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Abstract
Let Property X be a certain property of some finite groups; for instance, nilpotent,
supersolvable, solvable et cetera. The Thompson-like problem asks whether for two
finite groups G1 and G2 of the same order type, does G2 always satisfy Property X if
G1 satisfies Property X? Thompson-like problem has been solved where Property X is
nilpotent. In this paper, we will introduce a new kind of polynomials for finite groups,
whichwe shall call ‘the order polynomials’ and use it to propose anotherway of solving
the Thompson-like problem, where Property X is nilpotent. Furthermore, we examine
Thompson-like problem when Property X is supersolvable, and give infinitely many
counterexamples to show that the answer to the problem is in the negative there.
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1 Introduction

All groups considered in this paper are finite. Let G be a finite group. The set of prime
divisors of |G| is denoted by π(G). The set of all element orders of G is denoted by
πe(G). Given i ∈ πe(G), we writemi (G) := |{g ∈ G : ◦(g) = i}|.Two finite groups
G1 and G2 are said to be of the same order type if and only if πe(G1) = πe(G2) and
mt (G1) = mt (G2) for all t ∈ πe(G1).
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When two groups G1 and G2 are of the same order type, it is clear that |G1| = |G2|.
Vasil’ev et al. [12] proved that if G is any finite group and S is a finite simple group
such that |G| = |S| and πe(G) = πe(S), then G ∼= S. The well–known Thompson’s
problem (given as Problem 12.37 of [8]) asks whether for two finite groups G1 and
G2 of the same order type, is G2 necessarily solvable if G1 is solvable? The answer
to this question is known for nilpotent groups; see [10].

Let Property X be a certain property of some finite groups; for instance, nilpotent,
supersolvable, solvable et cetera. The Thompson-like problem asks whether for two
finite groups G1 and G2 of the same order type, does G2 always satisfy Property X if
G1 satisfies Property X? Thompson-like problem has been solved where Property X is
nilpotent; see [10]. In this paper, we will introduce a new kind of polynomials, which
we shall call ‘the order polynomials’ and use it to propose another way of solving
the Thompson-like problem, where Property X is nilpotent. Furthermore, we shall
show that the answer to Thompson-like problem is in the negative when Property X
is supersolvable.

2 Order polynomials and some properties

In this section, we will introduce a special kind of polynomials, which we shall call
‘the order polynomials. We then study some properties of it.

Definition Let G be a finite group. We denote theOrder polynomial of G byP(G, x),
and define it as

P(G, x) :=
∑

g∈G
x◦(g). (1)

Remark It is clear that P(G, 1) = |G|. Upon differentiating (1) and substituting 1 for
x , we have that

P ′(G, 1) =
[ d

dx
P(G, x)

]∣∣∣
x=1

=
∑

g∈G
◦(g).

Definition LetG1 andG2 be two finite groups. Suppose πe(G1) = {a0, a1, a2, ..., ak}
and πe(G2) = {b0, b1, b2, ..., bl}, where a0 = 1 = b0. Then P(G1, x) = ma0x

a0 +
ma1x

a1+...+mak x
ak = ∑k

i=0 mai x
ai ,wheremai is the number of elements of order ai

inG1. Similarly,P(G2, x) = mb0x
b0 +mb1x

b1 + ...+mbl x
bl = ∑l

j=0 mbj x
b j , where

mbj is the number of elements of order b j in G2. We define P(G1, x) ×P(G2, x) as
follows:

P(G1, x) × P(G2, x) =
k∑

i=0

l∑

j=0

maimb j x
[ai ,b j ],

where [ai , b j ] is the least common multiple of ai and b j .

Example 1 We know that πe(C6) = {1, 2, 3, 6}, with m1 = 1,m2 = 1,m3 = 2
and m6 = 2. One can easily use GAP [7] to obtain that πe(A5) = {1, 2, 3, 5}, with
m1 = 1,m2 = 15,m3 = 20 and m5 = 24. Therefore, P(A5, x) × P(C6, x) =
x+15x2+20x3+24x5+ x2+15x2+20x6+24x10+2x3+30x6+40x3+48x15+
2x6+30x6+40x6+48x30 = x+31x2+62x3+24x5+122x6+24x10+48x15+48x30.
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Definition For a nontrivial finite group G, we say P(G, x) is decomposable if there
exist nontrivial groups A and B such that P(G, x) = P(A, x) ×P(B, x). If P(G, x)
is not decomposable, then P(G, x) is indecomposable.

