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We prove Paul Lévy’s celebrated martingale characterization of Brownian mo-
tion. Let us recall here that if (Xt)t≥0 is a Brownian motion in R, then both
(Xt)t≥0 and (X2

t − t)t≥0 are martingales. Next, assume that a real-valued
stochastic process (X)t≥0 with continuous sample paths satisfy:

• (Xt)t≥0 is a martingale; and

• (X2
t − t)t≥0 is a martingale.

It turns out that this property characterizes Brownian motion.

The main source for much of the discussion is Stromberg [4]. Firstly, a
few concepts underlying Lévy’s theorem are given, which includes refer-
ence to some of Doob’s inequalities. Lastly, the proof of Lévy’s theorem is
given.
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1 Introduction

The main task of this dissertation is to prove Paul Lévy’s characterization
of Brownian motion. It is a fact that every real - valued Brownian motion
(Xt)t≥0 satisfies

(i). (Xt)t≥0 is a martingale;

(ii). (X2
t − t)t≥0 is a martingale.

Lévy shows in his theorem that whenever a real - valued stochastic pro-
cess (Xt)t≥0 with continuous sample paths satisfies (i) and (ii) above, then
(Xt)t≥0 is a Brownian motion. The proof given by Stromberg [4] of Lévy’s
theorem was used as the building block of the proof that appears in this
dissertation.

Section 2 states the basic definition of a Brownian motion. In section 3
introductory theorems are proved which form the basis of the proof of the
objective of the dissertation: the proof of Lévy’s theorem in section 4.

2 Basic definitions

Definition 1. We fix a probability space (Ω,F, P ). A stochastic process is a
measurable function on Ω× [0,∞) into R. The value of a stochastic process
X at time t is the random variable X(·, t) : Ω 7→ R.

Definition 2. A standard Brownian motion is a stochastic process X de-
fined by the properties:

BM 1: X0(ω) = 0 ∀ω ∈ Ω;
BM 2: stationary increments: for any times t and s > t, Xs −

Xt is normally distributed with mean zero and vari-
ance s− t;

BM 3: independent increments: for any times t0, . . . , tn such
that 0 ≤ t0 < t1 <, . . . < tn < ∞, the random variables
X(ω, t0), X(ω, t1) − X(ω, t0), . . . , X(ω, tn) − X(ω, tn−1)
are independently distributed; and

BM 4: continuity: for each ω ∈ Ω, the sample path t 7→ X(ω, t)
is continuous.

1

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



3 Introductory theorems

Theorem 3. Let (Ω,F, P ) be a probability space and G a σ-subalgebra of F. Sup-
pose f, g : Ω 7→ [0,∞] are F-measurable. Then 1 < p <∞, q = p

p−1
implies

(i). E(fg|G) ≤ E[(fp|G)]
1
p E[(gq|G)]

1
q a.s., and

(ii). [E((f + g)p|G)]
1
p ≤ [E(fp|G)]

1
p + [E(gp|G)]

1
p a.s.

Proof. First suppose that f and g are simple functions. Without loss of gen-
erality we may assume there exist disjoint A1, A2, · · · , An ∈ F and nonneg-
ative real numbers α1, α2, . . . , αn, β1, β2, . . . , βn such that f =

∑n
j=1 αjχAj

and g =
∑n

j=1 βjχAj
. Note that some αj and βj, j = 1, . . . , n may be zero.

Let hj = E
(
χAj

|G
)

for j = 1, 2, . . . , n. By definition hj : Ω 7→ [0, 1] is
G−measurable. Then

E(fg|G) = E

(
n∑

j=1

αjβjχAj

∣∣∣G)

By linearity it follows that

E(fg|G) =
n∑

j=1

αjβjE(χAj
|G)

=
n∑

j=1

αjβjhj

=
n∑

j=1

(αjh
1
p

j )(βjh
1
q

j )

Hölder’s inequality gives

E(fg|G) ≤ [
n∑

j=1

αp
jhj]

1
p [

n∑
j=1

βq
jhj]

1
q

= [E(fp|G)]
1
p [E(gq|G)]

1
q (1)
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which completes the proof of the conditional expectation form of Hölder’s
inequality. To prove the conditional expectation form of the Minkowski
inequality we see that

[E((f + g)p)|G)]
1
p =

[
n∑

j=1

(αj + βj)
phj

] 1
p

=

[
n∑

j=1

(
αjh

1
p

j + βjh
1
p

j

)p
] 1

p

by the classical Minkowski inequality it follows that

[E((f + g)p)|G)]
1
p ≤

[
n∑

j=1

αp
jhj

] 1
p

+

[
n∑

j=1

βp
jhj

] 1
p

= [E (fp|G)]
1
p + [E (gp|G)]

1
p (2)

We have now proved that (i) and (ii) hold if f and g are simple functions.
Assume now that f and g [0,∞]-valued F-measurable functions on Ω.

Then there exist non-decreasing sequences {fn} and {gn} of [0,∞)-valued
simple measurable functions on Ω such that

f(ω) = lim
n
fn(ω) and g(ω) = lim

n
gn(ω) (3)

The sequences {φn} and {ψn} defined by φn = E (fngn|G) andψn = E ((fn + gn)p |G)
are non-decreasing, so their respective pointwise limits φ and ψ exist and
are G-measurable. For all A ∈ G we have by Lebesgue’s Monotone Con-
vergence Theorem∫

A

φ dP = lim
n→∞

∫
A

φn dP = lim
n→∞

∫
A

fngn dP =

∫
A

fg dP

and

∫
A

ψ dP = lim
n→∞

∫
A

ψn dP = lim
n→∞

(fn + gn)p dP =

∫
A

(f + g)pdP.

This proves that φ = E (fg|G) and ψ = E((f + g)p|G). By the preceding
paragraph we have

φn ≤ [E (fp
n|G)]

1
p [E (gq

n|G)]
1
q ≤ [E (fp|G)]

1
p [E (gq|G)]

1
q

3
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where the first inequality follows from the deduction of (1) and the second
inequality from the fact that fn ≤ f and gn ≤ g. We also have

ψn ≤ [E (fp
n|G)]

1
p + [E (gq

n|G)]
1
q ≤ [E (fp|G)]

1
p + [E (gq|G)]

1
q

where the first inequality follows from (2) and the second from the fact
that fn ≤ f and gn ≤ g.

If we now let n→∞, we obtain (i) and (ii).

Theorem 4 (Doob’s inequalities). Let (Ω,F, P ) be a probability space and let
F1 ⊂ F2 · · · ⊂ Fn be σ-subalgebras of F. Suppose f1, f2, . . . , fn ∈ L1 satisfy

• fk is real-valued and Fk−measurable for k = 1, 2, . . . , n and

• E (fk+1|Fk) = 0 for k = 1, 2, . . . , n− 1.

Write

S0 := 0, Sk := f1 + f2 + · · ·+ fk, 0 ≤ k ≤ n

Mn := max
1≤k≤n

{Sk}, M∗
n := max

1≤k≤n
{|Sk|}.

Then 1 < p <∞, q = p
p−1

implies

(i). ‖M+
n ‖p ≤ q‖S+

n ‖p and

(ii). ‖M∗
n‖p ≤ q‖Sn‖p

Proof. Note that we use the notation f+ = sup{f, 0}.

