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Abstract
Wind energy claims a positive image globally; therefore, accuratemodelling ofwind direction
at generation sites accurately can enhance the potential of this green energy source. The
uncertain nature of wind direction can be modelled through probability distributions; in this
paper, we propose a flexible yet simple distribution, namely the Power-Cardioid distribution,
as an alternative and implementable candidate to model wind direction. After discussing
some characteristics, the performance of the Power-Cardioid distribution is evaluated via a
simulation study and applied to datasets of two wind farms in South Africa. The numerical
results demonstrate that this distribution is a promising and exciting new candidate compared
to well-known models within circular statistics.
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1 Introduction

Harvesting wind energy can solve ongoing energy shortfalls, for example in South Africa due
to the ongoing loadshedding (rolling power blackout) crisis.Wind energy is one of the fastest-
growing energy sources in the world. This is partly due to its cost-effectiveness; indeed, the
land-based utility-scalewind is one of the lowest-priced energy sources available today. South
Africa has great potential for considering wind energy as an alternative resource, especially
along the coastal areas of the Eastern and Western Capes. It is projected that by 2030, 22.7%
of the required electricity in South Africa will be generated from wind energy. However,
the success of any wind energy program lies in the accuracy of the assessment of wind flow
patterns based on available data at a potential site for a wind farm. As [1] highlighted, wind
statistics is the science that describes the patterns of the wind regime over a considerable
period. Since the 1940s, numerous papers have been published proposing and implementing
different continuous probability distributions to describe wind speed, including the Weibull,
gamma, normal, Rayleigh, log-normal, inverse Gaussian and logistic distributions as com-
monly considered models [2–4]. What makes wind different from other climate variables
(e.g., temperature and precipitation) is its inherent nature, which necessitates investigating
wind direction and not only wind speed. An accurate statistical analysis of the wind direction
can provide important information about changes in the amount of wind at a specific location.
Considering direction in this context naturally gives rise to the consideration and extension of
suitable parametric directional probability distributions to better understand the directional
nature of this essential energy factor.

Because most parametric inferential approaches for directional data are obtained from
only a handful of proposed models, there are still ongoing discussions surrounding the devel-
opment of approaches that will increase the robustness of most existing directional models
[5]. Methods for deciphering directional data have been developed towards characterizing
population distributions from which circular data may arise, and most of the tools that are
generally implemented rely heavily on the vonMises- (vM), Cardioid-, and wrapped Cauchy
distributions [5]. As a result, many existing methods appropriate for directional statistics are
parametric and reliant on restricted distributional assumptions, such as having a unimodal
and symmetric spread.

In this paper, we model the wind direction at two operational wind farms in South Africa:
Jeffreys Bay (Humansdorp), located in the Eastern Cape (onshore wind farm) and Noupoort,
located in the Northern Cape (offshore wind farm). Interested readers may be referred to
studies on wind direction such as [6–11]. The contribution of this paper is not limited to the
modelling of wind direction at two South African wind farms, but includes the introduction
of a new two-parameter distribution, namely the Power-Cardioid (P − C) distribution which
emanates from a proposed Cardioid-generator class. Due to the nature of wind direction,
finite mixture distributions are often considered for modelling this type of heterogeneous
wind data. For example, mixtures of von Mises (vM) have been widely implemented to
model wind direction for different locations [12–14]. Finite mixtures of the proposed P − C
distribution are therefore of particular interest and are applied and compared to other often
considered candidates when wind direction is under consideration.

First, we provide details of the datasets in Sect. 2 that form part of the performance investi-
gation of the new distribution. In Sect. 3, we focus on the definition of the Cardioid-generator
class of distributions, specifically theP − C distribution and some of its characteristics, along
with the estimation of its parameters. A simulation study is conducted for parameter recov-
ery on synthetic data in Sect. 4, and the impact of this new distribution is investigated by its
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Fig. 1 Jeffreys Bay wind farm https://jeffreysbaywindfarm.co.za (left) and Noupoort wind farm https://
noupoortwind.co.za (right)

well-known circular models using the two South African wind datasets in Sect. 5. Section6
contains final thoughts and conclusions.

