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Abstract
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1 Introduction

Let H be a Hilbert space with the inner product (-,-) and inner product induced norm || - ||, and

let Y =R (or C). Consider the dynamic system in H,

(1.1)

where A(q) : D(A(q)) C H — H is the system operator depending on the coefficient ¢, which is
assumed to be a generator of Cy-semigroup T, = (T4(t))ier+ on H, C : H — Y is the admissible
observation operator for 7, ([?]), o € H is the initial value, and d(t) is the external disturbance.

Various control systems which include damping can be formulated into system (?7?), where ¢
is the damping coefficient. For a physical system, if the damping is produced by material itself
that dissipates the energy stored in system, then the system keeps stable. Sometimes, however,
the source of instability may arise from the negative damping. One example is the thermoacoustic
instability in duct combustion dynamics and another is the stick-slip instability phenomenon in deep
oil drilling, see, for instance, [?] and the references therein. In such cases, the negative damping
will result in all the eigenvalues located in the right-half complex plane, and the open-loop plant is
hence “anti-stable” (exponential stable in negative time) and the ¢ in such kind of system is said
to be the anti-damping coefficient.

A widely investigated problem in recent years is stabilization for anti-stable systems by imposing
feedback controls. A breakthrough on stabilization for an anti-stable wave equation was first reached
in [?], where a backstepping transformation is proposed to design the boundary state feedback
control. By the backstepping method, [?] generalizes [?] to two connected anti-stable strings with
joint anti-damping. Very recently, [?, ?] investigate stabilization for anti-stable wave equation
subject to external disturbance coming through the boundary input, where the sliding mode control
and active disturbance rejection control technology are employed. It is worth pointing out that in
all aforementioned works, the anti-damping coefficients are always supposed to be known.

On the other hand, a few stabilization results for anti-stable systems with unknown anti-
damping coefficients are also available. In [?], a full state feedback adaptive control is designed for
an anti-stable wave equation. By converting the wave equation into a cascade of two delay elements,
an adaptive output feedback control and parameter estimator are designed in [?]. Unfortunately,
no convergence of the parameter update law is provided in these works.

It can be seen in [?, 7] that it is the uncertainty of the anti-damping coefficient which leads to
complicated design for adaptive control and parameter update law. This comes naturally with the
identification of unknown anti-damping coefficient. To the best of our knowledge, there are few
studies on this regard. Our focus in the present paper is on simultaneous identification for both
the anti-damping (or damping) coefficient and initial value for system (??), where the coefficient ¢
is assumed to be in a prior parameter set Q = [g,q] (¢ or ¢ may be infinity) and the initial value is

supposed to be nonzero.



We proceed as follows. In Section 77, we propose an algorithm to identify simultaneously the
coefficient and initial value through the measured observation. The system may not suffer from the
disturbance or it may suffer from the periodic or general bounded disturbance. In Section 77, a
wave equation with anti-damping term in the boundary is discussed. A Schrédinger equation with
internal anti-damping term is investigated in Section ??7. Section 77 is devoted to coupled strings
with middle joint anti-damping. In all these sections, numerical simulations are presented to verify

the performance of the proposed algorithms. Some concluding remarks are presented in Section
??

2 Identification algorithm

Before giving the main results, we introduce the following well known Ingham’s theorem [?, 7, ?]

in Lemma ?7 below.

Lemma 2.1. Assume that the strictly increasing sequence {wg}rez of real numbers satisfies the
gap condtion
Wrt1 —wi >y forall keZ, (2.1)

for some v > 0. Then, for all T > 27/, there exist two positive constants C1,Cy depending only
on v and T such that

2
T
Clz|ak|2§/ D ape™r| dt < oY laxl, (2.2)
keZ 0 |kez keZ
for every complex sequence (ak)kez € 62, where

oT 472 8T 472
Ci="—(1-==]>0, Co=— (14— | >0. 2.3
' 7T< TQ'V?) 2 7T<+T272> (23)

To begin with, we suppose that there is no external disturbance in system (?7), that is,

{ i(t) = A(q)z(t), (0) = o,
y(t) = Cx(t).

The following Theorem ?7 indicates that the identification of the coefficient ¢ and initial value xq

(2.4)

can be achieved exactly simultaneously without error.

Theorem 2.1. Let A(q) in system (?77) generate a Co-semigroup Ty = (T4(t))icr+ and suppose
that A(q) and C satisfy the following conditions:
(i). A(q) has a compact resolvent and all its eigenvalues {An}nen (or {An}nez) admit the

following expansion:

A= f(q) Fipn, o0 <o < flpgr <-o- (2.5)
where f: Q — R is invertible, u, is independent of q, and there exists an L > 0 such that

nl
Hn> ¢ Z, for alln € N. (2.6)
27



(ii). The corresponding eigenvectors {¢n }nen form a Riesz basis for H.

