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Abstract

The physiological structure of microbial communities in natural environments is typi-

cally a response to changes in internal and external conditions. External conditions may

include the availability or depletion of growth-limiting nutrients, and presence of inhibit-

ing or toxic substances while internal conditions may include cell to cell interactions.

We present and investigate spatiotemporal bacterioplankton-nutrient-chemoattractant-

chemorepellent interaction models that take into account the quiescent stage and chemo-

taxis. We establish conditions under which microbial population oscillations (boom-and-

bust) may occur. In the study, we observe that population oscillations occur when the

switching of states is dependent on the active microbial density in the environment or

cell-to-cell interaction. Furthermore, in the case where dormant cells are neglected or

disregarded, oscillations are not observed in the bacterioplankton population dynamics.

It is well known from experiments that colonies of Escherichia coli and Salmonella

typhimurium exhibit various patterns, therefore, we establish the existence of traveling

wavefronts for the proposed reaction-diffusion model. Using the theory of monotone wave

fronts for cooperative and partially degenerate reaction-diffusion systems, we show that

the minimal wave speed coincides with the spreading speed. However, that is for the

constant switch rates case. Whereas, for the switch functions dependent on the chemo-

attractant concentration we numerically observe that the model admits non-monotonic

traveling wave profiles. Moreover, we demonstrate that neglecting dormant cells overesti-

mates the spreading speed of the colony. Numerical results also indicate the importance

of the quiescent stage in the speed of spread.

Microbial populations depend on their environment but can also modify it. Instead

of breaking down complex nutrients for their growth, microbes can exhibit negative local

or global behaviour by engineering the environment in ways that are detrimental to

their proliferation. A reaction diffusion model system consisting of active and inactive

microbial population in a harsh environment accounting for the directed movement and

switch of cells to dormancy at high concentration is studied. Results show an essential

mechanism generating oscillating patterns in microbial populations under environmental

stress. Bifurcation analysis of the model and the interplay between Turing and Hopf

instability is discussed. Theoretical and numerical investigation of the proposed model

is presented to provide insight into the conditions that may lead to the extinction of the

microbial population – ecological suicide. A qualitative study of the proposed numerical

schemes is presented. Numerical simulations are provided to support our theoretical

observations.
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Chapter 1

Introduction

Microbial populations are generally found to exist in the form of biofilms. A biofilm

is a formation of bacterial communities embedded within a slimy extracellular matrix

consisting of proteins, extracellular DNA, and polysaccharides [115]. Biofilms can be

found anywhere and everywhere in natural and industrial environments. The formation,

development and growth of biofilms are multistage processes. These dynamical processes

are largely influenced by the environmental conditions that include nutritious substrates

supplied by the surrounding environment and autotrophic microbes, diffusion limitations

of substrates, bulk fluid shear stress as well as types and characteristics of bacteria con-

tained in the biofilm. They are known to consist of multispecies such as algae, fungi,

extracellular polymeric substances, other microbes, and solvent [115].

Biofilms can cause tremendous harm resulting in product contamination, medical

infections and financial loss, but are also beneficial and useful in processes such as biore-

mediation, biodegradation and biofiltration of wastewater, moreover, forming bio-barriers

to keep and prevent groundwater and soil from getting contaminated. However, the for-

mation of biofilms is a very complex dynamical process that is influenced and controlled

by different biological, physical as well as chemical properties and mechanisms. Biofilm

experiments with the aid of mathematical modelling are of great importance to get deeper

insight, better understanding and a broader perspective of the dynamics of complex mi-

croorganisms behaviour. Mathematical modelling not only helps in verifying experiments

but is a tool used for future predictions.

1.1 Early work

Biofilm phenotype of bacteria has been observed by scientists for several hundreds of

years. Historically, examination of biofilm growth at the level of single cells formally

started when the microscope became a commonly used biological tool by microbiologists

and cardiologists [142]. The experiments or microscopic observations of biofilms date back

1
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from 1683 to 1708 in the letters [109, 110] published by Anthoni van Leeuwenhoek referred

to as “the Father of Microbiology”. Using a microscope that he designed and made, the

scientist observed and described matter from his mouth as aggregated microorganisms

in the “scurf of the teeth” as well as “particles scraped off his tongue” [78, 79]. The

particles scraped off the tongue were later described by countless dentists in [45] as the

dental plague development and normal microbial communities of the tongue mucosa.