We now have

E (Sn|Fk) = E (f1 + f2 · · ·+ fk + fk+1 + · · ·+ fn|Fk)

By linearity of conditional expectation we get

E (Sn|Fk) = E (f1 + f2 · · ·+ fk|Fk) + 0

4
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Since fk is Fk-measurable we have

E (Sn|Fk) = f1 + f2 + · · ·+ fk

= Sk. (4)

Fix t > 0 and set A1 = {ω ∈ Ω : S1(ω) ≥ t} and

Ak = {ω ∈ Ω : S1(ω) < t} ∩ {ω ∈ Ω : S2(ω) < t} ∩ · · · ∩
{ω ∈ Ω : Sk−1(ω) < t} ∩ {ω ∈ Ω : Sk(ω) ≥ t}, 2 ≤ k ≤ n.

It is clear that Ak ∈ Fk. This follows from the measurability of Sk. The sets
Ak are also disjoint and {ω ∈ Ω : Mn(ω) ≥ t} =

⋃n
k=1Ak. Therefore

∫
{ω∈Ω:Mn(ω)≥t}

S+
n (ω)P (dω) ≥

∫
{ω∈Ω:Mn(ω)≥t}

Sn(ω)P (dω)

=

∫
Sn

k=1 Ak

E (Sn|Fk)P (dω)

Since the Ak’s are disjoint we can use summation

=
n∑

k=1

∫
Ak

Sk(ω)P (dω)

≥
n∑

k=1

tP (Ak) (5)

To explain (5) we see that the relation 0 ≤ tχAk
≤ Sk(ω)χAk

≤ Sk(ω) im-
plies that ∫

tχAk
P (dω) ≤

∫
Ak

Sk(ω)P (dω) ≤
∫
Sk(ω)P (dω).

Since
∫
tχAk

P (dω) = tP (Ak), we conclude therefore that∫
{ω∈Ω:Mn(ω)≥t}

S+
n (ω)P (dω) ≥ tP ({ω ∈ Ω : Mn(ω) ≥ t})

From the above, the following inequality is obvious

P ({ω ∈ Ω : Mn(ω) ≥ t}) ≤ 1

t

∫
{ω∈Ω:Mn(ω)≥t}

S+
n (ω)P (dω). (6)

5
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Note that

E((M+
n )p) =

∫ ∞

0

ptp−1P(M+
n ≥ t)dt.

To show this, wee see that

∫ ∞

0

ptp−1P (M+
n ≥ t)dt =

∫ ∞

0

ptp−1

∫
Ω

χ{ω∈Ω:M+(ω)≥t}P (dω)dt

By Fubini’s theorem we get∫ ∞

0

ptp−1P (M+ ≥ t)dt =

∫
Ω

∫ ∞

0

ptp−1χ{ω∈Ω:M+(ω)≥t}dtP (dω)

=

∫
Ω

∫ M+
n

0

ptp−1dtP (dω)

=

∫
Ω

(M+
n )pP (dω)

= E((M+
n )p)

From the above it follows that

‖M+
n ‖p

p =

∫ ∞

0

ptp−1P (M+
n ≥ t)dt.

It is clear from (6) that P ({ω ∈ Ω : M+
n (ω) ≥ t}) ≤ P ({ω ∈ Ω : Mn(ω) ≥ t}).

This allows us to write

‖M+
n ‖p

p ≤
∫ ∞

0

ptp−2

∫
{ω∈Ω:M+

n (ω)≥t}
S+

n P (dω)dt

= p

∫
Ω

S+
n

∫ M+
n

0

tp−2dtP (dω)

(by Fubini’s theorem)

= p

∫
Ω

S+
n ·

(M+
n )p−1

p− 1
P (dω)

By Hölder’s inequality we get

‖M+
n ‖p

p ≤
p

p− 1
‖S+

n ‖p ·
(∫

Ω

|M+
n |(p−1)qP (dω)

) 1
q

= q‖S+
n ‖p · ‖M+

n ‖p−1
p .

6
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This yields (i) as desired.

We will now prove (ii). Write E1 = {ω ∈ Ω : S1(ω) ≥ t} and F1 = {ω ∈
Ω : S1(ω) ≤ −t}. These sets are obviously measurable with respect to F1.
Further to this, we will write

Ek = {ω ∈ Ω : |S1(ω)| ≤ t} ∩ {ω ∈ Ω : |S2(ω)| ≤ t} ∩ · · · ∩
{ω ∈ Ω : |Sk−1(ω)| ≤ t} ∩ {ω ∈ Ω : Sk(ω) > t}, 2 ≤ k ≤ n

and

Fk = {ω ∈ Ω : |S1(ω)| ≤ t} ∩ {ω ∈ Ω : |S2(ω)| ≤ t} ∩ · · · ∩
{ω ∈ Ω : |Sk−1(ω)| ≤ t} ∩ {ω ∈ Ω : Sk(ω) < −t}, 2 ≤ k ≤ n.

Since the sum of random variables is a random variable, it follows that
Si, i = 1, 2, . . . , n is measurable and it follows that Ek and Fk as defined
above are measurable with respect to Fk. Also, defining Ek and Fk as we
did above, it is obvious that these 2n events are also pairwise disjoint, and
we can write

{ω ∈ Ω : M∗
n(ω) ≥ t} =

(
n⋃

k=1

Ek

)
∪

(
n⋃

k=1

Fk

)
.

∫
{ω∈Ω:M∗

n(ω)≥t}
|Sn|P (dω) =

∫
{(

Sn
k=1 Ek)∪(

Sn
k=1 Fk)}

|Sn|P (dω)

≥
∫
{(

Sn
k=1 Ek)∪(

Sn
k=1 Fk)}

Sn P (dω)

As in the proof of (i),

∫
{(

Sn
k=1 Ek)∪(

Sn
k=1 Fk)}

Sn P (dω) =
n∑

k=1

(∫
Ek

Sk P (dω) +

∫
Fk

Sk P (dω)

)
As we are only integrating negative Sk as specfied in the definition of Fk

we can write∫
{(

Sn
k=1 Ek)∪(

Sn
k=1 Fk)}

Sn P (dω) =
n∑

k=1

(∫
Ek

Sk P (dω) +

∫
Fk

−Sk P (dω)

)
≥ tP(M∗

n ≥ t).

7
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Then we can write

‖M∗
n‖p

p ≤
∫ ∞

0

ptp−2

∫
{ω∈Ω:M∗

n(ω)≥t}
SnP (dω)dt

By Fubini’s theorem we get

‖M∗
n‖p

p ≤ p

∫
Ω

Sn

∫ M∗
n

0

tp−2dtP (dω)

= p

∫
Ω

Sn ·
(M∗

n)p−1

p− 1
P(dω)

By Hölder’s inequality we get

‖M∗
n‖p

p ≤
p

p− 1
‖Sn‖p ·

(∫
Ω

|M∗
n|(p−1)qP(dω)

) 1
q

= q‖Sn‖p · ‖M∗
n‖p−1

p .

This yields (ii) as desired.

Remark 5. Please note that Theorem 4 holds for any σ-finite positive mea-
sure.

Theorem 6. Let (Ω,F, P ) be a measure space and let F0 ⊂ F1 · · · ⊂ Fn be
σ-subalgebras of F. Suppose f0, f1, f2, . . . , fn ∈ L1 satisfy

• fk is real-valued and Fk−measurable for k = 0, 1, . . . , n and

• E (fk+1|Fk) = 0 for k = 0, 1, . . . , n− 1.

Write

S0 := 0, Sk := f0 + f1 + · · ·+ fk, 0 ≤ k ≤ n

Mn := max
0≤k≤n

{Sk}, M∗
n := max

0≤k≤n
{|Sk|}.

Then 1 < p <∞, q = p
p−1

implies

(i). [E((M+
n )p|F0)]

1
p ≤ q [E((S+

n )p|F0)]
1
p a.s. and

8
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(ii). [E((M∗
n)p|F0)]

1
p ≤ q [E(|Sn|p|F0)]

1
p a.s.

