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ABSTRACT

In multivariate statistics under normality, the problems of interest are random covariance matrices
(known as Wishart matrices) and "ratios" of Wishart matrices that arise in multivariate analysis of
variance (MANOVA) (see [24]). The bimatrix variate beta type IV distribution (also known in the
literature as bimatrix variate generalised beta; matrix variate generalization of a bivariate beta type I)
arises from "ratios" of Wishart matrices. In this paper, we add a further independent Wishart random
variate to the "denominator" of one of the ratios; this results in deriving the exact expression for the
density function of the bimatriz variate extended beta type IV distribution. The latter leads to the
proposal of the bimatrix variate extended F distribution. Some interesting characteristics of these newly
introduced bimatrix distributions are explored. Lastly, we focus on the bivariate variate extended beta
type IV distribution (that is an extension of bivariate Jones’ beta) with emphasis on P(X; < X2) where
X7 is the random stress variate and X5 is the random strength variate.
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1V distribution; generalized Laguerre polynomial; hypergeometric function of matrix argument; invariant
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1 Introduction

In multivariate statistics under normality, the problems of interest are random covariance matrices (known
as Wishart matrices) and ratios of Wishart matrices that arise in multivariate analysis of variance (see
[24]). The Wishart ratio

U=(H+E) *H(H+E)*

(H ~ W, (n,X) independent of E ~ W, (m,X)) is the genesis of the matrix variate beta type I

distribution, denoted as U ~ BJ (n,m)? (see [21]). (Note C? is the unique positive definite square root
of C.) Let H; ~ W, (n;, %), i = 1,2, independent of E ~ W, (m,X), where

W,=(H, +H,+E) *H;(H, +H, +E) %, i=1.2,

then it is evident that Wy ~ B/ (n1,ns +m) and Wy ~ Bl (ny,n1 +m). However, they are correlated
with a common "denominator" and the distribution of W = (W7 : Wg)/ is termed the bimatriz variate
beta type I distribution (denoted as W ~ BB] (ni,n,m)) (see [11]). The corresponding Dirichlet
distribution, that is for i = 1,...,7, was derived by [28]. The distribution of U = (U : Us,)", where

_1
2, i=1,2

) )

U,=(H,+E) *H,(H, +E)

(H; ~ W, (n;,X), i = 1,2, are independent of E ~ W, (m, X)) has been independently studied by [2],
[7] and [16]. This distribution of U is referred by [2] as the bimatriz variate beta type IV distribution,
denoted by U ~ BB!Y (ny,ny,m). For detailed discussion on bimatrix variate beta distributions with
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2There exist other definitions for the beta matrix U, see [5].



bounded domain the reader is referred to [11]. The refreshing contributions made by [7], [8] and [9] should
also be acknowledged.
In this paper, we propose the Wishart ratios

D=

1 1 1 —
Xlz(Hl—l-E) 2H1(H1—|—E) 2 and X2=(H2+H3—|—E) 2H2(H2—|—H3—|—E)

(H;,i=1,2,3, and E are independent, where H; ~ W, (n;,X), i = 1,2,3, and E ~ W, (m, X)). From
the construction it is easy to see that X; ~ BII) (n1,m) and X5 ~ Bé (ng,n3 +m) and we refer to the

distribution of X = (X : X)' as the bimatriz variate extended beta type IV distribution, denoted as
X~ BEB;V (n1,mn2,n3,m). Furthermore, the ratios

[N

F,=E *H,E % and F,=(H3;+E) *H,(H;+E) %,

that is
/
F=(F1,F2) = ((I, - X1) ¥ X1(I, - X1) 73, (I, — X2) #Xa(I, - X2) %)

for X = (X1 : Xg)l ~ BEB;V (n1,n2,n3,m) will also be studied; refer to the distribution of F as the
bimatriz variate extended F distribution, denoted by F ~ BEF), (n1, na, ns, m).

The rest of the paper is organized as follows: In section 2 we derive the density function of the bimatrix
variate extended beta type IV distribution, as well as the bimatrix variate extended F distribution. These
two distributions set the platform for section 3.

Section 3 is devoted to the derivation of E (|X1 & \X2|h2) where X = (X, : X)) ~ BEB]Y (n1,n2,n3,m).

H
This is used to obtain the exact expression for the density function of Z = L where Ay = |—1 | =
Ay H,+E
H
|X1] and Ay = 2 = | X 5| in terms of Meijer’s G-function by the inverse Mellin transform.

H;+H3;+E
Note that A; is the Wilks’ statistic [31] and As is a generalized statistic which arises when testing whether
two normal populations are identical [1]. (For more generalized statistics, the reader is referred to [11].)
Furthermore, the moment generating function of the bimatrix extended beta type IV distribution
is derived, and used to define the bimatriz variate Kummer extended beta type IV distribution. For a
discussion on Kummer distributions the reader is referred, amongst others, to the work of [26] and [27].
Subsequently, the Laplace transform of F (where F has the bimatrix variate extended F distribution)
is obtained and this results in the derivation of the density function of ¢r(F; + F3). We conclude the
paper by specifically discussing the bivariate variate extended beta type IV distribution (an extension
of Jones’ bivariate beta model). It is well known that the stress-strength model describes the life of a
component which has a random strength X5 and is subjected to random stress X;. The component fails
if the stress (X7) applied to it exceeds the strength (X3 ) and the component will function satisfactorily
whenever P(X; < X3). Therefore the distribution of X3 /X5 receives attention where (X1, X2) has the
bivariate extended beta type IV distribution, together with some graphs and percentage points.