2 Site location and wind data

The first dataset reflects the wind direction of the Jeffreys Bay wind farm recorded every
10 minutes at 20 metres height between 2017 − 2019. Jeffreys Bay (Humansdorp) wind
farm, located in the Eastern Cape, is one of the largest wind farms in South Africa, spanning
3700 hectares with 138 MW capacity. The second dataset shows the wind direction of the
Noupoort wind farm recorded every 10 minutes at 60 metres height between 2017 − 2019.
Noupoort is located in the Northern Cape, comprising 7500 hectares and providing an 80
MW capacity. Figure1 shows aerial views of these two wind farms, respectively. Rose plots
of the datasets in Fig. 2 confirm that these wind direction datasets reveal multimodal patterns,
whereas Table 1 reports the respective datasets’ summary statistics.

3 A Cardioid-generator class

3.1 Class specification

The Cardioid distribution is mainly used as a small-concentration approximation to the von
Mises (vM) distribution and was introduced by [15] with the probability density function
(pdf):

f (θ) = 1

2π
(1 + ρ cos(θ − μ)), 0 < θ ≤ 2π, (1)

where 0 ≤ ρ < 1 and 0 < μ ≤ 2π . When ρ is restricted to be non-negative, there can be
no difficulties resulting from non-identifiability. Inspired by (1) and eq. 2.20 of [16], a more
flexible class of distributions for circular data is proposed in Proposition 1, which we call the
Cardioid-generator class of distributions.
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Fig. 2 Map of South Africa with the locations of Jeffreys Bay and Noupoort wind farms and rose plots of the
wind direction (created by R programming language version 4.1.3 https://www.r-project.org)

Table 1 Descriptive statistics for the wind direction data

Location Duration n Mean Variance Mean resultant length Skewness Kurtosis

Jeffreys Bay 2017–2019 166,315 5.1212 0.7223 0.2777 −0.6020 0.6899

Noupoort 2017–2019 163,526 5.4571 0.8222 0.1778 −0.0373 0.8093

Proposition 1 The distribution of a random variable � belongs to the class of symmetric
distributions on the circle (here calledCardioid-generator class) if it has a pdf of the following
form:

f (θ) = c.g(cos(θ − μ)), 0 < θ ≤ 2π, (2)

where g(·) is a Borel measurable function which admits a Taylor series expansion and
g(·) �= 1. Here, g(·) is absolutely continuous and may be referred to as a generator function
with a normalizing constant c.

In this case, it is clear that the generator function, g(cos(θ − μ)), relates to the Cardioid
distribution in (1) through

g(cos (θ − μ)) = (1 + ρ cos (θ − μ)).

Subsequently, a general formula for the appropriate normalizing constant for (2) is
obtained. The generalized formula proposed below only requires the derivatives of the func-
tion g(cos(θ − μ)) evaluated at 0 in each case. To arrive at such a formula, the definition of
a probability distribution of an absolutely continuous distribution must be used [5]. Since

∫ 2π

0
f (θ)dθ = 1,
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it follows that

c =
(∫ 2π

0
g(cos(θ − μ))dθ

)−1

. (3)

For the function g(cos(θ − μ)), the Maclaurin series can be written as

g(cos(θ − μ)) =
∞∑
k=0

g(k)(0)

k! cosk(θ − μ), (4)

where g(k)(0) represents the kth derivative of g(·) around zero. Note that this series can also
be represented as

g(cos(θ − μ)) = g(0)(0)
0! cos0(θ − μ) + ∑∞

k=1
g(k)(0)

k! cosk(θ − μ)

= g(0) + ∑∞
k=1

g(k)(0)
k! cosk(θ − μ),

which will be referred to for a specific distribution under consideration. Substituting (4) into
(3), it follows that

c =
(∫ 2π

0

(∑∞
k=0

g(k)(0)
k! cosk(θ − μ)

)
dθ

)−1

=
(∑∞

k=0
g(k)(0)

k!
∫ 2π
0 cosk(θ − μ)dθ

)−1
. (5)

Two approaches to compute the normalising constant in (5) are discussed in Remarks 1
and 2 respectively.

