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ABSTRACT

This study presents a new optimized block hybrid method and spectral simple iteration method (OBHM-SSIM)
for solving nonlinear evolution equations. In this method, we employed a combination of the spectral collocation
method in space and the optimized block hybrid method in time, along with a simple iteration scheme to lin-
earize the equations. The performance of OBHM-SSIM is compared with other established numerical methods for
various nonlinear evolution equations, including the Stokes’ second problem equation, Burgers-Fisher equation,
Burgers-Huxley equation, the FitzHugh - Nagumo equation with time-dependent coefficients, and coupled Burgers’
equations. Furthermore, the proposed OBHM-SSIM is implemented to solve (2 + 1)-dimensional problems, specif-
ically the nonlinear Burgers’ equation and the cubic Klein-Gordon equation, demonstrating its capability to solve
nonlinear systems efficiently. The extension to two-dimensional cases further validates the flexibility and accuracy of
the OBHM-SSIM method, achieved with a notably reduced computational cost. Unlike conventional spectral meth-
ods, the proposed OBHM-SSIM achieves high-order accuracy with fewer grid points by optimizing intra-step points
and maintaining A-stability for large time domains. We demonstrate that the OBHM-SSIM method gives highly accu-
rate solutions with fewer grid points. This results in enhanced computational efficiency and reduced complexity,
particularly for large time domains of nonlinear evolution equations. The findings of this study offer a new approach
for the application of the spectral block hybrid method, ultimately improving the accuracy and efficiency of compu-
tational solutions for nonlinear evolution equations.

1 | Introduction

Nonlinear evolution equations are prevalent in scientific disciplines, but their analytical solutions are often difficult to
find [1, 2]. These equations play a fundamental role in modeling a wide range of phenomena across various scientific
fields, including physics, engineering, chemistry, and biology [3-5]. Solving nonlinear ordinary differential equations
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(N-ODE?s) and nonlinear partial differential equations (N-PDEs) accurately and efficiently is crucial for gaining insight
into the behavior of complex systems and predicting their dynamics [6-8]. Several authors have proposed techniques
for obtaining analytical and approximate solutions to nonlinear evolution partial differential equations (N-EPDEs),
including the modified KdV-Burgers, modified KdV, Fisher’s, Burgers-Fisher, Burgers-Huxley, and FitzHugh-Nagumo
equations [9, 10]. Researchers have found that numerical methods provide effective tools for solving these equations [11].
Numerical techniques are indispensable in this regard, providing reliable computational approximations to the solutions
of N-EPDEs [12, 13].

Coupled Burgers’ equations, in particular, are nonlinear partial differential equations that arise in various physical
phenomena such as boundary layer motion, shock wave formation, and turbulence. Researchers have proposed several
numerical methods to solve these equations efficiently, such as the Fourier pseudo-spectral method, variational iteration
method, and Laplace transform homotopy perturbation method [14, 15]. Ahmad et al. [15] developed modified varia-
tional iteration algorithms (MVIA-I and MVIA-II) incorporating auxiliary parameters to accelerate the convergence rate
of the series solutions compared with the traditional variational iteration method. Mittal and Arora [16] proposed a cubic
B-spline collocation scheme coupled with the Crank—-Nicolson method for time integration, demonstrating reliability and
accuracy for viscous Burgers’ equations. Mohammadi and Mokhtari [17] introduced a robust reproducing kernel Hilbert
space (RKHS) based technique for solving challenging classes of N-PDEs, highlighting its advantages of being mesh-free,
flexible, and capable of handling various boundary conditions without requiring time discretization or ODE integrators.

The existing literature can be broadly grouped into three categories: spectral methods, block hybrid and optimized hybrid
methods, and linearization techniques for handling nonlinear terms. Several researchers have investigated spectral col-
location methods for solving nonlinear differential equations using different strategies [18-20]. Pozrikidis [21] presented
the theoretical foundation and practical implementation of spectral and finite element methods. Meuris et al. [22] intro-
duced deep operator network —based spectral methods for solving N-PDEs, while Otegbeye and Motsa [23] developed the
paired spectral quasi-linearization method. These spectral methods are known for achieving high accuracy and spectral
convergence by representing the solution through global basis functions such as Fourier series or Lagrange polynomials
[24, 25]. Motsa et al. [26] implemented the bivariate spectral quasi-linearization method (BSQLM), combining spectral
collocation in space and time with the quasi-linearization method. They utilized the BSQLM method to solve N-EPDEs
for large time domains. They concluded that the approximate solutions align with the exact solutions, demonstrating a
high degree of accuracy. Magagula et al. [27] later extended the BSQLM to a multi-domain Legendre-Gauss-Lobatto
bivariate spectral collocation method (L-BSQLM). Researchers have concluded that the L-BSQLM is more accurate
and uses less computational time compared to the BSQLM. Khumalo et al. [28] solved the N-EPDEs by employing
the bivariate spectral linear partition method (BSLPM). They observed that the BSLPM was precise, as its solution was
compared to established exact solutions and found that suitable linearization plays a key role in ensuring consistency
and convergence.

The block hybrid method (BHM) has attracted significant attention as a robust approach for solving nonlinear
differential equations [29-32], following the pioneering work of Shampine and Watts [33]. Ahmedai et al. [34] proposed
a BHM for solving third-order initial value problems using equally spaced intra-step points. They demonstrated that
increasing the number of intra-step points enhances the accuracy of the BHM. Subsequent studies have refined the
BHM through the introduction of optimized intra-step points to minimize local truncation errors [35-37]. The opti-
mized block hybrid method (OBHM) has since been applied to various classes of N-EPDEs. For instance, Kaur and
Kanwar [38] used the differential quadrature method (DQM) with optimized cubic trigonometric B-splines for the
Kuramoto-Sivashinsky equation, achieving high accuracy with fewer grid points. Similarly, Ramos et al. [39] proposed
a modified cubic B-spline method combined with an optimized hybrid block approach, demonstrating its efficiency for
large time domains problems.

Linearization techniques play an essential role in approximating solutions to nonlinear differential equations by trans-
forming them into linear systems that are easier to analyze and solve [40]. The choice of the linearization approach and
reference point can significantly affect the accuracy and stability of the numerical solution [41, 42]. Classical linearization
methods such as Taylor series, local, and piecewise approximations to nonlinear systems have been successfully applied
in many engineering and physical models [43]. Modern linearization techniques, including perturbation, relaxation,
quasi-linearization, Newton-Kantorovich, local linearization, linear partition, Picard and simple iteration methods,
extend these classical concepts through iterative schemes to achieve higher accuracy and broader applicability [44-46].
The simple iteration method (SIM) has been employed for its simplicity and robustness in achieving convergence [34].
The present work builds on these ideas by integrating the SIM with spectral and optimized block hybrid methods to
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improve the stability and accuracy of numerical solutions. The SIM adopts principles analogous to fixed-point iteration,
serving as an efficient iterative technique that eliminates the need for derivative evaluations. Unlike conventional
linearization approaches that rely on Taylor series expansions thereby introducing truncation errors even before
numerical discretization. The SIM maintains accuracy by directly iterating on the nonlinear terms.

Thus, the aim of this study is to utilize spectral and block hybrid methods to develop an optimized block hybrid spectral
simple iteration method (OBHM-SSIM) and to assess its performance against established numerical techniques in the
literature. The novelty of the proposed OBHM-SSIM lies in the integration of the optimized block hybrid method with a
spectral collocation scheme and a simple iteration linearization technique. To the best of our knowledge, this OBHM-SSIM
combination has not previously been applied to N-EPDEs. The primary objective of this article is to develop and validate
the OBHM-SSIM method by demonstrating its accuracy and efficiency in comparison with other established numerical
methods. The study also aims to formulate a computationally straightforward and adaptable scheme applicable to diverse
nonlinear problems. To achieve this, we address the following research questions:

« How accurate and efficient is the OBHM-SSIM compared to other methods in the literature for solving a range of
N-EPDEs?

« Can we formulate the OBHM-SSIM scheme in a way that is straightforward to implement and apply to diverse
N-EPDEs?

« How can the OBHM-SSIM be extended and effectively applied to system and two-dimensional partial differential
equations while maintaining stability and spectral accuracy?

2 | Development of the Scheme

The main feature of the OBHM-SSIM is the use of a Chebyshev spectral collocation procedure in the space variable (x),
and the discretization of the time variable (1) domain into smaller sub-intervals called blocks. To develop the OBHM-SSIM
scheme, we consider the rth order N-PDE of the form

ou

2 3 r
M _ fu), u:<udu 0‘u o°u du

Tox’ ox2 ax3’ T oxr

5 >, a<x<b 0<t<tg, (1)

here r represents the order of higher derivative with respect to the variable x, and r > 1. Subject to the initial condition
I/I(O, X) = MO(X), (2)

and boundary conditions

du Ju
o u(t,a) + o4, P » =u,(t), o3u(t,b)+oy, ™ " = u,(1), 3)
ta 1,

where o,,,0,,, 015, and o,, are constant parameters. In equation (1), the right hand side f is a continuous nonlinear

. . ou 0%u ou
function inu, —, —, ... .
unctio > ox’ ox?’ > ox"

We discretize the spatial domain, as shown in Figure 1. We assume that x € [a,b] is discretized into N, +1
Chebyshev-Gauss-Lobatto (CGL) points. The CGL points are chosen in this work primarily for their computational
efficiency, as their Chebyshev-based structure enables fast and cost-effective computation of derivatives [19]. The collo-

cation points are x; = cos ”7", where i =0,1,--- , N,. We transform the interval [a, b] into the interval [-1, 1] through
linear transformation mappixng [47]

xz(b_a)fc +(b+a)'

; 4
it @
We define that r € [0, 7] is divided into N integrating blocks (see Figure 2) denoted as
I,=[tyt,,], n=012..,N-1 (5)
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FIGURE1 | Discretization of the space domain to N, + 1 Chebyshev—-Gauss-Lobatto points.
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FIGURE 2 | Discretization of the time domain to N blocks.