2 New members of the bimatrix beta type IV

The key idea of this section is to propose the bimatrix variate extended beta type IV distribution, as well
as the bimatrix variate extended F distribution.

Let H;,7 = 1,2,3, and E be independent, where H; ~ W,(n;,X), i = 1,2,3, and E ~ W(m, X)
with Re (n;) > 2 (p—1),i=1,2,3 and Re (m) > 3 (p — 1) and define

X,=(H,+E) *H,(H,+E) % and Xo=(Hy+Hs+E) *Hy(Hy+H;+E) % (1)

then X = (X : X3) is said to have an bimatriz variate extended beta type IV distribution, denoted as
X~ BEB;V (n1,n2,n3,m). Theorem 1 presents the density function of X, followed by some remarks.



Theorem 1 Assume that X ~ BEBZI)V (n1,mn2,n3,m). Then its density function is given by

(n +p+) (nq1+n3+m—p—1)
f(X1,Xs) = OH\X\ I, — X | L, - X (2)

xoF) (m—Qi—m nitnotnztm. n1+7%3+m; —X (I, — Xo) (I, — Xl)—l) 7

’ 2 ’

where 0 < X; <I,, i=1,2,oF (-)is the Gauss hypergeometric function of the matrix argument (see

By
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[25], pp 258, 264), C' =

)
w|§

i)
y and B, (a1,...,an) = ﬁ and T’y (a) is the multivariate
Fp

gamma function (see [25], pp 62).

Proof:
The joint density function of H;,7 =1,2,3, and E is

3
J(Hy Hy, Hy, E) = K [ etr (127 H,) |H [ F et (<137 'E) [B|“F,
=1
where
S n +ngtngtm)
_ i nytnytngtm

=TI, (3) ( )|22| . (3)

i=1

On performing the transformations Y; = Hi_l, 1 =12 X3 =E+Hjs, Z, = E%YlE_%, Zy =
X32Y,X32, X; = (I, +Z;)"',i=1,2, the Jacobian is
J(Hy,Hy,H3, E — X1,X5,X3,E) = |[E|"= I, - X |- | X | "5 |T, — Xo|~®+D),

Therefore, the joint density of X1, X, X3 and E is

f(X1,X2,X5,E) = Ketr{fngl [E%(Ip X)X ER £ X231, - X)X X +X3H

% ‘E|(n1;—m (P+1)‘X1|(n1 P— 1)|X2|(W2 p—1) |I

|7 (ny+p+1)
2

|1, — Xo|~ " | X 4| % X5 — E|™F

(4)

We consider the symmetrised density function of (X1, X32) (see Appendix), that is
fs (X1, X / / f(HXH' HX,H' HX3;H' HEH')dHdEdX3 where H (p x p)
X3>0J0<E<X3

is orthogonal and dH is the normallsed Haar invariant measure on O (p) (see [25], pp 72). Note that
dE =dHEH' and dX3 =dHX3H'. (Here C < D means that the matrix D— C is positive definite.)
Therefore

(n1+7H) (p+1) n2+n (11+1) (ng— P (no— P 1)

f(HX,H' HX,H' 'HX;H' 'HEH') =K|E|"™=" | X5 X4 | 21X |

(ny+p+1 (n +p+ ) n *P (ng—p—1)
‘7 1 = )|I _ \no+pr?l)

x I, —X1 2|~ I, _X31E‘
X etr {—%H’E‘lHE%(Ip ~X,)'X,E?
~SH'STHX (I, - X2) ' XoX§ - JH'S T HX, ).

()



_1 _1 »
On performing the transformation R = X35> EX, ;, with Jacobian J(E — R) = |X3|( t , then it
follows that
(n 11 n1+11+1 _ (no+p41)
fo(X1,X0) = KX 57X T, - X [T, — X 72

x/ / | X | - (-iH'ST'HX;)
O(p) X3>0

xetr (—%H’z—lHX?%(Ip - Xg)*XQXé) x I, dX3dH.

118

Applying oFp (X)) =
that

(n1+m) )
L= / RIFE -, - Ry
O<R<I

> C’“,gIX) =etr(X), equation (A5) of [10] and equation (1.6.6) of [15], we obtain
k K

0

xetr {~1X3 (T, - X1)7'X,)* H'S7'H (I, - X,) ' X,)* X{R} dR

rp (2 r, (58

Fp((m-%—gg-%—ww)