Remark 1 Using [17] for even values of k and (k − 1)!! = (k − 1)(k − 3)(k − 5) . . . 1, the
integral in (5) can be evaluated at 0 and 2π to solve for

∫ 2π
0 cosk(θ − μ)dθ = sin(θ−μ)

k

(
cosk−1(θ − μ) + ∑ k

2−1
b=1

(k−1)(k−3)...(k−2b+1)
2b( k2−1)( k2−2)...( k2−b)

× cos(k−2b−1)(θ − μ)
) + (k−1)!!

2
k
2 k

2 !
(θ − μ).

For odd values of k, the integral the integral in (5) can be evaluated at 0 and 2π to solve for

∫ 2π
0 cosk(θ − μ)dθ = sin(θ−μ)

k

(
cosk−1(θ − μ) + ∑ k−1

2 −1
b=0

2b+1( k−1
2 )( k−1

2 −1)...( k−1
2 −b)

(k−2)(k−4)...((k−1)−2b−1)

× cos((k−1)−2b−2)(θ − μ)
)
.

Remark 2 Another approach to obtain c in (5) could be to make use of Euler’s formula [17].
Instead of substituting cosk(θ − μ) in (4), Euler’s formula can be included in the integral to
find

∫ 2π
0 f (θ)dθ = c

∑∞
k=0

g(k)(0)
k!

∫ 2π
0

(
exp(i(θ−μ))+exp(−i(θ−μ))

2

)k
dθ

= c
2k

∑∞
k=0

g(k)(0)
k!

∫ 2π
0 (exp(i(θ − μ)) + exp(−i(θ − μ)))k dθ

= c
2k

∑∞
k=0

g(k)(0)
k!

∫ 2π
0 exp(−ik(θ − μ))(exp(2i(θ − μ)) + 1)kdθ.

3.2 Pdf and some characteristics

For our specific P − C candidate, we assume a power function of the form g(cos(θ − μ) =
(1+ w. cos(θ − μ))−m for some constants w,m > 0 for consideration in (2). The following
proposition describes this proposed candidate.
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Proposition 2 A random variable � is distributed as a P − C distribution if it has a pdf of
the following form:

fP−C(θ) = c
(
(1 + κ

m
cos(θ − μ))

)−m
, 0 < θ ≤ 2π, (6)

where 0 ≤ κ < m and m is a positive integer.

The normalizing constant c in (6) can then be obtained as

c−1 =
∞∑
i=0

(
m + i − 1

i

) (−κ

m

)i ∫ 2π

0
cosi (θ − μ)dθ. (7)

The pdf (6) is illustrated in Fig. 3a for m = 2 while varying κ , in Fig. 3b for m = 3 while
varying κ , and in Fig. 4a and 4b for κ = 2 while varying m. In particular, Fig. 4b highlights
the added value ofm for capturing peakedness of data (whenm is small) compared to elevated
levels of kurtosis (when m is large).

The following proposition highlights three key characteristics from the proposed P − C
distribution with pdf in (6).

Proposition 3 If a random variable � follows the P − C distribution with pdf in (6), then:

1. The pth trigonometric moment of � is given by

ϕp = ceipμ
∞∑
j=0

(
m + j − 1

j

)(−κ

m

) j ∫ 2π

0
cos(pθ) cos j (θ)dθ, p = 0,±1,±2, . . . ,

2. The distribution in (6) is unimodal with the maximum (thus, the mode) at θ = μ + π .
3. The pdf (6) is symmetric about μ, that is, fP−C(μ + θ) = fP−C(μ − θ).

Regarding point 2 in Proposition 3, the first derivative of the kernel of (6) is determined
to be κ sin (θ − μ)

(
1 + κ

m cos (θ − μ)
)−m−1

, which is equal to 0 if and only if θ = μ + π ,
indicating the presence of a single global maximum. Since the support is 0 < θ ≤ 2π , this
implies only one maximum point. Following from point 3 in Proposition 3, it is clear that
the skewness coefficient is zero. The circular kurtosis coefficient of a variable with a P − C
distribution for μ = 0 (without loss of generality) is obtained from [18] as follows:

γ2 = (α2 − α4
1)

(1 − α1)2
, (8)

where

α1 = c
∞∑
j=0

(
m + j − 1

j

)(−κ

m

) j ∫ 2π

0
cos j+1(θ)dθ,

α2 = c
∞∑
j=0

(
m + j − 1

j

)(−κ

m

) j [
2

∫ 2π

0
cos j+2(θ)dθ −

∫ 2π

0
cos j (θ)dθ

]
.

