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Abstract

The paper presents the basic model for the transmission dynamics of West Nile
virus (WNV). The model, which consists of seven mutually-exclusive compart-
ments representing the birds and vector dynamics, has a locally-asymptotically
stable disease-free equilibrium whenever the associated reproduction number
(Ro) is less than unity. As reveal in [3, 20], the analyses of the model show the
existence of the phenomenon of backward bifurcation (where the stable disease-
free equilibrium of the model co-exists with a stable endemic equilibrium when
the reproduction number of the disease is less than unity). It is shown, that the
backward bifurcation phenomenon can be removed by substituting the associ-
ated standard incidence function with a mass action incidence. Analysis of the
reproduction number of the model shows that, the disease will persist, when-
ever Rg > 1, and increase in the length of incubation period can help reduce
WNYV burden in the community if a certain threshold quantities, denoted by
Ap and A, are negative. On the other hand, increasing the length of the incu-
bation period increases disease burden if A, > 0 and A, > 0. Furthermore, it
is shown that adding time delay to the corresponding autonomous model with
standard incidence (considered in [2]) does not alter the qualitative dynamics
of the autonomous system (with respect to the elimination or persistence of the
disease).
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1 Introduction

West Nile virus (WNV) was detected for the first time in North America in 1999,
during an outbreak involving humans, horses, and birds in the New York City [5, 14].
Since then WNV has spread rapidly across the continent resulting in numerous human
infections and death [2]. The virus is widespread in Africa, the Middle East, west
and central Asia, with occasional outbreaks in Europe introduced by migrating birds
[17, 28]. Tt is believe that birds are the natural reservoir, and humans, horses and
probably other vertebrates are circumstantial hosts (that is, they can be infected by an
infectious mosquito but they do not transmit the infection). Thus, WNV is maintain in
nature in mosquito-bird-mosquito transmission cycle [8, 15, 17]. The disease is spread
to humans and other animals via mosquito bites. Recent evidence show that WNV
can be transmitted through blood transfusions, organ/tissue transplants, needle stick
injury, exposure to infected laboratory specimen and mouth to mouth transmission
1, 2, 6, 18, 27].

Although many WNV-infected people remain asymptomatic, and some show mild
flu-like symptoms such as fever, headache, body aches, nausea, vomiting etc., 75% of
infected individuals develop severe illness, such as high fever, meningitis, encephalitis,
disorientation, coma tremors, convulsions, muscle weakness, vision loss, numbness and
paralysis which typically last for weeks [2, 18].

There is no specific treatment for WNV other than supportive therapy (such as
hospitalization, intravenous fluids, and respiratory support) for severe cases. Antibi-
otics will not work because a virus, not bacteria, causes West Nile disease. No vaccine
for the virus is currently available. In the absence of effective anti-WNV therapeu-
tic treatment and vaccine, WNV control strategies are based on taking appropriate
preventive measures. These measures include the use of mosquito repellent when out-
doors. Mosquitoes may bite through thin clothing, so spraying clothes with repellent
containing permethrin or another EPA-registered repellent will give extra protection.
These repellents are the most effective and the most studied [5, 6]. Culling has also
been a widely adopted tool to control vector-borne diseases, for instance, larvicides
and insecticides sprays as intervention strategies against mosquito [14].

A number of authors have put up some mathematical modelling work about the
transmission dynamics of WNV [2, 3, 8, 9, 14, 15, 21, 22, 23, 24, 32, 33|. The work
on modelling transmission dynamics of WNV can be divided into two categories. The
first category consists of models that assume immediate transition from an infected to
an infectious state [2, 3, 8]. The second category includes models with delay in which
the assumption that there is some time lapse (delay) from an infected to an infectious
state in one or both human /birds and mosquito populations is made [14, 15]. The work
in this paper is builds on the second category of models, that is, it assumes delay from
an exposed and infected to an infectious state in both mosquito and birds populations.



The following aspects considered in this paper differentiate our work from some of
those that have been previously done, for instance [2, 3, 8, 9, 21, 22, 23, 24, 32].

(i) assumes delay from an exposed and infected to an infectious state in both mosquito
and birds populations;

(ii) assumes transmission by exposed mosquitoes and birds.

The model to be considered in the current study is assumed to be an extensions to
the models considered in [2, 3]. The main objective of this research work is to use
mathematical modeling and analysis to gain insight into the transmission dynamics of
WNYV in a population, with particular emphasis in delay on the transmission process
(i.e., one of the main aims of this study is to determine whether or not incorporating
time delay alters the qualitative dynamics of the autonomous models considered in
2, 3)).

The paper is organized as follows. The governing time-delay model is given in
Section 2. Some of its basic dynamical features are also presented. The model is
analysed in Section 3.

2 Model formulation

The WNV model to be considered is given by the following non-autonomous system of
differential equations:

dSy(t) Cup(Ny(t), Ny (1)) Sp(t) [0, B (1) + 1,(1)]
;t — 1, — = N, (1) — 1pSp(t),
Py T U AU 1O, LE)+ Lile
djcljlit) - Col 0. TP X)fi[(z - Tit) Sl L nle T (W + o + 06) I (1),
%bt(t) = wlp(t) — (1),
dSy(t) CroSy () [ B (t) + Lp(t)]
dt - Hv - ( ) - #vsv(t)a
Y CuS ) ImEL(y) + L(y)]e )
B = /t T Ny(y) 4,
dlgit) _ vasv(t - Tv)[nbEj\E:(t_:—vj—U;_ ]b(t - TU)]e vht . (,U/v + 5@)[@@)

The S,, Ey, I, and R, denote, respectively, the population of susceptible, exposed,
infectious and recovered birds. Similarly, the S,, FE, and I, denote, respectively, the
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population of susceptible, exposed and infectious mosquitoes. So that the total number
of birds and mosquitoes, at, time ¢, are respectively, given by,

Ny(t) = Sp(t) + Ep(t) + Ip(t) + Ry(t)

and

Ny(t) = Sy(t) + E,(t) + L,(2).

Furthermore, I, is the recruitment rate into the susceptible birds population, Cy,(Ny, N,) =
p,,0i is the rate at which birds acquire infection from infected mosquitoes (exposed or
infectious), f3; is the biting rate of infectious mosquitoes and p,, is the transmission
probability from infectious mosquitoes to susceptible birds. Similarly, Cy, = p,, s is the
rate at which mosquitoes acquire infection from infected birds (exposed or infectious),
Bs is the biting rate of susceptible mosquitoes and p, is the transmission probability
from infectious birds to susceptible mosquitoes. p; and 9, are the natural and disease
induced death rate for birds. -, is the birds recovery rate. II, is the birth rate for the
susceptible mosquitoes, i, and J, are the natural and disease induced death rate for
mosquitoes. Finally, transmission of the disease is through birds and/or mosquitoes at
a fixed latent period 7, and 7,, respectively.