Among others, dentists were the first to recognise the effects and impacts of aggregating

microbes in connection with all dental problems [88] and infections [89].

Louis Pasteur, a pioneer of microbiology, in the year 1864 observed and gave a dia-

gram, shown in Fig. 1.1, of bacteria aggregates as a result of wine getting acetic [144]

leading him to discover pasteurization [78]. For the succeeding century, medical micro-

biologists and other microbiological researchers had no interest in microorganism biofilm

growth, in addition, the concept of biofilm-secreting microorganisms was unknown to

most of them [78, 79]. From 1933 to 1935, the term “film” referring to bacteria aggre-

gation, adhesion and proliferation was being used in the field of marine microbiology

to differentiate adhering (immobile) microbes from free-swimming “planktonic” microor-

ganisms [72, 196]. Then, the focus was on the planktonic microorganisms together with

their pathogenic properties. However, in the early 1920s there was a report to the US

Navy Department on bacteria found in the form of slime on the bottom of ships when

biofouling occurs on surfaces such as ship and submarine hulls [6]. Studying the bacterial

flora of a lake or pond in detail using the usual methods requires an investment of time,

labour as well as costly equipment that in most cases cannot be readily obtained. Thus,

authors in [72] proposed a procedure that minimizes the equipment and labour used by

employing microscopic slides placed in an aquatic environment for a definite period of

time. The method tracked different numbers and types of bacteria that develop in various

freshwater habitats or aquatic environments with the expectation that such an experi-

ment will provide insight into the nature and dynamics of the water bacteria and their

role in the lake, stream or ecosystem.

Thereafter, the study of biofilm also broadened and developed in the field of medicine.

In the year 1970 to 1972, a link between bacteria aggregation and the aetiology of chron-

ically persistent infection was observed in medicine from cystic fibrosis patients with

chronic Pseudomonas aeruginosa (P. aeruginosa) lung infection through a microscopic

examination, [80, 77, 81]. Between 1974 to 1978, they linked and observed bacteria ag-

gregation in autopsies of cystic fibrosis patients who died as a result of P. aeruginosa

lung infection. A biofilm of aggregated bacteria surrounded by slime in the sputum of

those patients infected with mucoid phenotypes was observed. Since then, biofilm has

been studied in basic, technical and environmental microbiology [38, 100, 39], medical

microbiology as well as biochemistry [135].

Extensive research on biofilms has been conducted for the past four decades with

2
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(a) The instrument constructed for the study.(b) Dépôt from red wine with aggregates.

Figure 1.1: Original drawings by Louis Pasteur [78].

models that have been successfully used to better understand and predict the growth and

other dynamics of biofilms in different environments. Generally, the formation of biofilm

mathematical models range from simple to complex, one spatial to multi-dimensional

models, single to multi-species, and from temporal to spatial-temporal models, etc.

The authors in [154, 153] first did an experiment using laboratory-scale biofilm reac-

tors to evaluate the steady-state biofilm kinetics as well as the idea that there exists a

threshold substrate concentration below which no steady-state activity occurs. From the

experiment, it was observed that as the rate-limiting substrate concentration approaches

a critical value, the substrate removal and the thickness of a biofilm immediately get

reduced. Thereafter, they proposed and considered a steady-state biofilm model that

couples substrate utilization to microbial growth. The study investigated the critical

bulk substrate concentration needed for the development and sustainability of a biofilm

in various conditions and the substrate flux into a biofilm over the concentration range

between two extreme cases. Furthermore, [183, 184] made experimental observations to

describe and analyse the competition for space and rate-limiting substrate between sev-

eral microbial species. In the study, they too discuss the case of steady-state and both

the autotrophic and heterotrophic organisms dependent on a common nutrient (oxygen).

