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Abstract

This work develops a novel coordinate system transformation scheme to improve the performance of common
radial basis function surrogate models. This coordinate system transformation scheme is based on the fact that
commonly used basis functions are isotropic.

Three main empirical findings are established in this study. Firstly, in general isotropic functions are inad-
equate to describe anisotropic data manifolds due to a mismatch between the functional form and the form of
the data manifold resulting in poor generative performance. Counter-intuitively, utilising additional gradients
during surrogate training often worsens the generative capability.

Secondly, component-wise scaling of isotropic model forms during cross-validation is inadequate to enhance
the functional form of the data manifold form as anisotropic coupling in the data manifold remains coupled.
Improving the match between the functional form and the data manifold form requires both rotation and scaling.

Thirdly, the coordinate system transformation scheme should predominantly be based on a collection of local
curvature estimations and not on global curvature approximations. Gradients are critical to estimating the local
curvature for identifying a near-optimal reference frame for surrogate construction, which then translates to
additional benefits of gradients in gradient-enhanced surrogates.

Based on the above observations, this paper proposes an isotropic transformation for the data coordinate
system that performs near-optimal transformations on lower dimensional data without requiring any cross-
validation. The method is compared against commonly applied component-wise cross-validation data coordinate
system scaling as well as the more modern Active Subspace Method on a carefully crafted decomposable test
problem, which has a known optimal coordinate system, that varies between 2 and 16 dimensions.

The paper concludes after demonstrating that the developed transformation scheme, as well as the other
common methods, will offer little benefit on non-decompose problems and offers some suggestions on future
work to create a more general isotropic transformation.

1 Introduction

The work completed in this research is focused on the impact that a suitable coordinate system transformation
pre-processing step will have on the performance of a surrogate model. In surrogate model research, specifically
in the context of surrogate based optimisation (SBO), the model is used to replace a computationally expensive
function, which often includes some finite element (FE) or computational fluid dynamics (CFD) simulations. The
areas of SBO research can broadly be separated into four main areas, shown in Figure 1.

Most of the current research into surrogate models focuses on the training step (Step 3) of the process. This
research includes various basis function cross validation strategies [1, 2, 3, 4], component scaling methods [5, 6],
the regression of high fidelity and low fidelity information [7, 8], and the inclusion of gradient information into the
model [2, 9]. In the case where gradient information is included directly into the model, specifically in basis function
based models, often the model does not experience the performance improvement expected from including highly
information dense gradient vectors [10, 2].

The work in this paper critically demonstrates that the reason the inclusion of gradient information does not
offer the expected performance improvement is the model bias that the isotropic assumption introduces into the
model [3, 1]. The isotropic assumption refers to the fact that the model assumes similar output variation given some
input perturbation, regardless of the direction of the input perturbation. Only when this assumption is formally
addressed, in the case of this work as a pre-processing step, does the inclusion of gradient information offer the
expected improvement to the predictive performance of the surrogate model.
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Figure 1: Flow diagram showing the main areas of research in the context of surrogate based optimisation (SBO)
as well as some of the main techniques used in each step.

Common radial basis function implementations inherit the isotropic assumption and typical cross validation
strategies only scale the curvature of the model uniformly in all directions [5, 7]. Therefore, some mechanism is
needed to scale the curvature non-uniformly for any general function, to reduce the model bias with respect to the
sampled data. One strategy to accomplish this is to perform component-based scaling of the coordinate system,
or to perform component-based scaling of the basis functions of the model. This approach assumes that all the
variables in the problem independently impact the outcome of the function, i.e. the variables in the problem are
uncoupled. This work will demonstrate that component-based scaling is an inadequate approach to reduce model
bias, in the presence of the isotropic assumption. Rather, a full transformation, i.e. some rotation and scaling of
the coordinate system, is needed. Figure 2 presents this argument graphically, where it is shown that if the data
has a rotated elliptical contour (not isotropic), a full transformation is needed to address the model bias that the
isotropic assumption introduces.

Therefore, this paper proposes a consistent and tractable method to estimate a coordinate system in which the
model bias is lessened and the isotropic assumption is reasonable. This paper then demonstrates that in this new
coordinate system the inclusion of gradient information offers the expected improvement in predictive performance
of the model. The proposed transformation scheme is most accurate and efficient if it makes use of sampled gradient
information.

The layout of the paper is then as follows. Firstly, a discussion of related research is offered followed by a more
in depth demonstration of the isotropic assumption central to the research completed in this paper. The proposed
transformation scheme is then derived in Section 4 and a test problem and its important characteristics are discussed
in Section 5. Results are then generated in Section 6 where the proposed transformation scheme is compared to
standard and more modern approaches. Section 7 demonstrates the limitations of the proposed method in the case
of non-decomposable functions. Lastly, some conclusion and recommendations for future work are offered. All the
derivations of common surrogate models are offered in the appendix.

2 Related Work

In general, the unconstrained optimisation problem attempts to find some vector of design variables, @ = [x1, za, ..., 2,]|" €
R™, that minimises some scalar function F(x) : R™ — R. In many modern engineering optimisation problems, the
evaluation of the function F(x) often includes a computationally expensive simulation.

Although the other areas of research shown in Figure 1 are outside the scope of the research completed in this
work, the standard methods, and their alternatives, that are implemented in this work are discussed in this section.

2.1 Data Collection

The most common method used to sample the design coordinate system is the Latin Hyper-Cube sampling strategy.
There are many versions of this method in which additional criteria are placed on the locations of the samples in the
coordinate system such as maximising the average distance between the points or minimising the correlation between
the points. In this study the samples are located using defacto-standard LHS sampling without the space-filling
condition enforced [11].
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Figure 2: Visual demonstration of how different pre-processing strategies applied to different datasets that exhibit
behaviour ranging from uncoupled to scaled and coupled, can lessen the model bias in basis function surrogate
models.