The fixed step-size is denoted as h =1, ; — t,. We utilized the m intra-step, which satisfies
tn+pj =t,+Dp; h, 0=py<p<p,<--+<pnq1<p,=1
Equally spaced grid points were defined as
pj==, j=0,123_.,m (6)

Orakwelu [37] introduced that the optimal intra-step points are the roots of the polynomial

, J=23,4,... 7

g(=1Y*p?=1(j + ¢)!
s ](J +1) & Z

@G — !

Equation (7) is proportional to the first derivative of the shifted Legendre polynomials of degree m. The shifted Legendre
polynomials are defined on [0, 1]. By expanding Equation (7), we obtain the polynomials that give the optimal intra-step
points with m > 2. Table 1 presents the intra-step points for both the equally spaced and optimal cases for various values
of m.

Approximating u at each block #, using a Lagrange interpolating polynomial of the form

m N,
ult, x) % Y Wty FIL L), (8)
j=0 i=0

where L;(x) and L,(¢) are the Lagrange polynomials. L;(x) is the characteristic Lagrange polynomial based on the
Chebyshev-Gauss-Lobatto points [48], defined as

u X=X
— Xk
Lo=]] : )
i Xi — Xk
ik
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TABLE1 | Equallyspaced and optimal intra-step points for m = 2, 3,4, and 5.

m p; Equally spaced Optimal
2 {p07p1’p2} {0’%’1} {05%’1}
3 Do+ P1- P2 P3) {o.4.21} {0565, 56+V5.1}
4 (Po- P1- P2 D3+ Ps) {o.4.421]) {o.L0- VoD, L La+ 21,1}
1 2 3 4 1 1 1 247 1 1 1 247
5 {Po> P1> P2> P35 P4s Ps } {0,5,5,3,5,1} {0,5—5 gill—,z‘i‘i giz—\{_,l}
From Equation (8), the approximated spatial derivative is defined as
m N
ou . dL;(x)
— & u(t,,, ,x;)——L,(t R 10
X (tnszfcf) 120; ( " l) dx n( n+pj) ( )
m N,
= DDy ultyyy . %) = DUy, . (11)
j=0 I1=0

The spatial derivatives are approximated using a differentiation matrix D as defined in [19]. Where the matrix D is of size
(N, +1) X (N, + 1) of the form

Doy Doy -+ Don-1 Don,
D D ... D D

D= '1,0 '1,1 1,1'Vx—1 lex , (12)
DNX,O DNX,I DNX,NX—I DNX,NX

then the unknown vector U, ,, is of size (N, + 1) x 1 defined as

P
T
Un+p/_ = [u(t,,ﬂ,/,xo), u(t,,ﬂ,/,xl), u(t,,ﬂ,j,xz), ,u(tn+pj,xNx)] , (13)

and where the superscript (T') represents the vector transpose. Similarly, the rth order spatial derivatives are
computed as

N, N,
0*u ) o 2 'u e o r
e DD}ty %) = DU,y oo el DD}ty %) =D'U,,, . (14)
x (In+Pj ) 1=0 X (tn+ﬁj &) 1=0

The N-EPDE (1) must be linearized before applying the spectral collocation method. To simplify the computations and
develop the iteration scheme, we linearized f using the simple iteration method. Equation (1) is expressed as a sum of its
linear and nonlinear components as

=L+ 7, (15)

where £ * can be written as the sum of linear terms (unknown functions) at iteration (s + 1), as

(s+1) (s+i) (strl) (s+1)
" " 0'u * 0" u N 0“u " ou " (s+1)
< =$r(t,x)ﬁ+§fr_l(t,x)m+-~-+5fz(t,x)ﬁ+31(t,x)a +$0(t,x) u ., (16)

and the nonlinear terms ./ * are a combination of known (at iteration (s)) and unknown functions (at iteration
(s +1)). Here, s denotes the iteration index used in the simple iteration process, where s > 1. In the nonlinear
terms, the term with a higher derivative is taken as unknown. The ./ * can be written as the sum of nonlinear
terms as
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(s) (;) () \(s+1) ) ® (s)1 (s+})
. () du 0<u 0'u |0'u ) du 0%u 0" 'u |0 u
Ni=N|u,—,—,...,— u,— ey ———
|77 ox” ax2 ox” [oxr e R R e [
(s) (;) (542-1) (s) (s+1)
) du 0“u |o“u ) du (s) (s+
+M\u,—,— |—+ u, — + N +%t,x. 17
2 ox 0x? |0x2 ! 0x () olu) u @ x) a7
Substituting Equations (16) and (17) into Equation (15), we obtain
(s41) (s+1) (S+%) (5‘51) (s+1)
s 0'u 0" 'u 0“u ou (s+1)
f =$,@+Sf,_1axr_l +$2() D +.5€1 +£ZO u +x, (18)

where &,, %,_4, ..., <, are known functions from a previous iteration (s) given by

) © (s)

(s) au 0 u 0"u

L, =2t x)+ N, s — |,
%) ox’ ox2’ ox”"

) ® (s)

() du 0%u 0 tu
grl_‘g 1([X)+./V,.1 u, a " % 2,...,@,

(s) (()S) 0(5)
Py = LX)+ N, u,%,a—;z’ ,
(s)
L= LX) + N, (&),g—z ,

Lo = LX) + N o).

Equation (18) is the linearized form of Equation (15). The spectral method with N, + 1 Chebyshev-Gauss-Lobatto points
on Equations (1) to (3) gives
Un+pj = fn+pj = Ln+pj Un+p, + Hn+pj’ (19)

where

n+p = %(tn+l:f,-’ )%i)’

. C) (s) 5) (s) .
4 =$r(tn+Pj’xi)+‘/Vr tn+p/’xi’ un+pj’D n+p; ’D n+pj""’D un+p/ D

. o ® (s) 2(8) 1 1
+gr—1(tn+1’/’xi)+'/'/r—l tn+pj’xi’un+p/’D n+p’D n+pj""’D un+p/ D

n+p;? n+p 4

) (5) (s)
+.§Zz<n+P,x)+./V2(t,,+p, Ry, Du,,, D*u j>D2

(s) (s)

. N ©) N .
+ gl <tn+Pj’xi) + ‘/Vl(tn+p/’ xi’ un+p/’ Dun+pj)D + go(tij’ xi) + '/VO <tn+pj’x[’ un+pj>'

The dot denotes the derivative with respect to time 7. Subject to the initial condition

U(0, %) = uy(x;), (20)

6 of 38 International Journal for Numerical Methods in Engineering, 2025

85U8017 SUOLILLOD BA 81D 3|ced!dde 8y Aq pausenob a1 saolie O ‘88N JO Sa|nJ o} Akeid18UlUO 8|1 UO (SUORIPUOD-PUR-SLUIB)LI0D" A3 1M Ae1q | U1 [UO//:SdNY) SUORIPUOD PUe SWe | 8U188S *[9202/c0/TE] Uo ARiqiTauljuo A8 |1 ‘[10unoD Yoesssy [eo1ps I UeoLY YINos Aq GTZ0Z 8WU/Z00T OT/I0p/Woo A8 | im Ariq1jpuljuo//Sciy Wwoy pepeojumoqd ‘vz ‘SZ0Z ‘2020260T



and boundary conditions
011Uty - Sn) + alZBU(tmj, Rn) = Ug(lyip)s (21)
031Uty R0) + 63 DU (1 s R0) = Uyt )- (22)

To apply the optimized block hybrid method with Lagrange interpolation polynomials to the right-hand side of
Equation (19), we write the time derivative as

U(tn +7h, xi) = ZU(ter»’ xi)Lw(T)» (23)
=0 !
where ”
T =Dy,
L,(7)= : (24)
¢ 1::)[171' —Po

Jj#o

Substituting Equation (23) into Equation (19) and integrating from 0 to p ;» We obtain

m
Uy = U, +h > aj, s (25)
=0
m
=U,+hay F,+h Y a,, (L, U, +H,, ) (26)
=1
where the coefficients a;,, and a;, are known. Solving Equation (26) in terms of U, , , , we get
m m
Uiy =1 2% Ly, Uy =U,+hajg F,+h Yoy, Hyp, . @27)
=1 w=1
Equation (27) can be written in expanded matrix form as
10--0||U,, ayl apl o, I||L,,, O - O ||U,,
O 1 O|[Uppy, | _ Jond anl ooyl || O Ly o O || Uy,
oo---I|lU,, tpd apl - a,, Il O 0 L., ||U,,
U, aol O --- O ||F, apl apl - a1 (| Hyyp
I B I T R | R (28)
U, O O - a,ul||F, O I ol -, || H,ypp

The matrix form Equation (28) can be written in terms of Kronecker products as

[[-nA®DL,,|U,,,=U,+hA,® DF,+h(AQ HH (29)

n+p?

where I and I are the identity matrices of size m(N, + 1) X m(N, + 1) and (IV, + 1) X (N, + 1) respectively. O is a zero
matrix of size (N, + 1) X (N, + 1). A and A, matrices of size (m X m) are defined as follows:

Ap U 0 Ay ap 0 == 0
a a ... a O a ... 0
A=|% %2 2m , Ay = 20 ’
Ay Ay~ Uy o 0 - Xm0
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and U,, G,,,, and F, are vectors of size m(N, + 1) X 1 are defined as follows:
U, H(typ,. %0) F,
u, =" A, = T . R
U, H(ty,,- %n,) Fa

Equation (29) may be reduced and written in the form
AU, =K, (30)

where
A=I-nAQ®DL,,,,
K=U,+h(4,® )F,+ h(A® I)H

n+p>

and the size of the matrix A is m(N, + 1) X m(N, + 1) and K is size m(N, + 1) X 1. Hence, the approximate solutions may
be found by finding the inverse of A in Equation (30). Thus, we have

U,,, =inv(A)K, (1)

where inv is the inverse of the matrix and A is nonsingular matrix.

3 | Theoretical Analysis

In this section, we present analysis of the convergence and stability properties of the proposed OBHM-SSIM. The error is
decomposed into the spatial discretization error and temporal discretization error.

3.1 | Spatial Discretization Error and Spectral Convergence

The spatial discretization is performed using the Chebyshev spectral collocation method. The convergence of this
approach depends on the smoothness of the solution. We formalize this well-known property in the following proposition.

Proposition 1.  Let u(t, x) denote the exact solution to Equation (1), and let Uy (1, %;) be its degree-N, polynomial inter-
polate at the CGL nodes, which form the basis for the semi-discretized system (19).

