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ABSTRACT. Existing theoretical stabilization results for linear, hyperbolic multi—
dimensional problems are extended to discretized multi-dimensional problems.
In contrast to existing theoretical and numerical analysis in the spatially one—
dimensional case the effect of the numerical dissipation is analyzed and ex-
plicitly quantified. Further, using dimensional splitting, the numerical analy-
sis is extended to the multi-dimensional case. The findings are confirmed by
numerical simulations for low-order and high-order DG schemes both in the
one-dimensional and two-dimensional case.

1. Introduction. Stabilization of spatially one-dimensional systems of hyperbolic
balance laws has been a subject of many investigations in the mathematical and
engineering community, respectively, see, e.g., the monographs [2, 6, 34, 36]. In
particular, the boundary control of typically one-dimensional hyperbolic systems,
like the isentropic Euler equations or the Saint—Venant equations has been a subject
of recent research, see e.g. [27, 17, 28, 15, 35, 3, 8, 10] and references therein. The
boundary control applied has been of feedback type and has been aimed to stabilize
the dynamics at a desired equilibrium. The main analytical tool in the spatially one—
dimensional setting is the analysis of a family of weighted Lyapunov functions. They
have been proposed as (exponentially) weighted L?— (or H*~) norms of the solution.
Provided that the boundary conditions are dissipative, exponential decay of the
Lyapunov function can be established, cf. [8, 4, 7, 10]. Furthermore, a comparison
to other stability concepts has been provided [9]. Extensions towards input—to—
state stability have also been investigated, e.g. in [38], as well as extensions towards
nonlocal systems, see e.g. [11, 13, 12]. While most of the results aim to stabilize
the linearized dynamics, there are also results on stability of nonlinear systems, see
e.g. [10, 2].
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Most of the existing literature focuses on analytical results and on the spatially
one—dimensional case. Decay rates of the corresponding numerical discretization
in the spatially one-dimensional case have been established only recently for linear
hyperbolic systems with symmetric source term [1, 26] in L2, for linear hyperbolic
balance laws in H?® [23, 24], and for scalar hyperbolic equations using second—order
schemes [18, 19]. Those results can be seen in part as a numerical counterpart to
the analytical results reviewed above.

Furthermore, only recently, the Lyapunov stability for multi-dimensional hyper-
bolic has been investigated from an analytical perspective using similar techniques
as cited above, see [31, 30]. In [31], the authors study (general) linear, hyperbolic
multi-dimensional systems of balance laws in a bounded domain. Using again a
weighted norm as Lyapunov function, they derive boundary feedback control that
stabilizes the dynamics at a steady—state. Exponential decay of the Lyapunov func-
tion has been established, however, without explicit rates of the decay. In the
multi-dimensional case, there exists also an approach tailored to the shallow-water
equations, where boundary conditions have been designed to control the decay of
the energy, see [16]. Hyperbolic multi-dimensional systems satisfying the strong
stability condition are studied in [42]. A study on the relation between the ap-
proaches given in [31] and [42] is provided in [29]. Further, in [39] a L2-Lyapunov
function for multi-dimensional scalar conservation laws has been studied.

The goal of the present paper is to complement the existing stabilization results
for linear, hyperbolic multi-dimensional systems [30, 31, 42] by an analysis of the
corresponding discretized systems. Here, we will focus on the exponential stabiliza-
tion using the family of Lyapunov functions introduced in [30]. In contrast to the
analysis in the spatially one-dimensional case [1, 26, 23], we will also investigate
and quantify the effect of the numerical dissipation. This dissipation has already
been observed in the numerical results, e.g. in [1], but has not been quantified. On
coarse grids, this leads to an additional decay of the Lyapunov function compared
with the analytical result. Furthermore, we use dimensional splitting as numerical
method. A careful analysis of the splitting is required in order to obtain the ex-
ponential decay rate. Following the analytical result of [30], the numerical analysis
will be presented for linear, multi-dimensional systems, and first—order schemes.
Numerical results will also be presented using higher—order schemes, in particular,
to illustrate further the effect of the numerical dissipation.

2. Description of the problem. We first introduce the continuous setting before
turning to the discretization. To this end we recall the problem and theoretical
results of [30].

The feedback control problem in the multi-dimensional case is given by a linear
system of hyperbolic partial differential equations. Let © C R? be a bounded
domain with piecewise smooth boundary 0f2. We consider the following initial
boundary value problem (IBVP) for a linear system of hyperbolic partial differential
equations as in [30].

Problem (General IBVP). For a given bounded domain Q C R? with piecewise
smooth boundary 9 find a solution w : [0,4+00) x & — R™ to the IBVP

d
Orw(t,x) + > AP (x)0,, w(t,x) + B(x)w(t,x) =0, (t,x) € (0,+00) x Q (1a)
k=1
w(0,x) =wp(x), x€ (1b)
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w;(t, x) = u;(t,x), (t,x) € [0,400) xT';

L t=1,...,d (1c)
Further, we assume that A*) (x) fork € {1,...,d} and B(x) are sufficiently smooth
and bounded m x m real matrices. In addition, all matrices A®)(x) are assumed to

be diagonal matrices.

The boundary feedback control is realized through the function u in the boundary
condition (1c). Here, we prescribe for each component w; with ¢ € {1,...,m}
boundary values given by some function u(t,x) at the inflow part of the boundary
0N characterized by I'; := {x € 90 : a;(x)-n(x) < 0}, where the vector of diagonal

€] (d)

entries of the matrices A%) is denoted by a; := (ay;”, ..., a;;’). The outflow part of

the boundary 02 for component i will be denoted by I'; := {x € 9Q : a;(x) -n(x) >
0}.

Remark 2.1. Since Dirichlet boundary conditions can only be prescribed at I';”
but not at I'j we refer to these boundary parts as controllable and uncontrollable
part, respectively. Analogous to [30], we further divide I'; into the disjoint sets
C; C T'; where we set some control u;(t,x) componentwise and 2Z; C I'; where we
set u;(t,x) = 0 for the numerical simulations in Section 4.

We are interested in the exponential stabilization at zero of the solution w to
IBVP (1) by applying a boundary feedback control u. As in [30], we consider
smooth solutions w € C1([0,400); H*(Q))™ for s > 1+ 4 of IBVP (1). If the
initial condition and the boundary data are sufficiently smooth, there exists such
a solution, see [14]. Moreover, we assume that the solution is unique. Exponential
stability is defined as follows.

Definition 2.2 (Exponentially stable). A solution w € C((0, +oc); H*(2))™ for
s> 1+ % of IBVP (1) is called exponentially stable if and only if there exists a
suitable Lyapunov function L : [0, +00) — R for w and a time-independent constant
C € R+ such that

L(t) < exp(—Ct)L(0) vt € [0, 400).

