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Abstract. We gradually study i-operators on real vector spaces,
on real topological vector spaces, and on real normed spaces. Among
several things we prove the existence of real topological vector
spaces (different from the James’ Space) that are free of contin-
uous i-operators. We also prove that every real normed space can
be equivalently renormed to be free of norm i-operators. Examples
of spaces of continuous functions not admitting norm i-operators
and whose unit sphere is free of convex subsets with non-empty
interior relative to it are also found. Finally, we also provide some
results on a problem posed by Wenzel in [10].

1. i-Operators on real vector spaces

A linear i-operator on a real vector space X is an automorphism
i : X → X of real vector spaces such that i ◦ i = −IX . The most
basic example of a real vector space with a linear i-operator is a com-
plex vector space seen as a real vector space with the multiplica-
tion by i. Conversely, a real vector space X with a linear i-operator
i : X → X can be naturally endowed with a complex structure as
follows: (a + ib) x = ax + bi (x), where a, b ∈ R and x ∈ X. In other
words, the category of the real vector spaces with an i-operator is iso-
morphic to the category of the complex vector spaces. The interesting
question is to determine whether a certain real vector space admits a
linear i-operator. This is what we do next.

Definition 1.1. Let X be a real vector space. We say that X is linearly
Cartesian exactly when it can be decomposed as the direct sum of two
vector subspaces of the same dimension.

The reader may immeditely notice that a real vector space X is
linearly Cartesian if and only if X is not of odd finite dimension.

Theorem 1.2. Let X be a real vector space. The following conditions
are equivalent:
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(1) X admits a linear i-operator.
(2) X is linearly Cartesian.

Proof. Assume that X admits a linear i-operator i : X → X. Consider
the set L of all subspaces M of X such that M∩i (M) = {0}. Note that
Rx ∈ L for all x ∈ X. Consider L ordered by the inclusion. Let (Mj)j∈J

be a chain of L. Then
⋃

j∈J Mj ∈ L. Indeed, if m, n ∈
(⋃

j∈J Mj

)
\{0}

are so that m = i (n), then there are j, k ∈ J such that m ∈ Mj

and n ∈ Mk; since (Mj)j∈J is a chain, we can assume without loss

that Mj ⊆ Mk, which means that Mk ∩ i (Mk) 6= {0}. By the Zorn’s
Lemma, we can consider a maximal element M of L. We will show
that X = M + i (M). Let x ∈ X so that x /∈ M . Then M +Rx strictly
contains M , and hence there exist two elements m + λx, n + γx ∈
M + Rx such that m + λx = i (n + γx). Observe that we cannot have
λ = γ = 0. On the one hand, we have that λx − γi (x) = i (n) − m.
On the other hand, we have that λi (x) + γx = −n − i (m). Then
λ2x− λγi (x) = λi (n)− λm and γλi (x) + γ2x = −γn− γi (m). Then
(λ2 + γ2) x = −λm− γn + λi (n)− γi (m) and

x =
−λ

λ2 + γ2
m− γ

λ2 + γ2
n + i

(
λ

λ2 + γ2
n− γ

λ2 + γ2
m

)
∈ M + i (M) .

Conversely, assume that X = M ⊕N , where M and N are subspaces
of X of the same dimension. Let ϕ : M → N be an isomorphism. It
suffices to define the following linear i-operator:

i : X → X
x = m + n 7→ i (x) = −ϕ−1 (n) + ϕ (m) .

�

Corollary 1.3. A real vector space admits a linear i-operator if and
only if it is not of odd finite dimension.

Remark 1.4. Let X be a real vector space with a linear i-operator
i : X → X. If there exists a vector subspace M of X which is minimal
verifying that M + i (M) = X, then M ∩ i (M) = {0}. Indeed, assume
that there are m0, n0 ∈ M \ {0} such that m0 = i (n0). Consider a
maximal subspace N of M such that n0 ∈ N and M = N ⊕ Rm0. We
will reach a contradiction by proving that X = N + i (N). Let x ∈ X.
There are m, n ∈ M such that x = m + i (n). We can find n1, n2 ∈ N
and λ1, λ2 ∈ R such that m = n1 + λ1m0 and n = n2 + λ2m0. Then:

x = m + i (n)

= (n1 − λ2n0) + i (n2 + λ1n0)

∈ N + i (N) .
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Remark 1.5. Let X be a real vector space. Note that X∗ can be
naturally endowed with the ω∗ topology with no need for X to have
a vector topology. Notice also that a linear map f : X∗ → X∗ is
ω∗-ω∗ continuous if and only if f is a dual map, that is, there exists
g : X → X such that g∗ = f .