« If, for a fixed time t,, the solution u(t,, X;) € C*([—1, 1]), the interpolation error decays faster than any algebraic power
of N,; thatis, for any integer k > 0, there exists a constant C,, independent of N, such that

lu(t,, %) = Uy (t,, %)l < CNZF, as N, — oo. (32)

 If u(t,-) is analytic in an open region of the complex plane containing the interval [—1, 1], the convergence is exponential.
Specifically, there exist constants C > 0 and p > 1 such that

llu(t,) = Uy (1, )]l < Cp~ . (33)
For the proof of Proposition 1, see [19, 49]. The algebraic convergence for C*® functions and exponential convergence for
analytic functions are well-established results for Chebyshev interpolation [50]. Although the approximation of derivatives in

Equation (19) can introduce a polynomial factor in N, it does not affect the overall spectral rate of convergence for sufficiently
smooth solutions [25].

3.2 | Temporal Discretization Error and Stability Analysis
3.2.1 | The Local Truncation Error
To determine the accuracy of the OBHM-SSIM time-stepping scheme, we evaluate the local truncation error (LTE). We

introduce the linear operator &, which represents the difference between the exact solution and its numerical approxi-
mation. Using Equation (25), the LTE is analyzed through the linear operator &, defined as
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U, %) hl = Ut, + hp;. %) = U(t,. %;) — hZaij(t +hp,, %) (34)

w=0

We assume that U(t, %;) is sufficiently differentiable. Expanding the terms U(t, + hp,, %;) and U(t, + hp;, %,) by using a
Taylor series about #,, we obtain

U@, %); h]l = C U1, %) + C 1 hU (1, %) + C ,h* UG, %) + ClPU, %)+ + C U9, %), (35)
where C), C, 1, ..., C; , are constants. The method is said to be of order g if

C0=C1="'=éq+1=0’ and C’q+2#0, (36)

where C'q =[Cy 4
In Equation (34), applying the Taylor series about 7, leads to

Cyyr-sCpgl. The vector €, = [Cy412.Cy giar - Cpyginl” is the error constant of the method [51].

. hp;)* . h
R [U,, %); h] = <U(tn,)%i)+hij(tn,)%i)+( 5{) U(t,,,fc,.)+( P LR+ > — U@, %)

- - W ()
—h Y a,| U, %)+ hp; UG, %) + Ut, %)+ - (37)
w=0

K hk k K m
P khk .
— R 52 0) sy kh* 177 (K) . K
_Z{ U@ %) kZ{ 0 C;)ajij U@, %)+ O(h5H), (38)

where K is a positive integer. Expanding Equation (38) gives

m+1hk k K hk k

P, P,
QU@ 2 h = Y —F U, 2+ Y, —FUNa, %)
k=1 : k=m+2 !
m+1 kh
- 2 X Zajwpk v, %) - Z 2 @, P UN @, £) + O, (39)

k=m+2 'wO

Following [52], Equation (39) may be written as

m+1
U@, %);hl = Z [ kz wpf—1]U<k>(zn, %))

k—l
K

+ 2 k'l kz wpf—ll U(k)(tn’)fel_)+(9(hK+l) (40)
k=m+2

h 2 3 m+1 | r7(m+2) m+3

“m+2) |7 =+ 2) Y, 0t U, %) + OB, (41)
’ =0

From Equation (41), we deduce that the error constant vector is defined as

C hm+2 m+2 (m + Z)Za m+1 U(m+2)(t %, )
ILm+2 = ( + 2), ja)p n’

=0
From Equation (41), the leading term in the LTE is proportional to @(h™*2). A method has order g if the LTE satisfies
L,[U(t,, %,); hl = Oh™*). (42)

The analysis of the LTE in Equation (41) shows that its leading term is of order @(A"*?). By the standard definition of
accuracy, where the LTE for a method of order q is @(h?*!), as shown in (42), we deduce that the order of the OBHM is
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TABLE2 | Truncation errors for different m for the equally spaced and optimal intra-step points.
m Equally spaced intra-step points Optimal intra-step points
2 Ay =L psy® A pdu®. =L psy®
384 ’ 2880 384 ’ 2880
3 =9 _pspy®. =L psp . ZL psy® L _p5y®d. L _psy® =L 7y ™
174,960 ’ 21870 ’ 6480 60004/5 > 60001/5 ’ 1,512,000
4 3 _poy® —L_popy® 3 p61y6) L _popy® =L _pog@© L p61;(6)
655,360 ’ 368,640 ’ 655,360 493,920 7 322,560 ’ 493,920
-1 UM — 1 pu®
1,935,360h v 1,422,489,600h v
5 863 g =3 ) SVII30VT ) VIAH0VT, g0
4,725,000,000 > 295,312,500 160,030,080 > 160,030,080
_® g =8 pgo) ZV0VT ) VI4=30VT g0 )
175,000,000 > 73,828,125 160,030,080 > 160,030,080
——U__p7y™ -1 Rl aD
37,800,000 2,112,397,056,000

TABLE3 | Stability function G(z) for different values of m.

m Stability function
z°+62z+
2 2462412
z2—6z+12
50,137234600,774z%+3,001,500z+6,000,000
3
3(1662923—199,75822+999,500z—2,000,000)
4 35,8112*+715,36623+6,434,23222+30,012,000z+60,000,000

35561z*—71286623+6,422,23222—29,988,000z+60,000,000

59,962.084092°+1,793,536.10818z*+25,066,670.8223+200,303,3402z2+900,600,000z+1,800,000,000
3(19,709A53803z5—592,845.09606z“+8,312,223.06z3—66,567,780z2 +299,800,0002—600,000,000)

g = m + 1. Consequently, the method’s consistency is assured. As established in [53, 54], a block method is consistent if its
order g > 1. For the present scheme, with m > 2, the resulting order ¢ > 3 comfortably satisfies this requirement. Table 2
presents the truncation error and order for m = 2, 3,4, 5. From the table, it is observed that the optimal intra-step points
yield a smaller LTE compared to the equally spaced intra-step points for m = 3,4, 5.

3.2.2 | Absolute Stability

To examine the absolute stability, we implemented the method on the scalar linear test equation, as outlined in [55].
Following this approach, we define

U=, A€eC. (43)
Substituting Equation (43) into Equation (25), yields

m
Uy = U, + 40 Y, Upsy s i =1,2,.,m, (44)
=0

Equation (44) can be reduced to the matrix form as
U,,,=G6(2)U,, where G(z)= I +Az) - Ayg2)"', and z=ih, (45)

where G is the stability function. Table 3 shows the stability functions for the optimized block hybrid method for different
values, specifically m = 2, 3,4, 5.

Definition 1. Following [56], a method is A-stable if its region of absolute stability
R={zeC:|G(2)| <1},

contains the entire left-half complex plane C~ = {z € C : Re(z) < 0}. A complete proof requires satisfying the following
two conditions
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FIGURE 3 | The poles and zeros of the stability function for various values of m. (a) m = 2, (b)m=3,(c)m =4, (d) m = 5.

« The stability function G(z) must have no poles in the open left-half plane (as illustrated in Figure 3).

« It must be shown that |G(z)| < 1forall z € C.

The absolute stability region shown in Figure 4 confirms this result, as it entirely covers the left-half plane. Hence, the
method for m = 2, 3,4, 5 is A-stable.

Definition 2. Following [57], a method is L-stable if it satisfies both
« Its region of absolute stability contains the entire left half-plane.
« Its stability function G(z) satisfies lim,_, ., |G(z)| = 0.

From Table 3, the asymptotic behavior of each stability function as z — oo is evaluated. It is observed that none of the
stability functions satisfy lim |G(z)| = 0, indicating that the method is not L-stable for any of the cases m = 2, 3,4, 5.

Z—00

3.2.3 | Order Stars

To gain insight beyond the region of absolute stability, we employ order star theory [58]. This framework characterizes a
method’s qualitative accuracy by comparing its stability function G(z) = G,(z)/G,(z) to the ideal behavior of e* [59]. The
comparison defines three regions [60]

z z z
R+={ZECZ@>1}, R0={ZEC: g()zl}, R_={ZECZ @<1},
e e e
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FIGURE4 | The absolute stability regions for various values of m. (a) m = 2,(b)m =3, (c)m =4, (d) m = 5.

Key features of this map are the method’s zeros (roots of G, (z)) and poles (roots of G,(z)). The zeros appear as points where
stable regions contract, indicating strong damping properties, while the poles act as sources of instability where unstable
regions diverge. Figure 5 shows the complete order star for the method for m = 2,3, 4, 5.

3.2.4 | Zero Stability

Zero stability ensures that the numerical solution remains bounded as the number of steps increases [61]. For the block
hybrid method, writing Equation (25) in matrix form and letting 2 — 0, the system reduces to

10---0{|U, 00---11(|U,

ntp; n

R 01---0llo, 0o0---1||u,
IUn+p_AUn= L. .+p2 -. . . . | (46)

00--1||U,., | [00--1]|T,

Equation (46) gives the following characteristic equation
p(A) = det(Al —A) = A"(A - 1). 47)

The roots of this characteristic equation, known as the characteristic roots, must satisfy |p(4)| < 1. Furthermore, any
roots with modulus one must have multiplicity one. This ensures that the method is zero-stable, which is a prerequisite
for convergence. The method developed in this study is zero-stable. Since the method exhibits both zero-stability and
consistency, Dahlquist’s theorem implies that it is convergent [51].
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FIGURE 5 | The plot of the order stars regions for various values of m. (a) m = 2,(b) m=3,(c)m =4,(d) m = 5.

4 | Error Estimation and Control Strategy

To evaluate the convergence of the OBHM-SSIM method, we let u and U denote the exact and approximate solutions,
respectively, and compute the absolute error (A E) and the error norm (maximum error L ) between the exact and numer-
ical solutions as

AE = |u—U|, L, =|u-"U].,. (48)

Later, we used M L, to represent the largest error norm. Furthermore, we calculated the numerical absolute error esti-
mate (AE E) between two successive iterations, defined as

(s+1) )
U,,-U

n+p

AEE = (49)

o

To terminate the iterative procedure in the OBHM-SSIM method, we applied the following criteria: if the error AE E is less
than the user-defined tolerance (T'ol), the current iteration’s solutions are considered satisfactory, and the OBHM-SSIM
proceeds to the next block. If AEE is greater than or equal to T'ol, the iteration count increases and the OBHM-SSIM
continues within the same block. The method iterates within each block until the absolute error estimate falls below the
user-defined tolerance. Once the error converges within an acceptable criterion, the process moves to the next block or
terminates the computation. The OBHM-SSIM algorithm is summarized in Algorithm 1.
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ALGORITHM1 | The OBHM-SSIM algorithm.