During the sampling phase it is also possible to obtain gradient information at the sampled locations in the
design coordinate system. Although many papers [12, 7, 13, 1] assume that in this scenario gradient information of
the function is not available, it is often not the case. Many papers [14, 15, 16, 17] detail procedures to calculate the
design sensitivities for functions that are computed using the Finite Element Method (FEM) or Computational Fluid
Dynamics (CFD). Many finite element packages have adjoint sensitivities implemented, for example, Calculix [18].
This gradient information can be calculated with respect to many different design variables to perform optimisation
in a wide range of problems such as shape optimisation, thermodynamics, and vibration analyses [14, 16, 19, 20, 21].
Therefore, in this work sampling scenarios with and without gradient information are considered.

2.2 Common Surrogate Models

Surrogate models can be classified into function-value based, gradient-enhanced, and gradient-only [22]. Note that
surrogate models that regresses through both function value and gradient information are referred to as either
gradient-enhanced (GE) models [10, 2], cooperative models (CO) [23, 24], or first order (FO) models [25, 22]. For
the remainder of this research gradient-enhanced (GE) is used to describe surrogate models that regresses through
both gradient and function value information. Common surrogate models include Kriging Models, Radial Basis
Functions (RBF) and polynomial surrogate models [1, 12, 5, 3, 4, 2]. In this paper the function value (FV-RBF)
and gradient enhanced RBF (GE-RBF) models are implemented. The derivations for these models are offered in
literature or in the appendix.



2.2.1 The Isotropic Assumption

The isotropic behaviour of RBF surrogate models arises from the basis functions used in their implementation.
This section demonstrates how this assumption is present in the basis functions as well as why this assumption is
detrimental to the performance of common surrogate models. Some of the most common basis functions include

: — _ 2
1. Gaussian: ¢(x,c,¢) = e~ cllx=ell”,
1

2. Inverse quadratic: ¢(x,c,€) = ————
T Vix—cll+e2’

3. Multi-quadratic: ¢(x,c,€) = m,

where the variable € is referred to as the shape parameter, the point c is the centre of the basis function, and x is
the point being evaluated. During the training of the surrogate model the hyper-parameter € is found, as well as
the amplitude of each basis function. The contour of these basis functions are shown in Figure 3.
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Figure 3: Contour plots of the Gaussian, Inverse Quadratic, and Multi-quadratic basis function with € = 1 in
Subfigures A, B, and C respectively.
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From these contour plots it is clear that the basis functions are symmetrical and therefore make the assumption
that all the variables in the problem are uncoupled and have an equal impact on the outcome of the problem.

The only tuneable parameters of these basis functions are the shape parameter € and the amplitude. The shape
parameter can be determined with a k-fold cross-validation or Leave-Out-One cross-validation (LOOCV) approach
[26, 12]. In this research, various shape parameters between 10~2 and 10! are evaluated using k-fold cross-validation
as a metric and the shape parameter associated with the lowest error is selected. The basis function amplitudes are
computed using linear algebra (see the appendix for details).

Although this shape parameter is optimised to fit the underlying function, it can only uniformly adjust the cur-
vature in all the directions in the design coordinate system. This uniform change in curvature can be demonstrated
algebraically by deriving the second derivative of the Gaussian basis function:

d*¢(x, c,¢) d¢ T
— g = —26d—m(:c —c)" —2elp(x). (1)
If the second derivative is evaluated at the point & = ¢, this results in
d*¢(x, c,€)
T . == —2€I, (2)

where I is an identity matrix. Therefore, the act of altering or optimising the shape parameter clearly results in an
equal change in the curvature of the basis function (at the centre) in all directions.

Therefore, if one shape or scale parameter is used for all directions, the model makes the implicit assumption
that the underlying function is isotropic as the basis functions used in its construction are isotropic or symmetric.



However, it is unlikely that a practical engineering design or optimisation problem will utilize variables that all have
equal (or at least similar) impact on the outcome of the design, and therefore, a large model bias will be present
negatively impacting the performance of the model.

2.3 Anisotropic Scaling Strategies

There are many cross-validation strategies in literature that attempt to alleviate the negative consequences of the
implicit isotropic assumption. These strategies include

e component-wise scaling of the coordinate system, i.e. distinct scaling factors per dimension, as an attempt to
recover isotropy after scaling [5, 6],

e adapting the basis function to explicitly handle anisotropic functions by using a shape parameter for each
principal direction in the design coordinate system [1, 2, 3, 4],

e or more recently, implementing the so-called Active Subspace Method (ASM) [27, 28, 29, 30].

The first two strategies, scaling the coordinate system or using multiple shape parameters, are referred to as the
Kriging hyper-parameter optimisation problem. Here an n-dimensional space needs to be searched in order to
find the optimum parameters. Therefore many papers apply some global optimiser to solve this problem, such
as the Genetic Algorithm (GA) or Particle Swarm Optimisation (PSO) [3]. In higher dimensions, this becomes
computationally expensive, so much so that it can become the bottleneck in computation time for SBO. Toal et al.
[3] investigated four different tuning strategies on problems varying from 1D to 30D. Each of the tuning strategies
sampled the model 10 000 times before a set of hyper-parameters was selected.

Other papers attempt to reduce the number of hyper-parameters in the model. Bouhel et al. [2, 4] used a
partial-least squares (PLS) method to introduce new kernels based on the information from the PLS method. The
number of hyper-parameters is then reduced to the number of principal components (PCs) the designer decides to
keep based on the information gathered from the PLS method. The ideal number of PCs to be retained depends
on the problem as well as the location of the sampled points. There is currently no consistent method to determine
this value.

The problem with the first two strategies is that the the surrogate models become computationally intractable
to construct for higher dimensional problems (typically > 10) [2], and in the case where the variables are coupled
(see Figure 2), the model bias is still large as no rotation of the coordinate system takes place.

For comparison purposes, in this research a simplex search algorithm, such as that used by Toal et al. [3], is
implemented to find optimum scaling values for the Kriging hyper-parameter problem. To keep the computational
costs reasonable, as well as competitive with the other methods implemented, the algorithm is limited to 100
iterations for 5 initial scaling vectors.