Using a continuum approach, they developed a mathematical model of biofilms that de-

scribes the dynamics and spatial distribution of the various species as well as predict the

changes in the biofilm thickness. Differences in substrate concentrations in the bulk fluid

and restriction of external mass transfer with biomass detachments as a result of shear

3
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stress and sloughing are included in the model. The studies mentioned above are focused

on the dynamics of the steady-state biofilm growth models that take into account the

thickness of biofilms, the spatial distribution of various species as well as the substrate

concentration.

Subsequently, mathematical models of biofilm growth and pattern formation have

been developed and studied using diffusion-limited aggregation (DLA) models. The

growth pattern was first studied in [190] using the DLA model through computer simu-

lations where they considered a model applicable to a metal-particle aggregation process

with correlations. Their simulations produced aggregates that have a power-law correla-

tion. In addition, they compared the dynamics of the model to other models producing

low-density objects: random animals, the Eden growth model, percolating aggregates,

and self-avoiding motions. Later on, authors in [60] presented the first biological DLA

study on a DLA colony of Bacillus subtilis on agar plates. They observed that there is

a high probability for bacterial Bacillus subtilis colonies to grow in line with the DLA

process on agar plates. In [168, 118, 59] more experimental and modelling research was

done showing that the bacterial colonies of Bacillus subtilis grow two-dimensionally and

self-similarly through diffusion-limited aggregation processes in a nutrient concentration

environment. Further, they observed that the bacterium grew a round colony similar

to the Eden model dynamics, a bacterial colony that has a straight and dense branch

formation as well as a dense colony diffusing with concentric rings. See for example, Fig.

1.2.

Figure 1.2: Experimental examples of DLA microbial colonies growing in low-nutrient
environments [170]. Given are colonies of (a) B. subtilis [118], (b) B. subtilis [60], and
(c) S. cerevisiae [169].

As mentioned earlier, bacterial colony growth yield to and is controlled by various

physical, chemical and biological laws or factors in the environment. All these factors

and laws play a crucial role in the proliferation and can affect the morphology of the bac-

terial colonies. However, colony morphology also varies with different microbial species.

Generally, the mechanisms and dynamics of bacterial colony growth are highly complex.

The characteristics of colony patterns and growth patterns are not easy to explain solely

by experiments, but can be explained using mathematical models that are based on
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already-known biology. Whether or not a pattern will form depends on the local inter-

actions between bacterial colony and the chemical kinetics as well as the competition

involving diffusive dispersal and chemotactic aggregation, [131].

A capillary assay method was developed to study the behavior and possible patterns

formed by bacteria in response to a chemoattractant in [3]. The assay method has

since been used to study and better understand the response of bacterial species to

chemoattractants, nutrients and repellents and verify mathematical models [167]. Later

in [21, 22] the authors carried out a series of experimental studies on patterns formed

by S. typhimuriun and E. Coli. They used three experimental methods with different

mediums resulting in three different pattern mechanisms formation. In the experiment,

bacteria are placed in two mediums: liquid and semi-solid medium procedures. The

results showed that a bacterial colony have the ability to form intriguing regular patterns

when they consume or are exposed to succinate and fumarate, also secreting aspartate and

a potent chemoattractant [131]. See for example, Figs. 1.3 and 1.5. The experiments and

mathematical models in [21, 22, 175, 131] along with dynamics and various behaviour

exhibited by microbial populations in different environmental conditions have inspired

this work.

(1) S. typhimurium patterns (2) E. coli patterns

Figure 1.3: Semi-solid medium models. (1a) concentric rings (transition to spotted rings
pattern) and (1b) concentric spotted rings. With (2a) showing interdigitated spots, and
(2b) radial spots [175].
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1.2 Mathematical modelling

Existing mathematical models studying the growth of bacteria colonies based on the

physical mechanisms for diffusing and spreading are mostly computationally intensive.

However, mathematical simplifications can be implemented such that models are eas-

ily applicable and most importantly, address crucial and practical matters in question.

