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Abstract. We discuss kinetic-based particle optimization methods and variable-sample strate-
gies for problems where the cost function represents the expected value of a random mapping.
Kinetic-based optimization methods rely on a consensus mechanism targeting the global min-
imizer, and they exploit tools of kinetic theory to establish a rigorous framework for proving
convergence to that minimizer. Variable-sample strategies replace the expected value by an ap-
proximation at each iteration of the optimization algorithm. We combine these approaches and
introduce a novel algorithm based on instantaneous collisions governed by a linear Boltzmann-
type equation. After proving the convergence of the resulting kinetic method under appropri-

ate parameter constraints, we establish a connection to a recently introduced consensus-based
method for solving the random problem in a suitable scaling. Finally, we showcase its enhanced
computational efficiency compared to the aforementioned algorithm and validate the consistency
of the proposed modeling approaches through several numerical experiments.

1. Introduction

Techniques for solving optimization problems that incorporate uncertain information have
become crucial tools in fields such as engineering, business, computer science, and statistics
[55, 2, 56, 45]. One approach to formulating such problems is to represent uncertain informa-
tion using random variables of known probability distribution and considering objective functions
involving quantities such as the expected cost, the probability of violation of some constraint, and
variance metrics [52]. The set of problems resulting from this methodology is commonly known
as stochastic optimization problems (SOPs), and, if the optimization effort is undertaken prior
to the occurrence of the random event, as static SOPs1 (sSOPs). In the following, we consider
settings in which the objective function involves the expected cost of a random vector Y defined
on the probability space (Ω,A,P) and taking values in a set E ⊂ R

k, k ≥ 1:

min
x∈Rd
{f(x) := EP[F (x,Y)]}. (1)

Here, d ≥ 1, F : Rd×E → R is some nonlinear, non-differentiable, non-convex objective function,
and, denoting by B(E) the Borel set of E and by νY : B(E) → [0, 1] the law of Y, EP indicates
the mathematical expectation with respect to P, that is, for any x ∈ R

d,

EP[F (x,Y)] =

∫

Ω

F (x,Y(ω))dP(ω) =

∫

E

F (x,y)dνY(y).

We require that f : Rd → R admits a global minimizer xmin ∈ R
d. We assume that for any

x ∈ R
d, y 7→ F (x,y) is measurable and EP[F (x,Y)] is finite; these are standard assumptions in
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the context of SOPs (we mention [43, 52, 8] and the more recent [54] for an introduction to the
subject). We will also refer to (1) as the true or original problem.

Typically, the mathematical expectation f in problem (1) does not have a closed-form solution,
which means that approximation methods for it are required. A common approach is to fix a
sample −→y := (y(1), . . . ,y(M)) ∈ EM of M ∈ N realizations of the random vector Y and x ∈ R

d,
and to approximate f(x) with the Monte Carlo type estimator

f̂M (x,−→y ) :=
1

M

M∑

j=1

F (x,y(j)), (2)

also known in the literature as sample average approximation (SAA) [53, 54]. M is generally
referred to as the sample size. The main reason this strategy is frequently used lies in the availab-
ility of proofs of convergence of optimal solutions and optimal values of the approximated problem

minx∈Rd f̂M (x,−→y ) to those of the true problem (1) under fairly general assumptions [54, 38] and
through standard probabilistic tools such as the laws of large numbers and the central limit the-

orem [7]. In addition, once −→y is fixed, f̂M (·,−→y ) is a deterministic function, so the convergence of
the strategy is guaranteed by established convergence results of the algorithm used to solve the
minimization problem.

The basic concept of the SAA method yields several variations. In this manuscript, we consider
variable-sample (VS) techniques [38, 39] in which a new sample −→y h is drawn at each iteration h
of the iterative algorithm employed to address the optimization problem. This new sample is used

to define f̂M in the iteration. We remark that this is in contrast to the classical SAA, where a
sample is fixed at the beginning, and then the resulting deterministic function is optimized. As
discussed in [38, 39], the main feature of VS methods of generating independent estimates of the
objective function at different iterations prevents obtaining a candidate minimizer that is strongly
dependent on the realization, and, hence, constitutes a clear advantage of VS over SAA methods,
where the optimal solutions depend on the initially fixed −→y . On the other hand, proving the
convergence of the former is a challenging task due to the presence of the fluctuating sample −→y h,
and, thus, due to the function being optimized changing at each iteration.

In recent years, traditional optimization methods have been replaced by meta-heuristics for
solving sSOPs [6, 2, 42]. Indeed, although the former are able to find optimal solutions, they are
generally only suitable for small problems and require significant computational effort; in contrast,
the latter can tackle the complexity and challenges associated with optimization problems under
uncertainty, and find good and occasionally optimal solutions [9, 6]. Specifically, meta-heuristics
have been combined with SAA and VS methods to solve (1), see for instance [39, 32, 33, 38, 47]
for combinations with the notable meta-heuristics pure random search, ant colony optimization,
simulated annealing and branch and bound, respectively.

Among the meta-heuristic-based approaches, the class of consensus-based optimization (CBO)
algorithms stands out because of its amenability to a rigorous mathematical convergence analysis
[51, 17, 19, 28, 27, 58]. CBO methods consider interacting particle systems that explore the
search space R

d with some degree of randomness while exploiting a consensus mechanism aimed
at an estimated minimum. They can be applied to non-smooth functions as a consequence of
their derivative-free nature. Most of the literature available on CBO methods describes and
analyses them in two regimes: the finite particle regime (also referred to as microscopic level),
see e.g. [34, 35, 44, 4], and the mean-field regime, see e.g. [51, 17, 19, 28, 27]. In the former,
each particle’s time-continuous dynamics is described by a stochastic differential equation (SDE)
and its time-discrete counterpart can be derived, for instance, with an explicit Euler-Maruyama
scheme [36]. The latter is obtained when the number of particles approaches infinity, and provides
a statistical description of the interacting system by illustrating how each individual interacts
with a theoretical average field generated by all the other particles in the system [48]. Recently,
an alternative to the SDEs’ formulation at the microscopic level has been proposed in the so-
called kinetic theory-based optimization (KBO) methods [5]. These methods employ instantaneous
binary interaction collisions [60] between the particles and provide an estimate of the minimizer
of the problem by a combination of a local interaction (novelty) and a global alignment (standard
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consensus mechanism of CBO methods) process. As a consequence, the corresponding many-
particle dynamics is described by a multidimensional Boltzmann equation [23], resulting in a fresh
perspective on meta-heuristic optimization [48]. This novel approach of using principles of kinetic
theory in global optimization has been applied recently to derive a rigorous converge analysis
for the notable meta-heuristics of genetic algorithm [16, 1, 26] and simulated annealing [48, 14].
Although the approach is innovative, it still connects to the SDEs-based CBO methods at the
mean-field level [5, 48, 14], as the mean-field is derived in the quasi-invariant scaling limit [57]
inspired by the grazing collisions asymptotics of the Boltzmann equation [25, 50].

