
A contaminated regression model for count health data

Otto, Arnoldus F.a, Ferreira, Johannes T.a, Tomarchio, Salvatore D.c, Bekker, Andriëttea,b, Punzo, Antonioc
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Abstract

In medical and health research, investigators are often interested in countable quantities such as hospital length of
stay (for example in days) or the number of doctor visits. Poisson regression is commonly used to model such count
data, but this approach can’t accommodate overdispersion — when the variance exceeds the mean. To address
this issue, the negative binomial (NB) distribution (NB-D), and by extension, NB regression, provide a well-
documented alternative. However, real-data applications present additional challenges that must be considered.
Two such challenges are: i) the presence of (mild) outliers that can influence the performance of the NB-D,
and ii) the availability of covariates that can enhance inference about the mean of the count variable of interest.
To jointly address these issues, we propose the contaminated NB (cNB) distribution that exhibits the necessary
flexibility to accommodate mild outliers. This model is shown to be simple yet elegant in application, as well
as intuitive in interpretation. In addition to the parameters of the NB-D, our proposed model has a parameter
describing the proportion of mild outliers and one specifying the degree of contamination. Then, to allow available
covariates to improve the estimation of the mean of the cNB distribution, we propose the cNB regression model. An
expectation-maximization algorithm is outlined for parameter estimation, and its performance is evaluated through
a parameter recovery study. Additionally, a sensitivity analysis is conducted to investigate the performance of our
proposed models. The effectiveness of our model is demonstrated on two health datasets, where it outperforms
well-known count models. The methodology proposed in this paper has been implemented in an R package, which
is publicly available at https://github.com/arnootto/cNB.
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1. Introduction

Count data are routinely encountered across various disciplines including epidemiology, social sciences, and
economics [22, 9]; particularly noteworthy is their prevalence in the realm of healthcare and medicine [10, 23, 24].
Investigators are often interested in countable quantities such as hospital length of stay (for example, in days)
or the number of doctor visits. Length of stay is often used as an indicator of efficiency, as a shorter stay will
reduce the cost per discharge and shift care from inpatient to less expensive post-acute settings [31, 8]. Likewise,
the number of doctor visits serves as a measure of healthcare utilization and access, reflecting the frequency and
necessity of medical care received by patients [4]. Analyzing these metrics helps assess the overall performance
and efficiency of healthcare systems, understand patient behaviour and needs, and identify areas for potential
improvement in service delivery and cost management.

The values of the count variables are always nonnegative integers, and the distribution is often skewed. The
Poisson regression model (Poisson-RM) is traditionally the first considered method for such data and implies a
Poisson assumption for the counts conditional to some covariates. However, it operates under the assumption
that the conditional mean and variance of the counts are equal. This drawback limits its applicability in scenarios
where overdispersion or “extra-Poisson” variation is evident [6, 15, 19, 3].

As discussed in [14], there are two types of overdispersion: apparent and real. Apparent overdispersion can
be remedied by various operations on the data, such as adding appropriate predictor(s), constructing required
interactions, and transforming predictor(s) or the response. Conversely, real overdispersion is a problem that
affects the reliability of both the model parameter estimates and fit in general. To address the shortcomings of
the Poisson distribution (Pois-D) in the presence of real overdispersion, the negative binomial (NB) distribution
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(NB-D) has emerged as a viable alternative. The probability mass function (PMF) of the mean parameterized
NB-D for a count variable Y is

fNB(y;µ, α) =

(
y + 1/α− 1

y

)(
µ

µ+ 1/α

)y (
1/α

µ+ 1/α

)1/α

=
Γ (y + 1/α)

Γ (y + 1)Γ (1/α)

(
αµ

1 + αµ

)y (
1

1 + αµ

)1/α

, y = 0, 1, . . . , (1)

where the expected value ENB(Y ;µ) = µ > 0 is the mean, α > 0 is the dispersion parameter, and where Γ(·)
denotes the gamma function [14]. If Y has the PMF given in (1), then we simply write Y ∼ NB(µ, α). When
α→ 0+, the NB-D approaches a Pois-D with mean µ [11]. The variance and skewness of Y ∼ NB(µ, α) are

VarNB(Y ;µ, α) = µ+ αµ2, (2)

and
SkewNB(Y ;µ, α) =

√
µ(1 + αµ)(1 + 2αµ),

while the kurtosis is given by

KurtNB(Y ;µ, α) = 3 + ExKurtN(Y ;µ, α),

where

ExKurtN(Y ;µ, α) = 6α+
(
µ+ αµ2

)−1
(3)

represents the excess kurtosis in comparison to the normal distribution.
As discussed in [14], even though the NB-D alleviates the highly restrictive assumption of equidispersion posed

by the Pois-D, there are instances where NB-Ds may also be overdispersed. While Poisson overdispersion occurs
when its observed distributional variance exceeds the mean, NB overdispersion occurs when the calculated model
variance exceeds the nominal NB variance. The NB-D may, therefore, be inadequate in modelling the variance
inherent in the data. It is thus possible that both Poisson and NB overdispersions might occur at the same time.

While one common cause of overdispersion is excess zeros by an additional data-generating process, another
contributing factor to larger variances, and thus possible overdispersion, is the presence of outliers in the data [14].
As discussed by Ritter [29], real-world data is often contaminated with outliers or atypical observations that can
affect the estimation of model parameters, or in the context of regression, the regression coefficients. Inappropriate
imposition of the Pois-D and NB-D may underestimate the standard errors and overstate the significance of the
regression coefficients, which could lead to misleading inference.