Figure5 indicates how the kurtosis coefficient (8) converges for relatively small values of
j , depending on the chosen parameter values.
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Fig. 3 Pdf of the P − C distribution (6) for different parameter values

3.3 Parameter estimation

For a random sample of size n from the P − C distribution in (6) θ1, θ2, . . . , θn , the log-
likelihood function can be expressed as

ln L(μ, κ|θ) = n ln(c) − m
n∑

i=1

ln
(
1 + κ

m
cos(θi − μ)

)
. (9)
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Fig. 4 Pdf of the P − C distribution (6) for different parameter values

By equating the partial derivatives of the loglikelihood functionwith respect to the parameters
to zero, the maximum likelihood estimates (MLEs) can be obtained. Since no closed form
exists, numerical methods are used to obtain the estimates. The DEoptim package [19] in R
software which is based on the Differential Evolution (DE) algorithm [20] is used to obtain
the MLEs. Its significant performance as a global optimization algorithm on continuous
numerical minimization problems has been extensively studied [21].
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Fig. 5 Plots of the converging kurtosis coefficient (8) for different parameter values

4 Simulation study

Simulation studies were conducted to assess the accuracy of the selected approach for obtain-
ing the MLEs of parameters of the P − C distribution. To this effect, we generated 200
samples of size n = 30, 100, 500 from the P − C distribution with μ = 3, κ = 0.5 and
m = 1, 2, 3, 4, 5. The biases and the mean squared errors (MSEs) of ML,Es are calculated
with the results summarized in Table 2. The MLE values in Table 2 represent the average of
the obtained MLEs across 200 iterations. From Table 2 we observe that the values of bias
and MSE decrease as n increases consistently across different values of m.

The box plots in Fig. 6 a) and b) show the shrinking bias when estimating μ (left) and κ

(right) for n = 30, 100, 500, whereas c) and d) show the shrinking MSE when estimating μ

(left) and κ (right) for the same sample sizes. As the sample size increases, both the bias and
MSE tend towards zero.

Table 3 reflects the value of the log-likelihood (9) for 2000 samples of size n = 30 when
m = 1, 3, 5 (rows) for fixed μ = 3 and κ = 0.5. Each sampled set was fitted via maximum
likelihood estimation to the P − C distribution (6) for with varying m = 1, 3, 5 in order to
assess the behaviour of best fit of the model when m differs from the "true" m used in each
sampling process. The largest loglikelihood (or, equivalently, smallest Akaike Information
Criterion - AIC - or Bayesian Information Criterion - BIC) value indicates a better fit (in
bold). In this case, we observe that the true value of m yields the correct result in the fit in
each case. Different P − C models were fitted to the sampled data, varying for m = 1, 3, 5.
Such an investigation can guide the practitioner to determine a suitable value of m which
maximizes the loglikelihood (or, effectively, minimises the AIC or BIC) in practice.

5 Real data

To demonstrate the performance of the P − C distribution (6) for the wind direction data
from the South African wind farms, we analyze the two real datasets of Sect. 2 (see Table
1) and conduct a model performance comparison with the well-known vM distribution, and
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Table 2 MLEs and
corresponding biases and MSEs
for the P − C distribution

