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We prove Paul Lévy’s celebrated martingale characterization of Brownian mo-
tion. Let us recall here that if (X;):>¢ is a Brownian motion in R, then both
(X1)i>0 and (X? — ¢);>0 are martingales. Next, assume that a real-valued
stochastic process (X):>o with continuous sample paths satisfy:

e (X})i>0 is a martingale; and
o (X? — t)i>0 is a martingale.
It turns out that this property characterizes Brownian motion.

The main source for much of the discussion is Stromberg [4]. Firstly, a
few concepts underlying Lévy’s theorem are given, which includes refer-
ence to some of Doob’s inequalities. Lastly, the proof of Lévy’s theorem is
given.
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1 Introduction

The main task of this dissertation is to prove Paul Lévy’s characterization
of Brownian motion. It is a fact that every real - valued Brownian motion
(Xt)i>0 satisfies

(i). (X¢)i>0is a martingale;
(ii). (X? —t);>0 is a martingale.

Lévy shows in his theorem that whenever a real - valued stochastic pro-
cess (Xt);>0 with continuous sample paths satisfies (i) and (ii) above, then
(Xt)t>0 is @ Brownian motion. The proof given by Stromberg [4] of Lévy’s
theorem was used as the building block of the proof that appears in this
dissertation.

Section 2 states the basic definition of a Brownian motion. In section 3
introductory theorems are proved which form the basis of the proof of the
objective of the dissertation: the proof of Lévy’s theorem in section 4.

2 Basic definitions

Definition 1. We fix a probability space (€2, F, P). A stochastic process is a
measurable function on 2 x [0, co) into R. The value of a stochastic process
X at time ¢ is the random variable X (-,t) : Q — R.

Definition 2. A standard Brownian motion is a stochastic process X de-
tined by the properties:

BM1: Xy(w)=0V%we<;

BM 2: stationary increments: for any times t and s > t, X, —
X, is normally distributed with mean zero and vari-
ance s — t;

BM 3: independent increments: for any times i, ... ,t, such
that0 <ty < t; <,... < t, < oo, the random variables
X(w, ty), X(w, t1) — X(w,to), ..., X(w,t,) — X(w,t,_1)
are independently distributed; and

BM 4: continuity: for eachw € (), the sample patht — X (w,t)
is continuous.

© University of Pretoria
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3 Introductory theorems

Theorem 3. Let (2, F, P) be a probability space and G a o- subalgebm of F. Sup-
pose f, g : Q [0, 00] are F-measurable. Then 1 < p < 00, q = -~ implies

(i). E(fg/9) < E(f*|9)]*E[(¢*|S)]7 a.s., and
Qi) [B((f +¢)"|9)]7 < [E(f79)]7 + [E(¢"|9)]” ass.

Proof. First suppose that f and g are simple functions. Without loss of gen-
erality we may assume there exist disjoint A, A,,--- , A, € F and nonneg-
ative real numbers aq, as, ..., ay, 51, s, ..., B, such that f = Z;‘Zl X4,
and g = > 7, Bjx4,. Note that some a; and j3;, j = 1,...,n may be zero.
Let h;, = E (XAj|9) for j = 1,2,...,n. By definition h; : Q +— [0,1] is
G—measurable. Then

fg|9 (Z O‘JﬁjXA

By linearity it follows that

E(fg|S) = Zajﬁj (x4,19)

7=1

= Z%ﬂjhj
- Z

“'@\H
QQ\»—‘

Holder’s inequality gives

E(fgl9) <[> a2nj]7 (> phy)0
j=1 =1

= [E(f7(9)]7[E(¢79)]" (1)

© University of Pretoria
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which completes the proof of the conditional expectation form of Holder’s
inequality. To prove the conditional expectation form of the Minkowski
inequality we see that

3=

3=

E((f + 99> = | > (a5 + Bj)phj]

Lj=1
1

[ n 1 1\ P P
=1y (ajh; +ﬁjh;) ]

Lj=1

by the classical Minkowski inequality it follows that

1

[E((f +9)")I9)]

Zaph Zﬁ;?hj] p
= [E(f79)]" + [E (9|5)]7 @)

We have now proved that (i) and (ii) hold if f and g are simple functions.

Assume now that f and ¢ [0,00]-valued F-measurable functions on ).
Then there exist non-decreasing sequences { f,,} and {g,,} of [0,00)-valued
simple measurable functions on €2 such that

flw) = lign fn(w) and g(w) = li7rln gn(w) 3)

The sequences {¢,, } and {v,,} defined by ¢,, = E (f,,9,|G) and ¥, = E ((fn + 91)" |9)
are non-decreasing, so their respective pointwise limits ¢ and v exist and

are G-measurable. For all A € § we have by Lebesgue’s Monotone Con-
vergence Theorem

n—oo n—oo

/¢dP— lim gbndP— lim fngndP /fgdP
A

an

/ Y dP = lim z/;n dP = hm (fu+gn)PdP = /(f + g)PdP.
A

n—oo

This proves that ¢ = E(fg|9) and ¢y = E((f + ¢g)?|9). By the preceding
paragraph we have

bn < [E(f2I9)]7 [E (¢29)]* < [E(f7]9)]7 [E (¢7]9)]7

3
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where the first inequality follows from the deduction of (1) and the second
inequality from the fact that f,, < f and g, < g. We also have

Q=

Yo < [E(f219)]7 + [E(g219)]+ < [E(f7|9)]" + [E (¢°|9)]

where the first inequality follows from (2) and the second from the fact
that f,, < fand g, < g.