2.1 Incidence Functions

In this section, the functional forms of the incidence functions associated with the
transmission dynamics of WNV disease will be derived. The derivation is based on the
basic fact that for mosquito-borne diseases (such as WNV), the total number of bites
made by mosquitoes must equal the total number of bites received by birds (see also
2, 11]). Consequently, we define the mosquito biting rate to be a function of these
total populations (i.e., fs = Bs(Ny, Np)).

Since mosquitoes bite both susceptible and infected birds, it is assumed that the
average number of mosquito bites received by birds depends on the total sizes of the
populations of mosquitoes and birds in the community. It is assumed that each sus-
ceptible mosquito bites an infected bird at an average biting rate, 5, and the birds
reservoir are always sufficient in abundance; so that it is reasonable to assume that the
biting rate, s, is constant. As defined earlier,

va = pbvﬁsv

Cyy is a constant. Similarly,

va(Nb7 Nv) = pvbﬂi'

Thus, for the number of bites to be conserved, the following equation must hold,
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vaN va(Nln )Nba (2>

so that,

Using (3) in (1) gives,

S, (1) I, Cou Sy (1) [0 Eu(t) + 1,(1)]

a0 No(D) — S (1),
B — /tth ChuSu(y) [mEvg\yfb)(—y%) L(y)]e mt—v) o,
T = IR P DI+ 10
W) 1) — B0, n
Pl i, - SR I s, 0,
B - /ttm CroSu(y )[T}bEbg\yfz(—yi—)]b(y)]@—uu(t—y) "
O _ CuSlt= AT T

Since the model (1) monitors birds and mosquito populations, it is assumed that all
the state variables and parameters of the model are non-negative. The initial data for
the model (1) is given by

Se(t) = 01(0), Ey(t) = ¢2(0), In(t) = ¢3(0), Ry(t) = ¢4(0),
Sv<t) = ¢5(9>7 Ev(t) = ¢6(0)7 ]v(t> = ¢7<0)7 and 9 € [_Tv 0]7

where, ¢ = [¢1, ¢, b3, ¢4, 05, 06, P7]" € C, T = maX(Tvav)a such that ¢;(0) > ¢;(0)
for (0 € [-7,0],1 = 1,2,3,4,5,6,7), ¢2(¢) > 0, (0 € [—7,0]) and C denotes the
Banach space C([—7,0],R") of continuous functlons mapping the interval [—7, 0] into
R, equipped with the uniform norm defined by [|¢]| = supse|_, g [¢(#)]. Furthermore,
it is assumed that ¢;(0) > 0 (for i = 1,2,...,7).

(5)

2.2 Basic Properties

Since R, does not feature in any of the other equation of the model (4), we can easily
remove it from the model. Further, using the generalized Leibnitz rule of differentiation,
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the model (4) can be re-written as a system of delayed differential difference equation

given by:
dSy(t) CooSy () [0 B (1) + I,(t)]
@ b Ny (t) ~ #5h(b),
AE(t) _ ConSyOLot) + L] _ CouSalt = m)im Bt =) + Lt =m)le™ o
dt Ny(t) Ny(t — 1) HeZEs
df;it) - CooBilt = Tb)[mE]v\;t(;jbj ;_ Lt = m)le — (9 + o + 0p) (1),
s o (6)
»(t) CroSu () [ Eb(t) + I(2)]
i = zbvb(ie) = S0,
dEy(t) _ CoSu()[mEp(t) + L(t)]  CoSu(t = T)mBy(t — 7o) + Lt — 7)le”™" (t)
dt - Nb(t) Nb(t - TU) o 7
T = TR R T (4 L0

The basic properties of the model (6) will now be investigated.

2.3 Positivity and boundedness of solutions

For the model (6) to be epidemiologically meaningful, it is important to prove that all
its state variables are non-negative at all time. In other words solutions of the model
system (6) with positive initial data will remain positive for all time. We claim the
following.

Theorem 1 The solutions Sy(t), Ey(t), Iy(t), S,(t), E,(t), 1,(t) of the system (6), with
initial data (5), exists, for all t > 0 and is unique. Furthermore, Sy(t) > 0, Ep(t) >
0, Iy(t) > 0, Sy(t) > 0, E,(t) >0 and I,(t) >0 for all t > 0. In addition,
II 1L,
limsup Ny(£) < —2 and limsup N, () < —2.

t—00 Mo t—00 Moy

Proof. System (1) can be written as
X = f(ta Xt)a

where X; = [Sy(t), Eu(t), Ip(t), Su(t), E,(t), 1,(t)] € C. Since f(t, X;) is continuous and
Lipschitz in X3, it follows then, by the fundamental theory functional differential equa-
tion [16], the system (6) has a unique solution [Sy(t), Ep(t), Ip(t), Su(t), Ey(t), I,(t)]
satisfying the initial data (5). It is clear from the first equation of (6) that

dsy _{va[mEv(t) + 1,(1)]
dt — Ni(t)

+ Mb}sb(t%



so that

Sy(t) > S5(0) exp {— /0 t(C"”[””E]’(g&;L L] | ub) du] >0, for all ¢ > 0.

Similarly, it follows from the third equation of the system (6), that [,(t) > 0 for all
t > 0. Since the second equation in (6) is equivalent to the second equation in (1), we

have

K E I —up(t—y)
Eb(t) . / vasb(y)[nv v(y) + U(y)]e dy <0
t—Tp

B Ny(y)

Furthermore, from the third equation of system (6), it can be shown that
Iy(t) > I,(0)e~Ovtreton) ~

Using the same approach as that for Sy(t), Ey(t) and I[,(t) it is easy to show that
Sy(t) >0, E,(t) > 0 and I,(t) > 0, for all ¢ > 0. Adding the first three equations and
the last three equations in the system (6) gives, respectively,

dN, dN,
—— =1l — up Ny — 01, d
di b — MpiVp plp all di

It follows that

= Hv - ,quv - 61)]1)' (7)

dN,
Iy — (o + 0p) Ny < —tb < IIy — ppNs,

e (8)
Hv - (,uv + 51})Nv S dtv < Hv - Nvaa
so that
IT II
" < liminf Np(t) < limsup Ny(t) < —_
iy + Op t—00 t—o00 Mo
HU . . . v
< liminf N, (¢) < limsup N,(t) < —.
Ho + 0y t—o0 t—00 Ho
Hence
. Hb . v
limsup Ny(t) < — and limsup N, (¢) < —. (9)
t—00 Hb t—00 Hoy
O

2.4 Invariant region

From (7), following the terminology in [25], the conservation law

dN,
d_tb < Iy — upNy and

dN,
<TI, — u,N, 10
7 < 0 (10)



holds.
It follows from (10) and the Gronwall inequality, that

I1 0,
Ny(t) < Ny(0)e et 4 =2 (1 _ e—ubt) and N,(t) < N,(0)e ! + =2 (1 _ e—uvt)‘
22 Lo

Hence,
Nb(t) S Hb/ﬂb if Nb<0) S Hb/ﬂb and Nv<t) S Hv/,uv if NV(O) S Hv/,uv- (11)
This result is summarized below.