CBO methods are applied to a variety of optimization problems, including, e.g., constrained op-
timization [13, 21, 29, 20], multi-objective optimization [11, 12], sampling [18], min-max problems
[15, 40], bi-level optimization [31, 30], and problems whose objective is a stochastic estimator at a
given point [4]. Recently, they have also been combined with the SAA strategy to address sSOP
(1) [10]. In more detail, a CBO-type algorithm resulting from such combination was proposed,
and its consistency with the analogue for the true objective f was recovered at the mean-field
level and in the limit of a large sample size. This was achieved by leveraging existing proofs of
convergence from SAA theory for the optimal solutions of the approximated problem to those of
the true problem. In the following, we will denote the algorithm resulting from the combination of
the SAA strategy and a CBO-type algorithm of [10] with CBO-FFS, with FS standing for fixed
sample scheme and F standing for fixed sample size.

To our knowledge, a combination of a consensus-based meta-heuristic and VS strategies is
currently unavailable. In this manuscript, we address this gap by developing the LKBO-FVSe

algorithm in Section 2. We take inspiration from the novel approach of the KBO methods of [5]
and propose a microscopic algorithm based on instantaneous collisions. We replace the binary
interaction formalism of KBO methods by considering the dynamics of the particle system altered
through interactions with a scatterer. As a consequence, the particle distribution is modeled
using a time-continuous linear Boltzmann equation [22, 60]. The weak formulation of the afore-
mentioned equation allows for a theoretical analysis of the model by examining the evolution of
observable macroscopic quantities described by a system of ordinary differential equations (ODEs).
We investigate the stability of the solution involving the first two moments of the particle dis-
tribution, namely mean position and energy, and prove convergence to the global minimum xmin

of the true problem, thereby tackling the challenging task of proving convergence of VS-based
methods. Subsequently, in the quasi-invariant opinion limit, we derive a Fokker-Planck- mean-
field-type equation and show its relationship to the mean-field equation derived for CBO-FFS in
[10]. Finally, having established a relationship between LKBO-FVSe and CBO-FFS, we assess,
through numerical experiments and by exploiting the main advantage of VS over SAA methods of
generating independent estimates of the objective function at different iterations, that the former
is computationally more efficient than the latter, in the sense specified in Subsection 2.5.

The rest of the paper is organized as follows. In Section 2, we introduce LKBO-FVSe, a
variable-sample-inspired algorithm based on instantaneous collisions; we derive the associated
Boltzmann-type equation, use it to prove that the method is able to capture the global minimum
of the true problem, and to draw a connection with the recently introduced CBO-FFS in the quasi-
invariant regime. In Section 3, we validate the outlined algorithm, show its enhanced efficiency
with respect to CBO-FFS, and test the consistency of the proposed modeling approaches through
several numerical experiments. We summarize our main conclusions in Section 4 and provide an
overview of possible directions for further research.

2. A variable-sample kinetic-based algorithm: LKBO-FVSe

In this section, we introduce a consensus-based meta-heuristic that is inspired by variable-
sample strategies and whose continuous dynamics is described by a linear kinetic equation of
Boltzmann type. We conduct a comprehensive theoretical analysis at the microscopic (see Sub-
section 2.1), macroscopic (see Subsections 2.2, 2.3, and 2.4), and mean-field level (see Subsection
2.5).
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2.1. From a microscopic interaction process to a linear Boltzmann model. Linear Boltz-
mann models arise when a particle system interacts with a scatterer, such as a known distribution of
target particles or a fixed obstacle [22, 60]. Notable examples of models leading to the construction
of a linear kinetic equation are the Goldstein-Taylor and radiative transfer ones (see [50] and the
references therein). In the first, two groups of particles traveling along a straight line with velocity
+c and −c are considered, and they can simultaneously randomly switch to the opposite velocity.
In the second, the charged or neutral particles constituting a particle radiation beam spread out
their velocities, for instance uniformly, after the interaction with an obstacle O ⊂ R

3. Both
frameworks can be modeled through kinetic considerations, by introducing a random process V (t)
describing the proportion of particles with given velocity at time t and by demanding that its
variation is due to the instantaneous interaction with a random variable S serving as the external
scatterer. In the case of the Goldstein-Taylor model, S is a discrete random variable assuming
the values ±1 with some given probability, while, in the case of radiative transfer, S is a variable
taking values on O, for instance uniformly distributed. We denote the process resulting from the
interaction between V (t) and S as V ′(t), and, if v, sampled from V (t), is the velocity of a particle
before the interaction with the scatterer, the post-interaction velocity is given by

v′ = sv, for the Goldstein-Taylor model

v′ = s1{v∈O} + v1{v/∈O}, for the radiative transfer model

with s sampled from S.
Let us now consider a particle with position x ∈ R

d and let X(t) be the random process
describing the proportion of particles with position x at time t. Let g(t, x) denote its associated
probability distribution. At this stage, we need to establish an instantaneous rule that generates
the position x′ from x (or, equivalently, the random process X ′(t) from X(t)), ensuring that as
time progresses, the position converges to the desired minimum. As we are in particular interested
in consensus-based meta-heuristics, we expect the dynamics of x′ to be governed by the motion
of an estimated minimum, usually known as consensus point, which depends on the cost function

to be minimized [51, 5], in this case f̂M . In the setting of variable-sample strategies, a new
sample of M entries of Y is drawn at each iteration of the optimization procedure according to

the distribution ν
−→
Y 2 so that in turn the function f̂M being optimized changes at each iteration.

Taking inspiration from the Goldstein-Taylor and radiative transfer models, we may see the action

of drawing a new sample −→y as an interaction with a scatterer S (distributed according to ν
−→
Y ), as

it leads to changing f̂M , and so x′. Finally, we define the post-interaction position x′ as

x′ = x+ λ(xα(t,−→y )− x) + σD(t, x,−→y )ξ, (3)

where xα, α > 0, is given by

xα(t,−→y ) =

∫

Rd xω
α,f̂M (−→y )(x)g(t, x)dx

∫

Rd ωα,f̂M (−→y )(x)g(t, x)dx
, (4)

with

ωα,f̂M (−→y )(x) := exp(−αf̂M (x,−→y )). (5)

The choice of the exponential weight functions in (4) comes from the well-known Laplace principle

[24] (see also [51, 17, 19, 28, 27]), which guarantees that xα(t,−→y ) ≈ argminxf̂M (x,−→y ) as α→ +∞.
Update rule (3) consists of a balance between a drift term, governed by the constant λ > 0, that
pulls the particles toward the temporary estimate of the minimum xα(t,−→y ), and a diffusion term,
driven by the constant σ > 0, that encourages exploration of the search space. ξ is a random

vector drawn from a normal distribution, and −→y is a vector sampled from S ∼ ν
−→
Y independently

2If, for instance, the M entries are additionally independent, then ν
−→
Y = (νY)⊗M . We remark that all the

theoretical results of the manuscript hold for a general sampling distribution ν
−→
Y . In Section 3, we will consider the

above product form of ν
−→
Y .
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of ξ. D(·, ·, ·) is a d×d diagonal matrix characterizing the exploration around the consensus point,
that can be of isotropic (all dimensions l = 1, . . . , d are equally explored) or anisotropic type:

Diso(t, x,
−→y ) = |xα(t,−→y )− x|Id, Daniso(t, x,

−→y ) = diag(xα(t,−→y )− x),
with Id denoting the d-dimensional identity matrix and diag : Rd → R

d×d the operator mapping
a vector onto a diagonal matrix with the vector as its diagonal.