If we now let n — oo, we obtain (i) and (ii).
O

Theorem 4 (Doob’s inequalities). Let (2, F, P) be a probability space and let
F1 C Fy- -+ C F, be o-subalgebras of F. Suppose fi, fa, ..., fn € L* satisfy

o fy is real-valued and F,—measurable for k = 1,2, ... nand

o E(fiy1|Fr)=0fork=1,2,...,n—1.

Write
So =0, Sp=f+fot+ -+ fr, 0<E<n
M, = max {S;}, M = max {|Sk|}.

1<k<n 1<k<n

Thenl <p< oo, q= z% implies
@. My < ql|Sy |l and
(). [|Mz]lp < qllSnllp
Proof. Note that we use the notation f* = sup{f,0}.

We now have

E(Su|Fk) =E(fi + for -+ fo + frogr + -+ [a|Tr)

By linearity of conditional expectation we get

E(Sn|Fk) =E(fi + fo- -+ felFx) +0

© University of Pretoria
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Since f}, is Fy-measurable we have

E(Su|T%)=fi+fot -+ fu
= 5. 4)

Fixt > 0and set A; = {w € Q: S;(w) >t} and

Ay ={we: S (w) <t}N{weQ: S (w) <t}n---N
{weQ: Si(w) <t}N{we Q:Sp(w) >t} 2<k<n.

It is clear that A;, € JF}. This follows from the measurability of Sj. The sets
Ay, are also disjoint and {w € Q : M,,(w) > t} = J;_, Ax. Therefore

/ SH@PE) 2 [ Su(e0) P(d)
{weQ: My (w)>t} {weQ: My (w)>t}

_ / E (S,|F,) P(dw)
UZ:1 Ak

Since the A;’s are disjoint we can use summation

— ’; /Ak Si(w)P(dw)
> itP(Ak> )
k=1

To explain (5) we see that the relation 0 < tx4, < Sip(w)xa, < Sk(w) im-
plies that

/ txa, P@) < [ Si(0) Pldo) < / Se(w) P(dw).

Since [ txa, P(dw) = tP(Ay), we conclude therefore that

/ SHw)P(dw) > tP ({w € Q: M, (w) > t})
{0 M ()>1}

From the above, the following inequality is obvious

PloeiM @z <y | Sr@P(w).  (6)
{weQ: My (w)>t}
5
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Note that

To show this, wee see that

/ ptPtP(MF > t)dt = / ptP! / X{wea:M+(w)>1p P (dw)dt
0 0 Q

By Fubini’s theorem we get

/ gmf]”_lP(MJr Zt)dtZ// ptp_1X{weQ:M+(w)2t}dtP(dw)
0

M+
/ / ptP~1dt P(dw)

/ (M) P(dw)
Q

=E((M,)?)
From the above it follows that

1ML = / Pt P(MF > t)dt.
0

Itis clear from (6) that P ({w € Q : M,F(w) > t}) < P ({w € Q: M,(w) > t}).
This allows us to write

1M < / P> / S+ P(dw)dt
0 {we:M;T (w)>t}

M
=p / St / tP=2dt P(dw)
Q 0

(by Fubini’s theorem)
By Hoélder’s inequality we get

1

I < sl f i)'
p—1 Q
= a5l 1M

© University of Pretoria



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

(02@

This yields (i) as desired.

We will now prove (ii). Write £}, = {w € Q : S1(w) > t} and F} = {w €
2: S;(w) < —t}. These sets are obviously measurable with respect to J;.
Further to this, we will write

Ey={weQ:|Sw)|<ttn{weQ:|Sw)|<tjn---nN
{weQ:|Siaw)| <tN{weN: Sk(w)>t},2<k<n

and

Fr={weQ:|S1(w)| <t}n{we:|Sw)|<t}n---N
{weQ:[Si(w)| <tPN{we: Si(w) < —t},2<k<n.
Since the sum of random variables is a random variable, it follows that
S;, 1 = 1,2,...,n is measurable and it follows that £}, and Fj, as defined
above are measurable with respect to J;. Also, defining Ej and Fj, as we

did above, it is obvious that these 2n events are also pairwise disjoint, and
we can write

{weQ: M (w) >t} = (OE’“>U<OF’€>

k=1

/ S,IP(d) = [ 15, P(dw)
{weQ:Mj (w)>t} {(Urzr Br)u(Upzy Fr )}

> / Sy, P(dw)
{(Urzr Br)u(Upy Fr)}

As in the proof of (i),

/{<uzl Bl ny )= ,; </E S Plde) + /F & P(M)

As we are only integrating negative S}, as specfied in the definition of Fj,
we can write

SnP(dw):i< S P(dw) + —SkP(dw)>

Ey Fy,

/{(UZ1 Ek>U(UZ:1 Fk)}

k=1
> (P(M > t).

© University of Pretoria
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Then we can write

prips [ | SuP(dw)dr
0 {weQ: M} (w)>t}
By Fubini’s theorem we get
M
ip<p [ s, [ o)
Q
M*
_p/S (M)" P(dw)
Q

p—1

By Holder’s inequality we get

I3l < =Ll ( [z ”P(dw))
= Sl - AL

This yields (ii) as desired.
O

Remark 5. Please note that Theorem 4 holds for any o-finite positive mea-
sure.

Theorem 6. Let (2, F, P) be a measure space and let ¥y C Fy--- C F, be
o-subalgebras of F. Suppose fo, f1, f2, ..., fn € L* satisfy

o fy, is real-valued and F,—measurable for k = 0,1, ... ,n and

® ]E(fk+1|97k) :OfOT’k‘:O,l,...,n—l.