If the Lyapunov function is equivalent to the L2-norm, then w is called exponentially
stable in the L?-sense and it holds

Wt ) 2y < exp(=C) [W(0, ) oyt € [0,400).

In this setting the following theorem has been obtained. Note that Def. 2.2 can
be extended to exponential stability in the H®-norm.

Theorem 2.3 (Exponential stability). Let w € C*([0,+00); H*())™ for s > 1+ 4
be a solution to IBVP (1). A Lyapunov function is given by

D) = [ w(t.x)TE (0wt x) dx. )

where
E(u(x)) := diag(exp(p1(x)), . - ., exp(pm(x))) (3)
for functions p;(x) € H*(Q) fori € {1,...,m} that satisfy
d
MBA® 4o AB) 4 D= _diag(C
;( ) ag( L ) (4)

or written rowwise a; - Vyu;(x)+V-a; + Dy = —Cg), C’g) >CrL>0
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for some Cr, € Rsq, where

MW (x) = diag(Dy 11 (%), - - -, Ouy ftrn (X)) - (5)
Here, D is assumed to be a constant matrix which satisfies
—vT (BTE(u(x)) + £(u(x))B) v < v DE(u(x))v Vv € R™. (6)

Then, for every u(t,x) = (u1(t,x), ..., um(t,x))T such that

,m ui(t,x)%(a; - n) exp(u;(x)) dx - wi(t,x)%(a, - 1) exp(;(x)) dx
S e m)exp(u) e < 3 i)t ) exp( ()
(7

the Lyapunov function satisfies

%L(t) < —CrL(t) and L(t) <exp(—Crt)L(0) Vit e [0,+00). (8)

The proof of Theorem 2.3 can be found in [30].

Remark 2.4. In addition to the Hamilton—Jacobi equations, Theorem 2.3 can also
be applied to the diagonal systems of the multi—dimensional discrete—velocity kinetic
models which are discussed in [41] since these are also covered by the IBVP (1).

2.1. Feedback control problem with viscosity. Since any finite volume scheme
will introduce numerical viscosity, we first study the viscous approximation to IBVP
(1). To investigate the effect of viscosity on the decay of the Lyapunov function, we
consider a viscous control problem adding diffusion to (1a) on a multi-dimensional
rectangular domain. For simplicity we confine to the scalar case neglecting zero
order terms.

Problem (Scalar IBVP with diffusion). For a given bounded domain Q2 = [a,b] C
R find a real-valued solution w : [0, +00) x Q — R to the IBVP

d d
drw(t,x) + Y ara, w(t,x) =7 O, mw(t,x), (t,%) € (0,400) x 2 (9a)

k=1 k=1
w(0,x) = wp(x), x€EN (9b)
w(t,x) =u(t,x), (t,x)€[0,400) x T, (9c)
Onw(t,x) = wpn(t,x), (t,x) € [0,+00) x I't. (9d)
The advection velocities are assumed to be a = (ay,...,aq) € RY, a, # 0, and we

assume a positive viscosity coefficient ¢ > 0. By On we denote the derivative in the
outer unit normal direction n to the boundary OS).

Since (9a) is a second order parabolic PDE, we impose two boundary con-
ditions. Here, we choose Dirichlet conditions and Neumann conditions at the
inflow boundary I'" = {x € 92 : a-n(x) < 0} and the outflow boundary
I'" ={x €0 : a n(x) > 0}, respectively.

Now we can prove the following lemma.

Lemma 2.5. Let w € C*([0,+00); H*(Q2)) for s > 1+ % be a solution to IBVP (9).
The Lyapunov function is given by

L@ZLw@@%M@M& (10)
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where we assume that there exists a function p € H*(Q) satisfying
a-Vu(x)=-C (11)

for some value Cr, € Rsg. The control u of boundary condition (9c) satisfies

{u%t,x'z)s(u(x'z» < w?(t,xk — 0)E(u(xk)), ar >0

W2 (8, x5 )E (k) < w(t, %k + 0)E(u(xk)), a <0 (12)

at the inflow boundary I',, in the kth coordinate direction. Here xk and x5 =

x% — (by — @ )ex, denote opposing points at the left and the right boundary surface

in the kth direction, respectively.
Then the Lyapunov function is bounded by

L(t) < exp(—Cpt)L(0) +/0 R(s;q) exp(—CL(t — s)) ds Vit e [0,400), (13)

where R(t;q) := [ 2qu(t, )E(W)V - Vw(t,-) dx.

For the proof of Lemma 2.5 we proceed analogously to the proof of Theorem 2.3.
An additional term occurs accounting for the viscosity coefficient ¢ that needs to
be estimated.

Proof. Inserting (9a) in the time derivative of the Lyapunov function (10) yields

d
dtL( )=—2 / (V- (aw) — gV - Vw)wé(u) dx. (14)
Q
By the product rule we have
20E(P)V - (aw) = V - (aw?E(p)) — w?a - VE(p).
From this we conclude

- /Q V- (aw?E(p)) — w?a - VE(u) — 2qwE(u)V - Vwdx.  (15)

By means of the Gaussian theorem we obtain for the divergence part
d
|9 e ) dx =3 ( [ (et xk(s) = (we ) 1. x5 ) ds) ,

k=1
where x% (s) and x%(s) denote the boundary points of the surfaces z; = @ and
xp = by in the kth coordinate direction, respectively, parameterized by means of
the (d — 1)-dimensional domain T'*. From the boundary condition (9c) and the
assumptions (12) we conclude

/ V- (aw?E(p)) dx =

)
frk t X) (M(X’iz)) —w?(t,x)})E(u(x})) ds, ar <0~

For the remaining integral in (15) we obtain

I(t) ::/Qw2a~V5(/,L)+2§w5(u)V-Vw dx

:/ —Crw?E(p) + 2qw& (p)V - Vw dx.
Q
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By using VE(u) = E(u) Vi as well as (11) we may estimate (15) by

%L(t) <I(t) = =CrLL(t) + R(t; @)

Applying Gronwall’s Lemma gives

L(t) < exp(~Cut)L0) + | Risid) exp(~Cult =) ds

O
Remark 2.6. Note that ¢ = 0 implies R(¢;0) = 0, i.e., in this case we obtain the
same decay as in Theorem 2.3 for the inviscid feedback control problem. Further-
more, we note that diffusion has no impact on the decay rate C'f,, but the decay will
be perturbed by a residual. Later, we will also quantify the term R(- ;) numeri-
cally. Therefore, we expect for a numerical scheme a faster decay of the Lyapunov
function compared with the continuous result.

