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Summary: Maximum likelihood estimation of parameter structureshia t
case of multivariate normal samples is considered. Thegoiae provides
a new statistical methodology for maximum likelihood esttiran which does

not require derivation and solution of the likelihood edoias. It is a flexible

procedure for the analysis of specific structures in meatoveand covariance
matrices — including the case where the sample size is selative to the

dimension of the observations. Special cases includerdiffevariations of

the Behrens-Fisher problem, proportional covarianceioetand proportional
mean vectors. Specific structures are illustrated withaatd examples.

1. Introduction

Estimation and testing procedures in the case of severalvamidte normal
populations with unknown and possibly unequal covarianagines have been
studied extensively in statistical literature. Maximukelihood estimation of
parameters and parametric functions in this case is oftiioudi to perform
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or often implies that the likelihood function has to be sdlveimerically. In

addition to that, the likelihood equations may have seveiats. Estimation of
the common mean vector of several multivariate normal patjonrs (Rukhin,

Biggerstaff andVangel, 2000), the multivariate Behreishé&r problem (Buot,
Hosten and Richards, 2007) and estimation of proportiamaidance matrices
(Jensen and Madsen, 2004) represent such examples.

The MIXED procedure in SAS is used widely to model data whichileit
correlation and nonconstant variability. However, “expece shows that
both the ideas behind the techniques and their softwareeimgrhtation are
not at all straightforward, and users from applied backgdswften encounter
difficulties in using the methodology effectively” (Verbelnd Molenberghs,
2009). The primary assumptions underlying the analysdsimeed by PROC
MIXED (SAS, 1999) are as follows:

e The data are normally distributed.

e The means (expected values) of the data are linear in termseitain set
of parameters.

e The variances and covariances of the data are in terms ofeaetif set of
parameters, and they exhibit a structure matching one gkthwailable in
PROC MIXED.

PROC MIXED does not allow for structural relations betweesams,
variances, and covariances of different groups. Covagiatctures are
limited. It can not be used when only the sufficient statssce available.
Modelling multivariate observations becomes very cuminees.

In this paper, a simple unified approach through a maximuseilitikod
procedure under constraints, where derivation of theilikeld equations is
not required, is proposed as a convenient method to obtamtaximum

likelihood estimates (mles) in problematic situationstsas those mentioned
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above — also in the case where the sample size is small eetatitie dimension
of the observations. It provides a method for the direct imdeof the
mean vector(s) and covariance structure(s) of randomblagebelonging to
the exponential class. Constraints are imposed on the &gealues of the
canonical statistics and not specifically on the paramébenmselves. This
allows for a much wider class of statistical problems to bdrasised than
only those that imply constraints on parameters. The exég are obtained
directly without having to derive and solve the likelihooguations. The
procedure provides a new statistical methodology for marinikelihood
estimation implying that complicated maximisation prabtecan be dealt with
in a unified way. The elegance of the procedure lies in its Baity and
flexibility. It can easily be adapted to provide for testinglastimation where
structural relationships exist amongst mean vectors acdi@riance matrices,
e.g. certain variance/covariance structures such as propal variances and
covariances within a population, or proportional (and pgagsstructured)
covariance matrices of several independent populations.

It must be stated clearly that the aim of this paper is to ohice an
alternative approach not only to maximum likelihood estiora where the
traditional is problematic, but also in standard estintaapplications. Apart
from solving problematic estimation problems, the procedprovides an
attractive alternative to existing procedures. The objeabf this paper is
not to make a comparison with competing procedures (in tee ednere there
are alternative procedures available). The examples deresd in this paper
illustrate sufficiently how complicated problems can bevedl|

In Section 2 the basic underlying theory is outlined, thecpdure is
summarised in a step by step algorithm and a very simpledotrtmry example

is given to illustrate the basic steps. In Section 3 the thémrgiven for
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independent multivariate normal samples and in Sectionatlange normal
samples are considered. Also in Section 4, Behrens-FiBladmens-Fisher
with proportional covariance matrices, and estimatiorhefrnean vectors and
covariance matrices under the assumption of equal caoelebefficients are
illustrated. In Section 5 an example is used to illustratekthsic concepts on
more than two relatively small multivariate normal samgiest published and
discussed by Grizzle and Allen (1969).

2. Maximum likelihood estimation under
constraints

The random vectot : k£ x 1 belongs to the canonical exponential family if its
probability density function is of the form (Barndorff-Néen, 1982 or Brown,
1984)

p(t.0) = a(B)b(t)exp(6't) (1)
= b(t)exp{0't—r(0)}, teR", @en

where 0 : k x 1 the canonical (natural) parameter,: k£ x 1 the canonical
statistic andX the natural parameter space for the canonical paranfet@he
function x(0) = —¢n a(0) is referred to as the cumulant generating function
or the log Laplace transform. It is important to note thatgtedistic ¢ in (1)

is a canonical statistic. It is a sufficient statistic in the regular exponential
class, it can be transformed to canonical form.

The mean vector and covariance matrix @f are given by E(t) =
(%n(@) = m and Cou(t) = %n(@) = V. The mle of m without
any constraints ism = t.

The mles of m may in general not exist, except under constraints which
are implied by a particular model. In this paper, the mlesrareobtained

from maximising a likelihood function in terms of parameater The mles
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m of m are obtained under constraints imposed on the expecteésvalu
of the canonical statistics according to the procedureridest by Matthews
and Crowther (1995, 1998). Consider the constraygiter) = 0 where g is

a vector valued function oim. Then the mle ofm under the constraints can

be obtained from

m=t—(G,V) (G\VG,,) g(t) (2)
where G,, = (“)g(m)’ G, = d9(m) and (GvVG,)" s a
om om | _,

generalised inverse of G, VG, ).

