INTERLACING OF ZEROS OF QUASI-ORTHOGONAL MEIXNER
POLYNOMIALS
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Abstract. We consider the interlacing of zeros of polynomials within the sequences of quasi-orthogonal order
one Meixner polynomials { M, (x; 3, ¢) }52_; characterised by —3, ¢ € (0, 1). The interlacing of zeros of quasi-
orthogonal Meixner polynomials M, (z; 8, ¢) with the zeros of their nearest orthogonal counterparts M;(z; 8 +
k,c),l,n € N, k € {1, 2}, is also discussed.
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1. Introduction. Meixner polynomials (cf. [16]) were introduced in 1934 by Meixner
[18] and are defined by

1

where 2 F (a, b; ¢; z) is the Gauss hypergeometric function and ( ),, denotes the Pochhammer
symbol [16, eq. (1.3.1)]. For 8 > O and ¢ € (0, 1), the polynomials { M,, (x; 8, ¢) }52; satisfy
the discrete orthogonality relation [16, eq. (9.10.2)]

(1.2) i Ck(f)k
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k=0

Mo (k3 B, ¢) My (ks B, ¢) = (5)nn!)ﬁ 5

c(1—c

and the zeros of M,,(z; 8, ¢) are real, distinct and lie in (0, co). Further, each interval [k, k +
1], k € {0,1,2, ...}, contains at most one zero of M, (z; 3, ¢) (cf. [23, p. 1539]). Meixner
polynomials satisfy the three-term recurrence relation [16, eq. (9.10.3)]

(n—1)(B+n—2)
c—1

(1.3) ﬁMn(a:;ﬁ,c) = (Jc — B(n,,@,c))Mnfl(ac;ﬁ,c) — M,—2(x; B, ¢),

n=2,3,..., where

_ Be+ (c+1)(n—1)
1—c

B(n, B, c)

b

My(x; B,¢) =1, My(x;8,¢) = Czlx + 3, and are connected with classical Jacobi polyno-
mials P2# via

2 —
My (: B,) = nlP{P=hmn =m0 (2=5),
C

[16, p. 236]. Jacobi and Meixner sequences are each located on the 5 F} plane of the Askey
scheme of hypergeometic orthogonal polynomials [16, p. 183]. Meixner polynomials are
associated with stochastic processes [21] and are used to analyse discrete stochastic processes
in the context of spectral analysis in the Laplace domain (cf. [10]).
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It is known, [13], that as the parameter 3 decreases below zero, the zeros of the Meixner
polynomial M, (x; 8, ¢) depart from the interval of orthogonality (0, o) through the origin.
In particular, for each fixed 8 and ¢, —f3, ¢ € (0, 1) one zero of M, (z; 3, c) is simple and
negative, the remaining (n — 1) zeros are simple and positive and the Meixner sequence
M, (z; 8, ¢)}52, is quasi-orthogonal of order 1. The concept of quasi-orthogonality of a
sequence was introduced by Riesz [20] in connection with the moment problem. We recall
the definition of quasi-orthogonality of a sequence with respect to a discrete weight (cf. [5]).

A polynomial g,, of exact degree n > r, n € {0,1,..., N}, where N may be infinite, is
discrete quasi-orthogonal of order r with p; the weight at each point «;,7 € {0,1,..., N—1}
if

szl =0, forj € {0,1,...,n—r—1},
nl'z l
Pt Y #0, forj=n—r.

For the Meixner polynomial M, (z; 3, ¢) we have (cf. [13])

ijMn(k;ﬂ,c)M =0,7€{0,1,...,n—2}

k!
k=0

Quasi-orthogonality has been investigated by many authors, including Fejér [9], Shohat
[22], Chihara [4], Dickinson [6], Draux [7], Maroni [17] and Joulak [15]. The quasi-orthogonality
of Jacobi, Gegenbauer and Laguerre sequences is discussed in [2], and the quasi-orthogonality
of Meixner sequences in [13] and of Meixner-Pollaczek, Hahn, Dual-Hahn and Continu-
ous Dual-Hahn sequences in [11]. Recently, in [3], interlacing properties of zeros of quasi-
orthogonal polynomials were used to prove results on Gaussian-type quadrature.

We recall the definition of interlacing of zeros within a sequence of polynomials {p, } 32 ;.
Let {x;}? , denote the zeros of p,, in increasing order, n € N. The zeros of p,, and p,_1
are interlacing if

T1,n < T1,n—1 < T2,n <--- < Tn—1,n—1 < Tnon-

Since we shall discuss interlacing of zeros of polynomials p,, and ¢,, of the same degree, the
zeros of p,, and g, are said to be interlacing if either

T1n < Yi,n < T2.n < Yin <--- < Tn,n < Yn,n
or
Yin <Tin <Yon <T2n < <UYnn < Tnn,

where {y; ,,}7_; denote the zeros of ¢,,. Further, the zeros of p,, and ¢,,,,m < n — 2, are
interlacing (often called Stieltjes interlacing) if there exist m open intervals with endpoints at
successive zeros of p,, each of which contains exactly one zero of ¢,,.