Input: % = f(u), Spatial domain [a, b], Temporal domain [0, 7 ], Tolerance T'o/, Optimal points p;, Step-size h, Number
of the collocation point N, Initial and boundary conditions.

Output: Approximate solution u(z, x).

Step 1: Spatial discretization

- Define Chebyshev-Gauss-Lobatto points: %; = cos (;—’ ), i=0,1,....,N,.
- Transform x € [a, b] to [—1, 1] using equation (4). 7
Step 2: Temporal discretization
- Divide t € [0, 1] into N blocks.
- Define step-size h = t,,, —t, and tuip, = 1n + D
Step 3: Linearization
- Linearize f using equation (18).
Step 4: Spectral collocation method
- Approximate spatial derivatives using differentiation matrix D.
Step 5: Optimal block hybrid method
- Write the time derivative as in equation (23) and integrate from 0 to p; to obtain U, ,r
- Express the system in matrix form equation (29).
Step 6: Initialize iteration
- Initialize iteration s = 1.
Step 7: Solve the system
- Solve the system of equations obtained from collocation equation (31).
Step 8: Check convergence
- Compute absolute error estimate between consecutive iterations using equation (49).
-If AEE < Tol, proceed to the next time step.
- Otherwise, repeat Steps 5-7 until convergence.
Step 9: Update the solution
- Update U, 2, and proceed to the next time block.

Step 10: Repeat until final time
- Iterate over all time blocks until the final time 7 is reached.

Step 11: Output results
- Return the numerical solution u(t, x) at all spatial and temporal points.

5 | Numerical Results and Discussions

In this section, we present the numerical results obtained by implementing the proposed OBHM-SSIM method on the
N-EPDEs. Throughout the investigation, we used the optimized block hybrid method with m = 5, and the algorithm was
implemented using MATLAB R2021b.

51 | Examplel

Consider the Stokes’ second problem

ou 0%u

E = \/@, x €[0,b], te]o0, tF]' (50)

The analytical solution of the Stokes’ second problem is given by [62]

u(t,x) = U, e_\/gx cos</11 - \/2ix),
1%
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(a) (b)

FIGURE 6 | Numerical and exactsolutions for 4 = %, v=1U,=1,Tol = 10714, tp =20,b =20, N, = 30,and & = 0.2 in Example
1. (a) Exact solution (b) Numerical solution.

where U, is the initial velocity and 4 is the oscillating frequency. We solve Equation (50), subject to the initial and boundary

conditions
u0,x)=Uy e V w Cos<\/ ix>,
2v
u(t,0) = Uy cos(A), u(t,b) = Uy e V" cos(ﬂt - \/zib)
%

Implementing the OBHM-SSIM, we define

(s+1)

(S}l) aZu
=v—,

0x?

where Z, =1, &, =0, £, =0,and # = 0.

Figure 6 presents a comparison between the exact and numerical solutions for the case where 4 = %, v=1U,=1,Tol =
10714, ¢z = 20, b = 20, N, = 30, and h = 0.2 for Example 1. Figure 21a shows the numerical solution obtained under the
same conditions as the exact solution in Figure 21b. The numerical results exhibit a high level of agreement with the exact
solution, accurately capturing the periodic oscillations and overall wave behavior. These results confirm the capability of
the OBHM-SSIM method to produce highly accurate approximate solutions.

Figure 7 presents the absolute error behavior for different values of the spatial discretization points N, and time step-sizes
hwhen Tol =107, ¢ r = 20, and b = 20 for Example 1. Figure 7a shows the absolute error for three values of N (10, 20,
and 30) with a fixed time step-size 2 = 0.2. The results indicate that increasing N, significantly reduces the absolute error:
for N, = 10, the error is around O(107°); for N, = 20, it decreases to approximately @(1071%); and for N, = 30, it further
drops to the order of O(107°). Figure 7b illustrates the effect of varying the time step-size & (1, 0.5, and 0.25) while keeping
N, = 30. The plot demonstrates that reducing 4 improves accuracy, with the absolute error decreasing from ©(10~°) at
h =1to ©O(1071) at h = 0.25. Overall, both a smaller step-size and a larger number of spatial points enhance the accuracy
and stability of the OBHM-SSIM method.

Figure 8 demonstrates the convergence behavior of the OBHM-SSIM per block for different values of the initial velocity
U, and the parameter A, withv =1, N, =30,h =0.2,Tol = 10714, ¢ r = 20,and b = 20 for Example 1. Figure 8a shows the
iterations per block for various values of U,,, where for U, = 5, 10, and 15, the convergence is achieved in only two iterations
per block. Figure 8b illustrates the effect of 4 on the convergence rate. For A = 0, the number of iterations fluctuates
between one and two, while for 4 = Z and 4 = z, convergence is consistently achieved within two iterations. These results
confirm the efficiency and robustness of the OBHM-SSIM, demonstrating its stable convergence characteristics across
different initial velocities and oscillation frequency parameters.
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Convergence of the OBHM-SSIM per block for different values of U, and A withv =1, N, = 30, h = 0.2, Tol = 10714,

tr = 20, and b = 20 for Example 1. (a) Iterations per block for various values of U,,. (b) Iterations per block for various values of 4.

TABLE4 | Comparison of the norm errors and CPU times using the OBHM-SSIM and the Crank-Nicolson spectral collocation
method for Example 1.
Method v A U, a b ty N, h Tol o CPU time in seconds
CNSCM 1z 1 0 1 1 10 107* — 1.271038 x10710 0.0627
OBHM-SSIM 1071 107*  6.420454 x10713 0.025702
CNSCM 1 = 5 0o 1 2 10 107 — 3.630568 x10~° 0.1193
OBHM-SSIM 107t 107* 5.8467 x1071° 0.027246

Table 4 presents a comparison between the proposed OBHM-SSIM and the Crank-Nicolson spectral collocation method
(CNSCM) for Example 1. In CNSCM, the Crank-Nicolson scheme is employed for temporal discretization, while the
spatial derivatives are approximated using Chebyshev-Gauss-Lobatto collocation points [63]. The results indicate that
OBHMS-SSIM consistently achieves smaller L, errors while requiring significantly less CPU time. By contrast, CNSCM
attains acceptable accuracy only when a much smaller time step-size £ is used, which substantially increases its computa-
tional cost. Overall, OBHM-SSIM demonstrates superior efficiency by delivering higher accuracy with reduced CPU time.
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5.2 | Example2

Consider the generalized Burger-Fisher equation

ou 501/1 _ dzu Fy
E+aua—x—ﬁ+ﬂu(1—u), x €[0,b], te][0,tp], (51)

where «, §, and f are constant parameters [64]. Here we define f, in the proposed OBHM-SSIM to be

(s) (s)
where Z, =1, &, = —a’®, £, = ﬁ(l - u5>, and #Z = 0.

« Case 1, when a«=0, and 6 =1, the generalized Burger-Fisher Equation (51) is reduced to a Fish-
eraATKolmogorov-Petrovsky - Piskunov (KPP) equation with the following initial and boundary conditions

-2 _ o\ 2
u(0, x) = (1 + e\/§x> , u(t,0)= (1 + e_%’) 2, u(t,b) = (1 + e\/gb_?ﬂt> .

Thus, KPP equation has an exact solution of the form [65]

2
7. 5
u(t,x) = <1 + e\/gx_?t>

Now solving equation (51), for case 1. We present the numerical and exact solutions in Figure 9. Figure 9 shows
that the graphs of the approximate and exact solutions coincide for the chosen values of f = 2, 3,4. We noted that
increasing f increases the rate of reaction leading to faster finish of the displacement u.

In Figure 10, we show the absolute error, error norm, and iterations per block for the OBHM-SSIM method. Figure 10a
depicts the absolute error versus the collocation points in space, while Figure 10b shows the absolute error versus
the collocation points in space for different temporal step-sizes. The results provide evidence that the OBHM-SSIM

0.25% ‘
OBHM-SSIM
a  Exact
021 — — -:OBHM-SSIM | 1
\; e Exact
W —-—--OBHM-SSIM
015 W = Exact T
- AR
=
S
0.1r
0.05r
0
0
T
FIGUREY9 | Numerical versus exact solutions for various values of f when Tol = 1074,¢, =10,b=5, N, = 15,and h = 1072 for
Example 2 (Case 1).
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Absolute error, error norm, and convergence of the OBHM-SSIM with Tol = 1074, p =5, N,=15and h = 1072 for
Example 2 (Case 1). (a) Absolute error for # = 1 at ¢, = 10. (b) Absolute error for § = 1 at ¢, = 10. (c) Error norms for f =land b =1

att, = 3. (d) Iterations per block for various values of § at 7 = 10.

achieves good absolute error at N, = 15 and h = 102, In Figure 10c, a contour plot of the error norm is included to
show how the error varies with both N, and 4. The contours indicate that the error decreases with increasing N,
and smaller 4, confirming the spectral accuracy in space and stable temporal behavior of the method. Figure 10d
shows the iterations per block for various values of # at N, = 15 and h = 1072. For a larger time domain at 7, = 10
and different values of g, as illustrated in Figure 10d with 1000 blocks, the maximum number of iterations remains
at seven for the OBHM-SSIM. This consistency in the number of iterations indicates the robustness and efficiency of
the OBHM-SSIM.