In general, the iterative procedure implies a double itenabver ¢ and
m. The first iteration stems from the Taylor series lineaiwaof g(t) and
the second from the fact th& may be a function ofm. If g(t) is a linear
function, no first iteration is necessary. Similarly, ¥ and G,, are not
functions of m, no second iteration ovefn is necessary. The procedure
is initialised with the observed canonical statistic asdtaeting value for both
t and m. Convergence is attained first oveér and then overm. The
converged value ot is used as the next approximation fes, with iteration
over m starting at the observed. The covariance matrixV may be a
function of m, in which case it is recalculated for each new valueraf in
the iterative procedure. Convergence ovet Yyields m, the mle of m
under the constraints. Note that in some instances theiowotdt is used
specifically to represent the canonical statistic and irestho represent the
converged value ot in the iterative process.

An algorithm for obtaining the mles under constraints aréiroed below:
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Step 1:  Specifyty,
the vector of observed canonical statistics

Step 2:  Lett =tg.

Step3A: Letm = t, t = t,.
CalculateG,,,, V.

Step 3B: Lett, = t.
Calculateg (t), G;.
Calculatet = t — (G, V) (G:VG],) g (t).
If (t—t,) (t—1t,) <e
(a small positive number determining the accuracy)
then go to Step 3A,
else repeat Step 3B.

Step4d  If(m—t) (m—t) <e
then convergence is attained.

The exact mles are given byn.

For the mles to exist, the number of independent constraints =
rank(G,VG.,), should equal the difference between the number of
elements of m and the number of unknown parameters of the constrained
model. Constraints need not be independent (Matthews amater, 1998).
Care should be taken that the constraints are correctlydiated. As with
any iterative procedure, choice of starting values may émfte convergence
or rate of convergence — specifically (and only) where thepdasize is small
relative to the dimension of the observations.

The asymptotic covariance matrix @k is given by
Cov(m) =V — (G,V) (Gn,VG,,) G,V (3)

which is estimated by replacing: with .
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Estimates of parameters and parameter structures impliedifferent
model(s) are obtained as a function of the elementgnf say f(m). Using
the multivariate delta method, it follows that

Cov(f (7)) = (af (m)) Cou (73) (af (m))l. @)

om om

The standard error of the estimators are givendfyf (m)), the square root
of the vector of diagonal elements 6fov(f(mm)).

The Wald statisticW = ¢'(t)(G:V G})*g(t) is a measure of goodness
of fit under the hypothesigj(m) = 0. It is asymptotically x? distributed
with v degrees of freedom.

Different models require different canonical statistics. In general,
the appropriate canonical statistics and correspondingriance matrix are
special cases of the following theoretical result and idiseti repeatedly
throughout this paper:

Suppose thay,, y,, -, y,, representn independen}lobservations ofa

random sample from &V, (s, &) distribution with 7 = 1 3"y, the sample
i=1

n

mean vector andS = 13" y,y! the matrix of mean sums of squares and
i=1

products. The likelihood function is

Ln®) = der2r) e {~berm | Sy - i - |}
= exp {np'S" N5 Y0 y) — 5rETH(E Y vy))
— 2SSy — Zin[det(27X)]}

=exp [0t — K(6)]
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with vector of canonical statisticst, and vector of corresponding canonical
parametersg, given by:

1 n
n2.Yi _ -1
t= z;ln — Y L 0= n3p
vec(% 21 Y:Y;) vee(S) —gvec(E_l)

where the matrix operatiomec creates a column vector from the columns of
its matrix argument.

Then
m my ViV
Eit)=m= = andCou(t)=V =
vec(X + pp') mo V21V
(5)
where
Vi=1s
Vo=t (Zop+pex) Lemma 1
Vip=Vy

Va=1(I+K)[ZZ+Z®pup + pp' @ 3]
(Muirhead, 1982, page 518)

where the matrixK is givenby K = Y7 .| (H;; @ H};) and H;; : px p

i,5=1
with h;; =1 and all other elements equal to zero (Muirhead, 1982, pape 90

Lemmal Vy =2 (ZT@u+peX).

n

Proof. Let z;, = y, — p wherey, ~ N(u,X).
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Va1 = Covlvec(S),y’]
=LY Covlvec(y,y)),yl]
= Cov[(y; @ y;),y]]
= 1Cov[(zi + p) @ (zi + ), (zi + p)’]
1

= 2[Cov(z; ® w, z;) + Cov(pu ® z;, z})] since Cov(z; ® z;,2;) =0

n

= 3[Cou(zi,2)) @ p+ p© Cov(z;, 27)]. M

n

2.1 Introductory example
The essence of the procedure can be described by the singdewdzere

2 . .
we have a sample mean vecgpr= 3 and sample covariance matrix
A= i ;L of size n = 10 froma N(u,X) distribution where it is

assumed that the variance of each variable is equal to imedunean. This
cannot be accomplished by PROC MIXED.
The vector of canonical statisticg, and Couv(t) are given by (5):

vec(S)

t= ( v ) and Cov(t) =V

1 1
-x —(Teut+pax)
. n n

1 1
- Eop+pex) - (I +K)[E0X+2 @ pup' + pp’ @ %]
Suppose the variances are assumed to be equal to the squeaed,me.
o1 = p3 and o2 = pi. |If the i-th element of vec(X) is indicated by

vec(X)[i] and thei-th element ofy by wfé], then
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( g:(m) )

g(m) = where

gs(m)

g1(m) = on1—pi = vee(T)[1-p[1]* = {ma — vec(mima)} [1]-ma[1],

2

)

g2(m) = 02211 = vec(B)A]-p[2]? = {ma — vec(mym])} [4]-ma[2]
with derivative

dvec(X)[1]  Ovec(X)