The category of the real vector spaces with a linear i-operator also
preserves duality in the following sense: If X is a real vector space with
a linear i-operator i : X → X, then the dual map i∗ : X∗ → X∗ is also
a linear i-operator on X∗ (which has to be ω∗-ω∗ continuous). We will
show now the existence of linear i-operators that are not dual.

Lemma 1.6. Let X be an infinite dimensional real vector space. There
are two sequences (m∗

k)k∈N , (n∗k)k∈N ⊆ X∗ and two elements m∗, n∗ ∈
X∗ such that:

(1) (m∗
k)k∈N and (n∗k)k∈N are respectively ω∗ convergent to m∗ and

n∗.
(2) The four vector subspaces span {m∗

k : k ∈ N}, span {n∗k : k ∈ N},
Rm∗, and Rn∗ are pairwise disjoint.

Proof. Let (ei)i∈I ⊆ X be a Hamel basis for X. Consider the corre-
sponding orthogonal system (e∗i )i∈I ⊆ X∗ and take any proper subse-

quence
(
e∗ik

)
k∈N. Observe that ω∗ limk→∞ e∗ik = 0. Let m∗, n∗ ∈ X∗ be

linearly independent such that span {m, n}∩ span
{
e∗ik : k ∈ N

}
= {0}.

Finally, take m∗
k := e∗i2k

+ m∗ and n∗k := e∗i2k+1
+ n∗ for all k ∈ N. �

Theorem 1.7. Let X be an infinite dimensional real vector space.
There exists a linear i-operator j : X∗ → X∗ which is not dual.

Proof. Consider(m∗
k)k∈N , (n∗k)k∈N ⊆ X∗ and m∗, n∗ ∈ X∗ as in Lemma

1.6. Now we can find two vector subspaces M and N of X∗ such that
M and N have the same dimension, X∗ = M ⊕ N , (m∗

k)k∈N ⊂ M ,
m∗ ∈ M , (n∗k)k∈N ⊂ N , and n∗ ∈ N . We can define an isomorphism
φ : M → N such that φ (m∗

k) = n∗k for all k ∈ N but φ (m∗) 6= n∗. The
linear i-operator on X∗ defined as

j : X∗ → X∗

x∗ = m∗ + n∗ 7→ j (x∗) = −φ−1 (n∗) + φ (m∗)

cannot be dual because it is not ω∗-ω∗ continuous. �

2. i-Operators on real topological vector spaces

The next step is to provide a similar theory for real topological vector
spaces. In this sense, a topological i-operator on a real topological
vector space X is a continuous linear i-operator i : X → X (which
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will actually be an isomorphism since i−1 = −i). The category of the
real topological vector spaces with an i-operator is isomorphic to the
category of the complex topological vector spaces.

Definition 2.1. Let X be a real topological vector space. We say
that X is topologically Cartesian exactly when X has a complemented
subspace which is isomorphic to its complement.

The version of Theorem 1.2 for real topological vector spaces follows.

Theorem 2.2. Let X be a real topological vector space. If X is topo-
logically Cartesian, then X admits a topological i-operator.

The problem of the converse to Theorem 2.2 is somehow in connec-
tion with Wenzel’s Problem, which we will treat in the next section.
The next remark demonstrates that the trivial topology does not serve
our purposes of finding a non-topologically Cartesian real topological
vector space admitting topological i-operators.

Remark 2.3. Let X be a non-zero real vector space endowed with the
trivial topology (which obviously is a vector topology). Observe the
following:

(1) Every linear i-operator on X is continous and thus is a topo-
logical i-operator.