We hereby present a formal derivation of the Boltzmann-type equation associated to the mi-
croscopic collisions (3) and describing the evolution of the particle distribution g over time. We
follow the approach taken in [50].

Rule (3) (which we note can be rewritten in terms of the processes X(t), S, and X ′(t)) specifies
how to update the position x when an instantaneous interaction with the scatterer S occurs,

namely when a sample −→y is drawn from ν
−→
Y at time t. In order to establish time-continuity,

we require that there is some probability of interacting with S which is directly proportional to
a short time interval ∆t. We model this by introducing the random variable Tη, independent
of X(t), S, and distributed according to a Bernoulli law with parameter ∆t/η, for some η > 0
satisfying the constraint ∆t/η ≤ 1 (1/η serves as a measure of the interaction frequency). Then,
the time-variation of X(t) is given by

X(t+∆t) = (1− Tη)X(t) + TηX
′(t),

with the law of X ′(t) depending in particular on the laws of X(t), S, and ξ. For any given
ψ ∈ C∞(Rd), if we evaluate the mean value of ψ(X(t + ∆t)) and use the independence of Tη of
X(t), S, we ultimately recover that the particle distribution g satisfies the weak formulation

d

dt

∫

Rd

ψ(x)g(t, x)dx =
1

η

∫

Rd×EM

〈ψ(x′)− ψ(x)〉 g(t, x)θ−→
Y
(−→y )dxd−→y (6)

in the limit ∆t→ 0+. Here, θ−→
Y

is the density associated to ν
−→
Y and 〈·〉 denotes the mathematical

expectation with respect to ξ. We point out that, consistently with what done for the Goldstein-
Taylor and radiative transfer models, we additionally assumed in the derivation of (6) that X(t)
and S are independent of each other. As commented in [50], this assumption appears quite
natural considering the interpretation of the two stochastic processes as a proportion of particles
with a given position and scatterer respectively. (6) is complemented with an initial condition g0
satisfying

∫

Rd g0(x)dx = 1 and

lim
t→0

∫

Rd

ψ(x)g(t, x)dx =
1

η

∫

Rd×EM

ψ(x)g0(x)θ−→Y (−→y )dxd−→y . (7)

We call the method resulting from the microscopic collision (3) and with Boltzmann equation
with weak formulation (6) LKBO-FVSe. The choice of the acronym FVSe is consistent with the
nomenclature introduced in [39], with F standing, as in CBO-FFS, for fixed sample size (M), VS
for variable-sample scheme, and e for equal distribution, as we require the sampling distribution

ν
−→
Y to be time-independent. The abbreviation LKBO stands for linear KBO, and emphasizes, on

the one hand, the close connection between microscopic collsions (3) and the binary collisions of
KBO methods (see also Remark 2.1). On the other, the fact that the modeling is based on an
interaction with a scatterer leads to a linear Boltzmann equation.

Remark 2.1. We note that the definition of x′ in (3) is a simplified version of the one adopted
in the KBO methods of [5]. In those methods, the use of binary collisions allows for the inclusion
of a term that served as a locally weighted best between the two particles involved in the collision,
along with the consensus point xα.

Remark 2.2. The original variable-sample scheme proposed in [38, 39] involves the usage of
different sample sizes and sampling distributions along the algorithm. As observed in the pa-
per mentioned, considering a so-called “schedule of sample sizes” {Mh}h enables a reduction in
computational complexity. For example, it allows the user to select a small sample at the initial
iterations of the algorithm or to let the algorithm automatically decide what a “good” sample size is
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based on statistical tests. The algorithm resulting from this extension is indicated by the acronym
VVS, with VS standing for variable-sample scheme and V for variable sample size. Subsequently,
changing the sampling distribution (in our notation, the law of S) as the algorithm progresses
through the computations permits, for instance, to use sampling methods that reduce the variance
of the resulting estimators.
Although a definition of LKBO-VVS and LKBO-FVS, namely of consensus-based meta-heuristics
with the above modifications, is straightforward, we leave the exploration of these variants to future
work.

2.2. Evolution of the mean position m and variance V . Adhering to the strategy presented
in [51, 17, 5, 1], convergence to the global minimum is now proven in three steps: firstly, the
weak formulation of the Boltzmann equation (6) is used to derive ODEs describing the evolution
of its first two moments. Then, the existence of a global consensus x̃ and the concentration are
proven under minimal conditions on the objective function F . Finally, it is shown that x̃ is a good
approximation of xmin. We assume a sufficiently regular and integrable solution g to (6) exists.
For the sake of notational simplicity, we set η = 1.

We denote the mean position at time t ≥ 0 by

m(t) :=

∫

Rd

xg(t, x)dx. (8)

Using ψ(x) = x in the weak formulation (6), we obtain

d

dt
m(t) = λ(xα(t)−m(t)), (9)

with

xα(t) =

∫

EM

xα(t,−→y )θ−→
Y
(−→y )d−→y . (10)

Then, we introduce the mean energy at time t ≥ 0 as

E(t) :=

∫

Rd

|x|2g(t, x)dx, (11)

and the mean variance at time t ≥ 0 as

V (t) :=
1

2

∫

Rd

|x−m(t)|2g(t, x)dx =
1

2

(
E(t)− |m(t)|2

)
. (12)

Using ψ(x) = |x|2 in the weak formulation (6), we obtain

〈ϕ(x′)− ϕ(x)〉 =
〈
|x′|2 − |x|2

〉
=
〈
|x′|2

〉
− |x|2

= λ2|xα(t,−→y )− x|2 + σ2
d∑

r=1

D2
rr(t, x,

−→y ) + 2λx · (xα(t,−→y )− x),

with Drr the diagonal entry of the matrix D and

d∑

r=1

D2
rr(t, x,

−→y ) = κ|xα(t,−→y )− x|2,

where

κ := d for isotropic and κ := 1 for anisotropic exploration. (13)

Finally, we deduce

d

dt
V (t) =

1

2
(λ2 + κσ2)

∫

Rd×EM

|xα(t,−→y )− x|2g(t, x)θ−→
Y
(−→y )dxd−→y − 2λV (t), (14)

by additionally using that

λ

∫

Rd×EM

x · (xα(t,−→y )− x)g(t, x)θ−→
Y
(−→y )dxd−→y −m(t) · λ(xα(t)−m(t))

= −λ(E(t) − |m(t)|2) = −2λV (t).



KINETIC VARIABLE-SAMPLE METHODS FOR STOCHASTIC OPTIMIZATION PROBLEMS 7

The evolution of the mean positionm and variance V for LKBO-FVSe is described by equations
(9) and (14), respectively. As in [51, 17, 5, 1], we introduce a boundedness assumption on the
objective F .

Assumption 2.3. For any y ∈ E, there exist constants F (y), F (y) ∈ R such that

F (y) ≤ F (x,y) ≤ F (y) for any x ∈ R
d.

It is straightforward to verify that the hypothesis implies that, for any x ∈ R
d,

f
M
(−→y ) :=

1

M

M∑

j=1

F (y(j)) ≤ f̂M (x,−→y ) ≤ 1

M

M∑

j=1

F (y(j)) =: fM (−→y ). (15)

Then, we may give an upper bound for the right-hand side of (14) depending exclusively on V (t),

the constants λ, σ, α, and κ (defined in (13)), and the bounds on the cost function f̂M .