( Gi(m) ) Ovec(X) T om —2ull] X om

G, = =

)| el v
_ 9g(m)

Gt B om ‘m—t

The iteration process proceeds as indicated in Table 1.
In each new iteration ovemn, the observed (t,) is used as initial value fot.
The mle for & under the restrictiong1; = u? and o092 = u3 are calculated

as a function of the elements ok, namely: 1, = m; = ( 2.060 ) and

2.820
4.24
S — . 3.67
vec(X) = my — vec(mym)) = 3 67

7.95
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Table1l Double iteration process illustrated for the example intida.1

Iteration overt
Iteration Starting

over m Value 1 2 3
2 2 2.047 2.045 2.045
3 3 2.800 2.789 2.789
1 8.5 8.5 8.374 8.363 8.363
9.6 9.6 9.374 9.356 9.356
9.6 9.6 9.374 9.356 9.356
16.2 16.2 15.596 15.562 15.562
2.045 2 2.062 2.060 2.060
2.789 3 2.828 2.821 2.821
5 8.363 8.5 8.494 8.487 8.487
9.356 9.6 9.490 9.479 9.479
9.356 9.6 9.490 9.479 9.479
15.562 16.2 15.931 15.914 15.914
2.060 2 2.062 2.060 2.060
2.821 3 2.827 2.820 2.820
3 8.487 8.5 8.496 8.489 8.489
9.479 9.6 9.489 9.477 9.477
9.479 9.6 9.489 9.477 9.477
15.914 16.2 15.924 15.907 15.907
2.060 2 2.062 2.060 2.060
2.820 3 2.827 2.820 2.820
4 8.489 8.5 8.496 8.489 8.489
9.477 9.6 9.489 9.477 9.477
9.477 9.6 9.489 9.477 9.477
15.907 16.2 15.924 15.907 15.907
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3. Independent multivariate normal samples

The theory and methodology that follow can be applied for mnsnber, k&,
of samples which may stem from any experimental design. éw\of the
examples that follow in the next two sections and for the sakamplicity,
the theoretical results, an extension of the theory giveBaation 2 (cf. (5)),
are given fork = 4 multivariate normal samples. The results for genétal
follow directly.
Supposethay,,, ¥;»,- - , ¥;,, representr; independent observations of

4 independentrandom samples frak), (., X;) distributions ¢ = 1,2, 3,4).
Lety, representthe sample mean vector

Y= niz Zyij (6)

j=1

andsS; the matrix of mean sums of squares and products of-thesample
1 &
Si= ;Zyijy/ij' (7)
lj:l

Note that n; is not assumed to be larger thgn+ 1. If any of the n,; is
less thanp + 1, the mles in general do not exist unless certain restristion
on parameters are imposed. The likelihood function for theanultivariate
samples can be expressed in its canonical exponential f@foilaws:

L (py, po, pr3, pry, X1, B, B3, 3y)

Uz

> (yig — i) (w35 ui)/] }

J=1
4 — _
=[[—;exp {niﬂézi 1(__ > yij) - Eltrzi 1(__ > yijy;j)
g j=1 ng j=1

SIS ;= en[det(2r,)]

=exp [0't—r (0)] where

oy 1
= H?:l det (273;) /2 exp —§t7’2i -1
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1 m
[ ijlyli

mEy
vee(= 3" yiyh) i n
n Laj 7 ——1vec(2fl)
vec(St) 2
1 n2 )
na ijlyQJ gg n2251N2
U@C(L Zn2 oy ) _@ (2—1)
no j:1y23y2j 1)66(52) 9 vecl 24y
t: = ’0 =
L Zm : Y3 nsSy g
ns j:1y3.7 3
na vec(Ss) —Evec P
Uec(n% ijly?,jyéj) 2 (357)
y _
1 i ! naEy py
D Y
g=1 vec(Sy) n4
——wee(Z; 1)
1 n , 2
vec(a Zj:1y4jy4j)
(9)
and
My mi
vec(X1 + py py) mis
Mo ma21
vec(Ba + popy) Moo
E(t)=m= = (10)
Hs3 mai
vec(X3 + papy) m32
Ky my

vec(Xy + pypy) My2
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The covariance matrix ot (cf. (5)) is given by

Vi 0 0 0

0 V22 0 0 lil 32
0 0 Vi3 O Vi Vi,
0 0 0 Vs
(11)
and
. 1
Vi =—3;
11 n;
i 1
21 = ;(Ei@@ﬂﬂ'ﬂz‘@zi)
for i =1,2,3,4.
?12 = 51
7 1 ’ /
2= — (Ip+ K) [Si @5+ % @ p i+ p; p; @ %]
Z (12)