) o ("1;’”; (s ton) —%X?%((Ip — X)X )PH'ST'H((I, - X1) 7' X)X

W o=
N———

where 1 F} () is the confluent hypergeometric function of matrix argument. To simplify the notation,
let us set ®; = (I, — X1)7 1 X4, &3 = (I, — X2) !X, and &3 = H'S"'H. On performing the

transformation Q = <I>§X3<I>§ with the Jacobian J(X3 — Q) = \<I>3|_(p—zl), using equation (A5) of [10]
and equation (1.6.4) of [15], we have (with K defined in (3)):

fs(X1, X2)

o Fp((_"lgr—m))rp(%i)LX |(n1 p—1) |X |("2 p— 1)|I . ‘ (n +p+1 |I _ |7(_n2+2p—+1)
Fp((n1+n3+m)> 1 2
(n1+n +n3+m (nytnotng+m) (p+1)
X / K i Q= T etr (-3 QU + ®2))
O(p) Q>0

x By (g butnetn), 1Q@, ) dQAH

r ( (n1fm) )Fp(g})rp ( (n1tnotng+m) ) 93 p(n1tna+tng+m)

(ny —p=1) (ny-p=1)
:K Fp( (n1+n3+m)) |X | |X2| 2
I _X1|_<n1+p+1>|1 _X2|_<n2+2p+1>/ 1B |- (n Fngngm) T, + By (ny g tng+m)
O(p)

x oF) ((7l1;m)a (n1+n2—2|-n3+m); (n1+7;3+m);_@1(1—p + @2)_1> dH

Note that I, + (I, — X2) ' Xo = (I, — X»)~'. Since f, (HX H',HXH') = f(X1,X>) (see Ap-
pendix), the result (2) follows. |

Remark

1. Using equation (4.4.22) pp 199 of [23], and after some simplification, the following alternative
representation of the density function of the bimatrix variate extended beta type IV distribution
follows:

(ngtngtm=p-1) (ny4ngtm=—p=1)
F(X1,X2) = CTL, X, 5T, - X, T, — Xo|

(ny ng tngtm) -
X [T, — Xy Xp| 7Ty (2, mbmanadm, it ¥ (T, — Xo) (I, — X1 X2)7!)

(6)
where 0 < X; <I,, 1=1,2and C =



2. From (6) follows that

Fp((m;rm))rp((ng;rm))
FX1,X0) = [T manrem) (X0 Xo) | sy
P\ 2 P 2

x oF) (%7 (n1+n2;rn3+m); (m+7;3+m);X1 (I, — X5) (I, — X1X2)_1)

where fBBII)V(nhnzyna‘_i_m)(Xl, X ) is the density function of the bimatrix variate beta type IV distri-
bution
(see [2]) with

fBBéV(a17a27C)(X1’X2)

.2
= {5, (349} 111X

& (p4l) (ag+e) _ (p+ (ag+e)

+1 1) (p+1) _
2 |Ip_X1| 2 2 |Ip_X2| 2 2 ‘IP_X1X2|

(a1+ag+e)
2

0 < X,; <I,, ¢=1,2. Therefore we refer to (2) as the bimatrix variate extended beta type IV
distribution.

3. For p =1, result (6) simplifies to

fBEBIV(nl,ng,ng,,m) (w1, 22)

_27;_1 (no+nz+m) . (n1+n3+m) = _ (mitnatngtm)
(1 7361) 2 (1*ZE2) 2 (1 *$1SE2) 2 (7)

K2

n
=Cr H?:l T

x oF) (%1’ (n1+n2-2&-n3+m); (n1+7;3+m). 961(1—902))

) 17931932

F(”rgns )F(n1+n2—2|-n3+m)

for 0 < z1,20 < 1, ny,n9,n3,m > 0, C* = and oF;(-) is the Gauss

()T (R )r (e ()
hypergeometric function with scalar argument. We refer to (7) as the bivariate extended beta type IV
distribution; denoted as (X1, X2) ~ BEB!V (ny,na,n3,m). This distribution (7) was obtained by [12]
after applying a transformation componentwise on the extended bivariate F distribution; proposed in

their paper.
Subsequently, the bimatrix variate extended F distribution is proposed in the next theorem.

Theorem 2 Let H;,i = 1,2,3, and E be independent, where H; ~ Wy,(n;,X), i = 1,2,3, and E ~

W, (m, X) with Re (n;) > % (p—1),i=1,2,3 and Re (m) > % (p—1) and define

[

F,=E *H,E % and F,=(H3;+E) *H,(H;+E) %, (8)
then F = (F; : Fz)' is said to have the bimatriz variate extended F distribution, with density function
given by

(nj—p ( m)

—1) nyt+no+n 3 ni+ns+nz+m ni+nsg+m -
JLF2) = O P S 4 Faf -y (e, na gt vty (1, + o))

9)

ny+m ng
By (B 5

,
Bp(5t, 52,5 m)”

where F; > 0,i=1,2, and C' =

NEN’

3

)

Proof:
We know that if U ~ B/ (n,m), then (I, — U)~'U has the matrix-variate beta type II distribution.