2.2. Numerical analysis of the discretized problem. In Sect. 2.1 we showed
that viscosity in the feedback control problem, see Eq. (9), does not affect the
exponential decay rate but influences the overall decay behavior due to an additional
residual term, see Eq. (13). We now investigate whether numerical dissipation in the
inviscid control problem (1) has a similar effect on the numerical decay behavior. For
this purpose, we consider a simplified configuration of a multi-dimensional scalar
feedback control problem. This is similar to the IBVP (9) where again we neglect
source terms in (1a). Note that neglecting the source terms the IBVP (1) decouples
in m independent scalar problems justifying to consider only a single scalar problem
even in the case of higher spatial dimensions.

Problem (Scalar IBVP). For a given bounded domain Q = [a,b] C R? find a
solution w : [0,400) x @ — R to the IBVP

d
drw(t,x) + Zak@gkw(t,x) =0, (t,x)€ (0,400)x (16a)
k=1
w(0,x) = wo(x), x€Q (16b)
w(t,x) = u(t,x), (t,x)€[0,400) xT'". (16¢)
Here, the advection velocities are assumed to be a = (a1,...,aq) € R, aj # 0.

Note that boundary conditions can only be imposed on the inflow boundary '™ =

{x €09 : a-n(x) < 0} where n denotes the unit outer normal direction n to the
boundary Of).

To approximate (16) numerically, we perform in each time step a dimensional
splitting where for each direction we solve a quasi-one dimensional problem. For
this purpose, we discretize the intervals [ay,bx], k = 1,...,d, for the kth direction
by

$§71/2 =ai + (] - 1)A$k, (E;C = (x;[l/g + x§+1/2)/2, Aack = (Ek —ak)/Mk,
I} = (210,70 p0)s G €40, My + 1}
From this we determine the multi—-dimensional discretization of the domain

d d
mj:(le'lv"wx?d)a ‘/j:(mj—l/vaj+1/2):®[]k7 ]€j+:®{077Mk+1}
k=1 k=1
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Note that @ = (J;c, V; with J = ®i:1{1, ...y My}. The elements corresponding
to the set JT\J denote the ghost cells at the boundary. In the kth direction the
ghost cells are

éf = {(117...,lk71’07lk+17...,ld> : lj S {1,...,Mj}, j# ]{3},

Er={1y et M+ 1, gy la) s € {1, My}, §# K

Time is discretized by t, = nAt, n € Ny. The time step At is chosen such that the
CFL condition

At At
A = — <1 f Ay = — 17
kg%?.(,d klax] kf%?.?.(,d Az, k| < or k Axy, (17)
holds.
In each direction k =1, ..., d we successively apply a linear 3—point finite volume
scheme
nk _ o mk—1 ak>\k( k=l ket qj( k=1 gkl o nkoly gy
Wi =W 5 Wjte i—ex o \Wj—e, —2W; Wj+tex

with boundary conditions at the left and right boundary in the kth direction

_ u(ty, x; ar >0 .
w‘?’k 1 _ (n’T]chngrek/Q) ) k 0 . je 527 (19&)
Witey » ap <

, jeEk. 19b
J w;?’_kezl, ar >0 J R (19b)

nk—1 _ {u(tn75€j—ek/2)7 ap <0
[ =
Note that there is only flow in the kth direction but no flow in the other directions.
Thus, the update along all the lines in the kth direction are independent of each
other. Essentially all linear 3—point finite volume schemes in 1D can be written in
the form (18) only differing in the choice of the numerical viscosity coefficient gy.
In particular, if the lines are unbounded the scheme is ls—stable if the numerical

viscosity coefficient is chosen as
(Mear)® < qp < 1. (20)

For g, = 1 it corresponds to the Lax—Friedrichs scheme. In general it is of first order
except for g, = (Arax)? where it is of 2nd order corresponding to the Lax-Wendroff
scheme, see [25].

We emphasize that the k¥ intermediate step does not correspond to the interme-
diate time ,,4 (,—1)/q because in each step we perform a full time step At instead of
At/d. This becomes important in equation (25). Here, w;-“o = wj and w;-l’d = w;”l
correspond to t, and t,41, respectively. The initial condition wy is approximated
in each cell by the average over this cell, i.e.

wozi/ wo(z)de for je€J. (21)
Wil v,
J

The Lyapunov function (2) is discretized at time ¢, and at the intermediate
stages of the dimensionally splitted scheme by means of the midpoint rule, i.e.

2
£r =3 @) gVl Lt =3 (w;’k) Vsl k=1,....d,  (22)
JjeT JjeET

where & = exp(u(x;)) and |V;| = HZ:1 Az = |V|. Note that £" = £™° and
Lntl — pngd.
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For the discrete Lyapunov function we can verify the following result.

Theorem 2.7 (Decay of the discrete Lyapunov function in multi-dimension). Let
neN,

(w;l) O+ be a bounded approximate solution to IBVP (16) computed by the nu-
Jj€ET

merical scheme (18) with boundary data (19) and initial data (21) for some At > 0

which satisfies

At
ma
k:l,..}.(,d Axy,
and numerical viscosity coefficient gy, satisfying (20). The discrete Lyapunov func-
tion is given by (22) with

lag) <1 and (1—CLAt)>0 (23)

d
& = oxpluley)), (@)= juler) (24)
k=1

d

where we assume that there exist functions pu € H*(Q2), s > 14 5, satisfying

ak,u;(x):—%, k=1,...,d (25)

for some constant value Cr, > 0. The boundary values (19) corresponding to the

boundary conditions (16¢) are for all directions k = 1,...,d and all time steps
n=0,...,N

n,k n,k
n,k—1 u;, ar >0 . k n,k—1 u;, ap <0 . k
w; = Jn,k:—l » J € EL7 w; = Jn,k: 1 v J € gR’
Wite, > ap <0 ap >0

(26)

k .
where u;™ satisfies

2 E.4E. 2 . +E.
K e My ey My, +1)e .
{ak u’ J_Jter 2J+k§ak( " ) I+ My €y, 2‘7+( k+)k, ak>0,.]€55

Wi+ (My+1)ey,
2 E.+E; 2 £. +E. .

n,k J ' ")—e n J-(Mp+1e, T j-Me . k

ax (u ) ek > g, (w (Mk+1)ek) by B2k ap <0, jE&R

j,
(27)

Then for all n € N the discrete Lyapunov function is bounded by

n d
L™ < exp(—CrnA) L0 + At Y “exp(—Cr(k — 1+ (i — 1)d)At/d)R"H47F
=1 k=1

(28)
with residuals R™F = R™F(Azy; an, qr), k= 1,...,d, defined in (65).

Some remarks are in order.

Assumption on the function u. Note that the condition on u(x) in (24) is
only needed due to the dimensional splitting.

