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1. Introduction

Let G be a finite group, Irr(G) be the set of irreducible characters of G and let cd(G) = {x(1) : x €
Irr(G)}. An element g € G is a vanishing element of G if there exists x € Irr(G) such that x(¢) = 0. A
classical theorem of Burnside [18, Theorem 3.15] states that x (g) = 0 for every nonlinear x € Irr(G). Let
Vo(G) denote the set of the orders of vanishing elements of G, Vo, (G) be the subset of Vo(G) consisting
of orders of vanishing elements that are prime powers and Vo.(G) = Vo(G)\Vo,,(G).

We shall recall the definition of the m-prime hypothesis: Fix a positive integer m. Let X be a non-
empty finite subset of positive integers associated to the group G. Then the group G is said to satisfy the
m-prime hypothesis on X if, for distinct numbers a, b € X\ {1}, the greatest common divisor gcd(a, b) is
divisible by at most m primes counting multiplicity. Many authors have studied finite groups that satisfy
the m-hypothesis on X where X is either the character degrees set of G, the set of conjugacy class sizes of
G or character codegrees set of G (see for example [1, 2, 19] for latest articles on these problems). In this
article, we study finite non-solvable groups that satisfy the one-prime hypothesis on Vo(G). Note that
the one-prime hypothesis on Vo(G) is a generalization of the problem studied in [22]. Our results show
that G/Sol(G) is either almost simple or has A5 x As as its socle. We describe the socle of each G/Sol(G).
Here Sol(G) denotes the solvable radical of G.

Theorem A. Let G be a finite group with Sol(G) = 1. If G satisfies the one-prime hypothesis for Vo(G),
then either A5 x A5 is the socle of G or G is an almost simple group with socle S and one of the following
holds:

(a) Se {]11A7)A8};
(b) S = 2B, (22k*1), where 22KT1 — 1 € {r, r?rs}, 22KH1 — 21 1 € {1, tu} and 22K+ 42K 4 1 €
{v, v*vw} for distinct primes r,s, t, u, v, w.
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(c) Sisisomorphic to some group in Table 1.

Take note that A5 x As is an exception indeed. This is because Vo(As5 x As) = {2,3,5,6, 10,15} and
so satisfies the one-hypothesis on the set of orders of vanishing of a group.

Finite groups G such that Vo(G) = Vo, (G) were studied in [20, 27]. We consider a generalization of
this property for non-solvable groups. In our next result, at most two elements of Vo(G) are allowed to
not be prime powers:

Theorem B. Let G be a finite group with Sol(G) = 1. If [Vo.(G)| < 2, then G is almost simple and one
of the following holds:

(a) Se {Mi1, M2, My,A7,As,G2(3)};

(b) § ~2B,(22k*+1) with [Vo.(H)| < 2, where H = H; U H, U H3, and H; is a cyclic subgroup of order
22k+1 _ 1’22k+1 _ 2k+1 +1 and 22k+1 + 2k+1 41

(c) Sisisomorphic to some group in Table 1.

Many authors have studied finite groups in with restrictions on the number of vanishing conjugacy
classes. In particular, it was shown in [24] that if a group has three vanishing conjugacy classes then
the group is solvable. Moreover, non-solvable groups with six vanishing conjugacy classes have been
classified in [25]. In [21], the second author studied groups such that there exists only one vanishing
conjugacy class with elements divisible by a fixed prime. We continue in this direction by studying non-
solvable groups with a few orders of vanishing elements.

Table 1. Groups of Lie type with few orders of vanishing elements.

S Conditions A B C
PSLy(q) ge {578,911} v v v
PSLy(q) g=16 v X v
PSLn(q) (n,q) € {(2,243),3,3)} v v X
PSLn(q) (n.q) € {(2,127),(2,37),(2,23),(2,25), (3,7)} X v X
PSL3(q) ge {416} v X X
PSUs(q) qe {48} v v X
PSU3(q) ge {35} X v X
PSp4(q) qg=3 X v X
PSp4(q) g=4 v X X
PSL, (25 f>32 —1=sand2f +1=3r v v v
PsL,(35) 3f £ 1=4rand3  —1=12s v v v
PSLy(q) g=2"+1,a>2andg+1=73r X v X
PSL, (q) q=4r+t1=2tF1 v v X
PSLy(g) g=rs—1landg=tu+1 v v X
PSLy(q) q=2-3+1with (9 +1)/2 € {2r, 4, 2%} X v %
PSU3(2) fodd, g =3rs+ 1andq? — g + 1 € {3t,3t2,3tu} v X X
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Theorem C. Let G be a finite group with Sol(G) = 1. If [Vo(G)| < 5, then G is almost simple and one
of the following holds:

(a) Se {A7,°B(8)};
(b) S is isomorphic to some group in Table 1.

Note that this is an analogue of the work in [23] and [14] in which the authors studied non-solvable
groups such that |cd(G)| < 6. Their results show that G/Sol(G) is almost simple with a socle isomorphic
to either PSL,(q), PSL3(4) or 2B, (qz). Our results points to some evidence that the more the prime
divisors of orders of non-abelian composition factors of a group G are, the bigger the numbers | Vo (G)|
and [Vo(G)|.

Our proof relies on the classification of finite simple groups and the existence of p-defect zero
characters in finite simple groups for almost all prime divisors p of the order of the group. We could
have considered the converse of our results. However, the infinite families make the work of considering
all almost simple groups too technical. In Section 2, we collect some results on vanishing elements of
simple groups and on the spectra of finite simple groups. In the last section, we prove our results by
reducing the problems to almost simple groups and then look at the finite groups on a case by case.