Proposition 2.4. Let the particle distribution g(t, x) be a weak solution to (6) with microscopic
interactions given by (3). Let V (t) defined in (12) be its variance. If the objective function F
fulfills Assumption 2.3, then

d

dt
V (t) ≤ −

(
2λ− 2(λ2 + κσ2)Cα

)
V (t), (16)

for all t > 0 and for

Cα =

∫

EM

eα(fM (−→y )−f
M

(−→y ))θ−→
Y
(−→y )d−→y > 0, (17)

with f
M

and fM defined in (15).

The proof of the proposition is based on the following lemma.

Lemma 2.5. If F fulfills Assumption 2.3, then
∫

Rd×EM

|xα(t,−→y )− x|2g(t, x)θ−→
Y
(−→y )dxd−→y ≤ 4CαV (t), (18)

for all t > 0 and Cα defined in (17).

Proof of Lemma 2.5. Denote the quadratic term on the left-hand side of (18) by Qα(t). Using the
definition of xα(t,−→y ) (4) and Jensen’s inequality, we get

Qα(t) ≤
∫

R2d×EM

|x⋆ − x|2
ωα,f̂M(−→y )(x⋆)

|| ωα,f̂M (−→y )(·) ||L1(g(t,·))

g(t, x⋆)g(t, x)θ−→Y (−→y )dx⋆dxd
−→y .

It is easy to see that Assumption 2.3, and in particular condition (15), implies that

ωα,f̂M (−→y )(x⋆)

|| ωα,f̂M (−→y )(·) ||L1(g(t,·))

≤ eα(fM(−→y )−f
M

(−→y )). (19)

Plugging (19) in the previous above inequality, we get

Qα(t) ≤
∫

R2d×EM

|x⋆ − x|2eα(fM (−→y )−f
M

(−→y ))g(t, x⋆)g(t, x)θ−→Y (−→y )dx⋆dxd
−→y

=

(∫

R2d

|x⋆−x|2g(t, x⋆)g(t, x)dx⋆dx
)(∫

EM

eα(fM (−→y )−f
M

(−→y ))θ−→
Y
(−→y )d−→y

)

︸ ︷︷ ︸

Cα (17)

= 2Cα

∫

Rd

|x⋆|2g(t, x⋆)dx⋆ − 2Cα

∫

R2d

x⋆ · x g(t, x⋆)g(t, x)dx⋆dx

= 2Cα(E(t) − |m(t)|2) = 4CαV (t). �

Proof of Proposition 2.4. The desired estimate on dV (t)/dt is obtained by applying the upper
bound from equation (18) of Lemma 2.5 to equation (14). �
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We have now all the ingredients to prove concentration and emergence of consensus. The
assessment of x̃ being a good approximation of xmin is postponed to Subsection 2.4.

Corollary 2.6. Under the assumptions of Proposition 2.4, if, additionally,

2λ− 2(λ2 + κσ2)Cα > 0,

then V (t) −→ 0 as t → +∞. In particular, there exists x̃ ∈ R
d for which m(t) −→ x̃, xα(t) −→ x̃ as

t→ +∞.

Proof of Corollary 2.6. The result follows from the proof presented in Theorem 4.1 of [17] (and
its adaptation to the kinetic setting of Corollary 3.1 of [5]) and Proposition 2.4. �

Remark 2.7. Note that Cα −→ +∞ for α→ +∞, and hence the above condition of Corollary 2.6
may become unfeasible. We refer to [17, 5] for a detailed discussion.

2.3. Stability analysis of the equilibrium (m,V ) = (x̃, 0). We consider system (9)-(14) and
investigate the stability of (m,V ) = (x̃, 0).

The dependence on m(t) on the right-hand side of dV (t)/dt is seen in the following equivalent
system:







d
dtm(t) = λ(−m(t) + xα(t)),
d
dtV (t) = ((λ2 + κσ2)− 2λ)V (t) + (λ2+κσ2)

2 |m(t)|2 − (λ2 + κσ2)xα(t) ·m(t)

+ (λ2+κσ2)
2

∫

EM |xα(t,−→y )|2θ−→
Y
(−→y )d−→y .

The presence of xα(t) in the equation for dm(t)/dt and of the last three terms of the right hand-
side of dV (t)/dt makes the ODEs system non-linear and non-autonomous. Therefore, we consider
the approximated system

{
d
dtm(t) = −λm(t) + λx̃,
d
dtV (t) = ((λ2 + κσ2)− 2λ)V (t) + (λ2+κσ2)

2 |m(t)|2 − (λ2+κσ2)
2 |x̃|2.

(20)

The above approximation is justified by the following observations. For large times, xα(t) converges

to x̃ thanks to Corollary 2.6. In particular, xα(t) ·m(t)
t→+∞−−−−→ |x̃|2. Lastly,

∫

EM

|xα(t,−→y )|2θ−→
Y
(−→y )d−→y

=

∫

Rd×EM

|xα(t,−→y )− x|2g(t, x)θ−→
Y
(−→y )dxd−→y

︸ ︷︷ ︸

→ 0 (Lemma 2.5)

+ 3E(t)
︸ ︷︷ ︸

→ 3|x̃|2 (relation

between E(t) and V (t))

− 2 xα(t) ·m(t)
︸ ︷︷ ︸

→ 2|x̃|2 (previous step)

t→+∞−−−−→ |x̃|2

We point out that we also numerically verify the consistency of the replacement of the system
(9)-(14) with (20) in Subsection 3.3.

We have as initial conditions

m(0) =

∫

Rd

xg0(x)dx, V (0) =
1

2

∫

Rd

|x−m(0)|2g0(x)dx.

Then, if we complement (20) with the above, the classical theory of existence and uniqueness of
solutions to Cauchy problems for ODEs systems (see e.g. [37, 59]) guarantees that there exists,
for all times t > 0, a unique solution to (20): In view of the calculations carried out in Subsection
2.2, the unique solution must be (m,V ) = (x̃, 0).
In order to investigate the stability of such equilibrium, we compute the Jacobian (d+1)× (d+1)
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of the right-hand side of (20) at (x̃, 0):

DJ(x̃, 0) =










−λ 0 0

. . .
...

0 −λ 0

(λ2 + κσ2)x̃T (λ2 + κσ2)− 2λ










Its eigenvalues are −λ with multiplicity d and (λ2+κσ2)−2λ with multiplicity 1. By construction,
λ > 0. Furthermore, Cα defined in (17) is by construction greater than 1, and it holds that
2λ−2(λ2+κσ2)Cα ≤ 2λ−(λ2+κσ2), so the condition of Corollary 2.6 implies that (λ2+κσ2)−2λ <
0. Then, all eigenvalues of DJ(x̃, 0) are strictly negative.

Corollary 2.8. Under the assumptions of Corollary 2.6, (x̃, 0) is the unique asymptotically stable
equilibrium to (20) with initial conditions (m(0), V (0)). In other words,

• for every neighborhood O of (x̃, 0), there is a neighborhood O1 of (x̃, 0) in O such that
every solution (m(t), V (t)) with with initial conditions (m(0), V (0)) in O1 is defined and
remains in O for all t > 0, and

• it holds that limt→∞(m(t), V (t)) = (x̃, 0).