Table 5 compares the error norms obtained using the OBHM-SSIM method with various spectral methods, all employ-
ing the same number of spatial collocation points [26, 27]. Motsa et al. [26] employed the BSQLM for both the spatial
and temporal domains, while Magagula et al. [27] used the L-BSQLM. It is noteworthy that the L-BSQLM of Mag-
agula et al. [27] employs a Legendre—Gauss—Lobatto points for the spatial discretization. The results indicate that
by modestly increasing the spatial collocation points to N, = 15, the CGL-based OBHM-SSIM achieves an accuracy
of order ©@(10713), significantly outperforming the Legendre-based method. As shown in Table 5, the OBHM-SSIM
method achieves its largest error norm of order @(1071%) for ¢ = 10, and ©@(107'°) for ¢ = 2. For a larger time interval
(1 = 20), the accuracy improves with increasing N,, while for a shorter interval (r = 2), using a smaller step-size
further enhances accuracy. Table 5 demonstrates the high accuracy and computational efficiency of the OBHM-SSIM
method. The reported CPU times provide additional insight into the computational cost for different values of N,
and A, further reflecting the method’s efficiency.
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TABLE 5 | Comparison of error norms and CPU times using OBHM-SSIM, Magagula et al. [27], and Motsa et al. [26] at selected
value of 7, h, and N, for Tol = 107* and $ = 1 for Example 2 (Case 1).

b=5,t; =10 b=1tp=2
OBHM-SSIM OBHM-SSIM OBHM-SSIM OBHM-SSIM
h=10"1 h=10"1 h=10"1 h =102

t L-BSQLM [27] N,=10 N, =15 t BSQLM [26] N, =10 N, =10
1 7.19 x10710 2.081 x107° 2.284 x10713 0.2 3.808 x10~14 2.331 x107%° 3.331 x1071¢
2 6.82 x1071° 1.862 x107~° 2.103 x10713 0.4 3.780 x10~14 1.554 x1071° 6.106 x10716
3 2.86 x10710 9.742 x1071° 3.086 x10714 0.6 7.283 x10714 3.775 x1071° 4.996 x10710
4 5.21 x1071 3.273 x1071° 4.330 x1071° 0.8 3.714 10714 2.276 x107%° 5.551 x1071¢
5 3.77 10712 3.894 x1071! 1.776 x1071° 1.0 1.691 x10713 3.886 x1071° 7.216 x1071¢
6 2.23 10712 1.191 x1071 2.776 1071 1.2 3.119 x10713 3.664 x1071° 6.661 x1071¢
7 1.37 x10713 9.425 x10713 3.220 1071 1.4 1.796 x10713 2.220 x107%° 9.992 x1071¢
8 5.40 x10714 6.201 x10713 4.219 x107% 1.6 1.097 x10713 2.109 x1071° 1.110 x107%
9 1.80 x107 1.550 x10713 2.109 x1071 1.8 6.273 x10713 3.442 x1071° 1.554 X107
10 4.44 x10715 2.442 x10714 1.887 x107% 2.0 2311 x10713 1.665 x1071° 2.887 x1071°
ML, 7.19 x10710 2.081 x107° 2.284 x10713 — 6.273 x10713 3.886 x10715 2.887 x1071°
CPU — 0.318047 0.490600 — — 0.070884 0.364717

» Case 2, For « =6 = # =1 in Equation (51), we recover the combined aspects of the Burgers equation and the
Fisher-KPP equation, with the following initial and boundary conditions

u(o,x)zl—ltanth), u(t,O):l—ltanh(f—§r>, u(t, b) = —1tanh<9—§t).
272 4 272 473 2 473

The Burgers equation and the Fisher-KPP equation in Case 2 has an exact solution of the following form [66]
1

t’ = - —
u(t, x) >

Thus, the approximate and exact solution is presented in Figure 11. The figure demonstrates close alignment, which
indicates the high accuracy of the method.

The absolute error, error norm, and iterations per block for different values of N, are illustrated in Figure 12 for
Example 2, case 2. Figure 12a depicts that the method achieves a maximum absolute error of less than ©(10713)
when N, = 10, and Figure 12b shows a maximum absolute error of less than @(107'°) when N, = 15. These results
indicate that the OBHM-SSIM method provides accurate solutions and maintains a low maximum absolute error as
the number of grid points increases to N, = 15. Figure 12c illustrates the variation of the error norm with respect

to the spatial collocation points N, and the temporal step-size i for f =1 and b =1 at ¢t = 3. The contours show

that the error decreases with increasing N, and smaller A. Figure 12d shows that the maximum number of iterations

required within the computational block is five for all tested values of N, highlighting the computational efficiency

of the OBHM-SSIM.

In Table 6, we compare the error norms of the OBHM-SSIM method with various variants of the spectral method
[26-28], where all use the same number of collocation points in the spatial domain, N, = 10. Khumalo et al.
[28] employed the BSLPM for both the spatial and temporal domains. It is evident that the OBHM-SSIM consis-
tently achieves a higher accuracy order of ©O(107'°) than the spectral methods developed in [26, 28] when all utilize
Chebyshev-Gauss-Lobatto grid points. In the case of b = 5and 7 = 10, the OBHM-SSIM and the spectral method in

[27] achieved the same largest error norm of order ((10~?), while using different types of grid points. It is noted that

when the number of collocation points was increased to N, = 14, the largest error of order O(10712), the OBHM-SSIM
outperformed the L-BSQLM method. We also noted the superior accuracy of the OBHM-SSIM compared to the
BSQLM and BSLPM methods. The CPU time results in Table 6 further demonstrate the efficiency of the OBHM-SSIM

method, which achieves shorter computation times than the BSLPM and BSQLM methods, confirming its superior

computational performance.
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FIGURE11 | Comparison of the numerical and exact solution of the OBHM-SSIM for Example 2 (Case 2) with N, = 15, Tol =
102,71, =10, b= 5,and h = 1072,

5.3 | Example3

Consider the Burger’s— Huxley equation,

2
Ju + au‘S@ _ou + pu(1 —u®)W’ —y), x€[0,b], teE€I0,tx], (52)
ot ox  0x2

where a, §, f§, and y are constant parameters [67]. Subject to initial and boundary conditions

(y =Dt

u(O,x)=%—%tanh<§>, u(t,0)=%—%tanh<T>, u(t, b) = —%tanh(%[b+(y—1)t]>.

1
2
Using the OBHM-SSIM, we define

(s+1)

G gz, @) O\ /9 \esn

f =——-au’— +f 1-u® u‘s—y u -,
0x? ox

(s) ($) ()
where &, =1, &, = —au’, £, = (1 —ub ) <u5 - y), and # = 0. Equation (52) has the exact solution of the form

4

u(t,x) = 1_ ltanh
2 2 r—a

-rnN2y—-1+2
[x—ct]), where r = v/a?+ 8p, c=(a N2y -1 <
Setting 6 = a = f =1, and y € (0,1), where y represents a threshold that influences the reaction dynamics. Figure 13
compares numerical and exact solutions for 1 = 5, y = 0.1, and N, = 15. It is evident that the approximate solution is
almost matching the exact solution for y = 0.1.

In Figure 14, we present the absolute error and iterations per block for Example 3. Figure 14a shows the absolute error
for N, = 10, achieving a maximum absolute error of less than (1071%). When the number of collocation points increases
to N, = 15, the maximum absolute error remains below ((107%%), indicating enhanced accuracy, as shown in Figure 14b.
Figure 14c illustrates the variation of the error norm with respect to the spatial collocation points N, and the temporal
step-size h. Figure 14d shows that the maximum number of iterations required per computational block is six within 500
blocks for y = 0.1, 0.5, and 0.75, demonstrating the method’s computational efficiency. The OBHM-SSIM method shows
improvements in absolute error, particularly with increased collocation points in the spatial domain, and consistently
achieves highly accurate results.

The results presented in Table 7 compare the error norms of the OBHM-SSIM method with those obtained using other
spectral methods, namely the BSLPM [28] and BSQLM [26], for different combinations of 7, N, and y. For 7, = 1 and
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FIGURE 12 | Absolute error, error norm, and convergence of the OBHM-SSIM with Tol = 1072, 1, =2, b = 2, and h = 1072 for
Example 2 (Case 2). (a) Absolute error for N, = 10, (b) Absolute error for N, = 15, (c) Error norms for Tol = 1074, ¢, =8, b = 3, (d)
Iterations per block for various N,.

y = 0.1,0.75, the largest error norms produced by the OBHM-SSIM are of the order @(107'%), which are comparable
to those obtained by the BSLPM and BSQLM methods. For ¢, = 2 and y = 0.5, the OBHM-SSIM maintains consistently
lower error across all time points than those achieved by the BSQLM method. These results confirm that the OBHM-SSIM
method is highly effective in producing low error norms, highlighting its robustness and accuracy. Furthermore, the con-
sistent performance across different values of 7 . and y demonstrates the method’s adaptability and precision under varying
parameter values. The CPU time results in Table 7 demonstrate the superior efficiency of the OBHM-SSIM method, which
requires less computation time than the BSLPM and BSQLM.

