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Abstract

This paper considers a continuous review inventory system for two interconnected product
types, 1 and 2. Product type 1 is purchased from an external agency, whereas type 2 is man-
ufactured in-house through a sequential batching process. The maximum stock position
attainable by type 1 is 51 and that of type 2 is Sp. Unit demands arise independently for
the two products, where type 1 demand arrives following a Poisson process with rate A;
and that for product B also follows a Poisson process with rate A;. At the instance of the
stock level of type 1 dropping to zero, it is replenished instantaneously to the maximum
level Sq, such that the stock level is never zero, and hence all demands for type 1 product
are satisfied. The production machine attached to type 2 stops manufacturing immediately
when its stock level reaches S;, and resumes immediately when the stock level drops to
S — 1. In the event of the type 2 product not being available when demand arrives, it is
substituted with the type 1 product with probability p. The production time for a single
unit of type 2 is exponentially distributed with mean % We identify the underlying Markov
process and analyse the performance of the interconnected inventory system.

Keywords: interconnected inventories; production inventory; instantaneous replenishment;
product substitution

1. Introduction

Having an efficient inventory management system is central to optimising supply
chain performance and ensuring customer satisfaction; hence, models of various complex
systems have been proposed by researchers. While models have been proposed for inven-
tory systems where product substitution is performed for either procured or manufactured
items independently, a hybrid case that incorporates both procurement and manufacturing
is few and far between. This is one area where the model presented in this paper makes
contributions. In addition, many inventory models have assumed deterministic system
parameters to simplify the solution procedure. While such models provide insight into the
interaction of the system variables, it may sometimes be far removed from reality, hence,
the recourse to stochastic models. Stochastic modelling of inventory systems is an area that
has, therefore, continued to attract research interest, but there are still many research gaps
that require attention, one of which is considered in this paper. It is particularly difficult to
find stochastic models of inventory systems operating in a random Markovian environment
for substitutable items, and this paper seeks to fill this gap. It is practicable to find such
systems, where a business manufactures a type of an item, also procures some other type
of the same item, and seeks to substitute one type with the other when one brand or type
of this item is not available. Moreover, the environment from which demand is generated
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and even where manufacturing takes place may also contain some random phenomena
that need to be considered in the model. The need to understand such a random demand
environment with item substitutability, with an interplay between the purchased and man-
ufactured items, provides an opportunity for detailed analysis. This paper addresses this
gap by developing a continuous-review stochastic model for a hybrid system that features
two interconnected inventories and two types of demand for one-way product substitution.
The remainder of this paper is organised as follows: Section 2 provides a review of the
relevant literature; Section 3 presents the notations and description of the model; Section 4
presents the governing equations; Section 5 contains the steady state probabilities; Section 6
details the measures of performance; Section 7 offers the numerical example, and Section 8
concludes the paper.

2. Literature Review

The seminal work in inventory management is traced to Harris [1]’s foundational
Economic Order Quantity model, which established the fundamental trade-off between
ordering and holding costs in a deterministic continuous-review inventory system. This
model was followed by the manufacturing variant called the Economic Production Quantity
model, which expanded Harris’ principles by integrating a finite production rate. While
these deterministic constructs offer valuable insights, their assumptions are often simplistic
for many complex real-world systems. Consequently, the field of inventory modelling has
evolved to integrate stochastic variables and parameters like demand, leading to robust
policy structures for continuous-review environments. Among the most prominent policies
are the (s,5), (r,Q), and (s,Q) policies, where 's” and 'r’ represent the reorder points; 'S’, the
order-up-to level; and 'Q)’, the fixed order quantity.

Kalpakam and Sapna [2] were the first to present an (s, S) model for a system with
Poisson demand distribution, where lead times and product lifetimes are assumed to
follow exponential distribution. Ravichandran [3] presented a non-standard perishable
item model with a Poisson demand process and a positive random lead time. Liu and
Cheung [4] focused on an (S-1, S) continuous review inventory model for items with
Poisson demands, exponentially distributed product lifetimes, and order replenishment
processing times, with complete and partial backorders. Lian and Liu [5] considered
continuous review inventory models with renewal batch demands and zero lead time
and derived a closed-form long-run average cost function under the (s, S) replenishment
policy. Yadavalli and Van Schoor [6] investigated a perishable product inventory system
operating within a random environment that switches between two distinct states (0 and 1)
via an alternating renewal process in which key system characteristics such as the perishing
rate, demand rate, and replenishment cost are uniquely defined. Lian et al. [7] studied
a continuous review model for items with an exponentially distributed random lifetime
and a Markovian renewal demand process in which the inter-demand time is generally
distributed. Alizadeh et al. [8] examined a continuous review (S-1, S) inventory policy
with stochastic demand and non-zero lead time, allowing for shortages and backlogged
demands. Tao et al. [9] examined an inventory problem for a periodic review system with
expediting options, where some portions could be expedited at a higher cost to reduce
lead time and avoid stockouts. Cao and Yao [10] examined a continuous review inventory
system that utilised two sourcing methods and experienced Brownian motion demand.
They aimed to minimise the average cost by selecting an optimal regular order rate and
an expedited replenishment strategy. Cao and Yao [11] proposed a continuous review
model for a stochastic inventory system with product return, where customers’ demand
and product return followed independent point processes, with the demand rate being
price-dependent. Siriruk and Kotekangpoo [12] proposed a mathematical model for a
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continuous review inventory system to determine the optimal order quantity of perishable
products with a fixed lifetime, stochastic demand, and a positive lead time.