Proof. Let A ∈ F0 and define PA on F by PA(E) := P (E∩A). Then PA(∅) =
0. Furthermore, if {Ei} is a sequence of disjoint sets in Ω that belongs to F

with
⋃∞

i=1Ei = E then

PA(E) = P (A ∩ E)

= P (A ∩ (E1 ∪ E2 ∪ · · · ))
= P ((A ∩ E1) ∪ (A ∩ E2) ∪ · · · )

Then by the additivity of P we get

PA(E) = P (A ∩ E1) + P (A ∩ E2) + · · ·

=
∞∑
i=1

P (A ∩ Ei)

=
∞∑
i=1

PA(Ei)

So, PA is a measure on (Ω,F). Note that we are not proving, at this stage,
that PA is a probability measure. Also,

∫
A
hdP (dω) =

∫
Ω
hdPA(dω) for any

nonnegative F0−measurable h on Ω.We can see this by assuming first that
h is a simple function,

h =
n∑

i=1

hiχEi

where h1, . . . , hn are real numbers and E1, . . . , En are as defined above,
then

∫
A

hdP (dω) =
n∑

i=1

∫
A

hiχEi
P (dω)

=
n∑

i=1

∫
Ω

hiχEi∩AP (dω)

=
n∑

i=1

hiP (Ei ∩ A)

9
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and ∫
Ω

hPA(dω) =
n∑

i=1

∫
Ω

hiχEi
PA(dω)

=
n∑

i=1

hiPA(Ei)

=
n∑

i=1

hiP (Ei ∩ A).

We conclude therefore that for simple functions that the relation below
holds:

∫
A

hP (dω) =

∫
Ω

hPA(dω). (7)

Next, any nonnegative Borel function h can be approximated by a non-
decreasing sequence of simple functions. For such an h the result follows
by Lebesgue’s Monotone Convergence Theorem of integrals. Finally, this
implies the desired equality for all Borel functions h, since each can be split
into its positive and negative parts, h = h+ − h−, where h+, h− ≥ 0.
We have from Theorem 4 that


C︷ ︸︸ ︷∫

Ω

(M+
n )p P (dω)


1
p

≤ q


D︷ ︸︸ ︷∫

Ω

(S+
n )p P (dω)


1
p

.

If A ∈ F0 and using (7) we can write

C =

∫
Ω

(M+
n )p PA(dω) =

∫
A

(M+
n )p P (dω)

and

D =

∫
Ω

(S+
n )p PA(dω) =

∫
A

(S+
n )p P (dω).

It follows that

(∫
A

(M+
n )p P (dω)

) 1
p

≤ q

(∫
A

(S+
n )p P (dω)

) 1
p

.

10
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That is,

∫
A

E((M+
n )|F0)P (dω) =

∫
A

(M+
n )p P (dω)

≤ qp

∫
A

(S+
n )p P (dω)

= qp

∫
A

E((S+
n )|F0)P (dω) ∀A ∈ F0.

If we apply the above equation to the F0−sets

Ak := {k ≥ E((M+
n )|F0) > qpE((S+

n )|F0)} (8)

and get P (Ak) = 0, valid for every k ∈ N. Thus P
(⋃

k∈NAk

)
= 0 and that

is what is said by (i). To prove (ii), we see that

[∫
A

(M∗
n)pdP

] 1
p

≤
[∫

A

(Sn)pdP

] 1
p

that is ∫
A

E((M∗
n)p|F0)dP =

∫
A

(M∗
n)pdP

≤ qp

∫
A

(Sn)pdP

= qp

∫
A

E((Sn)p|F0)dP ∀A ∈ F0.

Apply this to the F0−sets

Ak := {k ≥ E((M∗
n)|F0) > qpE((Sn)|F0)} (9)

and get P (Ak) = 0, valid for every k ∈ N. Thus P
(⋃

k∈NAk

)
= 0.

Theorem 7. Letm ∈ N, and (F)m
k=0 be a filtration of (Ω,F,P), and let (Mk)

m
k=0 ⊂

L∞ be a real-valued martingale adapted to this filtration with M0 = 0. For
i ∈ N, 1 ≤ k ≤ m define

fk := Mk −Mk−1, M∗
k := max

1≤j≤k
|Mj|, and Ei,m :=

m−1∑
k=0

E(|fk+1|i|Fk).

11
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Then there exists a finite constant K independent of m and p ∈ N such that
for every even p ∈ N we have

[E((M∗
m)p|F0)]

1
p ≤ Kp max

2≤i≤p

[
E(E

p
i
i,m|F0)

] 1
p

a.s. (10)

Proof. Fix p ∈ N, p even. Let m be given, 1 ≤ k ≤ m. Then

E(Mp
k |F0) = E((Mk−1 + fk)

p|F0), from the definition of fk

By linearity and the fact that (a+ b)n = an +
∑n

i=1

(
n
i

)
an−ibi we get

E(Mp
k |F0) = E(Mp

k−1|F0) +

p∑
i=1

(
p

i

)
E(Mp−i

k−1f
i
k|F0),

= E(Mp
k−1|F0) +

p∑
i=1

(
p

i

)
E(E(Mp−i

k−1f
i
k|Fk−1)|F0)

(by the Tower Property)

= E(Mp
k−1|F0) +

p∑
i=1

(
p

i

)
E(Mp−i

k−1E(f i
k|Fk−1)|F0)

(since Mk−1 is Fk−1−measurable)

= E(Mp
k−1|F0) +

p∑
i=2

,

(
p

i

)
E(Mp−i

k−1E(f i
k|Fk−1)|F0)

(since E(f1
k |Fk−1) = 0)

≤ E(Mp
k−1|F0)

+

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fk|i|Fk−1)|F0), 1 ≤ k ≤ m.
(11)

If we assume that k = m in (11) we get:

E(Mp
m|F0) ≤ E(Mp

m−1|F0) +

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fm|i|Fm−1)|F0) (12)

12
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And if k = m− 1 in (11) we have

E(Mp
m−1|F0) ≤ E(Mp

m−2|F0) +

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fm−1|i|Fm−2)|F0)

Substituting E(Mp
m−1|F0) into (12):

E(Mp
m|F0) ≤ E(Mp

m−2|F0) +

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fm|i|Fm−1)|F0)

+

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fm−1|i|Fm−2)|F0)

After simplifying we get

E(Mp
m|F0) ≤ E(Mp

m−2|F0) +

p∑
i=2

(
p

i

)
E

(
(M∗

m)p−i

m∑
k=m−1

E(|fk|i|Fk−1)|F0

)
Continuing in this way we are able to deduce the following

E(Mp
m|F0) ≤ E(Mp

m−1|F0) +

p∑
i=2

(
p

i

)
E((M∗

m)p−iE(|fm|i|Fm−1)|F0)

(The equation above is the same as (12))

≤ · · · ≤ E(Mp
0 |F0) +

p∑
i=2

(
p

i

)
E

((
(M∗

m)p−i

m∑
k=1

E(|fk|i|Fk−1)

)
|F0

)

=

p∑
i=2

(
p

i

)
E

((
(M∗

m)p−i

m−1∑
k=0

E(|fk+1|i|Fk−1)

)
|F0

)
, since M0 = 0

Writing Ei,m for
∑m−1

k=0 E(|fk+1|i |Fk−1) in this last expression is:

E(Mp
m|F0) ≤

p∑
i=2

(
p

i

)
E((M∗

m)p−iEi,m|F0).