2.4. Convergence to the global minimum. We prove that the global consensus x̃ lies in a
neighborhood of the global minimizer xmin of the true objective f(·) = EP[F (·,Y)] for appropri-
ately chosen parameters. We again follow the strategy illustrated in [17, 5, 1], and present our
modifications in Corollary 2.10.

In accordance to the aforementioned papers, we introduce an additional regularity assumption
on the objective F . We denote by C2(A,B) the space of twice continuously differentiable functions
from the open set A ⊂ R

d to R.

Assumption 2.9. For any y ∈ E, F (·,y) ∈ C2(Rd,R), and there exist constants c1(y), c2(y) > 0
such that

(1) supx∈Rd |∇xF (x,y)| ≤ c1(y);
(2) supx∈Rd |∇2

xF (x,y)| ≤ c2(y), where ∇2
x denotes the Hessian matrix computed with respect

to x.

As in Subsection 2.2, it is straightforward to verify that Assumption 2.3 implies that, for any
x ∈ R

d,

f :=

∫

E

F (y)dνY(y) ≤ f(x) ≤
∫

E

F (y)dνY(y) =: f, (21)

and that f satisfies Assumption 2.9 with the constants

c1 :=

∫

E

c1(y)dν
Y(y), c2 :=

∫

E

c2(y)dν
Y(y). (22)

Corollary 2.10. Let the particle distribution g(t, x) be a weak solution to (6) with microscopic
interactions given by (3). Let F fulfill Assumptions 2.3 and 2.9, and f and c1, c2 be defined in
(21) and (22), respectively. If λ, σ, α, κ, and the initial condition g0 satisfy the inequalities

µ := 2λ− 2(λ2 + κσ2)Cα > 0, (23a)

2

µ ||ωα,f(·)||L1(g0)
αe−αf (2λc1

√

Cα + (λ2 + κσ2)c2Cα)max{
√

V (0), V (0)}

:= ν <
1

2
,

(23b)

with ||ωα,f (·)||L1(g0) :=
∫

Rd e
−αf(x)g0(x)dx, then there exists x̃ ∈ R

d for which m(t) −→ x̃ as
t→ +∞, and the following estimate on the true objective f holds

f(x̃) ≤ f(xmin) + r(α) +
log 2

α
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where r(α) := − 1
α log ||ωα,f(·)||L1(g0) − f(xmin)

α→∞−−−−→ 0 thanks to the Laplace principle [24] if
xmin ∈ supp(g0).

Proof. The first part of the statement is obtained by applying Corollary 2.6. For the second part,
we follow closely [17, 1] and, in particular, Theorem 4.1 of [5], with the constants and estimates
of Subsection 2.2.

We define ωα,f (x) := e−αf(x), for some x ∈ R
d, and

Mα,f (t) :=

∫

Rd

ωα,f (x)g(t, x)dx. (24)

If we plug in the choice of test function ψ(x) = ωα,f(x) in weak formulation (6), we get

d

dt
Mα,f(t) =

∫

Rd×EM

〈
ωα,f (x′)− ωα,f(x)

〉
g(t, x)θ−→

Y
(−→y )dxd−→y . (25)

A Taylor expansion of ωα,f yields
〈
ωα,f(x′)− ωα,f (x)

〉

=

〈

∇xω
α,f(x) · (x′ − x) + 1

2
(x′ − x) · ∇2

xω
α,f (x̂)(x′ − x)

〉

≥ −αλe−αfc1|xα(t,−→y )− x| − α

2
e−αf(λ2 + κσ2)c2|xα(t,−→y )− x|2

for x̂ = γx + (1 − γ)x′ for some γ ∈ (0, 1) and where we have used the bounds (21) and the
boundedness of the second derivatives of f with constants defined in (22) (we refer to Theorem
4.1 of [5] for more details on the derivation of the upper estimate). Plugging the above bound into
(25) and using Jensen’s inequality, we have

d

dt
Mα,f (t) ≥ −αλe−αfc1

(∫

Rd×EM

|xα(t,−→y )− x|2g(t, x)θ−→
Y
(−→y )dxd−→y

)1/2

− α

2
e−αf (λ2 + κσ2)c2

∫

Rd×EM

|xα(t,−→y )− x|2g(t, x)θ−→
Y
(−→y )dxd−→y .

Thanks to Lemma 2.5, we bound
∫

Rd×EM |xα(t,−→y ) − x|2g(t, x)θ−→
Y
(−→y )dxd−→y by 4CαV (t) and

conclude that

d

dt
Mα,f(t) ≥ −αe−αf

(

2λc1
√

Cα + (λ2 + κσ2)c2Cα

)

max{
√

V (t), V (t)}. (26)

If (23a) holds, we may apply Grönwall’s inequality to (16) and conclude that V (t) ≤ V (0)e−µt for
any t > 0. Integrating (26) and substituting this conclusion into it, we have

Mα,f(t) ≥Mα,f(0)− 2

µ
αe−αf

(

2λc1
√

Cα + (λ2 + κσ2)c2Cα

)

max{
√

V (0), V (0)}

=Mα,f(0)(1− ν) ≥
︸︷︷︸

(23b)

1

2
Mα,f(0) =

1

2
||ωα,f(·)||L1(g0).

Since m(t) −→ x̃, V (t) −→ 0 for large t, Mα,f (t)
t→+∞−−−−→ ωα,f(x̃), and we conclude as in Theorem

4.1 of [5] by applying Laplace’s principle to f . �

2.5. Derivation of a reduced complexity Fokker-Planck model. The weak formulation
of the linear Boltzmann equation is employed to calculate the evolution of observable quant-
ities, thereby constructing a bridge between the microscopic interaction (3) and the macro-
scopic/observable level (see Subsection 2.2). Between the two levels lies the so-called meso-
scopic/kinetic level, which in our formulation corresponds to the partial differential equation
obtained by writing the strong formulation of equation (6). It is well-known that a closed-form
analytical derivation of the equilibrium distribution of the kinetic equation is difficult to obtain;
for this reason, several asymptotics for it have been proposed to derive reduced complexity models.
In this subsection, we mention the quasi-invariant opinion limit inspired by the grazing collisions
asymptotics of the Boltzmann equation [57, 50]. Its key idea is to introduce a scaling parameter
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that leaves the pre-collisional states unaffected while preserving the model’s physical properties.
This involves introducing ε > 0 and considering the scaling

t→ t

ε
, λ→ λε, σ → σε.

Plugging the above scaling into the weak formulation (6) and letting ε → 0+, we get the weak
formulation of the Fokker-Planck model

d

dt

∫

Rd

ψ(x)g(t, x)dx = λ

∫

Rd

∇xψ(x) · (xα(t)− x)g(t, x)dx

+
σ2

2

∫

Rd

d∑

r=1

∂2xr
ψ(x)

(∫

EM

D2
rr(t, x,

−→y )θ−→
Y
(−→y )d−→y

)

g(t, x)dx,

with xα(t) given by (10) and Drr denoting the diagonal entry of the matrix D.
We have already mentioned in the introduction that, over the years, two possible descriptions

at the microscopic level have been provided for CBO methods: the SDEs-based one, leading
to mean-field-type equations, and the one based on instantaneous collision, leading to kinetic
Boltzmann-type equations. We have also mentioned and that the quasi-invariant regime draws a
connection between the two. In particular, it has already been used in [5] to assess that the mean-
field dynamics of the KBO methods (derived in such limit) is regulated by CBO methods. We
have also noted that CBO-FFS, an SDEs-based CBO-type method combined with SAA strategies,
has been recently introduced to tackle problem (1) [10]. We may now use the reduced complexity
model obtained above to create a link between LKBO-FVSe and CBO-FFS.