Comparison of the decay for the discrete and continuous Lyapunov
functions. Comparing the estimate (28) of the discrete Lyapunov function cor-
responding to the discretization of the inviscid feedback control problem and the
estimates (13) and (8) for the continuous Lyapunov function for the viscous and the
inviscid feedback control problems, see IBVP (9) and (1), respectively, we note that
(i) the exponential decay rate is the same and (ii) the numerical viscosity in the
discretization causes a residual term in the discrete decay that is an approximation
of the continuous residual of the viscous problem.
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Boundedness of discrete data. The boundedness of the discrete solution
( f);foN .M follows from the fact that (i) the numerical flux is monotone if the
CFL condition (17) and the stability condition (20) hold and (ii) the initial data
and the boundary data given by the Dirichlet boundary condition are bounded. In
this case the data at the new time level ¢, 1 are bounded by the minimum and
the maximum of the cell data and the boundary data at the old time level ¢,,, see
[25]. We emphasize that the control defined by (27) is bounded by the cell data
because £(u(x)) is monotonically decreasing and increasing for a; > 0 and a; < 0,
respectively, due to (24) and (25). In particular, this ensures boundedness of the
residuals R™* in (28) with respect to n for fixed discretization Az, At and, thus,
the right-hand side of (28) stays bounded for all n € N.

Consistency of control. Note the similarity of the constraints on the control
in the discrete condition (27) and the continuous condition (12). In the discrete
case the mean values (&5 + Ejye,)/2 and (£ (a,+1)er + Ej—Mye,)/2 approximate
the point values &(u(z%)) and E(u(z%)). Furthermore, we note that (24) and (25)
imply (11).

Consistency of decay rate. The estimate (28) reveals that numerical viscosity
has no influence on the decay rate of the discrete Lyapunov function (22). This is
consistent to the decay rate of the exact Lyapunov (2) in the estimate (8). Instead,
the numerical viscosity causes a perturbation in the decay of the discrete Lyapunov
function that is similar to the perturbation in the decay of the exact Lyapunov
function for the diffusive IBVP (9). In [32] consistency of the discrete estimate (28)
and the continuous estimates (8) (no diffusion) and (13) (with diffusion) is verified
in the 1D case. The discrete perturbation vanishes for Ax — 0, A = const, i.e.,
g = 01in IBVP (9), whereas the discrete perturbation is consistent with perturbation
in the diffusive case for Ax — 0, \/Ax = const, if § = 1/2g\/Ax, i.e., the viscosity
coeflicient g is proportional to the numerical viscosity coefficient q.

Accuracy of discretization and accuracy of decay. As confirmed by numer-
ical investigations in Section 4.2 a higher order discretization of the PDE does not
necessarily lead to a higher order approximation of the exact rate L(0)exp(—Cpt)
in Theorem 2.3. However, a higher order approximation introduces less numerical
viscosity affecting the perturbation term in the estimate of the decay (22) of the
discrete Lyapunov function (22). Typically this results in a decay that is closer to
the exact decay.

3. Proof of Theorem 2.7. We now prove Theorem 2.7 in two steps. In Sect. 3.1
we first consider the one—dimensional case. This result is extended to the multi—
dimensional case in Sect. 3.2 using a dimensional splitting argument.

3.1. Setting and one—dimensional analysis. For ease of representation we state
the problem, its discretization and the theorem for the one-dimensional case.

Problem (One-dimensional scalar IBVP). For a given bounded domain Q2 = [a,b] C
R find a solution w : [0,4+00) x Q@ — R to the IBVP

Ow(t,x) +adyw(t,z) =0, (t,x) € (0,400) x Q (29a)
w(0,z) = wo(x), x€Q (29b)
w(t,z) = u(t,z), (t,x)€[0,+00) x T~ (29c¢)

with non-vanishing advection velocity a # 0 and boundary condition only imposed
on the inflow boundary T~ = {a} or T~ = {b} if a > 0 and a < 0, respectively.
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This problem is approximated on a uniform discretization for the interval 2 =

[@, b] by the elements
iy =a+(j—1)Az, x5 = (v;_1)2 +2j11/2)/2, Az = (b—a)/M,
Ij = (vj_1/2,%541/2), J € JT={0,...,M +1}.

Note that Q = {J;c ; V; with 7 = {1,..., M}. The elements corresponding to the

set JT\J = {0, M + 1} denote the ghost cells at the boundary. Time is discretized
by t, = nAt. The time step At is chosen such that the CFL condition
At At
)\|a‘:A7x‘a|§1 for )\:Fx
holds.
In the 1D case a general 3—point finite volume scheme (18) in viscous form, see
[25], Chap. 3.3, reads
w] +1 = w] — 7(11]]*_’_1 — wj_l) + 5(1Uj_1 - 2w] + w]_;’_l) (30)
with Courant number Aa and numerical viscosity coefficient ¢ € [(Aa)?,1]. The
boundary conditions at the left and right boundary given by (19) are determined
by

n {u(tn,xl/g), a>0 n {u(tmmMH/Q), a<0 (31)

wl = w = .
0 n » W1 n
wy, a<0 Wiy, a>0

The initial condition wq is approximated in each cell by the average over this cell,
i.e.
0 1 .
w; = — [ wo(x)dx for jeJ. (32)
TVl
J
We control the solution at the inflow boundary and observe at the outflow
boundary. We apply a discrete boundary feedback control v = u" (w}\y +1) and
u" = u"(wy) if a > 0 and a < 0, respectively, by setting wg = u™ and wjj;, | == u"
in the left (right) ghost cell and extend the solution constantly at the right (left)
ghost cell by setting wf; ,; = wj; and wy = wY, respectively. Thus, the control
enters the flow field by

{w?“ = wi — 3 (w§ —u") + § (w§ - 2u} +u") ©>0 3
w;\ljl:w”Mf%(u”fw”M_l)Jr%(u”wa’AL/Ian’]\L/l_l) ., a<0’
At the outflow boundary we have
{w’ﬁrl :w&—% (w&—w’l\‘/[_l)+%(w’j4—2w"M+w}(4_l) , a>0 (34)
with = wp — 22 (wf —w}) + & (wh — 2w} +wl) , a<0
and then we set
{w”Mill =wi, a>0 (35)
w3+1:w?+17 a<0

The Lyapunov function (2) is discretized at time ¢, by means of the midpoint
rule, i.e.

=3 (wh) €A, (36)
€T
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where £; := exp(p(x;)). If w is continuous, then £ is a second order approximation
of L(ty), i.e.,

L(tn) = L™ + O(Az?).

3.1.1. Decay rate of the discrete Lyapunov function. With the one-dimensional set-
ting described above the decay of the discrete Lyapunov function can be estimated
by the following theorem that is an analogue to Theorem 2.7.