This raises the question: how should outliers be handled? To answer this, it is important to note that outliers
are generally divided into two broad categories:

1. Mild outliers: observations sampled from some population different or even far from the assumed model.

2. Gross outliers: observations that cannot be modelled by a distribution as they are unpredictable.

In the presence of gross outliers, the recommended approach is to eliminate the observations or choose a suitable
method for suppressing them [2]. For mild outliers, however, it is usually recommended to use a model flexible
enough to accommodate the atypical data points [29, 26], which is of specific interest in this paper. We propose
the contaminated NB distribution (cNB-D) on which the majority of observations are from the NB-D, and the
minority proportion is from an NB-D with higher dispersion. This is analogous to works presented in [20, 21, 27,
28, 33, 35]. The resulting model is in the form of a two-component mixture, with one component representing the
“good” observations (reference NB-D) and the other having the same mean but an inflated dispersion parameter,
representing the “bad” observations (contaminant distribution), making it flexible enough to accommodate mild
outliers. Note that both of these components have the same mean, which is the mean accounted for by the
majority of the data that are considered “good”; additionally, this provides for a more parsimonious model. For
a discussion on the concept of a reference distribution (which in this paper is assumed to be the NB in (1)) see
[7, 13].
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Another issue arises when modelling the kurtosis of data. Although the excess kurtosis of Y ∼ NB(µ, α)
given in (3) is allowed to vary between 0+ (when α → 0+ and µ → ∞) and infinity (when µ → 0+), this does
not mean that we have control over it. To clarify, suppose we use the method of moments to estimate µ and α.
This involves comparing the sample mean and variance with the model’s mean and variance given (2), and then
solving for µ and α. However, in doing so, we cannot manipulate the kurtosis, nor can we ensure that the model’s
kurtosis matches the empirical (sample) kurtosis. Therefore, despite the range of the excess kurtosis extending
to infinity, it is fixed for a pair (µ, α).

As a motivating example, Figure 1 displays data from a medical study conducted in Germany, illustrating the
possible outliers in the number of doctor visits. Government spending on health care surged in Germany in the
1980s and 1990s, and, in an effort to curtail this expenditure, a major healthcare reform took place in 1997. The
reform raised the co-payments by up to 200% and introduced upper limits on the reimbursement of physicians
by state insurance. Patients were surveyed for the one-year panel (1996) before and the one-year panel (1998)
after reform to assess whether the number of physician visits by patients declined. The dataset from the German
Socio-Economic Panel [12] can be downloaded from the Journal of Applied Econometrics Data Archive. For
the 1-year panel of 1998 of working women, we focus on a subset of this data, as utilized by [14, 17, 39], to
examine the number of doctor visits of patients who claimed to be of bad health. As illustrated in Figure 1, there
seems to be an excess of points at the sides of the support (an excess of zeros on the left, and some too large
values on the right) which may cause overdispersion. In this health study, mild outliers might include patients
who excessively visited the doctor, much more than expected, given a model; therefore they can be considered as
outliers in response to the assumed model. These outliers have the potential to introduce bias into the estimates
of the regression coefficients, distort inference, and result in an overestimation of the overdispersion parameter,
consequently leading to an overestimation of standard errors.

Figure 1: Barplot of the number of visits to a doctor in a year.

The paper is set out as follows. In Section 2, we construct the cNB regression model (cNB-RM) using the
proposed cNB-D in a regression context, that can capture NB overdispersion and classify whether an observation is
a mild outlier once the model is fitted. The corresponding expectation-maximization (EM) algorithm for maximum
likelihood (ML) estimation is presented in Section 3.2, along with a discussion of proposed initialization strategies
and the convergence criteria considered in Section 3.3. A simulation study in Section 4 illustrates its parameter
recovery ability, followed by a sensitivity analysis to investigate the impact of a single atypical observation on the
estimations. Two real-data applications are presented in Section 5 to illustrate the viability of the cNB-D as an
alternative model for overdispersed data. Finally, conclusions are drawn in Section 6.
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2. Methodological proposals

In this section, we introduce the cNB-D (Section 2.1) and the cNB-RM (Section 2.2).

2.1. The contaminated negative binomial model

The PMF of the proposed cNB-D is

fcNB(y;µ, α, δ, η) = (1− δ) fNB(y;µ, α)︸ ︷︷ ︸
reference

+δ fNB(y;µ, ηα)︸ ︷︷ ︸
contaminant

, (4)

where δ ∈ (0, 1) and η > 1. If Y has the PMF given in (4), then we will simply write Y ∼ cNB(µ, α, δ, η).
As well-documented in [40], although not necessary, a restriction on δ can be imposed such that δ ∈ (0, 0.5).
This will ensure that at least half of the sample points are considered ”good”, which is a general assumption
within robust statistical inference. The additional contamination parameters δ and η have an interpretation of
practical interest: δ is the proportion of points not from the reference distribution, while η denotes the degree
of contamination. Since η > 1, it can be viewed as an inflation parameter, i.e., the increase in variability due to
the points that do not come from the reference distribution. For example, if η = 2, then the dispersion of points
from the contaminant NB component is twice that of the reference NB-D (as measured by α).

The moments of practical interest of Y ∼ cNB(µ, α, δ, η) are:

EcNB(Y ;µ) = µ,

VarcNB(Y ;µ, α, δ, η) = µ+ [(1− δ) + δη]αµ2, (5)

SkewcNB(Y ;µ, α, δ, η) =
2α2µ3

[
(1− δ) + δη2

]
+ 3αµ2 [(1− δ) + δη] + µ√

αµ2 [(1− δ) + δη] + µ

=SkewNB(Y ;µ, α) +
[
αµ2((1− δ) + δη) + µ

]− 1
2 [µ (αµ (δ(η − 1)(2α(η + 1)µ+ 3)

−2
√

(αµ+ 1)(αµ(δ(η − 1) + 1) + 1) + 2αµ+ 3
)
−
√

(αµ+ 1)(αµ(δ(η − 1) + 1) + 1) + 1
)]

.