Example 2 There are subgroups H1 and H2 of A5 × C6 such that H1 ∼= A5 and
H2 ∼= C6. From Example 1, we know that P(A5, x) = x + 15x2 + 20x3 + 24x5

and P(C6, x) = x + x2 + 2x3 + 2x6. Using Magma [5] or GAP [7], we see that
πe(A5×C6) = {1, 2, 3, 5, 6, 10, 15, 30}, withm1 = 1,m2 = 31,m3 = 62,m5 = 24,
m6 = 122, m10 = 24, m15 = 48 and m30 = 48. So, P(A5 × C6, x) = x + 31x2 +
62x3+24x5+122x6+24x10+48x15+48x30. SinceP(A5×C6, x) gotten here is the
same asP(A5, x)×P(C6, x) gotten fromExample 1, we conclude thatP(A5×C6, x)
is decomposable.

Proposition 3 Let G be a finite group and G �= 1. If G = A × B, then P(G, x) =
P(A, x) × P(B, x).

Proof Let πe(A) = {a0 = 1, a1, . . . , an}, πe(B) = {b0 = 1, b1, . . . , br }. Then

πe(A × B) = {1, a1, . . . , an, b1, . . . , br , [a1, b1], ..., [a1, br ], . . . , [an, b1], . . . , [an, br ]}.

The rest of the proof follows from mck x
ck = ∑

[ai ,b j ]=ck

mai x
ai mb j x

b j ./ ��

Remark 4 The converse of Proposition 3 is not necessarily true; i.e., it is possible that
P(G, x) = P(A, x) × P(B, x), where G � A × B. Let G := 〈a, b | a4 = b2 =
(aba)2 = (ba−1)4 = (baba−1)2 = 1〉 ∼= (C4 × C2) � C2 ∼= SmallGroup(16, 3).
Here, πe(G) = {1, 2, 4}, with m1 = 1,m2 = 7 and m4 = 8. We define group H :=
〈a, b, c | a4 = b2 = c2 = 1, ab = ba, ac = ca, bc = cb〉 ∼= (C4 × C2) × C2 ∼=
SmallGroup(16, 10). Here, πe(H) = {1, 2, 4}, with m1 = 1,m2 = 7 and m4 = 8. It
is clear that P(H , x) = x + 7x2 + 8x4 = P(G, x). By Proposition 3, we have that
P(H , x) = P(C4×C2, x)×P(C2, x). Thus,P(G, x) = P(C4×C2, x)×P(C2, x).
But G � (C4 × C2) × C2.

Remark 5 Observe that

∫ 1

0
P(G, x) dx =

∑

g∈G

1

◦(g) + 1

and

∫ 1

0

1

x
P(G, x) dx =

∑

g∈G

1

◦(g)
.

The latter “
∑
g∈G

1
◦(g)” has been studied by some authors; for instance, see [4].
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3 Nilpotency on Thompson-like problem via Order polynomials

In 1895, Frobenius [6] proved that if n divides the order of G, then the number of
solutions of xn = 1 is a multiple of n. He conjectured that if the number of solutions
of xn = 1 is exactly n, then the set of solutions form a characteristic subgroup of
G. His conjecture was proved in 1991 (see [9]). We shall refer to it as the Frobenius
theorem. Considering this fact, we now present the following key theorem.

Theorem 6 Let G and H be the same order type groups and G = A × B with
gcd(|A|, |B|) = 1, then there exist normal subgroups C and D of H such that H =
C × D, where C is of the same order type as A, and D is of the same order type as B.