Theorem 3.1. Let (w”)?fgwMH be a bounded discrete solution to IBVP (29)

3

computed by the numerical scheme (30)-(35) for some At > 0 which satisfies
At
Az
and numerical viscosity coefficient q¢ € [(Aa)?,1]. The discrete Lyapunov function
is given by (36) with &; = exp(p(x;)) where we assume that there exists a function

w(x) € H*([@,b]), s > 3. satisfying
apg(z) = —Cp, (38)

for some constant value Cp, > 0. The boundary condition for (29¢) is realized by
setting

la| <1 and (1—CpLAt) >0 (37)

n = yn >0
vo =, forne{o,...,N}, (39)
Wiy =u", a<0

where u™ satisfies

a (un)2 50351 <a (w%+1)2 8A4+§1v1+1 . a>0 (40)

a(un)2 5M+25M+1 > a(wg)2 80-561 ’ 0<0 .

Then for all n € N the discrete Lyapunov function is bounded by
L™ < exp(—CLnAt) L0 + At Y " exp(—Cp(i — AR (41)

i=1

with residuals R™ = R™(Ax; A\, a,q) defined by (59).

Proof. For the proof we mimic the steps in the proof of Lemma 2.5 for the partial
differential equation with diffusion in the discrete case. For better readability, we
divide the proof into four parts.

Part I. For some fixed n > 0 the discrete derivative of the Lyapunov function
(36) is given by

L+l _ pn B f: (w;lJrl)Q _ (w:z)Q

EA
At £ At !
M wi — W ()
=— Z Qawf%&AI + R (A a,q)
i=1

with residual
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Here we make use of (30) that provides us with
2
(wﬁl) - (w;l)Q = —daw (wiyy —wiy) +qui (i — 2w] +wi )
Aa q 2
+ (2 (wiys —wiy) + 5 (wiys — 2w} + w?—l)) :

Part II. Inspired by the proof of Lemma 2.5 we derive a discrete analogue to
the continuous derivative (anE)z. For this purpose, we replace this derivative by
the central difference

a(wpy,)® Epr—a(wn ) & 4

D; =
‘ 2Ax

(44)

This term can be rewritten as

wf+1€i+1 — w:‘&
2Ax

n
Wiy —w

wir& — w1 &
2Ax ’

2Ax

i1
11— n
taw;_,

+awlE;

(45)

o n
D; = aw}, 4

Replacing wl’y; = wl' + (wf,; — w?) and wi | = w!'+ (wf_; — w}) in the first and
third term we obtain after some rearrangement
2811 —&

n n
2& =& Wity — Wi_q

Dy =a(wly,) =5 +a(wil,) 5 — +20w]&—
2 2
+ agii(w;:—l _ w?) - aé'ii(w? _ w?_l) .
2Ax 2Ax
Summation over all cells and using (44) yields
M wh . — wh
2quE; —AL =1
; aw;' & N
Y 2 2 (46)
= Z @ (i) Ers —a(wiy) En iR"(a) - LR”(a)
N pt 2Ax Az € Az 2
with residuals
Ri(@) =5 3 ((win)’ @ — &)+ (win)* (& - &) (4D)
i=1
M

Ry(@) =5 3 & ((wfhy — wf)’ = (wf —wjy)?). (48)

Inserting (46) in (42) gives

£n+1 —Ln 7
At B

M 2 2
. (wﬁ*l) agi"‘l — (wlnfl) afi—1 . i n 7 i n n
(; AL Ao fE(a) = 1-Ri(a) | Az + RY(M a,q).
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By an index shift and the boundary conditions (39) the sum reduces to

i (wznﬂ)zagiﬂ - (w?A)zagi—lA
xTr =
= 2Ax
a
5 ( wo) &o — (wl) &+ (wM) Em + (wM+1) 5M+1> =

o [@? &+ &)+ (D) = (@) & = (i)’ (Enr +Ena) s a>0
2 ) (w)? (& + &) + ((u”)2 — (wgg)z) Enr— (U (Ear+Epq1), a<0

The constraints (40) on the control ™ provides the inequality

n N2
i z+1 a52+1 - ( ifl) aki—1 Az < Rj(a),

x
=1
where the residual on the right-hand side is determined by

—— (T (@) &, a>0
w(a) = - .

2| (@) = i) énrs a<o
Finally, the discrete time derivative of the discrete Lyapunov function can be esti-
mated by

(49)

£n+1 _ ﬁn

B < R@) + Bia) + R3(0) + RYOa,0). (50)

Part III. Now we consider the term RZ(a) given by (47). We start by replacing

the forward and the backward difference of &; = exp(u(z;)) by the first derivative
of the function £(z) := E(u(x)) = exp(u(z)). By Taylor expansion we obtain

Ax? z3

Eip1— & =& Ax — 1{417+5///(5+) 6
A 3

Ei—&i1=E&_Ar+ 1”—17 +gm(§z‘_)Tx

for & € [xi,2i41] and & € [2_1,2;], where we use the notation S;k) = W) (z;).
Inserting these in (47) gives

Rg(a) = Rg g(a)Ax + Rg,l(a)Aﬂc2 + 2’2(a)Ax3 (51)

with the three terms

M M
g£ola) = Zg ( ?+1)25¢/+1 JFZ% (w?_1)2 1
i=1 i=1
M oa
2,1(@:_21( 1) 5;;1‘?2 B
=1
Mo )
£ala) = Y 75 (i) €760 + (winy) " £7(60) -

1=1

In the following we rewrite these terms. We start by considering the first term. By
using the derivative

& = L% exp(u(2))|, = pa(;) exp(u(z;)) = —@5 (52)
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and performing an index shift we obtain with the definition of the discrete Lyapunov
function (36)

¢ola)Ar = —CLL" + Ry Az (53)
with the residual
1
b 1= =50 ())& — (wi)* & = (i) Ex + (Whrer)  Earn) . (54)
For the second term we proceed similarly. Using
2
e = (&)@ (—CL5> = CLg’ ) (CaL) &, (55)
and performing an index shift we get
n C%, n\2 n\2 n \2 n 2
R y(a) = 22 ((0f)? &0+ (i) & — (i) Ear — (Whrpn) Ens) . (56)

In the third term we replace the third derivate using (52) and (55) by
c cr\’
£ = @) = (%) e = (%) e

to obtain

LS ()€ + ) e€). 6

i=1

Rg o(a) =

Combining (50), (51) and (53) gives the decay
£n+1 _[n
At
with the residual at time ¢,, given by
R":= RijAz + RE 1 (a)Ax® + R 5(a) Az’ + Rjj(a) + B3 (a) + RY (A, a,q),  (59)

where R{ is defined by (54), Rg ;(a) by (56), R¢ ,(a) by (57), R (a) by (49), R3(a)
defined by (48) is simplified to

< —CLL" +R" (58)

ZE wityy = wity) (Wi — 2wp +wi ;) (60)
and R} (A, a,q) is defined by (43).
Part IV. Finally, we conclude from (58)
Lr < (1—CpAHL !+ AtR L,

Since this inequality holds for all n > 1 and (1 — CAt) > 0 holds by assumption
(37), we can proceed iteratively to reach

Lr<(1—CrAt)"L + Atz (1 — CpAL) TR, (61)
i=1
Since exp(x) > 1 + x for x € R the assertion (41) follows. O

Remark 3.2. If we choose the discrete control 4™ such that equality holds in (40),
then we also obtain equality at least in the discrete decay rate (61).
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3.2. Multi—dimensional analysis. By means of the 1D result we now prove the
multi—-dimensional result where we apply Theorem 3.1 along each direction of the
splitting scheme (18).