Lemma 1 The following biologically-feasible region of the model (6) is positively-
mvariant:

D = {(sb,Eb,Jb,SU,Ev,JU) ERS : Sy+ By + I, <18, + B, + 1, < g—}

It should be noted that Lemma 1 means that the model (6) is a dynamical system on
the region D [31]. Thus, in the region D, the model is well-posed epidemiologically
and mathematically [19]. Hence, it is sufficient to study the qualitative dynamics of
the model (6) in D.

3 Analysis of the model

The disease-free equilibrium point (DFE) of the system (6), is given by

I I,
Eo = (S}, Ep I}, S EX I = (—b,o,o,—,o,()). (12)
2

v v
v

It follows then that the associated reproduction number, denoted by, Ry, is given by

Ro = Cp I [y K1 (1 — ek 4 pye= ][, Ko (1 — e~k ) 4 pr, e~ vk
T pp3 K1 Ko

where K; = v, + up + 0, and Ky = p, + d,. The threshold quantity, Ry, is the repro-
duction number of the model (6), which is defined as the average number of secondary
cases that one infected case can generate when introduced into a completely susceptible
population [10, 19]. Since 1911, control and intervention efforts have been based on
the concept of the basic reproduction number, introduce in [29].



3.1 Local Stability of the DFE

We claim the following.

Lemma 2 The DFE, &, of the model (6), is locally-asymptotically stable (LAS) if
Ro < 1, and unstable if Ro > 1.

Proof. The linearised form for the model system (6) may be written in matrix form

as

d
d—j = Jiz2(t) + Joz(t — 1) + J3z(t — 7,), (13)
where z is a vector with components z;; and J; = (a;;), J2 = (b;;), J3 = (¢;;) are as

given below

— b 0 0 0 _vanv _va
0 — Uy 0 0 Cb’unv va
0 0 —K; 0 0 0
J = o
_ CromppIly Cpopplly !
0 Sl _Cumll _y 0o
Chonppip Iy CroppIly _
0 Capmll  Gewll oy
0 0 0 0 0 — K,
[0 0 0 O 0 0 i
0 0 0 0 —Cymne e —Ch,e ks
00 0 0 Cypne ™  Che ™
Jo =
00 00O 0 0
0000 0 0
(0000 0 0o |
and
[0 0 0 00 0]
0 0 0 0 00
0 0 0 0 00
J3 -
0 0 0 0 00
_C il HU,U« e~ TvHv _C vnvﬂ e~ TvHv
O e Hb#bv ) Hbl;Lv 0 0 0
Cromplloppe”T0HY Cppllyprpe”TvHv
L O - Hblfv : Hb’;tv 0 0 0 .




It is known that the zero solution of (6) is asymptotically stable if and only if the zero
solution of the linearisation (13) is asymptotically stable. If z(t) = eMu is a solution
of (13), where u = (uy,us, ..., us)" is a constant vector, then

(M = Jy — Joe™™ — Jae ™ )u = 0. (14)
Solving (14) gives a characteristic quasi-polynomial equation

X (i + o + K14 Ko)A? + QuA + Qo)X + it K1 Ko = (P + Py + piyppy K1 KRG e M)

where,
C2 11,
P = lﬁ—l% {nbme(ﬂﬂrﬁ) + (o 4 € e ) (n, + eTveTU,u‘v>:| :
by
211
P, = —fﬁ ;“ ’ {e—“b*“)e—wbe‘”“v [ty + pro + Moo (K1 + Ka2)] + e e ™10 (Ky 4 )
bHv

+e e T (K ) + menu (K7 + KQ)},

C2 11,
Qr = Zﬁ M#b {e—(ﬂ;-&-n)e—ﬂ;ube—%uu(nb +77v) +nbnv(€—7be—7bﬂb + e_Tve_TUHv):|
bMv
+(p + o) (K1 + Ka) + K1 Ka + pphte,
C2 11, _ i
@2= lﬁb:u . {6 (mtremobee ot [y (Ky + ) + 1 (K2 + )]

+npn (e e e e ) (K + KQ)} + pppty (K + K) + K1 Ko (py + o).

Thus,

(Pl)\z + Pg)\ + ,LLb/l,vKlKng) A(Tp+7v) .
M (i + po + Ky + K2) A3 + Q1A% + Qo + i K1 Ko

Define

() = (PLA2 + Py 4 pippty Ky Ky R2) e mot0)
M4 (o + po + Ky + K2) A3 + Q1A% + Qo + i K1 Ko
Let Re(A) > 0. Since the function is continuous on any closed subset [0, a] of [0, c0),
and differentiable on the closed subset [0,a] of [0,00), it follows, by the Maximum
Modulus Theorem [7], that |g()\)| attains its maximum on the boundary. Thus, on
the closed subset [0,a] of [0,00), its maximum is either |g(0)| or alggo|g(a)| Since

|g(0)] > lim |g(a)| = 0 then the maximum must occur at A = 0. Hence,
a—r0o0

L=lg(N| = (PN + Po) + 1, K1 K RE) e 204 m)
- N (i o+ B A )N+ QA+ Qo+ i KO K

< |g(0)] = RE.
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Thus, for 7, + 7, > 0 and Re(\) > 0 we have
(Pl)\2 + P+ ,ubuvKlKgRg)e_A(Tb*”)
A+ (,Ub + Uy + K+ Kg))\g + Ql)\2 + QQ)\ + ,ub[thlKg

Therefore, it is shown that RZ > 1 whenever Re(A\) > 0, which implies that if R2 < 1
then Re(\) < 0. Hence, & is a locally asymptotically stable equilibrium if Ry < 1. O

<RG. (16)