Proof As |A| = gcd(|A|, |G|), the number of solutions of {x ∈ G : x |A| = 1} is
exactly |A|. By the Frobenius theorem and the fact that every characteristic subgroup
is normal, we conclude that H has a normal subgroup C of size |A|. Similarly, as
|B| = gcd(|B|, |G|), we deduce that H has a normal subgroup D of size |B|. Now,
C and D are normal in H , gcd(|A|, |B|) = 1, |C | = |A|, |D| = |B| and
|G| = |A||B| = |H |. So, |H | = |C ||D| and gcd(|C |, |D|) = 1. Therefore H is the
direct product of C and D. Thus, C has the same order type as A, and D has the same
order type as B. ��

Theorem 7 Let G be a nilpotent group of order n = pk11 · · · pktt , where each pi
is a prime number for i ∈ {1, . . . , t}. Then P(G, x) = P(Sylp1(G), x) × · · · ×
P(Sylpt (G), x).

Proof SinceG is nilpotent, we have thatG = Sylp1(G)×···×Sylpt (G). By induction
and Proposition 3 therefore, P(G, x) = P(Sylp1(G), x) × · · · × P(Sylpt (G), x). ��

Corollary 8 If G is a nilpotent group which is not a p–group, then P(G, x) is decom-
posable.

Corollary 9 Let G and H be two groups having the same order type. If G is a nilpotent
group, then H is nilpotent too.

Proof By hypothesis, |G| = |H |, πe(G) = πe(H) and mtG) = mt (H) for every
t ∈ πe(G). So,P(G, x) = P(H , x). LetG be a nilpotent groupof order pk11 ×· · ·×pktt ,
where each pi is a prime number for i ∈ {1, . . . , t}. The proof is easy when G is a
p–group. Suppose G is not a p-group. Then

P(G, x) = P(Sylp1(G), x) × · · · × P(Sylpt (G), x) = P(H , x).

By Theorem 6 and induction, we deduce that for each i ∈ {1, . . . , t}, there exists
normal subgroup Hi with P(Sylpi (G), x) = P(Hi , x). Thus, H = H1 × · · · × Ht .
Since Hi is nilpotent for each i ∈ {1, . . . , t} and the direct product of nilpotent groups
is nilpotent, we conclude that H is nilpotent. ��
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4 Supersolvability counterexamples on Thompson-like problem

Corollary 9 above shows that one can answer Thompson’s question affirmatively
if asked it specifically for just two finite nilpotent groups; i.e., that the answer to
Thompson-like problem is positive (in affirmation) when Property X is nilpotent.
Next, we give counterexamples to show that one cannot answer Thompson’s question
affirmatively if asked specifically for just two supersolvable groups. Let

G1 = 〈a, b, c, d | a2 = b2 = c3 = d3 = 1, (ab)4 = (bc)2 = (bd)2 = 1,

ac = ca, ad = da, dc = cd〉

and

G2 = 〈x, y, z | x2 = y2 = z3 = 1, (xy)4 = (xz)2 = (xyz2)4 = 1,

yxyzyxy = z, (yz2)2(yz)2 = 1〉.

Note that G1 ∼= SmallGroup(72,35) and G2 ∼= SmallGroup(72,40). One can use
Magma [5] or GAP [7] to see that G1 and G2 have the same order type; in particular,
each has twenty-one involutions, eight elements of order 3, eighteen elements of
order 4 and twenty-four elements of order 6. But G1 is supersolvable while G2 is not
supersolvable. Using G1 and G2 above, one can see that given n ∈ N, the two groups

G72nA := Cn × G1

and
G72nB := Cn × G2

are of the same order type, where G72nA is supersolvable and G72nB is not super-
solvable. This tells us that there are infinitely many finite groups that can be used to
show that the answer to Thompson-like problem is in the negative when Property X
is supersolvable.

A final question we will address here is whether the Thompson-like problem is true
when Property X is replacedwith any of solvable or simple? The latter case (for simple
groups) is settled by Observation 6 of [1] and the main theorem of [12]. Observation
6 of [1] implies that there are no non-isomorphic simple groups S and G with the
same order type. On the other hand, the main theorem of [12] is that if G is any finite
group and S is a finite simple group such that |G| = |S| and πe(G) = πe(S), then
G ∼= S. For the former case (for solvable groups), Piwek [11] gave a counterexample
to [8, Problem 12.37]. An interested reader may see [2, 3], where another polynomial
(Sylow polynomial) was defined for finite groups. Moreover, some differential and
integral notions were introduced in [3] to group theory, and used to give various
characterizations of the smallest nonsolvable group in [2, 3].
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