Now let

F, (I, — X1) 32X (I, — X1)°%

L (Ip — X9) 72 X5(I, — X5) 7>
with J(X1,Xo — F1,Fy) = |I, + F|~®D|I, + Fy| P+ expression (9) follows.
Alternatively: (9) can be proved from (8). Let X3 = E + H 3, then the Jacobian is



J(Hy,Hy,Hs,E — X1,X4,X3,E) = |E|*>|X3|*> and we have that

(n;j—p—1) (ng—p—1 (no4ng)  (p+1) (n1+m) _ (p+1)
f(FL,F2) =K|F1| 7= [Fa| "2 ) [x. 0 Jocpex, 1 X3l 2 > |E[T2 2
na—p— 1 1 10
x|I, — X B Fetr (-%z*lxg — %zflE%FIE% - 2*1X§F2X§) dEdX;; (10)
proceed now similarly as in the proof of Theorem 1 to obtain (9). |

3 Properties

In this section some characteristics of (2) and (9) will be studied. Armed with these results some
new density functions will be proposed. Firstly, in this section the product moment for the bimatrix
variate extended beta type IV distribution (see (2)) is derived, then the exact expression for the density

) Ay 1 H,
function of 7 = — where A = |————| = |X4| and Ay = |——"" = ——
v ! X4 ? H;+H;+E

2 H,+E
Secondly, the moment generating function of X ~ BEB;V (n1,ne2,n3,m) is derived, and as a result the
bimatriz variate Kummer extended beta type IV distribution is proposed. Lastly, the Laplace transform
for F ~ BEF), (n1,n2,n3,m), is obtained. Using the expression of the Laplace transform, the density
function of tr(F; + F3) is derived.

= | X | is obtained.

3.1 Density function of | X |/ |X]
Lemma 1 Suppose that X ~ BEBZ{V (n1,na,n3,m), then

E[|X1["]X )"

+1\12
|:Fp<p7>] (/{1) (Nz) b* FP(%—khl’Kl)(%)ﬁlcﬁ(Iﬂ
J1/ \J2) I J,J2 klle!FP<’ﬂ1+2p+1+hlﬁl>(%)chhup) (11)
Fp(%+h27li2)(_2—n +2p+1)N2C»;2(Ip) FP<—n1;rm7J1>Fp(n1+n2+n3+m

2 ) 6 (-1

no+p+1 n 1 nitnzt+m
Ty (—2 2p +h271€2>(—24—2p—+)J2C.12 (Ip) FP( 2 ’J1>

()T (5T () R1ky 1 a5 €1 T

0 k1 ) ko
where > = 33333 >, Cu() is the zonal polynomial corre-

K1,Kq,J1,J2;0"€J1-J2 k1=0 1 j1=0 J1 k2=0 Ky j2=0 J2 ¢*€J1-J>2

sponding to k (see [18], (a), is the generalised Pochhammer symbol of weight x and ggq]b;b is defined
in [4], equation (2.10), pp 467).

Proof:
From (4) and performing the transformation R = Xg_%EX;%, we have that E [|X1]"|X|"2] equals

(n1t+notnz+m)  (pt1) 1. (n1+m) _ (p+1) (ng—p—1)
K/ / X472 T etr (--z 1X3) IR|" = % |I,-R|” = IL3dRdX3
X3>0/0<R<I, 2

(12)
where K is defined in (3) (I3 and I5 are given below).
Consider the transformation from X; — HX;H', H € O(p), under the normalized invariant measure
dH, we have from ¢Fp (X)) =etr(X) and equation (A5) of [10] that

) (n—p—1)
1_2 _ Z Z % |X1| ny 2P +hy |Ip . X1|7(n]+217+1)
k=0 r1 = Jo<X,<I,

x / Crs (-%2—%X§Rxéz—%H(1p _ Xl)—leH’> dHdX,
O(p)

Using equations (36) pp 243 and (5) pp 259 of [25];



1

RX:x% (I, - X)Xy ) dX,

ool

Lu—p-b) o p _(n+pt1) (p) 1e—1
I :/ X, |, - X R (—52 D'e
o0<X 1 <I

Applying ([25] equation (7) pp 283; [4] equation (3.2) pp 469; [25] equation (4) pp 282), I> equals

1 1 1
0 LE"GE*%X?RX?z*%) (-r-1) . O (X
Z Z f1 | 2 3 3 / |X1|”1 2= thy m( 1)dX1
0<X1<I

k1=0 K1 ! CY’{1 (IP)
00 noy (n +p+1 % R (13)
1, () Ty (B ha ey ) (2 )"IC (1,) Z Z( )ch(+ 31(3 RXZx®Y)
- K n
P2 k1=0 r, kl!FI,(%WJrhl,m) ! im0 \J1 (A= ),,1 Cyy (Ip)

where L7 (-) is the generalised Laguerre polynomial (see [25], pp 282).
Similarly,

I3 =/ | Xo| e T, —X2|_7(n2+2p+1>etr{—%ﬁ_1X§ (T, — X2)71X ) Xé}ng
0<Xo<I

) Fp(ﬂ+h2,m)(w) K Cy(—Lm1x,)
_ ptl 2 2 2 J217 D 3
= FP ( 2 ) Z Z <n2+2p+1 ( ) Z Z ( ) (%)ch‘fg([p)

ko=0r, k2!l'p +h2,ﬁ2> J2=0 Ja
(14)
Substituting (13) and (14) in (12), using equation (36) pp 243 of [25]; follows that
r (B ) (B2 G, )
L S LA DI bl () -
[ ] [ p( 2 )} ko 2o\ kl‘pp<n;+2&1+hl,m>(%)hch(lp)
Fp(%-l‘hz,ﬂz)(—anerl)ﬁ Cry(Ip)
8 ngOZnZOJZQ <J2) k2! <w+h2 2)(@)2 C,(Ip)
K p e P
2 2 2 Jg U2 (15)
(n1+4+n +n +m) (p+1)
X/ |X3| 1tna+ng < ( 12 1X3)CJ2(__ 1X3)
X3>0
></ R[5 1, - R0, (-1 RX 5)dRAX
0<R<I,