(2) The only closed vector subspace of X is X.
(3) Every vector subspace of X is topologically complemented (since

every linear projection onto that subspace would be continu-
ous).

The next proposition shows that every vector topology can be en-
larged to make a certain linear i-operator continuous.

Proposition 2.4. Let X be a real topological vector space. Let i : X →
X be a linear i-operator. There exists a finer vector topology on X that
makes i continuous.

Proof. Let U be a local basis of balanced and absorbing neighborhoods
of 0. It suffices to consider the vector topology on X generated by the
following local basis of balanced and abosorbing neighborhoods of 0:{

U ∩ i−1 (V ) : U, V ∈ U
}

�

We will show now the existence of infinite dimensional real topolog-
ical vector spaces free of topological i-operators.
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Theorem 2.5. Let X be a non-zero real vector space. There exists a
non-Hausdorff locally convex vector topology on X that does not admit
any topological i-operator.

Proof. Let I be the set of all linear i-operators on X. All we have to
do is find a vector topology on X that makes none of them continuous.
Let x ∈ X \ {0} and consider a linear function f : X → R such that
f (x) = 1. Our vector topology on X is the one whose local basis of
neighborhoods of 0 is {

f−1 (−α, α) : α > 0
}

.

Observe that X endowed with this vector topology becomes locally
convex but not Hausdorff. Fix an arbitrary i ∈ I and consider f ◦ i.
In virtue of [6, Theorem 3.1] it suffices to prove that (f ◦ i)−1 (−1, 1)
has empty interior in order to show that f ◦ i is not continuous. So,
assume there is α > 0 such that f−1 (−α, α) ⊆ (f ◦ i)−1 (−1, 1). Since
X = ker (f) ⊕ Rx, there must be m ∈ ker (f) and λ ∈ R such that
i (x) = m + λx. Now, −x = i (m) + λi (x). Therefore, λx = −λi (m)−
λ2i (x). Combining these equations we obtain that

i (x) =
1

1 + λ2
m− λ

1 + λ2
i (m) .

If f (i (x)) 6= 0, then we can find K > 0 big enough so that

|Kf (i (x))| > |λ|
1 + λ2

.

However, since Km ∈ ker (f) ⊂ f−1 (−α, α) ⊆ (f ◦ i)−1 (−1, 1), we
deduce that

|Kf (i (x))| ≤ |λ|
1 + λ2

.

This means that f (i (x)) = 0, so i (x) ∈ ker (f) ⊂ (f ◦ i)−1 (−1, 1).
Finally, notice that x = −i (i (x)) and hence

1 = |f (x)| = |(f ◦ i) (i (x))| < 1.

�

There are other examples of infinite dimensional real topological vec-
tor spaces not admitting topological i-operators. For instance, the
James’ Space (see [7]) is a normable real topological vector space not
admitting any topological i-operator.
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3. i-Operators on real normed spaces

The final step is to provide a similar theory for real normed spaces. In
this sense, a norm i-operator on a real normed space X is a topological
i-operator i : X → X such that ‖ax + bi (x)‖2 = (a2 + b2) ‖x‖2 for
all a, b ∈ R and all x ∈ X. Again, the category of the real normed
spaces with an i-operator is isomorphic to the category of the complex
normed spaces. It is well known that quasi-reflexive spaces (that is,
spaces which are of codimension 1 in their bidual) cannot admit an
i-operator. A well-known example of a quasi-reflexive space is the
James’ Space (see [7, 3]). We will show next the existence of infinite
dimensional real normed spaces (different from the James’ Space) that
are free of norm i-operators. Even more, we will prove that every real
normed space admits an equivalent norm that makes it free of norm
i-operators.

Proposition 3.1. Let X be a real normed space. Assume that there
exists a convex set C ⊂ SX with non-empty interior relative to SX .
Then X is free of norm i-operators.

Proof. Assume that X admits an i-operator i : X → X. Consider
c ∈ intSX

(C). Observe that span {c, i (c)} is a Hilbert space. However,
Hilbert spaces are strictly convex but span {c, i (c)} is not. �

Later on in the final section it will be showed that the converse to
the previous proposition does not remain true, that is, there are real
normed spaces free of norm i-operators whose unit ball is also free of
convex subsets with non-empty interior relative to it.

