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Abstract

In this study, a bivariate model is proposed to analyse the joint distribution of Marion Island’s
vegetation stripe and wind direction data. The objective is to investigate whether wind con-
tributes to the formation of these irregular vegetation stripe patterns. Using a copula-based
approach, the joint density function is modelled with a bivariate wrapped Cauchy circular
component combined with various circular and axial distributions. Due to multimodality in
the data, a finite mixture model is proposed to accurately model the overall density. This fi-
nite mixture model incorporates the slope angle and cone aspect as concomitant variables. The
results indicate that a three latent component finite mixture model with von Mises and axial
normal distributions as marginals provides the best fit. Using the proposed model it was deter-
mined that wind influences vegetation stripe orientation on the southern sides of cones, while
no clear relationship is observed on the northern sides, likely due to harsher wind and sunlight
exposure. These findings highlight the role of wind and other environmental factors, such as
cone aspect and slope, in shaping vegetation patterns.

Keywords: axial data, circular data, copula, expectation-maximisation algorithm, mixture
model, vegetation stripes
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Chapter 1

Introduction

This chapter provides an overview of the problem statement, the aim, and the objectives of the
study. Additionally, it examines relevant previous research pertaining to the specific problem
under investigation and highlights other studies conducted on Marion Island over the years.

1.1 Problem statement

Linear vegetation patterns are frequently observed in climatically extreme environments such
as arid, polar, alpine, and wetland environments [1–3]. The general idea behind these vege-
tation stripes is that the vegetation or substrate found on hills or slopes would grow directly
downhill. This is because the plants found upslope would protect the neighbouring plants
found downslope from burial caused by moving substrate. Furthermore, neighbouring plants
also provide wind shelter for one another in the immediate environment [4]. For this reason, it
is expected that vegetation stripes will always be orientated vertically (aligned with the slope
of the surrounding topography) as this will provide maximum protection from burial caused
by gravity-related processes. However, this is not the case, just by looking at satellite images of
these various environments it can be observed that numerous vegetation stripes deviate away
from the expected vertical orientation and that this deviation varies considerably [4].

Various different hypotheses were formulated and studies were conducted in order to un-
derstand the orientation of these irregular stripe and band-like vegetation patterns. In these
studies, a recurring theme occurred being that wind and slope angles are seen as key contribu-
tors to the non-vertical orientation of vegetation stripes. However, there is still an incomplete
understanding regarding which environmental factors influence the occurrence and nature of
vegetation patterning. Since most of these studies were only conducted on a small scale or on
single landforms [5, 6] or through simulation studies [7] and have not yet been quantitatively
tested.

Fortunately, vegetation stripes are also present on Marion Island (specifically on its various
scoria cones found all over the island) for which there are various data variables associated
with both the specific vegetation stripes found all over the island as well as the various en-
vironmental factors to which the stripes may be exposed to. Furthermore, due to the strong
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Chapter 1. Introduction 2

dominance of westerly winds in the sub-Antarctic region, Marion Island offers an excellent
study system when examining the impacts of wind directions. For this reason, we can conduct
a large-scale analysis by developing a statistical model to explain the deviation from the ver-
tical orientation and finally determine whether or not wind direction (as well as various other
factors) truly has an effect on the orientation of the vegetation stripes found on Marion Island.

It should however be noted that the statistical analysis of this specific data combination is quite
different from the traditional analysis of bivariate continuous data. This is due to the fact that
wind direction is observed as circular data, and the orientation of the vegetation stripes is axial
data. The general idea behind axial data is that it is random lines that do not have a natural
orientation or specific start and end points associated with them [8]. There exist numerous
methods and distributions in directional statistics to model axial and circular data separately.
However, to the best of our knowledge, approaches to analyse the joint distribution of mixed
axial and circular data have not yet been investigated.

1.2 Aim and objective

The aim of this study is to determine whether or not wind direction (as well as various other
factors) truly affects the orientation of the vegetation stripes found on Marion Island. This will
be achieved by using a proposed bivariate distribution for handling mixed circular and axial
data. The model will be constructed using a copula-based approach to introduce a circular
copula that relies on the toroidal density created by S. Kato and A. Pewsey (2015) [9]. To deal
with data heterogeneity, which results from the fact that not all vegetation stripes experience
the same environmental conditions, a finite mixture of circular-axial bivariate distributions will
be fitted to the data. The mixing weights for this finite mixture model will be obtained based
on the available environmental covariates (concomitant variables) [10]. Using this approach
will allow for the grouping of vegetation stripes that feature a similar dependence on wind
direction into the same clusters while still taking into consideration the environmental factors
that it experienced.

1.3 Background

Marion Island is situated just North of the Antarctic Polar Convergence in the South Indian
Ocean [11] and is one of the six island archipelagos in the subantarctic [12]. The climate is mar-
itime with temperatures being cold but constant throughout the year ranging from between
5.2°C (degree Celsius) and 10.9°C at sea level in the summer months and between 1.6°C and
6.6°C at sea level in the winter months [13], with the top of the island being 7°C colder. In
terms of precipitation, it remains quite high year-round with 2000mm (millimeter) per annum
[14]. Similarly, the island also experiences windy conditions throughout the entire year with
an average of less than 10 windstill days and more than 100 days of extreme winds (more than
15 m.sec−1 (meters per second)) between 1992 and 2003 [14]. The island has a predominantly
Northwesterly wind which averages at 10 m.sec−1 and which makes up 60% of the captured
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Chapter 1. Introduction 3

wind readings. Whereas, less than 10% of the wind reading indicates a far weaker Easterly
wind which averages at less than 6 m.sec−1 in wind speed [14]. It should however be noted
that Marion Island has experienced a rapid change in its climate, with temperatures rising at a
rate double the mean global warming rate with an average annual increase of 0.04°C since 1969
[12], as well as a significant decline in captured rainfall readings since the 1960’s [15]. Changes
in wind conditions over the same period are less clear. However, the annual mean wind speed
has increased and the mean wind direction has seen a shift to a more Northerly direction espe-
cially during the late summer and autumn seasons [15].

In terms of topography, Marion Island is 290km2 (square kilometer) in area and rises to a height
of 1230m (meter). The island consists of one big mountain (volcano) in its center which slopes
down to a coastal plain. On the Northern and Southern sides of the island are a 4 to 5 km (kilo-
meter) wide area that gently rises from sea level to the foot of the mountain at around 300m
in altitude [12]. The island has 130 pyroclastic scoria cones scattered all over the island which
originated from previous volcanic eruptions [4]. Scoria cones mostly comprise of loose, rough
volcanic rocks. They are typically disproportionately exposed to winds due to the cones being
around 50 to 200m taller than the surrounding landforms [12]. Furthermore, they are predomi-
nantly located on these wider and more wind-exposed areas on the island away from cliffs and
ridges that could otherwise offer some wind shelter [12] as can be seen in Figure 1.1.

FIGURE 1.1: Aerial view of Marion Island and its scoria cones.

Marion Island houses a variety of plant species including 22 native species, 18 introduced
species, and three species of unknown status [12]. The vegetation on these scoria cones is
quite diverse as it ranges from sparse cryptogram cover to nearly closed vascular plant cover.
However, the cone’s vegetation is mostly dominated by the following four plant species: the
cushion-forming Azorella selago Hook, the grass Argostis magellanica Lam, the creeping fern
Blechnum penna-marina Kuhn, and finally the low-growing woody shrub Acaena magellanica
[4]. The growth pattern of these plants found specifically on the various scoria cones exhibits
an atypical characteristic, wherein they appear to align themselves in linear or stripe forma-
tions that correspond to their respective positions on the cones, see Figure 1.2b. As mentioned
in Section 1.1, it was hypothesised that these plants grow in these specific formations due to
neighbouring plants benefiting from each other by providing not only protection from burial
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Chapter 1. Introduction 4

by scoria in their immediate environment but also protection from these extreme wind con-
ditions [4]. Thus, it is expected that these vegetation stripes to be vertically orientated and
aligned with the immediate environment’s slope. However, by specifically looking at Figures
1.2a and 1.2b it can be seen that the orientation of these various stripes varies significantly from
the expected vertical orientation. Furthermore, it can be seen that the orientations also vary
across the different segments or aspects of the specific cone, which comprises of the northwest
(NW), northeast (NE), southwest (SW) and southeast (SE) aspects. This is also the case with the
other 130 scoria cones having their own unique variations in their various aspects.

(a) (b)

FIGURE 1.2: (a) Aerial view of scoria cone with visible vegetation stripe patterns and (b)
frontal view of a scoria cone with visible vegetation stripe patterns. Note. Reprinted from
“Vegetation of subantarctic Marion and Prince Edward Islands,” by Smith and Mucina,

2006, Strelitzia, 19, 708. Copyright 2006.

Marion Island was annexed by the Union of South Africa in late 1947 from the British govern-
ment which was in control of the island since 1908 [16]. This was quite a strategically important
event as Marion Island is one of the most significant sites for the collection and climatological
data and marine and terrestrial research in the vast oceanic region from as early as the 1940’s
and 1960’s respectively [17]. Furthermore, Marion Island has one of the most active soil and
perma frost environments in the world and plays a key role in understanding periglacial en-
vironments [17]. Shortly after gaining control of the island the South African government in-
stalled the first meteorological station on the Transvaal Cove on the North-East coast of Marion
Island which was administered by the Weather Bureau division of the Department of Transport
[16]. The station was manned by small parties of volunteers from various departments and was
stationed six months at a time until the next relief party arrived [16]. This weather station re-
mained in commission until the early 2010’s when a new research base was built replacing all
of the older decaying buildings on the site.
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During the 1950’s Marion Island had a permanent snowline at 600m in altitude and ice at
the summit [17]. However, this has drastically receded as Marion Island experienced an av-
erage yearly temperature increase of 0.04◦C between 1969 and 1999 [18]. Due to the snowline
receding, researchers could finally take a detailed look at the surface of higher altitude areas
on the Island. For this reason, the sorted stripes widely found on Marion Island were first de-
scribed by B. Van Zinderen (1975) [19]. Sorted stripes were originally described as patterned
ground consisting of alternating lines of coarse and fine stones orientated down the nearest
steepest slope [20]. Although vegetation stripes were observed and mentioned during these
initial studies the research conducted on Marion Island regarding the variation of the orienta-
tion of linear features in the sub-Antarctic was mostly focused on the sorted stripes.