Proof of Theorem 2.7. In a first step we estimate the decay rate performing time
evolution for the directions k = 1,...,d of one time step with the splitted scheme
(18). According to (22) the corresponding discrete Lyapunov function can be writ-
ten as

n % V] k2
RS (wj’k) GVil= Y o 2 (wj’k) £(xj) Ay, (62)
jeT iReTle e
Here we introduce the index set
Tk = {Gle = Gty ooy oty sty - - Ja) € R
J1 € Ji, l;é k}, N {1,,Mk}

We make the convention that (j|x,jx) =4 = (j1,...,Ja). Assuming separation of
variables (24) the Lyapunov function can be rewritten as

n ‘V‘ n,k n,k n,k 2
L= 3 H @)Ly, o= > (W) Elai) A (63)
jlkGJ\k M =1k Ik€Tk
Applying Theorem 3.1 with Cr,/d instead of C7, in (38) to the direction charac-
terized by j|r = const we estimate the decay of the discrete Lyapunov function
corresponding to this by (58) resulting in

C
n,k+1 L n,k n,k
Lot < ( ; At) co 4 AR

where the residual in the k** intermediate step of the dimensional splitting scheme
at j|r = const is determined similarly to (59) by

R?|f = R;L\kOAzk + RJ| £, 1(ak)Axk + RJ| £, 2(ak)A55i+
Ry (an) + R S (ax) + RS O ans an). (64)
Here the residuals R;L‘ko, R;l’k ealar), R;L‘k (@), lefu( k), R.;L{k 5 (4K, ar) and

Rﬂlk 1 (Mg, ar, qr) are defined in analogy to (54), (56), (57), (49), (60) and (43),
respectively. Note that here the time step is At. The approximation ﬁ” 1 and
,Cj‘ . do not correspond to the times ¢, (x41)/4 and t,, 414, respectively. Then, we
conclude by definition (63) for the total decay of the discrete Lyapunov function at
time tn+k/d

En,k—i—l < ( CVLAt) En,k —I-AtRn’k

with the residual

Rk = Y L LT stomyt (65)

j\keJk M =17k
Recursively applying the estimate for k =d, ..., 1 yields
d
Ll = En,d < ( _ C’I‘At) Ln,O + AtZ(l _ CLAt/d)kfan,dfk

k=1
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= (1- Cw) £+ AR,

Another similar recursion over the time steps n provides

o, . ai-1)
L <<1—dAt) L +AtZ<1—At) R

From this the assertion (28) follows. O

4. Numerical results. In this section we confirm numerically the influence of vis-
cosity on the decay rate of the Lyapunov function in the one-dimensional case. We
then extend the investigations to two dimensions in order to verify the multidimen-
sional decay rate of Theorem 2.7. In this context, we investigate the control for our
test cases and show how the control enforces the decay of the solution.

4.1. Investigations in the 1D case. To verify numerically the decay rate (41) of
the discrete Lyapunov function (36) given in Theorem 3.1, we consider IBVP (29)
in the domain Q = (0, 1) using advection velocity a = 2. Simulations are run until
the final time 7' = 3. For initial condition we choose

wo(z) = sin(27z). (66)
For an admissible function g in Theorem 3.1 satisfying (38) we choose
C
p(z) = —7%, Cp =3. (67)

Since the advection velocity is positive, we observe wj, , ; in the ghost cell at the
right boundary and apply the corresponding control u" = u™ (w”M +1> for each time
step at the ghost cell in the left boundary by setting w§ = u", see (39). The control
u™ is chosen such that we have equality in (40), i.e., we set

n n 28+ EMm
u- = \/(wM+1) 50_|_€1+ . (68)

This ensures also equality in the discrete decay rate (61) of Theorem 3.1, i.e., the
expected decay rate is predicted exactly, see Remark 3.2.

We run several computations for different 3—point schemes (30) with numerical
viscosity coefficients ¢ € {(\a)?, \a, 1}, respectively. For the time step we choose
At = CFL a/Az with CFL = 0.5 satisfying (37) in Theorem 3.1, i.e., At = Az and
A= At/Ax =1.

The decay of the resulting computed discrete Lyapunov function £" is shown in
Figure 1. The decay rates are compared to the discrete decay rate without residual
corresponding to the discretized exact decay rate of Theorem 2.3 and of Lemma 2.5
in the case § = 0, i.e., without the additional diffusion, and to the decay rates in
(41) and (61) from Theorem 3.1 and its proof, respectively. For the implementation
of the residual (57) in (41) and (61) we use the upper bound

Rg 5(a) < 112 izL Z ( wiy)” Eipr + (w?—1)25i) .

Note that £(p(z)) is monotonically decreasing in z for the function p determined
by (67). In the figures we plot only 10 out of all time steps.

Decay rates. We consider the decay rates of the different schemes. For ¢ = 1
we observe that the computed discrete Lyapunov function £” converges for Az — 0
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FIGURE 1. Decay of the discrete Lyapunov function £” for schemes
with ¢ = 1 (top), ¢ = Aa = 0.5 (middle) and ¢ = (A\a)? = 0.25
(bottom) and fixed CFL = 0.5 compared to the discretized decay
rate without diffusion exp(—CrnAt)L° and the discrete decay rates
of Theorem 3.1. Results are shown for 10 equidistantly distributed
time steps in [0, 7.
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to the decay rate exp(—CrnAt)L° as expected according to the statement at the
end of Sec. 2.2. The decay rate in (61) is always a very good approximation of the
computed discrete Lyapunov function. Since (41) follows from (61), the right-hand
side in (41) overestimates the computed decay rate of L™ slightly, but for Az — 0
this rate coincides with (61) and both converge to the rate exp(—CpnAt)LC.