Table 1 has the information concerning which groups have our required properties for Theorems A-
C. Take note that a tick in the column A, B, C means that a group satisfies the property in Theorems A,
B, C, respectively

2. Preliminaries

In this section we shall list some properties of vanishing elements, number theory results and orders of
simple groups of Lie type.

A non-linear irreducible character x of G is said to be of p-defect zero if p does not divide |G|/x (1).
By a result of Brauer (see [18, Theorem 8.17]), if x is an irreducible character of p-defect zero of G, then
x (g) = 0 whenever p divides the order of g in G. The existence of p-defect zero characters is guaranteed
in finite simple groups G for all primes p > 5 dividing |G| as the following result shows:

Lemma 2.1. [12, Corollary 2.2] Let G be a non-abelian finite simple group and p be a prime. If G is a finite
group of Lie type, or if p = 5, then there exists x € Irr(G) of p-defect zero.

Lemma 2.2. [5, Lemma 2.2] Let G be a finite group, N a normal subgroup of G and p a prime. If N has an
irreducible character of p-defect zero, then every element of N of order divisible by p is a vanishing element
in G.

Lemma 2.3. [3, Lemma 5] Let G be a finite group, and N = S; x - - x Sk a minimal normal subgroup
of G, where every S; is isomorphic to a non-abelian simple group S. If 6 € Irr(S) extends to Aut(S), then
@ =0 x ---x 0 e€Irr(N) extends to G.

The next result from number theory is useful in our proofs.

Lemma 2.4. [16, Lemma 1.3] Let q be a power of a prime. Then the following hold:

(a) ¢* — 1 has at most two different prime divisors if and only if q € {2,3,4,5,7,8,9,17}.
(b) q* — 1 has at most three different prime divisors if and only if q € {2,3,4,5,7,9}.

Lemma 2.5. Let G be an almost simple group whose socle N is a simple group of Lie type. Suppose that N
contains an element of order a and let 1, s, t be distinct primes.
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(i) Ifa e {rst,r’s}, then the following holds:

(a) There exist vanishing elements x,y € N of G such that ord(x) = ord(y) and either r* |
ged(ord(x), ord(y)) or rs | ged(ord(x), ord(y)).

(b) [Vo(G)| = 3.

(c) [Vo(G)| = 6.

(ii) Ifa = r2s, then (a) and (c) above hold.
Proof. 1t is easy to show that (a) holds in both cases. If a = rst, then G has vanishing elements of orders

rst, rs, st,rt, r,s,t by Lemmas 2.2 and 2.3, and so (b) and (c) also hold. If a = r’s, then G has vanishing
elements of orders r3s, #2s, rs, 2, r, s, which means that (b) and (c) hold. The result then follows. O

2.1. Classical groups

Let [a1,4a2,...,a,] denote the lowest common multiple of the positive integers aj,az,...,a,. By
Lemmas 2.2 and 2.3, we only need to consider the spectra of simple groups of Lie type to prove our
results. The spectra of PSL,(q) and PSU, (q) are well known and we list some of the orders below:

Lemma 2.6. Let n > 2 and let q be a power of a prime p, ¢ € {£1}. Let G = PSL$(q) and d =
gcd(n, q — 1). Then the divisors of the numbers below are orders of some of the elements of G:

(i) [g" —e™M,q" —e™]/ged(n/ ged(ny, ny),q — €), ny +ny = n;
(i) p'(q™ —e™)/dfort,n; > Osuchthatp'~' +1+4+n =n;
(iii) p'[q™ —e™, ..., q" —€"], where we have thats > 2, t,n; > Osuchthatp'™ ' +14+n+- - -+n; = n.

Proof. This follows from [7, Corollary 3]. O
The next set of results list some of the orders of elements of symplectic and orthogonal groups.

Lemma 2.7. Let q be a power of 2 and let G = Sp,,(q) = Qn+1(q), where n > 2. Then the divisors of
the following numbers are orders of some of the elements of G:

(i) (9" +e€1,9" +e....q" + €l foralls > 1, €€ {£1} and n; > O withny +ny + - -+ ng = n;
(ii) 2'[q" + €1,9™ + €2,..., 4" + €], wheres > 1, t > 2, ¢ € {1} and n; > O with2'"2 + 1+ n; +
ny+---+ng=n.

Proof. This follows from [8, Corollary 3]. O

Lemma 2.8. Let G = PSp,,(q), where n > 2 and let q be a power of an odd prime p. Then the divisors of
the following numbers are orders of some of the elements of G:

(i) [q"+e1, 9" +e....q"+elforalls > 2,6 € {1}, 1 <i<sandn; > Owithni+ny+---+ng =
n;

(ii) p'lg" +€1,q™ + €2, .., g™ + €], wheres > 1, ¢j € {1}, 1 <i<sandt,n; > Owithp'~' +1+
2ny +2ny + -+ - 4+ 2ng = 2n.

Proof. This follows from [8, Corollary 2]. O

Lemma 2.9. Let q be a power of an odd prime p and let G = Q,41(q), where n = 3. Then the divisors of
the following numbers are orders of some of the elements of G:
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(i) p'(g™ £ 1)/2forall t and ny withp'™' + 1+ 2n = 2m;
(i) p'lg™ + €1, + €2, ..., g™ + &l foralls > 2, ¢; € {£1} and n; > Owithp'™ 1 + 1+ 2ny + 2mp +
<-4 2ng = 2n.