Using the conditional expectation form of Hölder’s inequality as deduced
in Theorem 3 we get

E(Mp
m|F0) ≤

p∑
i=2

(
p

i

)(
E((M∗

m)p|F0)
) p−i

p
(
E(E

p
i
i,m|F0

) 1
p
. (13)

13
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Note: If we set p′ = p
p−i

and q′ = p
i

in (13) then 1
p′

+ 1
q′

= 1.

Define the following variables

xp := (E((M∗
m)p|F0))

1
p , yp := max

2≤i≤p

(
E(E

p
i
i,m|F0)

) 1
p
.

Then (13) can also be written as

E(Mp
m) ≤

p∑
i=2

(
p

i

)
xp−i

p yi
p

≤ (xp + yp)
p − xp

p (14)

The last inequality stems from the fact that i starts counting from 2 up-
wards in the first inequality. There is therefore p − 1 terms in the first
inequality and p terms in (14) .

Next, if we set fk = Mk −Mk−1 we see that:

E(fk+1|Fk) = E(Mk+1 −Mk|Fk)

= E(Mk+1|Fk)− E(Mk|Fk)

= Mk −Mk

= 0 (15)

and

0 < E(|fk|) = E(|Mk −Mk−1|) <∞. (16)

The last equation follows because L∞ ⊆ L1, and L1 is a linear space.

Thus, fk = Mk −Mk−1 satisfies the hypotheses of Theorem 6 on page 8 as
shown by (15) and (16) together with the fact that fk is Fk-measurable. By
using the notation of Theorem 6 we get the following:

Sm = f1 + f2 + · · ·+ fm

= (M1 −M0) + (M2 −M1) + · · ·+ (Mm −Mm−1)

= Mm −M0

= Mm, since M0 = 0

14
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By (ii) of Theorem 6 we have the following inequality:

(E((M∗
m)p)|F0)

1
p ≤ p

p− 1
(E(|Mm|p)|F0)

1
p

Write dp := pp

(p−1)p and cp := (1+dp)
1
p −d

1
p
p . Then the inequality above helps

us to deduce the following:

xp
p ≤ dpE(|Mm|p|F0)

= dpE(Mp
m|F0), since p is even

≤ dp[(xp + yp)
p − xp

p], by (14)

This gives

xp ≤
d

1
p
p

cp
· yp (17)

One sees that limn→∞ dn = e and n[a
1
n − 1] ↓ ln a whenever a > 1, so

lim
n→∞

d
1
n
n

cp
=

1

ln(1 + e−1)
.

Therefore, K = supp∈2N
d

1
p
p

pcp
is finite.

Theorem 8. Let (Ω,F, P ) be a probability space, let (Ft)t≥0 be a filtration and let
(Xt)t≥0 be a real-valued martingale adapted to it. Suppose that all sample paths
are continuous, E(|Xt|2) <∞∀ t ≥ 0, and

E((Xt −Xs)
2|Fs) = t− s a.s. ∀ 0 ≤ s < t. (18)

Then for each p ∈ N, there exists a finite constant Kp such that

[E (|Xt −Xs|p |Fs)]
1
p ≤ Kp(t− s)

1
2 a.s. ∀ 0 ≤ s < t. (19)

Note that under the hypothesis that (Xt)t≥0 is a martingale, (18) is equivalent
to

{X2
t − t}t≥0 is a martingale. (20)

Proof. We use mathematical induction to prove the theorem. It is given
that E((Xt − Xs)

2|Fs) = t − s. If we let f = |Xt − Xs| and g = 1 in (i) of

15
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Theorem 3 (the conditional expectation form of Hölder’s inequality) then
we see that for p = 1

E(|Xt −Xs| · 1|Fs) ≤
[
E(|Xt −Xs|2|Fs)

] 1
2
[
E(12|Fs)

] 1
2

=
[
E(|Xt −Xs|2|Fs)

] 1
2

= 1× (t− s)
1
2 by (18),

and therefore may assume that K1 = 1 in (19).
Let p = 2. Then

E(|Xt −Xs|2|Fs)
1
2 = (t− s)

1
2 by (18)

Thus, [
E(|Xt −Xs|2|Fs)

] 1
2 = 1× (t− s)

1
2

and we can therefore assume K1 = K2 = 1 in (19).

Continuing in this way, assume therefore that for some even p ≥ 4 that
constants K1, K2, . . . , Kp−2 have been found that satisfy

(
E(|Xt −Xs|i|Fs)

) 1
i ≤ Ki(t− s)

1
2 a.s.∀ 0 ≤ s ≤ t, 1 ≤ i ≤ p− 2 (21)

We will now attempt to find Kp−1 and Kp. So, fix 0 ≤ s < t and write
α = (t− s)

1
2 . For m ∈ N define

AR
m := {ω ∈ Ω : |Xu(ω)−Xv(ω)| ≤ α ∀u, v ∈ [s, t] with |u− v| ≤ α2

m
}

and

AQ
m := {ω ∈ Ω : |Xu(ω)−Xv(ω)| ≤ α ∀u, v ∈ [s, t] ∩Q with |u− v| ≤ α2

m
}

We first want to show that if ω ∈ AQ
m then ω ∈ AR

m. Therefore, let ω ∈ AQ
m

and [u, v] ∈ [s, t] such that |u − v| < α2

m
. Then there exist un, vn ∈ Q such

that |un − vn| < α2

m
. This implies that

16
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|Xun(ω)−Xvn(ω)| ≤ α, since ω ∈ AQ
m.

Also, there exist sequences {un} and {vn} in Q such that limn→∞ un = u and
limn→∞ vn = v. This follows from the denseness of Q in R. This, together
with the fact that every sample path is continuous (this is given) allows us
to write

lim
n→∞

|Xun(ω)−Xvn(ω)| = |Xu(ω)−Xv(ω)| ≤ α.

We conclude therefore that whenever ω ∈ AQ
m then ω ∈ AR

m. It is also clear
that AQ

m ∈ Ft.

Next we want to show that
⋃∞

m=1A
Q
m = Ω. To do this, we let ω ∈ Ω. Since

u 7→ Xu(ω) is continuous; on a closed interval it is also uniformly continu-
ous, it follows that there exists for each ε > 0 a δ > 0 such that

|Xu(ω)−Xv(ω)| < ε ∀ u, v such that |u− v| < δ.

For ε = α, choose m such that α2

m
< δ. Hence, ω ∈ AQ

m and it follows that⋃∞
m=1A

Q
m = Ω. It is therefore enought to find Kp−1, Kp < ∞ independent

of m such that for each m ∈ N

[E(|Xt −Xs|iχAQ
m
|Fs)]

1
i ≤ Ki · α for i = p− 1 and i = p. (22)

We note in (22) that |Xt − Xs|iχAQ
1
≤ |Xt − Xs|iχAQ

2
≤ · · · . By using

the Monotone Convergence Theorem for conditional expectations (22) re-
duces to (21). Now, fix m ∈ N and define

tk := s+
k(t− s)

m
, 0 ≤ k ≤ m (23)

∆k := Xtk+1
−Xtk (24)

gk := ∆kχ|∆k|≤α (25)
Gk := gk − E(gk|Ftk) (26)

Also see that Fs = Ft0 ⊂ Ft1 ⊂ · · · ⊂ Ftm−1 ⊂ Ftm = Ft. When ω ∈ AQ
m, then

|∆k(ω)| ≤ α for 0 ≤ k ≤ m− 1, because tk+1 − tk = t−s
m

= α2

m
. So, on AQ

m we
have the following

Xt(ω)−Xs(ω) =
m−1∑
k=0

∆k(ω) =
m−1∑
k=0

∆kχ{ω∈Ω:|∆k(ω)|≤α} =
m−1∑
k=0

gk. (27)