Corollary 3.2. Let X be a real normed space. There exists an equiv-
alent norm on X that does not allow any norm i-operators.

Proof. It suffices to consider the equivalent norm on X whose unit ball
is

BX ∩ f−1

([
−1

2
,
1

2

])
,

where f ∈ SX∗ is norm-attaining. The reader may realize that

BX ∩ f−1

({
1

2

})
satisfies the hypothesis of Proposition 3.1. �

Our next step is to show that any real normed space admitting a
topological i-operator can be equivalently renormed to make the topo-
logical i-operator become a norm i-operator. Our first result on this
topic is an easy lemma that states that equivalent renormings can be
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found if we only require the topological i-operator to become an isom-
etry.

Lemma 3.3. Let X be a real normed space. If i : X → X is a
topological i-operator, then there exists an equivalent norm on X such
that i becomes an isometry.

Proof. Fix 1 ≤ p ≤ ∞. Define

bxcp :=

{
p
√
‖x‖p + ‖i (x)‖p 1 ≤ p < ∞

max{‖x‖ , ‖i (x)‖} p = ∞
for all x ∈ X. �

The following result takes us one step closer to the desired renorming
and offers the possibility of controlling the renorming constants, with
some exceptions.

Theorem 3.4. Let X be a real normed space. Let i : X → X be a
topological i-operator on X. Then:

(1) If there exists an equivalent renorming on X that makes i be-
come a norm i-operator, then there exists a constant 0 < K ≤
2 ‖i‖ such that K

√
a2 + b2 ≤ ‖ax + bi (x)‖ for all x ∈ SX and

all a, b ∈ R.
(2) If there exists a constant 0 < K ≤ 2 ‖i‖ such that K

√
a2 + b2 ≤

‖ax + bi (x)‖ for all x ∈ SX and all a, b ∈ R, then for every
constant A ≥ 2 ‖i‖ there exists a pair (V, |·|V ) which is maximal
verifying the following:
(a) V is an invariant subspace of X under i.
(b) K |v|V ≤ ‖v‖ ≤ A |v|V for all v ∈ V .
(c) i is a norm i-operator on V endowed with the norm |·|V .

Proof.

(1) Assume that |·| is an equivalent norm on X that makes i become
a norm i-operator. There exists a constant K > 0 such that
K |y| ≤ ‖y‖ for all y ∈ X. Fix x ∈ SX and a, b ∈ R. We have
that

K
√

a2 + b2 = K |ax + bi (x)|
≤ ‖ax + bi (x)‖
≤ |a|+ |b| ‖i‖
≤ (|a|+ |b|) ‖i‖
≤ 2

√
a2 + b2 ‖i‖ .

(2) Consider the set L composed of all pairs (M, |·|M) such that
7



(a) M is an invariant subspace of X under i.
(b) K |m|M ≤ ‖m‖ ≤ A |m|M for all m ∈ M .
(c) i is a norm i-operator on M endowed with the norm |·|M .

Consider on L the partial order given by (M, |·|M) ≤ (N, |·|N)
exactly when M ⊆ N and |·|N |M = |·|M . In order to see that
(L,≤) is an inductive ordered space we need to verify a couple
of things:
(a) L 6= ∅. Indeed, consider any x ∈ SX and denote M :=

span {x, i (x)}. Define |αx + βi (x)|M :=
√

α2 + β2 for all
α, β ∈ R. It is not difficult to see that (M, |·|M) ∈ L.

(b) Every chain of L has an upper bound in L. Indeed, let{(
Mi, |·|Mi

)}
i∈I

be a chain of L. Define N :=
⋃

i∈I Mi and

|n|N := |n|Mi
if n ∈ Mi. By construction, (N, |·|N) ∈ L

and is an upper bound for
{(

Mi, |·|Mi

)}
i∈I

.

In accordance to the Zorn’s Lemma, there exists a maximal
element (V, |·|V ) ∈ L.

�

It is now the time to show that every real normed space admitting a
topological i-operator can be equivalently renormed in such a way the
topological i-operator becomes a norm i-operator.