Product substitution is another critical area that has been integrated into inventory
management research. In the real world, inventory systems often face situations where
customers substitute one product for another due to product stockout. Substitutable
goods are usually of the same type or function and can be adopted as alternatives to
satisfy customer demand (Chen et al. [13]). Stochastic models of multi-product inven-
tory systems dealing with items procured from outside suppliers have been studied
extensively over the past decades. Researchers have focused their attention on find-
ing optimal ordering policies to manage inventory when dealing with single- or multi-
items and substitutable or complementary items. The literature on these areas of in-
ventory systems is quite huge, and it is difficult to consider all of them in this paper.
However, we provide a list of some important monographs, survey papers, and re-
search articles for the reader interested in exploring some relevant models (see for ex-
ample Hadley and Whitin [14], Silver [15], McGillivray and Silver [16], Ramaswami [17],
Federgruen et al. [18], Ignall [19], Parlar and Goyal [20], Krishnamoorthy and Varghese [21],
Smith and Agrawal [22], Anbazhagan and Arivarignan[23], Yadavalli et al. [24],
Yadavalli et al. [25], Sivakumar [26], Marisamy and Krishnan [27], Poormoaied and Atan [28],
and Kumaresan et al. [29]).

Bitran and Dasu [30] modelled an inventory system in an environment of stochas-
tic yield and substitutable demands to demonstrate how downgrade substitution could
serve as a powerful mechanism for manufacturers to effectively address lower-grade de-
mands, while expertly navigating inherent production variability. Xia [31] explored how
substitutability affects market segmentation and competitive strategy by comparing two
coexisting suppliers that exhibit distinct inventory cost structures, and each provides a
single variant of two substitutable products to a diverse customer base. The author argued
that the choice between suppliers is driven by the pricing strategies of both suppliers,
alongside the individual buyer’s specific preferences. Maddah et al. [32] explored the
impact of demand substitution on joint replenishment strategies when stockouts occur.
By integrating demand substitution into inventory foresight, their findings reveal how
multi-product supply chains can unlock substantial cost savings and significantly enhance
stock accessibility. Farahani et al. [33] considered a location-inventory model to address
disruption risks within supply chains, incorporating substitutable products as a mitigation
tactic. Their model covers scenarios where facilities, even when disrupted, can still fulfil
orders for certain available products. Pan et al. [34] investigated an inventory replen-
ishment system with two inventory-based substitutable products with stock-dependent
demand rate, where they sought to determine the optimal replenishment time and ending
inventory levels for both substitutable products, aiming to maximise the total annual profit.
Perlman [35] investigated the optimal inventory strategies for two distinct vertically differ-
entiated products within both centralised and competitive market structures, under the
assumption that consumers are heterogeneous and willing to substitute their first choice
for another product if their preferred product is out of stock. Beranek and Buscher [36]
studied the relationship between pricing, quality decisions, and segmentation of demand
within supply chains, when imperfect items impact consumer choices, to demonstrate that
quality deficiencies directly influence both pricing strategies and customer demand, trig-
gering substitution effects when the perceived quality falls short of an acceptable standard.
Cho et al. [37] studied the effects of demand substitution on multi-products, including
one-way and two-way substitution and multistage ramp-up production.

Additionally, stochastic models of single- and multi-product inventory systems, where
the products are manufactured by machines attached to the system, have been studied by
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several researchers (see Gavish and Graves [38], Arreola-Risa [39], Kulkarni and Yan [40],
Karim and Nakade [41], Jose and Reshmi [42], Mattam and Jose [43], and Bai et al. [44]).
There are several situations in retail business where a retailer maintains an inventory of
one product and also runs the production of another substitutable product, which is kept
as a separate stock to meet some future demands. A practical example is a coffee vendor
who maintains an inventory of roasted coffee beans for sale and also operates a production
machine to grind beans for customers who only purchase coffee powder. A customer who
comes to buy coffee powder may encounter a stock-out situation and may elect to opt
out (buy nothing) or may buy coffee beans as a substitute. Similarly, a retailer could sell
branded edible oil alongside freshly cold-pressed oil produced on-site. Demands arise for
both products, and one may be substituted with the other in the case of a stock-out. While
research on stochastic inventory systems, multi-product inventory systems with in-house
production, and models with product substitution are each well-established, they have
largely been developed in isolation. This paper aims to bridge this gap by presenting a
continuous-review stochastic model for two two-interconnected inventory systems with
two distinct demand arrival types, where one demand type can be substituted by the other,
based on their inventory levels. The advantage of this combined model is that it develops a
coordination mechanism for a production stock together with a purchased stock that can
fulfil identical purposes. To establish a foundational basis for analysis, this study makes
two key simplifications: substitution is permitted in only one direction, and replenishment
of the finished good is assumed to be instantaneous. This approach provides a tractable
first step toward modelling these complex integrated systems.

3. Notations and Description of the Model
3.1. Notations

The key notations and their corresponding descriptions used in the model’s formula-
tion are provided in Table 1.

Table 1. Notations used in the formulation of the model.

Symbol Description
P(i,j, Kk t) State probabilities
S; Maximum capacity of inventory i, i = 1,2
A Rate of demand for producti,i = 1,2
v Rate of production
X;(t) Number of items available in Inventory j, j = 1,2 at time ¢
Y(t State of the production machine at time #:
(t) 0 if idle, 1 otherwise
Z(t) System state vector: (X1 (t), Xo(t),Y(t))
(O3 State space set: {(7,5,,0) |i=1,2,---,51}

State space set:

2 (G,j,1) |i=1,2,-- Sl,j_012 5 1)