P − C Actual value m MLE Bias MSE

n = 30 μ 3 1 3.1389 0.1389 1.1113

κ 0.5 0.7170 0.2170 0.0968

2 3.30932 0.0932 1.2562

0.8662 0.3662 0.3255

3 3.0976 0.0960 1.2718

0.9446 0.4446 0.4991

4 3.0976 0.0976 1.2813

0.9847 0.4847 0.6164

5 3.0986 0.0986 1.2875

1.0086 0.5086 0.7018

n = 100 μ 3 1 3.0892 0.0892 0.5378

κ 0.5 0.5647 0.0647 0.0409

2 3.0835 0.0835 0.5378

0.6642 0.1642 0.1057

3 3.0809 0.0809 0.5544

0.6642 0.1642 0.1057

4 3.0796 0.0796 0.5567

0.6713 0.1713 0.1125

5 3.0788 0.0788 0.5582

0.6746 0.1746 0.1159

n = 500 μ 3 1 2.9997 −0.0003 0.0863

κ 0.5 0.4906 −0.0094 0.0122

2 2.9986 −0.0014 0.0817

0.5359 0.0359 0.0198

3 2.9985 −0.0015 0.0804

0.5460 0.0460 0.0223

4 2.9984 −0.0016 0.0797

0.5498 0.0498 0.0233

5 2.9984 −0.0016 0.0794

0.5516 0.0516 0.0237

Table 3 Log-likelihood values (9) for 2000 samples of size n = 30 when m = 1, 3 and 5 for fixed μ = 3 and
κ = 0.5

m Model with specified m
1 3 5

Chosen m for sampling 1 −50.8275 −51.5562 −51.6347

3 −47.3465 −47.1067 −47.1247

5 −53.7567 −53.5197 −53.4604
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ŵ
i

L
og

-l
ik
el
ih
oo

d
A
IC

B
IC

M
ix
tu
re

of
vM

(M
=

2)
1.
46

76
1.
26

11
–

–
0.
45

33
−2

45
04

0.
8

49
00

91
.6

49
01

41
.7

7.
62

59
4.
76

98
–

–
0.
54

67

M
ix
tu
re

of
vM

(M
=

3)
19

.9
32

2
1.
53

27
–

–
0.
13

86

0.
66

34
0.
76

91
–

–
0.
36

38
−2

39
79

5.
1

47
96

06
.2

47
96

86
.3

9.
31

81
4.
76

13
–

–
0.
49

76

M
ix
tu
re

of
vM

(M
=

4)
9.
26

94
4.
76

18
–

–
0.
49

91

0.
81

51
0.
79

21
–

–
0.
19

01
−2

39
79

4.
9

47
96

11
.7

47
97

22
.0

0.
53

79
0.
79

08
–

–
0.
17

48

20
.7
17

7
1.
53

41
–

–
0.
13

60

M
ix
tu
re

of
P

−
C(

M
=

2)
0.
95

47
1.
64

89
–

–
0.
66

31
−2

43
28

7.
5

48
65

84
.9

48
66

35
.1

0.
93

71
4.
61

27
–

–
0.
33

69

M
ix
tu
re

of
P

−
C(

M
=

3)
0.
96

53
4.
66

66
–

–
0.
27

24

0.
96

24
1.
57

73
–

–
0.
63

69
−2

39
76

8.
1

47
95

52
.3

47
96

32
.5

0.
89

75
3.
49

69
–

–
0.
09

07

M
ix
tu
re

of
P

−
C(

M
=

4)
0.
99

39
1.
94

55
–

–
0.
08

60

0.
96

69
4.
67

81
–

–
0.
26

01
−2

37
17

0.
6

47
4,
36

3.
1

47
4,
47

3.
4

0.
87

46
3.
54

33
–

–
0.
13

79

0.
96

76
1.
57

67
–

–
0.
51

60

123



   86 Page 12 of 18 D. van Wyk-de Ridder et al.

Ta
bl
e
4

co
nt
in
ue
d

M
od

el
κ̂

μ̂
ˆ̄ α 2

ˆ̄ β 2
ŵ
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Fig. 6 Boxplots of simulation study for bias and MSE for different sample sizes

Kato and Jones (KJ) distribution [22] with the following pdf:

fK J (θ) = 1

2π

(
1 + 2κ2 κ cos(θ − μ) − ᾱ2

κ2 + ᾱ2
2 + β̄2

2 − 2κ
(
ᾱ2 cos(θ − μ) + β̄2 sin(θ − μ)

)
)

, (10)

where 0 < θ ≤ 2π , 0 ≤ κ < 1, ᾱ2 �= κ , β̄2 �= 0 and (ᾱ2 − κ2)2 + β̄2
2 ≤ κ2(1 − κ)2.