and
KurtcNB(Y ;µ, α, δ, η) = 3 + ExKurtN(Y ;µ, α) + ExKurtNB(Y ;µ, α, δ, η),

where

ExKurtNB(Y ;µ, α, δ, η) =
[
(αµ+ 1)(αµ(δ(η − 1) + 1) + 1)2

]−1 {αδ(η − 1) (αµ (−δ(η − 1)

×(3(2α+ 1)µ(αµ+ 1) + 1) + 6αη2µ(αµ+ 1) + 3η(αµ+ 1)(2αµ+ µ+ 4) (6)

−3(2α+ 1)µ(αµ+ 1) + 5) + 5)}

is the excess kurtosis in comparison to NB(µ, α). Since [(1− δ) + δη] > 1, the variance in (5) exceeds that of
the NB(µ, α) distribution, with the extent of the difference determined by the values of δ and η. Therefore, the
cNB-D can alleviate possible NB overdispersion. Similarly, it can be shown that the numerator and denominator
of the excess NB kurtosis in (6) are greater than 0. Consequently, the kurtosis of the cNB(µ, α, δ, η) is larger than
that of the NB(µ, α). In a similar way, the argument holds for skewness of the cNB-D. While not the primary
focus of this paper, this valuable advantage of the cNB-D thus also includes specific characterization and control
over the empirical skewness. Examples illustrating this are shown in Figures 2, 3, and 4 for different choices of δ
and η.

The following proposition explores the limiting cases of the cNB-D at the border of its parameter space.

Proposition 1. Let Y ∼ cNB(µ, α, δ, η), then:

(a) if δ → 0+, then Y
D→ NB(µ, α),

(b) if η → 1+, then Y
D→ NB(µ, α),
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(a) Different values of δ (b) Different values of η

(c) Different values of δ (d) Different values of η

Figure 2: Examples illustrating the higher variance of the cNB-D (4) compared to the NB-D (1) for increasing values of µ (when
α = 0.1) and α (when µ = 2), and for different values of δ (when η = 5) and η (when δ = 0.05).

(c) if δ → 0+ and α→ 0+, then Y
D→ Pois(µ),

(d) if η → 1+ and α→ 0+, then Y
D→ Pois(µ),

where
D→ denotes convergence in distribution and Pois(µ) denotes a Poisson distribution with mean µ.

Proof. See Appendix A.

2.2. The contaminated negative binomial regression model

A regression model based on the cNB-D (4) follows by conditioning the distribution of the count response
Yi, i = 1, . . . , n, on a (k+ 1)-dimensional vector of covariates x′

i = (1, x1i, . . . , xki), and by considering a vector
of regression coefficients β : (k + 1) × 1 such that the expected count for Yi|X = xi, say µ(xi;β), is related
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(a) Different values of δ (b) Different values of η

(c) Different values of δ (d) Different values of η

Figure 3: Examples illustrating higher skewness of the cNB-D (4) compared to the NB-D (1) for increasing values of µ (when α = 0.1)
and α (when µ = 2), and for different values of δ (when η = 5) and η (when δ = 0.05).

to the covariates xi through a linear predictor, with paramaters β, using a convenient link function. The log
function is commonly used as the link function for count data. It thus follows

g(µ(xi;β)) = log (µ(xi;β)) = x′
iβ,

where g is the log link function. The inverse g−1 of the link function leads to

µ(xi;β) = E (Yi|xi;β) = g−1(x′
iβ) = ex

′
iβ.

Thus, the PMF of Yi|xi, according to the cNB-RM, is

fcNB(yi;µ(xi;β), α, δ, η) = (1− δ)fNB(yi;µ(xi;β), α) + δfNB(yi;µ(xi;β), ηα). (7)

If β1 = · · · = βk = 0, then we have Yi|xi ∼ cNB(µ = eβ0 , α, δ, η). It might be worth reiterating that, for each
xi, (7) is in the form of a two-component mixture, where both components have the same mean µ(xi;β), but
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(a) Different values of δ (b) Different values of η

(c) Different values of δ (d) Different values of η

Figure 4: Examples illustrating higher kurtosis of the cNB-D (4) compared to the NB-D (1) for increasing values of µ (when α = 0.1)
and α (when µ = 2), and for different values of δ (when η = 5) and η (when δ = 0.05).

one component has an inflated variance. An advantage of model (7) is that, given the estimates of β, α, δ, and
η, it is possible to determine whether a data point (xi, yi) is good or not, with respect to the reference NB-D,
via the a posteriori probability

P
(
(xi, yi) comes from the reference NB-RM|β̂, α̂, δ̂, η̂

)
=

(1− δ̂)fNB(yi;µ(xi; β̂), α̂)

fcNB(yi;µ(xi; β̂), α̂, δ̂, η̂)
. (8)

It is natural to consider (xi, yi) as ”good” if the probability in (8) is greater than 0.5, and a (mild) outlier
otherwise.

3. Inference by maximum likelihood: application of the EM algorithm

In this section, we discuss the identifiability of the cNB-D (Section 3.1), followed by a presentation of the
EM algorithm (Section 3.2) for ML estimation of the more general cNB-RM. The initialization strategy and
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convergence criteria considered (Section 3.3) and an explanation of how the standard errors of the estimates are
computed (Section 3.4) are also discussed.

3.1. Identifiability

Identifiability is a fundamental prerequisite for many statistical procedures, including the asymptotic theory in
ML estimation of model parameters. In [37], it is demonstrated that finite NB-mixtures are identifiable. This result
is particularly relevant since the cNB-D can be viewed as a two-component NB-mixture, with both components
sharing the same mean parameter µ. Consequently, the cNB-D inherits the identifiability properties of the NB
mixture model. This guarantees that the model parameters can be uniquely determined, thereby underpinning
the reliability of subsequent statistical inference and predictions based on the model.