(iii). There exist two positive numbers k and K such that k < |k,| < K for all n € N, where
kp = C¢n, neN. (2.7)

Then both coefficient q and initial value xy can be uniquely determined by the output y(t),t € [0,T],
where T' > 2L. Precisely

1
_ Ly il L2y 1) CforanyL<T, <Ty—1L, (2.8)
Lyl -rm-1)

and

Ty = % > ;n (/OL y(t)e_’\"tdt> bn. (2.9)

Proof. Since {¢,}nen forms a Riesz basis for H, there exists a sequence {1, }nen of eigenvectors
of A(q)*, which is bi-orthogonal to {¢, }nen, that is, (¢n,¥m) = dpm. In this way, we can express

the initial value xy € H as

o = Z<x0a ¢n>¢na

neN

and the solution to system (?7) as
z(t) = Ty(t)zo = Z e (z0, V) dn. (2.10)
neN
By (??), there exists an increasing sequence {K,} C Z such that

2K,
i, = ”L", neN, (2.11)

which implies that {u,} satisfies the following gap condition

2n (K - K 2
fint1 — pn = ( "+L1 n) > T =0 (2.12)

In addition, by the assumption that {¢, } forms a Riesz basis for H and |C'¢,,| is uniformly bounded
with respect to n, it follows from Proposition 2 of [?] or Theorem 2 of [?] that C' is admissible for

T4 So generally, we have

y(t) = Ca(t) = e (z0,4)Cohn

neN

—_ ef(Q)t Z ei“"t@}o, ¢n>c¢n £ ef(q)tPL(t)y

neN

(2.13)

where Pp(t) = Y, e (zo,¥n)Cop is well-defined and it follows from (??) that Pp(t) is a
Y-valued function with period L. For any To — L > T1 > L,

Ty To—L To—L 2
/ y(t)2dt = / gt + L) dt = / /@0 py 1) a
Th T1—L T—L

To—L
= 2L / ()2 dt.
T1—L

(2.14)



that is
1Yl L2 7y, ) = ef(q)LHy”L?(TrL,TTL)- (2.15)

To obtain (?7?), we need to show that ||y z2(r, 1) # 0 for To — T1 > L. Actually, it follows from

(??) that
T,
lyll? = /
L2(T1,T3) -

Tz
T]

where C3 = min {eQTlf (@) e2T2f (‘J)} > 0. By Lemma ?? and the gap condition (?7?), it follows that

MB—ﬂ>%zL

2 T2
JW&@‘&E%/ | P (t)|dt
T
) (2.16)
dt,

> et ag, o) C b

neN

2
Ty .
[ 715 et an ) Con| dv= €S o) Coul = i S an v, (27)
T nen neN neN
where ( ) )
2(Ty — T L
=—— (11— ——— for 7o — 17 > L. 2.1
o - < (T2 —T1)2> >0 for 15 1> ( 8)
The inequality (??) together with (??) gives
1220, 1) > CrCor? 3 [(aon ) (2.19)
neN

Notice that {¢y, }nen forms a Riesz basis for H and so does {¢,, }nen for H, there are two positive
numbers M7, M5 such that

MY~ o, tn)l® < llwoll® < M2 Y [wo, )| (2.20)

neN neN

Combining (??) with (??) yields
Iyl 2y 1) = Cllzoll > 0, (2.21)

where C = k (’}4—(53 > 0. The identity (??) then follows from (?7).

The inequality (??) means that system (?7?) is exactly observable for T, — 77 > L. So the
initial value zy can be uniquely determined by the output y(t),t € [T1,T>]. We show next how to
reconstruct the initial value from the output.

Actually, it follows from (?7?) that

L L =
/ gilkm—mltgy — § = P (2.22)
0 0, n#m.

Hence,

L L
/ y(t)e Mtdt = / (Z ei(“m_“")t(xg,d)m)Cqu) dt = kL - (x0,¥n), (2.23)
0 0

meN



Therefore the initial value ¢ can be reconstructed by

2o =Y (0, Un)n = %Z ﬁln (/OL y(t)e’\”tdt> bn.- (2.24)

neN neN

This completes the proof of the theorem. O

Remark 2.1. Clearly, (??) and (??) provide an algorithm to reconstruct ¢ and ¢ from the out-
put. It may seem that the first condition of Theorem 77 is a bit restrictive but this is satisfied
by some physical systems with constant damping discussed in Sections ?7-77. For the third con-
dition, |C¢,| < K implies that C' is admissible for 7, which ensures that the output belongs to
L2 (0,00;Y), and |C¢,| > k implies that system (??) is exactly observable which ensures the
unique determination of the initial value. It is easily seen from (??) that the coefficient ¢ can
always be identified as long as |y||z2(7, 1) # 0 for some time interval [T3, T3], which shows that

the identifiability of coefficient ¢ does not rely on the exact observability.

Remark 2.2. The condition 75 — 77 > L in Theorem ?7? is only used in the application of the
Ingham inequality in (?7?) to ensure that ||y||z2(7, 1,) # 0. In practical applications, however, this
condition is not always necessary. Actually, any L < T} < T is applicable in (??) as long as

|yl 2¢7, 1) # 0. Similar remarks also apply for Corollary 7?7 and Theorem ?7 below.

Now we come to the system with external disturbance which is inevitable in many situations.
Suppose first that system (?7?) is corrupted by an unknown periodic disturbance d(t) # 0 in
observation. The Corollary ?? below shows that we can construct not only the coefficient ¢ and
initial value zg, but the disturbance d(t) as well provided that d(t) is a periodic function with some

known period.