For ease of exposition, let us focus on the case of the anisotropic random exploration process
(similar considerations can be made for the isotropic case). The strong formulation of the above
equation then reads

∂tg =

λ∇x · ((x− xα(t))g) +
σ2

2

d∑

r=1

∂2xr

((∫

EM

(x − xα(t,−→y ))2r θ−→Y (−→y )d−→y
)

g

)

,
(27)

with xα(t,−→y ) given by (4). CBO-FFS is obtained by fixing a sample of M ∈ N realizations of
the random vector Y −→y = (y(1), . . . ,y(M)) ∈ EM and by writing a CBO-type algorithm for the

deterministic function f̂M (·,−→y ) (2) (we refer to [10, Section 2] for the precise definition of the
algorithm). In the many-particle limit, it has been shown that the particle distribution depends
on the fixed sample −→y and satisfies the mean-field Fokker-Planck equation

∂tg
−→
y = λ∇x ·

(

(x− xα,g
−→
y

(t,−→y ))g
−→
y
)

+
σ2

2

d∑

r=1

∂2xr

(

(x− xα,g
−→
y

(t,−→y ))2rg
−→
y
)

, (28a)

xα,g
−→
y

(t,−→y ) =

∫

Rd xω
α,f̂M (−→y )(x)g

−→
y (t, x)dx

∫

Rd ωα,f̂M (−→y )(x)g
−→
y (t, x)dx

(28b)

(see again [10, Section 2]), where we have made a remark on the dependence of the distribution

on the sample fixed by g
−→
y .

If we take a closer look at (27) and (28), two main differences emerge. First, the particle

distribution g
−→
y of CBO-FFS depends on −→y , while g of LKBO-FVSe is independent of it. Then,

both drift and diffusion processes of (28) are driven by a sample-dependent consensus point, while
for (27) the processes are driven by xα(t) and a suitable integral of xα(t,−→y ) in d−→y , respectively.
These two differences are expected in light of the main primary distinction between SAA and
VS strategies regarding the positioning of the sample drawn. Ultimately, the dependence of g

−→
y

of CBO-FFS on −→y suggests that the output of the method depends strongly on the initially
fixed sample −→y . To address this dependency at the numerical level and thus obtain a candidate
minimizer that is independent of −→y , the authors in [10] performed multiple (nsY) iterations of
the algorithm and subsequently averaged the results. The two properties on g and the drift and
diffusion processes of LKBO-FVSe mentioned above suggest that, conversely, the new algorithm
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is able to obtain a candidate minimizer that is not dependent on the realization. In particular,
we expect that it is not necessary to run the algorithm nsY times as required for CBO-FFS: In
Subsection 3.2, we verify this numerically.

3. Numerical results

This section is devoted to testing the consistency of the modeling approaches of Section 2 by
means of several numerical experiments. In more detail, in Subsection 3.1 we show that LKBO-
FVSe is able to capture the global minimizer xmin, and, in Subsection 3.2, that it is computationally
more efficient than CBO-FFS. Then, in Subsection 3.3, we show the validity of the approximation
done in Subsection 2.3 for several choices of parameters and initial data.

We first discuss the implementation of LKBO-FVSe based on microscopic collision (3). We
simulate it through a direct simulation Monte Carlo (DSMC) method (for a general overview of
DMSC methods, we mention e.g. [49] and the references therein). We choose the Nanbu scheme
for linear Boltzmann equations [46]. We fix a time horizon T > 0 and divide the time interval [0, T ]
into subintervals of width ∆t and endpoints th. At each time iterate h, we consider a collection
of N particles {xih}i=1,...,N and classify each as interacting (in total Nc) or non-interacting. The
former updates its position according to collision (3), while the latter leaves its position unvaried.
We summarize the scheme in Algorithm 1.

Algorithm 1: LKBO-FVSe (microscopic interaction (3))

set parameters: λ, σ, α,∆t, N , M , η, ε ;

initialize the positions: {xi0}i, with xi0 ∼ g0;
Nc ← Iround

(
N∆t
ηε

)

;

h← 0;
while stopping criterion on h is not satisfied do

draw one sample: −→y h = (y
(1)
h , . . . ,y

(M)
h ) ∼ ν

−→
Y ;

compute {f̂M (xih(
−→y ag),

−→y h)}i according to (2);
compute

xα(h,−→y h) =
∑

i x
h
h(
−→y ag) exp(−αf̂M (xhh(

−→y ag),
−→y h))/

∑

i exp(−αf̂M (xih(
−→y ag),

−→y h));

select Nc colliding particles uniformly among all possible particles;

for l colliding particle do

sample zlh ∼ N (0, Id) (normally distributed with zero mean and identity covariance);

update xlh+1(
−→y ag): x

l
h+1(
−→y ag) =

xlh(
−→y ag) + λε(xα(h,−→y h)− xlh(−→y ag))∆t+ σ

√
εD(h, xlh(

−→y ag),
−→y h)
√
∆tzlh

end

for r non-colliding particle do

update xrh+1(
−→y ag): x

r
h+1(
−→y ag) = xrh(

−→y ag)

end

end

return: {xih(−→y ag)}ih

The algorithm takes as input the scaling factors η > 0 and ε > 0, introduced in Subsections
2.1 and 2.5, respectively. η is a measure of the frequency of the sampling action, and, due to its
probabilistic interpretation, it must satisfy the constraint ∆t/η ≤ 1; ε makes the code also suitable
for simulating suitable asymptotics of the Bolztmann equation. For the rest of the section, we fix

η = ∆t, ε = 1.

The positions are initialized according to g0. Iround(x) denotes a suitable integer rounding of
a positive real number x, and its expression is a consequence of the probabilistic interpretation
that underlies the DSMC scheme (we refer to [46, 3, 49] for more details). At each iterate h, a

new sample −→y h is drawn and is used to compute f̂M and the consensus point. We note that the
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dynamics of the position of particle i depend on all the samples drawn over time (the aggregated
sample, denoted by −→y ag in Algorithm 1), which is why we use the notation xih(

−→y ag).
As in [10], we choose a cost function F that admits a closed-form expression for the expected

value f , so that the global minimizer xmin of f is easily computed: We set

F (x,Y) = F (x, (Y1, Y2)
T )

=
1

d

d∑

r=1

[
Y1(xr −B)2 − 10Y2 cos(2π(xr −B)) + 10

]
+ C,

(29)

and

f(x) = EP[F (x,Y)]