Write
50::07 Sk::f0+f1 +fk70§k§n
M = max {1}, M= e {15k}
Then 1 < p < o0, q = 25 implies

<q [E((Sj)ﬂ’fo)]% a.s. and

3=

(D). [E((M,)"|Fo)]

© University of Pretoria
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(ii). [E((M;)?|Fo)]> < q[E(|Su[?|F0)]7 as.

Proof. Let A € F and define P4 on Fby P4(E) := P(ENA). Then P4(0) =
0. Furthermore, if {E£;} is a sequence of disjoint sets in (2 that belongs to F
with (J°, E; = E then

Pa(E)

P(ANE)
P(AN(E{UEyU--+))
P(ANE)U(ANE)U---)

Then by the additivity of P we get
P4(E)=P(ANE)+P(ANE;) +---

= iP(Am E;)

= ZPA(Ei)

So, P4 is a measure on (€2, ). Note that we are not proving, at this stage,
that P, is a probability measure. Also, [, hdP(dw) = [, hdPa(dw) for any
nonnegative Jy—measurable % on 2. We can see this by assuming first that
h is a simple function,

h=> hixe,
1=1

where hq,...,h, are real numbers and Fi,..., E, are as defined above,
then

/ hdP(dw) = / hix s, P(dw)
A i—1 JA
= Z/ hixpinaP(dw)
i=1 7

i=1

© University of Pretoria
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and

/QhPA(dw) = ;/ﬂhiXEiPA(dw)
= i hiPs(E;)

= i h:P(E; N A).

i=1

We conclude therefore that for simple functions that the relation below
holds:

/A h P(dw) /Q h Pa(dw). %

Next, any nonnegative Borel function i can be approximated by a non-
decreasing sequence of simple functions. For such an % the result follows
by Lebesgue’s Monotone Convergence Theorem of integrals. Finally, this
implies the desired equality for all Borel functions h, since each can be split
into its positive and negative parts, h = h* — h~, where h*,h~ > 0.

We have from Theorem 4 that

RSA

1
C P D

A\ A\

l/kﬂﬁiwfﬁdw) <q j/os:vf%dw>
Q Q

If A € 3y and using (7) we can write

C:LMHWM@W:AMHVHM)

and

D= [ (557 Palde) = [ (557 Plao).

It follows that

1

(/A(M,j)pp(dw))P < (/A(S:)pp(d@);‘

10
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That is,

J B0 P@w) = [ () Plas)
<7 [ (s pa)
:fAmwM%MMMVAG%
If we apply the above equation to the F,—sets

A = {k > E((M,])|F0) > ¢"E((S,])[Fo)} (8)

and get P(Ay) = 0, valid for every k € N. Thus P (|, .y Ax) = 0 and that
is what is said by (i). To prove (ii), we see that

o] s sru]

| ERyEap = [ aryap

< / (S,)dP
A

that is

= q’“/ E((S,)P|Fo)dP V A € F.
A
Apply this to the Fy—sets

Ag = {k = E((M;)|F0) > ¢"E((5n)[F0) } ©)

and get P(A;) = 0, valid for every k € N. Thus P (U, 4x) = 0.
[
Theorem 7. Let m € N, and (F);_, be a filtration of (2, F,P), and let (M), C

L™ be a real-valued martingale adapted to this filtration with M, = 0. For
i €N, 1<k <mdefine

m—1
foi= My = My_y, M; = max [My], and Bip =Y E(|frr]'|F0)-
k=0

1<j<k

11
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Then there exists a finite constant K independent of m and p € N such that
for every even p € N we have

=

B((M;,)"|F0)]> < Kp max [E(E],

2<i<p

3’0)} " as. (10)

Proof. Fixp € N, p even. Let m be given, 1 < k < m. Then

E(M}|F0) = E((My—1 + fr)"|F0), from the definition of f;
By linearity and the fact that (a + b)" = a™ + .1, (7)a" 0" we get
p P o
B(170) = B %) + 3 (7))
p i
M L[5 + Z (0 E@or ol

(by the Tower Property)

ML)+ (f)E(M;’-iE<f,z|s—fk_l>|%>
=1

(since Mj_, is F,_;—measurable)

p
M) + 3 () S )l0)
=2

(since E(f}|Fr_1) = 0)
<E< lf 1|9'~0)

If we assume that £ = m in (11) we get:

BOMLIT0) < B0t 150 + 3 (7 EOLY B i) (12

=2

12
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And if k = m — 1in (11) we have
p
B2 190) < B %0 + 3 (§ B B S 920
Substituting E(M? _,|%,) into (12):
p
B(LIT0) < B30 + 3 (B Bl 90170

+Z( ) (M) E for1 | For—2)|Fo)

After simplifying we get

B0 < BOL, 50+ 3 (1) ((M;>p—i > E<|fk|i|s—fk_1>|%)
1=2 k=m—1

Continuing in this way we are able to deduce the following

E(M?|50) < E(M, |sfo+z() (M2 E(|fl [T T0)

(The equation above is the same as (12))
B0+ 3 (V)e (((M;;)p-i > E<|fk|i\sfk_1>) |s—fo>

p m—
= (}Z) (( )~ ZZ:E|fk+1||3'~k 1>|Er'"0>,sinceM0:0
=2 k=0

Writing E; ,,, for "E(| fer1] |Fr_1) in this last expression is:

E(ME|F) <Z( ) (My)P~"Eim|T0).