(t) x p(t) Convolution of ¢(t) and t —u)du
o(t) ‘/) 0

f*(s) Laplace transform of f(t) fo e~ st f

3.2. Description of the Model

There are two inventories, of which, one inventory (herein called inventory 1) deals
with type 1 products, and the other inventory (herein after called inventory 2) deals with
type 2 products. Type 1 products are purchased from an external agency, whereas type
2 products are manufactured one by one internally by a production machine attached
to inventory 2. The maximum level attainable by type 1 inventory is S;, and that of
inventory 2 is Sp. Demands arise independently for the two products unit-wise. Inventory
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1 is replenished instantaneously to the maximum level S; at the instance of the level of
inventory 1 dropping to zero; so, the level of inventory 1 is never zero, and hence, all
demands for type 1 are satisfied. The production machine attached to inventory 2 stops
its production immediately whenever the level of inventory 2 reaches the full level S, and
commences its production immediately whenever the level of Inventory 2 drops to S, — 1.
The policy (Sp —1,S;) for the production machine is adopted for simplicity. It can be
generalised as (Sy — 1, Sy), where 2 < r < S, — 1. Furthermore, as the production machine
is dedicated to the the inventory system, and the rate of demand for type 2 products
may be large, the retailer may decide to always maintain the stock level of type 2 item
at Sp. Demand for the type 2 product may be substituted with the type 1 product with
probability p in the event of the type 2 product not being available in inventory 2. Demands
for product A arise according to a Poisson process with rate Ay, and that for product B

arise according to a Poisson process with rate A;. The production time for a single unit of

. . . . . l
type 2 is exponentially distributed with mean 2.
4. Governing Equations

Let X;(t) be the number of items available in inventory j,j = 1,2 at time ¢.
Let Y(t) be the state of the production machine. Then,

1)

Y(t) = 0 if the production machine is idle at time ¢;
| 1 otherwise.

Let Z(t) = (X1(t), Xa2(¢), Y (t)). Then, {Z(t)|t > 0} is a continuous time 3-dimensional
Markov process whose state space is (2 = ()1 U (), where

01 ={(i,5,0)]i =1,2,---,51}, )

O, ={@Gj,1i=12--,5;j=012,---,5 -1} 3

Let us assume that the system has just entered into the state (S, Sp,0) at time t = 0. The
time-dependent behaviour of the system is governed by the following conditional probabilities:

P(i,j,k,t) = Pr[X1(£) = i, Xa(t) = , Y(£) = KIX1(0) = S1, Xa(t) = S, Y(£) = 0], (i,j, k) € Q0 @

The inflow and outflow from the individual states are depicted in the transition
diagrams represented in Figures 1-6:
Using the Markov property, the Kolmogorov forward equations are given by

d
aP(l,Sz,O,t) = —(A1+A2)P(1,5,,0,t) + A1 P(2,52,0,¢) +vP(1,5, — 1,1,¢), )

%P(i, $5,0,8) = —(Ay + A2)P(i, $2,0, £) + A P(i + 1, 85,0, ) + vP(i, S5 — 1,1,8),

i=23,,5-1, (6)

d
%P(SLSZ/ 0,t) = —(A1 + A2)P(51,52,0,t) + A1P(1,5,,0,t) + vP(S1,5, — 1,1, u), 7)
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Figure 1. Transition diagrams 1.

i=Lj=12-.5-2

i=23.5-285-Lj=12-.5-2

Figure 2. Transition diagram 2.
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i=§5;:j=12-.,5,-2

Figure 3. Transition diagram 3.

i=1j=5,-1

Figure 4. Transition diagram 4.
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i=S;pj=5-1

Figure 5. Transition diagram 5.

i=1j=S5,

i=23-.5-25-1Lj=85;

Figure 6. Transition diagram 6.
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d
P01 1) = —(A1+Ap+1)P(L,0,1,5) + (A1 +A2p)P(2,0,1,5) + 12P(LLLE),  (8)
%P(z’, 0,1,t) = —(A1 + A2p +9)P(3,0,1,¢) + (A1 + App)P(i+1,0,1,¢) + AxP(i, 1,1, ¢),
i=23--,5-1, (9
d
EP(Sl,O, 1,t) = —(M +Ap+7)P(51,0,1,¢) + (A1 + Aap)P(1,0,1,£) + A P(51,1,1, 1), (10)
d . , ) )
FPLiLE ==+ A+ 1)P(L) 1D+ MP(2,),1,t) + AP(1,j+1,1,1)
+’)’P(1,]_1,1/t>/ ]:1/2/ 152_2/ (11)
EP(I’]’ 1,t) = =M +A+7)P>i,j,1,t) + A P(i+1,j,1,¢) + A,P(>i,j+1,1,¢t)
+9P(i,j—1,1,t), i=2,3,---,51-1;, j=12,---,5%-2, (12)
%P(Sl,j,l,t) = —(M+A24+7)P(S1,j,1,t) + MP(L,],1,£) + A2P(S1,j+ 1,1, £)+
YP(S1,j—-1,1,t), j=1,2,---,5 -2, (13)
d
FPAS -1, =M +2+7)P1S 11 +MP2,S-11H+
A2P(1,5,,0,t) +vP(1,S, — 2,1, 1), (14)
%P(i, Sy, — 1,1,t) = —(/\1 + Ar + ’Y) + )\1P(i +1,5—-1,1, t) + /\2P(i,52,0, t)—|—
YP(i,S —2,1,t), i=23,---,5—1, (15

d
dt

—P(Sl,Sz -1,1, t) = —()\1 + Ay —1—7) + A1P(1,52 -1,1, t) + /\ZP(Sl, S5,0, t)+

vP(S1,52 —2,1,1). (16)

5. Steady-State Probabilities
We define the steady-state probability of any state (i, ], k) € Q as follows:

(i, j k) = tlim P(i,j k,t),(i,j k) € Q.
—00
By the final value theorem of the Laplace transform, we get
n(i,j, k) = limsP*(i,j,k,s), (i,j,k) € Q.
s—0
Taking the Laplace transform on both sides of Equations (5)-(16), we get

(s+ A1+ A2)P*(1,55,0,5) = A P*(2,5,,0,5) + yP* (1,5, — 1,1, s),

(17)