Theorem 3.5. Let X be a real normed space. Assume that X admits a
topological i-operator i : X → X. There exists an equivalent renorming
on X for which i becomes a norm i-operator.

Proof. Consider the set

B :=
{
ax + bi (x) : a2 + b2 ≤ 1, x ∈ BX

}
.

It is not difficult to realize that B is bounded, closed, absolutely convex
and has non-empty interior. Therefore, B is the unit ball of an equiv-
alent norm on X. In order to see that i becomes a norm i-operator
under this equivalent norm it only suffices to realize that the boundary
of B is composed of all elements of the form ax+bi (x) with a2 +b2 = 1
and x ∈ BX . �

The next step is modifying Theorem 2.2 for real normed spaces.

Definition 3.6. Let X be a real normed space. We say that X is norm
Cartesian exactly when:

• X has a complemented subspace M which is linearly isometric
to its complement N under the surjective linear isometry φ :
M → N .

8



• For all m ∈ M \ {0} we have that span {m, φ (m)} is a 2-
dimensional real Hilbert space having{

m

‖m‖
,
φ (m)

‖m‖

}
as a orthonormal basis.

Before modifying Theorem 2.2 for real normed spaces, we would like
to make the reader be aware of the following.

Proposition 3.7. Let X be a real normed space. If X is topologi-
cally Cartesian, then X can be equivalently renormed to become norm
Cartesian.

Proof. Let M and N be complemented subspaces of X and let ϕ : M →
N be an isomorphism. Consider the new equivalent norm on N given
by |n| := ‖ϕ−1 (n)‖ for all n ∈ N . Observe that ϕ becomes an isometry
with this new norm on N . Finally, consider the new equivalent norm
on X given by

bxc :=

√
‖m‖2 + |n|2

where x = m + n, m ∈ M , and n ∈ N . �

The end of this section is to present, without a proof, the version of
Theorem 2.2 for real normed spaces.

Theorem 3.8. Let X be a real normed space. If X is norm Cartesian,
then X admits a norm i-operator.

4. Wenzel’s Question

The problem of the converse to Theorem 3.8 and Theorem 2.2 is
basically what Wenzel’s Question is all about (see [10]).

Question 4.1 (Wenzel, 1995). Does there exist a real Banach space X
with a norm i-operator i : X → X such that X is not real-isomorphic to
the square of a real Banach space (or equivalently, X is not topologically
Cartesian)?

Similar questions of the same nature as the one above have been
posed and solved along the recent years (see, for instance, [5, 2]). In
1986 Bourgain showed the existence of complex Banach spaces which
are complex-isomorphic but not real-isomorphic (see [2]). The following
remark serves to dismiss possible candidates to solve Question 4.1 in
the positive.

Remark 4.2. Bad candidates to solve Question 4.1 in the positive:
9



• In [8] it is shown an elementary example of complex Banach
space Zα which is not isomorphic to its complex conjugate. Such
a space cannot be complex isomorphic to a square. However, in
[11] it is proved that Zα is real-isomorphic to its square Zα⊕Zα.

• It follows by Maharam’s Decomposition Theorem (see [4]) that
every infinite dimensional L-space is isomorphic with its Carte-
sian square (let us recall that a Banach lattice is called an
L-space whenever x ≥ 0 and y ≥ 0 verify that ‖x + y‖ =
‖x‖+ ‖y‖).

The next remark suggests a possible good candidate to solve Ques-
tion 4.1 in the positive. We refer the reader to [1, 9] for a wider per-
spective.

Remark 4.3. For a real or complex Banach space X, consider

Xw :=

{
x∗∗ ∈ X∗∗ :

for all (x∗n)n∈N ⊂ X∗ there exists x ∈ X
such that x∗∗ (x∗n) = x∗n (x) for every n ∈ N

}
.

The deficiency of X in Xw is defined as

δw (X) := dim

(
Xw

X

)
.

It is not difficult to check that

δw (X × Y ) = δw (X) + δw (Y )

for any Banach spaces X and Y . Pelczynski remarked (see [9, p. 84])
that

δw (C ([0, ω1] , R)) = 1.