As research developed through the years specifically regarding patterned ground it was ob-
served that sorted stripes as well as vegetation stripes surrounding it were not necessarily
orientated down the steepest slope but rather across. This occurred at numerous study sites
around the Southern Hemisphere such as Marion Island [21], Maquarie Island [22], South Geor-
gia Island [23], South Shetland Islands [24] and Kerguelen Island [25] just to name a few. Mul-
tiple hypotheses were developed regarding this strange phenomenon. Some speculated that
erosion due to slopewash [26] or snow cover [24] was a core reason behind these sorted stripes
[26]. While others believed that sorted stripes and sediment movement occurred due to frost
creep associated with needle ice activity resulting from the seasonal freezing and thawing oc-
curring in the landscapes [11, 27, 28]. Another hypothesis was that the sorted stripes originated
due to aeolian processes in the various areas [13, 21, 29, 30].

The hypothesis that wind was one of the key reasons for the existence of the sorted stripes
and vegetation stripes found in the areas was first proposed by K. Hall (1979) [21]. Hall mea-
sured the orientation of sorted stripes at 12 specific locations and determined that there was a
clear correlation between the orientation of the stripes and wind direction as the sorted stripes
aligned predominantly parallel to the wind direction [13, 21]. A study by S.D. Holness (2001)
[13] further reinforced this hypothesis of wind being the primary factor for the specific orien-
tation of these sorted stripes. In this paper, Holness conducted a more thorough investigation
by systematically searching for all sorted stripes at the specific 12 locations and determining
their orientation [13]. Holness also incorporated the varying orientations of the slopes where
these sorted stripes were found as part of the study. It was concluded that sorted stripes con-
sistently aligned with the maximum local gradient and were predominantly found on slopes
with a windward aspect, although they also occasionally appear on low-angle leeward slopes
[13]. Furthermore, it was found that in the presence of cross-winds, there was quite a signif-
icant absence of sorted stripes as they were quite infrequent [13]. Finally, he concluded that
when sorted stripes were found on nearly horizontal surfaces they would align parallel to the
dominant wind direction.

The literature consists of quite a few contradicting hypotheses regarding the origins of these
sorted stripes. Even though the paper by S.D. Holness (2001) [13] is quite conclusive there are
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Chapter 1. Introduction 6

just as strong arguments and evidence for the other hypotheses. Furthermore, one drawback
of the study conducted by Holness which he noted himself was that no theoretical statistical
models could be developed due to the nonexistence of specific surface-level wind data at the
locations of the sorted stripes. This was because all of the available wind data at the time was
just from the weather station which was located on the Northeast coast of the island and for this
reason they had to assume that this was representative of the entire island’s wind behaviour.

Fortunately, in a recent study conducted by K.A Goddard, K.J Craig, et al. (2022) [31], a compu-
tational fluid dynamics (CFD) model was developed to generate reliable wind pattern data for
Marion Island at surface level (30m resolution). With this CFD model, local variation in wind
speed and direction can be accounted for due to the island’s heterogeneous topography.

Instead of sorted stripes, the focus of this study will be on the vegetation stripes found on
Marion Island and specifically on how the wind as well as other factors such as cone aspect
and slope angle influences the orientation of these stripes. It is important to understand the
growth patterns of these stripes. Not only do these vegetation stripes affect ecosystem func-
tionality in climatically extreme environments (altering sediment and water movement) [6, 32],
but they are quite sensitive to changing environmental conditions and can possibly be used
as early warning mechanisms for environmental tipping points and exosystem collapse [33].
However, the influence of wind conditions on vegetation stripe patterns in the sub-Antarctic
has not been explored prior to this research.

In Table A.1, A.2 and A.3 found in Appendix A, a brief review of recent relevant literature
is presented specifically on the wind of Marion Island as well as the effect of wind on plants in
some other areas of the world. The table contains a short summary of the goal of each of the
studies, what methodologies were followed during the specific studies, and the conclusion of
each of the studies. The papers are listed in chronological order and start with P.C. Le Roux
and M.A. McGeoch (2008) [4] and end with M. Momberg et al. (2023) [34].

1.4 Outline of study

This study is organised as follows: Chapter 2 provides a detailed description of how the data
for vegetation stripes and wind direction were collected. It also includes an exploration of
the data to gain a comprehensive understanding of the various variables. Chapter 3 presents
background information on directional statistics, including the distinction between circular and
axial variables and the marginal distributions applicable to each. This chapter also introduces
copula functions and their application in modelling a circular-axial joint distribution. Chapter
4 outlines the methodology for constructing the proposed finite mixture model, which applies
the circular-axial joint density to the multimodal dataset. It details the parameter estimation
process using the expectation-maximisation (EM) algorithm and discusses the goodness of fit
measures used to identify the best-fitting model. Chapter 5 discusses the simulation model em-
ployed to evaluate the robustness of the proposed model under different scenarios. The chapter
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also presents the results obtained from applying the model to the Marion Island dataset, fol-
lowed by an interpretation of these findings. Finally, Chapter 6 concludes the study with a
discussion of the key conclusions and suggestions for future research.
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Chapter 2

Data Description and Exploration

This chapter provides a detailed account of the processes used to obtain the wind direction data
and the vegetation stripe data. Additionally, it includes a thorough exploration of the dataset
to ensure a clear understanding of the variables that will be used in this study.

2.1 Data description

Throughout this study, two datasets from Marion Island are utilised. The first is a wind dataset
derived from a CFD model, and the second is a vegetation stripe dataset, with observations ob-
tained from a 1m resolution digital elevation model. In conjunction with the vegetation stripe
dataset, this study also incorporates a Google Earth document containing numerous markers
(refer to Figure 1.2a) that indicate the locations of relevant scoria cones and 150 specific vegeta-
tion stripes of interest. This Google Earth document, along with the elevation model readings,
was previously obtained and utilised in a study by M. Momberg, D.W. Hedding, et al. (2021)
[35], which investigated wind stress as a driver of fine-scale variation in plant communities on
Marion Island.

The wind dataset contains simulated data originating from a CFD model [31]. The CFD model
uses the full digital surface model of Marion Island and simulates airflow over the topography
by iteratively solving partial differential equations [34]. The model was built using wind data
captured by sonic anemometers at 17 different locations spread out over the island, as can be
seen in Figure 2.1, from April 2018 until March 2020. Note however that this model predicts
the wind speed and direction at numerous systematic grid points on the island. Resulting in
each cone having numerous observations. However, only data points closest to a specific veg-
etation stripe’s coordinate were extracted since extracting all of the data points in an aspect
will introduce a lot of real-world heterogeneity that the vegetation stripe most likely does not
experience. In Figure 2.2 it can be observed that the actual location of the vegetation stripe is
marked with a red dot, whereas the closest data point from the simulated dataset is marked
with a blue dot.
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Chapter 2. Data Description and Exploration 9

FIGURE 2.1: Sonic anemometers locations over Marion Island. Note: Reprinted from “In-
vestigation of ecologically relevant wind patterns on Marion Island using Computational
Fluid Dynamics and measured data,” by Goddard et al., 2022, Ecological Modelling, 464,

109827. Copyright 2022.

FIGURE 2.2: Plot of simulated computational fluid dynamics model data points with the
red dot representing the actual location of the vegetation stripe and the blue dot represent-

ing the closest simulated wind observation point.

In Figure 2.2, it is evident that the distance between the actual location of the vegetation stripe
and the nearest simulated data point is remarkably close. This suggests that there should be no
difficulty in accurately determining the direction of the wind affecting the particular vegetation
stripe. However, there are a few instances where the distances between the actual and simu-
lated points are not as close and where the topography between the two data points drastically
changes. This results in the closest simulated wind direction not accurately representing the
winds that the vegetation stripe might have encountered. In cases like these, the vegetation
stripes as observations were excluded.

For this study, vegetation stripe observations were specifically extracted from 35 of the 130
scoria cones identified on Marion Island. These 35 cones were split into four aspects (NW, NE,
SE, SW) as indicated in Figure 2.3. This approach was followed such that it could be deter-
mined if the vegetation stripes’ orientation found in different areas of the cones was influenced
differently by the various external factors. This specific subset of the island’s scoria cones was
selected based on the following three rules:
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Chapter 2. Data Description and Exploration 10

1. They exhibited vegetation stripes in at least three out of the four aspects of the cone (NE,
NW, SE, SW).

2. Had a somewhat regular cone shape and no drastic changes in terms of topography.

3. Had a relatively consistent slope within each aspect.

FIGURE 2.3: Illustration of how cone aspects were obtained.

The pre-specified vegetation stripes’ orientation was extracted using Google Earth imagery
(which was last updated 2024/02/26) and its bag of various tools in order to calculate the cir-
cular average of five distinct vegetation stripes (measured from South to North) surrounding a
specific stripe marker as indicated by Figure 2.3 (where fewer stripes were present, the circular
mean orientation of all the stripes was used). However, with some of the vegetation stripes,
it was not possible to accurately obtain the orientation of the vegetation stripes as the stripes
were not distinct enough. Again, the observations in cases like these were excluded .

FIGURE 2.4: Illustration of how vegetation stripe direction was obtained from Google
Earth Imagery.

Due to both the above-mentioned issues, as well as our three-rule system in terms of the selec-
tion of applicable scoria cones, only 133 of the total 150 vegetation stripe observations in the
dataset were utilised for this study. Furthermore, from the two datasets, the following addi-
tional environmental information was available.
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Chapter 2. Data Description and Exploration 11

TABLE 2.1: Wind data (obtained from computational fluid dynamics model)

Variable Units Description
Longitude decimal degrees

Latitude decimal degrees

ux m.sec-1 Component of the wind velocity in the x direction
( E-W, x>0 means wind blowing from West to East).

uy m.sec-1 Component of the wind velocity in the y direction
(i.e. N-S, y>0 means wind component flowing from South to North).

uz m.sec-1 Component of the wind velocity in the z direction, w (i.e. up or down).

