For non-nilpotent groups, we obtain the structure of G when dl(G) = 2.

1. Introduction

Many results have been obtained using the character degrees set of a finite group.
Recently, restricting the study to the real valued or rational valued characters of finite
groups to determine the structure of the group has received a lot of attention. This
has proved that character values in a character table encode a great deal of information
about the group structure of a finite group. In this article, our first result is based on
a problem first considered by Berkovich, Chillag and Zhmud in the 1990s in [1].

Let G be a finite group and Irr(G) be the set of complex irreducible characters of G.
Recall the definition of a character degrees set and that of character values set of G:

cd(G) := {χ(1) | χ ∈ Irr(G)}, cv(G) = {χ(g) | χ ∈ Irr(G), g ∈ G},
respectively. If χ ∈ Irr(G), then denote cv(χ) = {χ(g) | g ∈ G}. It follows that
cv(χ) ⊆ cv(G) for all χ ∈ Irr(G). Note also that for every non-linear χ ∈ Irr(G),
|cv(χ)| ⩾ 3.

In [1], the authors studied groups G with the following extremal property: |cv(χ)| = 3
for every non-linear χ ∈ Irr(G). Their results show that G is a 2-group or some solvable
Frobenius group [1, Main Theorem]. The authors also considered groups in which
|cv(χ)| = 4 for some non-linear χ ∈ Irr(G). Our first result is a continuation of their
investigation and we show that if |cv(χ)| ⩽ 4 for every non-linear χ ∈ Irr(G), then G
is solvable.

Theorem A. Let G be a finite group. If |cv(χ)| ⩽ 4 for all non-linear χ ∈ Irr(G), then
G is solvable.
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Our proof uses the classification of finite simple groups, the existence of extendible
rational valued characters in finite simple groups and the fact that non-solvable groups
all of whose non-linear irreducible characters are rational valued are rational groups.
At the end of Section 5, we give some possibilities and some examples of groups that
satisfy the hypothesis of Theorem A. We also note that A5 has a character with five
character values and so the condition in Theorem A is best possible.

For the rest of the article, we shall study a subset of cv(G), the complement of cd(G).
Define cdc(G) := cv(G) \ cd(G). Our objective is to study how the structure of G is
affected by |cdc(G)|. It is easy to see that cdc(G) = ∅ if and only if G = 1 and that
|cdc(G)| = 1 if and only if G ∼= C∗

2 , where C∗
n denotes a direct product of cyclic groups

of order n. It is also easy to see that if G is non-abelian, then |cdc(G)| ⩾ 2. What if
|cdc(G)| = 2? A moment’s thought would have us conclude that G is a rational group.
Rational groups have been studied extensively(see [22] and [6] and their references
for more details). In [23], Sakurai considered this problem in the special case when
|cd(G)| = 2. He showed that |cd(G)| = 2 if and only if G ∼= C∗

3 ⋊ C2, a Frobenius
group with an elementary abelian 3-group kernel and whose complement is of order
two. We show that in the general case, G is solvable. In fact, our result shows that
when |cdc(G)| = 3, with a few possible exceptions, G is solvable:

Theorem B. Let G be a finite group whose composition factors are not isomorphic to
either A5 or A6. If |cdc(G)| ⩽ 3, then G is solvable.

We believe that the condition on composition factors is not necessary. In order to
prove the above theorem, we work with a subset of cdc(G) that allows us to have an
inductive proof. In particular, we focus on elements a of cdc(G) such that a /∈ N.
The drawback of this strategy is for example: For any normal subgroup N of G, 2 ∈
cdc(G/N) ifG/N ∼= A5 but it is not clear if 2 ∈ cdc(G). This necessitates the hypothesis
on A5 and A6. Note that non-solvable groups with |cdc(G)| = 4 and |cd(G)| = 4 were
classified in [18].

As an extension of [23, Theorem], we consider finite groups in which |cd(G)| ⩽ 4 or
dl(G) ⩽ 3 in the following result:

Theorem C. Let G be a finite group and suppose that either |cd(G)| ⩽ 4 or dl(G) ⩽ 3.
Then |cdc(G)| = 2 if and only if one of the following holds:

(a) cd(G) = {1, 2} and G is a Frobenius group with a Frobenius kernel which is an
elementary abelian 3-group and whose complement is of order 2.

(b) |cd(G)| = {1, 2, 3} and G ∼= S4.

The groups considered in Theorem C are necessarily solvable from the hypothesis
since in the first case |cv(G)| = 6 < 8(see [18, Theorem 1.1]) and the second case is
obvious. We also note that these groups are such that |cv(χ)| ⩽ 4 for all χ ∈ Irr(G) and
hence are connected to groups in Theorem A. Based on calculations in GAP [10], we
think groups in Theorem C are the only finite groups such that |cdc(G)| = 2. However,
we cannot show this at this point. We consider a counterexample in the last section. In
particular, we show that the group necessarily has an element of order 6 and a character
degree divisible by 6.

In our next result, we characterise nilpotent groups such that |cdc(G)| = 3. Note
that the groups described in Theorem D are some of the groups studied by Berkovich,
Chillag and Zhmud in [1, Corollary]. The result is easy to prove and we put it here
because of its interesting connection to the work of Berkovich, Chillag and Zhmud.
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We recall the definition of a codegree of an irreducible character: If χ ∈ Irr(G), then
cod(χ) = |G: kerχ|/χ(1).

Theorem D. Let G be a finite nilpotent group. Then the following statements are
equivalent:

(a) |cdc(G)| = 3;
(b) |cd(G)| = 2 and |cv(χ)| ⩽ 3 for all χ ∈ Irr(G);
(c) |cd(G)| = 2, G is a 2-group with cod(χ) = 2χ(1) for all non-linear χ ∈ Irr(G).

If one of the above statements hold, then there exists a normal subgroup N such that
G/N is an extraspecial 2-group.

Classifying the groups above seems to be too technical. Indeed the 2-groups with five
character values in their character table are too many as remarked in [23]. However,
these 2-groups have a factor group which is extraspecial as mentioned in Theorem D.

For the non-nilpotent groups, we investigate groupsG when |cdc(G)| = 3 and dl(G) =
2. We have that Sylow 2-subgroups of these groups are either abelian or precisely the
2-groups with five character values that are described in Theorem E.

Theorem E. Let G be a finite non-nilpotent group. Suppose that |cdc(G)| = 3. If
dl(G) = 2, then G = (C∗

3 ×O2(G))⋊ C2 with O2(G) abelian. Moreover, if P is a non-
abelian Sylow 2-subgroup of G, then |cv(P )| = 5 and G/P ′ ∼= (C∗

3 ⋊ C2) × C∗
2 , where

C∗
3 ⋊ C2 is a Frobenius group whose kernel is an elementary abelian 3-group whose

complement is of order 2.