Interlacing results for the zeros of quasi-orthogonal and orthogonal polynomials from
different classical sequences within the same family were proved in [2] and extended in the
case of the family of Laguerre quasi-orthogonal and orthogonal polynomials in [8].

In Section 2 we discuss interlacing of zeros of polynomials of different degree within
each quasi-orthogonal Meixner sequence { M, (z; 8, ¢) }52, where § and c are fixed, —, ¢ €
(0,1). In Section 3, we consider the interlacing of zeros of quasi-orthogonal order 1 Meixner
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polynomials M, (x; 3, ¢), with those of (orthogonal) Meixner polynomials M, (z; 8+1,¢), —8,¢c €
(0,1). In Section 4 we discuss interlacing of zeros of M, (z;3,¢c),—83,¢ € (0,1), and
M(xz; 8+ 2,¢),l <n,l €N.

The identities we use to prove our results are derived from the contiguous relations for
o hypergeometric polynomials [19, p. 71]. A useful algorithm in this regard is available as
a computer package [24].

2. Zeros of M, (x;3,c) and M,;(x;3,c),l,n € N,l <n,—0,c € (0,1). We
will use the following result which is an application of [2, Theorem 3 (ii)(b)].

THEOREM 2.1. Let {M,(x;53,c)}2 be the sequence of Meixner polynomials and
suppose —f,¢ € (0,1). Foreachn € N, let x1,, < Tap < - - < Tpp be the zeros of
M, (z;8,¢) and y1,n, < Yo,n < -+ < Yn,n the zeros of M, (x; 8+ 1,¢). Then

(i)

2.1 Tin <0< Top < - < Ty ps

(ii) the zeros of My, (x; 8, ¢) and M, (x; 8 + 1, ¢) are interlacing:
2.2) Tin <0< yin <Ton <Yon < - <Tpnn<Ynn
and the zeros of My, (xz; B8, ¢) and My, _1(z; 8 + 1, ¢) are interlacing:

(23) T1,n <0< Yin—-1 < T2.n < Y2.n—1 <0< Yn—1,n—1 < Tn,n-

Proof.
(i) Equation (2.1) was proved in [13, Theorem 6].
(i) We have from (1.1) and [19, p. 71,(2)], that

Mn(iﬂ;ﬁ,C) = Mn(x,ﬂ + 170) - nMn—l(x;B + 1,0)'

Since the leading coefficients of M,,(x; 8 + 1,¢) and M,,_1(z; 8 + 1, ¢) have op-
posite signs, it follows from [2, Theorem 3 (ii)(b)] that the zeros of M, (z; 8, ¢) and
M, (z; 8+ 1, ¢) are interlacing and the zeros of M, (x; 8, ¢) and M,,_1(z; 8+ 1,¢)
interlace, which proves (2.2) and (2.3). 0

Remarks:
(1) Note that, since { M, (x; 5 + 1,¢)}52, is an orthogonal sequence for each fixed

n=1

and ¢, —f3,c € (0,1), (2.2) and (2.3) can be combined to give:
T1,n < Yin < Yi,n—1 < T2,n < Y2,n < Y2,n—1 <---< Yn—1,n—-1 < Tn,n < Yn,n-

(2) For —3,c € (0,1) and n € N, the quasi-orthogonal (order 1) Meixner polynomials
M, (z; 8, c) and M,,_;(x; 3, ¢) are co-prime. This follows from the three-term re-
currence relation (1.3) which shows that if M, and M,,_1 have a common zero, this
is also a zero of M,,_,. Iterating the argument we find that My(z; 3,¢) = 1 has a
zero and we have a contradiction.

The value of the smallest positive zero x5 ,, of M, (x; 3, c) relative to that of —j, 0 <
—f < 1, plays an important role in our results. Numerical evidence (see Table 2.1) suggests
that whenever —f3,¢ € (0,1), x2, is greater than 1 for each n € N. In addition, we note
that the point © = 1 cannot be a zero of M, (x; 3,c¢) if =, ¢ € (0,1), since M,,(1;8,¢) =
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TABLE 2.1
The values of x2 y, for different values of n, 3 and c.