Using the conditional expectation form of Holder’s inequality as deduced
in Theorem 3 we get

p*i 1

E(M?|Fy) < Z( )( |3"0)> (E(E§m|%)5. (13)

13
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Note: If we set p’ = 2+ and ¢’ = % in (13) then _; + = 1.

Define the following variables

zp = (E((M;,)|F0))7 p = max (E(E[,|%))"
Then (13) can also be written as
~ (1
E(M?) < > (Z) iy
< (2 +yp)" — b (14)

The last inequality stems from the fact that ¢ starts counting from 2 up-
wards in the first inequality. There is therefore p — 1 terms in the first
inequality and p terms in (14) .

Next, if we set f, = M — My_, we see that:

E(fi11Fk) = E(Mp41 — Mg|Fy)
= E(Mi11|Fx) — E(My|Fy)
= My, — My
—0 (15)

and

0 <E(fxl) = E(|My — My1]) < oo. (16)

The last equation follows because L> C L' and L!is a linear space.

Thus, f, = M), — Mj_, satisfies the hypotheses of Theorem 6 on page 8 as
shown by (15) and (16) together with the fact that f; is F;-measurable. By
using the notation of Theorem 6 we get the following;:

Sw=fi+fot o+ fm
= (M — My) + (My — My) + -+ -+ (M, — M,,_1)
= M,, — M,
= M,,, since My =0

14
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By (ii) of Theorem 6 we have the following inequality:

(B((M;,)")|Fo)? < 1% (E(|Mn|?)|F0)7

1
Write d,, := ﬁ and ¢, := (1+ dp)% —dj . Then the inequality above helps

us to deduce the following;:

ef < (| My, [F150)
= d,E(MP |Fy), since pis even
< dp[(zp +yp)" — xZL by (14)

This gives

Tp S —— " Yp (17)

a? . .
Therefore, K = sup,coy .- is finite.
P
O]

Theorem 8. Let (2, F, P) be a probability space, let (F;)¢>o be a filtration and let
(X4)e>0 be a real-valued martingale adapted to it. Suppose that all sample paths
are continuous, E(| X;|?) < ooVt > 0, and

E((X;— X,)?|F,) =t—sas V0<s<t. (18)
Then for each p € N, there exists a finite constant K, such that

[E(1X, — X7 |F)]7 < K,(t — ) as. V0 < s < L. (19)

Note that under the hypothesis that (X,),>¢ is a martingale, (18) is equivalent
to

{X} — t}i>0 is a martingale. (20)

Proof. We use mathematical induction to prove the theorem. It is given
that E((X; — X,)!|F,) =t —s. If welet f = |X; — X,| and ¢ = 1 in (i) of

15
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Theorem 3 (the conditional expectation form of Holder’s inequality) then
we see that forp =1

N

(X, — X.| - 15.) < [E(X, — X.[219.)]? [E(12|F.)]
— [E(X, - X.P|9.)]*
=1x (t—s)? by (18),

and therefore may assume that X7 = 1in (19).
Let p = 2. Then

E(|X; — X,[?|F,)% = (t — 5)7 by (18)
Thus,
[B(X, — X,2|F)]2 =1x (t—s)?

and we can therefore assume K; = Ky = 1in (19).

Continuing in this way, assume therefore that for some even p > 4 that
constants K7, Ky, ..., K, have been found that satisfy

(E(|1X; — X5|i|frrs))% < K;(t — s)% asV0<s<t,1<i<p—-2 (21)

We will now attempt to find K, ; and K. So, fix 0 < s < t and write
a = (t — s)z. For m € N define

2
AR = {w e Q1 | X, (w) — Xy(w)] < aVu,v € [s,t] with |u —v| < %}

and
o2
AU = {w e Q| X, (w) — Xy(w)| < aVu,v € [s,t] N Q with |u —v] < —}
m

We first want to show that if w € AQ then w € AE. Therefore, letw € A2

2

and [u,v] € [s,t] such that [u — v| < <. Then there exist u,,v, € Q such
that |u, — v,| < %2 This implies that

16
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| X, (w) — X, (w)| < a, sincew € AZ.

Also, there exist sequences {u,, } and {v,, } in Q such that lim,_,, u, = vand
lim,, o v, = v. This follows from the denseness of QQ in R. This, together
with the fact that every sample path is continuous (this is given) allows us
to write

Tim |X,, () — X, ()] = [X.() ~ X,()] < .

We conclude therefore that whenever w € A% then w € A% . It is also clear
that AY € 7.

Next we want to show that [ J77_; A2 = Q. To do this, we let w € . Since
u +— X, (w) is continuous; on a closed interval it is also uniformly continu-
ous, it follows that there exists for each ¢ > 0 a § > 0 such that

| Xy (w) — Xy(w)| < €V u,v such that |u — v| < 4.