Our paper is organized as follows: Section 2 has some preliminary results; in Section
3 we consider groups such that |cdc(G)| = 2 and either |cd(G)| ⩽ 4 or dl(G) ⩽ 3 and
we establish Theorem C. In Section 4 we prove Theorems D and E. In Section 5, we
prove Theorems A and B. In the last section we list some open problems that arise
in the article. Our notation is standard and we follow [13] for the character theory of
finite groups.

2. Preliminary Results

In this section we list some preliminary results that we need to prove our main results.
We shall use freely these well known results in the following lemma.

Define ncv(G) := {χ(g) /∈ N : χ ∈ Irr(G), g ∈ G} and ncv(χ) := {χ(g) /∈ N : g ∈ G}
for a fixed χ ∈ Irr(G). It follows that ncv(G) ⊆ cdc(G) and we shall indicate that
a ∈ ncv(G) where it is necessary to make sure that a ∈ cdc(G).

Lemma 2.1. Let G be a finite group, χ ∈ Irr(G), N be a normal subgroup of G and n
be a positive integer. Then the following holds:

(a) |cv(G/N)| ⩽ |cv(G)| and |ncv(G/N)| ⩽ |ncv(G)|;
(b) The character table of Cn has a column with pairwise different values. In par-

ticular, |cv(Cn)| = n;
(c) If G is non-abelian, then 0 ∈ ncv(G);
(d) If cv(χ) ⊆ Q, then there exists a negative rational number a ∈ ncv(χ);
(e) If G = H ×K and n ∈ cv(H) and m ∈ cv(K), then n,m,mn ∈ cv(G);
(f) If χ(g) = a for some g ∈ G, where a /∈ Q, then there exists h ∈ G such that

χ(h) = b, with b /∈ Q and a ̸= b.
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Proof. (a) - (c) follows from [18, Lemma 2.1]. (d) follows from the first orthogonality
relation [13, Corollary 2.14] using χ and the principal character. (e) follows from the
fact that for every χ ∈ Irr(G), χ = θ × φ for some θ ∈ Irr(H) and φ ∈ Irr(K).

For (f), let ϵ be a |G|-th root of unity and σ ∈ Gal(Q(ϵ)/Q). If χ(g) = a, then
(χ(g))σ = χ(hv) ∈ cv(χ), where h ∈ G, v ∈ Z, gcd(v, |G|) = 1 and v is such that
ϵσ = ϵv. If (χ(g))σ = χ(g), then a is rational, a contradiction and so (χ(g))σ ̸= χ(g)
and irrational. □

Lemma 2.2. Let G be a finite group, χ ∈ Irr(G) and Z = Z(χ). Then

(a) χZ = χ(1)λ for some linear character λ of Z;
(b) Z/ kerχ = Z(G/ kerχ) is cyclic;

(c) χ(g−1) = χ(g).

Proof. These follow from [13, Lemmas 2.15 and 2.27]. □

Lemma 2.3. [19, Lemma 1.1] Let G be a finite group, g ∈ G and p be a prime. If
g is a p-element and |χ(g)|2 = a for some rational number a, then p | χ(1)2 − a. In
particular, if χ(g) = 0, then p | χ(1) and if |χ(g)| = 1, then gcd(χ(1), ord(g)) = 1.

The following lemma has some basic results on character values of nilpotent groups.

Lemma 2.4. Let G be a finite non-abelian nilpotent group and χ ∈ Irr(G) be non-linear.
Then the following holds:

(a) χ(1)ϵ, χ(1)ϵ ∈ ncv(G), for some 1 ̸= ϵ, a root of unity.
(b) |ncv(G)| ⩾ 3. Moreover,

(i) If G is not a 2-group, then |ncv(G)| ⩾ 5.
(ii) If |cd(G)| ⩾ 3, then |cdc(G)| ⩾ 4.

(c) If G is a p-group, then |χ(g)| ≠ 1 for all g ∈ G.

Proof. (a) Let χ ∈ Irr(G) be non-linear. Then G = G/ kerχ is non-abelian and 1 ̸=
Z(G) is cyclic by Lemma 2.2(b). Let z ∈ Z(G) be non-trivial. Then by Lemma 2.2(a),
χ(z) = χ(1)λ(z) = χ(1)ϵ for some non-principal linear character λ of Z(G) and ϵ ̸= 1,
a root of unity. It follows that χ(1)ϵ using Lemma 2.2(c).

(b) Since G is non-abelian, |cv(G)| ⩾ 4. If |cv(G)| = 4, then cv(G) = {1,−1, 0, b(G)}
and |ncv(G)| = 2 by [23, Lemma 4.1]. But from (a), b(G)ϵ ∈ ncv(G), for some root of
unity ϵ ̸= 1, a contradiction.

For (i), suppose that G is not a 2-group. Let G be of even order and let G = P ×H,
where P is the Sylow 2-subgroup of G and H is the Hall 2′-subgroup of G. Suppose
that P is non-abelian. Then |ncv(P )| ⩾ 3 and |ncv(H)| ⩾ 2 and so ncv(P )∪ncv(H) ⊆
ncv(G) by Lemma 2.1(e). It also follows that |ncv(G)| ⩾ 5 by Lemma 2.1(e). We may
assume that H is non-abelian. It is sufficient to consider a non-abelian 3-group. Then
ϵ, ϵ, 1,m, 0 ∈ cv(G), where m = χ(1) for some non-linear χ ∈ Irr(G) and ϵ ̸= 1 is a root
of unity. By (a), mϵ,mϵ ∈ ncv(G) with mϵ ̸= mϵ. The result then follows.

(ii) follows from the fact that for every character degreem of G, there ismϵ ∈ ncv(G),
where ϵ ̸= 1 is a root of unity.

(c) This follows from Lemma 2.3. □

We now turn to root of unity elements. Recall that an element g ∈ G is called
a root of unity element if |χ(g)| = 1 for all χ ∈ Irr(G). Groups with this element
were characterised by Lewis, Morotti and Tong-Viet in [17], continuing the work of
Ostrovskaya and Zhmud’(see [17] for reference). We first define some notation in the
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result: Let q > 2. Denote Γq to be the unique doubly transitive Frobenius group with a
cyclic complement of order q − 1 and degree q.

Lemma 2.5. [17, Theorem B] Let G be a finite group. Then G has a root of unity
element if and only if one of the following holds:

(a) G is abelian;
(b) F (G) = G′Z(G) is abelian, G′ ∩ Z(G) = 1; and G/Z(G) ∼= Γq1 × · · · × Γqm,

where each qi > 2 is a prime power and m ⩾ 1 is an integer.

Lemma 2.6. [13, Theorem 12.5] If cd(G) = {1,m}, then one of the following holds:

(a) G has an abelian normal subgroup of index m;
(b) m = pe for a prime p and G is the direct product of a p-group and abelian group.

The following lemma will come in handy in the next section.