-8 C T2 5 X235
099 | 0.01 | 1+5.05%10°10 [ 14+3.61%10" %9
0.99 | 0.5 1.002 1+41.08 %1071
0.99 | 0.99 3.987 1.18
05 | 0.1 | 14+454%10"% | 14+9.78%10733
05 | 05 1.150 1+232%107?
0.5 | 0.9 4.254 1.11
0.01]0.01| 14+1.91%1077 | 14+1.12%1079°
0.01 | 0.5 1.346 1+ 1.56 %1078
0.01 | 0.99 73.314 10.37

(ﬂ)n%, which is zero if and only if ¢ = ;%5 which is not possible if —f,c € (0,1).
We make the following conjecture:

Conjecture I
Let —f3,c € (0,1). Foreachn € N, if 1, < 0 < z2,, < --- < x,,, denote the zeros of
M, (z; B8, c), then xo ,, > 1.

In the next theorem we analyse the interlacing of zeros of M, (x; 8, ¢) and M,, 1 (x; 53, ¢)
and will use the mixed recurrence relation
_pB+n-—1

(24) %Mn(:v,ﬁ,c) - ﬁMn71($;67C) + (37 + B)Mnfl(xaﬁ + 1,0)7

obtained from [19, p. 71,(4)].

THEOREM 2.2. Fix n, 3 and ¢ where n € N and —3,c € (0,1). Let {M,(z; 8,¢)}52;
be the sequence of Meixner polynomials and let x1 ,, < 0 < 29, < --- < Xy, ,, denote the

zeros of My, (x; B, ¢). Then xo,,_1 > —p is a necessary and sufficient condition for the zeros
of tM,,_1(x; 8, ¢) and M, (x; B, c) to interlace.

Proof. Foreachn € N, let0 < y1, < Y2, < -+ < Yn,n be the zeros of M, (z; 8 +
1,¢). Evaluating (2.4) at successive zeros x; ,—1 and x;41,-1,7 € {1,2,...,n — 2}, of
M, —1(x; B, ), we have

(25) M"(xiynfl;Bvc)Mn(w’i“rly’ﬂ*l;ﬁ?C) — (C; 1

2
Tin—1+ Tq n—1+t .
My 1 (xin—1;8+1,0)Mp—1(ziy1,n—1; 8+ 1,¢) ) @in-1+ B)(@i+1n-1+ 6)

Note that, by (2.2) and (2.4), neither M,,_1(x; 8 + 1, ¢) nor M,,(x; 3, ¢) is equal to zero
whenx = x; 1,1 € {1,2,...,n —1}.

From (2.2), we know that M,,_1(x; 8 + 1, ¢) has a different sign at successive zeros of

M,,—1(z; B, ), therefore the left-hand side of (2.5) is negative for each i € {1,2,...,n—2}.

(1) Suppose z3,,—1 > —f. Then, since 1 ,,—1+/5 < 0and x5 ,_1+5 > 0, the product

(71 n-1 + B)(x2n—1 + B) < 0, while (x; ,—1 + B)(Tit1.n-1 + 3) > 0 for each

i €{2,3,...,n — 2}. It follows from (2.5) that M, (z; 8, ¢) has a different sign at

Tim—1 and x;41 1 foreachi € {2,3,...,n — 2} and the same sign at 1 ,,—1 and

Z9.n—1. Therefore at least (n — 3) positive, distinct zeros of M, (z; 8, c) lie between

T2 p—1 and x,_1 1. In addition, M, (x; 5, c) has exactly one negative zero and

the largest zero x, ,, of M,,(x; B, c) is greater than y,,_1 ,—1 by (2.3), whereas (2.2)
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shows y,_1,n—1 > %n—_1,n—1. We have therefore accounted for (n — 3) positive
zeros of M, (x; 3, c) between xa ,,_1 and Tp—1,n—1, ONE Negative zero and one zero
> Zn—1n—1 and we must still have a configuration of zeros that ensures M, (z; 5, ¢)
has the same sign at 1 ,—1 and x2 ,_1. The only possibility that accommodates all
constraints is

L1 <T1p <0< Zgy <Top1 < <Tp_1n-1< Tnn,

which shows that the zeros of M, _1 (z; 8, ¢) interlace with the zeros of M, (z; 5, c).
Suppose now that the zeros of xM,,_1(x;3,¢) and M, (x;3,c) are interlacing.
Since each polynomial M,,_1(x;5,c¢) and M, (x; 53, c) has exactly one negative
zero, the only possible configuration is

(2.6) Tin-1 < Tin < 0< Ton <Tapn-1<T3n < " <Tp-1n-1<Tnn-

It follows from (2.6) that M, (1 n—1; B, ¢) My (22 n—1;3,¢) > 0. Also, from (2.2),
with n replaced by n — 1, the zeros of M,,_1(x;3,¢) and M,,_1(x; 5 + 1,¢) are
interlacing and therefore M,,_1(z;n—1;8 + 1,¢)My—1(zit1,n—1;8 + 1,¢) < 0
foreachi € {1,2,...,n — 1}. Since 1,1 + 8 < 0, it follows from (2.5) that
T2,n—1 > 75 O

Remarks:

ey

@

3

If —f3 is a (positive) zero of M, (x; 3, c) for any positive integer n > 2, then, from
(2.4) it follows that —f is a zero of M,,(x; 3, c) for every positive integer n > 2.
However, letting n = 2 we have

(c—1)%2% + (c— 1)(2Bc+c+ )z + B(B+ 1)c?