Consider a set of pdfs f1(θ), · · · , fM (θ) and weights w1, · · · , wM such that wi ≥ 0 and∑M
i=1 wi = 1. A finite mixture distribution f (θ) is then represented by

f (θ) =
M∑
i=1

wi fi (θ). (11)

Due to the multimodal pattern of the datasets observed in Fig. 2 a finite mixture approach is
proposed for the illustration of the results. The following distributions were considered:

• Finite mixture of vM distributions (see [5]) with M = 2, 3, 4 components,
• Finite mixture of P − C distributions (6) with M = 2, 3, 4 components, and
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Table 6 Execution time for
obtaining MLEs for finite
mixtures of vM-, P − C-, and KJ
distributions

Distribution M = 2 M = 3 M = 4

vM 1084.044 4841.181 9149.872

P − C 1141.127 5291.676 9532.749

KJ 49421.678 144756.621 275405.372

Fig. 7 Kernel density plots of datasets and fitted curves

• Finite mixture of KJ distributions (10) with M = 2, 3, 4 components.

TheMLEs of parameters for each distribution were obtained using the DEoptim package in
R. The AIC, given by AIC = 2k−2 ln (L̂) and the BIC, given by BIC = k ln(n)−2 ln (L̂),
where k is the total number of parameters estimated, L̂ is themaximizedvalue of the likelihood
function and n is the number of data points, were used for model selection. The MLEs and
corresponding loglikelihood, AIC, and BIC results are reported in Tables 4 and 5. Here, a
model with the maximum loglikelihood and minimum values of AIC and BIC provides a
better fit for the data.

For the first dataset from Jeffreys Bay wind farm, the mixture of P − C distributions with
m = 1 and M = 4 provides the best fit, followed by a mixture of vM distributions as the
second best model. For the second dataset from the Noupoort wind farm, the mixture of KJ
distributions with M = 3 provides the best fit. In this case, the mixture ofP − C distributions
is the second best model with M = 4. It seems the mixture ofP − C distributions has a better
performance for modelling wind direction in the offshore Noupoort wind farms, while the
mixture of KJ distributions provides a better fit for wind direction in the onshore Jeffreys
Bay wind farms. The execution time for obtaining MLEs for mixtures of vM-, P − C-, and
KJ distributions are reported in Table 6. The mixture of KJ distributions has a higher running
time, which could be attributed to the constraints for parameters and also the higher number of
parameters; this particularly highlights the added value of considering theP − C distributions
as a viable candidate in this environment. The kernel density plots of the datasets and the
fitted curves are shown in Fig. 7.
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6 Conclusion

Due to the importance of wind direction modelling in addressing ongoing energy crises,
we proposed a new flexible unimodal two-parameter distribution on the circle, called
the Power-Cardioid (P − C) distribution. This distribution emanates from an introduced
Cardioid-generator class, and some characteristics of the P − C distribution are discussed.
A simulation study illustrated accurate parameter recovery for different sample sizes, and
finite mixtures of the P − C distribution were applied in modeling the wind direction at two
sites in South Africa and compared with two other well-known finite mixture competitors
in the context of circular data. It is meaningful to note that the proposed distribution adhere
closely to the guidelines of desirability for flexible distributions as outlined by [23]: the
Cardioid-generator class (1) is flexible due to the generator function g(·) admitting a Taylor
series expansion; the investigated P − C candidate (3) presents as tractable and amenable to
calculations; simulated variates from the P − C distribution is readily possible; and parame-
ter estimation for the P − C distribution presents as feasible. Finally, the Cardioid-generator
class naturally nests an existing distribution of popular use, namely the Cardioid distribution.

It is well known that practitioners should treat different generation sites individually to
optimize wind power generation. Here, our proposed distribution outperformed the KJ dis-
tribution at a major wind generation site in South Africa. This is significant since the KJ
distribution is considered a flexible circular distribution and is extensively used in the litera-
ture to model wind direction based on AIC and BIC measures. In addition, the performance
of our proposed distribution was also close to the performance of the KJ distribution for the
offshore wind farm dataset (Noupoort). Given the high computational cost associated with
the KJ distribution, the new distribution proposed in this paper is a valuable and exciting
contribution within the framework circular statistics and finite mixtures thereof.
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