In the procedure (2) for estimating thg:;;, and X, under restrictions,
the vector ¢ of canonical statistics (cf. (9)) with corresponding coaace
matrix V' (cf. (11)) is used as point of departure for any model coneidle
within this framework. The algorithm given in Section 2 isthused to
obtain the mles. In each section the specific expressionargr g (m)
and G,, are given. Constraintg(m) specified will always be functions
of p; and ;. Consequently, the corresponding matrix of derivatives

= d9(m) may also be expressed as,,, = X where
om oms om

ms, = ( vec(X1), wvec(Xa), wvec(Xs), wvec(Xy) )

_dg(m) _ Omsx

Gn

Basic derivatives that will be required throughout, areftiilewing:
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o _

am—(Ip7 0pxp2s Opxps Opspzy Opxpy Opyp2, Opsp, 0pyp2)
Oy
8—m:(0pxpa 0pxp2, Iy, 0pxp2z, Opxp, Opxpz, Opxp, Opyp2)
Opes
%:(Opng, 0pxp2; Opxps  Opxp2, I,, 0pxp2;  Opxps Opxp2)
py
%:(Opwv Opxp2s Opxps Opxpzy Opxpy Opxp2, Ip, Opo2)
O _ 1y LT L LT
%—(Z P> 0pxp2, 24P 0pxp2, 14ps 0pxp2, 24P Opxpz)
(13)

wherep = (py + po + pg + py) /4.

. 1o} my

Slncew = I, ®m;1 + my ® I, andvec(X;) = myo —

i1

vec(miym,), it follows that:

Ovec(Xq)
om
Ovec(Xs)

P! om
(;’nz = :@?:1(—Ip®mil _mi1®Ip7 Ip2)7(14)
m Ovec(X3)

om

Ovec(Xy)

om

the direct sum (block diagonal structure) of the submadrice

(3[“%2 —vec(mjymii)] Olmiz — vec(mamy, )] >

6mi1 ’ 6mi2
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4. Two largeindependent multivariate normal
samples
Johnson and Wichern (1982), Nel and Van der Merwe (1986)idered
two measurements of electrical usage during on-peak angesafk hours, for
homeowners with (Population 1) and without air conditi@nifiPopulation
2) respectively. Summary statistics, namely the samplennveators vy,
sample covariance matrice4; = nl Z}Zl (yi; —¥:)(y;; —¥;)" and sample
correlation coefficientsr;, ¢ = 1,2, for samples of sizen; = 45 and
ny = 55 respectively, are given in Table 2. (The off-peak consuampts
higher than the on-peak consumption because there are ffftiqread hours in
a month). The SAS procedure MIXED can not be used in this hseg the
raw data is not available. More importantly, although PROIXED provides
for a variety of covariance structures, it does not allowdiwuctural relations
between covariance matrices. In Table 2 the results foriatyasf hypotheses
on the two mean vectors and covariance matrices are alserjiees These
hypotheses imply specific constraints but the procedurs doérequire the
maximisation of a likelihood function.

4.1 HO:/J/1:/J/2) HO:ElZEQ
The usual hypothesis of equal mean vectors with homogenemeasiance

matrices implies the constraints:

g:(m)
_ _ Hy—p
gm) = g,(m) ) - < 060(213 —UGQC(EQ) >
O _ Ony
_ om Om
with G,, = (15)
dvec(XE1)  Ovec(3)

om om
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where 5
n
8—7771,: (Ip,  Opxpzs Opxp, Opsp2)
(16)
op
3—715: (0pxp, Opxp2, 1Ip, 0p><p2)
and
Ovec(X1)  OJvec(X1) OIms
om = oms  om U Oar)
><(—Ip®m11 —my ® I, Ipz, Opzxp, Opzxpz)
(17)

Jvec(Xz)  Ovec(X2) y oms
om  Oms om

= (0p2><p2a Ip2)
X(Opzxp, 0p2 xp2, —Ip®m21 — Mo ®Ip, Ipz)

where my, = (vec(E1), wec(E3)" ). From Table 2 it follows that this

model does not fit well.

42 Hy: 3y =c¥,

Proportional covariance matrices and proportional meatove seem to be a
plausible model for this particular data set. The diffi@gdtiand limitations
traditionally encountered with maximum likelihood esttiba in the case of
proportional covariance matrices are discussed by aushiotsas Flury (1986),
Eriksen (1987), Jensen and Johansen (1987) and Jensen asdrivi2004).
Consider the hypothesi#l, : 35 = ¢X; where, for example¢ = Z—?l and
o4, denotes the variance of the first measurement iri'J-the;DopuIationl.1 Using

procedure (2), only the following slight adjustment is ma&odehe constraint
g,(m) in (15):

go(m) = vec(Xs) — cvec(Xq)
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with derivative

_ Ovec(X7) dvec(Xy) Oc
Gom = 3 am vec(zl)—am (18)
and

dc  Oc oms; oc ([ o%) 1
a—m = % X 8m where amz = ((0%1)21—1)2[17]7 O'_}IIIﬂ[l’] )

om

. p)
I,:[1,] denotes the first row off,- and e

is obtained from (17).

In Table 2, the results for the hypothesis of proportionabec@mnce matrices
are given, with no constraints imposed on the mean vectoris Model
fits well.  Note that the proportional covariances imply dqoerrelation

coefficients. This correlation coefficiefit; is also reported.