MQ(I';ﬂ,C): 2

C

and Ms(—8;8,¢) = % # 0, since —1 < 3 < 0. Therefore z;,, # —f,1 €
{2,3,...,n}, forany n € N>o;

Z3.n > 1. Since the zeros of orthogonal Meixner polynomials M, (z; 5 + 1, c) are
separated by the numbers 0,1, 2, ..., we have y,, > 1, while from (2.2), 3, >
Y2,n, S0 that z3 , > 1 foreachn € N.

Assuming that 3 ,_1 > —/3, Theorem 2.2 proves that the zeros of M,,_1(z; 3, ¢),
together with the point x = 0, interlace with the zeros of M, (z; 5, c). However,
(2.6) shows that two zeros of M, (x;5,c) lie between the smallest two zeros of
M,,—1(z; B, ¢), and full interlacing between the zeros of M,,_1 (z; 3, ¢) and M,,(z; 3, ¢)
breaks down for each n € N. This breakdown of full interlacing is similar to results
proved for quasi-orthogonal Laguerre [8], Jacobi and ultraspherical polynomials.
Note that the positive zeros of M,,_; and the positive zeros of M,, are interlacing
for any n € N by Theorem 2.2, provided 3,1 > —f.

COROLLARY 2.3. Let —3,¢c € (0,1) and n € N, and suppose x5 ,_1 > —p. Then the
negative zero of M, (z; 3, c) increases with n. Moreover, £11 = % is a lower bound for
the negative zero of M, (x; 8, c) for each n € N.

1

Our next result investigates interlacing between the zeros of M,,_o(x; 3, ¢) and M, (z; 3, ¢).
Equation (2.6) shows that z1,—2 < %1 ,-1 < 71, < 0, ie., the smallest zero of the
polynomial M,,_s(x; 8, ¢) does not lie in any interval with endpoints at successive zeros of
M, (z; B, ¢). Therefore, Stieltjes interlacing between the zeros of M, (x; 5, ¢) and M,,_o(x; 5, ¢)
cannot hold for any n € N and fixed 8 and ¢, with —3, ¢ € (0, 1), for which z3,_1 > —0.
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However, again subject to the assumption z2 ,—1 > —f, interlacing holds between the posi-
tive zeros of M,,(x; 8, ¢) and M,,_o(x; 8, ¢) in the following way:

THEOREM 2.4. Fix n,f3 and ¢ where n € N, —f,¢ € (0,1). Let {M,(z;5,¢)}>2,
be the sequence of Meixner polynomials. Assume o ,_1 > —f and that M, (x; B, c) and

M,,—o(x; B, ¢) are co-prime. For eachn € N>, the positive zeros of M,,_s(x; B, ¢), together

with the point B(n, 3,c¢) = %, interlace with the positive zeros of M, (x; 3, ¢).

Proof. Let x1,, < 0 < 23, < --+ < Zp, be the zeros of M, (x;3,c). We note
from (1.3) that x;,, # B, i € {1,2,...,n}, since we are assuming that M, (z; /3, ¢) and
M,,_o(z; B, ¢) are co-prime.

Evaluating (1.3) at successive positive zeros x; , and z;41,,¢ € {2,3,...,n — 1}, of
M, (z; B8, c), we have, fori € {2,3,...,n — 1},
%) 7) Mn—l(xi,n;ﬁ7C)Mn—l(xi-i-l,n;/gac) _ (n_ 1)2(5—"-7’7/— 2)2

Mn—Q(Ii,mBa C)Mn—2($i+1,n; B, C) B (C - 1)2(Ii,n - B)(Ii+1,n - B).