2.4 The Active Subspace Method

Although the Active Subspace Method (ASM) is typically a dimension reduction technique, it shares some simi-
larities with the developed transformation scheme in this work. This method finds a lower dimensional reference
frame, referred to as the active subspace, that captures the most variance in a function [27].

This method is described in detail by Constantine et al. [27], but a brief overview needed for implementation is
offered here. The method begins by assuming that gradient information of the underlying function is available. It
then constructs the following n x n matrix

C=E(Vf(x)VIx)"), (3)

where C can be seen as the covariance matrix of the gradient vector. In case of SBO applications the gradient
vector V f(x) is only available at discrete sampled locations. Therefore, the matrix C is approximated with

C=C-=

D=

ZVf(Xi)Vf(x,-)T, (4)

where p is the number of samples of the underlying function and V f(x;) is the gradient at these locations.



The matrix C can then be decomposed into the form
c=vzvT, ()

where V' and 3 are the eigenvectors and eigenvalues respectively. The eigenvalue matrix takes the form

A 0 .00
o XA o0
0 O An

where \,, is the eigenvalue associated with the n—th eigenvector.

In the case where coordinate system reduction is implemented only m of the n eigenvectors are used to rotate
the coordinate system, where the m vectors are the ones associated with the largest eigenvalues. In this work all
n eigenvectors are used as only the case where a full coordinate system transformation is completed is considered.
Lastly, the square root of the eigenvectors are then used to scale the coordinate system so that the variance in each
direction is approximately equal. This step is occasionally omitted [31, 30], but it is included here as proposed in
the original formulation [27]. The ASM method can then be summarised as

1. Compute C using Equation (4) from the sampled data set.
2. Decompose C into its eigenvalues and eigenvectors V' and 3 respectively.

3. Rotate the coordinate system using the eigenvectors V' and then scale each direction ¢ with v/ A;.

3 Effect of Different Coordinate Systems

To demonstrate how different coordinate systems can impact the performance of a RBF model, the following
uncoupled 2D function with each dimension in the domain z; € [0, 1] is considered:

F(zx) = sin(27rz1) + sin(27z2). (7)

The effect that the scaling and rotating of the coordinate system has on the performance of the RBF surrogate
model is demonstrated by defining two new coordinate systems. Firstly, a scaled coordinate system a* is defined
in which the inputs of the function are scaled using the equation

z* = Sz, (8)

s— B ﬂ. (9)

The scaled coordinate system a* is then rotated to the coordinate system &. In this coordinate system, the function
becomes coupled. The coordinate system transformation is given by

where the matrix S is defined as

& = Rx* = RSx (10)
where the rotation matrix R is defined as

_ |cos(30°) —sin(30°)
R= sin(30°)  cos(30°)| " (1)

The functions in these three coordinate systems, namely the “original”, “scaled”, and “scaled and rotated”
coordinate systems are shown in Figure 4.

Three RBF surrogates are then constructed using various sample numbers (varying from 10 to 25), one in the
“original” coordinate system, one in the “scaled” coordinate system, and lastly one in the “scaled and rotated”
coordinate system.

The performance of each surrogate is measured at 1000 randomly sampled test points. The number of test
points is selected so much higher than the number of construction points to ensure that the error measure is an
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Figure 4: Contour plots of the example function illustrated in the “original” coordinate system, “scaled” coordinate
system and “scaled and rotated” coordinate system.

accurate reflection of the quality of fit, and is not affected by the location of the test points. To account for the
randomness present in the location of the construction points, the error calculation is repeated 50 times and the
mean is recorded. To evaluate the dependency of the surrogates on the locations of the construction points, a
measure of the variance of the surrogates is recorded. This is done by taking the variance of the error for each point
in the test set and then recording the mean of this variance across all the points. Ideally, this result should be zero,
otherwise, the surrogate greatly depends on the randomness of the sampling technique.

The performance measure used is the Root Mean Square Error (RMSE), expressed by

Noyi _yi)2
RMSE = ZZ(VTTVP) (12)

where V7 is the target value and V}, is the predicted value from the surrogate. The results are shown in Figure
5 where the shaded region in the plots indicates the mean variance (averaged over 50 instances) of the surrogates.

Clearly, the coordinate system the surrogate is constructed in has a meaningful and measurable impact on the
performance of a surrogate. The transformed coordinate systems, i.e. £* and &, negatively impacted both the
performance of the surrogate (increased error), as well as the consistency of the surrogate (increased variance),
especially at lower sampling densities. One can also see the benefit of a complete transformation (rotation and
scaling) that would transform the problem back from the rotated & coordinate system to the original & coordinate
system.

The total error of a surrogate, Er, can then be defined as a summation of two errors. The first is the error
associated with the sparsity of information, Fg, and the second is the error associated with the coordinate system
the surrogate is constructed in, Ep. These errors are indicated in Figure 6.

4 Proposed Transformation Scheme

The goal of the developed transformation scheme is to recast the problem into a coordinate system where the
problem is isotropic, i.e. the variables are uncoupled and have an equal impact on the outcome of the function.
From the discussions presented in Sections 2.2.1 and 3 it is clear that, firstly, RBF models struggle to accommodate
anisotropic functions, and secondly, a coordinate system transformation step can recast the problem into a more
isotropic coordinate system. This section will critically demonstrate that curvature information is what is needed to
create a general transformation scheme, and that this curvature information needs to be obtained from a collection
of local estimations and not a single global estimation.

4.1 Second-Order Non-linearity

To begin this argument consider a simple quadratic function given by
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Figure 5: The mean RMSE (solid lines) and the mean variance (shaded regions) in the RMSE for the surrogates
constructed in the three coordinate systems for an increasing number of samples. Means are computed across 50
instances.
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Figure 6: The sources of poor performance of a surrogate. The total error Er consists of the sparsity of information
error Fg and the construction coordinate system error Ep.