For ¢ = a, choose m such that %2 < 0. Hence, w € A2 and it follows that
U A2 = Q. It is therefore enought to find K, 1, K,, < oo independent
of m such that for each m € N

[E(X, — X,|'x 40 |F5)]* < K;-a fori=p—1landi=p. (22)

We note in (22) that |X; — Xs!iXAg < |Xy — XS‘iXA;@ < ---. By using
the Monotone Convergence Theorem for conditional expectations (22) re-
duces to (21). Now, fix m € N and define

b st U9 o p < (23)
m

Ay = Xipr — Xy, (24)

gk = AkX|Ak|§a (25)

Gr = gr — E(gr|F%,) (26)

AlsoseethatF, =F,, CF,, C---CF; , CF,, =F. Whenw € AQ, then
|Ap(w)| < afor0 <k <m—1,because ty —tp = =2 = %2 So, on AY we
have the following

[y

m—1

Xi(w) = Xo(w) =D Ap(w) = Y Apxpuearw)i<ay = 3 gk (27)

0 0 k=0

3
3

e
Il
x~
I
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So,
1 B m—1 » %
[]E(|Xt — Xs|pXAg|?s)] "= |E gk XA%|3'“S> , follows from (27)
L k=0
_ - 1
P

L k=0
B m—1 » %

- B (| S+ Ewm.)) |s—:) from (25)
L k=0
B m—1 m—1 p %

< |E ( Gi| + | > E(g|F:,) > ?s)
L k=0 k=0

With the help of the conditional expectation form of Minkowski’s inequal-
ity, i.e. (ii) of Theorem 3, we get

)p

E<Ak|5ttk) = E(th+1 - th|5ttk)
- th - th
=0.

1

E(|1X: — X, 1%0)]” <

(STES

(28)

1
P

:ﬂ)

Next, by martingale properties we know that

Thus, it follows that

IE(ArX {werianw)<a}| T | = [E(w € Q: Apxgarw)>apTe)]-

And we have the following inequalities

[E(gx|Fe)| = [E(Arx (AL >0} Fr)l

18
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Then by the properties of the integral we have

E(x|Tt,)] < E(1ArIX{ AL >0} F)

Note that x{ja,/>a} < Ay It follows then that

IE(gx|T1,)| = IE(AkX{mkba}lﬁ"tk)l

< “E(8}/3,)
1
a(tkﬂ tr), asper (18)
Oé2
= — -m
a
_
=—
So,
m—1 p % m—1 o 1
B(| X ol [7.)| <03 Spo
k=0 k=0
«
=m - —
m
=
= (t—s)2 (29)
Define:
k-1
My:=0,1<k<m Mk::ZG]
=0
Then

E(My41|F:,) = E(Go+ Gi + -+ - + Gi|F,)

(90 — E(g0|Ft,) + -+ + gr. — E(gx|F+,)|F2,.), by (26)
(90 — E(go|Fsy) + -+ gp—1 — E(ge—1]F,_,)[Fe,)
E(gk|Fr,) — E (E(ge| T2, [) F,)

E
E
+

19
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E(Mg1]F:,) = E(Go + Gy + -+ - + Gr—1|F,)
Since g,, 0 < v < k — 1is J;, —measurable, we have

=3do — E(90|5Ft0) R ¢/ R E(.gk—1|3r’tk71)

We have now established the foundations to use Theorem 7: The f;. there
is G_1 and the J there is ;. The following inequalities are now deduced:

«([Sofin)
;

=[E (|Mm|p|fﬂ)]% , from the definition of M,

DN
=0

1
< [E( max |M;|? \3")117
1<j<m

m—1 %
< Kpgggg; [E ( > E(|Gil'|F) fﬂ)

m—1 % %
Sm7i = [E ( E(|Gk|i|9'~tk) ?s)] (30)
k=0

We are able to conclude that:

3=

, by (10).

Define

m—1 P )
E( > G, 3:) < Kp max Sy (31)
ISP
j=0

We will now attempt to estimate each S, ;. Recall in (26) that we defined
Gk = gr — E(gx|F:, ). By taking expectations, for 2 < i < p we deduce the
following:

E(|Gx'|Fe) < E (2" max (lgl, [E(g] [F2)[) 1Fe)
Using Theorem 3 and setting ¢ = 1 in (i), we have

E(|Gk['|F¢,) < E (2" max (lge[" E(lgsl'|F,)") |F¢,)
< 2'E ((lge]" + E(lgxl'|F2.)") 19%,)
= 2"E(|gk['1F,) (32)

20
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Then for 2 < i < p — 2 we have the following inequalities:

E(IGi['|5%,) < 2 E(A'|F,) (33)
< 2K (tg — tk)%, by the induction hypothesis
_ gt (92 (34)
m2
S 2i+1Ki (t — S)E
m
Thus
= (t—s)
E(|GL"|F,) < 27 Ki~——-m (35)
k=0
< 2% K (t — 5)2 (36)
Now, by substituting (36) into .5, ; as defined above we get:
Sm,i < |E <|:227'Kl(t — S>%:| ’ :TS)
- ((22%(15 - s);)i> ’
4K (t—s)}, if2<i<p-—2. *)

We will now consider S, ,—1. By (32) with i = p — 1 the following inequal-
ities are deduced:

E(|Gy[PF,) < 207D E(|gel? T, )
< 22aE(|gp|P2|F,,), since |gi] <

p—2

(t—s)>

p—2

S QPCKKP,Q

(similar to the way in which (34) was deduced from (32)).
-1 (t - . 1
E(|Gk|P~F,) < QPKP_QT, since a = (t — s)2

21
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Thus

p—1 P (t_s)p%l P el
E(IGe"1F0) < 2°Kppm——— m = 2K, 5(t = 5) 2

3

B
Il

0

We now have the following equation (using (30))

<AK? I (t—s)? (**)
We will now consider the last case, namely S,,, ,,. If we set ¢ = p in (32) we

get

E(|GulP1F0) < 27" E(|gel|F%,)
< 2a’E(|gi P 0F,)

p—2
PRER =
< 2p+10‘2Kp—2%
m 2
t . D
S 2p+1Kp_2( s) 2 .
m
Thus
m—1
D E(IGiP|F,) < 27T K, ot — 5)" (37)
k=0

Substituting (37) in (30) we get the following equation:

<4K? ,(t —5)2 (%)

Combining (*), (**) and (***) gives

[SIE
=
i
o
—~
~
|
VA
~—
N
>
S
[\
—~
~
|
VA
~—
[NIE
——

1
max Sp,; < max max{4K; (t —s)2,
2<i<p ’ 2<i<p—2

= L,(t—s)?