U-2D m.sec-1 Two dimensional horizontal wind speed U-2D=
√

u2
x + uy2.

U-3D m.sec-1 Three dimensional horizontal wind speed U-3D=
√

u2
x + u2

y + u2
z .

θ degrees Two-dimensional wind direction (obtained by using the Equation: 2.1).

The output of the CFD model was only a three-dimensional wind velocity vector. Therefore,
Equation 2.1 was used to determine the two-dimensional horizontal wind direction (θ):

θ = (270◦ − atan2(uy, ux) x
180
π

) mod 360◦, (2.1)

where

atan2(uy, ux) =



tan−1(
uy
ux
) , if ux > 0

tan−1(
uy
ux
) + π , if ux < 0 and uy ≥ 0

tan−1(
uy
ux
)− π , if ux < 0 and uy < 0

π
2 , if ux = 0 and uy > 0

−π
2 , if ux = 0 and uy < 0

unde f ined , if ux = 0 and uy = 0.

TABLE 2.2: Stripe data (obtained from digital elevation model and Google Earth docu-
ment).

Variable Units Description
Name Sample name, with north (N), east (E), west (W) and south (S) indicating the scoria cone aspect.

Latitude of marker Decimal degrees

Longitude of marker Decimal degrees

Slope angle Degrees Extracted from Marion Island digital elevation model.

Aspect Slope aspect; extracted from Google Earth document.

Altitude meters above sea level Extracted from Marion Island digital elevation model.

Stripe direction Degrees Obtained by calculating the circular mean of 5 distinct stripes surrounding specific stripe marker.
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Chapter 2. Data Description and Exploration 12

2.2 Exploratory analysis

The next section examines the descriptive statistics for both the wind and stripe directions.
The shape features of these variables will be explored using histograms and rose diagrams.
Additionally, the correlation between the two directions will be analysed through a scatter plot
and the calculation of a correlation coefficient.

2.2.1 Wind direction

The wind direction variable is a circular variable with a domain between 0 and 2π, and it has
the following descriptive statistics and distribution.

TABLE 2.3: Descriptive statistics of wind direction variable.

Mean direction Median direction Mean resultant length Circular variance Circular standard deviation
1.413483 1.432109 0.7955687 0.204431 0.67631

(a) Histogram of wind direction data. (b) Rose diagram of wind direction data.

FIGURE 2.5: Distribution of wind direction variable.

From Figure 2.5, it is observed that the wind mostly comes from the westerly direction (West
to East). This is in line with what is expected since from historical weather data it is known
that the three dominant wind directions on Marion Island are Westerly, North-Westerly, and
South-Westerly [31]. Furthermore, it can also be seen that the wind direction data is quite
concentrated. This is further confirmed in Table 2.3 from the mean resultant length, (which is
measured between 0 and 1 with values closer to 1 indicating higher concentration and values
closer to zero indicating higher dispersion) and circular variance (which is also measured be-
tween 0 and 1 with values closer to 1 indicating higher dispersion and values closer to zero
indicating higher concentration).

2.2.2 Stripe orientation

The stripe orientation variable is an axial variable with a domain between 0 and π, and has the
following descriptive statistics and shape features.
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TABLE 2.4: Descriptive statistics of vegetation stripe variable.

Mean direction Median direction Mean resultant length Circular variance Circular standard deviation
1.182635 0.9965248 0.6260779 0.3739221 0.9677609

(a) Histogram of stripe orientation data. (b) Rose diagram of stripe orientation data.

FIGURE 2.6: Distribution of vegetation stripe variable.

From Table 2.4 and Figure 2.6, it is observed that the stripe orientation has a multimodal distri-
bution and that the vegetation mostly grows in the South-Westerly / North-Easterly direction.
Furthermore, by looking at the somewhat high mean resultant length and low circular vari-
ance it can be seen that the observations for stripe directions are quite concentrated and not
dispersed.

(a) NE (b) NW (c) SE (d) SW

FIGURE 2.7: Rose diagrams for wind direction (top) and stripe orientation (bottom) by
aspect (NW, NE, SW, SE).
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2.2.3 Joint distribution of stripe orientation and wind direction

FIGURE 2.8: Scatter plot of the joint density of the vegetation stripe orientation and wind
direction variables. Data points are coloured according to the cone’s aspect, while their

size is proportional to the associated cone’s slope.

The joint distribution of wind and stripe directions is displayed in Figure 2.8. It is noted that
the wind direction and stripe orientation variables do not seem to be correlated. By calculating
the circular version [36] of Pearson’s product-moment correlation we get ρ = −0.1452. This in-
dicates that the variables are slightly negatively correlated. However, by specifically colouring
the data points according to the cone’s aspect, it is observed that there is clear evidence of sepa-
rated groups and clusters. Figures 2.7 and 2.8 indicate that locations with South-Westerly winds
and stripes pointing toward the North/South or North-East/South-West directions are mostly
found in the Southern part of the cone. Where on the other hand, locations in the Northern
part of the cone usually experience North-Westerly winds, with stripe directions more aligned
horizontally to the cone shape. By using a mixture of axial and circular distributions that also
consider and incorporate additional concomitant variables, we can not only group the data
based on different patterns of correlation but also evaluate how the aspect and slope affect
cluster membership.
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Chapter 3

Statistical Background

The aim of this study is to develop a mixture of bivariate distributions, which will be obtained
by binding a univariate circular distribution and a univariate axial distribution using a cop-
ula density. This chapter explores potential distributions that can be considered for axial and
circular marginals. Additionally, it examines the specific copula chosen to construct the joint
density.

3.1 Marginal distributions for the wind direction variable

Directional random variables are discussed extensively in [36–38]. Assume a direction ob-
served in a plane, such as the wind direction variable, is represented as a circular random
variable X with values on the unit circle [0, 2π). The density function is given by f circ(x). For
f circ(x) to be a valid circular density it needs to meet the following three requirements [36]:

• fcirc(x) ≥ 0 almost everywhere on (−∞, ∞),

• fcirc(x + 2π) = fcirc(x) almost everywhere on (−∞, ∞),

•
∫ 2π

0 fcirc(x)dx = 1.

From the above requirements, it can be observed that f circ(x) is a nonnegative function that
integrates to 1 over the support [0, 2π) and that it is also 2π periodic. Under these specific
requirements, the cumulative distribution function (cdf) of the circular random variable which
is expressed as [36]:

Fcirc(x) =
∫ x

0
fcirc(t)dt, where x ∈ [0, 2π). (3.1)

Some interesting properties relating to Fcirc(x) includes [36]:

• Similar to f circ(x), Fcirc(x) retains periodicity ie. Fcirc(x + 2kπ) = Fcirc(x),

• Fcirc(x) is discontinuous at 2kπ ie. limx→2kπ Fcirc(x) = 1 ̸= Fcirc(2kπ) = Fcirc(0) = 0, for
any integer k,

• F−1
circ(u) is a continuous mapping from the unit interval u ∈ [0, 1) to the unit circle [0, 2π).
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Chapter 3. Statistical Background 16

To model the circular wind direction variable, this study considers the two most commonly
used circular density functions: the von Mises (VM) distribution and the wrapped Cauchy
(WC) distribution. Both of these distributions are unimodal distributions which are symmetric
at the location parameter µ ∈ [0, 2π) and shaped by their concentration parameter κ which
controls the concentration of the distribution around µ [36].

The von Mises distribution, VM(µ, κ), has the following density [36]:

fVM(x; µ, κ) =
1

2π I0(κ)
eκ cos(x−µ), (3.2)

where 0 ≤ µ < 2π, κ > 0, I0 is the modified Bessel function of the first kind and order 0, and is
given by the following:

I0(κ) =
1

2π

∫ 2π

0
eκ cos θdθ. (3.3)

The von Mises distribution can be approximated by wrapping the normal distribution around
the circumference of a unit circle. This is achieved by using the following [36]:

x = l(mod2π), (3.4)

where l represents a linear distribution (ie. the normal distribution) with a random linear ob-
servation d. Furthermore, if l has a density fl then the corresponding density of the wrapped
function xw is [36]:

fXw(xw) =
∞

∑
k=−∞

fl(xw + 2πk). (3.5)

Now in order to derive the density of the wrapped Cauchy distribution, WC(µ, κ), Equation
3.4 is used to wrap the linear Cauchy distribution’s density onto the unit circle. The Cauchy
distribution’s density is given by the following [36]:

f (d; µ, κ) =
1
π

κ

κ2 + (d − µ)2 , where − ∞ < µ < ∞, κ > 0. (3.6)

The wrapped Cauchy distribution, WC(µ, κ), has the following density [36]:

fWC(x; µ, ξ) =
1

2π

1 − ξ2

1 + ξ2 − 2ξ cos(x − µ)
where ξ = e−κ, 0 ≤ µ < 2π, κ > 0. (3.7)

Figure 3.1 illustrates the densities of both the von Mises (black) and wrapped Cauchy (red)
distributions. The plot also highlights the effects of the concentration parameter κ on both
circular distributions. From this density plot, it can be observed that the wrapped Cauchy
distribution is more concentrated compared to the von Mises distribution.
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Chapter 3. Statistical Background 17

FIGURE 3.1: von Mises (black) and wrapped Cauchy (red) circular distributions, centered
at µ = π and varying concentrations κ = 2, 0.4 (continuous) and κ = 4, 0.6 (dashed).

3.2 Marginal distributions for the vegetation stripe orientation vari-
able

Axial data refers to observations of axes and are closely connected to circular data with a few
key differences. Axial variables represent axes or the orientation of a segment in a plane that
has neither a start nor an endpoint. Whereas, circular data represents a specific direction in
the plane. Furthermore, axial data otherwise known as half-circle data only lie within the do-
main of [0, π). Now assume that a random axial observation, like the orientation of a vegetation
stripe, is indicated by variable Y. Up until recently numerous studies fitted axial data by chang-
ing the domain to [0, 2π) (by multiplying the angle with 2) and then used the various circular
distributions to model it [8]. However, in a study conducted by B. Arnold and A. SenGupta
(2006) [8] they proposed a new method to obtain axial densities faxial(y), this method entails
the wrapping of circular density onto the semi-circle by using:

Y = X(mod)π. (3.8)

Similar to the circular densities, in order for faxial(y) to be a valid axial density it needs to meet
the following requirements [8]:

• faxial(y) ≥ 0 almost everywhere on (−∞, ∞),

• faxial(y + π) = faxial(y) almost everywhere on (−∞, ∞),

•
∫ π

0 faxial(y)dy = 1.