17
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So,

[
E(|Xt −Xs|pχAQ

m
|Fs)

] 1
p

=

[
E

(∣∣∣m−1∑
k=0

gk

∣∣∣pχAQ
m
|Fs

)] 1
p

, follows from (27)

≤

[
E

(∣∣∣m−1∑
k=0

gk

∣∣∣p|Fs

)] 1
p

=

[
E

(∣∣∣m−1∑
k=0

(Gk + E(gk|Ftk))
∣∣∣p|Fs

)] 1
p

, from (25)

≤

[
E

((∣∣∣∣∣
m−1∑
k=0

Gk

∣∣∣∣∣+
∣∣∣∣∣

m−1∑
k=0

E(gk|Ftk)

∣∣∣∣∣
)p ∣∣∣∣∣Fs

)] 1
p

With the help of the conditional expectation form of Minkowski’s inequal-
ity, i.e. (ii) of Theorem 3, we get

[
E(|Xt −Xs|pχAQ

m
|Fs)

] 1
p ≤

[
E

((∣∣∣∣∣
m−1∑
k=0

Gk

∣∣∣∣∣
)p ∣∣∣∣∣Fs

)] 1
p

+

[
E

((∣∣∣∣∣
m−1∑
k=0

E(gk|Ftk)

∣∣∣∣∣
)p ∣∣∣∣∣Fs

)] 1
p

(28)

Next, by martingale properties we know that

E(∆k|Ftk) = E(Xtk+1
−Xtk |Ftk)

= Xtk −Xtk

= 0.

Thus, it follows that

|E(∆kχ{ω∈Ω:|∆k(ω)|≤α}|Ftk)| = |E(ω ∈ Ω : ∆kχ{|∆k(ω)|>α}|Ftk)|.

And we have the following inequalities

|E(gk|Ftk)| = |E(∆kχ{|∆k|>α}|Ftk)|

18
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Then by the properties of the integral we have

|E(gk|Ftk)| ≤ E(|∆k|χ{|∆k|>α}|Ftk)

Note that χ{|∆k|>α} ≤ 1
α
∆k. It follows then that

|E(gk|Ftk)| = |E(∆kχ{|∆k|>α}|Ftk)|

≤ 1

α
E(∆2

k|Ftk)

=
1

α
(tk+1 − tk), as per (18)

=
α2

α
·m

=
α

m
.

So,

[
E
(∣∣∣∣m−1∑

k=0

E(gk|Ftk)

∣∣∣∣p ∣∣∣∣Fs

)] 1
p

≤ E(|
m−1∑
k=0

α

m
|pFs)

1
p

= m · α
m

= α

= (t− s)
1
2 (29)

Define:

M0 := 0, 1 ≤ k ≤ m Mk :=
k−1∑
j=0

Gj.

Then

E(Mk+1|Ftk) = E(G0 +G1 + · · ·+Gk|Ftk)

= E(g0 − E(g0|Ft0) + · · ·+ gk − E(gk|Ftk)|Ftk), by (26)

= E(g0 − E(g0|Ft0) + · · ·+ gk−1 − E(gk−1|Ftk−1
)|Ftk)

+ E(gk|Ftk)− E (E(gk|Ftk |) Ftk)

19
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E(Mk+1|Ftk) = E(G0 +G1 + · · ·+Gk−1|Ftk)

Since gv, 0 ≤ v ≤ k − 1 is Ftk−measurable, we have

= g0 − E(g0|Ft0) + · · ·+ gk−1 − E(gk−1|Ftk−1
)

= Mk

We have now established the foundations to use Theorem 7: The fk there
isGk−1 and the F0 there is Fs. The following inequalities are now deduced:

[
E
(∣∣∣∣m−1∑

j=0

Gj

∣∣∣∣p∣∣Fs

)] 1
p

= [E (|Mm|p|Fs)]
1
p , from the definition of Mm

≤
[
E
(

max
1≤j≤m

|Mj|p|Fs

)] 1
p

≤ Kp max
2≤i≤p

E

[m−1∑
k=0

E(|Gk|i|Ftk)

] p
i
∣∣∣∣∣Fs

 1
p

, by (10).

Define

Sm,i :=

E

[m−1∑
k=0

E(|Gk|i|Ftk)

] p
i
∣∣∣∣∣Fs

 1
p

(30)

We are able to conclude that:[
E
(∣∣∣∣m−1∑

j=0

Gj

∣∣∣∣p∣∣∣∣Fs

)] 1
p

≤ Kp max
2≤i≤p

Sm,i (31)

We will now attempt to estimate each Sm,i. Recall in (26) that we defined
Gk := gk − E(gk|Ftk). By taking expectations, for 2 ≤ i ≤ p we deduce the
following:

E(|Gk|i|Ftk) ≤ E
(
2i max

(
|gk|i, |E(|gk| |Ftk)|i

)
|Ftk

)
Using Theorem 3 and setting g = 1 in (i), we have

E(|Gk|i|Ftk) ≤ E
(
2i max

(
|gk|i,E(|gk|i|Ftk)

i
)
|Ftk

)
≤ 2iE

((
|gk|i + E(|gk|i|Ftk)

i
)
|Ftk

)
= 2i+1E(|gk|i|Ftk) (32)

20
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Then for 2 ≤ i ≤ p− 2 we have the following inequalities:

E(|Gk|i|Ftk) ≤ 2i+1E(|∆k|i|Ftk) (33)

≤ 2i+1Ki(tk+1 − tk)
i
2 , by the induction hypothesis

= 2i+1Ki
(t− s)

i
2

m
i
2

(34)

≤ 2i+1Ki
(t− s)

i
2

m

Thus

m−1∑
k=0

E(|Gk|i|Ftk) ≤ 2i+1Ki
(t− s)

i
2

m
·m (35)

< 22iKi(t− s)
i
2 (36)

Now, by substituting (36) into Sm,i as defined above we get:

Sm,i <

[
E

([
22iKi(t− s)

i
2

] p
i

∣∣∣∣∣Fs

)] 1
p

=

((
22iKi(t− s)

i
2

) p
i

) 1
p

= 4K
1
i
i (t− s)

1
2 , if 2 ≤ i ≤ p− 2. (*)

We will now consider Sm,p−1. By (32) with i = p− 1 the following inequal-
ities are deduced:

E(|Gk|p−1|Ftk) ≤ 2(p−1)+1E(|gk|p−1|Ftk)

≤ 2pαE(|gk|p−2|Ftk), since |gk| ≤ α

≤ 2pαKp−2
(t− s)

p−2
2

m
p−2
2

(similar to the way in which (34) was deduced from (32)).

E(|Gk|p−1|Ftk) ≤ 2pKp−2
(t− s)

p−1
2

m
, since α = (t− s)

1
2

21
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Thus

m−1∑
k=0

E(|Gk|p−1|Ftk) ≤ 2pKp−2
(t− s)

p−1
2

m
·m = 2pKp−2(t− s)

p−1
2

We now have the following equation (using (30))

Sm,p−1 ≤ 2
p

p−1K
1

p−1

p−2 (t− s)
1
2

≤ 4K
1

p−1

p−2 (t− s)
1
2 (**)

We will now consider the last case, namely Sm,p. If we set i = p in (32) we
get

E(|Gk|p|Ftk) ≤ 2p+1E(|gk|p|Ftk)

≤ 2p+1α2E(|gk|p−2|Ftk)

≤ 2p+1α2Kp−2
(t− s)

p−2
2

m
p−2
2

≤ 2p+1Kp−2
(t− s)

p
2

m
.