(18)

(19)
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(S + A+ /\z)P*(i, Sz,O,S) = Alp*(i +1,S,, O,S) + ’yP* (i, S, —1, 1,5),i =23,---,5—1, (20)

(54 A1+ A2)P*(S1,52,0,5) = 1+ A1P*(1,55,0,5) + 7P*(S1,5, — 1,1,5),  (21)

(s+ A1+ Ap+9)P*(1,0,1,5) = (A + A2p)P*(2,0,1,8) + A, P*(1,1,1,5), (22)

(s+A1+Ap+79)P*(i,0,1,5) = (A + Aap)P*(i+1,0,1,5) + AP (4,1,1,s), i=2,3,---,5—1, (23)

(S + A +/\2p + 'y)P*(Sl,O, 1,5) = (/\1 +)\2P)P*(1,0, 1,5) +/\2P*(Sl,1, 1,5), (24)

(s+A1+A2+7)P*(1,],1,5) = A1P*(2,],1,5) + A2P*(1,j+1,1,5)
+vP*(1,j—-1,1,8),j=1,2,---,5,—2, (25)

(s+A1+A2+79)P*(i,j,1,s) = AMP*(i+1,j,1,5) + AP*(i,j+ 1,1,5)
+9P*(i,j—1,1,8), i=23,--,5 -1 j=12,---,5—2, (26)

(s+ A1+ A2 +9)P*(S1,j,1,5) = MP*(1,],1,5) + A2P*(51,j +1,1,5)
+’)/P*<S],j_lrlrs)/ ]:1/2/ 152_2/ (27)

(s+A1+A2+79)P*(1,52—1,1,5) = MP*(2,52 — 1,1,5) + A,P*(1,5,,0,5) + yP* (1,5, — 2,1,5), (28)

(s+A1+A2+79)P*(i,S2—1,1,5) = AqP*(i +1,5, —1,1,5) + A,P* (7, S5,0,s)
+7P*(i,52—2,1,5),1':2,3,‘.-,81—1, (29)

(s+ A1+ A2 +79)P*(51,52—1,1,5) = MP*(1,52 — 1,1,5) + AoP*(51, 52,0,5) + vP*(51,5, — 2,1,5). (30)

We have used the notation f*(s) for the Laplace transform of f(t). Multiplying both sides
of Equations (19)-(30) by s and applying Equation (18), we obtain the following equations

(Al + )\2)7‘[(1, 52,0) = )\17‘[(2, Sy, 0) + ’)/7'[(1, Sy, — 1,1), (31)

(A +A2)7t(i,52,0) = Aqm(i+1,52,0) +ym(i,S2 —1,1),i =2,3,--- ,51 — 1, (32)

(/\1 + )\2)7‘((51,52,0) = )\17‘((1, S,, 0) + ’)/7'[(81,52 — 1,1), (33)

(/\1 +}\2p +'y)rc(1,0,1) = (/\1 +/\2p)7‘[(2,0,1) + /\271’(1, 1,1), (34)
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(/\1 + /\2]? + ’)/)7'[(81,0,1) = (/\1 + /\2]9)7'[(1,0,1) + /\27'[(81,1,1), (36)
M+A+7)n(L,5,1) = Mm(2,,1) + Aare(1,j+1,1) +9yn(1,j—1,1),j=1,2,--- ,5, — 2, (37)
(M + A2+ )i, j,1) = M(i+1,7,1) + Aare(i,j+ 1,1) +y7m(i,j— 1,1)
, i=23,,59-1 j=12,-,5-2, (38)
(M + A+ 7)7(51,7,1) = Am(L,],1) + A (Sy,j+1,1) +97(S1,j —1,1)
,]':1/2,"'/52*1 (39)

(A + Ay +7)7(1,S, —1,1) = A 7(2,S2 — 1,1) + Ap7(1,55,0) + y7(1,5, —2,1),  (40)

(A4 Ay +9)7(i, Sy — 1,1) = Ay7r(i + 1,55 — 1,1) + Ap7(i, S2,0)
(i, Sy —2,1), i=2,3,---,5 —1, (41)

(/\1-|—/\2+’y)7'[(51,52—1, ) /\17‘((1 Sy — )+/\27‘((51,52,0)+’Y7T(S1,52—2,1). (42)

Equations (31)—(42) constitute a system of linear homogeneous equations, and therefore
a non-trivial unique solution for the steady-state probabilities 7(i, j, k), (i,j,k) € Q2 can be
obtained by replacing one of (31)-(42) by the equation of the total probability law, namely

S1

Z n(ll SZ/

i=1

ll\ﬂ~

ZZ: (i, j,1) =1. (43)

Equations (31)-(42) can be interpreted by the principle of equilibrium (Flow—-Balance).
The left-hand side of each equation represents the flow out of a state, while the right-hand
side signifies the flow to that state. For instance, consider the Equation (31) for the state
(1, 52,0) from which flow out can happen either by a demand for the type 1 product with
rate A or by a demand for the type 2 product with rate A;. So, the net flow-out rate is
(A1 + Ap), yielding the amount of fluid moving out: (A1 + Ap)7(1,S,,0). On the other
hand, the flow in to the state (1,S5,,0) can occur either from (2, S,,0) by a demand for
the type 1 product with rate A; or from (1,S; — 1,1), by producing a type 2 product with
rate . So, the amount of fluid moving into the system is A7(2, S5,0) + (1,5, —1,1).
Under equilibrium conditions, the flow out is equal to the flow in. Thus, (31) is obtained.
As another example, consider Equation (38) for the state (S1,,1),j =1,2,---,S, — 2. The
flow out of the state can happen either by a demand for the type 1 product with rate
A1, or by a demand for the type 2 product with rate Ay, or by a production of one
type 2 product with rate . For this, the net rate is (A1 + Ay + 7). The flow out of the
state (S1,7,1) is (A1 + A2 + 7)7(S1,j,1). On the other hand, the flow in can happen ei-
ther from the state (1,,1) by a demand for the type 1 product, accompanied by a re-
plenishment of inventory 1 to its maximum level S; with rate A1, or by a demand for
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the type 2 product from the state (Sq,j + 1,1) with rate Ay, or by a production of one
type 2 product by the machine from the state (S1,j — 1,1) with rate . So, the fluid mov-
inginis Aq7t(1,7,1) + Apt(S1,j+1,1) + 47t (Sy,j — 1,1). By applying the principle of flow
balance, we get (38). The other equations can be interpreted in a similar fashion.