3.2 Endemic equilibria and backward bifurcation

In order to establish the existence of endemic equilibria of the model (6) (that is,
equilibria where at least one of the infected components of the model is non-zero),
the following steps are taken. Let Ey = (S;*, E;*, I;*,S5*, E*, I'"), represents any
arbitrary endemic equilibrium of the model (6). We also note that at equilibrium
f(t) = f(t —7), where f is a state variable and 7 is delay time. Solving the equations

of the model (6) at steady-state gives

wok 1T, . Hb)\g*(l — e_Tb”b) - Hb)\z*e—Tle»b
N N+ ) T KO+ )] )
G — HU ok HU/\:*(l B eiTv'uv) w% HU)\:*eiT“'u”
AT O ) Y KA+ )
where
CrooSi* B + 1) Coo S [ E;* + 1]
Ay = ‘ LD W 2 ) 1
b Nl;k* ? v N;* ( 8)
Substituting (17) in (18), and simplifying, gives, respectively,
A = vaHv/beKl [anZ)\Z*()\:* + /,Lb)(l — e_TvlJm) + B_TUHU,LLUB_T”“”] (19)
b Koy, (A + o) { K[ + A5 (1 — e mre)] + e~}
e _ O B (1 — e7™0) + pe ™) (20)

CK [y + A55(1 — e~ Toro)] + ppe "ok

By substituting (20) in (19), it can be shown that the non-zero equilibria of the model
(6) satisfy the following equation (in terms of \;*)

M ar (N2 + ap\i* + as) = 0, (21)

where

a; = ,uVK2Hb{ {Kl(l — e oH) /Lbe_”“b} [Kl(l — e N (Chump + o) + e P (cpy + ,uv)} },

ay = ILLUl,LbKlKQHb{va [Kmb(l — e ) ,ube_”’“b] + 2 ppe” M 4 Ky, [2(1 — e ) — Rg} },
as = 2K KLIT,(1 — RY).
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Clearly A\;* = 0 is a solution of (6) which corresponds to the disease-free equilibrium
&r. Furthermore, the coefficient a;, of (21), is always positive, and a3 is positive
(negative) if Rq is less than (greater than) unity, respectively. Thus, the following
result is established.

Theorem 2 The WNV model (6) has:

(1) a unique endemic equilibrium if az3 < 0 < Ro > 1;

(ii) wnique endemic equilibrium if ay < 0, and az = 0 or a3 — 4ajaz = 0;
(iii) two endemic equilibria if az > 0, ay < 0 and a3 — 4ayasz > 0;

(iv) no endemic equilibrium otherwise.

It is clear from Theorem 2 (Case i) that the model has a unique endemic equilibrium
whenever Rg > 1. Further, Case (iii) indicates the possibility of backward bifurcation
(where the stable DFE co-exists with a stable endemic equilibrium when R < 1; see,
for instance, [3, 4, 11, 12, 13, 30]) in the model (6) when Ry < 1.

To check for this, the discriminant a2 — 4ayas is set to zero and solved for the critical
value of Ry, denoted by R., given by

2

a
Re=4/1— 2 : 22
\/ 42, 12 K2 KT, (22)

Thus, backward bifurcation would occur for values of Ry such that R. < Rg < 1. This
is illustrated by simulating the model with the following set of parameter values (it
should be stated that these parameters are chosen for illustrative purpose only, and
may not necessarily be realistic epidemiologically): p, = 0.0099, p, = 0.0714, 6, =
0.599, 9, = 0.0575, I, = 10, I, = 30, n, = 0.799, n, = 0.799, Cp, = 0.12, 7, =
0.53, 7, = 15, 7, = 25 (see Table 1 for the units of the aforemention parameters).
With this set of parameters, R, = 0.8008553758 < 1 and Ry = 0.8698334365 < 1
(so that, R. < Ro < 1). The associated bifurcation diagram is depicted in Figure
2. This clearly shows the co-existence of two locally-asymptotically stable equilibria
when Ry < 1, confirming that the model (6) undergoes the phenomenon of backward
bifurcation. Thus, the following result is established.

Lemma 3 The basic model (6) undergoes backward bifurcation when Case (iii) of The-
orem 2 holds and R, < Ry < 1.

The epidemiological significance of the phenomenon of backward bifurcation is that the
classical requirement of Ry < 1 is, although necessary, no longer sufficient for disease

12



elimination. In such a scenario, disease elimination would depend on the initial sizes
of the sub-populations (state variables) of the model.

This result is consistent with the finding in [3, 20] that reveal the existence of the
phenomenon of backward bifurcation in transmission dynamics of West Nile virus.

3.3 Analysis of reduced model with mass action incidence

Another interesting aspect to note is that it was shown in [3, 11] that some disease
transmission models with standard incidence can lose their backward bifurcation prop-
erty if the standard incidence formulation is replaced by mass action incidence. To
explore this in the context of the model (6), we consider the mass action equivalent
of the model (6) (note that, here, we assume the disease induced death rate of birds
0, and mosquitoes 9, are negligible, so that the total birds population is constant,
Ny(t) = N, = constant), given by:

P 11y — o301 B 0) + (0] — S5l
o= /t CowSo(y) o Ew(y) + ]v(y)]e_'ub(t_y)dya
dIy(t)

= CoSp(t — 1) e Eu(t — 1) + L,(t — 7)]e™ ™" — (7 + ) 1o (1),

~+
~—

T — o tt) — Rt 23
B 11, S OB + B(0)] ~ paSile).

B~ [ CuSnB) + ey
WolE) _ it = )l = 72) + ot — 7)™ — o L,(0)

Using the method as in model (6), the mass action model (23) can be re-written as a
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system of a delayed differential difference equation given by:

d%ft‘) = 11, — CouSp (1) [ B (1) + L,(1)] — 1S (1),
dEdbt(t) = ChuSy(D)[MEu(t) + L(1)] — CouSo(t — ) e Eo(t — 7)) + Lo(t — 7)]e ™" — pyEy(t),
dI,(t)

at CroSy(t — 1) [ By (t — 1) + L (t — 7)]e" ™ — (9 + 1) I(1),
(24)

dS;t( Do, - Cou Sy (D) [ Ep(t) 4 Ty(t)] — 115Su(t),
d%p = vasv<t>[nbEb(t) + Ib(ﬂ] - vaSv(t - Tv)[nbEb(t — Tv) + [b(t — Tv)]efT”“” — ,Uva(t);
djshgt) = Cp Syt — 1) [ Ep(t — 7) + Ly(t — 7)€ ™H — py L (t).

The resulting (mass action) model (24), has the same DFE, &, given by (12). For this
model, the associated reproduction number is given by

RM — \/OgvHUHb[nbkl(l _ e_Tb'ub) =+ /’Lbe_Tb'uan’U<1 - e_TU‘u”) -+ 6_7—““”]
" M%H%K 1
where K; = Y + iy, so that the following local stability result is established (using
Theorem 2 of [33]).

Lemma 4 The DFE, &, of the mass action model (24), is LAS if R§* < 1, and
unstable if R§' > 1.

3.3.1 Non-existence of endemic equilibria for Rf <1

We claim the following.