Proof. This follows from [8, Corollary 6]. O

Lemma 2.10. Let q be a power of 2 and let G =~ 5, (q), where n > 4. Then the divisors of the following
numbers are orders of some of the elements of G:

i) [q"+ 1,9 +1,....4" + 1,4"+ — 1,g"+ —1,...,q4"% — 1l foralls = 1, r = 1 and n; > 0 with
n +ny+ -+ ns = n, wherer is even ife = + and odd ife = —;

(i) 2'[g" + 1,42 +1,...,4" + 1, g"+ — 1,g"+2 —1,...,q" — 1] foralls > 1,r > 1 and n; > 0 with
272424 m Ayt g =n

Proof. This follows from [8, Corollary 4]. O

Lemma 2.11. Let q be a power of an odd prime p and let G =~ PQS,(q), wheren > 4, € € {+1} and
gcd(4,q" — €) = 4. Fort = 1, let n(t) = (p'~' + 3)/2. Then divisors of the following numbers are orders
of some of the elements of G:

() p'lg"+1,42+1,....4" + 1,4+ —1,9"+2 —1,...,q" — 1] foralls > 2,r > 1and n; > 0 with
nt) +m+ny+--+n=mn;
(i) plg £ 1,(¢" % — €)/2].

Proof. This follows from [8, Corollary 9]. O

2.2. Exceptional groups
We now consider exceptional groups of Lie type.

Lemma 2.12. Let G = Gy(q),q > 3 and let q be a power of a prime p. Then divisors of the following
numbers are orders of some of the elements of G:

(i) 812,2q+1),¢*—Lg* +q+1forp=2;
(i) p?p(q+1),q* —1,¢* £ q+ 1forp =235
(iii) p(q £ 1),¢4*> — 1,¢* £ g+ 1 forp > 5.

Proof. This follows from [26, Lemma 1.4]. O

Lemma 2.13. Let G =3Dy(q), with q a power of a prime p. Then the divisors of the following numbers are
orders of some of the elements of G:

(i) plg® 1)
(i) 4q* +q+ 1) and8ifp=2;
(iii) p? ifp € {3,5}.

Proof. This follows from [13, Theorem 3.2]. O

2.3. Simple groups with few prime divisors

We need some information about simple groups S such that |7 (S)| < 5. These have been classified in
[15], [6], and [17]. We list some of them here for ease of reference.
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Theorem 2.14. Let S be a finite simple group. Then the following holds:
(a) If | (S)| = 3, then S is isomorphic to

As, Ag, PSLy(7), PSLy (8), PSLy(17), PSL3(3), PSUs(3) and PSU4(2);
(b) If | (S)| = 4 and S is not isomorphic to PSL,(q), then S is isomorphic to

A7,As, Ag, A9, M11, M12, ]2, PSL3(4), PSL3(8), PSL3(5), PSL3(7), PSL3(17),
PSL4(3), PSO5(4), PSO5(8), PSO5(5), PSO5(7), PSO7(2), PQY (2), G2 (3),
PSU3(4), PSU3(8), PSU3(9), PSU3(5), PSU3(7), PSU4(3), PSUs(2),2 B2 (8),
?B2(32),° D4(2)," F4(2)';

(c) If |7 (S)| = 5, then the following holds:

(i) IfS = PSLy(q), then |7 (q* — 1)| = 4

(i) IfS = PSL3(q), then |7 [(¢* — 1)(g° — D]| = 4

(iii) If S = PSU3(q), then |w[(¢* — 1)(¢° + D]| = 4

(iv) IfS =2 By (2¥"+1Y), then |w[(22™F! — 1) (22 +1 — 2k2 4 )22+ 4 2k2 L 1] = 4.

In part (b) of the result above, we excluded the case when S =~ PSL;(g). We list this case in the
following result.

Theorem 2.15. Let S =~ PSLy(q) and r,s > 3 be distinct prime divisors of |S|. If | (S)| = 4, then one of
the following holds:

(a) q € {16,25,31,49,81,127,243,972,577%};

) q=2,f>32 +1=3rands =2 — 1;

(c) q=3f,f>2,4r=3f+1and23=3f71;

(d) q=2%"+1,isaprime,a > 2 and 3r = 2271 4+ 1, where 2% — 1 is a prime;
(e) q=2°3% 48, isa prime, r = 2°713% 4 § whereab > 0,8 € {+1};

(f) q=2-3 +1,isaprime, 3*" + 1 = 2r where a > 0;

(g9 q=2-3%+1,isaprime, 3% + 1 = 4r, where a > 0;

(h) q=2-3%—1,isaprime, 3* — 1 = 2r, wherea > 0.

3. Main results

We are now in a position to prove our main results. We will start with considering simple groups of Lie
type with large rank, alternating groups of large degree and sporadic simple groups with large orders. Let
6= {Mlla M127 M22) ]1} U {An’ 5€n< 10} v {PSLZ (C])) PSL3 (q)a PSU3 (5]), PSP4 (Q))ZBZ (6]2), G2(3) }

Theorem 3.1. Suppose G is an almost simple group with socle S. If S ¢ &, then the following holds:

(a) There exist vanishing elements x,y € S of G such that ord(x) = ord(y) and either p* |
gcd(ord(x), ord(y)) or pq | ged(ord(x), ord(y)) for some distinct primes p and q.

(b) [Vo(G)| = 3.

(c) |Vo(G)| = 6.