Thus

m−1∑
k=0

E(|Gk|p|Ftk) ≤ 2p+1Kp−2(t− s)
p
2 (37)

Substituting (37) in (30) we get the following equation:

Sm,p ≤ 2
p+1

p K
1
p

p−2

≤ 4K
1
p

p−2(t− s)
1
2 (***)

Combining (*), (**) and (***) gives

max
2≤i≤p

Sm,i ≤ max
2≤i≤p−2

max{4K
1
i
i (t− s)

1
2 , 4K

1
p−1

p−2 (t− s)
1
2 , 4K

1
p

p−2(t− s)
1
2}

= Lp(t− s)
1
2
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where Lp is dependent on p. Using it in (31) we deduce the following:[
E

(∣∣∣∣∣
m−1∑
j=0

Gj

∣∣∣∣∣
p∣∣∣∣∣Fs

)] 1
p

≤ KpLp(t− s)
1
2 a.s. (38)

Using (29) and (38) in (28) we get

[E(|Xt −Xs|pχAm|Fs)]
1
p ≤ (t− s)

1
2 +KpLp(t− s)

1
2 a.s.

=

Kp︷ ︸︸ ︷
(1 +KpLp)(t− s)

1
2 a.s. (39)

To find Kp−1 we will use Theorem 3:

E(|Xt −Xs|p−1χAm|Fs) ≤
[
E
((
|Xt −Xs|p−1χAm

)q |Fs

)] 1
q

= [E(|Xt −Xs|pχAm|Fs)]
p

p−1

So [
E(|Xt −Xs|p−1χAm|Fs)

] 1
p−1 ≤ [E(|Xt −Xs|pχAm|Fs)]

1
p a.s.

And (39) shows that we can take Kp−1 := KP . This completes the proof.

Theorem 9. Let (Ω,F, P ) be a probability space, let (Ft)t≥0 be a filtration and let
(Xt)t≥0 be a real-valued martingale adapted to it. Suppose that all sample paths
are continuous, E(|Xt|2) <∞∀ t ≥ 0, and

E((Xt −Xs)
2|Fs) = t− s a.s. ∀ 0 ≤ s < t. (40)

Then for every p ∈ Z+ and every t > s ≥ 0 we have

E((Xt −Xs)
p|Fs) = mp(t− s)

p
2 a.s., (41)

where

mp :=

{
0 if p is odd

p!

2
p
2 ( p

2
)!

if p is even. (42)
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Proof. We will prove this theorem by using mathematical induction on p
in (41). Therefore, fix s, t ∈ R such that t > s ≥ 0.

Let p = 0, then

E((Xt −Xs)
0|Fs) = 1 = m0.

and (41) holds.

If we let p = 1 then

E((Xt −Xs)
1|Fs) = Xs −Xs, because (Xt)t≥0 is a martingale

= 0.

and (41) holds for p = 1 with m1 = 0.

For p = 2 we get

E((Xt −Xs)
2|Fs) = t− s, by (40)

and we may therefore take m2 = 1. Continuing in this way, assume then
that for some p > 2 and all q = 0, 1, . . . , p− 1 we deduced the following

E((Xv −Xu)
q|Fu) = mq(v − u)

q
2 a.s. ∀u, v ∈ [s, t] and u < v, (43)

where

mq :=

{
0 if q is odd

q!

2
q
2 ( q

2
)!

if q is even. (44)

Fix m ∈ N. Let tk and ∆k be as defined in (23) and (24). Then

(Xt −Xs)
p =

(
m−1∑
k=0

∆k

)p

=
∑

1≤n≤p
0≤i1<i2<···<in≤m−1

p1+p2+···+pn=p

f︷ ︸︸ ︷(
n∏

j=1

∆
pj

ij

)
p!

p1! · · · pn!
, (45)
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We can split (45) into two parts: the first part containing odd exponents
(i.e. where at least one of (p1, p2, . . . , pn) is odd) and the second part con-
taining only even exponents (i.e. where all of (p1, p2, . . . , pn) is even). We
can therefore write (45) as follows:

(Xt −Xs)
p = Am +

p
2∑

n=1

B(m,n), (46)

where Am consist of all the terms in which at least one pj is odd and

B(m,n) :=
∑

(b1,b2,...,bn)

∑
(i1,...,in)

(
n∏

j=1

∆
2bj

ij

)
p!

(2b1)! · · · (2bn)!
, (47)

the outer sum being over those (b1, b2, . . . , bn) with 2b1 + · · ·+2bn = p. Note
that B(m,n) = 0 whenever p is an odd number.

Before we continue with any remarks on Am and B(m,n) above, we will
first consider f in (45). Let 2 ≤ n ≤ p. Then pj < p, j = 1, 2, . . . , n, and we
have the following

E

(
n∏

j=1

∆
pj

ij

∣∣∣Fs

)
= E

(
∆pn

in

n−1∏
j=1

∆
pj

ij

∣∣∣Fs

)
a.s.

= E

(
E

(
∆pn

in

n−1∏
j=1

∆
pj

ij

∣∣∣Ftin

)∣∣∣Fs

)
a.s.

(by the tower property of conditional expectations)

= E

(
E
(
∆pn

in
|Ftin

) n−1∏
j=1

∆
pj

ij

∣∣∣Fs

)
a.s.
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(since
∏n−1

j=1 ∆
pj

ij
is Ftin

− measurable)

= E

(
mpn(tin+1 − tin)

pn
2

n−1∏
j=1

∆
pj

ij

∣∣∣Fs

)
, a.s. by (43)

= E

(
∆

pn−1

in−1
mpn (tin+1 − tin)

pn
2

n−2∏
j=1

∆
pj

ij

∣∣∣Fs

)
a.s.

= E

(
mpn ·mpn−1 (tin+1 − tn)

pn−1+pn
2

n−2∏
j=1

∆
pj

ij

∣∣∣Fs

)
a.s.

(since (tin+1 − tin) = (tin − tin−1))

= · · · =
(
t− s

m

) p1+p2+···+pn
2

n∏
j=1

mpj
a.s.

(since tin+1 − tin = t−s
m

)

=

(
t− s

m

) p
2

n∏
j=1

mpj
a.s. (48)

It now follows from our induction assumptions, the definition of mpj
and

(48) that, if 2 ≤ n ≤ p with at least one pj odd that

E

(
n∏

j=1

∆
pj

ij

∣∣∣Fs

)
= 0 a.s. (49)

If we let p1 = p2 = · · · = pn = 2, then p = 2n is even and all mpj
= m2 = 1.

Also, p > 2 and p = 2n means that n ≥ 2, so from (48)

E

(
n∏

j=1

∆2
ij

∣∣∣Fs

)
=

(
t− s

m

) p
2

a.s., if p1 = p2 = · · · = pn = 2. (50)

We deduce the following (in a similar manner in which (48) was deduced
and by using (19)):

E

(
n∏

j=1

|∆pj

ij
|
∣∣∣Fs

)
= E

(
|∆pn

in
|

n−1∏
j=1

|∆pj

ij
|
∣∣∣Fs

)
a.s.

= E

(
E

(
|∆pn

in
|

n−1∏
j=1

|∆pj

ij
|
∣∣∣Ftn

)∣∣∣Fs

)
a.s.
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(by the tower property of conditional expectations)

= E

(
E
(
|∆pn

in
|
∣∣Ftn

) n−1∏
j=1

|∆pj

ij
|
∣∣∣Fs

)
a.s.