6. Measures of Performance

We now present important measures of the performance of the inventory system.

6.1. Probability That Both Inventories Are Full at Time t
Let A(t) be the probability that both inventories are full at time ¢. Then, we have

A(i’) = P(Sl,SZ,O, t). (44)

6.2. Probability That the Production Machine Is Idle

Let B(t) be the probability that the production machine is idle at time ¢t. Since the
production machine is idle whenever inventory 2 is full, we get

S1

=Y P(i,5,,0,t). (45)
i=1

6.3. Mean Number of Times the Production Machine Is Switched On

Let Nj (t) be the counting random variable, which represents the number of times the
production machine is switched on in the time interval (0, t). Since the switching-on takes
place at the instance of arrival of demand for the type 2 product when the inventory level
of type 2 products is S,, consequently, the mean number of Nj (¢) is given by

E[Ny(1)] = / E[dN; (u —AZZ/tP(i,Sz,O,u)du. (46)

The mean stationary rate of occurrence of switching-on events is given by

ENj = lim [

t—o0

} )\th{/ zSZ,Ou)du]—)LzznzS2,) 47)

t—o0 i1

6.4. Mean Number of Times the Production Machine Is Switched Off

Let N, (t) be the counting random variable, which represents the number of times the
production machine is switched off in the time interval (0, t). Since switching-off takes
place at the instance when the inventory level of type 2 products reaches Sy, consequently,
the mean number of N,(t) is given by

E[Na ()] :/0 (AN (u —7Z/tP(i,Sz—1,l,u)du. (48)

The mean stationary rate of occurrence of switching-off events is given by

No(t 31
ENz—lm[ } th[/ 1,52—1,1,u)du}—'yZn(z’,Sz—l,l). (49)

t—o0 i=1

6.5. Mean Number of Times Substitution Takes Place

Let N3(t) be the counting random variable, which represents the number of times the
substitution of the type 1 product takes place in the time interval (0, t). Since substitution
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of the type 1 product takes place with probability p at the instance of arrival of demand for
the type 2 product when the inventory level of type 2 products is 0, consequently, the mean
number of N3(t) is given by

E[N3 ()] :/O E[dNs(u Asz/tP(i,O,l,u)du. (50)

The mean stationary rate of occurrence of substitution events is given by

51
EN; = lim {Ni(t)] A thm[l/OtP(i,O,l,u)du] = Ap Y 7(i,0,1). (51
i=1

t—ro0 t—o0

6.6. Mean Number of Times Replenishment of Type 1 Product Is Made

Let N4(t) be the total number of times inventory 1 is replenished in the interval (0, t).
Then,

t t Sp—1
E[N4 ()] :/0 E[dNy(u)] :/0 A [P(l,sz,o,uw Y P(l,j,l,u)] du.  (52)

j=0

The mean stationary rate of replenishment of type 1 product inventory is given by

t—co

Sp—1
EN; = lim {E(N;‘(t))} :/\1[ 7(1,5,,0) Z m(1,5,1 1 (53)

6.7. Mean Number of Times Type 2 Product Inventory Enters into Empty State

Let N5(t) be the total number of times the type 2 product inventory enters into empty
state in the interval (0,t). Then,

t 51
)] :/0 E[dNs(u)] = [/\2;1)(@1,1#)]@. (54)

The mean stationary rate of the type 2 product inventory entering into the empty state
is given by

S
EN; — lim [E(Nf(f))] — A Y A1), (55)

7. Numerical Illustration

A numerical study is conducted to demonstrate the tractability of the analytical model
and to examine the behaviour of its performance measures. For this purpose, we define a
specific instance with inventory capacities S; = 4, and Sp = 3. We also define the states by
O = 01 Uy, where

0, ={(1,3,0),(2,3,0),(3,3,0),(4,3,0)},% ={(i,j,1)] i=1,23,4 j=0,1,2}. (56)

The state transition diagram is shown in Figure 7.
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Figure 7. Transition diagram.

We denote the states

(1,0,1),(1,1,1),(1,2,1),(1,3,0),(2,0,1)

7

(2,1,1),(2,2,1),(2,3,0),
(3,0,1),(3,1,1),(3,2,1),(3,3,0), (4,0,1), (4,1,1), (4,2,1), (4,3,0),

respectively, by 51,52,53,54,55,56,57,58,59,510, 511, 512, 513, 514, 515, S16-
The transition-rate matrix (the Q-matrix) is given by

O O O O O O o o oo
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wherea = Ay +App+9,b = A1+ A+ 7, c = A + Ap, d = A1 + Ayp. The transition Matrix
Q provides the necessary foundation for deriving the Kolmogorov forward equations and

obtaining the steady-state probabilities of the system.

For brevity, we put
x1 =mn(1,0,1), x=mr(1,1,1), x3=rm(1,21), x4=m(1,30),
x5 =m(2,0,1), x¢=m(2,1,1), xy=m(2,21),
x9 = 7-[(3/0/1)/ xlO - 7-[(3/ 1/1)/ x11 = 7-[(3/2/1)/ x12 = 7-[(3/3/0
X13 = 7'[(4, 0,1), X14 = 7'[(4, 1,1), X15 — 7'[(4,2,1), X16 — 7'[(4,3,0 .