Lemma 2.7. Let G = N ⋊ P where N is a minimal normal subgroup of G, P is an
abelian p-subgroup with Op(G) = 1 and gcd(|N |, |P |) = 1. Then the following holds;

(a) If 1 ̸= n ∈ N , then n /∈ kerχ for all non-linear χ ∈ Irr(G).
(b) If χ ∈ Irr(G) is non-linear and n ∈ Z(χ) ∩N , then χ(1)ϵ ∈ ncv(G) \ cv(P ) for

some ϵ ̸= 1, a root of unity. If |N | is odd, then χ(1)ϵ ̸= χ(1)ϵ ∈ ncv(G) \ cv(P ).
(c) If n /∈ Z(χ) for all non-linear χ ∈ Irr(G), then G ∼= Γq, q a prime power order.

Proof. (a) If n ∈ kerχ, then G/ kerχ is abelian which means that χ is linear.
(b) By Lemma 2.2(a), χZ(χ) = χ(1)λ for some linear character λ ∈ Irr(Z(χ)). Since

n /∈ kerχ, χ(n) = χ(1)λ(n) with λ ̸= 1, otherwise n ∈ kerχ. If |N | is odd, then ϵ ̸= ±1
and so ϵ ̸= ϵ. The result then follows.
(c) It follows that n is a root of unity element and since Z(G) = 1, the result follows

by Lemma 2.5. □

We need the following result to prove Theorem A:

Lemma 2.8. [24, Propositions 1 and 2 and Theorem 8] Let G be a finite group and N
be a normal subgroup of G which is a union of three conjugacy classes in G. Then one
of the following holds:

(a) N is an elementary abelian p-group of odd order;
(b) N is a metabelian p-group;
(c) N is a Frobenius group with a cyclic complement of prime order.

3. Finite groups such that |cdc(G)| = 2

3.1. Groups with less than or equal to three character degrees. The objective
of this section is to generalize T. Sakurai’s theorem. Our proof exhibits the abundance
of root of unity elements in some factor groups of groups with four character values.

Lemma 3.1. [23, Lemma 4.2] Let G be a finite non-abelian group such that |cdc(G)| = 2
with cd(G) = {1,m}. Then the following holds:
(i) G/G′ is a non-trivial elementary abelian 2-group;
(ii) |CG(t)| = |G : G′| for every involution t of G;
(iii) m = 2n for some positive integer n.

Theorem 3.2. Let G be a finite group such that dl(G) = 2. Then |cdc(G)| = 2 if and
only if G is a Frobenius group with a Frobenius kernel which is an elementary abelian
3-group and complement of order 2. In this case |cd(G)| = 2.
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Proof. If G is a Frobenius group with a Frobenius kernel which is an elementary abelian
3-group and whose complement is of order 2, then |cd(G)| = 2 and |cdc(G)| = 2.

Suppose that dl(G) = 2 and |cdc(G)|) = 2. Note that G/G′ is a non-trivial elemen-
tary abelian 2-group by [23, Proposition 2.3], G′ is abelian and 0,−1 ∈ cdc(G). Let
G′ = O2(G) × H, where H is the abelian Hall 2′-subgroup of G. Let P be a Sylow
2-subgroup of G. Then G/H ∼= P . If P is non-abelian, then 3 ⩽ |ncv(P )| ⩽ |cdc(G)|
by Lemma 2.4(b). We may assume that P is elementary abelian and so G′ = H. If
O2(G) ̸= 1 and P = P1 × O2(G), then G = O2(G) × (H ⋊ P1). Using Lemma 2.1(e),
we have that −χ(1) ∈ ncv(G), for some non-linear χ ∈ Irr(G), a contradiction. Hence
we may assume that O2(G) = 1. Note that G′ is a direct product of abelian Sylow
subgroups. Suppose that q divides |G′|, where q is an odd prime. Let M be a normal

subgroup of G such that G′/M = G
′
is a minimal normal subgroup of G/M = G and

q divides |G′|. Suppose that g ∈ G
′
is a q-element. Then g /∈ kerχ for every non-linear

χ ∈ Irr(G) and every non-linear irreducible character of G is faithful. Note that every
non-linear character of G is of 2-power degree. By [13, Theorem 3.13], all these charac-
ters are of the same degree. In particular, cd(G) = {1,m} and so cv(G) = {1,−1, 0,m}.
By Lemma 2.3, χ(g) ∈ {1,−1} for all χ ∈ Irr(G), that is, g is a root of unity element of
G. Using Lemma 2.5, we have that G/Z(G) ∼= Γq1 × · · · × Γqm , where each qi > 2 is a
prime power and m ⩾ 1 is an integer. Hence q1q2 · · · qm = 3 and so G/Z(G) ∼= S3, which
means that g is a 3-element. This means that |P | = 2. Hence cv(G) = {1,−1, 0, 2}.
Note that G

′ ∩ Z(G) = 1 and so Z(G) = 1 using Lemma 3.1(ii). Since M is arbitrary,
G′ is a 3-group. Let t be an involution of G. If CG(t) is not a 2-group, then there is
a 3-element g ∈ CG(t) which means that ⟨g⟩ ∈ Z(G) and so G = Z(G) ×K for some
subgroup K of G, a contradiction. We may assume that CG(t) is a 2-group and so t acts
fixed point freely on G′. From [12, Proposition 16.9(e)], it follows that every element
of G′ is inverted by t. Let g ∈ G′ be of maximal order. If |⟨g⟩| = k, k ⩾ 9, then there
exists a normal subgroup N of G such that G/N is a non-abelian group of order 18.
Hence G/N ∼= D9 and so |ncv(G)| ⩾ |ncv(G/N)| ⩾ 5. Therefore G′ is an elementary
abelian 3-group. By Lemma 3.1(ii), CG(t) ⊆ P and so G is a Frobenius group with
Frobenius kernel G′ and complement of order 2. The result follows. □

Theorem 3.3. Let G be a finite non-abelian group such that |cd(G)| = 3. Then
|cdc(G)| = 2 if and only if G ∼= S4.

Proof. Suppose that cd(G) = {1,m, n}. It follows that G/G′ is an elementary abelian
2-group and so cv(G) = {1,m, n, 0,−1}. Note also that dl(G) ⩽ 3, G′′ is abelian
and G/G′′ is metabelian. By Lemma 2.4(b), G is not nilpotent. We have that for all
χ ∈ Irr(G/G′′), χ(1) divides |G : G′| by Ito’s theorem [13, Theorem 6.15]. This means
that m is a power of 2. Let P be a Sylow 2-subgroup.

Suppose first that gcd(m,n) ̸= 1. This means 2 divides n. By Thompson’s theorem
[13, Corollary 12.2], G has a normal nilpotent 2-complement N . If P is non-abelian,
then −m ∈ ncv(P ) ⊆ ncv(G) by Lemma 2.4(a), a contradiction. Hence P is elementary
abelian. We have that dl(G/G′′) = 2 and |cdc(G/G′′)| = 2 and so by Theorem 3.2,
G/G′′ is a Frobenius group whose kernel is an elementary abelian 3-group and has
a complement of order 2. In particular, |P | = 2. Since every non-linear irreducible
character is divisible by 2, it is of 2-defect zero. If t ∈ P is an involution, then every
non-linear χ ∈ Irr(G) vanishes on t. This means that CG(t) ⊆ P . Hence G is a
Frobenius group with a complement of order 2 by [14, Theorem ]. Since a complement
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of G is of even order, we have that the Frobenius kernel is abelian. In this case,
|cd(G)| = 2, a contradiction.