Theorem 3 The mass action WNV model (24), has no endemic equilibrium when
Ry <1, and has a unique endemic equilibrium otherwise.

Proof. Solving the equations of the model (24) at steady-state gives

kk Hb kk Hb()‘gl)** 1 B e_Tb“b) kk Hb()\zn)**e_Tbe
N O A () + ) 0 K ()™ + )] (25)
*k HU *3%k HU()\Um)**(l - e_TUuU) K%k HU()\T)**e_TU“U
SU = myer 4, 0 EU = *% ) ]U = *% )
()™ + o fo ((A)™* + pay) fo (A ™ + py)
where
(A = CoSy (o By + I77), (W)™ = CoulSy" (™ + 1. (26)
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Substituting (25) in (26), and simplifying, gives, respectively,

mY** vaHv<)\gL>**[77v(1 — e_TU“U) —+ e_Tvl‘v]

(A) = — ’
luv(()\b ) + ,uv)

(27)

_ GuIL, (A7) 1 (1 — e7™) + e~ ]
s K1 (NP + )

By substituting (28) in (27), it can be shown that the non-zero equilibria of the model

(24) satisfy the following quadratic (in terms of (A}*)*™*)

(A7) [01(AF")™ + bo] = 0, (29)

(A

(28)

where
by = Cop Iy [ K1 (1 — 7)) + iy puy Ky
by = 12K (1 — (RI)?).

Clearly, by > 0 and by > 0 whenever Ry* < 1, so that (A\]")™ = jb—lf < 0. Therefore, the
mass action model, (24), has no endemic equilibrium whenever Ry* < 1. 0

The above result suggests the impossibility of backward bifurcation in the mass action
model (24), since no endemic equilibrium exists when R{* < 1 (and backward bifurca-
tion requires the presence of at least two endemic equilibria when R < 1). A global
stability result is established for the DFE of the mass action model (24) below (to
completely rule out backward bifurcation).

3.3.2 Global Stability of the DFE

We claim the following.

Theorem 4 The DFE, &, of the model (24), given by (12), is globally-asymptotically
stable (GAS) in D if R < 1.

Proof. Taking the lim sup of both sides of Ej(t) in system (23) and apply the fact that
lim sup / g < / limsup g (Kribs-Zaleta and Velasco Hernandez, 2000; Kribs-Zaleta,
1999) to get

limsup E} = lim sup/ CooSs () 1o Eu(y) + L (y)]e Y dy,

t—o00 t—o00

t—o00 t—o00

< / lim sup Cy, Sp(y) lim sup[n, E, (y) + [v(y)]e_’“’(t_y)dy7

, (30)

< lim sup Cy, Sy (¢) lim sup[n, E, (t) + I,(t)] / e (t=Y) gy,
t—T1p

t—o0 t—o00

— o TbHb
_ Coully(1 — ¢ ) lim sup(n, B, (t) + L,(t)].

Hb t—o0

15



Similarly, for the fifth integral in (23), we get

vHv I —e i .
limsup E, = ColLu(1 — € ) lim sup|my By (t) + Ip(t)]. (31)

t—o00 M% t—00

Furthermore, rewriting the infective compartments of both populations in system (24)
as a set of integral equations:

t “
LI(t) = / CooSp(x — 1) [ By (x — 1) + L (x — Tb)]e’T”“”e’Kl(t"”)dx,
e (32)
() = / ConSo( — ) [ Ey(x — 7) + T(x — )6~ e o(t=2) g

Using the substitution w =t — x, we take the lim sup of both sides of the equation of
I(t) to get

lim sup I(t) = lim sup/ CrpSp(t —w — ) [ Ey(t —w — 1) + L,(t —w — Tb)]e_Tb“be_m(w)dw,
0

t—o00 t—o00

< / lim sup Cy,e” ™ Sy(t — w — 1) X
0

t—o0
limsup([n, E,(t —w — 1) + 1,(t —w — Tb)]e_f{l(w)dw, (33)
t—o00
<l sup Gl ™50 ansupl, B, + 1(0)] [ e,
t—o0 t—o0 0
B vaﬂbeffbub

lim supln, By(t) + 1, (t)].
ubKl t—00

Similarly, for the second integral in (32), we get

H —To v
limsup I,(t) < Chllye ™™ lim sup|[my By (t) + Ip(t)]. (34)

t—00 /~L12) t—o00

Thus, from (30) - (33) we have

vaHb nbkl(l _ 6—Tbub) + Iube—Tbub]
limsup [ Ey + ()] < - lim sup[n, E,(t) + Iv(t)],(35)
t—o00 /L%Kl t—o00

and

CUHU v 1 — e TvHw —Tv My )
limsup [0, F, + I,(t)] < Ty [0 62 ) e ] lim sup[n, Ey(t) + I(t)]. (36)

t—o0 Ky t—o0

Substituting (36) into (35), we have

limsup [, 5, + (1)) < (R)* L supln, B4(t) + (1)) (37)

t—o00 t—o00
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If Ry® < 1, we have the strict inequality (and contradiction) hm n sup By + 1p(1)] <

lim sup [y Ep + 1,(t)], unless lim sup [n, By + I(t)] = 0. Thus, the DFE &o, of the model
t—00 t—00

(1), is GAS in D if R < 1. O

Theorem 4 guarantees that the solutions of the model (24) will always converge to
the DFE, &, whenever R < 1. This result is numerically illustrated by simulating
the model (24) with parameter values such that Rj* < 1 (Figure 3).

3.4 Permanence of Disease

Permanence (or persistence) address the long-term survival of some or all components
of a given epidemiological system. In this section, the conditions needed for persistence
of WNV in a population (for the case when Rq > 1) will be explored. In other words,
it will be shown that whenever an EEP of the model (6) exists (i.e., Rg > 1), then
the number of people infected with WNV will remain above certain positive level. The
procedure described in [26, 34] will be used to established the permanence of WNV in
the population when Ry > 1. Assumed Ry > 1. It should be recalled from equation
(8) that

dN,
Iy — (g + 0p) Ny < d_tb < Iy — pp Ny,

Hv - v 51} - v ’UNU'
(1w + 60) o Iz
Let
I1 I1 I1,
M1: b 7M2:—b, le and NQZ—.
Lo + 0 o fho + 0y P
Setting
I 1 L M d I 1 ! N (38)
= - — an = - — .
1 Ry 1 2 Ry 1
Furthermore, suppose
0<m<I; and 0 <y < Is. (39)

It follows that

R0{1—Mi1(11—%)} > 1 and Ro{l—]\%(& 2)
R§{1— J\Z <]1—%>] [1—]\%(12—%)] > 1. (40)

We claim the following.