Proof. Let S be a sporadic simple group. Suppose that S is isomorphic to one of the following groups:
HS, Ru, Suz, O'N, Coy, Coz, Cos, Fizp, HN, Ly, Th, Fiz3, ], Fi4, B or M. Then S has elements of order
10, 15 and 20 by inspection using the Atlas [9]. These are vanishing elements of G by Lemmas 2.3 and
2.1. Hence (a) and (b) follows. Using the argument in [20, Proposition 3.1], we have that [Vo(G)| = 6,
with the exception of Suz, O'N and J4. Let us consider the exceptions. We have that these groups have
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Table 2. Orders of elements of some sporadic groups.

3 V S Vo(G) s V < Vo(G)

J {3,5,6,10,12} Ma3 {3,4,6,8,15}
2F,2) {2,4,6,8,10,12} A {3,5,6,9,12,15}
Mas {3,6,10,12,15,21} MEL {5,7,10,14,15,30}
He {5,7,10,14,21,28}

elements of orders 5,7, and 11, and hence are vanishing elements of G by Lemmas 2.3 and 2.1. The result
then follows.

For the rest of the sporadic groups or 2F4(2)’, it can be shown that there is a subset V of Vo(G) that
satisfies the properties (a)-(c). The appropriate V is given in Table 2.

Suppose that S is an alternating group A,, n > 11. By Lemma 2.1, S has irreducible characters of 5-
defect zero, 7-defect zero and 11-defect zero. Note that S has elements of order 5,7, 10, 11, 15, 20. Using
Lemma 2.2, we have that these elements are vanishing elements of G and the result follows.

Suppose that S = PSL,(q), where n > 4, q is a power of a prime p and d = ged(n, q — 1). Firstly,
assume that g = 2. Since PSL4(2) = Ag is contained in & and considering the character table of PSL5(2)
in the Atlas [9] we may assume that n > 6. Using Lemma 2.6(ii), let t = 2. Then n — 3 > 3. Hence
4(q" 3 —1)/d = 4(¢"3 — 1) is an element order of S, which means that there exist x and y such that
ord(x) = ord(y) and 4 | ged(ord(x), ord(y)). This is (a). Let + = 1 in Lemma 2.6(ii). Thenn — 2 > 4
and 2(g" "2 — 1) is an element order of S. It follows that 4(g" > — 1), 2(g" "> — 1) and 2(¢" "% — 1)
are three distinct composite orders and also that [Vo(G)| = 6. Assume that g > 3. Suppose that n is
even. Let us consider the case when n = 4. Using the Atlas[9], we may assume that ¢ > 4. Lett = 1 in
Lemma 2.6(ii). Then n; = n — 2 > 2. We have that S has an element of orderp - (g — 1)/d - (g + 1).
If (g — 1)/d > 1, then we are done. Hence we may assume that ¢ — 1 = d. This means that g — 1
divides 4 which implies that either ¢ = 3 or ¢ = 5. We have already considered PSL4(3). For ¢ = 5,
let t = 1and n; = 2 in Lemma 2.6(ii). Then S has an element order 5(5°> — 1)/4 = 2 - 3 - 5 and the
result follows by Lemma 2.5. Suppose that n > 6. If t = 1 in Lemma 2.6(ii), then (n — 2)/2 > 2 and
S has an element of order p(qg"~% — 1)/d = p - (q(”_z)/2 —1)/d- (q(”_z)/2 + 1). Suppose that n > 5
is odd. Then we consider two cases: when t = 1 in Lemma 2.6(ii) and so n; > 3, and when t = 1,
ny =n-—3 = 2isevenand n, = n; = 1 in Lemma 2.6(iii). It follows that S has elements of orders
p@"D/d=p @@= D/d (g" "+ + g+ Dandp(@ — 1) = p@"/? = D(g" 2+ 1),
respectively. Our result then follows.

Suppose that S = PSU,(q), where n > 4, g is a power of a prime p and d = gcd(n, g+ 1). Assume that
q = 2. Note that PSU4(2) = PSp,(3) which is in &. Using the character tables of PSU5(2) and PSUs(2)
in the Atlas [9], we may assume that n > 7. Then we consider divisors of orders of elements of S such
that t = 1 and t = 2 in Lemma 2.6(ii). We have that elements of orders 2(2" % — 1) and 4(2" 3 — 1).
It follows that (a)-(c) of our theorem holds. We may assume that g > 3. Suppose that » is even. We first
consider when n = 4. Using the character table of PSU4(3) in the Atlas [9], we may assume that g > 4.
Let t = 1 in Lemma 2.6(ii). Then n; = 2 and so we have elements of order p - (g — 1) - (9 + 1)/d.
If d = g+ 1, then (a)-(c) follows. Let d = q + 1. Then q + 1 divides 4, which means g = 3, a case
we have already considered. Suppose that n > 6 and g > 3. If we pick t = 1 in Lemma 2.6(ii), then
n =n—2 > 4and p(q"2/2 — 1)(q"?/2 + 1)/d is the order of an element of S. The result then
follows. Suppose that n > 5 is odd and let ¢+ = 1 in Lemma 2.6(ii). Then n; = n — 2 > 3 is odd and
p(q""% + 1)/d is an order of an element of S. If d = g + 1, then the result follows. If d = q + 1, then
q+ 1| nandso qis even, that is, p = 2. If we let + = 2 in Lemma 2.6(ii), then n; = n — 3 > 2 and
properties (a) - (c) hold.

Let S = Sp,,(9) = Q,+1(q), where n > 3 and q be a power of 2. Suppose that g = 2. Then
considering the character tables of PSp.(2) and PSpg(2) in the Atlas [9], we may assume that n > 5.
Choose t = 3and n; = n — 3 > 2 in Lemma 2.7(ii). Then S has an elements of orders 8(¢" > + 1) and
8(q" 3 — 1), and the result follows. We may assume that g > 4. Choose thatt =2andn; =n—-2>1
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Table 3. Orders of elements of some exceptional groups of Lie type.