22
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where L, is dependent on p. Using it in (31) we deduce the following:

m—1
>_ G
7=0
Using (29) and (38) in (28) we get

P

< KpL,(t — s)? as. (38)

p

=

[E(|1X; — XoPxa,|F)]7 < (t— )2 + KpL,(t — 5)? a.s.

/—L 1
= (1+ KpL,)(t — s)? as. (39)

To find K, we will use Theorem 3:

E(1X: — X" x| Fo) < [E((1X0 = X" xan )" 1F4)]
= [E(|X; — X,[Pxa,.|Fs)] 7T

m

So

[]E(|Xt - X8|p_1XAm|?S)} < [E(] X - Xs|pXAm|3rS)]% a.s.

And (39) shows that we can take K,_; := Kp. This completes the proof.
O

Theorem 9. Let (2, F, P) be a probability space, let (F;)+>o be a filtration and let
(X4)t>0 be a real-valued martingale adapted to it. Suppose that all sample paths
are continuous, E(| X;|*) < ooVt > 0, and

E((X; — X,)?|F,) =t —sas. Y0 <s <t (40)

Then for every p € Z* and every t > s > 0 we have

E((X, — X,)P|F,) = m,(t — 5)% as., (41)
where
0 if p is odd
My == { 2 zj; p is even (42)
25 (2)! '
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Proof. We will prove this theorem by using mathematical induction on p
in (41). Therefore, fix s,t € R such thatt > s > 0.

Let p = 0, then

E((X; — X,)°|Fs) =1 =my.
and (41) holds.

If we let p = 1 then
E((X; — X,)'F,) = X, — X,, because (X;)> is a martingale
= 0.
and (41) holds for p = 1 with m; = 0.

For p = 2 we get
E((X; — X,)*|F,) =t — s, by (40)

and we may therefore take m; = 1. Continuing in this way, assume then
that for somep > 2and all¢ =0,1,...,p — 1 we deduced the following

E((X, — X)) F,) = my(v —u)? as. Yu,v € [s,tf]and u < v,  (43)

where
0 if ¢ is odd
Mg -= L if ¢ is even. (44)
23 (4)!
Fix m € N. Let t;, and Ay be as defined in (23) and (24). Then
m—1 p
(Xi— X, = ( > Ak>
k=0
@
——
” !
-2 (H Aff) menr (45)
1<n<p =1 P o

0<i1 << <ip<m—1
p1tp2+-+pn=p

24
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We can split (45) into two parts: the first part containing odd exponents
(i.e. where at least one of (pi, po, ..., pn) is odd) and the second part con-
taining only even exponents (i.e. where all of (p1,ps,...,p,) is even). We
can therefore write (45) as follows:

P

(X; — X)P=An + 22: B(m,n), (46)

n=1

where A,, consist of all the terms in which at least one p, is odd and

b !
Bm,n):= 3 <H A ) (261)!']?-(21%)!’ @)

(b1,b2,...,6n) (41,..., Jj=1

the outer sum being over those (b1, bo, . .., b,) with 2b; +- - - +2b,, = p. Note
that B(m,n) = 0 whenever p is an odd number.

Before we continue with any remarks on A,, and B(m,n) above, we will
first consider U in (45). Let 2 <n <p. Thenp; <p, j =1,2,...,n, and we
have the following

n n—1
E(HA?;’ 3:) = E(Af;; | A 3"8> a.s.

Jj=1 J=1

n—1
=E (E (Af: []a” &rtin>

j=1

ffs> a.s.

(by the tower property of conditional expectations)

n—1
=E (E (APF, ) H Aﬁ)j 3"8> a.s.

J=1

25
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(since H” ! Ap ’is J;, — measurable)

Pn
=K mpn 1n+1 HApJ

Pn—1 p" D
—E( AP 'my,, (ti 1 — 1) HAJ

tn—1

)

pn 1+pn n-
=E(my, -my, (41— H A

(since (ty,+1 — ti,) = (ti, — ti,—1))

P1+p2+--+pPn

t—s 2
= (& [T, as.
j=1

(Since tin—l-l - tln = ﬁ)

(t_s) l_ImpJ a.s. (48)

It now follows from our mduc’aon assumptions, the definition of m,, and
(48) that, if 2 < n < p with at least one p; odd that

E (H AP &fs> =0 a.s. (49)
j=1
Ifweletp, =py=---=p, =2, thenp =2nisevenand allm, =m, = 1.

Also, p > 2 and p = 2n means that n > 2, so from (48)

E(HA?J_ ?S):(t;s) as., ifpr=py=---=p,=2. (50)
j=1

We deduce the following (in a similar manner in which (48) was deduced
and by using (19)):
n—1
?s> — E<|A§;;| 11 |AY] 3"3> a.s
j=1

n—1
(s (s
7j=1

E(ﬁ |AY|
j=1

[T1a%]

3"5) a.s.