Since (equation (57), pp 254 of [25])

Lp (5, J) Ty ()

T, (5, 1)

/ IR) ™ LR ™ F 0 (-12 T X RX Z)dR = Cr (1571 Xy),
O<R<I

it follows from ([4] equation (2.10) pp 467; [25] equation (43) pp. 248) that

/XMX3|("1*"2§”3*m>—“”¥” etr (—3371X3) Oy, (—3271X5)C), (1271 X 5)dX s
:¢*6§'J29§57J2A3>0|X3%23”*—"”%etr (—i371X3) Cpe (171X 5)dX 5 (16)
= X Ty (e, ) pu T 0 )

Substituting (16) in (15); the result (11) follows. |



A
Theorem 3 Let X ~ BEB;V (n1,m2,m) and Z = A—l where Ay = ‘H n E) |X1] and
H,
Ay = |——F——| = | X |, then the density function of Z is given b
2= ' H, T H, T E | X2 y g y
—+1 n n y.
o D) - (53 ()2 (B (ZEEL) O (1,)C0, (I,)
" O TEITE s, ey 1) R i (o Ty 6, 0000, 7)
r, n1+m)J r, nitnotnztm
(% 121+§1+m2 ¢)C¢*(_I) Ghro (|b 7:211)’ z>0
Fp(MQ_Jl) P,2p 15--502p

(17)
where +1)
aj: k + - fOI' 221,2,...,]9 ,bj:{ %‘f’k‘ly_('};l) ) fOI' j:1,2,7p

) +p+kh;p —% for i=p+1Lp+2,...,2p —F—kzjp—ptg—1 forj=p+lp+2,..
where G (-) denotes Meijer’s G-function (see [22]).
Proof:
_ . I 1 ﬁj—ll .
Let hy = h—1and he —h+1. Applying '), (a, k) =7 a+k; — 5=, ([16] equation (1.5.7)),
j=1

Meijer’s G-function, the inverse Mellin transform and ([22] equation (2.2.4) pp. 72), the required result
(17) follows. ]

3.2 Bimatrix variate Kummer extended beta type IV distribution

Lemma 2 Suppose that T = [T : Ts]'. Then under the assumptions of Theorem 1 the moment gener-
ating function of X is given by

r, (22)]° ) .
M(']I‘) = Z (9H1,A1> (9”3’/\2) K1) (K2
F"(%L T ﬂz Fp(%) K1,A1,k2,A2;J15J2;0€R1.A 50" €ERy Ay sQETL. 2 ¢ ¢ (J1)<J2)
T (50T (7507) (52), (55) Oy (I1,)Cy(—T1)Cyx (I)Cpr (—T>)
k1')\1'k2'A2'F <n1+p+1 ) <n2+p+1 @* )("1+P+1> ("2+2p+1) Cay (Ip)Cyy (Ip)Cay (Ip)Cay (Ip)
’ J1 J2
y Fp(n1+m Jl)l—‘p(w )CQ(*IP)
gJ1J2 Fp(’ﬂ] +753+m)J1>

(18)

where > :§Z§Z§ZZ iZiZ’iZ > >

, 2p.

i{l,Al,I{g,Az;Jl;Jzi,d’Glil.Al;¢*€H2.A2;Q€J1.J2 k1=0 K; A\1=0 A1 j1=0 J1 d)GI{l.Al ko=0 Ky A2=0 Ao j2=0 Ja ¢*€I€2.A2 QeJi.Ja

Proof

1 1
Similar as in theorem 3, it follows from (4) and performing the transformation R = X4 2EX, 2, that
the moment generating function of X is given as follows

M(T) = Eetr(T1X1 + TQXQ)

= K/ / | X T o (127X ) (19)
X3>0 O<R<I,

(n +7n p+1

x |R|“-SE 1, - RIS L IdRAX

where K is defined in (3) (I and I5 are given below).
Consider the transformation from X; — HX;H’', H € O(p), under the normalized invariant measure
dH, we have from ([10] equation (A5)) and ([25] equations (36) pp 243 and (5) pp 259) that I, equals

/ XL, - X e {752*%X§RX§2*%(1,, — X)X+ T1X1} dX,
0<X 1<,

=/ X,
0<X1<I

(n1+p+1)
2

SI, - X otr {T1 X1}y FP) (—%2—%X§RX§E—%, (I, - X1) ™ X, ) dX,



Applying ([25] equation (7) pp. 283; [4] equations (4) pp 259 & (2.8) pp. 467; [3] equation (3.32) pp 60;
[4] equation (2.2) pp 467; [25] equation (4) pp 282), I equals

1l 2 i 1
le 5ETIXIRXIET2

00 o) Lin,—p—
DY o (TR X417 PT O (X ), (T X)X
1(Tp) 0<X,<I
<X 1<

k‘1:0 K1 )\1:0 A1

n 1 1
Lo (500) (BH2) Oy (I,)Cn, (~T1)Cyy (— 351 XZ RXZ)