1
flx) = iacTAm, (13)
where A is a 2 x 2 matrix that is also the Hessian of the function. Consider the three different cases
1 0 3 1 1 05
Al_[o 1}"42_[1 1]"43_{0.5 1]' (14)



Figure 7 depicts the contour plots for these three cases. The dashed lines in these figures indicate the eigenvalues
and eigenvectors of the A matrices.
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Figure 7: Contour plots of quadratic functions with Hessians given by A;, As and As. The dashed lines indicate
the eigenvectors and their lengths are chosen proportional to the eigenvalues.

The shape of the function in the case of A, when the function is isotropic, closely resembles the shape of the
basis functions. Therefore, the goal of the transformation scheme should be to create a coordinate system where
for any A, the function evaluated in the transformed coordinate system should resemble the case where A = Aj.

This can be achieved by utilising the eigenvalues and eigenvectors of the Hessian matrix. The coordinate system
is then rotated using the eigenvectors of the Hessian and scaled by the square root of the eigenvalues for each
direction. Figure 8 shows the contours using this transformation scheme, for the 3 different A matrices. Clearly,
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Figure 8: Contour plots of quadratic functions with Hessians given by A;, Ay and As, after applying the proposed
transformation scheme to the original coordinate system.

by taking into account the curvature in all directions the problem can be recast into a coordinate system where the
function is isotropic.

4.2 General Higher-Order Non-linearity

The challenge is to generalise this procedure such that it can be implemented on any non-linear function (i.e. any
problem with an unknown Hessian). Initially, it seems reasonable to take some global curvature measure, since the
surrogate is fit on the entire coordinate system. This is however not the case. The theoretical motivation behind the
transformation scheme developed in this section is as follows: RBF surrogate models are constructed as a summation



of isotropic basis functions placed throughout the design domain. Therefore, if locally the underlying function is
anisotropic (meaning anisotropic at the location of the basis function), the basis function will not offer a reliable
estimation of the local behaviour. As the model is a summation of these now unreliable basis functions, the overall
predictive ability of the model suffers. As such, by making use of local estimations of curvature it becomes possible
to predict the suitability of using isotropic basis functions to predict the underlying function’s behaviour. The
eigenvectors and eigenvalues of these local estimations of curvature then also inform what the optimum coordinate
system is for each local basis function. Therefore, it is possible to approximate a single global coordinate system as
an average of all the optimum local coordinate systems.

This theoretical framework will be motivated with two example numerical problems. Consider the 1D function

F(x) = sin(frz) + 15(z — 0.5)2, (15)

where f is 6 and 12 for the two example problems depicted in Figure 9. This can be thought of the behaviour of a
high dimensional function in two eigen directions. These functions are each sampled 50 times. Since the optimum
local length scale in the two directions differ, this functions is clearly anisotropic. If we scale the functions such that
the global curvature estimates become similar, no scaling will be required as the global estimates both return similar
curvature estimations. However, if we scale the functions such that the local curvature estimates become similar,
then the function becomes more isotropic and should be approximated better using the summation of isotropic
basis functions.

f=6 f=12

ad -—- Global fit, VA =5.47 _ ——- Global fit, VA =5.34

——- Local fit, VA =33.17

——- Local fit, VA =18.43

F(x)

Figure 9: Two 1D example problems illustrating the difference between a single global fit and many local fits. The
average optimum scaling factor proposed by both estimations, v/, for the local and global fits are also denoted on
the figure.

The shortcomings of a single global approximation method is also demonstrated on the 2D problem from
Equation (7), in the scaled and rotated coordinate system using 25 samples. The function is approximated using a
full n—dimensional quadratic fit of the form

f= Z waijl’ifﬁj + Zwkxk + we, (16)
i g k

where the weights w;;, wi, and w, are associated with the quadratic and coupling terms, the linear terms, and the
constant term in the equation respectively. For this example problem the case where n = 2 is used. The w;; weights
solved from this fitted function can then be re-arranged into the Hessian of the quadratic fit

2’LU11 w12 N W1in
w21 2w22 N Won

H— , (17)
Wp1 Wp2 ... 2Wnn
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where w1 = wsy as the matrix is symmetric. In the implementation of this paper, an interpolating fit is constructed.
This requires as many function values as there are unknown coefficients in the fit. These points are selected as the
closest points surrounding the point at which the Hessian is approximated, resulting in a local approximation of
the Hessian.

Figure 10 depicts the contour plots of the scaled and rotated function, a global full quadratic fit and four local
full quadratic fits. In this example local fits at four random sampled points are constructed. The five nearest
neighbours are used to construct the fit.
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Figure 10: Contour plots of the original function, the global quadratic fit and local fits in subplots A, B and C
respectively. The local cluster of points used for each local fit are shown by the coloured dashed lines.

Note that the global quadratic fit offers very little resemblance to the curvature of the underlying function. This
occurs as the quadratic assumption cannot capture the full non-linearity of the underlying function across the entire
coordinate system. The regressed quadratic fit instead offers a poor representation of the underlying curvature as
it completes a global least squares fit using function information. Although the regressed quadratic fit has a low
function value error, as this is the information it is constructed with, it offers a poor representation of the curvature
of the underlying function.

The local fits on the other hand clearly offer a better representation of the curvature present in the problem. To
remove variance in the local information some average measure of the local estimations must be found. Obtaining
an average orthogonal matrix from all the local eigenvectors is not a trivial computation and averages of orthogonal
matrices are not themselves orthogonal [32]. Therefore one average global Hessian is created from the many local
Hessians. This is done by using the decomposition used in the Saddle-Free Newton method [33]

H=vxVvT (18)

where V' and ¥ are the eigenvectors and a diagonal matrix containing the eigenvalues along the diagonal, respec-
tively. Each local Hessian is then recreated by taking the absolute value of the eigenvalue matrix,

H,. =V[SV’ (19)

The average global Hessian matrix is then calculated by taking the average of these reconstructed local Hessians:

1 N
H,, = v Z H.... (20)

The Hessian is reconstructed with the absolute values of the eigenvalues as the local Hessians can be either concave
or convex, as can be seen in Figure 9. The average of a collection of concave and convex Hessians can be a zero
matrix as the positive and negative curvatures may be equal. Therefore, all the local Hessians are reconstructed to
be convex (positive eigenvalues), keeping only the magnitude and direction of the local curvature.