3.2. An EM algorithm

We illustrate the EM algorithm for the more general cNB-RM. Let (x1, y1), . . . , (xn, yn) be an observed
sample from the cNB-RM (7). For the application of the EM algorithm, it is convenient to view the observed
data as incomplete. In this case, the source of incompleteness stems from the fact that we do not know if the
generic data point (xi, yi) is an outlier. To denote the source of incompleteness, we use an indicator vector
v = (v1, . . . , vn) so that vi = 1 if (xi, yi) is a mild outlier (does not come from the reference distribution) and
vi = 0 otherwise. The complete-data are thus given by (x1, y1, v1), . . . , (xn, yn, vn) and, from (1) and (7), the
complete-data likelihood function can be written as

Lc(β, α, δ, η) =

n∏
i=1

[(1− δ)fNB(yi, µ(xi;β), α)]
1−vi [δfNB(yi;µ(xi;β), ηα)]

vi

=

n∏
i=1

[
(1− δ)Γ (yi + 1/α)

Γ (yi + 1)Γ (1/α)

(
αµ(xi;β)

1 + αµ(xi;β)

)yi
(

1

1 + αµ(xi;β)

)1/α
]1−vi

×

[
δΓ (yi + 1/(ηα))

Γ (yi + 1)Γ (1/(ηα))

(
(ηα)µ(xi;β)

1 + (ηα)µ(xi;β)

)yi
(

1

1 + (ηα)µ(xi;β)

)1/(ηα)
]vi

.

The complete-data log-likelihood function then follows as

lc(β, α, δ, η) = lc1(δ) + lc2(β, α, η), (9)

where

lc1(δ) =

n∑
i=1

(1− vi)ln(1− δ) + vilnδ

and

lc2(β, α, η)

=

n∑
i=1

(1− vi)

[
lnΓ

(
yi +

1

α

)
− lnΓ(yi + 1)− lnΓ

(
1

α

)
+ yiln(αµ(xi;β))−

(
yi +

1

α

)
ln(1 + αµ(xi;β))

]
+ vi

[
lnΓ

(
yi +

1

ηα

)
− lnΓ(yi + 1)− lnΓ

(
1

ηα

)
+ yiln(ηαµ(xi;β))−

(
yi +

1

ηα

)
ln(1 + ηαµ(xi;β))

]
.

Alternatively, the log-likelihood in (9) can be written in terms of the model coefficients as

lc(β, α, δ, η)

=

n∑
i=1

(1− vi)

[
ln(1− δ) + lnΓ

(
yi +

1

α

)
− lnΓ(yi + 1)− lnΓ

(
1

α

)
+ yiln

(
αex

′
iβ
)
−

(
yi +

1

α

)
ln
(
1 + αex

′
iβ
)]

+ vi

[
lnδ + lnΓ

(
yi +

1

ηα

)
− lnΓ(yi + 1)− lnΓ

(
1

ηα

)
+ yiln

(
ηαex

′
iβ
)
−

(
yi +

1

ηα

)
ln
(
1 + ηαex

′
iβ
)]

.

The algorithm iterates between the E-step and M-step until convergence. These steps for the (r + 1)th
iteration of the algorithm are detailed below.
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E-step

In the E-step, we compute the conditional expectation of the complete-data log-likelihood function as

Q
(
β, α, δ, η|β(r), α(r), δ(r), η(r)

)
= Q1

(
δ|β(r), α(r), δ(r), η(r)

)
+Q2

(
β, α, η|β(r), α(r), δ(r), η(r)

)
for the (r + 1)-th iteration, which is in the same order as (9). Q

(
β, α, δ, η|β(r), α(r), δ(r), η(r)

)
is obtained by

substituting vi in (9) by the expected a posteriori probability for a point to be an outlier

E
(
Vi|yi,xi;β

(r), α(r), δ(r), η(r)
)
=

δ(r)fNB
(
yi|xi;µ

(
xi;β

(r)
)
, η(r)α(r)

)
fcNB

(
yi|xi;µ

(
xi;β(r)

)
, α(r), δ(r), η(r)

) := v
(r)
i . (10)

M-step

An update δ(r+1) for δ is calculated by independently maximizing

Q1

(
δ|β(r), α(r), δ(r), η(r)

)
=

n∑
i=1

{(
1− v

(r)
i

)
ln (1− δ) + v

(r)
i lnδ

}
with respect to δ and subject to the constraints on this parameter. It follows that

δ(r+1) =
1

n

n∑
i=1

v
(r)
i .

If we assume δ < 0.5, then

δ(r+1) = min

{
0.5,

1

n

n∑
i=1

v
(r)
i

}
.

Updates for β, α, and η are obtained by maximizing

Q2

(
β, α, η|β(r), α(r), δ(r), η(r)

)
=

n∑
i=1

(
1− v

(r)
i

)[
lnΓ

(
yi +

1

α

)
− lnΓ(yi + 1)− lnΓ

(
1

α

)
+ yiln (αµ (xi;β))

−
(
yi +

1

α

)
ln (1 + αµ (xi;β))

]
+ vi

[
lnΓ

(
yi +

1

ηα

)
− lnΓ(yi + 1)− lnΓ

(
1

ηα

)
+yiln (ηαµ(xi;β))−

(
yi +

1

ηα

)
ln (1 + ηαµ (xi;β))

]
This can be achieved in R using the optim() function included in the stats package. The BFGS algorithm, which
is used for unconstrained optimization, can be passed to optim() via the method argument. Since some of the
parameters involved have constraints, the following transformations/back-transformations are implemented:

α̃ = ln(α)←→ α = eα̃

η̃ = ln(η − 1)←→ η = eη̃ + 1,

where parameters marked with a ’tilde’ denote the unconstrained parameters.