From Theorem 2.2, the positive zeros of M, (x; 3, c¢) and M,,_1(x; 3, ¢) are interlacing.
Therefore M,,_1(z; n; 8, ¢)Mp—1(xit1.n; B,¢) < 0foreachi € {2,3,...,n — 1}. Further,
the right-hand side of (2.7) is positive for each ¢ € {2,3,...,n — 1} except possibly for

one value, say i = j, where B € (%, %j+1,0),7 € {2,3,...,n — 1}. It follows from
(2.7) that M,,_o(xin; B, c)Mp_o(xiy1,n; 8,¢) < 0foreachi € {2,3,...,n — 1}, except if
B € (jn,xjt1,n) for some j € {2,3,...,n — 1}. Therefore in at least (n — 3) intervals

of the form (z; ., Tit10),? € {2,3,...,n — 1}, M,_2(x; 3, c) changes sign. However,
M,,—2(x; B, ¢) only has (n — 3) positive zeros so we can deduce that the positive zeros of
M, —2(x; B, ¢), together with the point B, (which must lie between two positive zeros of
M, (x; 8, ¢)) interlace with the positive zeros of M, (z; 3, ¢). d

3. Zeros of M, (x;3,¢c) and M;(z;3 + 1,¢),l < n,—3,c € (0,1). We have
proved in Theorem 2.1 that, provided x5 ,,—1 > —f3, the zeros of the (quasi-orthogonal or-
der 1) Meixner polynomials M, (z; /3, ¢) interlace with the zeros of the (orthogonal) Meixner
polynomials M, (z; 8 + 1, ¢) and with the zeros of M,,_1(z; 8 + 1, ¢).

THEOREM 3.1. Fix n, 8 and ¢ where n € N and —,c € (0,1). Let {M,,(z; 3,¢)}>2,
be the sequence of Meixner polynomials. Assume x3, > —@ and that M, (x;(,c) and
M,,—o(x; B+ 1, ¢) are co-prime. For eachn € N>, the zeros of My, _o(x; 8+ 1, ¢), together
Betn—1

l1—c

with the point By = interlace with the (n — 1) positive zeros of M, (x; 3, ¢).

Proof. Let z1, < 0 < 29, < -+ < Ty, be the zeros of M, (x; 5, c). We have from
[12, p. 54],

3.1) ( ¢ 1) M, (23 8,¢) = (x — By) My_y(2; 8, ¢)+ (n—1)(z+B8) Mn_z(z; B+1, ),

c—
where B, = ﬁcf_"c_l. Also, x;,, # Bi1, 1 € {1,2,...,n}, since we are assuming that
M, (z; 8, ¢) and M,,_o(x; 8 + 1, ¢) are co-prime.
Evaluating (3.1) at successive positive zeros z; ,, and ;41,7 € {2,3,...,n — 1}, of
M, (z; 8, ¢), we obtain
(3.2) My 1(2im; B, ) Mp—1(2ig 1,03 B, €) _(n— D)2 (@i + B8)(Tig1,n + 5).
MTL—Q(xi,TL; B+1, C)Mn—2(mi+1,n; B+1, C) (aji,n - Bl)(xi—&-l,n - Bl)

Since 3, > —f, z;n + B > 0 for each ¢ > 2, the right-hand side of (3.2) is positive
provided By ¢ (i, Tit1,n)-
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Suppose By ¢ (i n, Tit1,,) forany i € {2,3,...,n—1}. Since by (2.6), if z2,,, > —J3,
then z3,,—1 > —0 and it follows from Theorem 2.2 that the positive zeros of M, (z; 3, ¢)
and M,,_1(x; 8, ¢) interlace.

Therefore M,,_1(z; n; 8, ¢) Mp—1(2it1.n; B,¢) <O0fori € {2,3,...,n— 1}, and from
(3.2), My—o(zim; B+ 1,¢0)My_o(xiz1n; 8+ 1,¢) < Oforeachi € {2,3,....,n —1}. It
follows from (3.1) thatif By ¢ (2 n, it1,n) foranyi € {2,3,...,n—1}, the (n—2) positive
zeros of M,,_o(z; f+1, ¢) interlace with the (n—1) positive zeros of M, (x; 3, ¢). Further, by
our assumption, the point B; lies outside the interval with endpoints at the smallest positive
zero xa ,, of My, (x; 5, ¢) and its largest zero x,, ,,, so interlacing holds between the (n — 2)
positive zeros of M, _o(z; 5+ 1, ¢), together with the point By, and the (n — 1) positive zeros
of M, (z; 3, ¢).

Suppose now By € (;n,Zi+1,,) for some ¢ € {2,3,...,n — 1}. Then in this single
interval containing B, there will be no sign change of M,,_1(x; 3, ¢), but its sign will change
in each of the remaining (n — 3) intervals with endpoints at successive zeros of M, (z; 3, ¢).
However, evaluating (3.1) at 21 ,, and 2 ,,, we obtain

M1(21,0; B, )Mn-1(22,0:8,¢) (= 1)* (21,0 + B) (22,0 + B)
Mn—Q(xl,n; B+1, C)Mn—Z(xZ,n;ﬁ + 170) (xl,n - Bl)(xQ,n - Bl) .