Early models were one-dimensional, for example, [153, 154, 183, 184], but the biofilm

dynamics and mechanisms lead to the revelation that biofilm growth is more complex,

heterogeneous and of three-dimension with tower and mushroom-like anatomy [189]. In

contrast to biofilms of the well-studied cells: P. aeruginosa, E. coli, and V. cholerae, the

Caulobacter crescentus (CB15) cells form biphasic biofilms, consisting predominantly of

a cell monolayer biofilm and a densely packed biofilm with mushroom-shaped structures

[51]. See Fig. 1.4. More recent models are three-dimensional. In [48] they proposed and

studied a continuum model that describes the development of spatially heterogeneous

biofilm structures and the interaction of nutrient availability and biomass production.

Moreover, authors in [99, 97] presented a substrate-limiting model of a growing biofilm

layer. In their case, the biofilm is modeled as a viscous, incompressible fluid of constant

density governed by Darcy’s Law. Since biofilms are not necessarily flat and homogeneous

but instead often exhibit complex structural heterogeneity, a more advanced model was

presented in [35, 36] considering an extra-cellular polymeric substance (EPS) matrix to

study the development of heterogeneous biofilm morphology. They assumed that the

bacteria are enmeshed in the network and produce the polymer and that the biofilm is

a biological gel containing EPS and water. A model of a biofilm growing inside a long

channel with biomass assumed to have a viscous polymer solution rheology was presented

in [188]. The work considered a case where the biofilm growth is enough to influence the

flow (i.e, clogging). Similar models have been investigated as in [1, 98], providing funda-

mental insight on the role and importance of biofilm growth in fluid transport through

porous media. Different mathematical models with various assumptions on the dynamics

of biofilms or microbes in any environment have been studied.

1.3 Bacteria quiescence

In many populations, not all individuals are actively growing and proliferating but some

are in a quiescent state [67]. Under certain circumstances or conditions, a normally grow-

ing microorganism can transition to a quiescent stage and later transition back to an

active state. Dormance or quiescence refers to a reversible state of low metabolic activity

in which living microorganisms can persist for extended periods without proliferation

to survive nutritionally unfavourable conditions or environmental toxins [91]. Quiescent

phase has been identified under different names in the literature, e.g., dormacy, resting
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Figure 1.4: Images displaying shadow projections of the ushroom-shaped structures of
biofilm from different angles [51].

phase, hibernation, and ecological refugee, to name a few [181]. Dormance occurs in

various biological phenomena involving different species or living organisms, for example,

a seed-producing plant reproduces seeds that can germinate immediately and develop

into active plants while other seeds remain in the soil for long periods of time until they

grow into plants. Quiescent cells of pathogens may produce latent infections when resus-

citated, additionally, dormant bacteria are not responsive to many antimicrobial agents

since these agents are known to be effective only against growing cells [117]. Moreover,

Mycobacterium tuberculosis can be dormant due to oxygen limitation in the host for a

very long time without producing a virus, then resuscitate and start the production of

lesions and progressive tuberculosis [85, 185]. This work includes and focuses on micro-

bial quiescence as a result of nutrients, stimulants and chemoattractants limitations or in

response to repellents in their surroundings.

Since the probability that a single microorganism switches states from being dormant

and to becoming active and vise-versa depends on its age, size and other quantities,

studying the development and growth of populations with quiescence includes the dy-

namics of an entire ecosystem comprising of a general microbial population and naturally

falls in the domain of population dynamics. Neglecting responses of microbes in different

conditions or environments with unfavourable conditions (that include either regular or

long-lived shortage of nutrient) fails to capture the biogeochemical system. Therefore,

one of the main objectives of this work is to study and model the behaviour of the bac-

terial population as a whole using known dynamics or behaviour of cells as well as their
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local and global interactions.

Cell proliferation is affected by chemical and physical factors in the environment such

as growth-limiting nutrient supply, temperature, light intensity, pH and pressure levels.

In [87] a chemostat Monod model for microbial growth taking into account active and

quiescent cells was proposed and analysed. In the study, transient oscillatory growth

behaviours in bacterial and chemostat cultures under nutrient limitations were observed.