(since
∏n−1

j=1 |∆
pj

ij
| is Ftn− measurable)

≤ E

(
Kpn(tin+1 − tin)

1
2

n−1∏
j=1

|∆pj

ij
|
∣∣∣Fs

)
a.s., by (19)

= E

(
|∆pn−1

in−1
|Kpn(tin+1 − tin))

1
2

n−2∏
j=1

|∆pj

ij
|
∣∣∣Fs

)
a.s.

≤
(
t− s

m

) p
2

n∏
j=1

Kpj

≤ Lp ·
(
t− s

m

) p
2

(51)

where

Lp := max{
n∏

j=1

Kpj
: (p1, . . . , pn) ∈ Nn, p1 + · · ·+ pn = p, 1 ≤ n ≤ p}

depends on p. This concludes our remarks on f in (45) and will be using
it for future reference. Our attention will now shift to Am and B(m,n).

We will now estimate |E(Am|Fs)|. We have already seen in (48) that for
n ≥ 2 that (49) applies, that is E

(∏n
j=1 ∆

pj

ij

∣∣∣Fs

)
= 0 if any pj is odd. The

only case that remains is n = 1, p1 = p. Hence,
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|E(Am|Fs)| =
∣∣∣E(∑ products with n = 1, p1 = p |Fs

) ∣∣∣
=

∣∣∣∣∣E
(

m−1∑
i1=0

∆p1

i1
|Fs

)∣∣∣∣∣
≤ E

(
m−1∑
i1=0

|∆p1

i1
|
∣∣Fs

)
= E

(
|∆p1

0 |
∣∣Fs

)
+ · · ·+ E

(
|∆p1

m−1|
∣∣Fs

)
, by linearity

≤

m terms︷ ︸︸ ︷
Lp ·

(
t− s

m

) p
2

+ · · ·+ Lp ·
(
t− s

m

) p
2

, by (51)

= m · Lp ·
(
t− s

m

) p
2

= m1− p
2Lp ·

(
t− s

1

) p
2

, a.s. (52)

Thus, if p is odd, then by taking expectations in (46) we get

E ((Xt −Xs)
p |Fs) = E

Am +

p
2∑

n=1

B(m,n)
∣∣Fs


= E

(
Am

∣∣Fs

)
≤ m1− p

2Lp ·
(
t− s

1

) p
2

Since p > 2,m1− 1
2 ≤ m− 1

2 and therefore by letting m → ∞ we get E((Xt −
Xs)

p|Fs) = 0 almost surely, which is what (41) claims for odd p.

It remains to settle the case when p is even. In order to do this, we will
inspect (47) in more detail. We take note of some important aspects con-
cerning (47):

(i). Let p ≤ q. Let K(p, q) be the number of p−tuples (a1, . . . , ap) such
that a1 + · · · ap = q. Then K(p, q) < qp. This is obvious, since each
ai ≤ q, i = 1, . . . , p and hence ai ∈ {1, 2, . . . , q}

(ii). Let L(p, q) be the number of p−tuples (a1, . . . , ap) such that 0 ≤ a1 <
a2 < · · · < ap ≤ q. Then L(p, q) < qp
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ConsiderB(m,n) : At mostmn (from (ii.) above) different n−tuples (i1, . . . , in)
are involved inB(m,n) and for each of these at most

(
p
2

)n different n−tuples
(b1, . . . , bn) are available (from (i.) above), soB(m,n) has at mostmn

(
p
2

)n ≤
mn
(

p
2

) p
2 terms.

Let n < p
2
. The following is now deduced:

E(B(m,n) |Fs) ≤

number of terms︷ ︸︸ ︷
mn
(p

2

) p
2 ×

from (51)︷ ︸︸ ︷
Lp ×

(
t− s

m

) p
2

×
biggest factor︷︸︸︷

B′

where

B′ = max
(b1,...,bn)
2≤n≤ p

2
−1

{ p!

(2b1)! · · · (2bn)!
: b1 + · · ·+ bn =

p

2
}.

If we set L′p := Lp ·B′, then

E(B(m,n) |Fs) ≤ mn
(p

2

) p
2
L′p

(
t− s

m

) p
2

We note that mn ≤ m
p
2
−1 for the n under consideration. We get from the

above inequality the following:

E(B(m,n)|Fs) ≤ L′p

(p
2

) p
2
m

p
2
−1

(
t− s

m

) p
2

=
L′p
(

p
2

) p
2

m
· (t− s)

p
2 .

As before, we let m→∞ to get

lim
m→∞

E(B(m,n)|Fs) = 0 a.s., if n <
p

2
. (53)

If we let n = p
2
, then p

2
= b1 + · · ·+ b p

2
. Given the fact that bj ≥ 1, j = 1, . . . p

2

helps us to conclude that each bj is exactly 1. Consequently, in B(m, p
2
)

there is only one n−tuple of (b1, . . . , bn) and exactly
(

m
p
2

)
possible n−tuples

(i1, . . . in). In this scenario, B(m, p
2
) has

(
m
p
2

)
terms in total, each of the form

(50). So (for n = p
2
) we get,
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E(B(m,n)|Fs) =

(
m
p
2

)(
t− s

m

) p
2 p!

2
p
2

= mp(t− s)
p
2

m!

(m− p
2
)!m

p
2

. (54)

If we let m→∞ we see that

lim
m→∞

E(B(m,n)|Fs) = mp(t− s)
p
2 a.s., (55)

because for all k ∈ N

lim
n→∞

m!

(m− k)!mk
= lim

m→∞

(
1− 1

m

)(
1− 2

m

)
· · ·
(

1− k − 1

m

)
= 1.

where k = p
2

in (54). This completes the proof.

Definition 10. The Gaussian kernel on Rd is the functionG given byG(x) =

(2πt)−
d
2 e−

(x−y)2

2t , x, t ∈ Rd and t > 0.

Definition 11. Let µ : Bd 7→ C be a measure where Bd := B(Rd) is the
σ−algebra of all Borel subsets of Rd. Then we define the Fourier transform
on Rd of µ by

µ̂(t) :=

∫
Rd

e−itxdµ(x).

Also, if f is an integrable function, then its Fourier transform f̂(t) on Rd is
defined by

f̂(t) :=

∫
Rd

e−itxf(x)dx,

where i is the usual imaginary number, often denoted
√
−1.

4 The proof of Lévy’s theorem

Theorem 12 (Levy). Let (Ω,F, P ) be a probability space, let (Ft)t≥0 be a filtra-
tion and let (Xt)t≥0 be a real-valued martingale adapted to it. Suppose that all
sample paths are continuous, E(|Xt|2) <∞∀ t ≥ 0, and
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E((Xt −Xs)
2|Fs) = t− s a.s. ∀ 0 ≤ s < t.

Then (Xt)t≥0 is a Brownian motion (except possibly for the condition that
X0 = 0).

Proof. To prove this theorem we need to verify (BM 1) to (BM 4) of Defi-
nition 2. (BM 1) is not asserted and continuity of sample paths are true by
hypothesis, so (BM 4) is not required to prove. Therefore, we only need to
verify (BM 2) and (BM 3).

We will start of with the proof of (BM 2). So, let s ≥ 0 and t > 0. Let µ
denote the distribution ofXs+t−Xs.We must show that µ has a Normal (or
Gaussian) distribution on R with mean zero and variance t. Our objective
is to show that the measures µ and νt are the same where νt is the normal
distribution on R with mean 0 and variance t.Recall that µ, the distribution
function of Y = Xs+t −Xs, defines a measure on B(R) via the assignment
µ((−∞, a]) = Prob(Y ≤ a). Indeed, µ(A) = Prob(Y ∈ A) for anyA ∈ B(R).
To show that µ and νt are the same, it is enough to show that the two
measures just specified transmit the same Fourier transforms. It is also a
general result that the Fourier transform of the measure νt is

ν̂t(u) = e−
tu2

2 ∀u ∈ R.