3.3. Initialization and convergence

The starting values are a critical step in EM-based algorithms and can greatly impact the accuracy and
reliability of the model estimates [5, 27]; their choice thus constitutes an important aspect of estimation. If the
starting values are chosen poorly, the algorithm may converge to a local maximum instead of the global maximum.
Moreover, if the starting values deviate too much from the true values, the algorithm may converge slowly or not
at all. We suggest fitting a standard NB-RM using the same predictors that would be used to fit a cNB-RM to
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the data. The estimated coefficients can then serve as initial values for fitting a cNB-RM. For δ and η, we suggest
choosing them such that the cNB-RM tends to the NB-RM, i.e., δ(0) → 1− (or δ(0) → 0+) and η(0) → 1+.

As for the stopping rule, there are several convergence criteria that can be used to determine whether the EM
algorithm has converged or not. One common method is to track the change in the observed-data log-likelihood
function, say l, between consecutive iterations. If the change falls below a predetermined threshold ϵ the algorithm
can be considered to be converged, i.e., l

(
µ(r+1), α(r+1), δ(r+1), η(r+1)

)
− l

(
µ(r), α(r), δ(r), η(r)

)
< ϵ. Due to

the possibility of flat likelihoods, we employ stopping criteria of ϵ = 1× 10−10 or 1000 iterations.

3.4. Standard errors of the estimates

After executing the EM algorithm described in Section 3.2, the variance-covariance matrix of the parameter
estimates is obtained by inverting the negative Hessian matrix, computed using the optim() function in R. The
standard errors of the parameter estimates of the cNB-RM are then calculated as the square roots of the diagonal
elements of this variance-covariance matrix.

4. Simulation studies

In this section, various aspects related to the proposed cNB-RM are investigated. We only focus on the
cNB-RM because it is more general than the cNB-D. As the EM algorithm is used to fit the model, assessing its
performance in terms of parameter recovery is imperative. The results of a parameter recovery study are presented
in Section 4.1, while a sensitivity analysis that aims to evaluate the influence of a single outlier on the parameter
estimates of the NB-RM and cNB-RM is illustrated in Section 4.2. The ability of the cNB-RM to determine
whether an observation is “good” or “bad”, as given in (8), is also evaluated.

4.1. Parameter recovery

Parameter recovery focuses on the algorithm’s ability to accurately retrieve the true generating parameters. If,
across multiple replications, the mean of the estimates significantly deviates from the actual generating parameter,
the estimator is deemed biased. Additionally, the extent of variability in the estimates across these replications is
a matter of concern. With small to moderate sample sizes, the ML estimator of the dispersion parameter may be
subject to significant bias, which, in turn, may affect the coefficient estimates [16]. The bias may even be more
pronounced in the case of the cNB-D. If only a few mild outliers are in the sample, this could lead to sparse data
for the contaminated component in (4) leading to numerical instabilities in η and δ.

As described in [14], the NB-D is typically derived as a Poisson-gamma mixture. Although this result can be
exploited in the generation of NB data, we directly used the rnbinom() function in the stats package. Since the
cNB-D is a specific instance of a two-component NB mixture, the Bernoulli random variable V with probability
of “success” δ (as introduced in Section 3.2 for the EM algorithm) can be used to select from which component
(the reference or the contaminated NB components) each observation is generated.

We simulate 1000 samples with sizes n = 100, 500, and 1000 to assess the accuracy of the point estimates of
the EM algorithm described in Section 3.2. To generate data, we consider the following scenarios:

1. cNB-RM with α = 0.5 and η = 2 for δ = {0.05, 0.45},

2. cNB-RM with α = 0.5 and η = 8 for δ = {0.05, 0.45},

with an intercept of β0 = 20, a binary covariate generated from a Bernoulli distribution with a probability of
success of 0.5, and a continuous covariate generated by a uniform distribution over the interval (−1, 1), with
coefficients β1 = 0.75 and β2 = −1.5, respectively. In each scenario, we fit the cNB-RM to the generated data.
For comparison’s sake, the bias, and mean squared error (MSE) of the estimates, β̂0, β̂1, β̂2, α̂, δ̂, and η̂, are

reported in Tables 1 and 2. Additionally, boxplots of δ̂ and η̂ are displayed for each scenario.
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Table 1: Parameter recovery results for Scenario 1 with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5 and η = 2 for different values of δ, based on 1000 replications of varying
sample sizes.

δ = 0.05 δ = 0.45
n = 100 n = 500 n = 1000 n = 100 n = 500 n = 1000

Bias

β̂0 -0.0042 -0.0015 -0.0002 -0.0135 -0.0037 -0.0011

β̂1 -0.0049 -0.0007 -0.0015 0.0089 -0.0009 -0.0005

β̂2 0.0028 -0.0002 0.0013 -0.0063 0.0027 -0.0001
α̂ -0.0434 -0.0147 -0.0076 -0.0053 0.0138 0.0096

δ̂ 0.0384 0.0188 0.0122 -0.0220 -0.0284 -0.0227
η̂ 0.2815 0.0864 0.0736 0.4583 0.0958 0.0525

MSE

β̂0 0.0106 0.0022 0.0010 0.0151 0.0028 0.0014

β̂1 0.0238 0.0047 0.0020 0.0300 0.0055 0.0028

β̂2 0.0160 0.0031 0.0015 0.0243 0.0043 0.0022
α̂ 0.0143 0.0032 0.0017 0.0198 0.0061 0.0033

δ̂ 0.0235 0.0107 0.0071 0.0130 0.0142 0.0106
η̂ 1.5117 0.3185 0.1368 2.4028 0.2808 0.1202

Table 2: Parameter recovery results for Scenario 2 with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5 and η = 8 for different values of δ, based on 1000 replications of varying
sample sizes.