The model proposed takes the form

dn

dt
= k3(n

0 − n)− k4
f(n)u

Y
,

du

dt
= k4f(n)u− k3u− k1u+ k2w,

dw

dt
= −k3w + k1u− k2w,

(1.1)

where w(t), u(t) and n(t) denote bacterial cell density of quiescent and active cells and

the concentration of the growth-limiting nutrient in the chemostat, respectively, n0 is the

concentration of the limiting nutrient in the medium constant supplied into the chemostat,

k3 is the dilution rate, k4 is the growth rate, k1 is the rate of change from active cells

to quiescent ones, k2 is the rate of change from quiescent cells to active ones, Y is the

yield constant and f(n) denotes the growth rate. Numerous mathematical models taking

into consideration cells that change their metabolism to adjust to environmental changes

have been proposed and analysed, see for example, [134]. In the work they investigated

cell consumption kinetics depending on pH levels, moreover, authors in [108] proposed

a kinetic model of flocculation considering the possibility that dispersed bacteria and

bacteria aggregated in a floc have different physiological states. From the model, it was

observed that the floc phase and dispersed phase bacteria exhibit different growth rates.

Additionally, in [67] they considered a model that assumes a single cell fully characterised

by its age, and state (either active or dormant). The model is continuous in time and

consists of partial differential equations with an analysis that focuses on extinction or

exponential growth. The work [68] and [69] extended the study by considering a nonlinear

structured cell population model of tumor growth. The models differentiate between two

types of cells with the tumor (the proliferating and quiescent), and assume that the

probability of switching states is controlled by the total tumor size. The mathematical

models predict that tumor growth occurs in its early stages similarly to tumors forming

a necrotic center and then grow exponentially.

Furthermore, to name a few, the work [117, 70, 17] have contributed to a better

understanding of the ability of certain living organisms to reversibly enter a quiescent

state that has crucial implications for their survival, especially in environments involving

stress such as extreme temperatures, toxins, water and nutrient limitations. An interest-

ing feature of the above-mentioned models, due to the inclusion of a quiescent state, is
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that oscillatory growth behaviour or bacterioplankton blooms are observed. In bacterial

and algae chemostat cultures, it has been established that if slow-growing microbes are

inoculated in the system, the population washes out or remains in the same state as long

as the limiting nutrient level remains below a threshold level. If the fast growing cells are

inoculated in the chemostat, the microbial population could still survive the slow growth

mode even when the nutrient input concentration remains low or below critical level

[117, 87]. Competition between two species that can switch from slow to fast-growing

modes and uptake nutrient and vise-versa has been considered to result in oscillatory

growth dynamics. In [56] a model involving two species, oceanic biomass and nutrient,

with similarities to models proposed to explain the sawtooth oscillation behaviour in gly-

colysis is discussed. The authors extended the analysis by proposing a more complex

model that includes competition between planktonic species. Subsequently, an extension

of a model on a system of competing species of microbial populations was proposed in [57]

were they showed that in conditions of starvation, self-sustained oscillations are extreme

resulting in boom-and-bust dynamics where there are concentrated population spikes at

regular intervals that are separated by significantly low population densities.

Population oscillations are a phenomenon that sometimes arises in population dynam-

ics. For example, the study conducted in [133] on the recurrence of fox rabies outbreaks

as well as models on humoral immune response taking into account the time lags in

antibody production and in immune memory formation in [42], to name a few. In seek-

ing to study, understand and explain the biological phenomenon of unrealistically low

population levels in models of self-sustained oscillatory population growth, authors in