> 1,

so that
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Lemma 5 For any to > 0, it is impossible that Sy(t) < Iy — 1, Ep(t) < Iy —m, (t) <
[1 — 7]1,51,@) < 12 — T]Q,Ev(t) < _[2 — 1o and Iv(t) < _[2 — 1o, fOT’ all t > t().

Proof.
See Appendix A. O

Furthermore, we claim the following.

Theorem 5 Consider the model (6). WNV will persist in the population whenever
Ro > 1. That is whenever Ry > 1, there are positive constants, q; and Q;, (i =
1,2,...,6), such that the following inequalities hold for any solutions

(Sp(t), Ey(t), Iy(t), Sy(t), E,(t), I,(t)) of the model (6) with initial condition in D:

G < lign inf Sp(¢) < limsup Sp(t) < Q1, ¢ < li{n inf £, (t) < limsup Ep(t) < Qo,
—00 —00

t—o00 t—o00

gs < liminf [,(¢) < limsup ,(t) < Q3, ¢4 < liminf S,(f) <limsup S,(f) < Qu,  (41)
—00 —00

t—00 t—o00
¢s < liminf F,(t) < limsup F,(t) < Qs5, ¢ < liminf [,(t) < limsup I,(t) < Qs.
t—ro0 t—00 t—o0 t—00
Proof. See Appendix B. O

3.5 Threshold Analysis: Effect of Time Delay

In order to qualitatively measure the impact of time delay (incubation period) on
the transmission dynamics of WNV, a threshold analysis is carried out on the delay
parameters (7, and 7,) of the model (6) by computing the partial derivatives of Rg
with respect to these parameters. Setting Ry = 1, implies that

Cp L[ Ky (1 — e ™) + e ™ ][, Ko(1 — e7 ™) + e ™" ] 1
Hb,u%hatKlKQ o

(42)

let

I, Kopi? )

Ay, =K —
b 1 (nb CI?UHW [an2<1 _ e—m;m) + Nve_ﬂ“uv]

0, K 2
and A, = K, (nv — ket Vo )

Cl?vnv [anl(l — B_Tb“b) + H,be_Tbe]

Solving for 7, in (42) gives

. 11( Ay )
=7 =——In[ ——— |].
’ ’ My I — 1y



Similarly, solving for 7, in (42) gives

. 11 ( A, )
Ty =T, = ——M| —F/—7— .
Ho anQ_H'v

Since 7¢ and 7¢ represent biological process (incubation period), 7¥ > 0 and 7¢ > 0.
Hence, 74 and 7,7 will be biologically feasible whenever the following conditions hold:

(i) sign(Ay) = sign(mK1 — i);

(i) sign(A,) = sign(n.K> — p);
(iii) 0 < (nbz?fm,) <1

(iv) 0 < (mé“_uv) <1

Thus, 7¢ (i = b,v) is a sharp epidemiological threshold above (below) which disease

persistence (elimination) is possible. Hence, applying Lemma 2, we have the following
result.

Corollary 1 Suppose Conditions (i) to (iv) holds. The DFE &y, of the model (6), is
LAS if any of the following conditions is satisfied:

(v) < 18(Ay > 0), 7, < T5(A, > 0);
(vi) ™ > 18(A, < 0), 7, > (A, < 0);
(vil) 7 < 75(Ap > 0), 7, > TE(A, < 0);
(viii) 7 > 75(Ay < 0), 7, < (A, > 0).

Numerical simulation of the model (6) using the parameter values in Table 3 and various
initial conditions for the case when Ry = 0.1802 < 1 (7, > 75(Ab < 0)) is depicted
in Figure 3. It is evident from this figure that all solutions converged to the DFE, &.
On the other hand the disease persist when Ry = 1.4014 > 1 (7, < 75(Ab > 0)) as
shown in Figure 4. Further simulation show that, increase in the incubation period
(time delay) reduces the transmission rate of WNV (Figure 5).

Conclusion

A deterministic model for the transmission dynamics of WNV with time delay in a
population is designed and rigorously analysed. The model has a locally asymptotically
stable DFE whenever the associated reproduction number is less than unity. As reveal

19



in [3, 20], the analyses of the model show the existence of the phenomenon of backward
bifurcation (where the stable disease-free equilibrium of the model co-exists with a
stable endemic equilibrium when the reproduction number of the disease is less than
unity) in the transmission dynamics of WNV. It is shown, that the backward bifurcation
phenomenon can be removed by substituting the associated standard incidence function
with a mass action formulation. Analysis of the reproduction number show that, the
disease will persist when Ry > 1. Furthermore, an increase in the length of incubation
period can help reduce WNV burden in the community if a certain threshold quantities,
denoted by A, and A, are negative. On the other hand, increasing the length of the
incubation period increases disease burden if A, > 0 and A, > 0.
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Appendix A: Proof of Lemma 5

Proof. The proof is based on the approach in [26, 34], by contradiction. Suppose
Lemma 3 does not hold. Then, there exists to > 0 and ¢, > max{ty + 7, to + 7, } such
that

Ey(t) 1
Ey(t I — d —L < — (I — =
b()< 1 — 71 an Nb(t) _Ml(l 2>7

L(t) _ 1 U
Iy(t) < I — d < —\6LH——=

(43)
E,(t) < Iy — 19 and Jl\?fzg)) < MLQ (-72 — %)7
L _ 1

I,(t) < I — 19 and

(]2 — @>, for t > max{t; — 7, t1 — 7}

<
N,(t) = M, 2

Since the infection period for infectious birds is 7, and infectious mosquitoes is 7,. It
follows from (30) and (32) that

B0 2 Ciu | IEL0) + L)) g ey,

Lo(t) = vaeTbe/ MeEu(y — 1) + Ly(y — Tb)]%

— 00

(44)
e K=y for t > 7.

Similarly,

t Me—uv(t—y)
E,(t) > Chy /t . [ Ep(y) + Ln(y)] Ny(y) W (45)

Yy, for t > T,

' Su(y = 70)
> TTobe — — Pl Tv) Kot
10> Coe [ By =) + By = )| 5 e
Letting
Gb<t) = nbEb(t) + [b<t) and Gv(t) = nva(t) + Iv<t)7 (46)
and noting from N,(t) = Sy(t) + Ep(t) + I,(t), that,

S Et) bt

1 _ ol 47
MO TN N o
it follows from using the bounds given in (43) into (47) that
Sb(t) 2 m
>1——\(L——=]. 4
Ny(t) = Ml( L2 (48)

Hence, using (44) and (48), the first equation of (46) for t > 1, gives

2 t t
Gy(t) > Chy {1 - — (11 — @)} {nb / Go(y)e 10 dy 4 o7 mome / Go(y — m)e K19y (49)
t—Tp