Corollary 2.1. Suppose that all the conditions in Theorem 77?7 are satisfied. If the disturbance d(t)
in system (??) is a periodic function with period l, then the coefficient q can be uniquely determined

by the output y(t),t € [0,T] with T > 1+ L as

) _
— 1 1im 7HyHL2(Tl7T2) . forany L<Ty<T,—L, (2.25)
L Nlle2er-m5-1)

where
gt) =yt +1) —y(t), t > 0. (2.26)
In addition, if l/L = nq/ng is rational, where ni,ns € N, then the disturbance d(t) can be recon-

structed from y(t),t € [0, (n2 + 1)I] by

M@y (t) — y(t +ny L)
d(t) = i@ -1 ,0<t <, (2.27)

and the initial value xy can be reconstructed by
= 1 E L /L[ (t) —d(t)] Mt ) ¢ (2.28)
To 2 o s Y e n- .
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Proof. With the same analysis as that in the proof of Theorem 77, we can show that
y(t) = eFDUP (1) + d(t), (2.29)
where Py (t) is defined in (7?). Since the disturbance d(t) is with the period [, we have
G(t) = y(t +1) — y(t) = SO [FDLp, (£ 4 1) — PL(t)} 2 f@P 1), t>0. (2.30)

Clearly, Pr(t) = e/ @'Pp(t 4+ 1) — P (t) is also a Y-valued periodic function with period L. As a
result, (?7) follows from the similar arguments in the proof of Theorem ?77.

Now suppose that /L = ny/ngy for some nj,ng € N. Then ny L = nsl, and hence

y(t+mL) —yt) =DM P ¢4 n L)+ d(t + n L) — /D' PL(t) — d(¢)
= em LI @Dt py (1) — I DEPp(8) 4 d(t + nal) — d(t) (2.31)
— [emLf(q) _ 1] JDtpy (1),

Therefore,
e Dy () — y(t +niL)
6n1Lf(q) — 1

d(t) = y(t) — T Dpy (1) = L0<t<l (2.32)

After having recovered the coefficient ¢ and disturbance d(t), the reconstruction of initial value xg

from (?7) is a direct consequence of Theorem ??. This completes the proof. ]

For general bounded disturbance d(t) in observation, it should be noted that system (?7?) is
supposed to be anti-stable in Theorem 7?7 below whereas in Theorem ?? and Corollary 77, there

is no constraint on the stability of system.

Theorem 2.2. Suppose that system (??) is anti-stable and all the conditions in Theorem 77 are
satisfied. If the inverse of f(q) is continuous and the disturbance d(t) is bounded, i.e. |d(t)] < M
for some M >0 and allt > 0, then for any To — L > T > L,

Tllinjoo an = 49, Tllirﬁoo HxOTl - $()” =0, (233)
where
1
gr, = [~ | 7 In LLIEGES , L<Ti<T,—1L, (2.34)
L ”yHLQ(Tl—L,Tg—L)
and . X _— :
Bory =+ Y — (/ y(t)e™ ”tdt> ¢n, T1>0. (2.35)
L neN Fin Ty

Moreover, for sufficiently large T, the errors |f(qr, ) — f(q)| and || 2o, — xol| satisfy

4 MyTy =Ty

|flar) — fla)l < + : (2.36)
' Lyl 2ry—p. 1) — MVT2 — T
and .
M
Tor, — xol| < e DT for some C > 0. 2.37
|07, — @ol| < s f (2.37)



Proof. Introduce
Ye(t) = CT,(t)zo = y(t) — d(t) = e V1P (1), (2.38)

where P (t) is defined in (??7). We first show that

Tll_ifﬂoo Yell L2(1, 1) = +00. (2.39)

Since system (?7) is anti-stable, the real part of the eigenvalues f(g) > 0. It then follows from (?7)

that
T 9 T , 2
Hy@H%Q(Tl,Tg) = / ef(q)tPL(t)) dt Z €2f(q)Tl / Z elﬂnt<x07 ¢n>c¢n dt (240)
Ty T neN
Using the same arguments as (?7)-(?7) in the proof of Theorem ?7?, we have
el 2z, ) = Ce? DT o, (2.41)

where C' = & ]\% > 0. Since f(q) >0, xg # 0, (??) holds. Therefore, for sufficiently large T},

||y”L2(T1,T2) o Hye + d||L2(T1,T2) < ”yeHLQ(Tl,Tg) + ||dHL2(Tl,T2) ) (242)

HyHLZ(Tl—L,Tg—L) B |’ye+dHL2(T1—L,T2—L) - ”yeHLz(Tl—L,Tg—L) - ”dHL2(Tl—L,T2—L)

Since |d(t)] < M, for any finite time interval I,

1
2
ldlay = ( [ laPar) " < ar T, (2.43)
where |I| represents the length of the time interval I. Hence,
1Yl 221 1) < [WellL2rym) + MVTa —T1 €@ 4+ o(Ty, Ty) (2.44)
Wl —rm-1) = WWell2ry -1y — MVT2 = Th 1—¢(T,Tp)
where
MA/Ty, —T;
e(Ty, Ty) = S - (2.45)
”yeHLQ(Tl—L,Tz—L)
Similarly,
1Yl L2y 1) Vel L2(ry 1) — 4l L2y 1) elf @) — o(Ty, Ty) (2.46)
Il c2er -1y — Wellb2ri—rmo—r) + Al 2y —pm—r) — 1 +e(T1,T2)

It is clear from (??) and (??) that limp, o0 £(T1,T2) = 0. This together with (??7) and (77) gives

y Wllzzerizs g (2.47)
T —+00 HZJHL?(TlfL,Tz*L)