S Orders S Orders
Fa(q) p(@+1@+1) E7(q) qﬁs— 1,ifp =2

p(@ —1),ifp=2
E6(q) p@@® —1)/d(g— 1) Es(q) @+ D@ +q+1@ -1
2E6(q) p(g® —1)/d(q+1)

in Lemma 2.7(ii). Then S has an elements of orders 4(q" 2 + 1) and 4(q" 2 — 1). It follows that S satisfy
properties (a)-(c).

Let S = PSp,, (q), where n > 3 and q be a power of an odd prime p. Suppose that g = 3. Using the
character table of PSp,(3) in the Atlas, we may assume that n > 4. Chooset =2andn; =n—2 > 2
in Lemma 2.8(ii). Then 9(3*"~% — 1) and 9(3%"~* + 1) are orders of elements of S. Hence the result
follows. Suppose that g = 5and n > 3. Chooset = 1 and n; = n—1 > 2 in Lemma 2.8(ii). Then either
p(q""! + 1) and p(g"~! — 1) gives the right orders.

LetS =~ Q3,11(q), where n > 3 and g be a power of an odd prime p. First assume that ¢ = 3. Then we
may assume that n > 4 by using the character table of Q7(3) in the Atlas. Choose t = 2 in Lemma 2.9(i).
Then n; = n—2 > 2and 9(3" 2 4 1) /2 are orders of elements of S and the result follows. Suppose that
g = 5.Choose t = 1in Lemma 2.9(i). Then n; = n — 1 > 3 and 3(¢"~! + 1)/2 are orders of elements
of S. Also chooset = 1,n; = n—2and ny, = n;, = 1 in Lemma 2.9(ii). We have that 3[(1”_2 +1,q+1]
are also orders of elements of S. The result then follows.

Let S = €5,(q), where n > 4 and g be a power of 2. Choose t = 2andn; = n—3 > lin
Lemma 2.10(ii). Then we have an element of order 4(g" > + 1) and so (a) follows. Suppose that € = +.
Then choose n; = n—2 > 2,n, = ny = 1 and n3 = n; = 1 in Lemma 2.10(i). We have elements of
composite orders [q" —1, g+1, g—1] and the result follows. Suppose thate = —. Choosen, = n; = n—2
and 1, = 2. Then we have elements of order [¢" 2 + 1, g*> — 1]. We have our result.

Let g be a power of an odd prime p and let S = PQS, (q), wheren > 4,¢ € {+1} and (4,4" —¢) = 4.
Chooset = 1and ny = n — 2 > 2 in Lemma 2.11(i). We have that n(t) = 2 and so n(t) + n; = n. We
also consider elements with orders in Lemma 2.11(ii). It follows that we have elements with divisors of
orders p*(q* + 1) and p[q + 1, ("2 — €)/2]. Hence our result follows.

Suppose that S = Gj(q), where ¢ > 4 is a power of a prime p. If p = 2, then by Lemma 2.12(i)
and we have that G has elements of order 8 and 12, so G has property (a). The other properties hold if
we consider the set in Lemma 2.12(i). Suppose that p is odd. Using the character table of G»(5) in the
give us the right orders. Let S =*Dy4(q), with g a power of a prime p. Then our result easily follows from
Lemma 2.13.If§ =2 F4(q2), then our result follows by [11, Lemma 3]. Let S ~2G, (qz), q2 = 3%+l > o7
since 2G(3)" = PSL,(8). By [4, Lemma 4], divisors of ¢*> — 1 = 321 _ 1 are orders of elements of S.
Since this number is divisible by 4, we conclude that S satisfies properties (a)-(c).

Suppose S € {F4(q), Es(q),* Es(q), E7(q), Es(q) }. Then Table 3 has the appropriate orders of vanishing
elements.

O

Theorem 3.2. Let G be a finite group with a trivial solvable radical and such that As is not a composition
factor of G. Suppose that one of the following hold:

(a) G satisfies the one prime hypothesis for Vo(G);
(b) [Voc(G)| < 2
(¢) |Vo(G)| < 5.

Then G is an almost simple group.

Proof. We first show that G has a unique non-abelian normal subgroup N. Suppose that G has two
minimal normal subgroups N; and N,. Note that N; 2 As for each i. By [10, Main Theorem], S has an
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element of order rs or r? for distinct primes r and s. Note that N; has a p;-defect zero character 6; for each
i,i =1,2 by Lemma 2.1. Then 6; x 0, is of p;-defect zero for i = 1, 2. If p; is either equal to r or s, then
Nj x N, has elements of either order rst or orders r*t and r?u for some distinct primes ¢ and u not equal
to p; since | (N;)| = 3 by [18, Theorem 3.10]. If p; does not divide 7s, then N7 x N, has elements of
either order p;rs or orders p,-r2 and p;t for some prime ¢ distinct from the other primes. Therefore (a)-(c)
are not satisfied. Hence we may assume that G has a unique minimal normal subgroup N.