For ¢ = Aa < 1 the results are similar to ¢ = 1, except that the decay rates of
L™, (61) and (41) are now much closer to exp(—CrnAt)LO for all three choices of
Az,

For ¢ = (Aa)® and Az = 0.1 we can sce that (41) is even above exp(—CpnAt)L0.
However, for Az < 0.01, all rates coincide. We already expected this due to the
results of Section 3.1. In this case, we have a second-order scheme for ¢ = (\a)?.

In summary, the rates (61) and also (41) approximate the computed decay rate
of the Lyapunov function much better than the analytical of Theorem 2.3 and of
Lemma 2.5 in the case ¢ = 0. In addition, we found that the decay rate of the
computed Lyapunov function is closer to exp(—CrnAt)L? for a smaller numerical
viscosity coefficient q. Therefore, diffusion causes the Lyapunov function to decay
faster. If we decrease ¢ to the lower limit ¢ = (Aa)® for which scheme (30) is still
stable, the rates even coincide for sufficiently small Azx.

In Table 1 we compare the empirical order of convergence (EoC) of the discrete
Lyapunov function at time T' = 3 for the refinement from Az = 0.01 to Az = 0.001.
We obtain the largest EoC for ¢ = (Aa)? and the smallest for ¢ = 1. Obviously,
diffusion has a strong influence on the order of convergence, because for ¢ = Aa and
q = 1 the scheme is only first—order accurate whereas it is second—order accurate
for ¢ = (\a)? .

q H (xa)? ‘ Aa ‘ 1
EoC || 0.8844 | 0.4640 | 0.2796

TABLE 1. Computed empirical order of convergence of the discrete
Lyapunov function for different q at T = 3.

Control and residual We investigate the discrete control (“n)nzo,...,N and the
residual (Ry),—o - We expect the control (u"), _,  y to decrease over time.

We compare the above simulations with the finest resolution, i.e., Az = 0.001.
Here, the control (u"),_, in Figure 2 can be explained by the initial data (66),
which is transported to the right boundary with velocity a = 2. Based on the
boundary values at this boundary, the control is chosen by (68). Note that u™ is

chosen as a positive value and
1€ E
M+ EM+1 <1
Eo+ &1

The resulting oscillations of (u™),,_, 5 can be observed particularly well by the

plot for the second—order method with ¢ = ()\a)27 see the upper right plot in Figure
2.

The residual R,, also vanishes as t,, — T. For the second—order scheme with
7= (Ma)?, (Ri)p=o.... n is smaller by two orders of magnitude than for the first—
order scheme with ¢ = 1.
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g=1, Az =0.001 q=0.25, Az = 0.001

x102 x10%

~o 05 1 15 2 25 3 0 05 1 15 2 25 3
t t

(a)g=1 () ¢ = (Xa)®

FIGURE 2. Plots of the discrete control (u"),_, and the resid-
ual (Ry),_o . n for different values of ¢ with CFL = 0.5 and
Az = 0.001.

4.2. Multi—d stabilization using higher order schemes. To perform higher
order computations in the multi-dimensional case we adapted the in—house C++—
library MultiWave to the IBVP (1). This library provides a multi-dimensional high
order Runge-Kutta discontinuous Galerkin scheme with grid adaptation that can
be applied for solving hyperbolic balance laws, see [37].

Solver. We briefly summarize the main ingredients of MultiWave. Here we
apply a P*"—order DG scheme using piecewise polynomial elements of order P =
1,2,3 and a P order explicit SSP-Runge-Kutta method with P stages for the
time discretization. For a numerical flux we choose the local Lax-Friedrichs flux
that for our linear fluxes coincides with the classical Lax—Friedrichs flux. Thus,
in case of P = 1 the scheme reduces to a 3-point scheme as (18). The Gibbs
phenomena near to discontinuities is suppressed by the minmod limiter from [5]
for P > 2. Because of the explicit time discretization we restrict the time step
by means of a CFL condition. The efficiency of the scheme is improved by local
grid adaption where we employ the multiresolution concept based on multiwavelets.
The key idea is to perform a multiresolution analysis on a sequence of nested grids
providing a decomposition of the data on a coarse scale and a sequence of details
that encode the difference of approximations on subsequent resolution levels. The
detail coefficients become small when the underlying data are locally smooth and,
hence, can be discarded when dropping below a level-dependent threshold value
g =21 Cthresnh Where L denotes the largest refinement level and hz the smallest
cell diameter on this level. The parameter cip,esh is chosen proportional to the
smallest amplitude in the initial data. By means of the thresholded sequence a
new, locally refined grid is determined. Details can be found in [33, 20, 21, 22].

For all examples, we set the CFL number to CFL = 0.7. The cell size at the
coarsest refinement level is Axg = (1/3,1/3). Due to the dyadic grid hierarchy in
MultiWave the cell size at refinement level [ is Ax; = 27'Axg, for [ =0,..., L.

Configuration. In order to have a direct comparison to the results reported in
[40], we investigate a configuration from this reference. This allows to verify the
implementation of the boundary feedback control.
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For the bounded domain Q = (0,1) x (0,1) C R? we consider the IBVP (1) with

AW = (é (2)) , A® = (2 0 ) and B =0.

0 -2
To describe the inflow boundaries and corresponding boundary conditions we in-
troduce a; := (ag),agiz)), i.e., we have a; = (4,2) and as = (2,—2). By the inner

products a;(x)-n(x) at the boundary, we partition the boundary 92 into the subsets
Iy = {0} x [0, U[0,1] x {0} and T = {1} x [0,1]U[0,1] x {1},
Iy ={0} x[0,1]uU[0,1] x {1} and T3 =[0,1] x {0} U {1} x [0,1]

for the first component w; as well as for the second component wsy. As in [40], we
divide I';” into the subsets

C, =Cy={0} x[0,1], Z;=10,1]x{0} and Z5=10,1] x {1}.
At C; we prescribe the boundary values by the control

2
1 2
ut) =g @ 1= ; /F v (a; - n) exp(p;(x)) do.  (69)
This control can be computed from condition (7) with “=" instead of “<” under
the restriction w;(t, z) = u(t) for ¢ € {1,2}. Following [40] we use the functions

1 1 1
p1(x) = w2 — (2 + 4CL> 1 and  po(x) =x2+ (1 - QCL) T
in (69) determined by the condition (4). In the computations we fix Cp, = 3.
The initial conditions are given by the smooth function

w;(0,x) = sin(27x;) sin(2mxe), i = 1,2. (70)

Decay rate. The adaptive DG solver provides piecewise polynomial data, i.e.,
on each element in the adaptive grid corresponding to the index set J we have a
polynomial of order P. For the discretization of the Lyapunov function (2) we apply
a Gauss-Legendre quadrature rule on each cell with r = (P + 1)¢ sample points,
ie.,

L(t)
|C| & z c .c\\\ 7 c .C c ,.C 7
= Z TZ Z(W(t7(xilvxi2))) 5((xi1axi2))w(t7(xila'riz))aiz ailL(t)'
CeJ i