We may assume that gcd(m,n) = 1. Then cdc(G/G′′) = {0,−1}. By Sakurai’s
theorem [23, Theorem], G/G′′ ∼= C∗

3 ⋊ C2 and so G/G′ is cyclic of order 2. Then
P/O2(G) is cyclic of order 2. Note that n divides |G : G′′| by Ito’s theorem and so n is
a power of 3. Let Q be a Sylow 3-subgroup of G. By [16, Theorem A], Q/O3(G) ∼= Q/Q′

is cyclic of order 3. Consider the abelian group T = O3(G)O3′(G). Then G/G′ ∼= C2,
G′/T ∼= C3 and G/T ∼= S3. This means that T = G′′ and n = 3. Let θ ∈ Irr(G′) be
non-linear. Let χ ∈ Irr(G) be an irreducible constituent of θG. Then χG′ ∈ Irr(G′)
since gcd(χ(1), |G : G′|) = 1. Hence for every non-linear θ ∈ Irr(G′), there exists
χ ∈ Irr(G) such that χG′ = θ. This means that any character value of G′ from a non-
linear character is also a character value of G. Suppose that Q is non-abelian. Then
G′/O3′(G) ∼= Q, a 3-group. By Lemma 2.4,(a) 3ϵ ∈ cdc(G) for some cube root of unity
ϵ ̸= 1, a contradiction. Therefore Q is abelian. If Q is not elementary abelian, then
G/O3′(G) ∼= Q ⋊ C2 such that |cv(Q ⋊ C2)| > 4 by Sakurai’s theorem [23, Theorem].
Note that cd(Q ⋊ C2) = {1, 2} and so any other possible character values of Q ⋊ C2

are not positive integers. Hence cdc(G) ⩾ 3, a contradiction. Hence Q is elementary
abelian and G′ = O3(G)× (O3′(G)⋊ C3). This means that 3ϵ ∈ ncv(G′) ⊆ cdc(G) for
some cube root of unity ϵ ̸= 1, a contradiction. Hence G′ = O3′(G)⋊C3. Note that G′

has exactly three linear characters. Consider 1 ̸= c ∈ C3. Every non-linear irreducible
character of G′ vanishes on c. Then CG′(c) =

∑
θ∈Irr(G′) |θ(c)|2 = 12 + 12 + 12 = 3.

This means that CG′(c) ⊆ C3 for all 1 ̸= c ∈ C3, that is, G
′ is a Frobenius group with

a complement of order 3. Note that cd(G) = {1, 2, 3} and G = (O3′(G) ⋊ C3) ⋊ C2.
By [12, Theorem 31.3(2)], A = O3′(G) is an elementary abelian 2-group. In particular,
|O3′(G)| = 4. Therefore G ∼= S4 as required. □

3.2. Groups whose derived length is three.

Theorem 3.4. Let G be a finite group such that dl(G) = 3. Then |cdc(G)| = 2 if and
only if G ∼= S4.

Proof. Suppose that G is not isomorphic to S4. First note that 0,−1 ∈ cdc(G). Let
us first consider G/G′′. Then dl(G/G′′) = 2 and |cdc(G)| = 2. By Theorem 3.2,
G/G′′ ∼= C∗

3 ⋊ C2. This means that 2 ∈ cd(G). We also have that for all non-linear
χ ∈ Irr(G), χ(1) divides |G : G′′|, that is, χ(1) divides 2 · 3r for some integer r.
If 2 divides all χ(1) for all non-linear χ ∈ Irr(G), then by Thompson’s theorem [13,

Corollary 12.2], G has a normal 2-complement H. Let P be a Sylow 2-subgroup of G.
Then G/H ∼= P . If P is non-abelian, then −2 ∈ cdc(G), a contradiction. Hence P is
elementary abelian. But G/G′ is of order 2 and so |P | = 2. This means that every
non-linear irreducible character is of 2-defect zero. Let t be an involution in G. Then
every non-linear χ ∈ Irr(G) vanishes on t. Thus CG(t) ⊆ P and so G is a Frobenius
group with a Frobenius complement of order 2. This means that G has an abelian
kernel, a contradiction since dl(G) = 3.
We may assume that there exists χ ∈ Irr(G) such that χ(1) = 3r for some integer r.

It follows that χG′ ∈ Irr(G′). Let Q be a Sylow 3-group of G. If Q is non-abelian, then
since G′ has a factor group isomorphic to Q, we have a contradiction by Lemma 2.4(a).
Hence Q is abelian. Note that G′ = O3′(G) ⋊ Q. If Z(G′) ̸= 1, then G′ = Z(G′) × S
for some subgroup S of G′ and so χ = λ × θ, where λ ∈ Irr(Z(G′)) and θ ∈ Irr(S).
Hence there exists g ∈ G such that χ(g) ∈ ncv(G′) ⊆ ncv(G), a contradiction. We may
assume that Z(G) = 1. By [13, Theorem 3.13], 3r is the only character degree of G′



8 S. Y. MADANHA, X. MBAALE, AND T. M. MUDZIIRI SHUMBA

which is a 3-power and |G′/G′′| = 3r. Hence if 1 ̸= s ∈ Q, then CG′(s) is a 3-group and
it follows that G′ is a Frobenius group with a complement Q. Since Q is abelian and
of odd order, Q is cyclic of order 3 and r = 1. If cd(G) = {1, 2, 3}, then by Theorem
3.3, G ∼= S4. Hence we may assume that there exists another character degree of G
divisible by 6 and so the character degree is 6. Since G is a rational group, by [22,
Corollary 2], K is a {2, 5}-group. Now using [6, Theorem A], we have that K is a
2-group. Hence cd(G) = {1, 2, 3, 6} and G has normal subgroups M and N such that
G/G′′ ∼= S3, G

′/G′′ ∼= C3 and G′ is a Frobenius group with Frobenius complement C3

and an abelian kernel G′′ which is a 2-group.
We claim that G has no element of order 6. Suppose there is an element h of

order 6 in G. Consider G′ which is a Frobenius group with a complement C3. Then
CG′(c) ⊆ C3 for all 1 ̸= c ∈ C3 and so ⟨h⟩ ∩ G′′ = 1. Hence G = G′′⟨h⟩ and so
G/G′′ ∼= ⟨h⟩ contradicting the fact that G/G′′ ∼= S3. Therefore G contains 2-elements
and 3-elements only. Consider χ ∈ Irr(G) such that χ(1) = 6. Note that χ vanishes
on 3-elements. Consider a 2-element g in G′ \ kerχ. Then χ(g) ̸= ±1 by Lemma 2.3.
Therefore −1 /∈ cv(χ), contradicting Lemma 2.1(d). Hence 6 /∈ cd(G). The result then
follows. □

Theorem 3.5. Let G be a solvable group with |cd(G)| = 4. Then |cdc(G)| ⩾ 3.