As a consequence, C ([0, ω1] , R) cannot be real-isomorphic to a square.

5. i-Operators on spaces of continuous functions

We will begin this final section by proving that the spaces of continu-
ous real-valued functions over connected compact Hausdorff topological
spaces are free of norm i-operators.

Theorem 5.1. Let K be a compact Hausdorff space. If K is connected,
then C (K, R) does not admit any topological i-operator which is an
isometry. In particular, C (K, R) is free of norm i-operators.

Proof. Let i : C (K, R) → C (K, R) be a topological i-operator and as-
sume that i is an isometry. The Banach-Stone Theorem allows the
existence of g ∈ C (K, R) with |g (k)| = 1 for all k ∈ K and a homeo-
morphism φ : K → K such that

i (f) = g · (f ◦ φ) .
10



Notice that
−f = i2 (f) = g · ((g · (f ◦ φ)) ◦ φ) .

Since K is connected, we deduce that either g is the constant function
equal to 1 or to −1. In any case, we have that

−f = f ◦ φ2.

The contradiction comes into play when we consider any f ∈ C (K, R)
such that inf f (K) > 0. �

Next, we will provide a sufficient condition for a space of real-valued
continuous functions to admit a topological i-operator.

Definition 5.2. Let K be a Hausdorff compact space. We say that K
is almost decomposable if there are two closed subsets L and S of K
such that K = L ∪ S, L ∩ S = {k0} is a singleton, and there exists a
homeomorphism φ : L → S that fixes k0.

Examples of almost decomposable Hausdorff compact spaces follow.

Example 5.3. The following Hausdorff compact topological spaces are
almost decomposable:

• Any non-trivial bounded and closed interval of the real line is an
example of an almost decomposable Hausdorff compact metric
space.

• A finite discrete space is almost decomposable if and only if its
cardinality is odd.

• If K is an infinite discrete topological space, then its one-point

compactification K̂ is also almost decomposable.

Theorem 5.4. Let K be a Hausdorff compact space with more than one
point. If K is almost decomposable, then C (K, R) admits a topological
i-operator.

Proof. Consider two closed subsets L and S of K such that K = L∪S,
L ∩ S = {k0} is a singleton, and there exists a homeomorphism φ :
L → S that fixes k0. Observe that C (K, R) is isomorphic to

C0 := {f ∈ C (K, R) : f (k0) = 0}
via the map

f 7→ f − f (k0) .

Therefore, it suffices to construct a topological i-operator on C0. Let
φ : L → S be a homeomorphism that fixes k0. Define the map i : C0 →
C0 as follows: If f ∈ C0 and k ∈ K, then

i (f) (k) :=

{
f (φ (k)) if k ∈ L,

−f (φ−1 (k)) if k ∈ S.
11



It is not difficult to check that the previous map i is a topological
i-operator on C0. �

Actually, the previous result can be improved in the following way.

Theorem 5.5. Let K be a Hausdorff compact space with more than
one point. If K is almost decomposable, then C (K, R) is topoloigcally
Cartesian.

Proof. Keeping the same notation as in the proof of Theorem 5.4, it is
sufficent to notice that the map

C0 → L0 ⊕∞ S0

f 7→ (f |L, f |S)

is a surjective linear isometry, where

L0 := {f ∈ C (L, R) : f (k0) = 0}
and

S0 := {f ∈ C (S, R) : f (k0) = 0} .

�

The final part of this section is aimed at showing an example of a
real normed space free of norm i-operators whose unit ball is also free
of convex subsets with non-empty interior relative to it.

Lemma 5.6. Let K be a compact Hausdorff metric space. If k ∈ K,
then

intSC(K,R)

(
δ−1
k ({1}) ∩ BC(K,R)

)
=

{
f ∈ δ−1

k ({1}) ∩ BC(K,R) : sup |f | (K \ {k}) < 1
}

.