(@) Let N = §; X S x - -+ x S, where S; = § is a non-abelian simple group.. It is sufficient to show
that k = 1. Suppose that k > 2. If k > 3, N has a vanishing element of G whose order is divisible by
three distinct primes and we are done. Hence we may assume that k = 2. Note that S has at least one
irreducible character of p-defect zero for some prime p > 5 by Lemma 2.1. By Lemma 2.2, p-singular
elements of N are vanishing elements of G. Since S % As, we have that S has a element of composite order
gi say, using [10, Main Theorem]. If the order of g; is divisible by three primes then the result follows by
Lemma 2.5, so we may assume that ord(g;) = r* or ord(g;) = rs for distinct primes r and s. If r = p or
s = p, then we can have an element whose order is either 7>t or rst, where t is a distinct prime divisor
of |S|. If r = p and s = p, then we also have an element of order r?p or rsp. Hence our result follows in
both cases.

We will now look at (b) and (c). If [ (S)| = 5, then S has at least 3 distinct prime divisors py, p» and
p3 such that p; > 5. Hence S has vanishing elements of G of order p; by Lemmas 2.1 and 2.2, we have that
pi-singular elements in N are vanishing elements of G. Note that N has elements of order 2p; for each
i. This means that G has at least three vanishing elements with composite orders that are not of prime
power order. Also note that |Vo(G)| = 6. We may consider simple groups S such that | (S)| < 4. These
have been listed in Theorems 2.14 and 2.15. In particular, S either a simple group of Lie type or one of
the following: A7, Ag, Ag, A10, M11, M12, 2. Suppose that S is a group of Lie type. Using Lemma 2.1, it
follows that S has at least three primes p; such that every p;-singular element of N is a vanishing element.
We have that p1p,, paps, and p1p3 are orders of elements of N. Hence both (b) and (c) follow from this.
We may assume that S is one Az, Ag, Ag, A19, M11, M12, ).

Suppose that S = Ay. Then S has elements of order 5 and 7. Note that S has an irreducible character
0 that is extendible to Aut(S). We also have that 6 vanishes on an element of order 4. Hence 6 x 6 is
extendible to G by Lemma 2.3. It follows that G has elements of order 12, 20, 28. This means that (b) and
(c) hold. Suppose that S =~ A,, 8 < n < 10. Then S elements of order 5,7, and 15 which are vanishing
elements of G. It follows that N has elements of order 10, 14, and 30.

Suppose that S = M, M3 or S = J,. Using the character tables in the Atlas [9], we have that S has
at least three irreducible characters of p;-defect zero for p;, i = 1,2, 3. The argument on groups of Lie
type adapted to sporadic simple groups gives us our result. O

Suppose that G has a trivial solvable radical. By Theorem 3.2, G is an almost simple group with the
exception of As. Note that the group As x As satisfies the one prime hypothesis on Vo(45 x As), but we
have that [Vo(As x As)| = 6 and |Vo.(As x As)| = 3. Hence the exception in Theorem 3.2 only applies
to (a). Now, using Theorem 3.1, it is sufficient to consider the following groups: M1, M12, M2z, J1An, 1t <
10, PSL,(q), PSL3(q), PSU3(q), PSp,(9),*B2(¢%), G2(3). We shall start by investigating the following

infinite families:

PSLy(q), PSL3(q), PSU3(q), PSp,(9).

Theorem 3.3. Let G € {PSL(q), PSL3(g), PSU3(q), PSp,(q) }. Suppose that one of the following holds:

(A) G satisfies the one-prime hypothesis on Vo(G);
(B) [Vo(G)| < 2
(C) |Vo(G)| < 5.

Then G is isomorphic to one of the groups in Table 1.
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Proof. Suppose that S = PSL,(g). Suppose that |7 (S)| = 6. Then it means that | (g*> — 1)| > 5. Note
that S has cyclic subgroups of orders (g + 1)/ gcd(2,g — 1). Then either |7 ((g+ 1)/ gcd(2,g — 1))| =3
or |7((q — 1)/ged(2,9 — 1))| = 3. Using Lemma 2.5, we have that G does not satisfy the one prime
hypothesis on Vo(G) and also that [Vo.(G)| = 3. Hence we may assume that |7 (S)| < 5 for (A) and (B).
For (C), suppose that |7 (S)| = 5. Then it means that S only has elements of prime order, contradicting
[10]. Hence we may assume that |7 (S)| < 4.

We start by considering when |7 (S)| = 3. It is sufficient to only consider PSL;(7) and PSL;(8). Using
the character tables in the Atlas, we have that both PSL,(7) and PSL;(8) satisfy (A), (B), and (C).

We may assume that |7 (S)| = 4. Using Theorem 2.15, we shall consider the cases one by one. Let
q € {16,25,31,49, 81,127,243,972,577%}. Suppose that q € {16,25, 31}. Then using the character tables
in the Atlas [9], we have our result for (A). For (B), we have that S =~ PSL,(16), PSL,(25), or PSL,(31). For
(C), we have that only S = PSL;(16) has the property. Letg = 49 or q¢ = 81. Then (g—1)/2 € {23-3,23.5}
and so G does not satisfy any of the properties in (A), (B), or (C) by Lemma 2.5. Let ¢ = 127. Then
@+1/2=64= 2% and so does not satisfy (A). Let us consider (B). Then (¢ — 1)/2 = 63 = 32.7
and S satisfies the property. Let ¢ = 243. Then f = 5. Then (g — 1)/2 = 121 = 112 and (g + 1)/2 =
122 = 2 - 61. This means that G = PSL,(243) satisfies properties (A) and (B). If g € {972,577%}, then
(g—1)/2 € {2°-3-7%,25.32.17%} and so G does not satisfy property (A) or (B). For (C), let us consider
g, where g € {127,243,972,577%}. Then by finding (q + 1)/2, it follows that $ at least two composite
orders and so |Vo(G)| = 6.