Proof. Suppose that |cdc(G)| = 2. Note that dl(G) ⩽ 4 by [15, Theorem C]. It is
sufficient to show that dl(G) ⩽ 3. Using Theorems 3.2 and 3.4, we may assume that
dl(G) = 4. Firstly, let us consider G/G′′′. Note that |cdc(G/G′′′)| = 2. By Theorem
3.4, G/G′′′ ∼= S4. If cd(G) = {1, 2, 3, 6}, then using [20, Theorem 1.1], we have that
dl(G) ⩽ 3.

It follows that cd(G) = {1, 2, 3, l}, where 6 | l and l ̸= 6. Note that G has Fitting
height 3 by [21, Theorem A] and F2/F is cyclic, where F = F (G) and F2 is such
that F2 = F (G/F ). Considering the argument in [7], G is the group investigated in
[7, Section 6] and hence is the group described in [7, Theorem 1.1(2)]. In particular,
cd(G) = {1, 2, 3, 3.2a} where a ⩾ 2, |G/F2| = 2, |F2/F | = 3 and there is a normal
subgroup N ⩽ F and positive integer b such that F/N is elementary abelian of order
2b and (22b − 1)/(2b − 1) divides 3 and 3 divides 22b − 1. If b ⩾ 2, then we have a
contradiction. We may assume that b = 1. It follows that G/N is of order 12 and
has a normal subgroup of order 2, F/N . This means that F/N is central and hence
G/N ∼= D12, the dihedral group of order 12, a contradiction. □

Combining Theorems 3.2 - 3.5, we conclude that Theorem C holds. As mentioned in
the introduction, we investigate a counterexample of the general case in the last section.

4. Finite solvable groups such that |cdc(G)| = 3

In this section, we consider groups G such that |cdc(G)| = 3. We start with an easy
proof of a result on nilpotent groups.

Theorem 4.1. Let G be a finite non-abelian nilpotent group. Then |cdc(G)| = 3 if and
only if G is 2-group with |cd(G)| = 2 and |cv(χ)| ⩽ 3 for all χ ∈ Irr(G).

Proof. If |cd(G)| ⩾ 3, then |cdc(G)| ⩾ 4 by Lemma 2.4(b)(ii). Hence |cd(G)| = 2.
Using Lemma 2.4(b)(i), it follows that G is a 2-group. This means that |cv(G)| = 5. In
particular, cv(G) = {1,m,−1,−m, 0} by Lemma 2.4(a). Note that 1,−1 ∈ cv(χ) for
all non-linear χ ∈ Irr(G) and hence |cv(χ)| = 3 for all non-linear χ ∈ Irr(G). It also
follows that |cv(χ)| = 2 for all linear χ ∈ Irr(G). The result then follows.
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The other direction also follows by using Lemma 2.4. □

Theorem 4.1 together with [1, Main Theorem] gives us the first part of Theorem D.
The second part of Theorem D is going to be proved in Theorem 4.2(a).

Theorem 4.2. Let G be a finite group with |cdc(G)| = 3. If dl(G) = 2, then one of
the following holds:

(a) G is a 2-group and there exists a normal subgroup N such that G/N is extraspe-
cial.

(b) G = (C∗
3 × O2(G)) ⋊ C2 with O2(G) is abelian. Moreover, if P is a non-

abelian Sylow 2-subgroup of G, then cv(P ) = {1, 2, 0,−1,−2} and G/P ′ ∼=
(C∗

3⋊C2)×C∗
2 , where C

∗
3⋊C2 is a Frobenius group whose kernel is an elementary

abelian 3-group and a complement of order 2.

Proof. Suppose that G is a 2-group. If |cd(G)| ⩾ 3, then |cdc(G)| ⩾ 4 by Lemma
2.4(b)(ii). Hence |cd(G)| = 2. Then it follows that G/G′ is elementary abelian. Let
M be such that G′/M is a minimal normal subgroup of G/M . Let χ ∈ Irr(G/M) be
non-linear and consider G = (G/M)/(kerχ/M). Then G′/M ⊈ kerχ/M . Note that

G
′ ⊆ Z(G) is non-trivial and cyclic. If Z(G) has an element of order 4, then there exists

z ∈ Z(G) such that θ(z) = ϵ where ϵ is a root of unity with ϵ /∈ {−1, 1}. Let ρ ∈ Irr(G)
be an irreducible constituent of θ. Then ρ(z) = ρ(1)θ(z) and so mϵ,mϵ ∈ ncv(G),

where m = ρ(1), a contradiction. Hence |Z(G)| = 2. Note that G
′
= Z(G) and so G is

extraspecial. Hence (a) follows.
Suppose G is not a 2-group. By Lemma 2.4(b), G is not nilpotent. Suppose that

G/G′ is of exponent p, where p ⩾ 4. Then ϵ, ϵ∗, ϵ∗∗, 0 ∈ cv(G), where ϵ, ϵ∗, ϵ∗∗ are pth
roots of unity not equal to 1. This means that |ncv(G)| ≥ 4. Hence we may assume that
G/G′ is an elementary abelian p-group, p ∈ {2, 3}. Suppose that G/G′ has exponent
3. Then ncvG = {ϵ, ϵ, 0}, where ϵ and ϵ are cube roots of unity and G′ is abelian.
Let P be a Sylow 3-subgroup. Suppose that P is non-abelian. Then G/O3′(G) is a
non-abelian 3-group and by Lemma 2.4, 4 ⩽ ncv(G/O3′(G)) ⩽ ncv(G), a contradiction.
Hence P is elementary abelian. By [16, Theorem A], P/O3(G) is cyclic of order 3. If
O3(G) ̸= 1, then G = (O3′(G) ⋊ C3) × O3(G) which means that mϵ ∈ cv(G), where
ϵ ̸= 1 is a root of unity and m ̸= 1 is a character degree, a contradiction. Hence we
may assume that O3(G) = 1. Let M be a normal subgroup of G such that G′/M is a
minimal normal subgroup of G/M and let G = G/M . Note that P is of order 3. Let
1 ̸= g ∈ G be a q-element, where q ̸= 3, is a prime. By Lemma 2.7, g /∈ kerχ for all
non-linear χ ∈ Irr(G). If g ∈ Z(χ), then mϵ ∈ cv(G) for some root of unity ϵ ̸= 1, a
contradiction. Hence g is a root of unity element and this means that G/Z(G) ∼= Γp

with p− 1 = 3. Hence G/Z(G) ∼= A12. But ncv(A12) = 4, a contradiction.
We may assume that G/G′ is an elementary abelian 2-group. Let P be a Sylow