Next the eigenvalues and eigenvectors of this average global Hessian are computed. The coordinate system is
rotated using the eigenvectors as columns in an orthogonal matrix, and each direction is scaled with the square root
of the eigenvalues.

11



4.3 Hessian Estimation

For the research completed in this paper two methods are selected to estimate Hessian information depending on

the information available. When only function information is available the quadratic fits used in Section 4.2 are

implemented. In the case where gradient information is available, the Symmetric Rank 1 (SR1) Hessian update

method [22] is used:

(yp — HiAzy)(y, — HpAzy)"
(yk — HkA:Bk)TA.’Bk '

The initial Hessian estimate H is an identity matrix and the term y,, is defined as

Hj,y=Hy+ (21)

Y ZVF(IBk—‘rAZBk) —VF(a:k) (22)

To ensure that the local Hessian approximation is rank sufficient, n SR1 updates are performed at the n closest
points surrounding the point where the Hessian is estimated. This of course requires the gradient vector at each
of these n points. The two methods are referred to as gradient enhanced local Hessian method (GE-LHM) and
function value local Hessian method (FV-LHM).

A key difference between these two Hessian estimation methods is the minimum number of points each method
requires in order to provide an estimation of the local Hessian. The SR1 method requires n + 1 points (the centre
point and the closest n points) while the quadratic fit requires a local cluster containing n(n —1)/2+mn+ 1 points in
n-dimensional space. This implies that when gradient information is available, the proposed transformation scheme
scales favourably with problem dimension (linear scaling), while the function value-based Hessian approximation
method becomes prohibitively expensive (quadratic scaling).

4.4 Numerical Transformation Example

To demonstrate the proposed method Figure 11 shows contour plots of Equation (7) in the scaled and rotated
coordinate system, in the GE-LHM transformed coordinate system, the FV-LHM transformed coordinate system,
and ASM transformed coordinate system for increasing sample numbers.

Ideally, as the sample number increases the methods should converge towards the original coordinate system
(depicted in Figure 4). Figure 11 demonstrates that for this example problem the GE-LHM quickly converges to
the original ideal coordinate system, while the FV-LHM and ASM need additional samples.

4.5 Effect of Transformation on the Gradient Vector

When the coordinate system is transformed, the gradients are indirectly also transformed. Therefore the gradients
need to be transformed into the new coordinate system before they are used in the construction of the surrogate
model. This is done by first expressing the underlying function as a function of the transformed coordinate system

F(z) = F(&()), (23)

where now the original coordinate system « is assumed to be coupled and anisotropic, and the transformed coor-
dinate system & to be the ideal uncoupled and isotropic coordinate system.
Using the chain rule and Equation (23), the function gradient can be expressed as

dF dF dx
_— = 24
de  dz dx’ (24)
where ‘fl—i is the gradients that were found when the underlying function was sampled and ‘ég is the gradients in
the new transformed coordinate system. Therefore the new gradient vector can be found by solving
dF dF (d&\""
— = — 25
dz  dx <dw> ’ (25)
The required term (4£)~! follows from
= RS=z. (26)
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Figure 11: Contour plots of Equation (7) in the scaled and rotated coordinate systems, a transformed coordinate
system using 10 samples, and a transformed coordinate system using 20 samples.

Taking the gradient of Equation (26) yields

% =RS. (27)
Since R is a orthogonal matrix, R~* = RT. Therefore,
dz\ ™' -1 —1pp-1 —1 7
=) =@®’S)'=5'R'=5"R". (28)

Since the scaling matrix S is a diagonal matrix, its inverse is simply the inverse of each diagonal entry placed in
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the same location on the diagonal. The final transformed gradient from Equation (25) then becomes

dF dF
o= %S_lRT. (29)

4.6 Summary of Proposed Transformation Procedure

The implementation of the proposed transformation procedure can be separated into three procedures. The first
procedure, procedure 1, iterates through all the sampled points and calculates an average Hessian estimation.
Procedures 2 and 3 compute local Hessian estimations from some subset of points in the sample set.

Procedure 1: Transformation Procedure
Input : Sampled Information of the Underlying Function.
Output: The transformed coordinate system & and the gradients ‘fll;
for All sampled points do
if Gradient Information is available then
| Use Procedure 2
else
‘ Use Procedure 3
end

end
for All Hessian FEstimations do
‘ Compute H,,. = V|E|VT
end
11 Compute H,,, = ﬁ va H..;
12 Find the eigenvalues and eigenvectors of the average Hessian;
13 if Gradient Information is available then

© ® N o o~ w b=

[
o

14 Compute 3{7 = 4E =1 BT using the eigenvalues and eigenvectors;
T dx

15 end

16 Compute & = RSz using the eigenvalues and eigenvectors;

17 Return &, and ‘fiA
T

Procedure 2: Gradient Information Based Hessian Estimation
Input : A sampled point

Output: A Local Hessian Estimation

Find the n + 1 closest points;

Initialise Hg as an Identity matrix ;

Arrange from furthest to closest;

for Closest Points Subset do

Compute Hy11 = Hy +

end
Return The local Hessian Estimation.

B W N =

(yp—HipAzp) (y,—HiAxyp)”
(ykakAmk)TAwk

(S

N o

5 Test Problem

In order to further evaluate i) the benefit of adequate coordinate system transformation, and ii) the proposed
transformation scheme, an n-dimensional test problem is constructed. This test problem is created by adapting the
numerical problem used in Section 3 to a more general form where the problem dimension can be altered.

14



Procedure 3: Function Information Based Hessian Estimation

Input : A sampled point

Output: A Local Hessian Estimation

Find the n(n — 1)/2 + n + 1 closest points;

Fit local Quadratic function using f =" Z;’ Wi T+ Yo Wk + We
Rearrange weight vector into the Hessian ;

Return The local Hessian Estimation.