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



Chapter 3. Statistical Background 18

From the above requirements, it can be observed that faxial(y) is a nonnegative function that
integrates to 1 over the support [0, π) and that it is also π periodic. Under these specific require-
ments, the cumulative distribution function of a continuous axial random variable is expressed
as:

Faxial(y) =
∫ y

0
faxial(t)dt, where y ∈ [0, π). (3.9)

Some interesting properties of Faxial(y) includes [8]:

• Similar to f axial(y), Faxial(y) retains periodicity
ie. Faxial(y + kπ) = Faxial(y) so Faxial(y + (k + 1)π)− Faxial(y + kπ) = 1,

• Faxial(y) is discontinuous at π ie. limy→kπ Faxial(y) = 1 ̸= Fcirc(kπ) = Faxial(0) = 0, for any
integer k,

• F−1
axial(u) is a continuous mapping from the unit interval u ∈ [0, 1) to the half-circle [0, π).

To model the vegetation stripe orientation axial variable, Equation 3.4 will be used to wrap
both the von Mises and wrapped Cauchy distributions on the half-circle. Using this approach
ensures that both of the distributions are still unimodal and symmetric at the location parame-
ter µ. However, the domain for both of the distributions is [0, π).

The axial von Mises distribution or axial normal distribution, AXN(µ, κ), has the following
density [8]:

fAXN(y; µ, κ) = [π I0(κ)]
−1 cosh{κ cos(y − µ)}, (3.10)

where 0 ≤ y < π, 0 ≤ µ < π, κ > 0, I0 is the modified Bessel function of the first kind
and order 0 as defined in Equation 3.3.

The axial wrapped Cauchy distribution, AXWC(µ, κ), has the following density:

fAXWC(y; µ, ξ) =
1
π

1 − ξ4

1 + ξ4 − 2ξ2 cos(2(y − µ))
(3.11)

where ξ = e−κ, 0 ≤ y < π, 0 ≤ µ < π, κ > 0.

Figure 3.2, illustrates the density of both the axial normal (black) and axial wrapped Cauchy
(red) density. The plot also highlights the effects of the concentration parameter κ on both axial
distributions. From this distribution plot, it can be observed that the axial wrapped Cauchy
distribution is more concentrated compared to the axial normal distribution.
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Chapter 3. Statistical Background 19

FIGURE 3.2: Axial normal (black) and axial wrapped Cauchy (red) distributions, centered
at µ = π

2 and varying concentrations κ = 2, 0.4 (continuous) and κ = 4, 0.6 (dashed).

3.3 Circular-axial bivariate distribution

A copula-based approach was considered in order to obtain a circular-axial bivariate distri-
bution. A copula function is a function that expresses a multivariate distribution or a joint
distribution of various random variables in terms of individual marginal distributions [39].
Copulas are used to express the interdependencies between variables explicitly as well as to
model the correlation between these variables [39].

In order for a copula function to capture and portray the correct properties of a joint distri-
bution function it must meet the following three requirements [39]:

• The copula function is an increasing function of its marginal distribution inputs.

• The copula function always returns a valid probability.

• If all the marginal distribution inputs are equal to 1 except for one, then the copula is
equal to the value of the marginal distribution which was not equal to 1.

An appealing property of the copula approach is that it allows us to consider the marginal
distributions separately from the dependency structure between the variables. Using Sklar’s
theorem [39], the bivariate copula function can be defined as:

FX1,X2(x1, x2) = C(FX1(x1), FX2(x2)), (3.12)

where C represents the copula function, FXi(xi) represents the distribution function of Xi for
i = 1, 2 and FX1,X2(x1, x2) represents the joint distribution between variables X1 and X2. Fur-
thermore, if FX1,X2(x1, x2) is continuous everywhere on R, it can be differentiated with respect
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Chapter 3. Statistical Background 20

to x1 and x2 to obtain the density which is expressed as:

fX1,X2(x1, x2) = c(FX1(x1), FX2(x2)) fX1(x1) fX2(x2), (3.13)

where fXi(xi) represents the density of Xi for i = 1, 2 that is obtained by differentiating each
FXi(xi) with its respective Xi, and c is the copula density function which is obtained by differ-
entiating the copula function C.

In order to obtain the bivariate circular-axial density, a few different tools are needed.

One of the most well-known copula functions is the Gaussian copula which is defined as [40]:

Cρ(x1, x2) = Φρ(Φ−1(x1), Φ−1(x2)) where 0 ≤ x1, x2 ≤ 1, (3.14)

where Φρ is the cdf of the bivariate standard normal distribution with correlation parameter
ρ ∈ [−1, 1], and Φ−1 is the quantile function of the standard normal distribution.

Furthermore, the copula density function of the Gaussian copula is expressed as [40]:

cρ(F(x1), F(x2)) =
φρ(Φ−1(F(x1)), Φ−1(F(x2)))

φ(Φ−1(F(x2)))φ(Φ−1(F(x2)))
, (3.15)

where φρ is the density of a bivariate standard normal with marginal densities φ. Equation 3.15
shows that Gaussian copula’s density can be exploited to specify new bivariate distributions
on R2 with the desired marginals.

Considering the above result, we can exploit the Quantile Function Theorem which is given by
the following theorem [41]:

Theorem 1 (Quantile Function Theorem) Let F be a cdf. If F−1 : (0, 1) → (−∞, ∞) is defined by

F−1(y) = inf{x : F(x) ≥ y}, 0 < y < 1,

and U has the distribution of U(0, 1), then X = F−1(U) has cdf F().

With Theorem 1 it is possible to transform any circular random variable to another circular
random variable with a specific desired distribution. For example, let X be a random vari-
able from the von Mises distribution with cdf FVM and let F−1

WC be the inverse cdf or quantile
function of a wrapped Cauchy random variable. By using Theorem 1, the random variable
X′ = F−1

WC(FVM(X)) is distributed as a wrapped Cauchy with cdf FWC. Similarly, Theorem 1 can
be used not only to switch between axial random variables but also to transform an axial ran-
dom variable into a circular random variable. For example, let Y be distributed as an axial nor-
mal distribution with cdf FAXN and let F−1

WC be the inverse cdf or quantile function of a wrapped
Cauchy circular random variable. Under this setting, the random variable Y′ = F−1

WC(FAXN(Y))
is distributed as a circular wrapped Cauchy with cdf FWC.
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Unfortunately, it is not possible to utilise standard copula functions such as the Gaussian, Clay-
ton and Student’s t copula since they lack the periodicity requirement which is required to
specify a joint distribution with circular marginals [42] i.e.

c(Fcirc(x1), 0) =c(Fcirc(x1), 1) where 0 ≤ Fcirc(x1) ≤ 1,

c(0, Fcirc(x2)) =c(1, Fcirc(x2)) where 0 ≤ Fcirc(x2) ≤ 1.

The group of copulas that meet the above requirements and are able to specify a joint distri-
bution with circular marginals are called circulas [43]. To obtain the circular joint density it is
custom to use the following [43]:

fcircX1,X2(x1, x2) = 4π2ccirc(2πFcircX1(x1), 2πFcircX2(x2)) fcircX1(x1) fcircX2(x2), (3.16)

where fcircXi(xi) represents the circular density of Xi which is obtained by differentiating each
FcircXi(xi) with its respective Xi, and ccirc is the circula density function.

However, in this study, a circula is obtained by replacing the bivariate normal density in Equa-
tion 3.15 with the five-parameter bivariate wrapped Cauchy density which was introduced by
S. Kato and A. Pewsey (2015) [9]. The five-parameter bivariate wrapped Cauchy density is
given by the following:

fKP(x1, x2) = c(c0 − c1 cos(x1 − µ1)− c2 cos(x2 − µ2)− c3 cos(x1 − µ1) cos(x2 − µ2) (3.17)

−c4 sin(x1 − µ1) sin(x2 − µ2))
−1, for 0 < x1, x2 ≤ 2π,

where xi is a random wrapped Cauchy variable with distribution WC(µi, κi) such that 0 < µi ≤
2π, 0 ≤ ξi < 1, ξi = e−κi .
Furthermore:

• c = (1 − ρ2)(1 − ξ2
1)(1 − ξ2

2)/(4π2),

• c0 = (1 + ρ2)(1 + ξ2
1)(1 + ξ2

2)− 8|ρ|ξ1ξ2,

• c1 = 2(1 + ρ2)ξ1(1 + ξ2
2)− 4|ρ|(1 + ξ2

2)ξ2,

• c2 = 2(1 + ρ2)(1 + ξ2
1)ξ2 − 4|ρ|ξ1(1 + ξ2

1),

• c3 = −4(1 + ρ2)ξ1ξ2 + 2|ρ|(1 + ξ2
1)(1 + ξ2

2),

• c4 = 2ρ(1 − ξ2
1)(1 − ξ2

2),

• −1 < ρ < 1.

The various circular and axial distributions, along with the circula function discussed in this
chapter, will serve as foundational components in constructing the proposed modeling frame-
work for this study.
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Chapter 4

Methodology

While the concept of a circular-axial distribution is quite uncommon, Chapter 2 highlights con-
cerns regarding latent heterogeneity and multimodality, especially for the stripe direction vari-
able. This multimodality in the observations most likely originated from the influence of biotic
and abiotic factors, such as soil moisture, slope angle, surrounding topography, and specific as-
pects of the cone where the stripe is located, which collectively have an effect on the orientation
of the vegetation stripes. Unfortunately, capturing this complex behaviour accurately using a
single model presents significant challenges. To address this issue, the proposed density will
be incorporated into a finite mixture model that also accounts for the various concomitant vari-
ables. Furthermore, the EM algorithm will be used to maximise the likelihood and estimate the
various parameters.