Proof. Let f ∈ SC(K,R) such that sup |f | (K \ {k}) < 1. If g ∈ SC(K,R)

and

‖g − f‖∞ <
1− sup |f | (K \ {k})

2
,

then g (k) = 1. Conversely, consider

f ∈ intSC(K,R)

(
δ−1
k (1) ∩ BC(K,R)

)
and suppose to the contrary that sup |f | (K \ {k}) = 1. Then there
exists a sequence (kn)n∈N in K \ {k} such that (f (kn))n∈N converges
to 1. By passing to a subsequence if necessary we may assume that
(kn)n∈N is convergent to some element l ∈ K. For every m ∈ N we can
consider a continuous function

gm : {kn : n ∈ N} ∪ {k, l} → [−1, 1]

z 7→ gm (z) =

{
1 if z = km,

−1 otherwise.
12



Since {kn : n ∈ N}∪{k, l} is closed and K is compact, we can extend gm

continuously to the whole of K. We will keep denoting this extension
by gm. For every m ∈ N we define

tm :=

{
1/m if f (km) = 1,

1− f (km) if f (km) < 1.

Notice that the sequence (
f + tmgm

‖f + tmgm‖

)
m∈N

converges to f and is contained in SC(K,R), therefore we can find m0 ∈ N
such that

f + tm0gm0

‖f + tm0gm0‖
∈ δ−1

k ({1}) ∩ BC(K,R).

As a consequence,

1− tm0 = ‖f + tm0gm0‖ ≥ f (km0) + tm0 ,

which is impossible by construction of (tm)m∈N. �

Theorem 5.7. Let K be a compact Hausdorff metric space. Let k ∈ K.
The following assertions are equivalent:

(1) k is an isolated point of K.
(2) There exists f ∈ SC(K,R) such that sup |f | (K \ {k}) < 1.

Proof. If k is an isolated point of K, then the function f : K → R such
that f (k) = 1 and f (K \ {k}) = {0} is continuous and verifies the
desired properties. Conversely, assume that there exists f ∈ SC(K,R)

such that sup |f | (K \ {k}) < 1 and suppose to the contrary that there
exists a sequence (kn)n∈N in K \{k} converging to k. Since (f (kn))n∈N
converges to f (k) = 1, by passing to a subsequence if necessary we
may assume that f (kn) > 0 for all n ∈ N. For every m ∈ N we can
consider a continuous function

gm : {kn : n ∈ N} ∪ {k} → [0, 1]
kn 7→ gm (kn) = δnm,
k 7→ gm (k) = 0.

Since {kn : n ∈ N}∪{k} is closed and K is compact, we can extend gm

continuously to the whole of K. We will keep denoting this extension
by gm. Notice that the sequence(

f + 2 (1− f (km)) gm

‖f + 2 (1− f (km)) gm‖

)
m∈N
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converges to f and is contained in SC(K,R), therefore we can find m0 ∈ N
such that

f + 2 (1− f (km0)) gm0

‖f + 2 (1− f (km0)) gm0‖
∈ δ−1

k ({1}) ∩ BC(K,R).

As a consequence,

1 = ‖f + 2 (1− f (km0)) gm0‖
≥ f (km0) + 2 (1− f (km0))

= 2− f (km0)

≥ 2− sup |f | (K \ {k})
> 1,

which is impossible. �

Corollary 5.8. Let K be a compact Hausdorff metric space. The unit
sphere of C (K, R) has a convex set with non-empty interior relative to
it if and only if K has an isolated point.

Proof. If k ∈ K is an isolated point, then the previous two results
assure that δ−1

k ({1})∩BC(K,R) has non-empty interior relative to SC(K,R).
Conversely, let C be a convex subset of SC(K,R) with non-empty interior
relative to SC(K,R). It is well known that C must be supported on BC(K,R)

by an extreme point of the unit ball of C (K, R)∗. That extreme point is
of the form δk for some k ∈ K. Then δ−1

k ({1})∩BC(K,R) has non-empty
interior relative to SC(K,R), so k is an isolated point of K in accordance
to the previous two results. �

Example 5.9. If b < c are real numbers, then C ([b, c] , R) verifies the
following:

• It admits a topological i-operator in virtue of Theorem 5.4.
• It does not admit a norm i-operator in accordance with Theo-

rem 5.1.
• Its unit sphere is free of convex subsets with non-empty interior

relative to it according to Corollary 5.8.
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