11=0 \i2=0

(71)
We perform two computations with P = 1 and P = 2 using constant or linear
polynomials. Note that for P = 1 the DG scheme is the classical Lax-Friedrichs
finite volume scheme. The resulting approximated Lyapunov functions ﬁ(t) are
compared to the predicted decay rate exp(—Cpt)L(0) given in (8) in Figure 3.
Our computations verify that the computed Lyapunov function decays faster
than it is predicted analytically in Theorem 2.3 due to higher numerical dissipation.
Moreover, the decay rate of the Lyapunov function for the second—order DG scheme
is closer to the exact one than the one for the first-order scheme. This confirms
the findings in [40] where the computations are performed using first-order and
second—order finite volume schemes. This is in agreement with our analysis in
Section 2.2 and corresponding numerical investigations in the Sections 3.1 and 3.2
and corresponding numerical results in Section 4.1.
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decay of the Lyapunov function decay of the Lyapunov function

— LOexp(~Ca) — LO)exp(~Cz0)|.
- L) ] ) |

FIGURE 3. Decay of the approximated Lyapunov function L(t) for
a simulation with P = 1 (left) and P = 2 (right), CFL = 0.7, L = 6
and c¢tpresh = 0.1 compared to the exact decay rate L(0) exp(—CLt)
in Theorem 2.3.

Rate of convergence of the Lyapunov function. To investigate the order
of convergence of L(t) to the exact rate L(0) exp(—Cpt) in Theorem 2.3 we perform
computations for varying maximum refinement level L € {3,...,8} for different
polynomial order P € {1,2,3}. The empirical order of convergence is determined
at the final time T' = 3.

In Figure 4 we plot the approximated rates of convergence of i(T) for the dif-
ferent maximum refinement levels over the smallest possible area of an element on
refinement level | determined by A(l) := || (ﬁ)z For P = 1 the asymptotic
regime is reached only for higher refinement levels whereas for P = 2,3, the asymp-
totic behavior can be observed also for lower refinement levels. The rates for P = 2
and P = 3 look similar, but the rate for P = 3 seems to be a bit better. As can be
expected, both rates are larger than in the case of P = 1.

Convergence for P=1, P=2 and P=3
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FIGURE 4. Convergence of the approximated Lyapunov function
L(t) for different maximum refinement levels for simulations with
P =1, P =2and P = 3 with CFL = 0.7 with grid adaptation

(¢thresh = 0.1) to the exact one L(0)exp(—Crt) at T = 3.
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Next we compute the empirical order of convergence (EoC) for the three cases.
The EoC for levels [ and [ + 1 at time ¢ is given by

. . 1 |Li(t)—L(b)]
Li(t) - L) LW -10] WG
. ‘ = 10g4 =

p=1log_an

AQ+1)

| = . (72)
Lina(t) = L(®) i (t) - L (1) tn 4

Here L;(t) denotes the approximated Lyapunov function L(t) at time ¢ for a simula-
tion with a maximum refinement level | and L(¢) = L(0) exp(—C1pt) is the value of
the exact Lyapunov function given in Theorem 2.3. The resulting EoC for varying
maximum refinement level is presented in Table 2.

|L=3|L=4|L=5|L=6|L=7
0.0397 [ 0.1061 | 0.1665 | 0.2116 | 0.2382
0.3714 | 0.4311 | 0.4329 | 0.4036 | 0.4129
0.3984 | 0.4640 | 0.4465 | 0.4530 | 0.4561

R
|
w N

TABLE 2. Computed empirical order of convergence (72) of the
approximated Lyapunov function L(t) for different maximum re-
finement levels [ at T = 3.

We note that the approximated Lyapunov function converges very slowly to the
exact rate. Thus, we need to significantly increase the maximum refinement level
to get a good approximation of the exact Lyapunov function and to obtain a good
approximation of the EoC. The EoC improves with increasing order P.

No regular dependence of P on the rate of convergence can be observed. This
confirms the statement at the end of Sec. 2.2. On the one hand, the numerical
scheme introduces a discretization error and a projection error, since we approxi-
mate the solution with functions from the DG space. On the other hand, we only
consider the approximated Lyapunov function I:(t) instead of (2) introducing a
quadrature error. These errors combined might dominate.

Boundary feedback control. To understand the behavior of the boundary
feedback control we consider the computed solution w at time ¢ € [0.0,0.6]. We
know that the decay of the Lyapunov function guarantees that the solution decays.
For the problem at hand we expect a transport of the first component w; in the
direction (4,2)" and of the second component ws in (2, —2)”. That is exactly what
we see in Figure 5. The boundary values which are given by the control (69) are
transported from the left boundary to the inside of 2 and ensure that the solution
decays. At the bottom or at the top we set zero boundary conditions, i.e., the
solution equals zero in that region.

5. Outlook. We investigated the influence of numerical dissipation on the decay
of the Lyapunov function. For this purpose, we analyzed the stabilization problem
using boundary feedback control with viscosity for the solution of a linear, parabolic
multi-dimensional scalar problem. In contrast to the inviscid problem the decay
of the Lyapunov function cannot be estimated only by an exponentially decaying
term but by an additional integral term accounting for viscosity.

Since numerical dissipation of any numerical scheme acts similar to physical
viscosity, it has been long suspected that numerical dissipation will trigger a similar
term in the estimate of the decay of the discrete Lyapunov function. This has
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now been confirmed and quantified by general finite volume schemes applied to the
inviscid feedback control problem. Results in the one-dimensional problem have
been given as well as for the multi-dimensional case.

The proof essentially relies on the the viscous form of the 1D discretization that
is extended to the multi-dimensional Cartesian case using dimensional splitting.
Therefore we believe the proof of Theorem 2.7 to be extendable to domains that al-
low for a parameterization, i.e. Q = {x(£) | ¢ € [0,1]?}. Then operator splitting can
be performed in each parameter direction. More complex domains, e.g., polygonal
domains or balls, require a general finite volume discretization using other elements,
e.g., triangles. It would be interesting to investigate whether Theorem 2.7 can be
proven using a multi-dimensional finite volume method without dimensional split-
ting. This might relax the constant (25) avoiding division by d on the right-hand
side.

Finally, the analytical results have been confirmed by numerical computations for
the one-dimensional and two-dimensional inviscid feedback control problem. The
main findings are that numerical dissipation leads to a faster decay of the discrete
Lyapunov function in comparison with the decay of the theoretical Lyapunov func-
tion. This becomes most evident for first-order schemes. Increasing the order of the
numerical scheme decreases the numerical dissipation and, the decay of the discrete
Lyapunov function converges to the decay rate of the exact Lyapunov function.
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