B W N =

The test problem will then be used to investigate the benefit of appropriate coordinate system transformation
as a function of problem dimension. If we select the test function as a decomposable function

f(@®) = fi(z1) + faz2) + - + fuln), (30)

then the resulting Hessian will be a diagonal matrix. Then independent scaling along each coordinate axis might
create an isotropic or near-isotropic function. Therefore we deliberately select our test function as a decomposable
function, ensuring that we know the optimal reference frame in which to express the function. The remaining
feature that we deliberately embed into the test function, is varying length scales in different coordinate directions.
This results in a test function for which we can easily alter certain characteristics, such as problem dimension and
complexity. The fact that key characteristics of the function can be easily altered allows for an independent study
of desired characteristics without the need to create a new test function entirely. The test function is chosen to
have the form

LN
f(z) = - ZAz‘ sin(Fjz;), (31)

where n is the problem dimension and F; and A; are the frequency and amplitude in the i** coordinate direction.
The amplitudes and frequencies are found from

—(2i — N)?
N
F = il + I (33)

2+ 2exp 20N 2

A; + 3, (32)

—2exp

These frequency and amplitude equations attempt to keep the complexity of the function relatively constant as the
problem dimension increases. The frequency is bound between [0.57; 2] and the amplitude between [1, 3].
Another feature that is easily added to the test function, is to rotate the problem into an arbitrary reference
frame. As the original test function exhibits a diagonal Hessian, a rotation of the design space is added to create
a problem where the variables are coupled. This version of the test function will then assess how well the rotation
aspect of the proposed transformation scheme works, i.e. if an uncoupled reference frame exists then the transfor-
mation scheme must be able to find it. The original coordinate system is rotated using a random rotation matrix

R created from
R = expm(w(A — AT)), (34)

where A is a random matrix with elements sampled between [—0.5,0.5] and expm is the exponential map. The
exponential map of a skew matrix (A — AT) results in an orthogonal matrix [22].
In this research, the case where gradient information is available is also discussed. Therefore, the gradients of
the n-dimensional test function are needed. The gradient of Equation (31) is simply
oF; 1
b = 7AZ‘FZ‘ COS(FZ‘S(}Z‘), (35)

ox; n

where in the case of coordinate system rotation, the process detailed in Section 4.5 is followed.

6 RMSE Results

The numerical investigation in this section follow a two-step process
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1. a coordinate system transformation,
2. followed by surrogate construction.

The results, therefore, attempt to separate the contribution of these two steps to the performance of a surrogate.
Specifically, the information used to perform coordinate system transformation is deliberately separated from the
information used to construct the surrogate.

This is done by constructing the FV-RBF and GE-RBF surrogate models, in six different coordinate systems.
These six coordinate system transformation strategies are

e The gradient informed local Hessian estimation method (GE-LHM): Coordinate system transformation (ro-
tation and scaling) performed by estimating the Hessian using gradient information,

e The function informed local Hessian estimation method (FV-LHM): Coordinate system transformation (ro-
tation and scaling) performed by estimating the Hessian using function information,

e The Kriging hyper-parameter optimisation method: only coordinate system scaling (no rotation) is used, as
discussed in Section 2.3,

e The Min-Max scaled method: The coordinate system is scaled (no rotation) to [0;1] in all dimensions,
e The Active Subspace Method: the implemented version selects all the eigenvectors, and

e The ideal transformation method: This transformation is only possible since we have an analytical expression
for the underlying function, where the optimal rotation matrix R and scaling factors are known.

By using two different models in six different coordinate systems, the results will demonstrate if the construction
coordinate system consistently impacts the performance of the surrogate model, regardless of the information used in
the construction of the model. The two surrogate models, function value and gradient enhanced, are chosen to have
the same model flexibility, i.e. the same number of centres, to further isolate the effect the construction coordinate
system has on the performance of the surrogate model. By fixing the flexibility of the surrogate model it will be
shown that the ill-suitably of the coordinate system the model is constructed in, and not a lack of construction
information, is the main source of the approximation error.

The RMSE of the surrogates is found by sampling the error at 10° test points. Such a large number of test
points is selected to ensure that an accurate RMSE is computed even for the high-dimensional versions of the test
problem. This process is then repeated 50 times to be able to compute the average RMSE error, as well as the
variance in the RMSE. Figure 12 presents the results for the 2-dimensional test problem. The average RMSE (solid
lines) and the variance in RMSE (shaded areas) are shown for the function value and gradient enhanced RBF
models in all six construction coordinate systems. The RMSE results are presented in the log coordinate system so
that the performance of the models can be compared across a wide range of accuracy levels.

This 2D example shows that there is a benefit in constructing the surrogate in the transformed coordinate
system instead of the [0; 1] scaled coordinate system. For example, if the goal accuracy of the problem was 10~*
the GE-LHM coordinate system would require on average almost 50% less samples, from 20 to 11 samples, than
the standard Min-Max coordinate system.

It is also noticeable that only scaling the coordinate system, i.e. the Kriging scaled results, is not nearly as
beneficial as complete coordinate system transformation (scaling and rotation) that is achieved by ASM and gradient
informed LHM at lower sample densities. Once sufficient samples are used, the function informed LHM begins to
rapidly approach the performance of the gradient based methods.

The anisotropic nature of the problem is quickly overcome by sampling the coordinate system densely enough,
but, as will be shown, overcoming the coupled and anisotropic nature of the function with dense enough sampling
becomes far more difficult in higher dimensional problems. Figures 13 and 14 present the results for the 4 and
8-dimensional problems respectively.

This increase in problem dimension highlights both the importance of a complete transformation scheme as
well as the benefit of gradient information. Firstly, for the 4-dimensional problem, there is some benefit of the
Kriging-based scheme over the proposed function transformation and the simple Min-Max scaling. But, as the
problem dimension increases to 8, this benefit diminishes to almost zero in the case of FV-RBF models. The
second observation to note is the clear performance gain when a suitable completely transformed construction
coordinate system is used. This gain is once again evident in the ideal transformation, gradient informed LHM, or
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Figure 12: RMSE results for the FV-RBF (left) and the GE-RBF (right) on the 2-dimensional test problem.
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Figure 14: Log RMSE results for the FV-RBF (left) and the GE-RBF (Right) on the 8-dimensional test problem.