M, 2 oo

21



Similarly, using (44) and (48), the second equation of (46) for ¢ > ¢, gives

t
Gv(t) > vaHv,ub |:1 _ i (_[2 _ @):| |:77v/ Gb(y)e—uu(t—y)dy
t—Ty

Hb,uv M2 2
t (50)
+ e T / Gy — Tb)e_KQ(t_y)dy} :
Let J1 = min Gy(t) and Jo = min G,(t). We claim that G,(¢) > J; and

te(t1,t1+7p) te[t1,t1+70]
G,(t) > Jo for all t > t;. If not, then there is a to > max{t; + 7,t; + 7,} such that

Gb(t) = Jl and Gv(t) == J2 and Gb<t) Z Gb(tQ), Gv(t) Z Gv(t2> for tl S t S tQ. It
follows from (46) that:

2 1 — e Ho™ e HoTo
02 61 2 (1= )] rener = s ],
M1 2 b K1 (51)
2 771 1 — e_l-"bTb e_MbTb
= to)|l — — | [{ — = )
Ol 2)[ Ml( b2 )] [nb o - K }
Similarly, it follows from (46) that
CipolL, 1y 2 o 1 — e HoT e Moo
ot) > 1= = (L= B) | |Gt ——— + Gyt |
Gult) 2 Iy pte { N1< ‘2 eCh(f2) Ho T Gulte) K, (52)

Cioll, 1 2 Mo 1 —e ™  gmHTy
= Gp(ta) |1 — — | L — = N .
Hbﬂv b( 2) Nl ? 2 ! oy * KQ

Combining (51) and (52) gives

o) > R2Gy(t) {1 - Mil (11 - %)} {1 - N% (12 - %)} (53)

which implies
2 m 2 T2
Rl——(L-=)||l-—(L—-= 1 54
0{ M1<1 2)” N1<2 2)}<7 (54

contradicting (40). This proves the claim that G,(t) > J; and G,(t) > J, for all t > ¢;.
We next choose constants C; and (5, such that

2
1<01<R0[1_M<[1_%)}’

2 2
1 1—— (1L ——=]].
<CZ<RO[ N1(2 2)]

We claim now that Gy(t) > J,Cy and G, (t) > JoCy for all t = max{t; + 7, t1 + 7, }. It
should be noted that

2 m ans — o (t47 —
Go(t+ 1) > Cp|l — — L — = 'r]b/ Gy (y)e HetEm=v) gy
M, 2 '

(55)

t+1p

2
4 e TbHb Gv(y _ Tb)eKl(t+Tby)dy:| — {1 _ ﬁ <[1 _ %)] JiRo > JiCh.
1

—0o0
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Similarly, using (44) and (48), the second equation of (46) for ¢ > ¢, gives

H 2 t+7y
Gv(t + Tv) Z va U:ub |:1 - s (IQ - @>:| |:77v/ Gb(y)e_uv(t+7—v_y)dy
t

Hbﬂv MQ 2
t+1y 2 n (57)
+ e TvhY / Gb(y — Tb)e_K2(t+T”_y)dy:| = |:1 — F (.[2 — 32>:| JoRgy > JoCs.
o0 1
If the above claim is not valid, then there exists a t3 > max{t; + 7, t; + 7, } such that
Gb(tg) = JlCl, Gv(tg) = JQCQ and Gb(t) Z chh Gv(t) Z JQCQ for max{t1 -+ Tb,tl -+
T} <t <t3. On the other hand, it follows from (49).
2 n L emngy g [ e-Ki-w)
Go(t) > Ch |1 — — (I — = ) | |m Jie T dy em i [ Jiem M dy |
My 2 t—Tp —00 (58)

2
= |:1 — M(Il — %):| JiRy > J1Ch.

Similarly, it can be shown from (49) that

va”vﬂb 2 7]2 /t _ _ _ t _ _
G,(t) > 1— = (L—2)|n Jae oY) dy 4 #/ Jye K2lt=v)g
( ) = Ty, N, 2 5 n o 2€ y—re - 2€ Y,

2
— |:1 _ _<[2 — @):|J2R0 > J2027

for max{t; + m,t1 + 7} <t < t3. Thus, Gy(t3) > J1C1, G,(t3) > JoCy which leads
to a contradiction. This proves the claim. Hence by induction, we conclude that
Gyp(t) > J1C} and G,(t) > JoC¥ for t > max{t; + nn,t; + n7,}. It follows that
Sp(t) > Li—m, Eyp(t) > Li—m, Iy(t) > I1—m, Sy(t) > Io—mp, E(t) > Io—n, and I,(t) >
I, — o, if t is sufficiently large, contradicting Sy(t) < Iy — m, Eb(t) < L1 — m, L(t) <
I —m, Su(t) < Is —m, Ey(t) < Iy — mo and I,(t) < Iy — o, for all £ > ;. O

(59)
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Appendix B: Proof of Theorem 5

Proof. The proof is based on the approach in [26, 34]. It should be noted from (6) that

II II II
lim sup Sy(t) < —b, lim sup Ey(t) < —b, lim sup I,(t) < —b,
t—o0 My t—o00 b t—o00 Ho
(60)
]._.[ HU . HU
limsup S, (t) < —, limsup E,(t) < —, limsup [,(t) < —.
t—o0 Ho t—o00 Ho t—o00 Ho
Hence, Q; = %, (1=1,2,3) and Q; = %, (1 =4,5,6) as required. Noticed that
Cho [ Ep(t) + Iy(t)]
A (1) = < Oy + 1),
(t) 0 b + 1)
(61)
Cop[uEo(t) + Lo(t)] _ Coo[neLu(t) + 1u(1)]
= = < 1
)\b(t) Nv<t) Nb(t) = va(nv + )7
so that,
dSy(t
MO 11, 0 (0800) ~ )00,
> Hb — [va(nv + 1) + /Lb]Sb(t),
45, (1) (62)
C;t = Hv Av(t)Sv(t) - ”v(t)sv(t)>
>y = [Cou(my + 1) + 1) Su(t)
Hence,
lim inf Sy(t) < 1 d liminf S,(t) < L (63)
im in =¢q; and liminf S,(t) < = qy.
oo = Gt D)t t=00 Cooly + 1) + 1

Next assume that Ey(t*) = Ep(t*+qp) = I1 —m1, L(t*) = Lt +q,) = I —m, E,(tF) =
E,(t"+q,) = I —ny and I,(t*) = L,(t*+q,) = Is —n for t* < t < min{t* +q, t* +q»},
where t* is sufficiently large such that

B0 1y n), B a) BO L

(64)

I(t 1 .
(*) < —([2—@>, for t* <t <min{t" + g, t" + ¢}

First of all, notice that each of the variables E,(t), I,(t), E,(t), I;(t) is uniformly con-
tinuous (since their positive solutions are bounded (Theorem 1)). Hence, there is a
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0 < w < min{r, 7,} (independent of the choice of ¢*) such that Ey(t) > B0 [(t) >