Using Equations (31)-(42), we obtain the following system of equations:

yx3 — (A +A2)x4 + Axg =0,

yx7 — (A + A2)xg + Axp =0,

yx11 — (A1 4+ A2)x12 + Axge =0,

Yx15 — (M 4+ A2)x16 + +Ax4 =0,

f(/\l + Azp + ’)/)X1 + Arxo + (/\1 + /\2]7)3(5 =0,

— (A1 + Aop +7)x5 + Aaxe + (A1 + Aap)x9 =0,

— (A1 +Ap +7)x9 + Aaxqo + (A1 + Agp)xi3 =0,

— (A1 +Aap)xiz 4+ Aoxpg + (A1 + A2)x; =0,

yx1 — (A1 + A2+ 7)x2 + Agxs + Ayxg =0,

Yxs5 — (A1 + A2+ 9)x6 + A2x7 + Ax19 = 0,

Yx9 — (A1 + A + ) x10 + Aoxqy + Axyg =0,

Yx13 + ¥X13 — (M 4+ A2 + 7)x14 + Aoxy5 + Axo =0,

Yxo — (A + A2+ 9)x3 + Aaxg + AMx7 =0,

Yx6 — (A1 + A +7)x7 + Apxg + Ayxqp =0,

Yx10 — (A1 4+ Ag + ¥)x11 + Apxip + Axgs =0,

xg = m(2,3,0)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)
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Yx14 — (A1 + A2+ 7)x15 + A2x16 + Axz = 0. (73)
We define

Y1 =x1+x2+x3+x4, Zo= X1+ X5+ X9 + X13, (74)
Y2 = X5+ X6+ X7+ Xg, 21 = X+ Xe + X10 + X14, (75)
Y3 = X9 + X190 + X11 + X12, 22 = X3 + X7 + X11 + X15, (76)
Y4 = X13 + X14 + X15 + X16, 23 = X4 + Xg + X12 + X16. (77)

Summing Equations (58)—(73), we obtain
Yzo = Apz3, (78)
Yzo = A2z1, (79)
Yz1 = A2z, (80)
Yz1 = A22). (81)

Replacing the redundant equation with the total probability law zo +z1 +zp +z3 =1,
and solving, we get
1

_ , 82
SR R (52

0
_ , 83
R R ®3)
2
[
= , 84
R R o
3
[
= , 85
R RS (85)

where p = /\lz We note that zg,z1,z, and z3 are the steady-state probabilities of the
production inventory (inventory 2), which are independent of the substitution probability p.
Likewise y1, Y2, y3, and y4 are the steady-state probabilities of the replenishment inventory
(inventory 1).

Among the four parameters A1, Ay, v, and p, the parameter <y pertains to the setup
aspects of the production machine and is therefore controllable. The other parameters
are dependent on the behavioural aspects of customers. Since 7 is the key parameter
within the control of the retailer, we performed the numerical study by varying -y only.
The performance measures in the present paper are new, and they are tested with their



AppliedMath 2025, 5, 174 17 of 24

robustness in mind with regard to changes in <. The rate of demand for type 1 products may
be less than that of type 2 products. The system may decide to manufacture one product
in case the demand for the product is higher than the demand for other products. Fixing
A = 4.0,A2 = 6.0, and p = 0.4, we vary 7 from 6.1 to 8.0 and analyse the performance
of the inventory system. We have assumed y > A, in order to avoid the loss of genuine
customers for type 2 products. In this regard, we first obtained the steady-state probabilities
n(i, j, k), (i,j,k) € Q2 and tabulated them in Table 2. The steady-state probabilities have
been found, and their correctness is checked by confirming with the total probability law.
The Markovian formulation is conducted by including all possible states. Using Table 2,
we can study the stationary behaviour of several performance measures as 7y increases.

Table 2. Steady-state probabilities for v = 0.1: 0.1 : 2.0.

0.0667994  0.0670641 0.0673105 0.0675391 0.0677507  0.0679457 0.0681247 0.0682883  0.0684371  0.0685714
0.0790460  0.0804769  0.0818944 0.0832983 0.0846883 0.0860645 0.0874267 0.0887749  0.0901088  0.0914286