4.1 The proposed joint model

For this study, a special case of Equation 3.17 is used where it is assumed ξi = 0 for i = 1, 2. By
making this assumption the following bivariate wrapped Cauchy density is obtained:

fKP(x1, x2) =
1 − ρ2

4π2 (1 + ρ2 − 2 | ρ | cos(x1) cos(x2)− 2ρ sin(x1) sin(x2))
, (4.1)

where 0 ≤ x1, x2 ≤ 2π, ρ ∈ [−1, 1].

The univariate marginal distributions of this joint density are circular uniform distributions
which is expressed as:

g(x1) = g(x2) = (2π)−1, 0 ≤ x1, x2 < 2π, (4.2)

with the following cdfs:
G(x1) =

x1

2π
, G(x2) =

x2

2π
, (4.3)

and inverses:
G−1(a) = 2πa, G−1(b) = 2πb. (4.4)
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Now, using the result from Chapter 3 the bivariate circular-axial distribution of the circular
random variable X and the axial random variable Y can be obtained. Using Equation 3.15 and
Theorem 1 the density function of the bivariate wrapped Cauchy circula gKP(Fcirc(x), Faxial(y))
can be calculated and is given by the following:

gKP(Fcirc(x), Faxial(y)) =
fKP(G−1(Fcirc(x)), G−1(Faxial(y)))
g(G−1(Fcirc(x)))g(G−1(Faxial(y)))

=
1 − ρ2

4π2 (1 + ρ2 − 2 | ρ | cos(2πFcirc(x)) cos(2πFaxial(y))− 2ρ sin(2πFcirc(x)) sin(2πFaxial(y))) 1
4π2

=
1 − ρ2

(1 + ρ2 − 2 | ρ | cos(2πFcirc(x)) cos(2πFaxial(y))− 2ρ sin(2πFcirc(x)) sin(2πFaxial(y)))
.

(4.5)

Finally, using gKP(Fcirc(x), Faxial(y)) and Equation 3.13 the following bivariate circular-axial
density can be obtained:

fcirc,axial(x, y) = gKP(Fcirc(x), Faxial(y)) fcirc(x) faxial(y). (4.6)

(a) (b)

FIGURE 4.1: Example of the bivariate densities for: (a) circular von Mises and axial normal
marginals with µcirc = 1, κcirc = 1 and µax = 2.5, κax = 4; (b) circular wrapped Cauchy

and axial normal marginals with µcirc = 5, κcirc = 0.4 and µax = 1, κax = 2.

As can be seen in Figure 4.1, some properties of the joint density function include, a unimodal
density whose shape is determined by ρ, if the value of ρ is positive (negative) then the corre-
lation will be positive (negative) respectively. Furthermore, if ρ = 0 then it indicates that the
two variables are independent. For large values of |ρ| it indicates that x1 and x2 are close to-
gether in probability. Finally, in terms of the shape of the density contours, it is approximately
elliptical-shaped near each of the modes and will distort as it gets further away from the modes
[9].
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4.2 The proposed mixture model

A finite mixture model can be utilised to determine the overall joint density from a weighted
sum of K different underlying densities. Each underlying density is associated with its own αk,
which represents the probability of belonging to the kth class. The general finite mixture model
is given by the following [44]:

f (x, y) =
K

∑
k=1

αk fk(x, y), (4.7)

where α is a vector of mixture weights αk (k = 1, 2, ..., K) such that each αk > 0 and the sum of
all αk is equal to 1. And fk(x, y) is the joint density function of the underlying component K.

A finite mixture model will be used to account for the data’s multimodality. Assume that the
underlying K components follow the bivariate circular-axial density:

fcirc,axial(x, y; θk) = gKPk(Fcirc(x), Faxial(y)) fcirc(x; µcirck , κcirck) faxial(y; µaxialk , κaxialk), (4.8)

where θk = (ρk, µcirck , κcirck , µaxialk , κaxialk).

However, for the inclusion of the various environmental variables, a concomitant variable mix-
ture model will be used [45]. Using this model it is possible to account for the heterogeneity
caused by these specific covariates. The difference between a normal finite mixture model
and a concomitant variable mixture model is that the mixing proportions αk’s can be modelled
as depending on a set of covariates z = (z1, . . . , zp). Where the relationship between these
probabilities and the covariates can be specified in terms of (K − 1)× p regression coefficients
through a generalised linear model (glm) with link function h, say h(αk(z)) = z⊤βk [46, 47].
For this study, a logit link function will be used. Therefore, the mixing proportions αk can be
calculated as follows:

Case 1: For only two classes (K=2)
To model the log-odds of the mixing proportions for the K=2 case the following is used [48]:

log
(

α2(z)
α1(z)

)
= z⊤β, (4.9)

where α1(z) is the probability that observation i belongs to class 1 and α2(z) that it belongs to
class 2. Furthermore, z is the vector of covariates for each observation and β is the regression
coefficients for class 2. Now, by using the fact that the sum of αk should equal to 1, both of the
α’s can be solved simultaneously and express both of the mixing proportions as:

α2(z) =
exp(z⊤β)

1 + exp(z⊤β)
, (4.10)

α1(z) =
1

1 + exp(z⊤β)
. (4.11)
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Case 2: For more than two classes (K>2)
To model the log-odds of the mixing proportions for the K>2 case the following is used [48]:

log
(

αk(z)
α1(z)

)
= z⊤βk for k = 2, 3, . . . , K (4.12)

where αk(z) is the probability that observation i belongs to the kth class and βk is the regression
coefficients for class k. Now, using the fact that the sum of αk should equal to 1, all of the α’s
can be solved simultaneously and express all of the mixing proportions as:

α1(z) =
1

1 + ∑K
k=2 exp(z⊤βk)

, (4.13)

αk(z) =
exp(z⊤βk)

1 + ∑K
k=2 exp(z⊤βk)

. (4.14)

So by combining Equation 4.8 and the defined glm approach the following concomitant vari-
able mixture model can be obtained:

fcirc,axial(x, y; θ, β) =
K

∑
k=1

αk(z; β) fcirc,axial(x, y; θk). (4.15)

4.3 Maximum likelihood estimation

In this study, the well-known EM algorithm [49] was used to find the maximum likelihood esti-
mates (MLE) of the finite mixture model’s parameters θ. In the finite mixture model framework,
it is usually assumed that the observations {xi, yi}n

i=1 are conditionally independent given the
K latent classes. For this reason, the likelihood of the mixture model can be expressed as:

L(θ, β; x, y) =
n

∏
i=1

K

∑
k=1

fcirc,axial(xi, yi, θk)αk(zi; β). (4.16)

The EM algorithm is an iterative algorithm that starts from a set of initial values of θ which get
updated at each iteration until convergence is met. The algorithm combines the observed data
with their latent posterior probabilities which are given by:

uik =

0 if observation i is not from component k,

1 if observation i is from component k,

to maximise the complete data log-likelihood (CDL) and obtain the MLE’s of the parameters.
The CDL function is given by:

log L(θ, β; x, y) =
n

∑
i=1

K

∑
k=1

uik[log( fcirc,axial(xi, yi|uik; θk)) + log(αk(zi; β))]. (4.17)
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With the EM algorithm, each iteration consist out of an expectation step (E step) and a maximi-
sation step (M step). In the E step, the posterior probabilities are updated based on the current
iteration t’s set of parameters α

(t)
k and θ(t) = (θ

(t)
1 , . . . , θ

(t)
K ), by using the following:

γik = E(uik | xi, yi, θ
(t)
k )

= P(uik = 1 | xi, yi, θ
(t)
k )

=
P(uik = 1, xi, yi | θ

(t)
k )

P(xi, yi | θ
(t)
k )

=
P(xi, yi | uik, θ

(t)
k )P(uik = 1 | θ

(t)
k )

P(xi, yi | θ
(t)
k )

=
α
(t)
k fcirc,axial(xi, yi | uik, θ

(t)
k )

∑K
k=1 α

(t)
k fcirc,axial(xi, yi | uik, θ

(t)
k )

. (4.18)

Now the expected complete data log-likelihood (ECDL) can be obtained by replacing uik in
Equation 4.17 with E(uik = 1 | xi, yi, θ

(t)
k ) = γik, the ECDL is given by:

Q(θ) + Q(β) =
n

∑
i=1

K

∑
k=1

γik[log( fcirc,axial(xi, yi|uik; θk)) + log(αk(zi; β))]. (4.19)

In the M step the parameters θ and β are updated by maximising the ECDL. Since the ECDL is
the sum of two functions that depend on independent sets of paramaters, Q(θ) and Q(β) can
be maximised separately. For the maximisation of Q(θ)’s parameters the weighted inference of
margins approach is used, this allows us to obtain the MLE’s for each of the marginal distribu-
tions independently using γik as the weights. Now that both the circular and axial marginals’
MLEs are obtained, it can be used to numerically maximise the ρ parameter using the log of
Equation 4.8. To maximise Q(β), a fitted weighted multinomial regression with a logit link
function was used.

4.4 Goodness of fit measure

To determine which of the four different possible combinations for the marginal distributions
provides the best fit for the density fcirc,axial(xi, yi; θ, β) = ∑K

k=1 αk(ui; β) fcirc,axial(xi, yi; θk), the
Bayesian Information Criterion (BIC) was considered. Additionally, the BIC score will be used
to identify the optimal value of K. The model with the lowest BIC score is considered to be
the best fit. By using the BIC score it is possible to determine which model provides the best
balance between goodness of fit and model complexity [50] .

The BIC score can be calculated by using the following equation:

BIC = −2ln(L(θ̂, β̂; x, y)) + 2ln(n)r , (4.20)
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where L(θ̂, β̂; x, y) being the maximum likelihood function of the specific model, r being the
amount of estimated parameters in the model and n being the total number of observations.
From Equation 4.20, it can be seen that the BIC score rewards a model that fits the data well
(higher maximum likelihood), but penalises a model that is more complex (more parameters)
or less parsimonious.
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Chapter 5

Application

The following Chapter presents the simulation study, designed to evaluate the robustness of
the proposed model across a wide range of variables and varying numbers of latent classes.
Additionally, it includes the results obtained from applying the proposed model to the Mar-
ion Island dataset, followed by an in-depth interpretation of these findings in the discussion
section.