Letg = 2f,f > 3s =2 —1and 3r = 2/ + 1. Then S satisfies the properties (A), (B), (C) since
Vo(S) has exactly one element which is of composite order. Let g = 3/, f > 2, (3/ + 1)/2 = 2r and
(A /2 = s. Then § satisfy properties (A), (B), and (C) since, again, Vo(S) has exactly one element
which is composite. Let ¢ = 22° + 1, where a > 2 and (g + 1)/2 = 22*~! + 1 = 3r for some prime r.
Then (g — 1)/2 = 22~ ! and so G does not satisfy property (A) and (C). For (B), S satisfies the property.

Let g = 293% + 1.1f (a,b) € {(1,1),(1,2), (2, 1), (2,2), then S € {PSL,(5), PSL,(7),

PSL,(17), PSL2(19), PSL,(11), PSL,(13), PSL,(37) }. We have already considered

PSL,(5) and PSL,(7). Then using the character tables in the Atlas [9] with the exception of PSL;(37),
we have that S = PSL,(11), PSL,(13) are the new groups that satisfy (A) and (C). For (B), it follows that
S = PSLy(11), PSL,(13), PSL,(17), PSLy(19) satisfy the property. Note that PSL,(37) has elements of
order 18 and so does not satisfy (A) and (C) but does satisfy (B).

Hence a > 2 or b > 2. Since ¢ = 23" — 1 or g = 23" + 1, it follows that (g 4 1)/2 = 2713% or
G@-1/2= 297136 3nd G does not satisfy (A) hypothesis since a — 1 > 2 or b > 3. This deals with all
the remaining cases. Let us consider this case for (B). Hence a > 2 or b > 2. Suppose that a > 2. Let
us consider (a,b) = (3, 1) first. Then S = PSL,(23) or PSL,(25). Using the character tables in the Atlas
[9], it follows that both PSL,(23) and PSL,(25) satisfy (B). Suppose that a > 4. Then § has an element
with an order divisible by 24 = 23 - 3 and using Lemma 2.5, our result follows. Suppose that a > 2 and
b > 3. Then (q £ 1)/2 is divisible by 2 - 27 and our result follows. Hence we may assume that a = 1
and b > 3. Let us consider g = 2 -3 + 1. Then (g — 1)/2 = 3% and (g + 1)/2 = 3° + 1. If3* + 1
is divisible by 2rs, 4r* or 2r> for distinct primes r and s, then S does not satisfy the hypothesis. Hence
3% 11 € {2r,4r,21%}. Suppose that g = 2 - 3 — 1. Then (g + 1)/2 = 3* and (g — 1)/2 = 3% — 1. Using
the same argument, we have that 3* — 1 € {2r,4r,2r2}. Hence our result follows. This deals with the
rest of the cases in Theorem 2.15. We now consider property (C). Since g = 2%3* — 1 or g = 2%3% + 1,
it follows that (g 4 1)/2 = 2¢713% or (q — 1)/2 = 2°7'3% and G does not satisfy the hypothesis since
a— 1> 2orb > 3. This also deals with all the remaining cases in Theorem 2.15. Our result the follows.

Suppose that |7 (S)| = 5 and that q is odd. Then (g + 1)/2 = 2r and (¢ F 1)/2 = st for some distinct
primes r,s,t. This means that ¢ = 4r + 1 = 2st F 1. Suppose that g is even. Then g + 1 = rs and
q — 1 = tu for some primes r, s, t, u. Hence S satisfies properties (A) and (B).

From now on we shall now consider (A) and (B) and then consider (C) in the last paragraph.

Suppose that S = PSL3(g). Using the character tables in the Atlas, we may assume that S = PSL3(g),
where g > 11. Let us consider when n; = 2 and n; = 1 in Lemma 2.6(i). Then we have that S has an
element of order (q> — 1)/ gcd(3,g — 1). Suppose that g is odd. Then 8 divides (¢> — 1)/ gcd(3,9 — 1).
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If > — 1 is divisible by at most two primes, then ¢ = 17 by Lemma 2.4 and so g¢> — 1 = 16 - 18. Our
result follows. Otherwise g> — 1 has at least the prime divisors and we are done using Lemma 2.5. Hence
S does not satisty properties (A) and (B).

Suppose that q is even. Let us consider (> — 1)/ gcd(3,q — 1), which is an order of an element in S.
Suppose that gcd(3,q — 1) = 1. If g — 1 has at least three prime divisors, then the result follows from
Lemma 2.5. We may assume that > — 1 has at most two prime divisors. By Lemma 2.4, q € {2,4, 8}. We
have already considered these cases and hence our result follows. We may assume that gcd(3,g—1) = 3.
Then 3 divides g — 1 which means that g = 2/, where f is even, that is, f = 2f] for some integer f;. This
means (q2 —1)/ged(3,q—1) = (% — 1)/ged(3,q — 1). If 241 — 1 is divisible by at least four prime
divisors, then the result follows from Lemma 2.5. Therefore 241 — 1 is divisible by at most three prime
divisors. This means that 21 € {2,4} and so g € {4,16}. It is sufficient to consider S >~ PSL3(16). By
considering all the orders of elements of S using [7, Corollary 3], we have that S satisfies (A) but does
not satisfy (B).