5.4 | Example4
The FitzHugh-Nagumo equation has various applications in the fields of flame propagation, logistic population growth,

neurophysiology, branching Brownian motion processes, autocatalytic chemical reactions, and nuclear reactor theory
[68]. The generalized FitzHugh-Nagumo equation with time-dependent coefficients studied by [69] is

ou ou 0%u

— 4+ v(t)— = u(t)— + n(HOu(l —u)(p —u), x € la,b], te€][0,1:], 53

” ()ax M()ax2 n(Oul —u)(p — u) la, b] [0,7F] (53)
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TABLE 6 | Comparison of error norms and CPU times using OBHM-SSIM, Magagula et al. [27], Khumalo et al. [28], and Motsa
et al. [26] at selected value of t when & = 107! and T'o/ = 10~ for Example 2 (Case 2).
b=5,tp =10 b=1t,=1
OBHM-SSIM OBHM-SSIM OBHM-SSIM
t L-BSQLM [27] N, =10 N, =14 t BSLPM [28] BSQLM [26] N,=10
1 3.68 x107° 6.398 x107° 5.937x10712 0.1 5.695x107*  6.143 x107!2 5.551 x10716
2 7.78 x10710 2.333 x107° 2439 %1072 0.2 3.431x107%*  1.013 x1071 4.441 x10716
3 4.55 x1071 2.298 x10710 1.875x107* 0.3  1.321x1078  1.512x107!! 6.661 x10716
4 3.14 x10712 5.874 x10711 9.659 X105 0.4 3217x10783  1.702 x10~1 1.110 x10713
5 4.31 x10712 8.613 x10712 1.998 X107 0.5 1.852x10713 5736 x10712 1.776 x10~1°
6 5.53 x10713 1.041 x10712 2442 %1075 0.6 8.038x107*  1.626 x10~!! 6.661 1071
7 1.37 10714 8.882 x10714 1.887x107° 0.7 1.361 10713 1.364 x107!! 7.772 x10716
8 1.20 10714 3.220 x10714 2.554%x107% 0.8  4.013x107'®  3.852x107'2 1.443 1071
9 4.66 X107 1.343 x10714 1.776 X107 0.9  2.000 X107 4.727x10712  8.882x107'°
10 4.22 x1071 3.775 x10713 1.221 X107 1.0  4.089 x1071  7.261 x107!3 7.772 x10716
ML, 3.68 x107° 6.398 x10~° 5937x1072  —  3217x107"  1.702x107'!  1.776 x107%°
CPU — 0.303803 0.345517 — 0.175061 0.021564 0.046416
0.5
OBHM-SSIM
4  Exact
0.45 f 8
__04r¢ .
w.\
)
N 0.35| 1
0.3r 1
A
0.25 : : : :
0 0.2 0.4 0.6 0.8 1
FIGURE13 | Numerical and exact solutions when b =1, Tol = 1072, h=1072t, =5, N, = 15, at y = 0.1 for Example 3.

where p is a constant parameter, subject to the initial and boundary conditions

p

u(0,x) = > + 5 tanh(%x),

u(t,a) = 5+§

Applying the OBHM-SSIM method to Equation (52) yields

(s+1)

(s+1) (s+1)

p
2

0%u ou (s) (5)_(s+1)
f =)= —v) — +nOA - u)p—u) u
0x ox

tanh(%[a —G-p) sin(z)]), u(t, b) = g + 2 tanh(g[b —B-p) sin(t)]).

22 of 38

International Journal for Numerical Methods in Engineering, 2025

85U8017 SUOLILLOD BA 81D 3|ced!dde 8y Aq pausenob a1 saolie O ‘88N JO Sa|nJ o} Akeid18UlUO 8|1 UO (SUORIPUOD-PUR-SLUIB)LI0D" A3 1M Ae1q | U1 [UO//:SdNY) SUORIPUOD PUe SWe | 8U188S *[9202/c0/TE] Uo ARiqiTauljuo A8 |1 ‘[10unoD Yoesssy [eo1ps I UeoLY YINos Aq GTZ0Z 8WU/Z00T OT/I0p/Woo A8 | im Ariq1jpuljuo//Sciy Wwoy pepeojumoqd ‘vz ‘SZ0Z ‘2020260T



x10718 x10715
6
g S
- -
a} a}
2 2
= =
3 3
2 2
<< <<
(a) (b)
Convergence
12 7 T T
1
2
“ 10 24
= =
37
2 .
9 —A—v=0.1
\ 10 ——7=0.5
—a—v =0.75
8 k L L L L
0.02 0.04 0.06 0.08 0.1 0 100 200 300 400 500
h n
(c) (d)

FIGURE 14 | Absolute error, error norm, and convergence of the OBHM-SSIM with b = 1, Tol = 10712, and & = 1072 for Example
3. (a) Absolute error for 7, =1 and N, = 10 at y = 0.1. (b) Absolute error for 7, =1 and N, = 15aty = 0.1. (¢) Error norm for 7, = 8,
b=1,and Tol = 10~* at y = 0.1. (d) Iterations per block for t, = 5and N, = 15 for various y.

where &, = u(t), &, = —v(t), £y, = —nt)1 - (134))(,0 - (134)), and # = 0. The time-dependent coefficients are defined as
u(t) = v(t) = cos(r) and 5(r) = 2 cos(z). The exact solution of Equation (53), as given in [70], has the form

u(t, x) = g + g tanh(g[x —G-p) sin(t)]).

Figure 15 presents the numerical and exact solutions for various values of p with N = 15. These results indicate that
increasing p in the generalized FitzHugh - Nagumo equation enhances the displacement behavior of u.

Figure 16 presents the absolute error, error norm, and iterations per block for Example 4. Figures 16a and 16b show the
absolute error when the number of collocation points in the spatial domain increases from N, = 15to N, = 20. The maxi-
mum absolute error is less than ©O(10713) for N, = 15 and further decreases to below O(1071) for N, = 20, demonstrating
that increasing N, enhances the accuracy of the method. Figure 16c illustrates the variation of the error norm with respect
to N, and h. Figure 16d shows the iterations per block required for the OBHM-SSIM method to converge for different
values of p, indicating that the maximum number of iterations over 100 blocks is consistently six. This stability confirms
the computational efficiency and reliable convergence of the OBHM-SSIM method across various p values.
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TABLE 7 | Comparison of error norms and CPU times using the OBHM-SSIM, BSLPM [28], and BSQLM [26] at selected values of
¢ and various values of - and y, for b = 1, h = 107}, and T'ol = 10~# in Example 3.
tr =1,y =01 tp =1,y =0.75 tp =2,y =05
OBHM-SSIM OBHM-SSIM OBHM-SSIM
t BSLPM [28] N, =12 BSQLM [26] N, =12 t BSQLM [26] N, =12
0.1 9.232 x10714 1.776 x1071° 7.822 x10714 3.220 x1071° 0.2  1.150 x10712 1.277 10713
0.2 2.790 x10713 1.998 x1071° 1.184 x10713 2.276 x10713 0.4  1.638 x10712 2.276 x10713
0.3 2.850 x10713 7.327 x10715 1.049 x10713 2.165 x10713 0.6  1.958 x10712 2.776 x10713
0.4 4.696 x10713 7.216 x10~1 9.426 x10714 2.109 x1071° 0.8  7.002x10713 3.109 x1071°
0.5 3.957 x10713 5.329 x1071° 1.510 x10~13 4.108 x1071° 1.0  1.267 x10712 2.942 x1071°
0.6 3.748 x10713 3.442 x1071° 2.127 x10713 2.887 x1071° 1.2 1.710 X102 1.998 x1071°
0.7 4.136 10713 7.550 x10~1° 1.230 x10~13 2.554 x1071° 14  5.109 x107'3 4.330 x1071°
0.8 4.852 x10713 2.998 10713 1.549 x10713 1.998 x10~1° 1.6 8.203 x10713 3.775 X107 1>
0.9 1.885 x10713 4.552 x1071 3.063 x10713 3.109 X107 1.8 8294 x10713 4.330 x1071
1.0 6.568 x10713 2.554 10713 2.951 x10713 5.995 x1071° 2.0  9.726 x1074 2.887 x1071°
ML,  6.568 x10713 7.550 10713 2.951 x10713 5.995 x1071° — 1958 %1072 4.663 X107
CPU 0.155115 0.036427 0.032806 0.030770 — 0.032806 0.031448
0.8
OBHM-SSIM e
4  Exact - -
- - -OBHM-SSIM A
06| , Exact /’
—-—--OBHM-SSIM 7
/
= «  Fxact /' o
i 04 '/’/ » - -
]
0.2+ \
p=0.25,0.50,0.75
0 L
-5 0 5
X
FIGURE15 | Numerical versus exact solutions for various values of p when N, =15, Tol = 1074, h =102, 1, =1, a = -5, and

b = 5 for Example 4.

Table 8 shows a comparison of the maximum absolute errors between the OBHM-SSIM and the Jacobi-Gauss-Lobatto
collocation method (JGLCM) [69]. Bhrawy et al. [69] used the Jacobi-Gauss-Lobatto points to approximate the spa-
tial derivatives and reduce the equation to a system of ODEs in time to solve the FitzHugh-Nagumo equation with
time-dependent coefficients numerically. As shown in Table 8, it is observed that the OBHM-SSIM achieves maximum
absolute errors of the order @(1071%) and 9(10~®), which are lower than those obtained by the JGLCM.

5.5 | Example5

To implement the OBHM-SSIM in solving a nonlinear system of partial differential equations, let us consider the following
system of equations

0 ov ow
_uzfl(u9v7"' 9w)’ =, =f2(u7v5"' 7w)9 RS . =fv(u’v5”' ’w)9

4
ot ot ot (54)
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FIGURE 16 | Absolute error, error norm, and convergence of the OBHM-SSIM for Tol = 1074, h = 1072,t; = 1,a = —=5,and b = 5
in Example 4. (a) Absolute error for N, = 15. (b) Absolute error for N, = 20. (c) Error norm fora = —5,b = 5,1 = 2, Tol = 1074, and
p = 0.1. (d) Iterations per block for N, = 15 and various p.

TABLE 8 | Comparison of maximum absolute errors and CPU times using the OBHM-SSIM and the Jacobi-Gauss-Lobatto collo-
cation method [69] for Example 4.