2-subgroup. By [16, Theorem A], P/O2(G) is cyclic of order 2. Consider G/O2(G) ∼=
H ⋊ C2, where H is the abelian Hall 2′-subgroup of G. Note that G = H ⋊ P . Let
T = H ⋊ C2 and let 1 ̸= c ∈ C2. Then χ(c) = 0 for all non-linear χ ∈ Irr(T ). Hence
|CT (c)| =

∑
χ∈Irr(T ) |χ(c)|2 = 12 + 12 = 2. Thus CT (c) ⊆ C2 for all 1 ̸= c ∈ C2, that is,

T is a Frobenius group with kernel H and complement C2. Since CT (c) is a 2-group,
C2 acts fixed point freely on H. We also have that since c is an involution, c−1hc = h−1

for all h ∈ H by [12, Proposition 16.9(e)]. This means that ⟨h⟩ is normal in T for all
1 ̸= h ∈ H and so H = ⟨h1⟩ × ⟨h2⟩ × · · · × ⟨hk⟩. We have that ⟨hi⟩ ⋊ ⟨c⟩ is a factor
group of T for each i ∈ {1, 2, . . . , k}. It follows that ⟨hi⟩⋊⟨c⟩ = D2ti the dihedral group
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of order 2ti with ti an odd integer. Now the character theory of dihedral groups is well
known (see for example [25]). In particular, if ti ⩾ 5, then ncv(D2ti) > 3. Therefore
ti = 3 and so H is an elementary abelian 3-group. If O2(G) = 1, then by Sakurai’s
theorem [23], |cv(G)| = 4, a contradiction. Hence O2(G) ̸= 1. Finally, it is sufficient
to consider when P is abelian. Then P is elementary abelian and so we have that
G = O2(G)× (C∗

3 ⋊ C2) = C∗
2 × (C∗

3 ⋊ C2). This proves (b). □

Theorem 4.2 establishes Theorem E. We point out that we could not find an example
of a group with a non-abelian Sylow 2-subgroup in Theorem 4.2(b).

5. Finite non-solvable groups with few character values

We now turn to character values of non-solvable groups. We start by noting the
existence of rational valued extendible characters in simple groups.

Lemma 5.1. [11, Lemma 4.1] Let S be a finite non-abelian simple group. Then there
exists a non-principal irreducible character of S that is extendible to a rational-valued
character of Aut(S).

Theorem 5.2. If n ⩾ 5, n ̸= 6, then An has two non-principal characters of coprime
degrees that extend to Aut(An) = Sn.

Proof. This follows [2, Theorem 3] and that A5 has two extendible characters of degrees
4 and 5. □

It turns out that a non-rational group will have more character values by Lemma
2.1(d). Hence we want to take advantage of this fact to exclude many groups. The next
result tells us exactly which simple groups are composition factors of rational groups.

Theorem 5.3. [9, Theorem B and Corollary B.1] Let S be a non-abelian finite simple
group. Then

(a) S is a composition factor of a rational group if and only if S ∈ {An, with
n ⩾ 5,PSL3(4),PSU4(3),PSp4(3), Sp6(2),O

+
8 (2)

′}.
(b) S is rational group if and only if S ∼= Sp6(2) or O+

8 (2)
′.

For Theorem 5.3, we can see that the alternating groups are the only infinite family
groups such that they are composition factors of rational groups. We shall consider
them in a uniform way. The rest of the groups in the list above can be dealt with using
Atlas [3] and GAP [10].
Let n be a natural number. A partition λ = (λ1, λ2, . . . , λr) of n such that λi,

i = 1, 2, . . . , r are integers, with λ1 ⩾ λ2 ⩾ · · · ⩾ λr > 0 and λ1 + λ2 + · · · + λr = n.
The irreducible complex characters of the symmetric group Sn are characterized by
partitions and hence can be identified by a corresponding partition. If χλ ∈ Irr(Sn),
then an irreducible character of An is obtained by restricting χλ to An. In particular,
χλ is irreducible when restricted to An if and only if λ is not self-conjugate. Elements
of Sn and An are identified by their cycle types. In the next result we show that if
n ⩾ 15, then An contains an irreducible character that is extendible to Sn and has four
character values that are not positive integers:

Proposition 5.4. Let S ∼= An, with n ⩾ 15. Then S has an irreducible character χ
which is extendible to Sn such that |ncv(χ)| ⩾ 4.
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Proof. The right character χλ is when λ = (n − 2, 1, 1)(this is extendible to Sn since
it is not self-conjugate). We show in the table below for which elements g ∈ An the
character χλ take values 0,−1,−2,−3.

Character values of χλ = (n− 2, 1, 1) in An.
n g ∈ An χλ(g)

n ⩾ 15, n odd (n− 6, 4, 2) 0
(n− 4, 2, 2) −1
(n− 10, 4, 2, 2, 2) −2
(n− 8, 2, 2, 2, 2) −3

n ⩾ 16, n even (n− 2, 2) 0
(n− 8, 4, 2, 2, 2) −1
(n− 6, 2, 2, 2) −2
(n− 12, 4, 2, 2, 2, 2) −3

□

Theorem 5.5. Suppose that G has a unique non-abelian minimal normal subgroup N .
Then either |ncv(G)| ⩾ 4 or |ncv(G)| = 3 and possibly one the following holds:

(a) N = A6 × A6 and G/N is a elementary abelian 2-group.
(b) G ∼= S5.

Proof. Suppose that N = S1×S2×· · ·×Sk, where Si
∼= S for some non-abelian simple

group S and k ⩾ 2. By Lemma 5.1, there exists θ ∈ Irr(S) that is extendible to a
rational-valued character of Aut(S). Then there exists χ ∈ Irr(G) that is rational-valued
such that χN = θ1×θ2×· · ·×θk. Note that χN is faithful inN and hence |cv(χSi

)| ⩾ 4 for
all i by [1, Lemma 2]. Suppose these values are θ1(1), 0, a, b with a, a negative rational
number by Lemma 2.1(d). Note that |a|, |b| < θ1(1). Let g1 ∈ S1, hi ∈ Si be such that
θ1(g1) = a and θi(hi) = b for i = 2, . . . , k. Hence χ(g1×1×· · ·×1) = aθ(1)k−1 ∈ ncv(χ).
If b is negative, then bθ(1)k−1ncv(G) and if b is positive, then abk−1 ∈ ncv(χ). Since
0 ∈ ncv(χ), then |ncv(G)| ⩾ 3. If G is not a rational group, then by Lemma 2.1(f),
|ncv(G)| ⩾ 5.
Suppose that G is a rational group. Then by Theorem 5.3, we may assume that S

is isomorphic to PSL3(4),PSU4(3), PSp4(3), Sp6(2),O
+
8 (2)

′ or An with n ⩾ 5. Suppose
S ≇ A6, then by the Atlas [3] and Theorem 5.2, there exists two extendible characters
and using the argument in the first paragraph we get at least four negative character
values. If S ∼= A6 and k ⩾ 3, then using the Steinberg character and the argument
in the first paragraph, 0,−1(1)k−1,−1.9k−1,−1(1)9k−2 ∈ ncv(G) and so |ncv(G)| ⩾ 4.
Consider k = 2. By the argument in the first paragraph we have 0,−1,−9 ∈ ncv(G).
Then Aut(N) = (Aut(A6))