4.3 Hy:py = ps

The correlation coefficientp, which is obtained as a result of covariance
matrices being proportional, differs from the estimatedhowwn correlation
coefficient (cf. Manly and Rayner, 1987) which is obtainedewhthe
hypothesis of equal correlation coefficients is imposed dsext constraint.
This constraint, which is less restrictive than proporility of complete

covariance matrices, is given by:
1 2

glm) = p=pe = \/‘;112‘7%2 - \/;%112‘7%2
_ vec(X1)[2] B vec(X9)[2]
Vvee(Zq)[Hvee(B1)[p+2]  vece(E2)[1vec(E2)[p + 2] ’

(20)

where p, and ¢¢, the correlation and covariance respectively between on-
peak and off-peak electrical usage for populatignand o, 0%, 0%, the

elementinrow 1, 2, angh + 2 of vec(X;) respectively,
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G = —8575:;) X 6(;:5; where 8;(:;) = 8(%17;; 2) _
< I,2[2,] - I,2[1,]vec(S)[2]
Vvee(Zq)[Huee(Z1)[p+2] 2/ {vec(Z1)[1]Pvec(Eq)[p + 2]

__ Iplp+2jeE0R )
2\/1160(21)[1]{1160(21)[]9—1—2]}3’ xp

- (le 2 1,22,] - I,2[1, Jvec(S)[2]
P Svec(Za)[Mvec(Za)p+2] 24/ vec(Za)[1]}Pvec(Z2) [p+ 2]

Ie[p+ 2, Jvec(S2)[2] ) |

B 2y/vec(Ba)[1]{vec(X2)[p + 2]}3
(21)

The results are also given in Table 2.  Since the hypothesiaatabe
formulated in terms of the parameters of the means or (cavees, PROC

MIXED cannot be used in this case.

44 HQ Dy = \/E[,lll, H() . 22 = CEl
For the hypothesis of proportional mean vectoly : p, = /cu,, the
following adjustment tog, (m) is required:

Oy g 1 () D¢
om \/E(?m 2\/c Mom )
(22)

This model seems to be the proper solution to the problenedthy

g1 (m) = py—/cp, with derivativeGy,,, =

Johnson and Wichern (1982). The results are given in Table 2.
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Table2 A Behrens-Fisher problem for large multivariate samples

_ 204, _ 13 13825.3 23823) 8632.0 19616
y1: y2: A1: A2:
556. 35 23823.4 73107 19616.7 55964
ri1=0.75 ro= 0.89
Ho:ulz /LQ,HO : 21: 22
. [163.4 o (12114.41 2478738
l_j,: 2:
445.7 4787.58 72447.2
Wald =27.43)/=5, p-value <0.0001 | D1=P5=0.8367
HO:EQ:cEl
~ 204. - 13 S 16066.45 33169.95 & 7501.54 15487.47
= Ho= = o=
556. 35 33169.95 96892.97 15487.27 45239.94
Wald =4.01 /=2, p-value=0.1347 | P1=P9=0.8407
Ho: py = po
~ 204. ~ 13 S 17118.26 3313055 & 7230.82 15495,
= Ho= 3= 3o=
556. 35 33130.55 90520.39 15495.79 46880.41
Wald =4.08 /=1, p-value =0.0434 | D1=P4=0.8416
HQZ/LQZ\/E[LI, H0:22:c21
~ 199.9\ ~ 13244 & 16718.95 3465720 & 7338.72 15212,
1= Ho= Y= o=
545.17 361.19 34657.21 101122.67 15212.65 44387.42
Wald =4.19 /=4, p-value =0.3811 | C=0.4389 1=P5=0.8429

5. Morethan two relatively small multivariate
normal samples

To further illustrate the flexibility of the procedure, wensider the real data

example discussed by Grizzle and Allen (1969), Wang (1928gng and

Xu (2009). This longitudinal data set consists of coronanys potassium

concentrations measured on each of 36 dogs. The seven rae@sis on each
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dog were taken every 2 minutes from 1 to 13 minutes after semu These 36
dogs were divided into four treatment groups with = 9, no = 10, ng = 8
and ny = 9 dogs respectively. The sample mean vectgfs sample
covariance matricesA;, and sample correlation matriceR;, i = 1,2,3,4
are given in Table 3. Sample mean vectors are representptigaty in
Figure 1.

To make provision for the dependence of observations on #mes
individual, Grizzle and Allen (1969) analysed this data Isgtincorporating
into the linear model a set of covariates which are a basishefset of
linear functions of the vectors which span the within indival error space.
They assumed a common covariance matrix across individiang (1998)
presented a nested nonparametric mixed effects smootplimg @nalysis of
variance of the data. Zhang and Xu (2009) transformed this-$ample
Behrens-Fisher problem into a one-sample problem by ektgnBicheffe’s
transformation method. The resulting sample consistedgbit @bservations
with dimension 21, to which they then applied &3 norm based test.

In Sections 5.1, 5.2, 5.3 and 5.4 the method of maximum hieeld under
constraints is used to estimate different parameter strestdirectly. For the
sake of illustration only a few of several models consideserd presented in

the following sections.
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Table3 Sample mean vectors, covariance and correlation matrices