=
1

d

d∑

r=1

[
E[Y1](xr −B)2 − 10E[Y2] cos(2π(xr −B)) + 10

]
+ C,

(30)

for x ∈ R
d. We observe that if EP[Y1] = EP[Y2] = 1, f coincides with the well-known Rastrigin

function with constant shifts B,C ∈ R (see e.g. [41]). In the following, we choose B = C = 0 so
that xmin = 0 ∈ R

d.
The variable-sample nature of LKBO-FVSe requires to fix two additional parameters compared

to the standard CBO algorithms [51]: the sample size M , and the sampling distribution ν
−→
Y . We

require ν
−→
Y = (νY)⊗M and assume that νY is absolutely continuous with respect to the Lebesgue

measure with density θY. In addition, we impose

θY(y) = θ̂(y1)θ̂(y2), for any y = (y1, y2)
T ∈ E ⊂ R

2,

for some θ̂ probability density function on R. Hereafter, we consider

M = 50, 150, 250, θ̂ ∼ U([0.1, 1.9]), E(1),N (1, 1) (31)

with U , E , andN denoting the uniform, exponential, and normal distributions, respectively. For

all three distributions, EP[Y1] = EP[Y2] = 1, and θ̂ is supported on a bounded, semi-infinite, and
infinite interval, respectively.

3.1. Numerical validation of the kinetic model. We test the performance of LKBO-FVSe on
the 20-dimensional stochastic Rastrigin function (29). We choose a random exploration process
of anisotropic type (Di

t,aniso) as it has been shown to be more competitive than the isotropic one

for problems with a high-dimensional search space [19, 27]; we stop the evolution of the algorithm
when the final iteration nit is reached.

We use two measures for validation, namely the expected success rate, and the error. We define
a run as successful for LKBO-FVSe if the candidate minimizer xα(nit,

−→y nit
) is contained in the

open || · ||∞-ball with radius thr = 0.25 3 around the true minimizer xmin, and compute the first
metric by averaging the successful runs over nCBO = 100 realizations of the algorithm. Then, we
calculate the expected error as the average of ||xα(nit,−→y nit

)− xmin||∞, considering only those runs

that have been classified as successful.
We select the parameters for the consensus-based part to be

N=50, λ=1, σ=7, α = 30, ∆t = 0.01, nit = 104, d = 20, g0 ∼ U([−3, 3]d). (32)

We tune them so to achieve a high success rate when applying the standard CBO to the Rastrigin
function (30) 4. Specifically, the results we obtain for this case for the two metrics are 98% and
0.0084, respectively.

Then, we choose M and θ̂ according to (31), the results for LKBO-FVSe are presented in Table

1. For all choices of M and θ̂, the algorithm yields a high expected success rate and low expected
error, with values comparable to the aforementioned those of CBO. We conclude that LKBO-FVSe

3The threshold is tuned on the shape of the (stochastic) Rastrigin function in a neighborhood of xmin. See
[51, 19] for further details.

4The definition of a successful run is analogous to that of CBO-FVSe: it suffices to replace the consensus point

computed with f̂M with the one calculated using f .
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on f̂M is able to capture the global minimizer xmin with a performance similar to that of CBO on
f .

θ̂ ∼ U([0.1, 1.9]) θ̂ ∼ E(1) θ̂ ∼ N (1, 1)

M = 50 100%, 0.0081 (6145) 98%, 0.0086 (5744) 96%, 0.0084 (6307)

M = 150 97%, 0.0081 (6159) 99%, 0.0082 (5652) 99%, 0.0082 (6233)

M = 250 99%, 0.0082 (6050) 98%, 0.0085 (6734) 99%, 0.0082 (6242)

Table 1. Expected success rates and errors at the final iterate nit and threshold
0.25 for LKBO-FVSe with parameters (31) and (32) applied to the stochastic
Rastrigin function (29). The number in parenthesis represents the iterate at
which the success rate of 80% is reached for the first time (this quantity will be
used for Table 2). The purpose of this table is to show the convergence of LKBO-
FVSe.

Now we investigate the influence of M and θ̂ on the two metrics. We compute the two at
an iterate for which an intermediate success rate is achieved. As the standard CBO reaches a
success rate of 80% at iterate 5962, we display the two metrics at the iterate 6000 in Table 2. We
emphasize that Table 1 and 2 share the same initial data g0. As expected, we observe a decrease of
the expected success rate and an increase of the expected error as the iteration number decreases
(and so by passing from Table 1 to 2). Subsequently, a close examination of Table 2 leads to

the following observations. If we fix θ̂ and look at the two metrics for varying sample size M , we
observe that their values remain relatively constant across the rows. This occurs becauseM enters

the algorithm through f̂M , which in turn enters through the consensus point xα(nit,
−→y nit

). As a
result, variations in the parameter are also affected by the random fluctuations of consensus-type

algorithms. Therefore, although f̂250 provides a better approximation of f than f̂50, f̂150, this is
not displayed in the expected success rates and errors. A similar conclusion can be drawn for fixed

M and varying θ̂: The stochastic nature of the algorithm covers the fact that, in the transition
from the uniform to the normal distribution, the density support increases, and thus the sample−→y h is drawn from a larger interval.

θ̂ ∼ U([0.1, 1.9]) θ̂ ∼ E(1) θ̂ ∼ N (1, 1)

M = 50 77%, 0.0084 83%, 0.0087 76%, 0.0090

M = 150 77%, 0.0086 81%, 0.0086 78%, 0.0084

M = 250 79%, 0.0091 75%, 0.0087 74%, 0.0082

Table 2. Expected success rates and errors at the iterate 6000 and threshold
0.25 for LKBO-FVSe with parameters (31) and (32) applied to the stochastic
Rastrigin function (29). The purpose of this table is to investigate the influence

of M and θ̂ on the aforementioned metrics.

Remark 3.1. In this subsection, we have evaluated the expected success rate and error with the
threshold equal to 0.25. We remark that similar values for the metrics may be observed if we
consider the lower threshold 0.10. This observation is further justified by the values attained by
the two metrics for the standard CBO with parameters (32) applied to the Rastrigin function (30):
96% and 0.0079.

3.2. Increased efficiency of LKBO-FVSe compared to CBO-FFS. It may be argued that
the candidate minimizer of LKBO-FVSe and, thus the validation metrics of the previous subsec-
tion, are biased by the sample −→y h drawn at each iterate h. Indeed, as mentioned in Subsection
2.5, this was the case for CBO-FFS of [10] and motivated the introduction of a loop on nsY. In
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this subsection, we present a variant of LKBO-FVSe (hereafter called LKBO-FVSe-sY), which
includes a loop over nsY. We assess in Table 3 that this variant has a similar performance to the
one of LKBO-FVSe, hence the algorithm does not require the additional averaging.

We present in Algorithm 2 LKBO-FVSe-sY. The idea underlying the new algorithm is simple:

We construct the objective
ˆ̂
fM so that it is independent of the sample −→y h and compute the

consensus point xα,
ˆ̂
fM (h) with it.