[58] introduced a model capable of explaining the occurrence of self-sustained oscilla-

tions of boom-and-bust character similar to plankton blooms under conditions of low

growth-limiting nutrient supply (starvation) with increasingly long intervals between the

outbreaks as nutrient is depleted. The model describing the above dynamics is given as

dw

dt
= k1q(a)u− k2p(b)w,

du

dt
= k4Y f(n)u− k3u− k1q(a)u+ k2p(b)w,

dn

dt
= n0 − k4f(n)u,

(1.2)

the q(a) and p(b) are resuscitation and hibernation functions, respectively, thought of

as cell-specific probabilities of switching states. That is, a, b ∈ {u, n}, which means

the assumption of a nutrient-dependent switch implies that p and q are increasing and

decreasing functions of n, respectively; and if p and q are functions of u then the switch

is due to paracrine signaling. The above model forms the basis of our study that focuses

on microbial population dynamics.
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1.4 Keller-Segel models

From microbial species to large mammals, the survival of many various living organisms

is dependent on their essential, basic property and ability to respond and navigate within

complex environmental changes by detecting, integrating as well as processing different

internal and/or external indicators [74, 13]. Generally, microbial populations do not ran-

domly move, but respond to environmental changes or disturbances through sensing. The

motion is essential for different behavioural aspects, taking into account the location and

availability of nutrient sources and avoidance of predators and/or toxins. The bias or

directed movement of cells and organisms in response to external stimulants/signals or

various environmental factors such as light, chemicals gradients and temperature – chemo-

taxis, has attracted interest since it plays a crucial role in biology, [74, 13]. Chemotaxis

regulates different biological phenomena [3], that include chemotactic mechanisms such

as sperm motivation during fertilisation; where the chemoattractant gradient provides

cues that guide sperm to the egg [93, 73], would healing; where fibroblasts (cells responsi-

ble for tissue homeostasis under normal physiological conditions) migrate into the wound

site to begin the proliferative phase and deposit new extracellular matrix that will then

initiate and facilitate healing and closure [43, 113], in cancer growth; where tumor cells

can move randomly and directionally allowing cell invasion, migration, and dispersal or

stimulation and development of new blood vessel growth in the surrounding microen-

vironment [156, 105, 37], and in patterning of the nervous system; where mechanisms

guiding axon projection and neuronal migration appear to be conserved with those for

chemotactic leukocytes [143].

Extensive theoretical and experimental research has been done for biological species

undergoing chemotaxis, particularly in Escherichia Coli [18], Salmonella typhimurium

[191], slime mold amoebae Dictyostelium discoideum and human endothelial, Rhodobacter

sphaeroides, Bacillus subtilus and many more. Theoretical and mathematical modelling

of chemotaxis was first studied in the late nineteenth century in [49, 50, 146] and the inter-

est in bacterial population has since increased [145], especially in the last 50 years driven

by the increasing experimental and theoretical insight both on the global, local popula-

tion and individual scale together with the recent and detailed mathematical models at

different scales. We start with the continuum model of bacterial chemotaxis considered

in [95, 94], the models were developed to study and better understand the movement and

behavior of chemotactic bacteria in the context of slime molds. The general form of a

10

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



Keller-Segel model for chemotaxis takes the form

∂u

∂t
= Du∇2 −∇ · (χ(u, v)∇v) + f(u, v),

∂v

∂t
= Dv∇2 + g(u, v)− h(u, v)v,

∂u

∂τ
= 0,

∂v

∂τ
= 0, x ∈ ∂Ω,

(1.3)

where x ∈ Ω ⊂ Rm, ∂Ω is the surface boundary enclosing Ω, ∇2 is the Laplacian opera-

tor with respect to x and ∂/∂τ denoting the derivative along the outward normal. The

function v(x, t) represents the concentration of the chemoattractant at spatial position x

and time t. The function f(u, v) describes the growth and death of cells while g(u, v) and

h(u, v) are kinetic functions denoting the production and consumption of the chemoat-

tractant, respectively. The chemotaxis response function is represented by χ(u, v), Du is

the bacterial diffusion coefficient and Dv is the diffusion coefficient. The model mainly

describes the aggregation of microbial species evoked by the stimuli/chemical with the ag-

gregation balanced by cell diffusion [13]. Among all the properties of chemotaxis behavior

and dynamics, the ability of cells to aggregate remains the most important mechanism

for self-organisation of biological systems being studied.