ASM. Gradient information offers a better approximation of local curvature, and therefore, returns a near-optimal
approximation of the ideal transformed construction coordinate system.

If again the goal accuracy of the models were a RMSE of 10~! the GE-LHM coordinate system requires on
average 50% less samples in the 4-dimensional problem. For the FV-RBF models the samples decrease from 100 to
40, and for the GE-RBF models the samples decrease from 60 to 32. As the problem dimension is increased to 8, the
benefit of appropriate transformation also increases. For a goal of RMSE of 10~ ! the FV-RBF and GE-RBF models
required almost 60% less samples, from 400 to 160 and 260 to 120 samples for the FV-RBF and GE-RBF models
respectively. Therefore, the results in Figures 13 and 14 show that the benefit of coordinate system transformation
increases as the problem dimension increases.

The figures also demonstrate that the FV-RBF in the GE-LHM or ASM coordinate systems have better per-
formance than the GE-RBF models in the Min-Max coordinate system. This means that utilising the gradient
information to perform a coordinate system transformation, the ASM and GE-LHM transformed coordinate sys-
tems, is more beneficial to surrogate performance than utilising the gradient information for the construction of the
model. This is because the estimation of a suitable coordinate system is a far more information dense task, that
grows with the dimensionality of the problem, than estimating a single scalar value from data. Therefore, the fact
that the amount of information in gradient vectors grows with the dimensionality of problem means that gradient
vectors are far more efficient at estimating an appropriate coordinate system than function values.

The problem dimension is then further increased to 16 and the same results are repeated in Figure 15.

From these results, it becomes apparent that the benefit of appropriate complete coordinate system transforma-
tion, over both Min-Max scaling or Kriging scaling, grows with problem dimension. As with the lower dimensional
problems, the surrogates constructed in ill-suited coordinate systems offer minimal performance improvement in
low sample density scenarios when additional samples are added. This slow rate of improvement for the “non-
transformed” surrogate means that the proposed gradient-based LHM transformation scheme and the ideal trans-
formation coordinate system require far less computational cost, i.e. fewer samples, to achieve the same accuracy.
For example, if the 16-dimensional problem had a goal RMSE of 10~ the proposed transformation scheme would
require, on average, 800 and 650 samples for the function value and GE models respectively, while the standard
Min-Max scaling would require 2000 and 1750 samples. Therefore, for this simple test function, the proposed trans-
formation scheme results on average in 60% less computational cost compared to the standard Min-Max scaling
procedure.
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Figure 15: Log RMSE results for the FV-RBF (left) and the GE-RBF (Right) on the 16-dimensional test problem

What is noticeable in the results is that at higher dimensions the FV-LHM offers very little improvement over
standard Min-Max scaling. This is due to the number of points needed to estimate curvature from function values
growing exponentially as a function of the dimensionality. Therefore, at higher dimensions instead of estimating
local curvature the FV-LHM instead begins to estimate global curvature.

An additional feature of the results in Figure 15 to note is the fact that the ASM performance is worse than
simple Min-Max or Kriging based scaling for the GE-RBF models at high sampling densities in this numerical
problem. This is most likely due to that fact that in this work the ASM is implemented as a coordinate system
transformation scheme instead of, and as it is originally developed for, a coordinate system reduction technique.

7 Non-Decomposable Functions

The developed transformation technique assumes that the underlying function is decomposable, meaning there exists
a scaling and rotation transformation that will recast the problem into a coordinate system where the variables
in the transformed function are uncoupled. To investigate the performance of the method on a non-decomposable
problem the well known n—dimensional Rosenbrock function in the domain [—1,1]™ — R is used. This problem is
expressed by

f(x) = [100 - (241 — 27)* + (1 — z;)?] (36)

K3
and the contours of the 2-dimensional version are shown in Figure 17.

The GE-RBF model is then constructed for various sample numbers for various problem dimensions, using the
different transformation schemes. As this function is not decomposable there is not a clear or obvious optimum
reference frame as there is with the crafted test problem. Therefore, there is no ideal transformation to compare to
in this example.

The problem is completed for 2, 4, 8, and 16 dimensions at increasing sample numbers. As before, to account
for the randomness in the sample locations the RBFs are constructed on 50 sets of sampled data and the mean
RMSE error is recorded at 10000 randomly sampled points. The results are shown in Figure 17

Although there is some benefit in the proposed transformation scheme, there is very little difference between
the results of all the transformation schemes. These results are expected, as all the pre-processing schemes are
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Figure 17: Results for the Rosenbrock function

designed for decomposable functions or functions that are already uncoupled. Therefore, in order to handle non-
decomposable functions the pre-processing transformation will need be to non-linear and a function of the location
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in the design domain.

What is clear from the results presented in this paper, is that a general non-linear transformation scheme will
need to be based of local curvature information, and that this curvature information will ideally be estimated from
sampled gradient information.

8 Conclusion

The work presented in this paper demonstrates that the coordinate system in which common radius basis function
surrogate models are constructed in can have a significant influence on the predictive performance of the surrogate.
This is done with a few main findings.

Firstly, the addition of gradient information into the construction of a surrogate model will not result in the
expected improvement of the predictive performance of the surrogate if the coordinate system is not suitable.
Therefore, attention needs to be given to a pre-processing step that will adequately transform the coordinate
system in which the surrogate model will be constructed.

Secondly, a full coordinate system transformation, including both scaling and rotation, is required to address
the isotropic assumption. Simple component-wise scaling is not a sufficient strategy.

The information needed to inform the pre-processing step is a collection of local curvature information rather
than one global estimation of the curvature. This local curvature will need to be estimated in most practical
engineering problems. Although this estimation can be completed with either gradient or function information, the
results in this work demonstrate that gradient information offers a more efficient and accurate approximation of the
local curvature. This is seen clearly at higher dimensions where to estimate local curvature from function values a
large number of samples is required.