2 ≀ C2. If B = (Aut(A6) × Aut(A6)) ∩ G, then G/B ∼= C2.
Note that G/N is a 2-group. If G/N is non-abelian, then −2 ∈ ncv(G) using Lemma
2.4, a contradiction. It follows that G/N is elementary abelian 2-group.
Hence G is almost simple group with socle S. By Lemma 5.1, there exists θ ∈ Irr(S)

that is extendible to a rational-valued character of Aut(S). Then there exists χ ∈ Irr(G)
that is rational-valued such that χS ∈ Irr(S). Note that χS is faithful in S and hence
|cv(χS)| ⩾ 4 by [1, Lemma 2]. We may assume that these values are θ(1), 0, a, b with a,
a negative rational number by Lemma 2.1(d). If G is not a rational group, then G has
at least two irrational character values c, d using Lemma 2.1(f). Hence |ncv(G)| ⩾ 4.

Suppose that G is rational group. Note that the only simple groups are Sp6(2) and
O+

8 (2)
′. Using the Atlas [3] and GAP [10] for Sp6(2), O

+
8 (2)

′ and Sn with n ⩽ 14, it
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follows that the only group with |ncv(G)| = 3 is S5. If G ∼= Sn, where n ⩾ 15, then the
result follows by Proposition 5.4. □

Theorem 5.6. Let G be a finite group which has no composition factor isomorphic to
A5 or A6. If |ncv(G)| ⩽ 3, then G is solvable.

Proof. Suppose the theorem is not true and let G be a minimal counterexample. If N1

and N2 are two minimal normal subgroups of G, then |ncv(G/Ni)| ⩽ 3 and G/Ni has
no composition factor isomorphic to A5 or A6, for i = 1, 2. Hence G/Ni is solvable and
so G/(N1 ∩N2) ∼= G is solvable.

We may assume that G has a unique minimal normal subgroup which is non-abelian.
Using Theorem 5.5, we have our result. □

Theorem B follows immediately from Theorem 5.6 as the following result states:

Corollary 5.7. Let G be a finite group which has no composition factor isomorphic to
A5 or A6. If |cdc(G)| ⩽ 3, then G is solvable.

Theorem 5.8. Let G be a finite group with a composition factor isomorphic to S ∈
{A5, A6}. If |cdc(G)| ⩽ 3, then there exists a normal subgroup N of G such that either

(a) G/N ∼= S5 and |cd(G)| ⩾ 5, or
(b) |G/M | ⩽ 16 and G/M is an elementary abelian 2-group and M/N ∼= A6 × A6

for some normal subgroup M of G.

Proof. Suppose G has a composition factor isomorphic to S ∈ {A5, A6}. We may
assume that G has a minimal normal subgroup N1 which is a direct product of copies
of S. If there is another minimal normal subgroup of G, then let N be a maximal
normal subgroup of G with respect to N ∩ N1 = 1. Then G/N has a unique minimal
normal subgroup of G. Using Theorem 5.5, the result then follows. If cd(G)| = 4, then
2 ∈ cdc(G) and so |cdc(G)| > 3. □

Note that in Theorem 5.8(a), 2 ∈ cdc(G/N) but however it is not clear if 2 ∈ cdc(G)
for any N . We are now ready to prove Theorem A which we restate below:

Theorem 5.9. If |cv(χ)| ⩽ 4 for all non-linear χ ∈ Irr(G) for a finite group G, then
G is solvable.

Proof. Suppose that the theorem is not true and let G be a minimal counterexample.
If G has two minimal normal subgroups N1 and N2, then for G/N1 and G/N2, the
theorem holds, that is, G/N1 and G/N2 are solvable. This means that G is solvable, a
contradiction.

We may assume that G has a unique non-abelian minimal normal subgroup N . Sup-
pose that N = S1 × S2 × · · · × Sk, where Si

∼= S for some simple group S. By Lemma
5.1, there exists θ ∈ Irr(S) that is extendible to a rational-valued of Aut(S). Then
there exists χ ∈ Irr(G) that is rational-valued such that χN = θ1 × θ2 × · · · × θk. Note
that χN is faithful in N and hence |cv(χSi

)| ⩾ 4 for all i by [1, Lemma 2].
We now show that N is a simple group. Assume the contrary, that is, k ⩾ 2. Suppose

these values are θ1(1), 0, a, b, where |a| < χ(1) and |b| < χ(1). Let g1 ∈ S1, hi ∈ Si be
such that θ1(g1) = a and θi(hi) = b for i = 2, . . . , k. Hence χ(gi×1×· · ·×1) = aθ(1)k−1,
χ(hi × 1× · · · × 1) = bθ(1)k−1 and χ(gi × hi × · · · × hi) = abk−1, χ(1) = θ(1)k and 0 are
five distinct values of χ. Hence we may assume that N is a simple group and so G is
almost simple.
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Suppose that every non-linear of irreducible character of G is rational. Then by [4,
Theorem 3.10], G is a rational group. Using the Atlas [3] and GAP [10] for Sp6(2),
O+

8 (2)
′ and Sn with n ⩽ 14 and then Proposition 5.4 for n ⩾ 15, we obtain our result.

Hence we may assume that G has a non-linear irreducible character which is not
rational valued. Using [1, Proposition 7], we have that N is a union of three conjugacy
classes of G. Applying Lemma 2.8, it follows that G is solvable, our final contradiction.

□

Proposition 5.10. Suppose that G is a non-abelian finite group such |cv(χ)| = 4 for
all non-linear χ ∈ Irr(G). Then one of the following holds:

(a) G is a rational group.
(b) G/N is a 2-group for some normal subgroup N .
(c) G/N is a Frobenius group with cyclic complement for some normal subgroup N .
(d) G has a unique minimal normal subgroup which is an elementary abelian p-group

for some odd prime p.

Proof. If all the non-linear irreducible characters of G are rational valued, then we have
(a) - (c) by [4, Theorem 3.12]. Suppose that there is non-linear χ ∈ Irr(G) that takes
irrational values. Then G has a unique minimal normal subgroup N which is a union
of three conjugacy classes by [1, Proposition 7]. Using Lemma 2.8, it follows that N is
an elementary abelian p-group for some odd prime p. □

5.1. Examples. We list some examples of groups in Proposition 5.10. A classification
seems far fetched.

(a) G ∼= S4 is an example of a rational group with |cv(χ)| ⩽ 4 for all χ ∈ Irr(G).
We could not find a rational group such that |cv(χ)| = 4 for all non-linear
χ ∈ Irr(G).