Y; A;
4.111 0.20 0.12 0.01 -0.01 0.05 0.22 0.21
4.178 0.08 0.01 -0.00 0.05 0.14 0.16
4.400 0.22 0.24 0.17 0.07 0.07
4.656 0.41 0.36 0.20 0.13
5.067 0.42 0.29 0.27
5.222 0.51 0.47
4.722 0.57
3.540 0.29 0.22 0.26 0.26 0.33 0.24 0.26
3.630 0.19 0.20 0.20 0.25 0.18 0.21
3.620 0.24 0.22 0.27 0.21 0.23
3.460 0.33 0.36 0.23 0.27
3.660 0.46 0.27 0.32
3.500 0.23 0.23
3.460 0.26
3.600 0.18 0.16 0.23 0.29 0.19 0.07 0.08
3.725 0.17 0.29 0.28 0.17 0.07 0.14
4.200 0.79 0.63 0.34 0.31 048
4.438 0.71 048 0.36 0.35
4.500 0.46 0.36 0.29
4.325 0.51 0.49
4.225 0.66
3.645 0.13 0.11 0.10 0.15 0.13 0.15 0.09
3.778 0.16 0.15 0.17 0.19 0.19 0.09
4.011 0.26 0.24 0.17 0.11 0.00
4.067 0.30 0.28 0.28 0.15
3.978 0.47 0.51 0.36
4.056 0.65 0.48
4.044 0.41
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Table3 (Continued)

Yi Ri

4.111 1 094 0.06 —-0.03 0.17 0.68 0.64
4.178 1 0.05 -0.02 0.26 0.71 0.72
4.400 1 0.79 0.57 0.20 0.19
4.656 1 0.87 0.43 0.26
5.067 1 0.62 0.56
5.222 1 0.87
4.722 1
3.540 1 093 0.97 0.85 0.90 0.95 0.96
3.630 1 0.94 0.81 0.83 0.87 0.92
3.620 1 0.79 0.82 0.90 0.93
3.460 1 091 0.84 0.93
3.660 1 0.85 0.92
3.500 1 0.96
3.460 1
3.600 1 092 0.60 0.82 0.67 0.23 0.22
3.725 1 0.79 0.82 0.62 0.25 0.42
4.200 1 0.84 0.57 0.49 0.66
4.438 1 0.84 0.59 0.52
4.500 1 0.75 0.52
4.325 1 0.84
4.225 1
3.645 1 0.75 0.56 0.77 0.52 0.52 0.38
3.778 1 0.74 0.77 0.69 0.60 0.36
4.011 1 0.85 0.48 0.27 0.00
4.067 1 0.75 0.63 0.44
3.978 1 0.93 0.82
4.056 1 0.94
4.044 1
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Figurel. Sample means

5.1 Proportional covariance matrices

Proportional covariance matrices, i.€X; = ¢;X1, ¢ = 2,3,4 where

3, =mye — pypl, 1 =1,2,3,4 require the constraints:

vec(Xg — caX)

g,(m) = vec(Xg — c3Xq) where ¢; = Zﬁ (23)

vec(Xy — 4 3)

and o4, the variance of the first measurement in tft sample. Then

dvec(Xs) dvec(Xy) Ocy
om 7 om _Uec(zl)[)—m
Ovec(Xs3) dvec(Xq) Ocs
Gin = _ _ ) 24
1 B 35~ vec(El)am (24)
dvec(Bq) ‘o dvec(E1) Uec(El)%

om

om om
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8Ci 8Ci 8m2 8m§; 81)66(21')
where = , and
om Omsxs om om om
0%1
Ocy 1 QIpz[l,] —lez[l,] lepz
Oms (011) 011
o3 1
803 _ ( 111)2Ip2[1,] 01><p2 —1Ip2
oms 011 11
4
o
dcy ( 111)2Ip2[1,] 01 xp2 01 xp2
oms 011

and I,2[1,] denotes the first row off ,».

(L]

139

are givenin (19),

015 p2

>—Aq>—l>—‘

1

01 xp2

[1,]

(25)

In Table 4, the results for the hypothesis of proportionabzmnce matrices

are given, with no constraints imposed on the mean vectorsote that

proportionality of covariance matrices implies equal etation matrices. One

concludes that the proportional model holds for this data.
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Table4 Proportional covariance matrices

w; unrestricted
H() . 22 = 0221, 23 = 0321, 24 = 0421
0.25 0.19 0.19 0.21 0.23 0.22 0.21
0.18 0.19 0.19 0.21 0.19 0.18
0.37 034 0.27 0.20 0.20
0.46 0.41 0.29 0.26
0.53 0.41 0.36
0.50 0.44
0.49

M
Il

¢y =0.61,¢3 =1.29,¢4 = 0.87
1 088 062 0.62 0.64 0.62 0.60
1 072 065 0.67 0.62 0.61
1 081 0.62 046 0.48
P, = 1 0.84 0.61 0.54
1 079 0.72
1 0.89
1

i=1,2,3,4
Wald = 49.965, v = 91, p-value = 0.9999

5.2 Behrens-Fisher with proportional covariance matrices

To simultaneously estimate the common mean vector and k&st: p, =

By = pg = py = p, the constraints implied and matrix of derivatives are:

Opy on

Uy — b om om

dgy(m) op op

= - Goy = Gop = — | 98 | _ | Y&
g>(m) M3 — B 2 2 S oo S
oo B O on

om om

(26)



MLE FOR MULTIVARIATE NORMAL SAMPLES 141

where % and 8—“ are givenin (13).
om om

The constraintyg, (m) and g,(m) can be imposed simultaneously:

g(m) = (Z;Ezg) and G,, — (glz) (27)

In Table 5 Behrens-Fisher is illustrated under the assumpbf
proportional covariance matrices. The model does not fil. wefor this
example, for the sake of interest, the standard error ofdtimates,o ( f(m))

are given in Table 6.