We will now show that û(u) = ν̂t(u). Then

∫
R
xpdµ(x) =

∫
Ω

Y pdP

= mpt
p
2 , ∀ p ∈ Z+, by (41). (56)

For all u ∈ R we have

µ̂(u) =

∫
R
e−iuxdµ(x), by Definition 11

=

∫
R

lim
N→∞

N∑
p=0

(−iux)p

p!
dµ(x), power series expansion of e−iux

= lim
N→∞

N∑
p=0

(−iu)p

p!

∫
R
xpdµ(x), by LDCT (57)
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Note that in order to apply LDCT in the last step, we need to show that the
functions

∣∣∑N
p=0

(−iux)p

p!

∣∣ are indeed dominated by an µ−integrable func-
tion. We will show this later on. For now we continue with the proof of
the theorem. From (56) and (57) we have

µ̂(u) =
∞∑

p=0

(−iu)p

p!
mpt

p
2

=
∞∑

n=0

(−1)nu2n

2n!
· (2n)!

2nn!
· tn, by letting p = 2n and the use of (42)

=
∞∑

n=0

(−tu2)n

2nn!

= e
−tu2

2

= ν̂t(u).

We will now show that the use of LDCT in (57) is indeed justified. Let
u, x ∈ R and N ∈ Z+. We note that

∣∣∣∣∣
N∑

p=0

(−iu)p
p!

xp

∣∣∣∣∣ ≤
N∑

p=0

|ux|p

p!

≤ e|ux|

≤ eux + e−ux

= 2 coshux (58)

We now get

∫
R

coshux dµ(x) =

∫
R

∞∑
n=0

(ux)2n

(2n)!
dµ(x), power expansion of coshux

=
∞∑

n=0

u2n

(2n)!

∫
R
x2ndµ(x), by Monotone Convergence Theorem

=
∞∑

n=0

u2n

(2n)!
· (2n)!

2nn!
tn, by (56)

=
∞∑

n=0

( tu2

2
)n

n!

= e
tu2

2

<∞,

32

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



which concludes the proof of (BM 2).

We still have to prove (BM 3). Let s ≥ 0, t > 0, and µ be the distribution of
Xs+t−Xs and let A ∈ Fs be arbitrary. Let the measure PA on Fs be defined
by PA(E) = P (E ∩A). We will now define Borel measures µ1 and µ2 on R.
For any Borel set B ⊆ R, let

µ1(B) = PA[(Xs+t −Xs)
−1(B)],

hence µ1 is the PA− distribution of Xs+t −Xs. Also, let

µ2(B) = P (A)µ(B).

Now,

∫
R
xpdµ1(x) =

∫
Ω

(Xs+t −Xs)
p dPA

=

∫
A

(Xs+t −Xs)
p dP

=

∫
A

E ((Xs+t −Xs)
p |Fs) dP

= P (A)mpt
p
2 , by (41)

= P (A)

∫
R
xp dµ(x)

=

∫
R
xp dµ2(x).

It still remains to prove that the measures µ1 and µ2 are equal. We again
use the fact that two measures are equal if they transmit the same Fourier
transforms. Let µ̂1 and µ̂2 denote the Fourier transforms of µ1 and µ2 re-
spectively. Recalling our earlier deduction of the Fourier transform of µ̂,
then, for all u ∈ R we have
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µ̂1(u) =

∫
R
e−iuxdµ1(x)

= lim
N→∞

N∑
p=0

(−iu)p

p!

∫
R
xpdµ1(x)

= lim
N→∞

N∑
p=0

(−iu)p

p!
P (A)

∫
R
xpdµ(x)

= lim
N→∞

N∑
p=0

(−iu)p

p!

∫
R
xpdµ2(x)

=

∫
R
e−iux dµ2(x)

= µ̂2(u).

This concludes therefore that µ1 = µ2. So, if B is any Borel set in R, then

P (A)P ({(Xs+t −Xs) ∈ B}) = P (A)µ(B)

= µ2(B)

= µ1(B)

= PA

(
(Xs+t −Xs)

−1(B)
)

= P (A ∩ {(Xs+t −Xs) ∈ B}) .

Recall that the set A ∈ Fs was arbitrary. The statements above shows that
Xs+t −Xs is independent of Fs. We have thus shown that

0 ≤ s < u =⇒ Xu −Xs is independent of Fs. (59)

However, we require the form (BM 3) when X0 6= 0 :{
n > 1, 0 ≤ t1 < t2 < · · · < tn =⇒
{Xt1 , Xt2 −Xt1 , . . . , Xtn −Xtn−1} is independent.

(60)

Given 0 ≤ t1 < t2 < · · · < tn and Borel subsets B1, B2, . . . , Bn of R, the
event

A := {Xt1 ∈ B1, Xtj −Xtj−1
∈ Bj for 2 ≤ j < n}

belongs to Ftn−1 , so (59) yields
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P
(
A ∩ {(Xtn −Xtn−1) ∈ Bn}

)
= P (A)P

(
{(Xtn −Xtn−1) ∈ Bn}

)
.

The proof follows immediately: (60) follows from (59) by induction on n.

Corollary 13. Suppose X := (Xt)t≥0 is a real-valued process with continuous
sample paths, independent increments, and X0 = 0. That is, it satisfies (BM 1),
(BM 3), and (BM 4) of Definition 2. Suppose also that

E(Xt) = 0 ∀t ≥ 0, and (i)
E(X2

t ) = t ∀t ≥ 0. (ii)

Then X is a Brownian motion.

Proof. Let 0 ≤ s < t in R. Choose r ≤ s, then Xr = Xr −X0 is independent
of Xt −Xs. But Fs is generated by such Xr. Thus

Xt −Xs is independent of Fs. (61)

The following almost sure equalities follow:

E(Xt −Xs |Fs) = E(Xt −Xs)

= 0, by (i).

and therefore E(Xt|Fs) = E(Xs|Fs) = Xs a.s. We have then that (Xt)t≥0 is
a martingale. By (61) we have the following:

E((Xt −Xs)
2|Fs) = E((Xt −Xs)

2)

= E((Xt −Xs)Xt)− E((Xt −Xs)Xs)

= E((Xt −Xs)Xt) + E((Xt −Xs)Xs)

(since by (BM 3) and (i) we have E((Xt−Xs)(Xs)) = E(Xt−Xs)E(Xs) = 0)

= E((Xt −Xs)(Xt +Xs))

= E(X2
t −X2

s )

= t− s by (ii),

which is the hypothesis (18). We have now fulfilled all the requirements
for X to be a Brownian motion and the objective of the dissertation has
now been achieved.
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Properties of Conditional Expectation and Other Definitions

All X ′s satisfy E(|X|) < ∞ in this list of properties. Of course, G and H

denote sub-σ algebras of F.

(i). Linearity: E(a1X1 + a2X2|G) = a1E(X1|G) + a2E(X2|G)

(ii). Tower Property: If H is a sub-σ algebra of G, then

E[E(X|G)|H] = E(X|H), a.s.

(iii). Taking out what is known: If Z is G−measurable and bounded then

E (ZX|G) = ZE (X|G) , a.s.

(iv). Role of independence: IfX is independent of H, then E(X|H) = E(X), a.s.

(v). LDCT will refer to Lebesgue’s Dominated Convergence Theorem.
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