Now By € (%;n, Ti+1,n) forsomei € {2,3,...,n—1}, whichimplies By ¢ (21,5, %2.n)-
Furthermore z1,, + 8 < 0 and therefore the right-hand side of (3.3) is negative, since
Ton > —B. From (2.2), My, _1(z1,n; 8, ¢)Myp_1(x2,,;5,¢) > 0. We deduce from (3.3)
that M,,_o(x; 8 + 1,¢) differs in sign at Z1,, and x3, and therefore has an odd number
(which must be equal to 1) of zeros < 3 ,.

We deduce that the (n — 2) simple, positive zeros of M,,_o(z; 5 + 1, ¢), together with
the point B, interlace with the (n — 1) positive zeros of M, (x; 8, ¢) if M,(x;3,¢) and
M,,—o(z; B+ 1, ¢) are co-prime and 3, > —f. a

4. Zeros of M, (x;3,c) and M;(x; 8 + 2,¢),l <n,—0,c € (0,1). In 1989,
Richard Askey [1] proved that the zeros of the orthogonal Jacobi polynomials P# and
PatLB o B > —1, are interlacing. He conjectured, based on graphical evidence, that the
zeros of P&# and P22 o, 8 > —1, are interlacing, in other words, interlacing of the ze-
ros of Jacobi polynomials is retained if one parameter is increased by two. In this section we
investigate an extension of the Askey conjecture to zeros of quasi-orthogonal Meixner poly-
nomials of order one by considering interlacing between the zeros of M,,(x; 3, ¢) and those
of M, (z; 8+ 2, c). We also investigate interlacing of the zeros of M, (x; 3, ¢) with the zeros
of M, _1(x; 8 + 2, ¢). The recurrence relations used in this section follow from contiguous
relations for o F; hypergeometric functions [19, p. 71] and for the convenience of the reader
we list them here:

(3.3)

n+ ) _ B(c—2) ]
4.1) 1_CMn(:E,,B,c)—<$+ 1 +n+1>Mn(1:,ﬁ—|—1,c)
— (@4 B+ 1)Mn(z; 8+ 2,¢)
@2) n?ctﬁl)Mn(x; B.c) = %Mn(aa; B+1,0)+ (z+ B+ 1)Mai(w; B+ 2,0)
(*3) n’gﬁ_ﬁc M (3 8,) = nt? gfc__;) — M (w3 5 +2,0)
+ (# — An) Mn—1(2; 84 2,¢)
(n=1)A—=c) + B)c . _ .
(C— 1)(/B+TL _ 1) M”(I7ﬂ7c) - (3,’ - BQ) M"—l(x7ﬂ7c)
@.4) ¢ o= DA =@ D2y a5+ 2,0)

B4+n—1



8 K. DRIVER, A JOOSTE

where By = ffc +n—1.

THEOREM 4.1. Let —f3,c € (0,1) be fixed and suppose { M, (z; 3, c)} e is the sequence of
Meixner polynomials. Let x1,, < 0 < Zap < -+ < Tn,pn be the zeros of My (x;8,¢), 0 < z1,n <
2o < -+ < Zn,n the zeros of My (z; 8+ 2,¢) and A,, = % —n — 1. Assume that M, (z; 3, c)
and My (x; B + 2, c) are co-prime. Then

(i) If n, B and c are such that Ay, & (zin, Zi+1,n) forany i € {1,2,...,n — 1}, the zeros of
M., (x; B, ¢) interlace with the zeros of My (x; 8 + 2, ¢);

(ii) Ifn, B and c are such that A,, € (2j.n, 2j+1,n) for some j € {1,2,... ,n—1}, then the zeros
of (x — An) My (z; B, ¢) interlace with the zeros of x My, (z; 8 + 2, ¢).

Proof. Evaluate (4.1) at successive (positive) zeros z; » and z;y1,», of My (x; 8 + 2, ¢), to obtain,
fori e {1,2,...,n— 1},

(45) Mn(zi,n;/87C)Mn(zi+1yn;ﬁ7c) _ ( 1 —C

2
M (zin; B+ 1, 0) My (zit1,n; 8+ 1,¢) n+ﬁ> (2, )z, )

It was proved in [14, Corollary 2.2] that the zeros of M, (x; 8+1, ¢) and M, (x; 8+2, c) are interlacing
and therefore the left-hand side of (4.5) is negative for each ¢ € {1,2,...,n — 1}.

(i) Suppose A, & (zin, zit+1,n) forany i € {1,2,...,n — 1}. Then from (4.5), M, (z; S, c)

has a different sign at each successive pair of zeros z;,, and zi41,n,% € {1,2,...,n — 1} of
M, (z; 8 4 2, ¢). This accounts for (n — 1) positive zeros of M, (x; 3, ¢). Also, the smallest
zero of My, (x; 3, ) is negative, while each z; »,7 € {1,2,...,n — 1} is positive, so the only

possible configuration of the zeros is
Ti,n < Z1,n < T2n < 22.n <0 < Tn,n < Zn,n,

and the result follows.