“nE) Sy Y ey v () (o) A e I
p\ 2 Ji @ kllAl!FP<m+2p+1,¢> (%)JICM(IP)CA(IP)

k1=0 Kk; A\1=0 A1 j1=0 J; ¢7€I{1.A1

(20)
Similarly, Is equals
(n 1) (no4p+1) 1 _ 1
/0<X . X, 2 |1, —XQ\—%etr{—éxgz X3 (I, — X2)71Xo) + Tgxg}dx2
1
> @) ( ao\2 Tr(F00" ) (2 0 (1,)00, (~T2)Cy (3371 X5
— 952, 2) Ko “ P np : 2 2 2
b (5 )k220r~2 20%3;0;245*652 A (J2 ¢ k2’*2!rr’<%p+l’¢*> (F2575) 5, Cna (1) O, (Ty)
(21)
Substituting (20) and (21) in (19), followed by applying ([25] equation (57) pp 254; [4] equation (2.10)
pp 467; [15] equation (1.5.12)), the result (18) follows. |

Definition The p x p symmetric positive definite random matrices X1 and Xo on the unit p-sphere
are said to have the bimatriz variate Kummer extended beta type IV distribution with parameters ni, no,
m and ¥, denoted by (X1,X32) ~ BKEB;V (n1,n2,n3,m; ¥) if their joint density is given by

n2+n3+m p—1) ‘ | n]+n3+7n p—1) | (n1+n2+n3+7n)
2

K1H|X| 1, - X, I,-X, I,— X X"

% etr [—T(X1 +X2)] o F) (ns (n1+n2-2‘rn3+m); (n1+7;3+m);X1 (Ip _ XQ) (Ip _ X1X2)_1)

3
I
9
5
|
&

o (”“ )
= Cil (0*@17/\1) (0K3A2> K1\ (K2
F (Tl F ) ( )KI,A17H2,A2,J1,J2,¢EI§A ;0 ERy NG QE T T2 ¢ ¢ <J1)(J2)

r o

() () Co(I1,)Cy (B)C g (I,)C oy ()

ﬂ2+P+1 nytp+l ng+ptl Cay(Ip)Cyy (Ip)Cny (Ip)Cry(Ip)
@ ( )Jl( 2 )J

X

2

o (50 Tn (1
kaIAg ko AoIT, ("1“’“ )

Ty (B )T, (B o) Cg(-1,)

X
gJ1J2 Fp(m +7§3+m7J1)
. . 6 (n1+'m7n_3)
The expression for K7 follows directly from (18) and C = 3 s mg.m)'
P\ 22272

3.3 Density of tr(F; + F5)

Lemma 3 Suppose that S = [S1 : Sa)’. Then under the assumptions of Theorem 2 the Laplace transform
of F is given by

r <n1+m)Fp(n1+n2+n3+m g g
L) =—-2 = 1S1]7 72 |Se] > 05"
FP(%)FI’(nlJﬂé +m) K1,K2,pEK1.Ky ¢

(%), (B22) (), erin _ _
— 20(;51’2(_3117_521)

kg ot (Z1ERa T

K1



where > i:: ; i::

K1,K2,pER1 Ky k1

> > and C’g"](-, -) denotes the invariant polynomial with two ma-
Ko QERT.K,

triz arguments (see [4]).

Proof
From (10) and performing the transformation R = X5 %EX; %, we have that the Laplace transform of
F is given by

L(S) = Eetl‘(—lel — SQFQ)

=K / [Xa] A e (1271 X) (23)
X3>0 0<R<Ip
x |R|™F-9L, — RSP I dRAX 5

where K is defined in (3) (I and I are given below).
From (equation (1.4.6) pp 19) of [15] follows that Is equals

o —p 1 1
/ || 1>etr{f (SQ+§X§2*1X§)F2}C1F2
F>>0

. (24)
Lom2
=T,(%2)|S,| " F Jixisixz|
and also I7 equals
/ Py [ F et { - (81 + 45 IXIRXIS ) Py b aF,
F1>0 (25)

no

2

~T,(3) 181 F |1, + 57 = ixiRX {2

Substituting (24) and (25) in (23), using ([25] equation (4) pp 259; [15] equation (1.6.6) pp 36); it follows
that

L(S) _ KFP(%L)Fp(_L(an)lfn(:&%I;p(—;) |S |7_2 |SQ|,_2L/ |X3‘M2ﬂ+_wz)7(p_;l)etr (*%271X3)
X3>0

_n2 1
x |1, +18;'873X,373 7 LR ("2 Jmtm mtnatm, 1Y 2w-3gT 12—%X;) dX;

(26)
Applying (equations (1) pp 258 & (4) pp 259) of [25]; it follows that L(S) equals

Dy ()0, (BT (38 )1, (2t ()., (2), (F).