Method p a b tp N, h Tol Maximum AE, CPU time in seconds

Bhrawy [69] 1 -1 1 1 15 — — 4.56 x1078 —

OBHM-SSIM 1072 1074 3.16414 x10~14 0.368102

Bhrawy [69] 025 -10 10 2 — — — 1.33 x107° —

OBHM-SSIM 1072 1074 1.16029 x1078 0.443347
where

ou 0%u 0'u ov 0%v o'v ow o*w 0"w
u=|uy,— —,...,— ), v=[(v,—, —,....,— ), and w=|w,—,—,...,— ).
ox 0x? ox" 0x 0x2 ox”" 0x  0x?2 ox"
Subject to the initial conditions

u(0,x) = ug(x), v(0,x)=vy(x), ---, w0,x)=wy(x), (55)

International Journal for Numerical Methods in Engineering, 2025 25 of 38

85U8017 SUOLILLOD BA 81D 3|ced!dde 8y Aq pausenob a1 saolie O ‘88N JO Sa|nJ o} Akeid18UlUO 8|1 UO (SUORIPUOD-PUR-SLUIB)LI0D" A3 1M Ae1q | U1 [UO//:SdNY) SUORIPUOD PUe SWe | 8U188S *[9202/c0/TE] Uo ARiqiTauljuo A8 |1 ‘[10unoD Yoesssy [eo1ps I UeoLY YINos Aq GTZ0Z 8WU/Z00T OT/I0p/Woo A8 | im Ariq1jpuljuo//Sciy Wwoy pepeojumoqd ‘vz ‘SZ0Z ‘2020260T



and boundary conditions

ou ou
opult,a)+ o, — =u (1), ou,b)+0c,,— =u, (1),
nu(t,a) + oq, x| o0 13u(t, b) + o1y ox | »(@)
dv dv
0y U(t,a) + 05y — =0,(1), opU( b)+ 0y — =0,(1),
21 (t,a) 226x . a() 23 (t,b) 246x b b()
(t.a) )
ow ow
o w(t,a)+0,— =w,(), o witb)+o,— = w(1), (56)
ox ta o0x th
(1) )
where o,,,0,,, 0,5, and o,, are constant parameters. In Equation (54), on the right-hand side, f,, f,. ..., f, are continuous

nonlinear functions. Applying the OBHM-SSIM to Equations (54) to (56) and linearizing the system gives

(5+1) (3+1) (S+}) (strl) (s+1)
s+ 0 tu 0%u ou (s+1)
1 _glra,. gu—lm""”"‘glzﬁ"‘gna_x +Zypu +,
(5+1) (s+1) (s+1) (Serl) (s+1)
s+ 0 lv 0*v ov (s+1)
P _ngar 2r—lm+“.+$22ﬁ+321£ +Zp v+,
(5+1) (s+1) (s+11) (s2+1) (s+1)
5t o'w 0 tw 0°w (s+1)
, = F/V,—axr + g”"l—axr—l +- -+ & ,— o + Efvl o Vi oW+, (57)
Equation (57) is reduced to
(s+1) (s+1) (s+1)
un+ - f1n+p/ — Hln+p; un+p + H1n+p ’
(s+1) (s+1) (s+1)

Vn+p/ = f2n+pj = L2n+pj I/n+p/ + H2n+p/’

.(s+l) (s+1) (s+1)
Wn+pj = fvn+pl = Lvn+pl I/I/n+pl + HV”"’P," (58)
Furthermore, Equation (58) can be written in matrix form as Equation (28), which yields
(s+1)
[I-hA®DL,,,,|U,,,=U,+h(A,® DF,, + h(AQ DH,,_,.
(s+1)
[I-h(A® DL,,,,|V,., =V, + (A4, @ DF,, + h(A® DH,,,,,
(s+1)
[f-nA®DL,, |W,, =W, +h(A,® DF,, + (AQ DH,,, . (59)
Simplifying Equation (59) gives
(s+1) (s+1) (s+1)
AIIJn+p = Kl’ A2‘/n+p = KZ’ T Av‘h/n+p = Kv' (60)

The solutions are then derived by solving the matrix systems iteratively. The approximate solutions are obtained by finding
the inverses of A;, A,, ..., A, in Equation (59). Thus, we obtain

(s+1) (s+1) (s+1)
U,, =invA)K,, V,,,=inv(A)K, - , W, =inv(A)K,. (61)

n+p
Consider the system of equations investigated in [14, 15],

ou  du ou ov ou
G AL ML 62
ot ox2 T Mox T"ox T Vox ©2)
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dv _ d0*v dv  Jdv  ou

I, 1) LAy LA} L 63

or ~ o2 ox T Mox T Vox (63)
subject to the initial and boundary conditions:

u(0,x) = sin(x), u(t,a) = e 'sin(a), u(t,b) = e "' sin(b),

v(0,x) =sin(x), ov(t,a) = e 'sin(a), v(,b) = e " sin(b).
The exact solutions of Equations (62) and (63) are given in [71] as
u(x,t) = e'sin(x), v(x, 1) = e " sin(x).

To apply the OBHM-SSIM to this system of two equations, we define

(s41) (Serl) (s+1) (s)
st o0“u () () du  Juv(s+D)
=—+4+QRu-v)— —-—— u,
h 0x? ( ) ox  Ox
(s+1) (SJZrl) (s+1) (s)
st o0°v () . dv  Ju(s+D)
=—+QRv—-u)— —-—— v,
fa 0x? ( ) ox  Ox
where
()
() (9 v

Fp=1, ZL1=2u-v, 310=—£, =0,

()
() ()
P=1, Ly =20-Y%, 32():—3—”, %, =0.
X

The exact and numerical solutions of Equations (62) and (63) are shown in Figure 17. This demonstrates that the
numerical solutions closely match the exact solutions for N, = 50.

Figure 18 shows the absolute error, error norm, and iterations per block for Example 5. Figures 18a and 18b depict the
absolute error for different values of N,. Both figures show that the OBHM-SSIM method achieves a maximum absolute
error of less than 9(10~%5) for an extended spatial domain [—5, 5] and a time domain [0, 5]. This indicates that the method
maintains high accuracy even over larger domains and longer time periods, further demonstrating its reliability and
precision. Figure 18c presents the error norm, which remains below the order of @(107%). The figure shows that the error
decreases further with smaller step-sizes and larger values of N,. Figure 18d illustrates the iterations per block required
for convergence across various values of N,. The results show that the OBHM-SSIM method converges rapidly, requiring

1 i e . A
—— OBHM-SSIM
—-—--OBHM-SSIM
4  Exact
0.5¢ 1
=
G
= 0f |
-~
E
3
051 1
-1 : 3
-5 0 5
T

FIGURE 17 | Numerical versus exact solutions when N, = 50, Tol = 1074, h = 1072, ¢, = 5,a = =5, and b = 5 for Example 5.
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Convergence
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FIGURE 18 | Absolute error, error norm, and iterations per block for Tol = 1074, h = 1072, ¢ r =25,a=-5,and b = 5 in Example
5. (a) Absolute error for various N.,. (b) Absolute error for various N,. (c) Error norm for a =0, b= 0, ¢ = 5, and Tol = 10714, (d)
Iterations per block for various N,.

TABLEY9 | Comparison of error norms and CPU times for the OBHM-SSIM using 7, = 1, h = 1072, N, = 30, and Tol = 107* at
selected values of ¢ for Example 5.

Ahmad Mittal and Mohammadi and
t a b et al. [15] Arora [16] Mokhtari [17] OBHM-SSIM
0.1 -10 10 4.81 x1071 1.86 x107° 4.6 1076 5.673 10714
0.5 1.49 x10~1! 6.22 x107° 4.8 1076 3.941 x10~14
1 2.29 x1078 7.56 x107° 3.7 x1073 2.426 x10714
CPU — — 243.86 0.484787

only three iterations to achieve convergence in all blocks. This rapid convergence highlights the method’s computational
efficiency and robust convergence properties.

Table 9 presents a comparison of the error norms for the OBHM-SSIM method against other methods [15-17]. As
shown in Table 9, for all selected values of ¢, the OBHM-SSIM achieves an accuracy of the order ©(10~'#), which
is superior to the methods reported in [15-17] in terms of the error norm. Furthermore, the CPU time demon-
strates the computational efficiency of the OBHM-SSIM, requiring significantly less execution time compared to the
method in [17].
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5.6 | Example6

To extend the OBHM-SSIM method to solve (2 + 1)-dimensional nonlinear partial differential equations, we consider the
general form

ou ou 0*u 0%u ou d0'u

— Y —, — ..., —— |, <x<b, <y<d, 0<t<ty, 64
ox 3y ox2 9y o 0y’> a=x €=V F (64)

a_l: = f(uZ)s u2 = (u’

where f represents a nonlinear operator. The governing equation is subject to the initial condition
u(0,x, y) = up(x, y), (65)

and the boundary conditions

du du
O-llu(t9 a, )’) +O-12 a_ = Lla(t, y)7 613l/l(t, b& )’) +O-14 0_' = le(t, y)’
X Xl@.b.y)

(t,a,y)

ou

ou
onu(t,x,c) + 0y — 9y

=u,(t,x), oyult,x,d)+ 0oy, 3

=u,(t,x), (66)

Yo (t,x,d)

where 6/, 0,,0,3, and o, are constant parameters and / = 1,2. The temporal discretization remains identical to that
of the (1 + 1)-dimensional case, as defined in Equations (5) to (7), while the spatial discretization is extended to a
two-dimensional domain.

The spatial domains x € [a, b] and y € [c, d] are discretized into N, +1 and N, + 1 Chebyshev-Gauss-Lobatto points,
respectively. The collocation points are expressed as
i i

£ =cos—=, (67)
X Y Ny

X. = cos

Ix

and the corresponding physical coordinates are obtained using the transformations
b— -
:( a)fc[ +(b+a), y:(d c)ﬁi +(d+c).
x 2 2 y 2

(68)

These are extended to two-dimensional operators using the tensor product formulation D, = D, ® I N,+1 and D), =
Iy 41 ® D,. Approximating u at each time block n by a tensor-product Lagrange polynomial gives

m N,
u(t,x,y) ~ Z Z

Jj=0i

(tip,» X5 93 )Ly (OL; (DL, (), (69)

|| MS

where L; (x)and Liy( y) denote the characteristic Lagrange basis functions associated with the Chebyshev-Gauss-Lobatto
points. From Equation (69), the approximate first-order derivatives are expressed as

a—uszU, a—uzDU, (70)
ox oy 4

Similarly, higher-order derivatives are computed by powers of these matrices. To solve Equation (64), the
(2 + 1)-dimensional nonlinear evolution equation is first linearized using the simple iteration method (SIM), resulting in
the following iterative form:

(s+1) (s+1) (s+1) (s+1) (s+1)
5+ 0'u 0'u 0 tu 0ty
= Efrxﬁ + g’ya_yr +$,_1XF +g,_1yF + ...
(s+1) (s+1) (s+1) (s+1)
0%u 0%u ou ou (s+1)
+32*62+32}62+glxax+31 3y +Zy, u +Z1x,) (71)
where the coefficients &, , %, ,..., %, are obtained from the previous iteration. Equation (71) can thus be written in
8 Y ey
compact form as
(s+1)  (s+D) (s+1)
un+pj = fn+pj = n+plun+pj + Hn+pj’ (72)
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Furthermore, the fully discretized OBHM-SSIM system takes the matrix form

(s+1)

[1-hA®IL,,,|U,,,=U,+h(4,® DF,+h(A® HH (73)

n+p n+p>

where I is an identity matrix of size (N, + 1)(N, + 1) X (N, + 1)(N, + 1), I is of size m(N, + 1)(N, + 1) x m(N, + 1)
(N, +1). Simplifying Equation (73) yields

(s+1)
AU,,, =K. (74)
The approximate solution is then obtained from
(s+1)
U,,, =inv(A)K. (75)

Consider the two-dimensional nonlinear Burgers’ equation

ou 1 (0% ol ou  du
—=—|—=+-—)-u—-u—, 0<x<bh O<y<d, 0<t<ty, 76
ot Re<0x2 0y2> “ox ”ay * Y F (76)

where Re denotes the Reynolds number. The initial condition is given by
1

u(0, x,y) = T3 oReerv2’
and the boundary conditions are
1 1
Ll(t, 09 Y) - 1 + eRe(y—t)/Z ) u(t, b’ y) - 1 + eRe(2+y—t)/2 1)
1 1
wt, x,0) = 1 + eRe(x-0)/2’ u(t, x, d) = 1 + eRe(x+2-0/2"
The exact solution of the equation, as given in [72], is
1

Ll(l, X y) = 1+ eRe(x+y—t)/2 :

To implement the OBHM-SSIM, from Equation (76), we define

(s+1) (s+1) (s+1) (s+1)
(s+1) 1 0%u 10%u ®ou O ou

= — + u u s

Re 0x2  Re 0y? 0x dy
(5) (s)

where £, =1/Re, £, =1/Re, Z, = —u, Z,, = —u, Zo=0,and Z,, = 0.