Algorithm 2: LKBO-FVSe-sY

set parameters: λ, σ, α,∆t, N , M , η, ε, nsY;

initialize the positions: {xi0}i, with xi0 ∼ g0;
Nc ← Iround

(
N∆t
ηε

)

;

h← 0;
while stopping criterion on h is not satisfied do

for lh = 1, . . . , nsY do

draw one sample: −→y lh = (y
(1)
lh
, . . . ,y

(M)
lh

) ∼ ν
−→
Y ;

compute {f̂M (xih,
−→y lh)}i according to (2);

end

compute { ˆ̂fM (xih) =
1

nsY

∑nsY

lh=1 f̂M (xih,
−→y lh)}i;

compute xα,
ˆ̂
fM (h) =

∑

i x
i
h exp(−α

ˆ̂
fM (xih))/

∑

i exp(−α
ˆ̂
fM (xih));

select Nc colliding particles uniformly among all possible particles;

for l colliding particle do

update xlh+1 with xα,
ˆ̂
fM (h)

end

for r non-colliding particle do
update xrh+1

end

end

return: {xih}ih

We evaluate the expected success rates and errors for LKBO-FVSe-sY applied to the stochastic
Rastrigin function (29), with threshold 0.25 and parameters (32) in the second and third columns
of Table 3. In view of the conclusions drawn from Table 2, we consider only M = 50 and

θ̂ ∼ U([0.1, 1.9]), and fix nsY = 50, 100. To facilitate the comparison with the values of the metrics
obtained for LKBO-FVSe in Tables 1 and 2, we include them in the first column of Table 3
and highlight them in yellow. We also consider the iterate h = 8000 to appreciate how the two
metrics evolve during the algorithm’s computation. Ultimately, Table 3 was computed alongside
the aforementioned tables, and thus shares the same initial data g0.

We observe that the two metrics are fairly stable across the second and third columns, and so,

for varying nsY. This is likely because for a large iterate h, the candidate minimizer xα,
ˆ̂
fM (h)

is already a good approximation of xmin, which means that nsY has minimal influence on its
computation. If we compare the results for LKBO-FVSe and LKBO-FVSe-sY, we assess that the
metrics perform similarly for all three values of h, hence concluding that the loop over nsY is not
needed for LKBO-FVSe.

3.3. Analysis of consistency of the moments. We investigate the validity of the replacement
of system (9)-(14) with (20) of Subsection 2.3. We note that both systems are derived for η = 1.
However, if this is not the case, the systems will include an additional scaling factor of 1/η in front
of the right-hand side. We fix the one-dimensional stochastic Rastrigin function (29) (d = 1).
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LKBO-FVSe
LKBO-FVSe-sY,

nsY = 50
LKBO-FVSe-sY,

nsY = 100

h = nit 100%, 0.0081 100%, 0.0084 96%, 0.0093

h = 8000 92%, 0.0086 96%, 0.0086 94%, 0.0084

h = 6000 77%, 0.0084 77%, 0.0084 81%, 0.0085

Table 3. Expected success rates and errors at three iterates h and threshold
0.25 for LKBO-FVSe and for LKBO-FVSe-sY with parameters (32),M = 50, and

θ̂ ∼ U([0.1, 1.9]) applied to the stochastic Rastrigin function (29). For LKBO-
FVSe-sY, two values of nsY were considered. The cells highlighted in yellow are
taken from Tables 1 and 2.

We address the numerical implementation of the two systems. We simulate the solution to the
true system by replacing the particle distribution g(th, x) with the empirical distribution

gN (th, x) =
1

N

N∑

i=1

δ
(
x− xih

)

associated to the collection {(xih)}i=1,...,N (computed according to Algorithm 1) in the definition
of the mean position m (8) and variance V (12). This yields

m(th) ≈
1

N

N∑

i=1

xih, V (th) ≈
1

2

(

1

N

N∑

i=1

|xih|2 − |m(th)|2
)

.

We observe that the approximated system depends on the numerical quantity x̃. Thanks to the
analysis conducted in Subsection 2.4, we know that x̃ ≈ xmin, provided that α is sufficiently large,
and in the sense of Corollary 2.10. Then, we may substitute x̃ with xmin in (20) and simulate its
solution trough the MATLAB ODE solver ode45.

To test the consistency of the approximation of Subsection 2.3, we plot the solution to the true
and approximated systems in the phase space (m,V ). We present our results in Figures 1 and 2.
The parameters of LKBO-FVSe that are shared between the two figures are

N = 100;λ =1, σ = 0.5, ∆t = 0.1, nit = 103, (33a)

M = 50, θ̂ ∼ U([0.1, 1.9]). (33b)

In Figure 1, we fix the initial condition g0 ∼ U([−1, 1]) and consider six values of α (in power
of ten) for the true system. We observe that both the trajectories of the true and approximated
system decay from the initial datum (m(0), V (0)) to the equilibrium (xmin, 0) in plot (a). This, in
particular, is a graphical representation of the statement of Corollary 2.8. In plot (b), we zoom on
a neighborhood of (xmin, 0) and assess that, the higher the α, the closer the end of the trajectory
of the true system, namely (x̃, 0), to the equilibrium, hence justifying the approximation done in
the numerical resolution of system (20) for α≫ 1.

In Figure 2, we fix α = 105 and choose two other initial conditions in addition to g0 ∼ U([−1, 1])
(identified by the color blue) of the previous figure. More precisely, we fix g0 ∼ U([−0.2, 0.5]),
U([−0.5, 0.2]), so we have (m(0), V (0)) spanning in both upper quadrants. Once again, we notice
a similar decay in both the true and approximated systems.

Remark 3.2. In Test 3, we couple the use of the stochastic Rastrigin function in one dimension
(d = 1) with parameters (33a). A comparison of these parameters with those used for the same
objective in dimension d = 20 from Tests 1 and 2 reveals that the values of σ and nit are lower. This
choice reflects an interplay, already observed in previous works on CBO, between the dimension d
of the search space and the parameters σ and nit. We refer to [51, 19] for more details concerning
the tuning of the parameters.
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Figure 1. Plot of the solutions to systems (9)-(14) and (20) (with x̃ replaced by
xmin) in the phase space (m,V ) for several values of α. On the right, zoom on a
neighborhood of (xmin, 0).
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Figure 2. Plot of the solutions to systems (9)-(14) and (20) (with x̃ replaced by
xmin) in the phase space (m,V ) for three choices of initial data g0.

4. Conclusion

We introduce LKBO-FVSe, a procedure for solving an optimization problem where the cost
function is given in the form of an expectation by a combination of variable-sample strategies
and kinetic-based meta-heuristics. We propose a microscopic description based on instantaneous
collisions, with the action of drawing a new sample interpreted as an interaction a scatterer.
We model the particle distribution via a time-continuous linear Boltzmann equation, and use
the evolution of its moment to prove convergence to the global minimum. We investigate the
stability of the solution involving the expected mean and variance, based on an assumption whose
consistency we verify numerically. We also establish a connection to the recently introduced
CBO-FFS for solving the same random problem in the quasi-invariant opinion limit, and show
numerically that the feature of LKBO-FVSe of generating independent estimates at each collision
leads to a reduction in the computational cost compared to CBO-FFS.

With respect to the standard consensus-based methods, LKBO-FVSe requires fixing two addi-

tional parameters, namely the sample sizeM and the sampling distribution ν
−→
Y . In future research,

we plan to take up the original idea of variable-sample schemes, and extend the procedure to the

usage of a schedule of sample size {Mh}h and varying sampling distribution {ν
−→
Yh}h so as to

improve the efficiency of the method proposed.
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