K p(RID, (FOD (M) g (=52 g 1= = 3 5o
DEAFEaD 1Sa]" 7 (S| 30 X0 X X et
Ip( 5 ) k1=0 ry ko=0 k1 lka ( p) )

w1

1 —551 E_%X3) Cr, (—%E_%S;E_%X3) dX3

N

(n1+no+ng+m) _ (p+1) _
x/ X5 T etr (427 X5) O,
X3>0

Using (equation (2.8) pp 467) of [4] and (equation (3.2) pp 58) of [3], we have after simplification (22).H

Theorem 4 Suppose that S = [sI, : sI,])’. Then under the assumptions of Lemma 3, the density
function of tr(Fy + F3) is given by

nitm nitnotnzg+m
Fp( 12 )Fp( 1 22 3 ) Z 9;1’”2 (tr(F1+F2))M+k 1 tko—1

m nitnz+m
FI’( 2 )FP( 2 ) K1,K2,p€ER1.Ky

f@tr(F1+F2)) =

(), (37), (F),,

X

oyt (—1,,—1
kl!kzl(n1+g3+m) F<n1p+n2p+k +k2> ¢ ( P p)

r1
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Proof
From (22) and making use of the inverse Laplace transformation it follows that

c+i00

fir(Fy + Fs)) L / L(s)exp(s(tr(Fy + F2)))ds

2me

r, E;f?vu)rp(nl-‘rng;-ng-i-m)
D ()0 (M)

951,}@2 (TL_?l)»;l(nlgm)»;l ("_22)
[} klng[(mL’;‘sﬂ)

2

K1,R2,pERT. Ky

2O (T, - T,)

K1

c+ioco
X 5 / s~ (mptnepthithe) oxn (s(tr(Fy 4+ Fy)))ds
c—100
Therefore from equation (1) pp 238 of [13] follows the result (27). |

4 Discussion of the bivariate case

In this section we focus on the bivariate case where (X1, Xa) ~ BEB!Y (ny,n2,n3,m) with the density
function given by (7). Equivalently, (7) can be expressed as an infinite mixture of the popular Jones’
bivariate beta distribution (which was independently proposed by [20] and [29]):

T n]+7n T 7L3+7n o T ﬂ-’rk r ﬂ-’rk
fBEBIV(nl,ng,ng,m) <.'1717.'172) = F((n—zlz)l—‘()%?E)Fz%)) Z k?l‘z( n]+)7;35>7$z+k)) fBBJONES(n1+k,n2,n3+m) ($17$2)
k=0
where for 0 < z1,20 < 1,
r ajtazte a1 42 g (ag+c) 1 (a1+c)_1 _(aj+as+e)
fBBJONES(al,ag,c)(xlax2) = F(%)F(%)F(g)xf 3722 (1 - 371) 2 (1 - $2) 2 (1 - $1x2) 2 s
(28)

The following will be addressed in this section:

e The effect of the shape parameter n3 on the density function (7) is illustrated.

e The stress-strength model describes the lifetime of a component with random strength X, subjected

to a random stress X;. The measure P(X; < X3) is of interest and thus the density function of the
X

ratio Z = Yl , where (X1, X2) ~ BEB'V (ny,ny,n3,m) is studied. Figure 2 illustrates the shape

2
of this density function of Z for different values of the parameter ng.

e Tabulation of some percentage points of Z is given, see Table 1.

The programming was done by making use of built-in routines of the package Mathematica. Figure 1
illustrates the effect of the parameter ng for n3 = 0,4 and 10 when n; = m = 4 and ny, = 6 on the
bivariate extended beta type IV density function. This figure also contains the contour plots for easy
comparison. As ng increased and nq, ni, m remain constant, the density function shifts towards the x;
axes.
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ns =0 T ns =4 ns =10

Figure 1: Effect of ns on (7).

X
The density function of Z = fl for (X1,X2) ~ BEB™V (n1,ng,n3,m) (see (7)) is given in the next
2

theorem.
X
Theorem 5 Suppose that (X1, Xo) ~ BEB!V (ny,n2,n3,m), then the density function of Z = Yl is
2
given by
f) = ((n1+m)) ((n2+n3+m) iir n )I‘(w +3J +k)G1’1 |:Z o a2:| (29)
(2 )T (22 )T (% i k! 22718y By
for z > 0, where a; = —(% + k),qp = Ddiadmadtm 4 54 18 =2 4+ j+k—1and By, =
_(n1+n2;rn3+m _|_] +k’)
Proof
The proof of the density function of Z is based on the product moment of (X3, X3) and the inverse Mellin
transform. ]
Remark

X
An alternative expression for the density function of Z = == for (X1, X2) ~ BEB! (ny,na,n3,m) is:
2
for 0 < z <1,

fo) - ZET nD(mbmgedn g P 4 DREE +E) (o)
(5T (F)0(F) & T(ny + 22t o) Kl
XoFy (312 4k, W+ k + 1;nq + Z2ARadtm | 9k 2)
for z > 1,
) = Py Dt HOLC L g PN
2 2/ =0 2
x (_kl!)k o Fy (B2 4+ k1 — et n2 %).

12



Note that since p = ¢ = 2 for the G};"(.) function in (29), it is not necessary to split the domain into
0<z<1landz>1.