Figure 19 demonstrates the excellent agreement between the numerical and exact solutions for Example 5, confirming
the precision, stability, and reliability of the OBHM-SSIM in solving the two-dimensional Burgers’ equation.

Table 10 presents a comparison of the maximum absolute errors and computational times obtained using the proposed
OBHM-SSIM and the MDMV-SQLM [73] for Example 6. The OBHM-SSIM exhibits superior accuracy, yielding smaller
maximum absolute errors than the MDMV-SQLM for all considered Reynolds numbers. In addition, the computational
time is substantially reduced, confirming the method’s efficiency and rapid convergence. Overall, the results demonstrate
the effectiveness and robustness of the OBHM-SSIM in solving nonlinear two-dimensional problems with high accuracy
and reduced computational cost.

Figure 20 presents the absolute error, error norm, and iteration profiles for Example 6. As shown in Figure 20a, the abso-
lute error distribution for Re = 1 at 4 = 10~! remains very small, on the order of @(107%), confirming the high spatial
accuracy of the proposed method. The temporal evolution of the error norm for Re = 1, 2, and 3, shown in Figure 20b,
decreases steadily with time to approximately @(10~%), ©(10~%), and O(10~'?), respectively, demonstrating the stability and
convergence of the scheme. Figure 20c shows that increasing N, and N, while decreasing s at Re = 1 further improves
accuracy, highlighting the method’s consistency. Figure 20d indicates that the number of iterations required for conver-
gence remains nearly constant, with a maximum of eight across all Re, confirming the robustness and computational
efficiency of the OBHM-SSIM method.
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FIGURE19 | Numerical versus exact solutions for Example 6 when N, =8, N, =8,Tol =107, h=10"", 1, = 20,a=0,b =2,

c=0,andd = 2.

TABLE 10 | Comparison of maximum absolute errors and CPU times using the OBHM-SSIM and the MDMV-SQLM [73] for

Example 6.
Method Re a b ¢ d ty N, N, h Tol Maximum AE, CPU time
Mkhatshwa et al. [73] 1 0 2 0 2 10 15 15 — — 1.421 x 10714 16.054362
OBHM-SSIM 9 9 1071 10712 2.708944 x107'4 3.662028
Mkhatshwaetal.[73] 10 0 2 0 2 16 15 15 — — 2.032x 10714 16.609866
OBHM-SSIM 9 9 107! 107'?  3.663736 X107 4.012252
Mkhatshwaetal.[73] 20 0 2 0 2 20 15 15 — — 7.327 10715 16.595988
OBHM-SSIM 9 9 107! 1072 2.331468 X107°  4.539924
5.7 | Example?7
Consider the cubic Klein-Gordon equation
o’u _ d*u  odu 3
¥=ﬁ+a—y2—u+2u, a<x<b, c<y<d, 0<t<IF, (77)
where the initial conditions are given by
u(0,x,y) =sech(x +y), and u/(0,x,y) = sech(x + y)tanh(x + y),
subject to the boundary conditions
u(t,a,y) =sech(a+y—1), u/t,a,y)=sech(a+y—t)tanh(a+y—1),
u(t,b,y)=sech(b+y—1t), u,t,b,y)=sech(b+y—rt)tanh(b+y—1),
ut,x,c) =sech(x+c—1), u,t, x,c)=sech(x+c—1t)tanh(x +c —1),
u(t,x,d) =sech(x+d —1), u/t,x,d)=sech(x+d—t)tanh(x+d —1).
The exact solution of the equation, as given in [74], is
u(t,x,y) = sech(x + y —1).
Letting v = %, the equation can be rewritten as the system
ou ov _ d0*u  d%u 3
ot o oxz Loy T (78)
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FIGURE 20 | Absolute error, error norm, and iteration for Example 6 when Tol = 1072, h=10"1, ¢, =10,a=0,b=2,c =0,
d=2,b=5, N, =10, and N, = 10. (a) Absolute error for Re =1 at h = 1071, (b) Error norm for varying Re at h = 107L. (c) Error
norm for varying N, N 4 and A at Re = 1. (d) Iterations versus time for different values of Re.

To apply the OBHM-SSIM to this (2 + 1)-dimensional system of two equations, we define

GHD - (s+1)
1= U

(s+1) (s+1)
(s+1) azu aZu
27 ox2 0y?

+ (—1 + 2s)u2)(32”,

where

P, =0, Ly =0, Ly =0, Ly =0, Ly =0, Ly =1, F =0,
Zn =1, ZLyp =0, Ly =1, Ly =0, Ly =-1+25", L, =0, #, =0.

Xy
Figure 21 compares the numerical and exact solutions of Example 7 for the variables u and v. As shown in Figures 21a
and 21b, the numerical results obtained using the OBHM-SSIM method are in excellent agreement with the exact solu-
tions across the entire domain, confirming the high accuracy and of the method in solving the two-dimensional cubic
Klein-Gordon equation.

Figure 22 illustrates the absolute error and error norm distributions for Example 7. Figures 22a and 22b show the absolute
error surfaces for u(z, x, y) and v(, x, y), respectively. In both cases, the maximum absolute error remains small, of the order
of @(107%) for u and O(10713) for v, indicating the high spatial precision of the OBHM-SSIM method. Figures 22¢ and
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FIGURE 21 | Numerical and exact solutions for Example 7whena = -1,b=1,¢=-1,d =1,Tol =1072,1; =1, N, =20, N, =
20, and h = 1072. (a) u, (b) v.
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FIGURE 22 | Absolute error and error norm for Example 7whena=0,b=1,¢ =0,d =1,Tol =1072,¢t, =1, N, = 20, N, =20,
and h = 1072. (a) Absolute error for u(, x, y). (b) Absolute error for v(t, x, y). (¢) Error norm for u(t, x, ). (d) Error norm for v(t, x, y).
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22d present the error norm variations with respect to N, = N, and h, showing that increasing the collocation points N,
and N, while using smaller step-sizes & leads to a consistent reduction in error. These results confirm the accuracy of the
OBHM-SSIM when applied to the two-dimensional cubic Klein—Gordon equation.

6 | Conclusion

In this study, we presented and investigated a new optimized block hybrid spectral simple iteration method (OBHM-SSIM)
for solving nonlinear evolution equations. The accuracy and efficiency of the method were evaluated through com-
parisons with established numerical techniques. The simple iteration scheme was employed to linearize the nonlinear
terms, and the method was applied to several benchmark models, including Stokes’ second problem, Burgers—Fisher,
Burgers-Huxley, FitzZHugh-Nagumo, and coupled Burgers’ equations. The results demonstrated that the OBHM-SSIM
provides highly accurate and stable solutions with fewer collocation points. The spectral collocation method ensures
exponential spatial accuracy, while the optimized block hybrid approach maintains A-stability and allows for larger time
domains without compromising precision. The OBHM-SSIM was further extended to two-dimensional problems, includ-
ing the nonlinear Burgers’ equation and the cubic Klein-Gordon equation. The numerical experiments confirmed the
flexibility and robustness of the proposed method in handling multidimensional nonlinear systems with high precision
and efficiency. This study contributes to the advancement of efficient high-order numerical algorithms for nonlinear
dynamical systems and fluid-flow problems. The key findings of this study are summarized as follows

* The OBHM-SSIM exhibited rapid convergence, typically requiring only a few iterations.
x The SIM approach provided a simple and effective procedure for linearizing nonlinear equations.
* The OBHM-SSIM method achieved higher efficiency with smaller time step-size and greater accuracy with 10-50

collocation points in large domains.

The proposed OBHM -SSIM can be extended to solve nonlinear three-dimensional partial differential equations as well
as time-fractional partial differential equations. Also, future work will focus on

« Investigating the use of different linearization methods to further improve the accuracy.

* Employing rational optimal grid points to enhance stability, accuracy, and reduce errors [75].

* Implementing overlapping multi-domain discretization in both spatial and temporal domains [76, 77].

« Extending the spectral collocation method to Legendre—-Gauss—Lobatto points, which have been shown to improve
accuracy [27].

* Incorporating adaptive step-size control in time and space to improve efficiency and accuracy for solutions with
varying behavior across the domain [42, 78].

Nomenclature

AE absolute error

AEE absolute error estimate

BHM block hybrid method

CGL Chebyshev-Gauss-Lobatto
CPU computational time in seconds
DQM differential quadrature method
L, error norm

LPM linear partition method

LTE local truncation error

ML, the largest error norm

N-EPDEs  nonlinear evolution partial differential equations
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N-ODEs nonlinear ordinary differential equations
N-PDEs nonlinear partial differential equations
OBHM optimized block hybrid method

QLM Quasi-linearization method

r the order of space derivative

s the iteration index

SIM simple iteration method

SSIM spectral simple iteration method

Tol user-defined tolerance
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