5.1 Simulation study

The simulation study can be used to test the model under different scenarios and ensure that
the proposed model estimates the various parameters correctly for the specified number of
latent classes. The simulation study is conducted by generating 200 replicas, each with n = 600
observations, from the model described in Equation 4.15 by using Algorithm 1.

Algorithm 1 Simulation from a mixture of copula-based axial-circular distributions

Require: a vector of covariates z and parameters (β, µcirc, κcirc, µaxial , κaxial)
Ensure: n ≥ 2

for i = 1, . . . , n do
1: Generate mixing proportions:

a: Compute ηij = z⊤i βk, k = 2, . . . , K
b: Compute αik =

exp(ηik)

1+∑K
k=2 exp(ηik)

, k = 2, . . . , K
c: Compute α

i1=
1

1+∑K
k=2 exp(ηik)

2: Simulate latent class membership:
By using a multinomial distribution with the generated mixing proportions as
probabilities such that uik ∼ Multinom(αi1, ...., αiK)
3: Simulate axial-circular observations:

a: Draw ν ∼ Uni f (0, 1)
b: Compute yi = F−1

axial(ν; µaxial , κaxial)
c: Compute δ1 = 2π(Faxial(yi; µaxial , κaxial))
d: Draw δ2 ∼ fCWC(δ | δ1),
where fCWC(δ | δ1) is the conditional wrapped Cauchy obtained by S.
Kato and A. Pewsey (2015) [9], Th. 1, Sec. 2.4, with κ1 = κ2 = 0
e: Compute xi = F−1

circ(2π−1δ2; µcirc, κcirc)
end for
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Using the Algorithm 1, the proposed model can be tested on scenarios where we have K ∈
{2, 3} latent classes. And use specific parameter values to test the model on a whole range of
the data domain ((x, y) | 0 ≤ x ≤ 2π, 0 ≤ y ≤ π). Two covariates are also included in the sim-
ulation study where the values of the covariates have been randomly generated from N(0, 4)
and Ber(0.5) and the corresponding β regression coefficients from N(0, 4). To estimate the β’s
and the mixing probabilities the glm() function was used for K=2 and the multinom() function
from the nnet package was used for K>2 in R software. All of the parameters MLE’s were ob-
tained using the optimize() function in R software. Furthermore, the EM algorithm was set to
run for either a maximum of 100 iterations or until the convergence threshold of 0.0001 was
met (|ECDLnew − ECDLold| > 0.0001)).

With this specific decision on covariate parameters, the model can be tested on both contin-
uous and categorical variables. Even though these few scenarios are not exhaustive, we are
still able to explore potential real-world scenarios where latent components may or may not
overlap and show positive or negative correlations, while still being able to account for differ-
ent effects of covariates on the class membership probabilities. Using this simulation study, the
equal-tail 95% confidence intervals can be obtained for each parameter for each of the four dif-
ferent possible combinations of the circular-axial marginal distributions. The simulation study
results for both the β and θ parameters can be found in Table 5.1 and 5.2. From the results, it
can be seen that for all the cases the parameter estimates are accurate and that the true values
are included in the 95% confidence intervals. Thus, highlighting the fact that the proposed
model is capable of correctly and accurately recovering the parameters for both the observed
and latent components.

TABLE 5.1: Results of the simulation study: estimation of the regression parameters.

Family K β0 β1 β2
true est true est true est

VM-AXN 2 -2.41 -2.43 (-2.94, -2.00) 0.55 0.56 (0.43, 0.71) 2.17 2.18 (1.72, 2.77)
2 -0.09 -0.06 (-0.51, 0.38) 0.64 0.66 (0.50, 0.83) 0.12 0.10 (-0.43, 0.60)
3 1.32 1.36 (1.01, 1.75) 1.17 1.19 (1.01, 1.46) -2.93 -2.96 (-3.67, -2.37)

VM-AXWC 2 -0.86 -0.86 (-1.11, -0.55) 0.23 0.23 (0.14, 0.33) 0.37 0.37 (0.01, 0.71)
2 -0.86 -0.88 (-1.31, -0.55) 0.37 0.37 (0.26, 0.49) 0.54 0.55 (-0.02, 1.13)
3 0.23 0.22 (-0.10, 0.45) -0.07 -0.08 (-0.17, 0.01) -0.19 -0.20 (-0.60, 0.17)

WC-AXN 2 -1.26 -1.32 (-2.10, -0.67) 3.67 3.87 (2.82, 5.17) 0.69 0.75 (-0.10, 1.72)
2 -0.09 -0.07 (-0.66, 0.59) 0.64 0.65 (0.45, 0.91) 0.12 0.11 (-0.62, 0.79)
3 1.32 1.36 (0.87, 1.91) 1.17 1.21 (0.95, 1.56) -2.93 -3.02 (-3.93, -2.13)

WC-AXWC 2 -0.86 -0.87 (-1.40, -0.38) 0.23 0.25 (-0.14, 0.77) 0.37 0.38 (-0.06, 0.79)
2 -0.86 -0.87 (-1.18, -0.552) 0.37 0.38 (0.21, 0.55) 0.54 0.55 (-0.03, 1.21)
3 0.23 0.25 (-0.14, 0.77) -0.07 -0.08 (-0.22, 0.06) -0.19 -0.23 (-0.77, 0.32)
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TABLE 5.2: Results of the simulation: estimation of the parameters of the density.

Family K
µcirc κcirc µaxial κaxial ρ

true est true est true est true est true est

VM-AXN

1 1 1.00 (0.92, 1.09) 2 2.03 (1.74, 2.31) 0.5 0.50 (0.40, 0.61) 2 2.03 (1.70, 2.34) -0.45 -0.45 (-0.50, -0.39)
2 5 5.00 (4.94, 5.07) 6 6.19 (4.87, 8.16) 2 2.00 (1.93, 2.06) 5 5.12 (4.06, 6.31) 0.60 0.58 (0.49, 0.65)
1 1 1.00 (0.90, 1.10) 3 3.09 (2.48, 3.87) 0.5 0.49 (0.35, 0.62) 2 2.08 (1.54, 2.62) -0.45 -0.39 (-0.50, -0.11)
2 5 5.00 (4.92, 5.07) 5 5.05 (3.69, 6.71) 2 2.00 (1.92, 2.07) 5 5.14 (3.96, 6.79) 0.60 0.57 (0.46, 0.64)
3 3 3.00 (2.95, 3.04) 10 10.10 (8.31, 12.70) 1.5 1.50 (1.45, 1.54) 9 9.13 (7.63, 11.10) 0.10 0.09 (-0.06, 0.17)

VM-AXWC

1 1 0.99 (0.86, 1.11) 3 3.03 (1.99, 3.92) 0.5 0.61 (0.13, 2.86) 0.3 0.31 (0.15, 0.43) -0.45 -0.43 (-0.52, -0.36)
2 5 4.98 (4.91, 5.08) 5 5.24 (3.60, 6.83) 2 2.00 (1.83, 2.15) 0.55 0.56 (0.45, 0.65) 0.60 0.57 (0.45, 0.66)
1 1 1.00 (0.92, 1.10) 2 2.04 (1.68, 2.40) 0.5 0.51 (0.20, 0.83) 0.3 0.31 (0.13, 0.41) -0.45 -0.41 (-0.49, -0.31)
2 5 4.98 (4.93, 5.07) 6 5.99 (4.60, 7.37) 2 2.00 (1.92, 2.08) 0.7 0.70 (0.64, 0.75) 0.60 0.58 (0.50, 0.64)
3 3 3.00 (2.95, 3.04) 10 10.02 (8.31, 12.30) 1.5 1.50 (1.48, 1.52) 0.9 0.90 (0.88, 0.92) 0.10 0.09 (-0.08, 0.18)

WC-AXN

1 1 1.00 (0.76, 1.24) 0.3 0.30 (0.25, 0.37) 0.5 0.50 (0.37, 0.61) 2 2.02 (1.69, 2.42) -0.45 -0.44 (-0.50, -0.38)
2 5 5.00 (4.98, 5.02) 0.9 0.90 (0.88, 0.92) 2 2.00 (1.95, 2.05) 5 5.07 (4.37, 6.00) 0.60 0.59 (0.53, 0.64)
1 1 1.00 (0.71, 1.29) 0.3 0.31 (0.21, 0.40) 0.5 0.50 (0.33, 0.67) 2 2.11 (1.55, 2.81) -0.45 -0.43 (-0.52, -0.34)
2 5 5.00 (4.98, 5.03) 0.9 0.90 (0.87, 0.92) 2 2.00 (1.92, 2.07) 5 5.21 (3.65, 7.18) 0.60 0.58 (0.46, 0.66)
3 3 3.00 (2.86, 3.16) 0.5 0.50 (0.41, 0.58) 1.5 1.50 (1.45, 1.55) 9 9.19 (7.44, 11.70) 0.10 0.09 (-0.06, 0.20)

WC-AXWC

1 1 1.01 (0.82, 1.23) 0.3 0.31 (0.23, 0.37) 0.5 0.49 (0.20, 0.80) 0.3 0.31 (0.16, 0.41) -0.45 -0.42 (-0.50, -0.29)
2 5 5.00 (4.98, 5.02) 0.9 0.90 (0.88, 0.92) 2 2.00 (1.92, 2.06) 0.7 0.71 (0.64, 0.76) 0.60 0.58 (0.51, 0.65)
1 1 1.05 (0.70, 1.43) 0.3 0.31 (0.18, 0.42) 0.5 0.55 (0.13, 1.21) 0.3 0.33 (0.14, 0.51) -0.45 -0.40 (-0.51, -0.22)
2 5 5.00 (4.98, 5.03) 0.9 0.90 (0.87, 0.92) 2 2.00 (1.81, 2.13) 0.55 0.57 (0.46, 0.66) 0.60 0.57 (0.46, 0.66)
3 3 3.01 (2.87, 3.14) 0.5 0.50 (0.39, 0.59) 1.5 1.49 (1.48, 1.52) 0.9 0.90 (0.87, 0.92) 0.10 0.09 (-0.05, 0.19)
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5.2 Real data application

In this section, the proposed model will be applied to the Marion Island dataset discussed in
Chapter 2, where the axial variable represents the vegetation stripe orientation, and the circular
variable corresponds to the wind direction measured at n = 133 locations across the island. To
model the latent class membership probabilities, the cone aspect (NE, NW, SE, SW) and slope
angle will be included as covariates. The cone aspect identifies the quadrant of the cone where
each vegetation stripe observation is situated, while the slope angle quantifies the inclination of
the terrain surrounding each vegetation stripe orientation observation. To determine the best-
fitting model for the Marion Island data, four different combinations of circular-axial marginal
densities, (VM-AXN, VM-AWC, WC-AXN, and WC-AWC) will be evaluated, along with three
potential values for the number of underlying latent classes (K = 2, 3, 4). The models will be
assessed using the ECDL and BIC scores, with results summarised in Table 5.3.