Since f~!(q) is continuous,

(1 Iyl 21, 1)
lim g, =f'(>In lm ] =g 248




We next show the convergence of the initial value. Similar to the arguments (??7)-(?7?) in the

proof of Theorem 77, we have

1 1
:EO:LZK,”<

Ti+L
/ ye(t)e_)‘"tdt> bn, VT >0. (2.49)
neN

T

It then follows from (??) that

R 1 1
xOTl_:CO_LZnn(

Ty+L
/ d(t)e“tdt> bn, VT >0. (2.50)
neN

T

In view of the Riesz basis property of {¢,}, it follows that

2

. 1 1 T+l B
Eor, — woll* = I Z — (/ d(t)e A”tdt> bn
neN " T )

M- 1 T +L

< f; — / d(t)e"\"tdt‘
neN! T (2 51)

M. L 2 '

< 73 22 e—/\nT1 / d(t + Tl)e—kntdt
K neN 0 )

Mo —2f(¢)Th r —f(t\ —ipnt

= I2x2°€ > (d(t+Tl)€ )6 "],
0

neN

where Ms > 0 is introduced in (??). To estimate the last series in (??), we need the Riesz basis
(sequence) property of the exponential system A := { fn= ei“”t}n N’ There are two cases according
to the relation between the sets { K}, }nen introduced in (??) and integers Z:

Case 1: {Kp}nen = Z, that is, A = {eiznTﬂt} . In this case, since {emt}nez forms a Riesz

neL

basis for L?[—m, 7], A forms a Riesz basis for L?[-%, L].
Case 2: {K,}nen  Z. In this case, it is noted that the exponential system {ei“”t}neN forms
: . 72(_L L

a Riesz sequence in L*[—5, 5].

In each case above, by the propositions of Riesz basis and Riesz sequence (see, e.g., [?, p. 32-35,

p.154]), there exists a positive constant Cy > 0 such that

D Mg f)PP < Callglyap_ us (2.52)
[-3:3]
neN
for all g € L?[—%, 5], where (-,-) here denotes the inner product in L2[—%, Z].

We return to the estimation of ||Zor, — xo||. By variable substitution of ¢t = % — s in (77),

L

[ (15 o) Bt | e
L
-2

L vy _oo|?
g <T1 v 5> @ (5—L) =i 2

together with (?7?), gives

2

. My
oz, = wol* < pze 0 Y
neN

L

MaCa  spgyry [*

L2k2 L

2

M2M204 672f(q)T1
Lk?

s (2.53)

IN




Therefore,
M,Cy %e*f(Q)Tl
L k
which implies that |27, — xo|| will tend to zero as Ty — +oo for f(g) > 0. The inequality (?7?)
with the positive number C' = /M5C} is also concluded.
Finally, we estimate |f(q7,) — f(q)|. Setting T3 large enough so that £(71,72) < 1, it follows
from (?7) and (?77?) that

|Zory — zol| < , (2.54)

HyHLQ(Tth) < h’l eLf(q) + E(Tl, TQ)
lvllze(ry—Lme-1) — 1—¢e(T1,T3)
14+ e LI@Ne(T,. T

— Lf(q)+1n |14 EHE AL T

1-— €<T1, TQ)
26(T1,T2)
1-— 5(T1,T2) '

Lf(qT1) =In

(2.55)

< Lf(q)+

Similarly, for T} large enough so that (77, 7) < 1, it follows from (??) and (??) that

N 1Yl L2y 1) I el @) — o(Ty, Ty)
Iyl z2(r -1, 17—1) 1+e(Ty,T2)
(1 + B_Lf(q))€(T1, Tg)
=L In|1-—
4€(T1,T2)

1+, )

Lf(qu) =1

(2.56)

> Lf(q)

where the last inequality comes from the fact that In(1 — x) > —2z, for z € [0, 1].

Combining (??) and (??), and setting T} large enough so that e(T},T>) < 1, we have

2 [ e(T1,To) 4 (T, D) 4e(T1, To)
\ﬂmﬁ—f@ﬂ<mw{L(1_d}jﬁQ,L<L%iﬂzw>}<22. (2.57)

The error estimation (??) comes from the fact that

MyTy, — T MyTy, — T
e(Th, Ty) = 2l < 21 : (2.58)
ly = dllreer, -1y ~ Wlle2—rm—r) — MVT2 = T1
We thus complete the proof of the theorem. ]

Remark 2.3. Theorem ?7 shows that when system (??) is anti-stable, then g7, defined in (??) can
be regarded as an approximation of the coefficient ¢ when T} is sufficiently large. Roughly speaking,
the (T}, T») defined in (??) reflects the ratio of the energy, in L? norm, of the disturbance d(t) which
is an unwanted signal, with the energy of the real output signal y.(t). We may regard 1/e(T1,T%)
as signal-to-noise ratio (SNR) which is well known in signal analysis. Theorem ?? indicates that
gr, defined in (?7?) is an approximation of the coefficient ¢ when SNR is large enough. However, if
system (?7) is stable, i.e. f(q) < 0, similar analysis shows that the output will decay exponentially,
which implies that the unknown disturbance will account for a large proportion in observation and
the SNR can not be too large. In this case, it is difficult to extract enough useful information from

the corrupted observation as that with large SNR.

10



Remark 2.4. The anti-stability assumption in Theorem ?7? is almost necessary since otherwise, we

may have the case of y(t) = Cz(t)+d(t) = 0 for which we cannot obtain anything for identification.