δ = 0.05 δ = 0.45
n = 100 n = 500 n = 1000 n = 100 n = 500 n = 1000

Bias

β̂0 -0.0065 -0.0023 -0.0012 -0.0139 -0.0014 -0.0035

β̂1 -0.0030 0.0023 0.0000 -0.0024 0.0009 0.0001

β̂2 -0.0029 -0.0001 -0.0001 0.0053 0.0017 -0.0001
α̂ -0.0431 -0.0093 -0.0047 0.0221 0.0051 -0.0030

δ̂ 0.0469 0.0087 0.0038 -0.0316 -0.0088 -0.0023
η̂ 0.2787 0.2393 0.1192 1.4173 0.1979 0.1682

MSE

β̂0 0.0118 0.0023 0.0010 0.0282 0.0051 0.0026

β̂1 0.0233 0.0046 0.0023 0.0548 0.0098 0.0050

β̂2 0.0190 0.0036 0.0017 0.0409 0.0072 0.0037
α̂ 0.0126 0.0017 0.0008 0.0482 0.0072 0.0038

δ̂ 0.0140 0.0011 0.0004 0.0093 0.0024 0.0014
η̂ 68.4501 10.3471 3.7658 20.5134 1.5495 0.8231
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(a) δ̂ (b) η̂

Figure 5: Boxplot of δ̂ and η̂ for Scenario 1: cNB-RM with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5, δ = 0.05 and η = 2, for 1000 replications of sample size n = 100, 500, 1000.

(a) δ̂ (b) η̂

Figure 6: Boxplots of δ̂ and η̂ for Scenario 1: cNB-RM with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5, δ = 0.45 and η = 2, for 1000 replications of sample size n = 100, 500, 1000.
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(a) δ̂ (b) η̂

Figure 7: Boxplots of δ̂ and η̂ for Scenario 2: cNB-RM with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5, δ = 0.05 and η = 8, for 1000 replications of sample size n = 100, 500, 1000.

(a) δ̂ (b) η̂

Figure 8: Boxplots of δ̂ and η̂ for Scenario 2: cNB-RM with an intercept of β0 = 20, a binary covariate with coefficient β1 = 0.75, and a
continuous covariate with coefficient β2 = −1.5, α = 0.5, δ = 0.45 and η = 8, for 1000 replications of sample size n = 100, 500, 1000.
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In the various scenarios investigated, we observe accurate parameter recovery and note that an increase in
sample size leads to reduced bias, variability, and consequently MSE, within these estimates. The estimation of
the regression coefficients is nearly perfect across all the data configurations. Instead, η and δ, which are the
tailedness parameters of the model, are more difficult to estimate in the following sense. Tailedness parameters
govern the tail behavior of the distribution, and, inferentially speaking, their estimation is primarily based on a
small portion of the data, specifically those observations located in the tails. Because of this, comparing the
performance of their estimates with those of other parameters, such as µ and α in the cNB-D, is not entirely
fair, as it involves comparing the quality of estimates based on a different number of data points. Consequently,
from an asymptotic perspective, the maximum likelihood (ML) estimators of the tailedness parameters typically
require a larger sample size n to ensure the classical convergence properties of ML estimators, and this is evident
in the results of both scenarios. For more details on this issue, see, for example, [25, 34, 32, 36]. Specifically,
the MSEs consistently exhibit larger values when δ = 0.05 compared to the case when δ = 0.45. In light of this
reasoning, this then makes intuitive sense: when n = 100, for example, only about 5 observations contribute to
estimating η under δ = 0.05, whereas approximately 45 observations are utilized when δ = 0.45. This is even
more pronounced when the proportion of outliers is small and the degree of contamination is high, as seen when
comparing η = 2 and η = 8 for δ = 0.05.

4.2. Sensitivity analysis

In this study, we perform a sensitivity analysis to investigate the impact of a single atypical observation on the
Poisson-RM, NB-RM, and cNB-RM. We generate datasets of size n = 200 from the NB-RM with an intercept of
β0 = 2, and a continuous covariate generated by a uniform distribution over the interval (−1, 1) with coefficient
β1 = 1, and α = 0.1. A single outlier is then added to the generated data using one of the following schemes:

1. Close: A response value y = 20 close enough to the generated values and the predictor x = −0.5.

2. Far: A response value y = 30 far from the generated values and the predictor x = −0.5.

An example of a dataset generated with the above schemes is given in Figure 9, where the outlier is added to the
generated NB data and illustrated in green for the close case and red for the far case. For each configuration,
n = 1000 response counts are generated from an NB-D along with the covariate x being generated from a uniform
distribution over the interval (−1, 1). The Poisson-RM, NB-RM, and cNB-RM are then fit to the data to see what
the impact of the outlier is on the estimated regression coefficients. The bias and MSE are reported in Table 3.

Figure 9: Example of simulated NB data with the single outlier illustrated in red

We observed that the estimates of the regression coefficients of the Poisson-RM and NB-RM exhibit more
bias compared to the cNB-RM. This is even more pronounced for the far case. Relatedly, the MSE is lower for
the estimates of the regression coefficients of the cNB-RM than for the other two models.
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Table 3: Simulation results of sensitivity analysis for added outlier based on 1000 replications.

Close Far
Poisson-RM NB-RM cNB-RM Poisson-RM NB-RM cNB-RM

Bias
β0 0.0144 0.0147 0.0076 0.0275 0.0278 0.0067
β1 -0.0277 -0.0290 -0.0135 -0.0441 -0.0454 -0.0088

MSE
β0 0.0015 0.0015 0.0015 0.0020 0.0020 0.0014
β1 0.0046 0.0045 0.0042 0.0055 0.0053 0.0037

To assess the ability of the cNB-RM to automatically classify whether a point is good or bad using (8),
following the approach in [26], we report: (i) the true positive rate (TPR), which measures the proportion
of atypical observations that are correctly identified as atypical; and (ii) the false positive rate (FPR), which
corresponds to the proportion of typical points incorrectly classified as atypical. The results are reported in
Table 4.

Table 4: Classification results of cNB-RM for Close and Far scenarios.