From Table 5.3, it can be concluded that based on the lowest BIC score the best-performing
model overall is a model with K=3 underlying components and VM-AXN marginals. Fur-
thermore, the final parameter estimates are summarised in Tables 5.4 and 5.5, as well as each
parameter’s 90% equal-tail confidence intervals which were obtained using a 10 000 interval
bootstrap procedure. From these results, it is evident that the confidence interval bands are
quite spread out and wide. This is most likely due to the limited number of observations, al-
lowing the model to estimate a range of possible different results. If we had more observations,
as was the case in the simulation study, the confidence intervals would be narrower and would
have reflected greater certainty in the parameter estimates.

TABLE 5.3: Expected complete-data log-likelihood and Bayesian Information Criterion for
each estimated model.

Model
logL BIC

K 2 3 4 2 3 4

VM-AXN -182.14 -156.02 -147.32 427.86 419.62 446.23
WC-AXN -185.50 -162.28 -139.66 434.58 432.15 430.93
VM-AXWC -192.88 -167.05 -149.59 460.53 454.43 468.56
WC-AXWC -192.87 -167.83 -148.57 460.52 456.00 470.65

TABLE 5.4: Point estimates (95% equal-tail confidence intervals) for the parameters of the
density for K=3 latent classes.

Class µcirc κcirc µaxial κaxial ρ

1 -1.92 (-2.04, -1.81) 5.60 (4.66, 10.07) 0.68 (0.62, 0.75) 18.96 (15.0, 36.7) 0.25 (0.09, 0.43)
2 -2.32 (-2.45, -2.20) 5.00 (4.26, 9.21) 0.14 (0.05, 0.23) 10.01 (8.42, 19.7) 0.35 (0.12, 0.49)
3 -1.16 (-1.26, -1.05) 5.99 (5.42, 10.03) -1.25 (-1.39, -1.10) 3.13 (2.63, 5.41) 0.07 (-0.17, 0.23)
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TABLE 5.5: Estimated regression coefficients for K=3 latent classes. Reference class is
Class = 1.

Class NE NW SE SW Slope
2 -15.30 (-207, -5.93) -6.81 (-37.5, 6.89) 11.40 (4.88, 149) -11.01 (-159, -5.17) 0.30 (0.05, 8.83)

3 7.35 (1.34, 63.6) -1.50 (-9.71, 35.2) -17.12 (-99.9, -13.2) -10.16 (-69, -4.67) 0.05 (-0.04, 0.23)

(a) (b)

FIGURE 5.1: (a) Estimated classification results of the model with K = 3. (Each observation
has been assigned to a latent component where class 1=black, class 2=red, class 3=gold,

(b) Overall joint density of the Marion Island data.

FIGURE 5.2: Conditional distribution in the form of rose diagrams of wind direction (top)
and vegetation stripe orientations (bottom), given the allocation within three latent classes,

where class 1=black, class 2=red, class 3=gold.

In Figure 5.1, the estimated classification results for the proposed finite mixture model are
visualised, alongside the overall joint density fitted to the Marion Island dataset. Figure 5.1
provides a detailed representation of how the model classifies the observations based on the
fitted density. Additionally, Figure 5.2 offers an alternative perspective through the use of rose
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diagrams, illustrating the conditional distributions of both the wind direction (circular) and
vegetation stripe orientation (axial) for the observations within each class. These diagrams
highlight the distinct distributional patterns captured by the model for each class. By using
both figures, it can be seen that classes 1 and 2 demonstrate a positive correlation between the
wind direction and vegetation stripe orientation.

By specifically focusing on class 1, which consists of vegetation stripe observations that are
mostly located on the Southwestern aspects of the scoria cones. It can be seen that it has a pos-
itive correlation (≈ 0.25) between the variables, with vegetation stripes growing towards the
northeast (southwest) and wind blowing mostly from the southwest.

Class 2, consists of observations that are predominantly located on the Southeastern quadrant
of the scoria cones. It can also be observed that it has a positive correlation between the vari-
ables (≈ 0.35), with vegetation stripes having a north (south) orientation and winds that have a
more southern direction compared to the winds from class 1. Apart from this, the observations
in both class 1 and class 2 behaves quite similarly. Furthermore, by specifically looking at the
Slope regression coefficient (5.5) we can observe that the scoria cone surfaces on which class 2’s
vegetation stripe observations are located have a significantly steeper slope compared to class
1’s southeastern aspects.

Finally, the third class mainly consists of vegetation stripes which are located on the North-
ern quadrants of the scoria cones. It can be seen that there is no significant correlation between
the variables (≈ 0.07). Furthermore, the vegetation stripe on the Northeastern quadrant was
orientated along both the southwestern (northeastern) and southeastern (northwestern) axis
despite the wind blowing consistently from the northwestern direction. A similar pattern, al-
though with more variation, was observed with the northwesterly located vegetation stripes,
with orientation spanned across almost all of the axis (with only north (south) orientations be-
ing rare) while experiencing the same wind from the northwestern direction. Thus, while wind
direction was relatively consistent on these aspects of scoria cones (westerly to north-westerly
winds), stripe direction was significantly variable. Furthermore, for this component, the effect
of slope was negligible.

5.3 Discussion

Our findings, based on data collected from scoria cones under various environmental condi-
tions on Marion Island, suggest that wind direction does contribute to the specific orientation
of vegetation stripes. However, this is only the case on the southern sides of these cones. The
dominant winds likely influence stripe orientation by allowing neighboring plants to shelter
those located downwind. As we know, strong winds can negatively impact plants by caus-
ing leaf damage, increasing water loss, slowing photosynthesis, and even breaking stems [51].
Therefore, wind shelter can positively affect plant growth and survival, leading to a pattern
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where plants grow behind existing vegetation or any structure that blocks the dominant wind
[52].

On the other hand, there was no clear link between wind direction and vegetation stripe orien-
tation on the northern sides of scoria cones. This was quite unexpected and might be a clear in-
dication of important environmental differences between the northern and southern aspects of
the scoria cones. One possible explanation is that northern aspects experience stronger winds,
which overwhelm the protective effects of neighboring plants. In such conditions, plants may
not benefit from the shelter of others, and different factors could drive stripe formation. How-
ever, from the CFD simulations, we know that wind speeds vary more between the east and
west sides of the cones than between the north and south sides.

Another possible explanation for the difference could be varying levels of sunlight and surface
temperatures [53]. Equator-facing slopes (north) receive more direct sunlight and tend to be
warmer, which generally provides better-growing conditions in cold environments. For exam-
ple, on Macquarie Island, plant cover has been observed to vary based on aspect, possibly due
to differences in temperature (although this can also be due to differences in wind exposure).
This suggests that on the warmer northern slopes, plants might not need as much shelter from
neighboring vegetation, reducing the link between wind direction and stripe orientation.

In contrast to wind direction and cone aspect, from the results, it can be seen that slope angle
has a weak influence on the orientation of vegetation stripes. This aligns with similar findings
from other studies in semi-arid areas [1]. So even though slope angle could affect how wa-
ter or substrate moves, it does not seem to have a strong enough impact on the formation of
vegetation stripes.

However, the influence of slope steepness may also potentially be related to the relative ori-
entation of wind direction and slope direction. For example, if the dominant wind is blowing
directly up a slope (parallel with the slope aspect), we would expect vegetation stripes to be
orientated vertically (a strong positive correlation), irrespective of slope steepness. However, in
the opposite scenario where the wind is blowing across the slope (perpendicular to the slope),
we would anticipate vegetation stripes that follow the same orientation as the wind only on
flatter surfaces. Instead, on steeper slopes, the orientation of the vegetation stripes should
reflect the influence of both wind direction and the movement of the substrate downslope.
Therefore, while the slope is clearly not a strong driver of vegetation stripe orientation in this
system, there are still potential mechanisms of influence that could be examined.
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Chapter 6

Conclusion

In this study, a bivariate density for handling circular and axial data was developed. This was
done to model the joint density of Marion Islands vegetation stripe orientation data and wind
direction data to finally determine if wind is the reason for the occurrence of these irregular
stripes. This was achieved by using a copula-based approach, specifically using a bivariate
wrapped Cauchy circula with a variety of different circular and axial distributions. For the
marginal distributions, the von Mises and wrapped Cauchy distributions were considered as
the circular distributions and the axial normal and axial wrapped Cauchy distributions for the
axial variables were considered. However, the joint density of the wind direction variable and
vegetation stripe orientation variable display multimodality. To deal with this issue a finite
mixture model was used to identify various underlying latent components in the data. Addi-
tionally, the finite mixture model incorporated two concomitant variables: the slope angle and
the cone aspect, such that the model could account for the heterogeneity caused by these co-
variates in the model. This was achieved by using a generalised linear model with a logit link
function to determine the various class membership probabilities. For the maximum likelihood
estimation of the proposed concomitant variable mixture model, the EM algorithm was used.
We implemented a simulation study in order to verify that the proposed model returns the cor-
rect estimated parameters. Finally, twelve different combinations of circular-axial models with
K = 1, 2, 3 latent components were fitted to the Marion Island data set. With the BIC goodness
of fit measure, it was determined that the best-fitting model was a model with three underlying
components with von Mises and axial normal distributions as marginal distributions.