|

Values
(i, j, k) Ly —
6.1 6.2 6.3 6.4 6.5 6.6 6.7 6.8 6.9 7.0
7(1,0,1) 0.0609590 0.0594604 0.0580030 0.0565857 0.0552077 0.0538677 0.0525648 0.0512980  0.0500663 0.0488688
(1,1,1) 0.0619750  0.0614424 0.0609031 0.0603581 0.0598083 0.0592545 0.0586974 0.0581378 0.0575763  0.0570136
7(1,2,1) 0.0630079  0.0634905 0.0639483  0.0643820 0.0647923 0.0651799  0.0655454 0.0658895  0.0662127 0.0665158
7(1,3,0) 0.0640581 0.0656068 0.0671457 0.0686741 0.0701917 0.0716979 0.0731924  0.0746747  0.0761446  0.0776018
7t(2,0,1) 0.0609590 0.0594604 0.0580030 0.0565857 0.0552077 0.0538677 0.0525648 0.0512980  0.0500663 0.0488688
(2,1,1) 0.0619750  0.0614424  0.0609031 0.0603581 0.0598083 0.0592545 0.0586974 0.0581378 0.0575763  0.0570136
7t(2,2,1) 0.0630079  0.0634905 0.0639483 0.0643820 0.0647923 0.0651799  0.0655454 0.0658895 0.0662127  0.0665158
7(2,3,0) 0.0640581  0.0656068 0.0671457 0.0686741 0.0701917 0.0716979 0.0731924  0.0746747 0.0761446  0.0776018
71(3,0,1) 0.0609590  0.0594604 0.0580030 0.0565857 0.0552077 0.0538677 0.0525648 0.0512980 0.0500663  0.0488688
7(3,1,1) 0.0619750 0.0614424 0.0609031 0.0603581 0.0598083 0.0592545 0.0586974 0.0581378  0.0575763 0.0570136
71(3,2,1) 0.0630079  0.0634905 0.0639483 0.0643820 0.0647923 0.0651799  0.0655454 0.0658895 0.0662127  0.0665158
7t(3,3,0) 0.0640581  0.0656068 0.0671457 0.0686741 0.0701917 0.0716979  0.0731924 0.0746747  0.0761446 0.0776018
71(4,0,1) 0.0609590  0.0594604 0.0580030 0.0565857 0.0552077 0.0538677 0.0525648 0.0512980 0.0500663  0.0488688
7t(4,1,1) 0.0619750 0.0614424 0.0609031 0.0603581 0.0598083 0.0592545 0.0586974 0.0581378  0.0575763 0.0570136
7(4,2,1) 0.0630079  0.0634905 0.0639483 0.0643820 0.0647923 0.0651799  0.0655454 0.0658895 0.0662127  0.0665158
71(4,3,0) 0.0640581 0.0656068 0.0671457 0.0686741 0.0701917 0.0716979 0.0731924  0.0746747 0.0761446  0.0776018
7(1,0,1) 0.0477044 0.0465723 0.0454715 0.0444012 0.0433604 0.0423484 0.0413643 0.0404073  0.0394766 0.0385714
(1,1,1) 0.0564502 0.0558867 0.0553237 0.0547615 0.0542005 0.0536413 0.0530842 0.0525295 0.0519775  0.0514286
(1,2,1) 0.0667994  0.0670641 0.0673105 0.0675391 0.0677507 0.0679457 0.0681247 0.0682883  0.0684371 0.0685714
7(1,3,0) 0.0790460  0.0804769 0.0818944  0.0832983 0.0846883 0.0860645 0.0874267 0.0887749  0.0901088  0.0914286
7t(2,0,1) 0.0477044 0.0465723 0.0454715 0.0444012 0.0433604 0.0423484 0.0413643 0.0404073 0.0394766 0.0385714
n(2,1,1) 0.0564502 0.0558867 0.0553237 0.0547615 0.0542005 0.0536413 0.0530842 0.0525295 0.0519775  0.0514286
7t(2,2,1) 0.0667994  0.0670641 0.0673105 0.0675391 0.0677507 0.0679457 0.0681247 0.0682883  0.0684371  0.0685714
7(2,3,0) 0.0790460 0.0804769 0.0818944 0.0832983 0.0846883 0.0860645 0.0874267 0.0887749  0.0901088 0.0914286
71(3,0,1) 0.0477044  0.0465723  0.0454715 0.0444012 0.0433604 0.0423484 0.0413643 0.0404073  0.0394766  0.0385714
7(3,1,1) 0.0564502  0.0558867 0.0553237 0.0547615 0.0542005 0.0536413 0.0530842 0.0525295 0.0519775 0.0514286
71(3,2,1) 0.0667994  0.0670641 0.0673105 0.0675391 0.0677507 0.0679457 0.0681247 0.0682883  0.0684371  0.0685714
7t(3,3,0) 0.0790460 0.0804769 0.0818944 0.0832983 0.0846883 0.0860645 0.0874267 0.0887749  0.0901088 0.0914286
71(4,0,1) 0.0477044  0.0465723  0.0454715 0.0444012 0.0433604 0.0423484 0.0413643 0.0404073 0.0394766  0.0385714
7t(4,1,1) 0.0564502  0.0558867 0.0553237 0.0547615 0.0542005 0.0536413 0.0530842 0.0525295 0.0519775 0.0514286
(4,2,1)
(4,3,0)

S

We observe from the table that

X1 = X5 = X9 = X13;

X2 = X6 = X10 = X14,

X3 = X7 = X11 = X15,

X4 = Xg = X12 = X16/
andy; =025, i=1,23,4.

Upon verification of the total probability across all states, the following results
were obtained.
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7.1. Stationary Probability That Both Inventories Are Full

The event that both inventories are full corresponds to the event where the system
is in state (4,3,0). Accordingly, we plot 77(4,3,0) as a function of the production rate y
in Figure 8. We observe that 77(4,3,0) increases, as 7y increases. This behaviour is quite
natural since, as the production rate increases, the level of inventory 2 reaches its maximum

capacity frequently.
o
8 -
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Figure 8. 77(4,3,0) as a function of v.

7.2. Stationary Probability That the Production Machine Is Idle

Since the production machine is idle whenever inventory 2 is full, the possible states
are (1,3,0), (2,3,0), (3,3,0), and (4,3,0). So, by Equation (45), the stationary probability
that the production machine is idle is given by

51
B(o0) = Z P(i,S5,0,00) = 71(1,3,0) + 7(2,3,0) + 77(3,3,0) + 77(4,3,0). (86)
i=1
We plot B(oo) as a function of v in Figure 9. We observe that B(co) increases, as
< increases.

B(w)

0.28
|

0.26
|

Figure 9. B(c0) as a function of 7.
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7.3. Mean Stationary Rate of Occurrence of Switching-On Events

The mean stationary rate ENj of the occurrence of switching-on events is given
by Equation (47):

4
ENy = Ay ) 7(3,3,0) = A2[(1,3,0) + 72(2,3,0) + 72(3,3,0) + 72(4,3,0)]. (87)
i=1
Since we have assumed A, = 6.0, we vary the production rate  from 6.0 to 8.0. We
plot ENj as a function of v in Figure 10. This figure exhibits that EN; increases almost
linearly with respect to <. This is because the production rate v is larger than the demand
rate Ay, which means inventory 2 reaches the maximum level quite frequently.