(b) We list examples of groups in Proposition 5.10(b):
(i) Let G = ⟨ρ, σ|ρ5 = σ2, σ−1ρσ = ρ4⟩ = D10, the dihedral group of order

10. Then the derived subgroup is G′ = ⟨ρ2⟩ ∼= C5 and G/G′ ∼= C2. This is
SmallGroup(10,1).

(ii) G ∼= C17 ⋊ C8 has a normal subgroup N ∼= D34.C2 and G/N ∼= C2. This is
SmallGroup(136, 12).

(c) The following are examples of groups in Proposition 5.10(c):
(i) Our first example is the one given in (b)(i).
(ii) The group C5 ⋊ D10, where D10 is the dihedral group of order 10, has 12

irreducible characters of degree 2 and each takes on four values. Further-
more, G has nine conjugacy classes of normal subgroups N , six of which
have quotients G/N ∼= D10. It is well known that the dihedral groups of or-
der 2n with n odd are Frobenius. Here the kernel is C5 and the complement
is C2. This is SmallGroup(50,4).

(iii) Let G ∼= C2
5 ⋊ D10. Then G has a normal subgroup N such that G/N ∼=

D10. The group D10 is Frobenius with complement C2. This is Small-
Group(250,14).

(d) The following are examples of groups in Proposition 5.10(d). We found the most
groups in this case:
(i) Set G = C7 ⋊ C3. Then the two characters of degree 3 each assume four

values. This is SmallGroup(21,1).
(ii) Let G = He3, the Heisenberg group of order 27. The group G has a socle

N ∼= C3. This is SmallGroup(27,3).
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(iii) The group G = C9 ⋊ C3 has two non-linear characters each of degree 3
and both taking on four values. Note that G has a unique minimal normal
subgroup of order 3 which is its socle. This is SmallGroup(27,4).

(iv) Set G = C3⋊S3.C2. The two non-linear characters of G of degree 4 assume
four values each and G has a unique minimal normal subgroup N ∼= C2

3 .
This is SmallGroup(36,9).

(v) Let G = C11 ⋊ C5. This is SmallGroup(55,1).
(vi) Set G = D26 : C3. This is SmallGroup(78,1)).
(vii) Let G ∼= C4

2 ⋊ C5. Then G has socle C4
2 equal to the unique minimimal

normal subgroup and all the irreducible non-linear characters assume four
values. This is SmallGroup(80,49).

(viii) The following groups of order 81 all have unique minimal normal subgroups
N ∼= C2

3 .
∗ G ∼= C2

3 ⋊ C9 (SmallGroup(81,3));
∗ G ∼= C9 ⋊ C9 (SmallGroup(81,4));
∗ G ∼= C3 × He3 (SmallGroup(81, 12)); and
∗ G ∼= C3 × C9 ⋊ C3 (Smallgroup(81, 13)).

(ix) The group G ∼= C2
7 ⋊ C3 has a unique minimal normal subgroup N ∼= C2

7 .
This is SmallGroup(147,4).

6. Problems

We end the article by stating some problems.

Problem 6.1. Let G be a solvable group. Is it true that there exist a linear function
f such that

|cd(G)| ⩽ f(|cdc(G)|)?
For non-abelian nilpotent groups, we remark that it is easy to show

|cd(G)| ⩽ |cdc(G)|+ 1

using Lemma 2.4(a). For solvable groups, based on our results, we have that

(a) If |cd(G)| = 1, then |cdc(G)| ⩾ 0;
(b) If 2 ⩽ |cd(G)| ⩽ 3, then |cdc(G)| ⩾ 2;
(c) If |cd(G)| = 4, then |cdc(G)| ⩾ 3.

The following problems are related in one way or the other.

Problem 6.2. Let G be a finite group, N be a normal subgroup of G.

(a) Is it true that if |cdc(G)| ⩽ 3, then G is solvable?
(b) Is it true that |cdc(G/N)| ⩽ |cdc(G)|?
(c) Describe the structure of N in the case of Theorem 5.8(b) if it exists.
(d) Classify all non-solvable groups G such that |cdc(G)| = 4. Note that the case

when |cd(G)| = 4 was classified in [18].

Problem 6.3. Classify non-solvable groups such that |cv(χ)| ⩽ 5 for all χ ∈ Irr(G).

Problem 6.4. Classify finite groups G such that |cdc(G)| = 2.

We shall consider a counterexample to the fact that the groups in Theorem C are
the only ones with the property that |cdc(G)| = 2.
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Remark 6.5. Suppose that G is a finite group such that |cdc(G)| = 2. If dl(G) = 4,
then G there exists a normal abelian 3-subgroup N of G such that G/N ∼= S4 and
cd(G) ⊆ {1, 2, 3, 4, 6, 8, 12}. In particular, G contains an element of order 6 and there
exists χ ∈ Irr(G) such that either χ(1) = 6 or χ(1) = 12.

Proof. Consider the abelian subgroup G′′′ ̸= 1. Then dl(G/G′′′) = 2 and |cdc(G/G′′′) =
2. It follows that G/G′′′ ∼= S4 by Theorem 3.4. Using [22, Corollary 2], we have
that G′′′ is a {2, 3, 5}-group. Let T be the normal Hall 2′-subgroup of G′′′. Then
dl(G/T ) = 4 and χ(1) divides |G : G′′′| for all χ ∈ Irr(G/T ) by Ito’s theorem. Hence
cd(G/T ) ⊆ {1, 2, 3, 4, 6, 8, 12, 24}. Let χ(1) ∈ {6, 12, 24} for some χ ∈ Irr(G/T ). Note
that χ vanishes on all elements of 3-singular elements. Consider 2-elements of G/T .
Then |χ(g)| ̸= 1 by Lemma 2.3. Hence −1 /∈ cv(χ), a contradiction of Lemma 2.1(d).
Since |cd(G/T )| ⩾ 5 by Theorem 3.5, it follows that cd(G/T ) = {1, 2, 3, 4, 8}. Note
that the character degree graph of G/T is disconnected. Using [8, Theorem 1], we have
that G/T ∼= S4 × C∗

2 , a contradiction. This means that G′′′ is a {3, 5}-group and so G
has a Sylow 2-subgroup isomorphic to D8. Hence G′′′ is a 3-subgroup by [5, Theorem
1].

Since G satisfies the conditions of G/T we have that cd(G) ⊆ {1, 2, 3, 4, 6, 8, 12, 24}.
Let χ(1) = 24 for some χ ∈ Irr(G). Then all χ vanishes on all 2-singular elements.
Suppose that g is a 3-element. Then |χ(g)| ̸= 1 by Lemma 2.3. Hence −1 /∈ cv(χ), a
contradiction of Lemma 2.1(d). Hence 24 /∈ cd(G).

IfG has no character of degree 6 or 12, then the character degree graph is disconnected
and by the argument in the first paragraph we reach a contradiction. Suppose that G
does not have elements of order 6. It is sufficient to show that G has no character
of degree 6 or 12. Suppose there is a χ ∈ Irr(G) such that χ(1) ∈ {6, 12}. If g is a
2-element or a 3-element, then by Lemma 2.3, −1 /∈ cv(χ), our final contradiction. □
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