26
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(by the tower property of conditional expectations)

n—1
=E<E(!A§’:||?tn) [11a%] 32) as
7=1

(since []/—, ' |AD i, | is F;, — measurable)

< E(K tioy1— H AT |F
<|Apn 1| 'Ln+1 'Ln H |Apj|
(%) s

Fs\}
— S
L., -
(5

> a.s., by (19)

)

IN

(51)

<
\/H

where

_maX{H ’pla"'7pn>eNn7p1+"'+pn:pa1§n§p}

depends on p. This concludes our remarks on U in (45) and will be using
it for future reference. Our attention will now shift to A,, and B(m,n).

We will now estimate |E(A,,|F;)|. We have already seen in (48) that for
n > 2 that (49) applies, that is E (H;‘:l Afjj fﬂ) = 0 if any p; is odd. The
only case that remains is n = 1, p; = p. Hence,

27
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IE(A,|F5)| )E (Z products withn =1,p; =p |3"S> ‘

m—1
—E[Y ar |?s> |
i1=0

cr (S an) |sz)

11=0

E (AR Fs) 4+ -+ E(JAZ_, || F,) , by linearity

m terms
7\

Lp~<t_8)2+-~+Lp‘(%) by (51)

m
Fos\ b
— S
m
p

—m!:L,- (t I S) , a.s. (52)

NSy

IA

Thus, if p is odd, then by taking expectations in (46) we get

ya
2

E((X; - X.)"|F) =E | A+ > _ B(m,n) |7,

n=1

=E (A, |5,)

P
P t—s\?
=37 .

Since p > 2,m'~2 < m~2 and therefore by letting m — oo we get E((X, —
X;)?P|Fs) = 0 almost surely, which is what (41) claims for odd p.

IN

It remains to settle the case when p is even. In order to do this, we will
inspect (47) in more detail. We take note of some important aspects con-
cerning (47):

(i). Let p < ¢q. Let K(p, q) be the number of p—tuples (ay,...,a,) such
that a; + ---a, = ¢. Then K(p,q) < ¢?. This is obvious, since each
a; <q,i=1,...,pand hence a; € {1,2,...,q}

(ii). Let L(p, ¢) be the number of p—tuples (a;,...,a,) such that 0 < a; <
as < ---<a,<gq.Then L(p,q) < ¢’

28
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Consider B(m,n) : Atmost m”™ (from (ii.) above) different n—tuples (i1, . .., ,)
are involved in B(m, n) and for each of these at most (£)" different n—tuples
(b1, ..., b,) are available (from (i.) above), so B(m,n) has at most m" (£)" <

m" (%’)g terms.

Let n < £. The following is now deduced:

number of terms frorr/l\(Sl) .
—_— - >  biggest factor
o (D)% t—s\?2 AN
E(B(m,n)|F,) < m (-) x L, x x B
2 m
where
p! p
B/ — : b .« e b?’l = — r.
G RN CT N o TR

If weset L), := L, - B', then

s 2o () ()

m

We note that m” < m5~! for the n under consideration. We get from the
above inequality the following;:

O
— P12 t—3s)2
2 (1)
As before, we let m — oo to get
lim E(B(m,n)|F,) = 0as., ifn < g. (53)

I3

If weletn =%, then £ =b; +---+bz. Given the fact thatb; > 1,5 =1,. ..

helps us to conclude that each b, is exactly 1. Consequently, in B(m, §
there is only one n—tuple of (b, ...,b,) and exactly (';) possible n—tuples

~— N

(i1, .. .4n). In this scenario, B(m, £) has () terms in total, each of the form
(50). So (for n = £) we get,

29
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5 (54)

If we let m — oo we see that
lim E(B(m,n)|¥F;) = m,(t — s)

because forall £k € N

| _
m ™ pm (1o ) (1o 2) (iR
n—oo (m — k)lmk — m—oo m m m

= 1.

a.s., (55)

where k = £ in (54). This completes the proof.

Definition 10. The Gaussian kernel on R? is the function G given by G(z) =
T—y 2
(2rt)" 2“3, z,t e R1and t > 0.

Definition 11. Let ;1 : B? — C be a measure where B? := B(R?) is the
o—algebra of all Borel subsets of R?. Then we define the Fourier transform
on R? of i by

it)i= [ e duta).

Also, if f is an integrable function, then its Fourier transform f (t) on R% is
defined by

fit) = [ e sy,

where i is the usual imaginary number, often denoted /—1.

4 The proof of Lévy’s theorem

Theorem 12 (Levy). Let (2, F, P) be a probability space, let (F;):>o be a filtra-
tion and let (X;);>o be a real-valued martingale adapted to it. Suppose that all
sample paths are continuous, E(|X;|*) < coVt >0, and
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E((X; — X,)?|F,) =t—sas V0<s<t.

Then (X;)i>o is a Brownian motion (except possibly for the condition that
Xo = 0).

Proof. To prove this theorem we need to verify (BM 1) to (BM 4) of Defi-
nition 2. (BM 1) is not asserted and continuity of sample paths are true by

hypothesis, so (BM 4) is not required to prove. Therefore, we only need to
verify (BM 2) and (BM 3).

We will start of with the proof of (BM 2). So, let s > 0 and ¢ > 0. Let
denote the distribution of X ;— X,. We must show that ;s has a Normal (or
Gaussian) distribution on R with mean zero and variance ¢. Our objective
is to show that the measures p and v; are the same where v; is the normal
distribution on R with mean 0 and variance ¢. Recall that y, the distribution
function of Y = X, — X, defines a measure on B(R) via the assignment
p((—o0,al) = Prob(Y < a).Indeed, p(A) = Prob(Y € A) forany A € B(R).
To show that ;1 and v, are the same, it is enough to show that the two
measures just specified transmit the same Fourier transforms. It is also a
general result that the Fourier transform of the measure v, is

v (u) = e~ % Vu eR.