Remark 2.5. It is well known that inverse problems are usually ill-posed in the sense of Hadamard,
that is, arbitrarily small error in the measurement data may lead to indefinitely large error in the
solution. Theorem ?? shows that if system (?7?) is anti-stable, our algorithm is robust against
bounded unknown disturbance in measurement data. Actually, similar to the analysis in Theorem
7?7, it can be shown that when system (?7) is not anti-stable, the algorithm in Theorem ?? is
also numerically stable in the presence of small perturbations in the measurement data, as long as
the perturbation is relatively small in comparison to the output. Some numerical simulations are

presented subsequently in Example 77 in Section ?77.

3 Application to wave equation

In this section, we apply the algorithm proposed in the previous section to identification of the anti-

damping coeflicient and initial values for a one-dimensional vibrating string equation described by

Ut = Ugg, O<ax<l, t>0,

uw(0,t) =0, ux(1,t) = que(l,t), t>0, (3.1)
y(t) = uz(0,8) + d(2), t>0,

u(z,0) = uo(x), ur(z,0) =ui(r), 0<z<1,

where x denotes the position, ¢ the time, 0 < ¢ # 1 the unknown anti-damping coefficient, ug(z) and
ui(x) the unknown initial displacement and initial velocity, respectively, and y(t) is the boundary
measured output corrupted by the disturbance d(t).

Let H = H5(0,1) x L?(0,1), where H5(0,1) = {f € H'(0,1)|f(0) = 0}, equipped with the

inner product (-,-) and the inner product induced norm

1
G0 = [ 7@ + Lot da.

Define the system operator A : D(A)(C H) — H as

{ Af.9) = (9. "), (52)
D(A) = {(f,9) € H*(0,1) x Hp(0,1) | £(0) =0, f'(1) = qg(1)},
and the observation operator C from H to C as

C(f.9) = f'0), (f.g9)€D(A). (3.3)

It is indicated in [?] that the operator A generates a Cop-group on H.

Lemma 3.1. [?] Let A be defined by (??) and let ¢ # 1. Then the spectrum of A consists of all
isolated eigenvalues given by

1.1
/\n:§lni(1]+in7r, ner, if ¢>1, (3.4)
q_

11



or

14+q , 2n+1
94

1
Ap==1In i ,
2 1-—g¢q 2

neZ, if 0<qg<l, (3.5)
and the corresponding eigenfunctions ®,(x) are given by

inh A,
D, (x) = (Sm)\x,sinh )\n:v> , VneZ. (3.6)

Moreover, {®,(z)}nez forms a Riesz basis for H.

Lemma 3.2. [?] Let A be defined by (?7?) and let ¢ # 1. Then the adjoint operator A* of A is

given by
{ A (v, h) = —(h,v"), 57)
D(A*) = {(v,h) € H*(0,1) x H'(0,1) | v(0) = 0,v(1) + qh(1) =0},
and o(A*) = o(A). The eigenvector W, (z) of A* corresponding to A, is given by
U, (z) = (Smhm —sinh)\nx) , Vnez. (3.8)

It is easy to verify that for any n,m € Z, (®,, V,,) = dpm. System (??) can be written as the

following evolutionary equation in H:

Cwit(t) = AX(t), t> 0, X(O) = (’LL(],ul), (39)

where X (t) = (u(-,t),us(+,t)), and the solution of (?7) is given by

X(t) =Y e(X(0),0,)®,. (3.10)
nez
Thus
y(t) =CX(t) +d(t) = > e (X(0),U,)CP, +d(t) = Y M (X(0),Ty,) + d(2). (3.11)
nezZ nel

It can be seen from Lemma 7?7 that when ¢ = 1, the real part of the eigenvalues is 400, while
for 0 < g # 1, the real part is finite positive. Hence, we suppose 1 ¢ @ as usual (see, e.g., [?, 7]),
where () = [¢,q] is the prior parameter set.

We take ¢ € Q = (1,400) as an example to illustrate how to apply the algorithms proposed in
the previous section to the simultaneous identification for the anti-damping coefficient ¢ and initial
values. The following Corollaries ?7-77 are the direct consequences of Theorem 77, Corollary 7?7 and
Theorem 7?7, respectively, by noticing that for system (?7?), the relevant function and parameters
now are

1 qg+1

f(q)zﬁlnqj’ pm =nm, L=2, k=1 (3.12)

12



Corollary 3.1. Suppose that d(t) = 0 in system (??), then both the coefficient q and initial values
uo(x) and ui(x) can be uniquely determined by the output y(t),t € [0,T], where T > 4. Specifically,

q can be recovered exactly from

_Myllezery ) + 1Wllze e —2,m-2)

= , 2Ty < Ty —2, (313)
Hy||L2(T1,T2) - ||yHL2(T1—2,T2—2)

and the initial values ug(z) and uy(z) can be reconstructed from
1 2 _ sinh A,z 1 2 _ .
up(z) = 3 Z </o y(t)e /\"tdt> Tn, ui(z) = 5 Z </0 y(t)e )‘"tdt) sinh Apz.  (3.14)
nez
Corollary 3.2. Suppose that the disturbance d(t) in system (??7) is a periodic function with period
[, then the coefficient q can be uniquely recovered by the output y(t),t € [0,T], where T > 241 as

Mllezry ) + 19l 22 —2,m-2)

— — — , QSTI <T2—2, 315)
190122t 10 — 18] 2201 —2.02) (

where

y@t) =yt +1) —y(t), t=0. (3.16)

