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Appendix A

Derivation of the elliptic
equation directly from the o
coordinate quasi-elastic
equations

In this appendix, the elliptic equation (3.81) is derived directly from the o
coordinate equations (3.64) to (3.68). Multiplying (3.66) by s gives:

RD wT 206
sgﬁ(?)—i—gs—ks %_O. (A.1)
Taking (9/0x) of (3.64), (0/0y) of (3.65) and (9/9c) of (A.1), and adding the
three resulting equations gives:
0%y 0% 3 ( 23_¢) Iolos (321111)5 n 821np5)

022 o2 Toe \"a0) o0\ oa2 92

B Olnp, [ 0%¢ +(“)1nps 0%¢ __g Du _2 Dv
7| oz 0xdo dy oydo )| 0x \ Dt dy \ Dt

0| p D (wT ov  Ou df 0
“u lrro ()]t (@ 5) g men @

In order to simplify (A.2), it is necessary to expand the terms —9 (Du/Dt) /O,
—0(Dv/Dt) /0y and —0[(p/psT) D (wT/p) /Dt]do. First note that from ex-
panding the total derivatives of the two components of the horizontal wind, it
follows that:

0 (Du\_ D (on\ (udu ovdu 0s0u) o
oz \Dt ) Dt \ox Oxdr Oxdy Oxdo '
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and
0 (Dv ov Judv OJvov 06 Ov
—— =] =—= =+ — = A4
Oy (Dt) (8y) (3y8x+8y8y+8y80> (4-4)

Finding an appropriate expansion for —0 [(p/psT) D (wT'/p) /Dt] Oo requires a
more extensive procedure. From the use of relationship (3.69), it follows that

P Q(Q)_ p D |Tps Dlnps+.
T Dt p '~ p.TDi ot 77
D (Tpso Dlnp, D (Tps .
= ~; + = o
Dt p Dt Dt \ p
D?1np, p D Tpso,.Dlnp, p D Tps.
— = — . A.
—
A B C
Noting that
. op D (Tps Dlnp,
— = - A.
b {”psTDt(p )] Dt (*0
and D D /T
o . Ps
— A.
=5+ (r) i (5) 4
it follows that oa D21 5 /D2l
N Ps nps
— — A.
9o ~ Dz “o0 \ DE ) (4-8)
A e 1 G i B
and
0C _ D (05  [0uds 3005 0505
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Equation (A.10) is derived from expanding the total derivative of ¢ in (A.7).
From combining (A.8) to (A.10) it is obtained that:

0 [p (DETN|__D (0 [2u0s 0005 0505
do |psT \Dt" p Dt \ 0o Jdodxr 0o dy 0Oodo
O [.(p\D (Tps\] D (Dlps\ 0 (D’lnps
90 |7 \p.T) Dt \p Dt \ " Dt %90 \ " D2
0 . op D (Tps\| DInps
Sl O e
From substituting (A.3), (A.4) and (A.11) into (A.2), and applying the continu-

ity equation (3.67), it follows that:
2 2
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(A.12)

In order to simplify (A.12), the labeled terms need to be written in alternative
form. Firstly, note that

B— i D?Inp, _ (’“)lnpsi Du +(’“)1np52 Dv
1= "% Di¢? =% 9z 90 \ Dt dy 0o \ Dt
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By expanding the total derivatives of u and v in (A.13), it is obtained that:

0 D21nps)7o- <@81nps 8_v<91np5>

By = -0~ -
A TE 90 0y 90 o
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From making use of the continuity equation (3.67) it follows that:
~ ,0udv ou  Ov Dlnps, 0o
B2a+B2b—2%a—y+ <%+a—y> <T+%) (A15)

From differentiating relationship (3.69) with respect to o it follows that

%73 Pq _ Dlnp, @(ﬂnps 3_031111)5
do 9o Ds Dt 7 OJo Ox Jo 0Oy ’

(A.16)

It follows, from applying the continuity equation, that

o6\> [0ou v\ 96 Dlup, 0
=—|=) ==+ )| =+———=—. Al
Bs (80) <8z+8y> 8a+ Dt 0o (A-17)
Making use of (3.69) to write ¢ in terms of w and DlInps/Dt implies that
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By substituting (A.14), (A.15), (A.17) and (A.18) into (A.12), it follows, after
some cancellations between terms, that:
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It may finally be noted that
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and
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v | ps 0o Oo p_S

Equations (A.19) to (A.22) may now be substituted in (A.18). After some
cancellations and reorganization of the terms, the elliptic equation (3.81) is

obtained.
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Appendix B

Alternative derivation of the
linearized elliptic equation

Linearizing equation (3.81) gives

P 0 [ ,0¢ T

922 90 (Soa >+(90 07,9 (B-1)
Substituting wave-like solutions of the form (3.106) into (B.1) leads to
d (opo+pr\° dd 94 d T
— | ———— ) — — H{k H2— —qg | =0. B.2
do ( Do ) do HO ¢ + 0 d SO g ( )

Here ) .
d T H2g ( dI" T
H2— [so—g | = =22 | so— + — | B.3
0 do (SOT09> o (SO do +H0> (B-3)