TPR FPR
Close 0.9910 0.0304
Far 0.9990 0.0002

For the close case, of the 1000 added atypical observations to the 1000 generated datasets, 991 were classified
as atypical, leading to a TPR of 0.991. Similarly, of the 200 × 1000 = 200000 typical points, only 6086 were
wrongly classified as outliers, leading to an FPR of 0.03043. Additionally, the TPR is greater for the far case
compared to the close one, which makes intuitive sense, since the closer the added atypical point is to the
generated NB data, the more likely the cNB-RM is to misclassify the outlier as a good point.

5. Real data analysis

The cNB-RM is applied to real-world benchmark datasets, namely the badhealth and azpro datasets, which
are both freely available in the COUNT package in R. To illustrate the model’s viability as an alternative for
overdispersed data, we benchmark it to other NB variations, including the linear NB (NB-1), heterogeneous NB
(NB-H), and the generalized NB (NB-P), as detailed in [14]. The alternative models are fit using the VGAM

package, as described in [39].
As mentioned in Section 1, if the observed zeros in the data exceed the distributional assumption of the model,

this can also be a cause of overdispersion. Generally, when overdispersion arises as a result of an excess amount
of zeros, a suitable strategy is to model the data using either a zero-inflated Poisson (ZIP, [18]) or a zero-inflated
negative binomial (ZINB, [38]) model. The model performance is ranked as usual [39] via the Akaike information
criterion (AIC; [1]) and the Bayesian information criterion (BIC; [30]). Moreover, the likelihood-ratio (LR) test,
which compares nested models, can be used to determine whether the cNB-RM (alternative model) significantly
improves upon the NB-RM (null model) since the cNB-RM includes the NB-RM as a special case (see Proposition
1). Under the null hypothesis of no improvement, the test statistic is

LR = −2
[
l(β̂, α̂)− l(β̂, α̂, δ̂, η̂)

]
, (11)

where β̂, α̂, δ̂, and η̂ are the ML estimates of β, α, δ, and η, respectively, and where l(β̂, α̂) and l(β̂, α̂, δ̂, η̂)
are the maximized log-likelihood values under the NB-RM and cNB-RM, respectively. Using Wilk’s theorem, LR
can be approximated by a χ2 random variable with degrees of freedom equal to the difference in the number of
parameters between the alternative and null model. This allows us to compute a p-value to assess the significance
of improvement.
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5.1. Number of visits to a doctor in a year data

In the first application, we refocus our attention on the badhealth dataset consisting of n = 1127 participants
from a comprehensive health study conducted in Germany in 1998. There are three variables: “numvisit”, the
number of visits to a doctor that year (our Y ); “badh”, a binary variable with the value 1 for patients who claim
to be in bad health, and 0 otherwise; and the patient’s age. We wish to quantify the effect of “badh” and age on
“numvisit”. As evident in Figure 1, “numvisit” has a large number of zero counts present in the data, indicating
that the ZIP and ZINB might be suitable models to model the data.

Table 5: Ranking of fitted regression models to badhealth data according to AIC and BIC.

Regression
model

#par loglikelihood AIC rank BIC rank

Poisson-RM 3 -2816.28 5638.55 8 5653.63 8
NB-RM 4 -2233.64 4475.28 3 4495.39 3
cNB-RM 6 -2222.81 4457.62 1 4487.79 1
NB-1 4 -2247.36 4502.73 6 4522.84 6
NB-H 6 -2225.42 4462.84 2 4493.00 2
NB-P 5 -2233.64 4477.27 4 4502.41 4
ZIP 6 -2549.05 5110.10 7 5140.26 7
ZINB 7 -2231.87 4477.75 5 4512.94 5

From Table 5, it is apparent that the cNB-RM outperformed all the considered models based on the AIC and
BIC. This is further corroborated by the LR test (11) which has a p-value < 0.0001, indicating that cNB-RM is a
significant improvement over the NB-RM, regardless of the level of significance chosen. The estimated coefficients
for the NB-RM and cNB-RM and the corresponding SEs are reported in Table 6. The SEs for the intercept and
“badh” coefficients are similar between the two models but are slightly lower for the age coefficient of the cNB-RM.
We note that, since δ̂ = 0.427, approximately 42.7% of the observations can be considered as outliers, and have a
degree of contamination of 9.309. This is similar to the result of the detection rule in (8), which classified 37.09%
of the observations as bad. The observed proportions and predicted probabilities of the Poisson-RM, NB-RM,
and cNB-RM are depicted in Figure 10(a), while the difference between the observed proportions and predicted
probabilties is presented in Figure 10(c). The close association between the number of visits to a doctor and the
predicted number of visits on the basis of the cNB-RM is better observable in the magnified versions in Figures
10(b) and (d). In Figures 10(c) and (d) parts of the lines that are above 0 on the y-axis indicate underprediction
of counts while parts of the line below indicate overprediction. Notably, the cNB-RM provides the most accurate
predictions among the models considered, as evidenced by the difference between the observed proportions and
predicted probabilities being closest to 0.

Table 6: Estimated coefficients and corresponding SEs (in brackets) of NB-RM and cNB-RM to badhealth data.

Parameter NB-RM cNB-RM
Intercept 0.404 (0.131) 0.549 (0.132)
badh 1.107 (0.112) 1.158 (0.106)
age 0.007 (0.003) 0.003 (0.003)
α̂ 1.003 (0.070) 0.280 (0.124)

δ̂ 0.425 (0.121)
η̂ 9.291 (3.423)

5.2. Heart procedures data

The azpro dataset includes records of n = 3589 patients entering an Arizona hospital in 1991 to receive one
of two standard cardiovascular treatments (PTCA = percutaneous transluminal coronary angioplasty = 0, CABG
= coronary artery bypass surgery = 1) called the procedure variable. The other variables are admit (0 = elective,
1 = urgent/emergency), age75 (0 if age < 75 years, otherwise 1), and sex (M = 1, F = 0). The response is the
integer-valued length of hospital stay (los), in days. The primary objective is to compare the effectiveness of the
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(a) Observed proportions and predicted probabilities. (b) Magnified observed proportions and predicted probabilities.