In particular, if the period | is rational, that is, there exist n1,ny € N such that I = ny/ng, then the

disturbance can be recovered as well from y(t),t € [0,2n; + 1] as

g+ 1)™"y(t) — (g —1)™y(t +2n)
(g+1)m —(g—1m

and the initial values ug(x) and ui(x) can be reconstructed as

wiw) =3 3 ([ o) - e tar) S

neL

w(z) = % 3 < /0 “ ) — d(o)] e_’\"tdt> sinh A

neL

ﬂw:( L0<t<l, (3.17)

(3.18)

Corollary 3.3. Suppose that ¢ € Q = (1,4+00) in system (??) and the disturbance is bounded, i.e.
|d(t)| < M for some M >0 and allt > 0. Then for any To —2 > T; > 2,

R gn =g, N [(Gory, dary) — (uo, un)| =0, (3.19)
where
- 1Yl 2y 1) + ”?JHL2(T1—2,T2—2)’ Q< T < Ty 2. (3.20)
HyHLz(Tl,Tg) - HZ/HL2(T1—2,T2—2)
and

. Ti+2 _ sinh A,z
o (0) = 5 3 ([ e tar) A
neL n

_ 1
2 T
R 1
iy (2) = 5 >

Ty42
/ y(t)e_)‘”tdt> sinh A\, z.
nez N1

(3.21)

To end this section, we present some numerical simulations for system (?7) to illustrate the

performance of the algorithm.
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Example 3.1. The observation with some random noises when system (77?) is stable.

Simple spectral analysis together with Theorem 77 shows that Corollary 77 is also valid for
q € Q = (—o0,—1). In this example, the damping coefficient ¢ and initial values ug(x),ui(x) are
chosen as

g=-3, up(z)=-3sinmz, wui(x)=mwcosnz. (3.22)

In this case, the output can be obtained from (??) (with d(¢) = 0), where the infinite series is
approximated by a finite one, that is, {n € Z} is replaced by {n € Z | — 5000 < n < 5000}. Some
random noises are added to the measurement data and we use these data to test the algorithm
proposed in Corollary ?7.

Let Ty = 2, T, = 2.5, then the damping coefficient ¢ can be recovered from (??), and the initial
values ug(x),u;(z) can be reconstructed from (??). Table ?7 indicates the numerical results for
the damping coefficients (the second column in Table ??) and Figure ??-?? for the initial values
in various cases of noise levels. In Table 77, the absolute errors of the real damping coefficient
and the recovered ones and the L?-norm of the differences between the exact initial values and the
reconstructed ones are also shown.

It is worth pointing out that in reconstruction of the initial values from (?7), the infinite series
is approximated by a finite one once again, that is, {n € Z} is replaced by {n € Z | |n| < 1000},
which accounts for the zero value of the reconstructed initial velocity at the left end. This is also
the reason that the errors of the initial velocity (the last column in Table ??) are relatively large

even if there is no random noise in the measured data.

Figure 1: without random noise Figure 2: with 1% random error

Example 3.2. The observation with periodic disturbance when system (?7) is anti-stable.

The anti-damping coefficient ¢ and initial values ug(x) and u;(x) are chosen as

qg=3, wo(x)=3sinmx, wu(r)=mcosnz, (3.23)

14



Figure 3: with 3% random error

Figure 4: with 5% random error

Table 1: Absolute errors with different noise levels

Noise Level Recovered ¢

Errors for ¢ Errors for ug(z)

Errors for u ()

0 -3.0000 9.3259E-15 1.1744E-08 2.2215E-01
1% -2.9994 6.2498E-04 1.1618E-03 2.2748E-01
3% -2.9979 2.0904E-03 3.5604E-03 2.6662E-01
5% -3.0132 1.3224E-02 4.9227E-03 3.1340E-01
and the observation is corrupted by the disturbance
d(t) = 3sinnt + 4 cost, (3.24)

being with period | = 2. The relevant parameters in Corollary ??7 are chosen as follows:
T = 4.5, ny = ng = 1, T1 = 2, TQ = 2.5.

For this case, the output is also obtained from (??) by a finite series approximation. The anti-

damping coefficient ¢ is recovered from (?7?):

 7llzze2, 2.5 + 191l 22(0, 0.5)

= — = 3.0000. (3.25)
190222, 2.5) = 19l 220, 0.5)
The periodic disturbance can be estimated from (?7?):
d(t) =2y(t) —y(t+2), 0<t<2 (3.26)

and the initial values ug(x),u1(x) can be reconstructed from (??). Figure ?? depicts the output

and disturbance and Figure 7?7 the initial values.
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Figure 5: output y(¢) (upper) and periodic distur- Figure 6: initial values uo (upper) and u; (lower)
bance d(t) (lower)

Example 3.3. The observation with general bounded disturbance when system (?7?) is anti-stable.
The anti-damping coefficient and initial values are also chosen as that in (??), and the obser-

C

The observation is also obtained from (?7?) by a finite series approximation, see Figure 7?7 for the
output with disturbance. The relevant parameters in Corollary 7?7 are chosen to be 75 = 11 + 3,
and let T be different values increasing from 2 to 10. The corresponding anti-damping coefficients
gr, recovered from (?7?) are depicted in Figure ??. It is seen that gp, converges to the real value
q = 3 as T increases. Setting 77 = 0, 3, 7 in (??) and reconstructing the initial values produce
results in Figure 7?7 from which we can see that the reconstructed initial values become closer to

the real ones as 77 increases.