EN,
18 19 20 21
Il

1.7
|

1.6

Figure 10. ENj as a function of 1.

7.4. Mean Stationary Rate of Occurrence of Switching-Off Events

Switching off the production machine takes place once the level of inventory 2 reaches
its full level S, = 3. So, by Equation (49), the mean stationary rate of occurrence of
switching-off events is given by

4
EN, =Y 7(i,2,1) = 7[n(1,2,1) + 7(2,2,1) + 7(3,2,1) + 7(4,2.1)].  (88)
i=1

We plot EN; as a function of y in Figure 11.

EN,
18 19 20 21
Il

1.7

1.6

Figure 11. ENj as a function of 1.
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We observe that EN; and EN; behave alike. This is because switching on takes place
if and only if switching off takes place.

7.5. Stationary Mean Rate of Occurrences of Substitutions

By Equation (51), the stationary mean rate of occurrence of substitution events is
given by

ENs = App[n(1,0,1) + 7(2,0,1) + 7(3,0,1) + 71(4,0,1)]. (89)

We plot ENj; as a function of v in Figure 12. We observe that EN3 decreases as
v increases. This behaviour also confirms that our model is quite consistent with the
increasing nature of 7.

0.50
|

EN,

0.40
|

T T T T
6.5 7.0 7.5 8.0

Y

Figure 12. EN3 as a function of 1.

7.6. Mean Stationary Rate of Occurrence of Events of Replenishment of Type-A Product

By Equation (53), the mean stationary rate of replenishment of type-A product inven-
tory is given by

ENy = M[r(1,3,0) + 7(1,0,1) + (1,1, 1) + (1,2, 1)]. (90)

We plot ENj as a function of -y in Figure 13. We observe that EN, is approximately 1,
as -y increases.

<
-

1.2

EN,
1.0
Il

0.8

0.6

T T T T
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Y

Figure 13. ENy as a function of 1.
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7.7. Mean Stationary Rate of Occurrence of Level of Inventory 2 Entering into 0 State

By Equation (55), the mean stationary rate of type 2 product inventory entering into
empty state is given by

ENs = Ap[m(1,1,1) 4+ m(2,1,1) 4+ 7(3,1,1) + 7(4,1,1)). (91)

We plot EN5s as a function of -y in Figure 14. Here, we observe that EN5 decreases, as 7y
increases. This is agreeable since A, < 7, and as <y increases, the probability of the level of
inventory 2 remaining above 0 increases.

1.40 1.45
1 1

ENs
1.35
|

I T T I
6.5 7.0 7.5 8.0

Y

Figure 14. EN5 as a function of 1.

Now we proceed to discuss the case p = 0. This is the case where the inventories are
managed independently.

For the choice S; = 4 and S; = 3, we have 7(i,j,k) = ¢(i)p(j, k), where
¢(i),i = 1,2,3,4 are the steady-state probabilities of the replenishment inventory, and
¥(3,0),¥(j,1),j = 0,1,2 are that of the production inventory. Using the steady-state
balance equations, we obtain ¢(1) = ¢(2) = ¢(3) = ¢$(4) = 0.25, and

1
1) = 2
¥(0,1) i o2t 1 o 92)
¥(1,1) = d , (93)
T+p+p2+p0%+p°
0
2,1) = , 94
03
3,1) = , 95

where p = Alz The result from Equations (92)—(95) is the same as in Equations (82)—(85).
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8. Conclusions

In this paper, we considered a mechanism for the joint coordination of two inventory
items, of which one item, type 1, is procured from outside and the other item, type 2, is
manufactured in-house by a machine attached to the inventory. We assumed the instanta-
neous replenishment of item type 1 whenever it reaches the zero level and also considered
the substitution of item type 2 with type 1 when type 2 is not available. The production
rate is treated as a controlling parameter. The subsequent analysis examined various sta-
tionary performance measures, including the following: the stationary probability of both
inventories being at full capacity; the stationary probability of the production machine
being idle; the mean stationary rate of switching-on events; the mean stationary rate of
switching-off events; the stationary mean rate of substitutions; the mean stationary rate of
replenishment events for type 1; and the mean stationary rate at which inventory 2 enters a
zero-stock state. The behaviour of each measure is justified in response to an increasing
production rate.

The objective of the research is to exhibit the tractability of the state probabilities of this
innovative model. The derivation of these state probabilities establishes a critical foundation
for subsequent cost-based optimisation analyses. These analyses, which are essential for
strategic decision-making, could be integrated into the proposed model to minimise crucial
operational costs such as holding, replenishment, production, and substitution costs. This
extension is vital for advancing the field of inventory control and represents a significant
milestone for future study aimed at achieving enhanced operational efficiency and cost
management. This research lays the foundation for extensive and impactful future work. A
particularly promising and immediate extension involves cost-based optimisation, where
the derived closed-form state probabilities may directly facilitate the development and
determination of the optimal policy parameters that minimise the total costs, including
holding, shortage, production, and substitution expenses. Further possible extensions
of this work include introducing a random lead time following a general distribution,
rather than a restrictive exponential distribution, and applying advanced simulation and
control strategies (see Al-Zahrani et al. [45] and Saber et al. [46]). This would allow for
a more accurate representation of diverse operational environments and provide robust
optimisation capabilities. Furthermore, developing models with adjustable reorder points
or variable lead times would significantly improve the model. These generalisations may
necessitate the use of more advanced techniques, such as matrix-analytic methods or the
method of supplementary variables, which are well-suited to handle non-exponential
distributions and complex system dynamics.
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