Table 5. Behrens-Fisher and proportional covariance matrices

Ho:py = py=p3=py=p
Hy: 39 =X, X3 =33, Xy = 43
i’ = (3.691, 3.794, 3.975, 4.02, 4.16, 4.125, 3.993)

0.32 0.26 0.27 033 0.38 0.40 0.33
0.25 0.27 031 035 035 0.30

0.53 0.55 0.49 045 0.40

0.79 0.75 0.68 0.57

0.93 0.86 0.70

1.05 0.86

0.82

M
Il

¢y =0.60,¢3 = 1.10,¢4 = 0.71

1 090 0.65 0.65 0.69 0.67 0.64
1 075 069 072 0.69 0.67
1 085 0.69 0.59 0.60
P; = 1 088 074 0.70
1 087 0.80
1 092
1

i=1,2,3,4
Wald = 274.178, v = 108, p-value = 0
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Table 6 Asymptotic standard errors of the estimated parameters

(i) 5%
0.084 0.626 0.581 0.672 0.758 0.818 0.844 0.763
0.074 0.566 0.665 0.743 0.802 0.826 0.745
0.108 0.872 0.935 0.952 0.954 0.875
0.131 1.078 1.108 1.098 0.995
0.143 1.218 1.21 1.092
0.152 1.289 1.163
0.134 1.092
0.084 0.622 0.578 0.668 0.753 0.812 0.837 0.757
0.074 0.563 0.661 0.738 0.797 0.82 0.74
0.108 0.863 0.926 0.943 0.945 0.868
0.131 1.063 1.094 1.084 0.983
0.143 1.2 1.192 1.078
0.152 1.267 1.145
0.134 1.076
0.084 0.628 0.583 0.674 0.76 0.82 0.846 0.765
0.074 0.567 0.666 0.744 0.804 0.828 0.747
0.108 0.875 0.939 0.955 0.957 0.878
0.131 1.084 1.114 1.103 0.999
0.143 1.226 1.217 1.097
0.152 1.298 1.17
0.134 1.099
0.084 0.623 0.579 0.669 0.754 0.813 0.839 0.759
0.074 0.563 0.662 0.739 0.798 0.822 0.742
0.108 0.866 0.928 0.945 0.947 0.869
0.131 1.067 1.097 1.088 0.986
0.143 1.204 1.197 1.081
0.152 1.272  1.15
0.134 1.08
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5.3 Proportional mean vectors and proportional covariance
matrices

In Figure 1, the group means are given. No general trend isrebd but

the mean vectors may also be modelled as being proportioraat average

mean vector, u, but differing with a constant value, i.qu; = d;p + a1,

Hi1 — M2

1=1,2,3,4 wherea; = pu;; —d;pq, d; = » H;; thej-th element

)
of thei-th mean vectoru; and y; thej-th element ofu.

Mo — dopp — asl

This is formulated asg,(m) = | pg —dsp —asl with matrix of
gy — dapp —agl
derivatives
Opy _ g, 08 02 00z
om >om om om
o op ads das
G = et RN Mt e AU Baai:) 28
! om " Lom  Pam 19 (28)
Oms _y om  Odi 0as
B Yom Tom T om
where
1 9 (o1 — pag) O
dds -z _ _ M1 m22) T _
ogaz o1 — M P — Ho)
om (1 = pi2) 8m( a 22) (11— p2)? (?m( ! 2
dds | 1 0 _ (g —psp) O,
om (/Ll _ ,LLQ) om (:u31 :u32) (/Ll _ ,LL2)2 om (Ml :u2)
9dy 1 9 (g1 — Hy2) O
9m T a1 T Hg2) T 5 A M — M
om ) 8m( . 12) (11— p2)? (?m( ! 2()29)

and
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Oasg Oty Oy Ods
om Yom  ®2om  Mam
Jas Opigy Oy dds
hudalid = P Mudlat S ac ] 30
om 1 om ds om i om (30)
Oay Opiyq Oy 0dy
om 1 om da om i om
. Oui; Opg , ou,; Op;  Op . .
th —2 = —=“[4,] thej-th f—— (cf. (13)),=—2L = =——[4,] thej-th

row of 22 (cf. (13)).
om

Results are given in Table 7. The smoothing effect of this ehoghich
fits quite well, is illustrated in Figure 2.

This solution follows the trends observed in the data verly avel provides
the mles which are obtained by direct modelling of the meastors and
covariance matrices.
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Table 7 Proportional mean vectors and proportional covarianceioest

HO P Mo = dQH + (IQ]_, M3 = dgﬂ + 61,3]_7 Kty = d4ﬂ + a41
HO : 22 = 6221, 23 = 6321, 24 = 6421
7 = (3.765, 3.829, 4.012, 4.142, 4.304, 4.333, 4.13)
dy = 0.186,d3 = 1.294,dy = 0.562,dy = 2.875,d3 = —1.218, G, = 1.673
024 0.17 0.16 0.19 021 021 0.19
0.17 0.17 0.17 0.19 0.17 0.16
0.36 0.33 0.26 0.18 0.19
0.46 0.39 0.28 0.26
0.50 0.38 0.34
0.49 0.43
0.48

2 =0.70,¢3 = 1.35,¢4 = 0.94,¢; = 0.71

1.00 0.87 0.56 0.56 0.62 0.61 0.57

1.00 0.68 0.59 0.66 0.59 0.58

R 1.00 0.80 0.60 0.42 0.47
P; = 1.00 0.82 0.59 0.55
1.00 0.77 0.70

1.00 0.89

1.00

™M
Il

i=1,2,34
Wald = 95.961, v = 105, p-value = 0.7245
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Figure2. Proportional means assuming proportional covarianceiceatr

5.4 Proportional mean vectorsand proportional covariance
matrices with Toeplitz correlation structure

As a further illustration of the flexibility of the procedyneroportionality of

elements along the diagonals of the covariance matrix wighich population

is imposed additionally. Let the matriceS; and C3 select fromuvec(X;)

the elements ofX; as indicated by the upper and lower triangles7 (and

C;, respectively) in Figure 3.
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Figure3. Proportional submatrices.