4 Application to Schrodinger equation

In this section, we consider a quantum system described by the following Schrodinger equation:

Up = —Uge + qU, O<z<l1,t>0,

L0.0) =0, u(l,t)=0, t>0,

0af0,6) =0, (1,1 )
y(t) = u(0,t) + d(1), t>0,

u(x,0) = ug(z), 0<z<1.

where u(z,t) is the complex-valued state, i is the imaginary unit, and the potential ¢ > 0 and ug(z)
are the unknown anti-damping coefficient and initial value, respectively.

Let H = L?(0,1) be equipped with the usual inner product (-, -) and the inner product induced

16



Figure 7: output y(¢)(upper) and coefficient g (lower)  Figure 8: initial values uo(upper) and u; (lower)
norm || - [|. Introduce the operator A defined by

{ Ap = —~id! + a0, 42)

D(A) = {p € BX(0.1) | #/(0) = (1) = 0}.

A straightforward verification shows that such defined A generates a Cy-semigroup on H.

Lemma 4.1. [?] Let A be defined by (??7). Then the spectrum of A consists of all isolated eigen-

values given by )
An:qﬂ‘(n—;) 72, néEN, (4.3)
and the corresponding eigenfunctions ¢ (x) are given by
én(z) = V2cos <n - ;) mx, neN (4.4)
In addition, {¢n(z)}nen forms an orthonormal basis for H.

System (?7) can be rewritten as the following evolutionary equation in H:

X _ Ax(@). >0, X(0) = uo (45)
and the solution of (??) is given by
X(t) =Y eMX(0), dn)bn- (4.6)
neN

Thus
y(t) = V2 e ug, ¢n) + d(2). (4.7)
neN

The relevant function and parameters in Theorems ??-?7 for system (77?) are

. kn= V2. (4.8)

8
2 ™

2
f(Q)ZQ7 Mn:<n_1> 7T2> L=
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Parallel to Section 77, we have three corollaries corresponding to the exact observation, observa-
tion with periodic disturbance and observation with general bounded disturbance, respectively, for

system (?7). Here we only list the last one and the former two are omitted.

Corollary 4.1. Suppose that g € Q = (0,4+00) in system (?7) and the disturbance is bounded, i.e.
|d(t)] < M for some M >0 and allt > 0. Then for any To — 2 > Ty > £,

pim g =g, lim 4o, — uoll =0, (4.9)
where
g = LR vl 221 1) ’ 8 T < Ty §’ (4.10)
8 HyHL?(Tﬁ%,TQf%) ™ ™
and

dor, () = g > (

neE”L

T1+% 1
/ y(t)e tdt | cos <n - ) L. (4.11)
T 2

We also give a numerical simulation to test the algorithm proposed in Corollary 77 for system

(?7), where the anti-damping coefficient ¢ and initial value ug(z) are chosen as
q=0.7, wup(z) =sinmx +icosmz, (4.12)

and the observation is corrupted by the disturbance

d(t) = 2sin + 3i cos 20t. (4.13)

10+t
The observation can be obtained from (??) by a finite series approximation, that is, {n € N} is

replaced by {n € N | n <5000}. Figure ?? depicts the real part and imaginary part of the output.
The relevant parameters in Corollary ?? are chosen to be T5 = T1 + 1, and T} increasing from 2.55
to 10. The corresponding anti-damping coefficients g7, recovered from (?7) are shown in Figure
?7?. It is obvious that g7, is convergent to real value ¢ = 0.7 as T} increases. Setting 77 =0, 3, 7,
respectively, in (?7), the reconstructed initial values are shown in Figure ?? from which it is seen
that the errors between the reconstructed initial values and the real ones become smaller as T}

increases.

5 Application to coupled strings equation

In this section, we consider the following two connected anti-stable strings with joint anti-damping
described by

up(x,t) = ugq(x,t), z€(0,3)U(5,1), t >0,
1_t = 1+t t>0
U 9 =u 9 ’ =Y

1- 1t

u(0,t) = uy(1,t) =0, t >0,
u(z,0) = up(z), ut(z,0) = ui (z), 0<z<1,
y(t) = uz(0,t) + d(t), t>0,
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Figure 9: real part (upper) and imaginary part Figure 10: anti-damping coefficient ¢,
(lower) of output y(t) with disturbance

Figure 11: real part (upper) and imaginary part (lower) of initial value ug(x)

where ¢ > 0,q # 2 is the unknown anti-damping constant. System (?7?) models two connected
strings with joint vertical force anti-damping, see [?, 7, 7] for more details.

Let # = H£(0,1) x L?*(0,1) be equipped with the inner product (-,-) and its induced norm

1
T /0 [l ()2 + o) ?] da,

where Hy(0,1) = {u| v € H'(0,1),u(0) = 0}. Then system (??) can be rewritten as an evolution-

ary equation in H as follows
d
ﬁX(t) = AX(t), (5.2)
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where X (t) = (u(-,t),us(-,t)) € H and A is defined by
Alu,v) = (v(x),u" (2)), (5.3)

with the domain

u(0) = /(1) = 0.l 1) € H(0, ).

uly € H2(3,1),0/(37) = w'(57) = qv(3)

where u/(, ;) denotes the function u(z) confined to [a, b].

D(A) = { (u,v) € H(0,1) x HE(0,1) . (5.4)

We assume without loss of generality that the prior parameter set for ¢ is @ = (2, +00) since

the case for Q = (0, 2) is very similar.