From (3.110) it follows that

ar’ ) Do (da iher)
> 2 ikch
do opo + pr zkc do

K [(Upopj pT)2 (i) (6 - ikeot)

Making use of (3.110) and (B.4) to substitute for 7" and dI” /do in (B.3) gives:
d (T 1\ [dé

H{— | so=—g | = —H — —iker | . B.5

0o <S°T09> 0gr (m) (do ! CW) (B.5)
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Substituting from (3.107) and (3.109) gives

d{ T Hogk ~ NZ? .,
H2— | so—g | = =HZ—¢ .
0 do_ <SO TO g> 02 d) 0 C2 ¢

From substituting (B.6) in (B.2) equation (3.113) is obtained.
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Appendix C

The linearized elliptic
equation under
transformations Z and F

The transformation relationship (3.114) implies that for any function G = G (o),
it holds that

G _dGdz _( g po 4G (C.1)
do dZ do opo +pr /) dZ
From (3.114) it may also be noted that
do 1 opo + pr
S (N s e I 2
dz Hy ( Po ) (©2)

Equation (3.113) may written alternatively as:

-, 2 27 2 ~
) (apo +pT> d¢ <Upo +PT> ¢ + H2 (N_ _k2> ¢ =0. (C.3)
Po do Po o

From applying (C.1), (C.3) transforms to:

d¢’ opo+pr\ d Po d¢’
—OHy— —Hy (22T 2 g —22
o () | ()

dz Po dz
Applying transformation relationship (3.115) to (C.4) leads to:

N? .
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217



University of Pretoria etd — Engelbrecht, F A (2006)

2

F 1 N
+HOZ—Z exp?/?Ho 4—§Fexpz/2H0 +H? (—2 - k2) F exp®/?Ho = 0,
c

which reduces to the required relationship (3.116).
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Appendix D

Alternative derivation of the
Lamb wave frequency
equation

Relationship (3.118) may also be consistently obtained from considering the
boundary conditions that apply to &, ¢" and d¢’' /do. The details are as follows.

At the lower boundary, where 0 = 1 and ¢ = 0 by definition, it follows from
substituting (3.112) and (3.126) in (3.127) that:

1 1
N? 1 po + pr\ ot ) 1 po + pr\ )
PH2 (k2 — — | # = AH, - — BHy | —p— — .
© o )" °\"" 2mH, Do TR TH 2Hy Do

(D.1)

Substituting (3.126) into (D.1), and applying (3.129) gives:

1 — 1
<p0 +pT>H°(“+2H“) _ (E)QHO” <po +pT>H0( v
i Po Po Po

_<p0 +pT)Ho(u+ﬁ) ~ ((p_T>2H0u (po _i_pT)Ho(—quﬁ)
[\ Po Po Po
2Hop Ho(=n+37r5) Ho(p+ o5
KP_T> (12) - (12) ’ H (D-2)
Po Po Po

+
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Noting that the last two terms in (D.2) cancel, it follows that:

C

[( 2 1 ) _ (k2 _ N_j)} [(M)Ho(wrﬁ) _ (]9_T)2HOM(M)HO(—H+

4H§ Po Po Do

which implies (3.118).
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Appendix E

Applying the continuity
equation for the case of
solutions with sinusoidal
variation in height

Substituting (3.143) in (3.117) gives:

1

——
02

1 1
<A/ expMHoIn X x=1/245 4 B/ expmHoIn X X_1/2da) . (E.1)
0 0

Both integrals appearing in (E.1) have the form fol exp X X125, with a a
real number and X = (opg + pr) /po, and

1 1 1
/expi‘“nXX*l/Qda:/ cos(alnX)Xfl/Qda—l-i/ sin (aln X) X ~/2do.

0 0 0
(E.2)

The two integrals implied by (E.2) may both be evaluated by using integration
by parts, which gives:

1 o=1 o=1
(1+4a2)/ cos (aln X) X~V2do = [2X1/2005 (alnX)] —|—[4aX1/2s,in (alnX)}
0

o=0 o=0

— Po +pr 12 Po +pr pr 12 br
=9 - cos [aln ———| — [ — cos [aln—| » +
Po Po Po Po
1/2 1/2
4a{(1)0 +pT) ¢in {aln Po +pT] _ <l£> sin {aln ZE]} (E.3)
Po Po Po Po
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and

o=1 o=1

[4aX1/2 cos (aln X)}

o=0 o=0

- DPo + pr 12 . po + pr pr 1/2 . pr
= E— s (a 1H —_— | — — sin | a 1H — —
Po Po Po Po

1/2 1/2
4a { (L +pT> cos [aln M} — (p_:r) cos [alnp—T] } . (E.4)
Do Do Do Do

Substituting results (E.3) and (E.4) in (E.2) leads to:

1
(1 —|—4a2)/ sin (aln X) X~ /2do = [2)(1/2 sin (alnX)}
0

! 1 Do + pr 1/2
ialn X yv—1/2 7 _ — Ani ia In[(po+pr)/po)
X do = 2—4
/0 exp °= Eitaa |24 ( Po ) P
1/2 .
+ (=2 + 4ai) (p—T> exp"® ln(pT/pO)] (E.5)
Do

Applying result (E.5) in (E.1) gives the required equation (3.145).
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