The coordinate system the models are constructed in impacts the performance of the surrogate model regardless
of the information used to construct the model. There is improvement in both the FV and GE surrogate models
when the coordinate system the models are constructed in is transformed using the developed coordinate system
transformation scheme. The transformation must be a fully coupled rotation and scaling as only scaling the
coordinate system is not sufficient.

The ASM method offers a noticeable performance improvement over standard Min-Max or Kriging based scaling.
The proposed transformation scheme does outperform the ASM on this numerical problem, but it may come at a
greater computational cost. The ASM completes one eigenvalue decomposition, on the approximated €' matrix,
while LHM completes p + 1 decompositions. The computational cost can be reduced by computing these p + 1
decompositions in parallel, or by only using some subset of the p sampled points. If however the computational cost
of evaluating the function value and gradient vector is high (as expected), the cost of the proposed transformation
scheme is negligible in comparison.

Lastly, the use of gradient information allows for the estimation of local curvature to complete a powerful,
automatic, and fully coupled coordinate system transformation scheme that results in near-optimal performance.
Therefore, using the gradient information to transform the coordinate system can be far more beneficial to surrogate
performance than including this information directly in the construction of the surrogate model.

9 Future Work

Although the proposed transformation scheme offers a significant improvement over the standard Min-Max scaling
scheme on decomposable problems, there are two main scenarios that were not investigated:

e when the underlying function curvature varies greatly along a principal direction (commonly referred to as
non-stationary problems), and

e when one dimension is sampled more densely than the other dimensions, such as with time series data.

These scenarios may require adaptation of the proposed transformation scheme, to achieve the same level of im-
provement as demonstrated in this paper.
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A Basic Surrogate Models

Radial basis function surrogates refer to the family of surrogates that use a linear summation of basis functions
that depend on a distance measure between two points. Popular options as basis functions include

1

e Inverse quadratic: QS(.’B,C, E) = m7

1

Vile—ell+e2’

2
—€||xT—C
e—ellz—cll®

e Multi-quadratic: ¢(x, ¢, €) =

o Gaussian: ¢(x,c,e) =

where the variable € is referred to as the shape parameter and the point ¢ is the centre of the basis function. The
most widely used basis function is the Gaussian function. The RBF surrogate is expressed as a linear combination
of k basis functions

k
fRBF = Zwi¢i(w7ciae)' (37)
=1

This equation becomes a system of equations
f = ‘I’(:B, (& e)'w, (38)
where the variable ® is a k X p matrix where p is the number of samples. This matrix is then expressed as

d(x1,c1,€) d(T1,c0,€) ... (T, L\ €)

P — (b(wZ;:clv 6) ¢(w27:62a 6) . . ¢(w27zckv 6) . (39)

d(xp,c1,€)  d(xp,ca,6) ... P(Tp, Cry€) Exp
The remaining parameters of the surrogate include the number and locations of the centres ¢ and the value of the
shape parameter e.

A popular choice for the centres is to select p = k, meaning that the number of centres is equal to the number
of sampled points and to position the centres at the location of the sampled points. For this choice the matrix ®
becomes square and the weight vector can be solved directly from Equation (38). This is the method implemented
for this research.

Some research, for example, [34] implement a fussy K-means clustering scheme to allocate the centres in the
coordinate system. In this scenario the system becomes over-determined and the least squares solution

T f = dTdw, (40)

must be implemented.
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A.1 GE-RBF Models

GE-RBF models directly include the gradients in the model construction. This can either be done in an interpolating
sense, such that the model directly interpolates both the function and gradient information at every point in the
design space, or in a regression sense, such that the model neither exactly fits the function or gradient information,
but rather attempts to fit both in the least squares sense.

A regression-based model is typically preferred to a fully interpolating model for two main reasons. Firstly,
computational simulations that require discretisation and iterative solvers can result in noisy solutions. Therefore,
if the model fits the solutions exactly the model may fit more to the noise in the data than to the underlying
function. Secondly, a full interpolation matrix in either higher dimensional or densely sampled problems may
become prohibitively large to solve, while a regression-based model can still offer useful results at a more reasonable
computational cost. Therefore, regression-based derivations are offered in this section for the discussed surrogate
models.

Another reason that regression models are preferred in this research is that the goal of the numerical investi-
gations is to isolate the effect that the coordinate system transformation has on the performance of the surrogate
model. Therefore, the flexibility of the function and gradient-enhanced models are kept constant (by keeping the
number and location of the centres the same), so that the only variable that is altered is the coordinate system
transformation strategy. The effect of increased flexibility in gradient-enhanced models, and how this increased
flexibility is achieved, are outside the scope of this research.

The construction of GE-RBF begin by firstly taking the gradient of the Gaussian basis function

do(x, c,€)
dx
where Equation (41) returns a column vector.
A new system of equations can then be created from the gradient information at each sampled point for p
samples for the RBF surrogate model

dfy dé(z1,c1.6)  do(zi,ca,e) o do(m1.ckse)

= —2ep(x, c,€)(x — ¢), (41)

g dx dx dx w1

i d(wacre)  db(waca.e) d(@aere) | |4

de | dx da T da 2 (42)
dfp dp(xzp,c1,6)  dp(xp,c2,€) do(zp,ci €) Wy,

dx dx dx o dx

The system of Equations (42), can then be written as
Vf=®pwso. (43)

The subscript fo denotes that first-order information is used in the system. The gradient information can then be
added to the original function-based system to create a new system of equations

5] = o] e w0

The weight vector now contains the subscript GE to show that the weights solved from this system are for the
gradient-enhanced versions of the surrogate models.

An important characteristic to note of the GE models is the size of the systems that need to be solved. In the
function-value based models p scalar samples are taken of the underlying function, creating a system of size p x k,
while in the GE models p scalars and p gradient vectors of size n x 1 are sampled, creating a (p+p X n) X k system.
As the weight vector, wgg, is the same size, specifically k x 1 in both the function value and GE models, the models
are of equal flexibility. The difference between the function value and GE models is therefore that the GE models
are constructed by regressing the model to the gradient information using the least squares formulation (similar to
Equation (40)).
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