Lemma 5.1. [?] Let A be defined by (??)-(??) and q € Q = (2,+00). Then A~ is compact on H
and eigenvalues of A are algebraically simple and separated, which are given by
1 2
An = 5 1n Zf2 tinm, necz. (5.5)

The corresponding eigenfunctions ®,(x) are given by

D (2) = (dn(2), \an()), Vn €L, (5.6)
where
Qcoshﬁsinh)\nx, 0<z< 1,
Pn(z) = A 2 2 (5.7)
V2

A 1
Esmh?ncosh)\n(l —x), ;<< 1.

and {®, () }nez forms a Riesz basis for H. In addition, A generates a Cy-semigroup on H.
Lemma 5.2. [?] Let A be defined by (??)-(?7) and q € Q = (2,4+00). Then the adjoint operator
A* of A is given by

A*(u,v) = —(v,u"), (5.8)
with the domain
w(0) =u/'(1) =0, u € H?(0,1),
D) = () € 110, 1) x m1h(0,1)] " (2) ; |f0’fl /( 1f) Lt (59
ulpp g € H(3,1),v'(3 ) =4 (37) = —qu(3)
and o(A*) = o(A). The eigenfunctions V,,(z) of A* corresponding to \, are given by
Uy (z) = (0,(), Ay (2)), VneLZ (5.10)
We show that {¥,,(z)} is biorthogonal to {®,(z)}. Actually, for any n,m € Z,
1
@) = [ [6hl@) - n(w) = Mibula) A2 da
A Am [
= 2cosh > cosh o> cosh(\, — \p)zdx
0 (5.11)

A A [
—2sinh > sinh > cosh(A, — Ap)(1 — x)dx
1
2
1

A — Am
= 2 cosh nT /2 cosh(A\, — \pp)xdx = G-
0
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Hence, the solution of (?7) can be expressed as

=" MUK (0), U) D (5.12)

neL

Define the observation operator C from H to C to be

Then
y(t) = CX(t = eMUX(0), U,)CPy, + d(t) (5.14)
nez

The following Corollary 7?7 is the direct consequence of Theorem 7?7 by noticing that for system

(?7), the relevant function and parameters now are

1 2 A
flq) = ,mi’ fn =nm, L=2, ky=1+2cosh™2, (5.15)
2 q—2 2
and simple calculation shows that
1 1 1 1
V2 | (g+2\* g—2\1 V2 | [(qg+2\* qg—2\1*
—_— | =] - < < — || == — VneZ. 5.16
2 [\g=2 o) | Shl=o =) laz) |7 (5.16)

The corollaries that correspond to Theorem 7?7 and Corollary 7?7 are also omitted here.

Corollary 5.1. Suppose that ¢ € Q = (2,4+00) in system (?7) and the disturbance is bounded, i.e.
|d(t)| < M for some M >0 and allt > 0. Then for any To —2 > T; > 2,

Tllgﬂoo qr, = ¢, Tllifﬂoo | (o, tary ) — (wo,wa)|| =0, (5.17)
where
2 + oy
o7, = (||?JHL2(T1,T2) ||yHL2(T1 2,T 2))7 2 < T <Ty—2. (5.18)
H@/||L2(T1,T2) - ||?JHL2(T172,T272)
and
1 itz inh A 1
=3 / JeAntgy | AT 0<z< -,
2 T )\n 2
ﬂoT (ZL') _ nez
1
1 Ti+2 Aot An coshA,(1—z) 1
= e~ ridt ) tanh — - — ) —<x < 1.
2 ze; (/T1 ) 2 A 2 ="
" (5.19)
1 T1+2 o 1
22(/ ”dt)sinh)\nm, 0<$<§,
alTl (.’E) - 1 Ty +2 A 1
3 2 </T1 y(t)e_)‘”tdt> tanh ?n -cosh A\, (1 — x), 5 << 1.

n

m

As before, we present some numerical simulations for system (??) to showcase the effectiveness
of the algorithm proposed in Corollary ??. The anti-damping coefficient ¢ and initial values ug(z)

and wui(z) are chosen to be

¢q=3, wuo(x)=sinz, wu(zr)=cosz, (5.20)



and the observation is corrupted by the disturbance
2

10+t

d(t) = sin + cos 10¢. (5.21)

The observation is obtained from (??) by a finite series approximation, that is, {n € N} is replaced
by {n € N| |n| <5000}. Figure ?? depicts the output. The relevant parameters in Corollary 7?7
are chosen to be 7o = T7 + 1, and T} increasing from 2 to 8. The corresponding anti-damping
coefficients g, recovered from (?7) are plotted in Figure ??. It can be seen that ¢, converges to
the real value ¢ = 3 as T} increases. Let 71 = 0, 3, 7 in (??), and the reconstructed initial values
are shown in Figure 77, from which it is seen that the reconstructed initial values become closer to

the real ones as 77 increases.

Figure 12: output y(¢) (upper) and coefficient ¢, Figure 13: initial values ug (upper) and u; (lower)
(lower)

6 Concluding remarks

In this paper, we propose an algorithm to reconstruct simultaneously an anti-damping coefficient
and an initial value for some anti-stable PDEs. When the measured output is exact or with periodic
disturbance, the recovered values are exact whereas if the measured output suffers from bounded
unknown disturbance, the approximated values of the anti-damping coefficient and initial value
can also be obtained. Some numerical examples are carried out to validate the effectiveness of the
algorithm. It is very promising to apply the algorithm presented here to stabilization of anti-stable

systems with an unknown anti-damping coefficient.
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