Zo

The percentage points z, of Z are obtained numerically by solving the equation / f(z)dz = . Evidently,

this involves computation of the Meijer’'s G-function and routines are widely Oavailable. We used the
built-in routines of the package Mathematica. Table 1 provides the numerical values of z, for different
values of parameters and «. Similar tabulations can be obtained for other values of the parameters, as
well as the upper percentiles. Note the percentage points in Table 1 confirm the shapes for the densities
in figure 2.

ng o =0.01 0.025 0.05 0.1
0.039786  0.098659 0.194604 0.378128
0.049761  0.123500 0.243952 0.475357
0.024911  0.061940 0.122754 0.240956
0.025015  0.062595 0.125387 0.251612
0.362734  0.550152 0.740030 0.976838
0.015012  0.037576 0.075310 0.151278
0.030032  0.075205 0.150838 0.303511
0.029903  0.074395 0.147569 0.290190
0.252780  0.388628 0.531727 0.716786
0.261564  0.410647 0.575883 0.805010
0.017519  0.043872 0.087994 0.177039
0.303411  0.477792 0.672716 0.948492
0.292869  0.451137 0.618720 0.839218
0.175456  0.276560 0.389742 0.548510
0.199540  0.315123 0.445135 0.628972
0.310616  0.424604 0.539504 0.689438
0.373029  0.502772 0.629632 0.790893
0.456135  0.612706 0.765111 0.960481
0.385280  0.526282 0.668507 0.855642
0.125511  0.20039  0.286764 0.413175
0.158147  0.250137 0.353973  0.501399
0.160546  0.256347 0.366930 0.529095
0.019943  0.049642 0.098564 0.194227
0.020058  0.050364 0.101484 0.206182
Table 1: The lower percentage points z, of Z.

Figure 2 illustrates the shape of the density function (29) for different values of the parameters.

NN R BRSSO R R R NDERNDNNDENDNDNNDS
—
N OO R RO R R RNENERERNRENDNDRENNDS
N
@M@%@@%%@%%M%%%MM%%M%MMM3

DO DN W s s s e B s B N R R R NN R RN NN DN RN

f(z) f(z)
s [ -

o5
[

0% & 4l At

00 oaf i/ kY
015 :
02
010 :

01} N
aos 2

Figure 2: Density (29) for (i) n1 = no= m = 1(ii) n; = no=m = 4.
The three curves in each panel are: tiny dotted line n3 = 2, large dotted line ng = 4, solid line ng = 10.
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5 Conclusion

In this paper, we introduced the bimatrix variate extended beta type IV distribution as well as the
bimatrix variate extended F distribution; both originated from "ratios" of Wishart random variates.
These are new additions to the bimatrix beta field that currently receives a lot of attention in the
literature. Some possible applications of bimatrix variate beta distributions were discussed by [7]. These
newly proposed bimatrix distributions (arising from different Wishart ratios) can serve as alternative to
the well-known bimatrix variate beta type I distribution.

Some properties of these bimatrix variate distributions in section 2, were explored and here the reader
should note the derivation of (i) the density function of the ratio of the determinants of the components
of the bimatrix variate extended beta type IV distribution; (ii) density function of the trace of the sum
of the components of the bimatrix variate extended F distribution, as well as the defining of the bimatrix
variate Kummer extended beta type IV distribution. These exact expressions for the distributions were
in terms of complex functions that are suddenly more computable due to dynamic programming and the
availability of packages and algorithms. Therefore the theory can be transformed into practice for the
user. Applications of the ratio of Wilks’ statistic, or a variation of it, for independent components was
discussed by [30], thus the potential to extend these applications to dependent components can exist.

Lastly, we shifted attention to the bivariate case (X1, X2) with focus on the density of the ratio X; /X5
since stress-strength models are important for the practioner. This study is concluded with a few open
problems that need to be addressed in future research: (i) Results for different covariance matrices, ¥; and
Y5 of the Wishart distributions, will be an interesting study; (ii) To explore the use of these expressions
in the hypothesis testing context where two samples are present; (iii) In this study the focus was only on
bounded domain, but there is always the question about results for other domains. Since matrix theory
is now a big subject with applications in many disciplines of science, engineering and finance, it is hoped
that the results in this paper will be picked up by many researchers.

6 Appendix A

The expressions in this paper are expressed in terms of Meijer’s G-function, zonal polynomials, Laguerre
polynomial, hypergeometric functions with matrix argument, or homogeneous invariant polynomials with
two matrix arguments. The reader is referred to the papers of ([3]), [4]), [6]), [17], [18], [19]) on these
functions; as well as the reference books ([15], [22], [23] and [25])).

[A.1] ([14])

Given a density function f(X), X :p x p, X > 0, the symmetrised density function is defined by [14]
as fs(X)EfO(p)f(HXH')dH, H < 0(p)

where O(p) = {H (pxp)|HH'=H'H =1,} and dH denotes the normalised Haar invariant
measure on the orthogonal group O (p) ([25], pp. 72).

[A.2]

This idea from [14] was applied by [5] in an inverse way, i.e. well-known the explicit expression of
the symmetrised density function of X,f, (X) = fo(p) f(HXH')dH. The density function f(X), is

then identified from f (H XH ’). This density obtained by applying the idea underlying, fs(X) =
fO(p) f (H XH ') dH, was termed by [5] as the nonsymmetrised density function of X.

[A.3]

Note that fs(X) = f(X)if f (HXH’) =f(X).
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