We will now show that u(u) = 7 (u). Then

[ #ant) = [ yrap

—m,t2, Vp e Z*, by (41). (56)

For all © € R we have

f(u) :/e_i“”dp(x), by Definition 11
R

N—o0

N o, .
: (—ZUZE)p : : —iux
= /R lim E_ ol du(z), power series expansion of e

N

L (—iu)P
~ lim pz:% : /R +*dy(z), by LDCT (57)
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Note that in order to apply LDCT in the last step, we need to show that the
functions | Z;V:O (_Zpﬂ] are indeed dominated by an p—integrable func-
tion. We will show this later on. For now we continue with the proof of

the theorem. From (56) and (57) we have

p=0 p'
B 27!
n=0
—tu2
—e 2

We will now show that the use of LDCT in (57) is indeed justified. Let
u,z € Rand N € Z". We note that

3 (—;&)pxp

o\ Juaf?
<>
p=0

p=0
< elual
= 2coshuzx (58)
We now get
2 (ux)® .
coshuz du(x) = Z o)) du(z), power expansion of cosh ux
R R n):

— Z v / 2*"du(x), by Monotone Convergence Theorem
P
(

2n)!

Il

(e

off, ¥ 5
DO
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which concludes the proof of (BM 2).

We still have to prove (BM 3). Let s > 0,¢ > 0, and  be the distribution of
Xstt — X and let A € F; be arbitrary. Let the measure P4 on J be defined
by P4(E) = P(EN A). We will now define Borel measures j; and j2 on R.
For any Borel set B C R, let

M1<B) = PA[(Xert - Xs)il(B)]a

hence yi; is the P,— distribution of X, ,; — X,. Also, let

Now,

/ wPdpy (2 Xopt — X)PdPy

/ s+t T dpr

E s+t ) |3:)

‘Q

a;

I
N

P(A)m,t? by (41)
— P(4) / 2 du(2)

- /R 2P dyus(2).

It still remains to prove that the measures ; and p, are equal. We again
use the fact that two measures are equal if they transmit the same Fourier
transforms. Let ji; and fi; denote the Fourier transforms of p; and s re-
spectively. Recalling our earlier deduction of the Fourier transform of i,
then, for all © € R we have
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This concludes therefore that /1y = 5. So, if B is any Borel set in R, then

P(A)P ({(Xspte — X) € BY) = P(A)u(B)
pi2(B)
p1(B)
Py ((Xepr — X)7H(B))

P(AN{(Xs — X;) € B}).

[\

I
=

Recall that the set A € F; was arbitrary. The statements above shows that
Xs4t — X, is independent of F,. We have thus shown that

0<s<u = X, — X, isindependent of F;. (59)
However, we require the form (BM 3) when X, # 0 :

S1,0<t; <tyg<--<t, =
{n sV U] 2 (60)

{Xe,, Xe, — X4y, ..., Xy, — X3, } is independent.

Given 0 < t; < ty < --- < t, and Borel subsets By, B>, ..., B, of R, the
event

A= {th S Bl,Xt]. — th_l € Bj for 2 <5< TL}
belongs to F;, ,, so (59) yields
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P(AN{(X, — X,, ) € Ba}) = P(A)P ({(Xs, — Xs,_,) € Bo}).

The proof follows immediately: (60) follows from (59) by induction on n.
O

Corollary 13. Suppose X := (X})i>o is a real-valued process with continuous
sample paths, independent increments, and X, = 0. That is, it satisfies (BM 1),
(BM 3), and (BM 4) of Definition 2. Suppose also that

E(X;) =0 Vt >0, and (1)
E(X}) =t Vvt >0. (ii)
Then X is a Brownian motion.

Proof. Let 0 < s < tinR. Choose r < s, then X, = X, — X is independent
of X; — X. But J; is generated by such X,. Thus

X; — X, is independent of J. (61)

The following almost sure equalities follow:

E(X, — X, |F,) = E(X, — X,)
=0, by (i).

and therefore E(X;|F;) = E(X|Fs) = X, a.s. We have then that (X;):>¢ is
a martingale. By (61) we have the following:

E((Xt - Xs)Q‘gjs) E((Xt 3)2)
= (( S)Xt) ((Xt - XS)XS)
- E((Xt - Xs)Xt> + E<<Xt - Xs)Xs)

(since by (BM 3) and (i) we have E((X; — X;)(X;)) = E(X; — X;)E(X;) = 0)
=E((X: — X,)(Xe + X5))
=E(X} - X7)
=t — s by (ii),

which is the hypothesis (18). We have now fulfilled all the requirements
for X to be a Brownian motion and the objective of the dissertation has

now been achieved.
L]
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Properties of Conditional Expectation and Other Definitions

All X's satisfy E(]X|) < oo in this list of properties. Of course, § and H
denote sub-o algebras of J.

(1) Linearity: E((lle + CLQX2|9) = alE(X1|9) + CLQE(X2|9)
(ii). Tower Property: If 3 is a sub-o algebra of G, then

E[E(X|9)|H] = E(X|%), as.

(iii). Taking out what is known: If Z is G—measurable and bounded then

E(ZX|9) = ZE(X|9), as.

(iv). Role of independence: If X is independent of 3, then E(X|H) = E(X), a.s.

(v). LDCT will refer to Lebesgue’s Dominated Convergence Theorem.
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