Suppose that S =~ PSU3(q). Using the character tables in the Atlas, we may assume that PSU3(q),
where g > 13. Now, considering #; = 2 and #n, = 1 in Lemma 2.6 (i), we obtain that S has an element
of order (q> — 1)/ gcd(3, g+ 1). Suppose that g is odd. Then 8 divides (¢> — 1)/ gcd(3,q+1). If > — 1 is
divisible by at most two primes, then g = 17 by Lemma 2.4 and so ¢*> — 1 = 16 - 18. Otherwise g> — 1 at
least the prime divisors and the results follows using Lemma 2.5. Suppose that g is even, g > 16. Suppose
also that gcd(3,q + 1) = 1. If (¢ — 1)/ gcd(3,q + 1) = ¢* — 1 has at least three primes, then the result
follows by Lemma 2.5. We may assume that g — 1 has at most two prime divisors. Using Lemma 2.4,
it follows that g € {2, 4, 8}, which we have considered above. Suppose that 3 divides q + 1. This means
q = 2/, where f is odd. If (¢ — 1)/3 has at least three primes, then the result follows by Lemma 2.5. We
may assume that (> — 1)/3 has at most two prime divisors. If 3 divides (q> — 1)/3, then it means that
g% —1 has at most two prime divisors and so we may assume that g —1 = 3rs for distinct primes r, s. Note
that (> +1)/3(q+1) = (¢* — q+1)/3 isan order of an element of S. Hence (> — q+1)/3 € {t, >, tu}.

Suppose that S = PSp,(g). Using the character tables in the Atlas, we may assume that g > 7. Let
q be even. Note that g*> — 1 is an order of an element of S by Lemma 2.7(i). If g — 1 has at least three
prime divisors, then the result follows by Lemma 2.5. This means that it is sufficient to consider when
g = 8 by Lemma 2.4. Then g¢> — 1 = 3? - 7 and hence this does not satisfy (A) by Lemma 2.5. We
need to consider an additional order for (B). Let t = 1 and n; = ny; = 3 in Lemma 2.7(ii). Then
p(@® — 1) = p(q — 1)(¢* + g + 1) and the result follows.

Let g be odd. Suppose that g — 1 has at least three prime divisors. Then [q — 1,q + 1], which is an
order of S by Lemma 2.8(i), also has at least three prime divisors and the result follows by Lemma 2.5.
Hence it is enough to assume that g € {7,9, 17}. In all these cases [ — 1, + 1] is divisible by 2% - r for
some odd prime r and hence the result follows from Lemma 2.5.

We now consider property (C). Suppose that S € {PSL3(g),PSU3(q),PSp,(q)} with |7 (S)| <
4. Using Theorem 2.14, it is sufficient to consider the following groups: PSL3(3), PSU3(3), PSL3(8),
PSL3(5), PSL3(7), PSL3(17), PSU3(4), PSU3(8), PSU3(9),

PSU3(5), PSU3(7). Suppose that S is not isomorphic to PSL3(17). Using the character tables in the Atlas
[9], we have that the only group G satisfying the hypothesis is 2B, (8). Suppose that S is isomorphic to
PSL3(17). ¢ — 1 = 18 - 16 and it is out. O

Remark 1. Using Theorems 3.2, 3.1, and 3.3, it is sufficient to consider the following cases: § =~
M1, Mz, Moz, J1Ap, n < 10, G2(3) or 2By (q).

Proof of Theorem A. Let S = M1, M12, M2, ]1An, n < 10 or G2(3). By using the character tables in the
Atlas, we have that the only groups S with the property are: J;, As, Ag, A7, and Asg.

Let S =2 B;(q). Using the character tables in the Atlas, we may assume that g > 32. Then 221 —1 ¢
{r,r2,rs}, 221 2kH1 11 e (1,42, tu} and 22K+1 42K+ -1 € {v,+2, vw} for distinct primes 7, s, £, u, v, w
since these terms are pairwise coprime orders of elements in S. We have our result by Remark 1. O
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Proof of Theorem B. Let S =~ M1, M1, M22,]1,An,n < 10, G2(3). By using the character tables in
the Atlas, we have that the only groups G with the property are: M1, M12, M2z, As, Ag, A7, Ag, and
G>(3). O

Proof of Theorem C. LetS = M1, M12, Mas,]J1An, n < 10 or G2(3). By using the character tables in the
Atlas, we have that the only groups G with the property are: As, Ag, and As.

Suppose that S =2 B (g%). It is sufficient to consider 2B,(8) and 2B, (32) since | (S)| < 4. Using the
character tables in the Atlas, we have that the only group G satisfying the hypothesis is 2B,(8). We have
our result by the Remark 1. O

Examples. We shall list some examples of the general cases that are in Table 1:

(a) Let PSL,(2)) with f > 3, 2/ —1=sand 2/ 4+ 1 = 3r. Then PSL,(32) and PSL,(128) are examples.

(b) PSL,(3/), with 3/ + 1 = 4rand 3/ — 1 = 2s. Then PSL,(27) and PSL,(2187) are examples.

(c) PSL2(q), with g = 22+ 1,a > 2and (g9 + 1)/2 = 3r. Then are not examples of these. The only
Fermat’s prime numbers that are known do not satisfy this property.

(d) PSL2(q), g = 4r £ 1 = 2st F 1. Then PSL,(29), PSL,(67), and PSL,(71) are examples.

(e) PSLy(q) with g = rs — 1 and q = tu + 1. Then PSL,(2048) is an example.

(f) PSLy(q),q = 2-3°+1with (g+1)/2 € {2r,4r,2r*}. Then q € {19, 53, 163,487} are examples which
satisfy the properties.

(g) PSU3(2)), f odd, ¢*> = 3rs + 1and ¢* — q + 1 € {3t, 3%, 3tu}. Then PSU3(32) and PSU3(128) are
examples.
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