(c) Difference between observed proportions and predicted probabil-
ities.

(d) Magnified difference between observed proportions and predicted
probabilities.

Figure 10: Observed proportions and predicted probabilities for the number of doctor visits.

two treatments while accounting for the influence of the other variables. That is, whether the difference in stay
is statistically significant between the two procedures, controlling for gender, type of admission, and patient age.
Determining the probable length of stay is also desirable given patient profiles. Based on the results presented
in Table 7, it is clear that the cNB-RM outperformed all the considered alternative models via the AIC and BIC.
This is supported by the LR test which has a p-value < 0.0001. The estimated coefficients for the NB-RM and
cNB-RM and the corresponding SEs are reported in Table 8, where it is observed that the SEs are smaller for
the cNB-RM coefficients. The observed proportions and predicted probabilities of the length of stay, and the
difference between them, as predicted by the Poisson-RM, NB-RM, and cNB-RM are illustrated in Figure 11.
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Table 7: Ranking of fitted models to azpro data according to the AIC and BIC.

Regression
Model

#par loglikelihood AIC rank BIC rank

Poisson-RM 5 -11189.90 22389.80 6 22420.72 6
NB-RM 6 -9973.54 19959.09 5 19996.20 5
cNB-RM 8 -9828.82 19673.64 1 19723.13 1
NB-1 6 -9960.39 19932.80 4 19969.91 4
NB-H 10 -9933.47 19886.93 2 19948.79 2
NB-P 7 -9948.52 19911.03 3 19954.33 3

Table 8: Estimated coefficients and corresponding SEs (in brackets) of NB and cNB regression models fitted to azpro data.

Parameter NB-RM cNB-RM
Intercept 1.418 (0.024) 1.374 (0.022)
procedure 0.981 (0.018) 0.972 (0.017)
sex -0.126 (0.019) -0.121 (0.017)
admit 0.371 (0.019) 0.352 (0.017)
age75 0.120 (0.020) 0.121 (0.018)
α̂ 0.160 (0.007) 0.057 (0.008)

δ̂ 0.109 (0.022)
η̂ 14.409 (1.967)

6. Conclusion

In this paper, we introduced a straightforward extension of the negative binomial regression model (NB-RM),
termed contaminated NB-RM (cNB-RM). This model not only addresses overdispersion more effectively than the
NB-RM but also offers greater flexibility in accommodating the conditional skewness and excess kurtosis observed
in real (health) data. Relatedly, real-world data frequently includes mild outliers and extreme values, which
significantly impact all the statistical moments largely discussed in this paper, namely mean, variance, skewness,
and kurtosis. Advantageously, our proposed model is formulated as a simple mixture of two NB-RMs with the
same means but different dispersion parameters, and this formulation not only retains a closed-form expression
for the probability mass function of the conditional response variable but also provides the capability, if desired,
to identify mild outliers. These outliers can be understood as observations stemming from the contaminant
NB-RM, distinct from the regular observations associated with the reference NB-RM. Last but not least, the
simple formulation of our proposal involves two additional parameters having practical interpretation, an aspect
of fundamental importance not only for statisticians but also for practitioners who use statistical models and
want to interpret the output from the considered model. These parameters are the proportion of observations
originating from the contaminant NB-RM (potentially considered as mild outliers or extreme values) and the
degree of contamination. This degree of contamination roughly quantifies how dispersed the observations in the
contaminant NB-RM are compared to those in the regular distribution.

Furthermore, an expectation-maximization (EM) algorithm for maximum likelihood estimation of the parame-
ters of the cNB-RM is proposed. A parameter recovery study is performed to assess the EM algorithm’s accuracy
in retrieving the true generating parameters. The impact of outliers on parameter estimation and their potential to
introduce bias into the regression parameters, which could distort inferences and overestimate the overdispersion
parameter of the NB-RM when it compensates for the outliers, are examined through a sensitivity analysis.

Regarding real-world scenarios, we utilized the cNB-RM on two benchmark health datasets and compared its
performance with other NB variations, including a zero-inflated NB-RM. In both cases, the cNB-RM demonstrated
superior performance over the considered regression models, highlighting its viability as an alternative model for
overdispersed count data. While the proposed models are motivated by applications in health, their use is not
restricted to this field and other fields may benefit from its use.

Future extensions of the cNB-RM could include allowing the contamination parameters δ and η to be modeled
as functions of covariates, similar to the approach often used in zero-inflated regression models. By incorporating
covariate-dependent contamination parameters, the model would gain additional flexibility.
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(a) Observed proportions and predicted probabilities. (b) Magnified observed proportions and predicted probabilities.

(c) Difference between observed proportions and predicted probabil-
ities.

(d) Magnified difference between observed proportions and predicted
probabilities.

Figure 11: Observed proportions and predicted probabilities for the length of stay.
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Appendix A. Proofs

Proof Proposition 1: The cNB-D in (4) has the hierarchical representation

W ∼ B{1,η}(δ)
Y |W = w ∼ NB(µ,wα), (A.1)

where B{1,η}(δ) denotes a Bernoulli random variable with probability of success δ on the support {1, η} defined
as

W =

{
1 with probability 1− δ,

η with probability δ.
(A.2)

The proofs of (a)–(d) in Proposition 1 follow:

(a) if δ → 0+, from (A.2) it follows that W
D→ 1 and, therefore, according to (A.1)–(A.2), Y

D→ NB(µ, α);

(b) if η → 1+, from (A.2) it follows that W
D→ 1 and, as before, according to (A.1)–(A.2), Y

D→ NB(µ, α);

(c) if δ → 0+ and α→ 0+, from the proof for (a) and from the results given in [11], it follows that Y
D→ Pois(µ);

(d) if η → 1+ and α → 0+, from the proof for (b) and, again, as demonstrated in [11], it follows that

Y
D→ Pois(µ).
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