Lhom B, (t) > 252 and 1,(t) > 252 for ¢* <t < min{t* + ¢, t* + ¢, }. Consider the

case where w < min{q, ¢,} < min{mn, 7,}. For t* + w <t < min{t* + ¢, t* + ¢, }, from

equation (44) we have

Eb(t) > Clm /t [nva(y) n L)(y)] Sb(y) e*,ub(tfy)dy’
t—Tb Nb(y)
2 il T —pp (E* w—
2G|l =g b=y / [0 Eu(y) + L(y)le 0+ vdy,  (65)
_2 _h L —m o 2
>C’bv[1 i, ([1 2)}( 5 )(nb—i-l)we = ¢

Define ¢, = min II_T’”,QQ . It is easy to see that Ey(t) > g9 for t* < t < min{t* +

@, t* + qp}. Further, if min{q, q,} > max{m,7,}, it follows by similar argument as
those in the proof of Lemma 3 that Ey(t) > go for t* < ¢ < min{t* + g, t* + ¢, }-

In view of Lemma 3, there are two cases to be considered for the positive solution.
The first is that Eu(t) > ¢o when ¢ is sufficiently large. The second is that E,(t)
oscillates about I; — 1; when ¢ is sufficiently large. In the first case, hg (i)glf Ey(t) > qo.

For the second case, the argument above shows that the minima of Ej(t) are greater
than g, for all large ¢. Notice that ¢, is independent of the positive solution. Similarly,

it can be shown that liminf F,(t) > g5, with ¢5 = min{b—zm, q5} and

t—

2 72 Iy — -
=Cpll—— L — = y + 1 oW
e B O 1 G R

Furthermore, it follows from (44) that

t

hwzcueW@/[WE@FWQ+A@_ﬂM§£:iQ€mam@,

— 50 Nb<l’—7'b)

- 2 m I —m K
Cpoe ™0 |1 — = (1, = It 1we K1,
e 1= (=2 | (52 ) e

Similarly,
' Sy(x — 1)
[’U t > C ,UefTvMu / E T — Ty + [ T — T, uesz(tfx)dx.
(t) > Cy _Oo[ﬁb b( )+ Iy( )]Nb(x )
Cb e 1 — i I, — @ M (n + 1)W€_K2w,
° Ny 2 2 v

Hence, using similar argument as above, liminf I(t) > g3, liminf ,(t) > g,
t—o00 t—00
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I — Iy —
q3:min{ ! nl,q3}, q6:min{ 2 2n2,q6} with

2
_ 2 m | 11—771 _
3 T Kiw
= Cpe |1 — — (I — — 1 .
q b€ [ M1(1 2)( 5 )(UIH' Jwe
and
_ 2 72 | ]2—7}2 _
6 T Kow
= Cpe ™ 1= (L — 2 o+ Dwe K2,
1 e [ N1(2 2>< 2 )(77+ )we
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Table 2: Description of variables and parameters of the models (1).

Variable Interpretation

Sh Susceptible birds

B, Exposed birds

I Infectious birds

Ry Recovered birds

Sy Susceptible Mosquitoes

E, Exposed mosquitoes

I, Infectious Mosquitoes

Parameter Interpretation Unit
IT, Recruitment rate of birds day~!
I1, Recruitment rate of mosquitoes day~!
i Average lifespan of bird days
™ Average lifespan of mosquitoes days
Pos Transmission probability from infectious mosquitoes to susceptible birds day ~*
Py Transmission probability from infectious birds to susceptible mosquitoes day ~*
Bi Biting rate of infectious mosquitoes day !
B Biting rate of susceptible mosquitoes day —*
Cu Infection rate of birds day !
Cho Infection rate of mosquitoes day !
Vb Birds recovery rate day™!
Th Incubation period for birds days
Ty Incubation period for mosquitoes days
Moy Mo Modification parameters

Op disease induced death rate of birds

Oy disease induced death rate of mosquitoes
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Table 3: Parameter Values

Parameter nominal value references
IT, 1000 2]

I, 22000 2]

t 1000 2]

= 14 2]

o 0.88 2

Do 0.16 2

Bi 0.09 2]

Bs 0.09 2]

Op 5.0 x 107° 2]

dy 5.0 x 1077 assumed
Vo 0.5 assumed
i 0.5 assumed
Mo 0.5 assumed
Cup Variable

Cho Variable

Ty Variable

Ty Variable
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Birds Population

Susceptible birds
Su(t)

Exposed birds
En(t)

Infectious birds
Iy(t)

Recovered birds
Ry(t)

Mosquitoes Population

Susceptible
mosquitoes S,(t)

Exposed
mosquitoes E.(t)

Infectious
mosquitoes I,(t)

Figure 1: Schematic diagram of the model (1).
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Figure 2: Bifurcation diagram for the force of infection (A\;*) of the model (6). Param-
eter values used are: p;, = 0.0099, u, = 0.0714, 6, = 0.599, 9§, = 0.0575, 11, = 10, 1L, =
30, 1, = 0.799, 1, = 0.799, Cyy, = 0.12, 7, = 0.53, 7, = 15, 7, = 25.
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Figure 3: Simulations of the model using ODE45, showing the total number of infected
birds as a function of time. Parameter values used are: p, = 1/1000, u, = 1/14, §, =
5x 107%, 6, = 5 x 1077, II, = 1000, II, = 22000, 1, = 0.5, n, = 0.5, By = 0.09, py, =
0.16, Cypp = 0.0144, 7, = 0.5, 7, = 1, 7, = 1 (so that RI" = 0.1802 < 1 (7, > 77)).
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Figure 4: Simulations of the model using ODE45, showing the total number of infected
birds as a function of time. Parameter values used are: p, = 1/1000, pu, = 1/14, §, =
5x 1075, 6, = 5 x 1077, II,, = 1000, II, = 22000, n, = 0.5, n, = 0.5, Bs = 0.7, pp, =
0.16, Cp, = 0.112, 7, = 0.5, 7, = 1, 7, = 1 (so that Ro = 1.4014 > 1 (7, < 7F)).
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Figure 5: Simulations of the model using ODE45, showing the total number of infected

birds as a function of time. Parameter values used are: p, = 1/1000, u, = 1/14, J
5x 107%, 6, = 5 x 1077, II, = 1000, II, = 22000, 1, = 0.5, 0, = 0.5, Bs = 0.09, pp,
0.16, Cyy = Bsppw, 1 = 0.5, Ro = 0.1802 < 1 With different values for delay (i.e., 7,

7, = 5,25 and 50).
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