With this fitted model it can be concluded that wind direction influences vegetation stripe ori-
entation, but only on the southern sides of cones. This is likely due to dominant winds allowing
plants to shelter others downwind, enhancing growth. On the northern sides of the cones, no
clear link between wind and stripe orientation was observed, possibly due to stronger winds or
different sunlight exposure creating warmer conditions that reduce the need for shelter. Slope
angle has a weak influence, though interactions between wind direction and slope steepness
may still affect stripe orientation. Overall, it can be concluded that wind as well as other envi-
ronmental factors such as the cone aspect influences the orientation of vegetation stripes found
on Marion Island.
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For future work, the scope could be expanded by increasing the number of combinations of
marginal distributions considered. Additionally, incorporating other potentially significant co-
variates, such as soil moisture, solar surface irradiance, and ground temperature, may enhance
the model’s applicability. Developing a regression model to predict axial variables based on
circular variables and adapting the estimation algorithm to accommodate spatially correlated
data are also promising directions for further research.
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Appendix A

Code and additional Marion Island
studies

All code and data used during this study can be found in the following GitHub repository:
https://github.com/Chip0712/Marion-Island-Project
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TABLE A.1: Literature review of recent studies part 1.

Title of article Goal of research Methodology Conclusion/Results
Spatial variation in plant interactions
across a severity gradient in the
sub-Antartic [4]

To test the stress gradient hypothesis in
a climatically extreme sub-Antarctic
location with a low variety in plant
species, ie. Marion Island.

Generalised linear models were used to analyse
environmental and vegetation data, with error
distributions and link functions selected based
on response variable properties. Species richness
data were examined with a Poisson error
distribution and logit link function, while
microclimate and species cover data were
analysed using a normal distribution. Spatial
Analysis by Distance Indices (SADIE) and L(t)
function indices were modelled accordingly.
Log-likelihood tests assessed relationships
between SADIE indices and explanatory
variables. Ordinal logistic regression was used
for L(t) function indices, with corrections for
over and underdispersion. Stepwise model
building and false discovery rate adjustment
were used to control errors in the analyses.

The study on Marion Island’s scoria cone
revealed a clear altitudinal severity gradient,
with stronger winds and lower temperatures at
higher altitudes. Stronger interspecific spatial
associations at higher altitudes support the stress
gradient hypothesis, indicating greater
facilitation relative to competition. Directional
spatial patterns suggest protection from winds
and substrate stability as primary mechanisms,
with intense positive interactions at higher
altitudes. This supports the stress gradient
hypothesis in the sub-Antarctic, highlighting
spatial patterns among plant species within
severity gradients.

Wind controlled linear patterning and
cyclic succession in Tasmanian
Sphagnum mires [6]

To investigate the characteristics and
causes of striped patterning in
minerotrophic Sphagnum cristatum
mires on the western Central Plateau
in Tasmania.

The study used GIS software, specifically
ArcMap 9.2, for spatial analysis, utilising
scanned and aerial photographs to map striped
mires and measure stripe orientations and
lengths. Fieldwork involved detailed surveys
within selected mire areas, including transects
for plant species cover estimation, height
measurements, and peat depth analysis.
Laboratory analyses included core extraction for
peat layer examination and macrofossil
identification. Anemometers were deployed to
capture wind speed and direction, and statistical
analyses, such as ANOVA tests, were performed
using Minitab Statistical Software to test
hypotheses regarding stripe orientation, ridge
dimensions, peat depth, plant species
distribution, and wind speed variations.

The study identified consistent stripe
orientations independent of slope aspect, with
Richea scoparia dominant on north-west-facing
slopes and Sphagnum cristatum on
south-east-facing slopes, while Baloskion
australe prevailed in swales. The research noted
increased exposure of striped mires to both
north-westerly and south-westerly winds.
Strong north-westerly winds formed rotors
behind ridges, affecting R. scoparia growth
inversely, while south-westerly winds influenced
asymmetry in R. scoparia on ridges. The study
inferred cyclic ridge migration due to differential
growth rates of R. scoparia in response to wind
speed variation, highlighting the unique
wind-controlled patterning and cyclic succession
in these mires.
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TABLE A.2: Literature review of recent studies part 2.

Title of article Goal of research Methodology Conclusion/Results
Aeolian processes and landforms in
the sub-Antarctic: preliminary
observations from Marion Island [30]

To investigate aeolian processes and
their geomorphic impacts on Marion
Island, Additionally, it evaluates the
potential impact of climate change on
aeolian processes and the dispersal of
vegetation on the island.

The study focused on three sites on Marion
Island displaying evidence of aeolian processes,
conducting thorough ground climate and
sediment flux measurements in April/May 2013.
It utilised sensors and data loggers to monitor
meteorological conditions, wind speed, wind
direction, and rainfall, while employing Big
Spring Number Eight sediment traps and
surface sediment samplers to assess aeolian
sediment flux. Additionally, texture analysis,
orientation measurement of ripples, and transect
measurements were employed to delve into
landform morphology and sediment
characteristics.

The study identifies aeolian landforms like
mega-ripples and wind-modified terraces on
Marion Island, noting a relatively low annual
aeolian sediment flux due to consistently wet
surfaces and limited sediment availability. It
highlights the wind’s role in dispersing plant
material, emphasising the need for further
research on synoptic climate-wind relationships
and long-term monitoring of aeolian processes
amidst climate change.

Wind distortion in alpine and
subantarctic plants is consistent among
life forms but not necessarily reflect
prevailing wind direction [53]

Investigate if non-woody plants
display consistent prevailing wind
deformation similar to woody plants in
windy environments.

The study investigated wind distortion effects on
vegetation in alpine Tasmania and sub-antarctic
Macquarie Island. Vertical photography was
conducted at four locations, with Mount
Wellington monitored monthly for over a year.
Various plant forms were observed for
wind-induced distortion in quadrants of varying
sizes. Statistical analysis included circular
statistics, ANOVA, paired t-tests, and
chi-squared tests with Monte Carlo simulation.
Binary logistic regression was used to assess the
relationship between quadrant aspects and plant
distortion presence.

The study conducted in maritime alpine and
subantarctic environments shows that wind
distortion in vegetation can be assessed using
various plant types. Contrary to expectations,
the dominant wind direction inferred from plant
distortion doesn’t always align with the
strongest winds. Instead, vegetation responds to
winds causing the most damage to foliage,
varying by environmental context. This
highlights the complex relationship between
wind patterns and vegetation responses.

Species differ in their responses to
wind the under-explored link between
species fine-scale occurrences and
variation in wind stress [52]

To evaluate the impact of wind stress
on species distribution models of
vascular plants on Marion Island.
Furthermore, the study seeks to
determine whether including wind
stress improves predictions of species
occurrence and cover compared to
traditional variables. Additionally, the
study aims to understand how
different plant species respond to wind
stress and highlight the importance of
incorporating wind metrics into
distribution models, particularly given
the changing wind patterns.

Using data obtained from 1440 heterogeneous
quadrants (in terms of topology, geology and
biology), generalised linear models/generalised
additive models/boosted regression trees were
used to model the occurrence and cover of
species. Variable importance scores were
calculated by taking the mean Pearson
correlation coefficient which was obtained by
randomly ordering the predictor variables and
calculating the Pearson correlation between the
predictor variables 10 times.

The research findings demonstrate the significant
impact of wind stress on species occurrence and
cover for vascular plants on Marion Island.
Wind stress emerges as a key predictor alongside
other factors, remaining influential even after
considering other variables. Notably, wind stress
outperforms temperature and precipitation in
predicting occurrence and cover for certain
species, particularly those adapted to open, wet
environments and pteridophytes. This
highlights the importance of incorporating wind
metrics into distribution models, enriching our
understanding of Marion Island’s ecological
dynamics amidst changing wind patterns.
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TABLE A.3: Literature review of recent studies part 3.

Title of article Goal of research Methodology Conclusion/Results
Investigation of ecologically relevant
wind patterns on Marion Island using
Computational Fluid Dynamics and
measured data [31]

Estimate high-resolution wind speed,
direction, and turbulence map for
Marion Island (MI) using CFD for the
study of terrestrial ecology.

Utilising CFD, wind properties were estimated
using a Reynolds Averaged Navier–Stokes
approach with a κ-ϵ turbulence closure model in
ANSYS FLUENT 2019R3 software. Validation
involved comparing experimental
measurements with numerical simulation results
for full-scale atmospheric flow around Marion
Island (MI) and Prince Edward Island (PEI),
validated against two years of wind
measurements.

The study established a high-resolution wind
map for Marion Island using CFD, providing
reliable estimates of wind speed, direction, and
turbulence. Despite moderate errors, the CFD
model demonstrated mean absolute errors
ranging from 14.8% to 32.6% in predicting wind
properties. This research facilitates future
studies on Marion Island to assess wind-related
factors crucial for understanding terrestrial
ecology without invasive surveillance methods.
Additionally, it underscores the potential of CFD
modelling in estimating spatial variation in wind
parameters at biologically-relevant scales on
other islands, advancing island ecology research
methodologies.

Factors determining nest-site selection
of surface-nesting seabirds: a case
study on the world’s largest pelagic
bird, the Wandering Albatross
(Diomedea exulans) [34]

Investigate environmental variables
(such as topographical variables,
vegetation, wind characteristics, and
geological characteristics) affecting
nest-site selection by Wandering
Albatrosses on Marion Island

A cross-check of results from a generalised
additive model and a generalised linear model
was used to determine which variables are the
most important factors regarding the location of
the presence/absence of albatross nests. Highly
correlated variables were determined and
removed based on the Variance Inflation Factor.
Wind velocity, turbulence, vegetation type,
elevation, geology, terrain roughness, and
distance from the coast were investigated as
predictors. (All of the wind data was obtained
using the same CFD that we will be using in this
paper)

The study revealed elevation as the primary
factor influencing nest-site selection for
Wandering Albatrosses on Marion Island, with
nests predominantly located at lower elevations.
Proximity to the coast and terrain roughness also
played significant roles, while wind velocity
showed a subtle relationship with nest
occurrence. Coastal vegetation types were
favored for nesting, contrasting with the absence
of nests in polar desert vegetation areas above a
certain elevation. These findings highlight the
vulnerability of nesting habitats to climate
change, particularly regarding vegetation type
and wind characteristics. Overall, the study
sheds light on the intricate interactions of
environmental factors, such as wind, in shaping
the nest-site selection of surface-nesting seabirds,
providing crucial insights for conservation
efforts.
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