(ii) Suppose A, € (2j,n, Zj+1,n) forsome j € {1,2,...,n—1}. Then, from (4.5), M, (z; B, ¢)
has no sign change in (zj,n, z;+1,,) and therefore an even number of zeros in (2;,n, 2j+1,n)
and it will have at least (n — 2) sign changes in the intervals (z;n, zZit+1,n),% # J,% €

{1,2,...,n — 1}. Also, the smallest zero of M, (x; 3, ¢) is 1,,» < 0, so we have accounted
for at least (n — 2) positive zeros of M, (z; 3, ¢) and one negative zero, i.e., (n — 1) zeros of
M" (:‘C? ﬂ7 C)'

Since M, (x; 3, ¢) has precisely one negative zero, there are two possibilities for the location
of the remaining zero: it can lie between 0 and the smallest (positive) zero z1,, of M, (z; 8+
2, ¢) or it can be larger than the largest zero z,,, of My (z; 8 + 2, c). From [14, Corollary
2.2] we know that x,,.n < zn,n, Which rules out the second possibility and we deduce that

Tin <0< T2n < Z1,n < T3,n <...
< Tj4+1,m < Zj,n < An < Zj+1,n < Tj42,n < Zj+2,n < < Tn,n < Zn,n,

which shows that the zeros of (z — A, ) M, (z; 8, ¢) interlace with the zeros of z M, (z; 8 +
2,¢). ]

THEOREM 4.2. Let —f3,¢ € (0, 1) be fixed and { My (x; B, c)}aL, be the sequence of Meixner
polynomials. Let x1,n < 0 < Zan < +++ < Tn,n be the zeros of My (x; 8, ¢) and A, = % —
n — 1. For eachn € N,

(i) the zeros of (x + B+ 1) Mp—1(z; 8 + 2, ¢) and My(x; B, ¢) are interlacing;
(ii) ifn, B and c are such that Ay, < T1,n, the zeros of Mn—1(x; B+ 2, ¢) interlace with the zeros
Oan(fL'7 /87 C).

Proof. Let 0 < z1,n < 22,n < - -+ < Zn,n be the zeros of My, (z; 8 + 2, ¢).
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Evaluating (4.2) at successive zeros ;,, and Ti1+1,n,% € {1,2,...,n — 1}, of My (z; 5, ¢),
we obtain

2
(*6) <%) Ma(@ini B+ 1,€)Mn(@is1,n: 6+ 1,¢)

= (@in + B8+ D) (@it1,n + B+ 1) Mn—1(zin; B+ 2,¢) Mp—1(xig1,n; 8+ 2,¢).

We know from (2.2) that the zeros of My (z; 3, c) and M, (z; 8 + 1, c) interlace, therefore
M, (z; 8 + 1, ¢) will differ in sign at each z;,,,7 € {1,2,...,n} and the left-hand side of
(4.6) is negative for each ¢ € {1,2,...,n — 1}. The term (zin + 8+ 1)(Tit1,n + 5+ 1)
on the right-hand side is positive unless —3 — 1 € (2,0, Tit1,n). Since —3 — 1 is negative,
the only interval in which this could occur is (21,,,%2,,) and actually in the sub-interval
(21,n,0). Therefore, the right-hand side of (4.6) is negative for each i € {2,3,...,n — 1}
and M,,—1(z; B8 + 2, ¢) changes sign in each interval (2; n, Zit1,n),¢ € {2,3,...n— 1}.

There are therefore two cases to consider: (a) 1,, < —8 — land (b) z1,, > —8 — 1.

Suppose z1,, < —B—1. Then the right-hand side of (4.6) is negative foreachi € {2,3,...,n—
1} and at least (n — 2) (positive) zeros of M,,_1(x; 3, c) are accounted for. Also, there are
an even number of zeros of My—_1(x; 8+ 2,¢) in (z1,n,%2,n), so the only possibility is that
this interval contains no zeros and

(47) Tin < 7B —-1< Ton < 2Z1n—-1<X3n < 22n-1<: " <ZTpn<2Zn-1,n-—1-

If, on the other hand, z1,, > —f8 — 1, then M,,_1(x; 8 + 2,¢) has (n — 1) sign changes
between the zeros 1,n, Z2,n, - - . , Tn,n of My (x; B, ¢). We deduce that

4.8) —B—-1<z1ip<2in-1<Ton<22n-1< " <Zn-i1n-1<Tnn-

Suppose Ap, < T1n. Let0 < 21,0 < 22,0 < -+ + < Zn,n be the zeros of M, (z; 8 + 2,¢).
Then A, < z1,, < 0 < z1,,. Evaluating (4.3) at successive zeros z; », and T;41,n,7 €
{1,2,...,n — 1} of My (x; 3, c), we have