Impose the additional constraints:
Csvec(X) — e1Crvec(Xq)

Civec(Xs) — eaCrvec(Xs2) i
gs(m) = with e; = =22, i=1,2,3,4.
Civec(X3) — e3Crvec(X3) 1

Csvec(Xy) — eaCrvec(Xy)
(31)

The required matrix of derivatives is
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Oe
C3 —€1C1 — Clvec(El) 87’)’7;;
Cg —6201 —Clvec(ZQ)aaeQ
a _0g3(m) Omsx h 93( mx
3m — Wi
oms; =~ Om oms Oes
C3 —€3C1 — Clvec(Eg) amz
Oe
C3 —€4C1 — Clvec(24) 8m42
(32)
with 2™= givenin (14) and
om
1
dex L 2] - 22 1.0,
6mg U%l P (0%1)2 b
dea 1 T35
—I:p+2,| — —==1,]1,
oms ot ’ v ] (01)? anl (33)
des 1 o3
—1I,2 21— —2 1.0
Oms 0?1 P p+2,] (0?1)2 P (1,]
(964 1 0'4
—1 2[p+27] - i‘l’ 2[17]
omz oh " Ca

Note thato, is the element in row + 2 of vec(X;). This yields a Toeplitz

correlation structure common to all four populations, i.e.

L pr po Py Ps Po
L pr pa p3 Py Ps

L pr pa p3 py

L pr p2 p3

Lopr po

L p
1

(34)
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Proportionality of these submatrices has the implicatiat proportionality
of the elements on the main diagonal and the first row of eagulption
covariance matrix is now sufficient to specify the full set @quired
constraints.  The constraing, (m) is adjusted by pre-multiplying each
vec(X;) with a matrix B which selects only the main diagonal elements
o;; and elements in the first rowry;, j = 1,2,..p from the respective

covariance matrices.

Then
Buec(Xsy) — coBvec(Xy)
g(m) = Buec(X3) — cgBvec(X1) |,
Buec(Xy) — c4Bvec(Xy)
Ovec(Xs) Ovec(Xy) Oca
B B cB B Bvec(El)%
Ovec(X3) Ovec(Xq) Ocs
G = - - - 35
1 B B csB m Bvec(zl)am (35)
Ovec(Xy) Ovec(Xy) Ocy
B B cuB B Bvec(El)%
where M and dei are given in (14) and (25) respectively.
om om
g:(m) Gim
The constraintg(m) = | go(m) | with G,, = | G2, | are imposed
g3(m) Gsm

simultaneously.
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The model (cf. Table 8) does not fit very well as is to be exmbcie
inspection of the sample correlation matrices (cf. Tablet3pwever, it serves

to illustrate how more complicated structures can be mededhsily.

Table8 Proportional mean vectors and proportional covarianceioest
with Toeplitz correlation structure

Hoi[LQ: dQ/L—FQQ]_, 3= dg/L—Fag]_, Ha= d4,u—|—a41
Hp: 3p = 231,33 = 331, 34 = 431
Hy:CY =e;,C¥,i=1,2,3,4

I'=(3.744, 3.813, 4.0168, 4.155, 4.291, 4.322, 4.134)

d2=0.0237, d3=1.471, d4=0.709, 42=3.473, G3=—1.828, 44=1.039

0.28 0.24 0.20 0.19 0.22 0.25 0.23
0.32 0.27 0.23 0.22 0.25 0.28
0.36 0.31 0.26 0.25 0.28

S = 0.41 0.35 0.29 0.29
0.47 0.40 0.33
0.53 0.45
0.61
Ty = 058,03 = 1.29, 04 — 0.78,¢; = 1.14
1.00 0.80 0.63 0.57 0.60 0.64 0.57
1.00 0.80 0.63 0.57 0.60 0.64
~ 1.00 0.80 0.63 0.57 0.60
P, = 1.00 0.80 0.63 0.57
1.00 0.80 0.63
1.00 0.80
1.00

i=1,2,34
Wald = 148.441, v = 119, p-value = 0.0349
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6. Conclusion

Although some problems of this nature can be solved nunibrieathin
the mixed model framework, we believe that the approachgseg in this
paper provides a natural and elegant way of analysing pmbte this kind.
A solution is provided to maximum likelihood estimation ptems where
normally the likelihood equations do not exist or are hardedve and solve.
Mean and covariance structures are modelled directly. Aewidass of
problems can be addressed in this way. One is not restrictadixed set of
patterned covariance structures. Proportionality ofareasés and/or covariance
matrices are easily accommodated. The procedure has #etiadto provide
maximum likelihood estimates in cases where the traditiapproach through
likelihood equations and maximisation thereof are inable and complicated.
The potential for extension of this procedure to other naaltate structures,
e.g. MANOVA, multivariate longitudinal data, dependentltivariate normal

populations and other distributions in the exponentiagd<ia obvious.
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