4.9)
My (win; B+ 2, )My (zit1mi B+2,¢) _ n*(1—0)*(@im — An)(@ig1,n — An)
Mp—1(@i,n; B+ 2, ¢) Mn—1(Tit1,n; B+ 2,¢) (n+B)(c—1)—c)® '

From Theorem 4.1 (i) we know that the zeros of M, (z; 8, c) interlace with the zeros of
My (z; 8+ 2,¢) when Ay, & (2jn, 2j+1,n),5 € {1,2,...,n — 1}, and therefore the right-
hand side of (4.9) is negative if A, < x1,n. Mn—1(x; 8 + 2, ¢) will have a different sign at
Zi,n and Ti41,, foreach i € {1,2,...,n — 1}, which proves

T1,n < Z1,n—1 < T2,n < 22 n—1 << Zn—1,n—1 < Tn,n- D

We observe from (4.2) that My, (z; 3, ¢) and M, —1(z; 8 + 2, ¢) cannot have a common zero
since any common zero would also be a zero of M., (z; 8+ 1, ¢) and we know from (2.2) that
My (z; 8, ¢) and My (x; 8 + 1, ¢) are co-prime.

For 3 and ¢ fixed with —3, ¢ € (0, 1), we have

B
Ap=—-f— — — 1),
B — (1)
which tends to —oco as n — oo. We also deduce from Theorem 4.1 (i) and Theorem 4.2 (ii)
thatif A,, < x1,n < 21,n, the zeros of My, (x; 3, ¢), Myn(x; 8+ 2,¢) and Mp—_1(x; 8+ 2,¢)

interlace as follows:

T1,n < Z1,n < Z1,n—1 < T2.n < Z2,n <0 < Zn—1,n < Zn—1,n—1 < Tn,n < Zn,n-
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(3) The two inequalities (4.7) and (4.8) show that for a fixed n € N the zeros of M, (z; 3, c) and
M,—1(z; B + 2, ¢) are interlacing if and only if 21, > —3 — 1.

THEOREM 4.3. Letn € Nand fix S and ¢, — 3, ¢ € (0,1). Let { My (x; B, ¢) }nz1 be the sequence
of Meixner polynomials and assume 2., > —f and that M, (x; 3, c) and M,,_2(x; 8 + 2, c) are co-
prime. The zeros of (x — B2) Mn—_2(x; B+ 2, ¢) interlace with the positive zeros of My (x; 3, ¢) where

By = I’B_CC-I-TL—]..

Proof. Let 1,5, < Ta,n < -+ < Tn,n be the zeros of My (x; 3,¢) and z1,n—2 < 22n—2 < -+ <
Zn—2,n—2 the zeros of M, _2(x; B+2, ¢). From (4.4) we obtain B = lﬁ_cc 4+n—1=x11+n—1,and
we note that z; », # B2, 4 € {1,2,...,n}, since we are assuming that M, (z; 8, ¢) and M, _2(x; B +
2, ¢) are co-prime. Evaluating (4.4) at successive positive zeros x;,» and Z;+1,n,4 € {2,3,...,n—1},
of My (z; B, c), we obtain
(4.10)

My —1(xi,n; 8, ¢) Mn—1(Tit1,n; B, ¢) ~ (n =121 =) @in + Ba2(iyin + B)2
My—2(2in; B+ 2,0)Mp—2(xiv1,n;8+2,¢)  (B+n—1)2(zin — B2)(Tit1,n — B2)

The numerator on the left-hand side is negative for each i € {2, 3,...,n—1}. Since we are assum-
ing z2,,, > —/3, the numerator on the right-hand side of (4.10) is positive foreach i € {2,3,...,n—1}.
Therefore, My, —2(xin; 8 + 2,¢)Mn—2(Zit1,n; 8+ 2,¢) < 0foreachi € {2,3,...,n — 1}, unless
Bs € (Tjn,Tjt1,n) forsome j € {2,3,...,n—1}.

If By ¢ (Tin,Tit1,n), forany i € {2,3,...,n — 1}, then M,,_2(z; 8 + 2, ¢) has (n — 2) zeros
between x2,, and x,,, (all its zeros are positive) and interlacing holds between the (n — 2) simple,
positive zeros of M,_2(z; 8 + 2, ¢), together with the point Ba, and the (n — 1) positive zeros of
M, (z; 8, ¢).

If By € (zj,n,%j+1,n) for some j € {2,3,...,n — 1}, then in the interval containing By, there
will be no sign change of M, _1(z;f,c), but its sign will change in each of the remaining (n — 3)
intervals with endpoints at successive zeros of M, (x; 3, c). The remaining zero will be either < x2,,,
or > I, n, Which proves our result. O
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