Various forms of theKeller-Segel model have been used and studied in modelling broad

biological and ecological systems. Such models have fascinated researchers and modellers,

especially applied mathematicians because of the qualitative behaviour they show such as

the concentration of aggregation of microbes referred to as blow-up, pattern formation,

stabilization, traveling waves, and many more. In bacterial chemotaxis, determining how

these complex patterns or arrangements and aggregations form from local cell interactions

is still a difficult task [175]. Since the pioneering work of Keller and Segel in [95, 94], a

vast amount of theoretical and mathematical modelling research has been expended on

bacterial chemotaxis, the patterns and behaviour thereof. Some of the areas that have

expanded and benefited from the work in [95, 94] include the following:

• response to cell starvation: models that capture main features of the lifecycle of

slime mold Dictyostelium discoideum have been developed studying morphogenesis

during the aggregation process conducted by the relay as well as migration of cells

in response to the stimuli cyclic AMP gradients, [76, 95].

• In understanding microbial population pattern formation: various bacteria includ-

ing E. Coli and S. typhimurium can form different spatial patterns under favourable

environmental conditions [21, 22, 191].

• Studies have been presented to better understand embryonic pattern forming pro-

cesses using chemotaxis, such as an early development and dynamics of an embry-
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onic structure coordinating tissue motions [140] and in cell migration/colonisation

during embryonic growth [102].

• Cell-chemotaxis models have been developed to study pigmentation or mechanisms

for generating some of the common, simple and complex patterns found on fish

[141], skin of snakes [132] and other species [4].

• The inflammatory response consists of physical, chemical, and cellular processes

resulting to a rapid accumulation of phagocytic white blood cells at the site of

tissue invasion causing bacterial infections. In [5, 106] they model the inflammatory

response of leukocytes to bacterial invasion. Studies of leukocytes migration in a

Boyden chamber [160, 24] have been conducted. Cell migration phenomena underlie

many biological processes, as a result, the Boyden chamber is a method used for

assessing cell migration and measuring cell motility coefficients at the population

level [34].

• On the pathological side, tumor cells migrating into the circulatory system and

causing metastasis is still a critical challenge for cancer treatment [34] and other

diseases in medicine. Consequently, in [116] they study the role of microglia and

the phenomena associated with formation of senile plaques that form in the central

nervous system (CNS) in the devastating neurodegenerative Alzheimer’s disease.

Moreover, in [25] the behavior of tumor cells and their interaction with normal

cells, noninvasive tumor cells and other cells including the movement of invasive

cancer cells is studied. Also in tumour-induced angiogenesis, the invasive cancerous

cells of a solid tumour secret chemicals, known as tumour angiogenic factors into

the surrounding tissue [27]. These angiogenic factors spread through the tissue

resulting to chemical gradients in the tissue surrounding the tumour.

• One of the most studied biological phenomenon in spatial ecological processes is

prey-taxis, where the active movement of predators controlled by prey density is

investigated [92, 107].

In bacterial chemotaxis, it is challenging to determine how complex arrangements or

patterns form from local interactions between cells. In such cases where biology fails to

provide a sufficient explanation, mathematical modelling thus plays a crucial role. Since

the pioneering study conducted in [94, 96], extensive research has been done on microbial

population interactions and patterns. To name a few, spatial patterns similar to the E.

coli experimentally observed patterns were obtained in [15, 171]. Using a nonlocal “com-

municating walkers” model, they demonstrated how signaling or communication allows

the bacterial colony to develop complex patterns in response to unfavourable conditions.
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In [20] they observed that bacteria congregate into regular patterns. Even though chemo-

taxis and an attractant produced by the same bacteria can result in pattern-forming in-

stability, chemotactic bacteria are not capable of forming patterns from just a point. It

was clear that these patterns (that include various stripes and spots and swarm rings)

can be formed through the help of proliferation and depletion of limiting nutrients in the

medium. In [19] the authors investigated the formation of E. coli patterns in a semi-solid

medium and observed that via chemoattractant signaling, the bacteria organize them-

selves into swarm rings and aggregate, and these rings move when the chemoattractant

is depleted. See for example, Fig. 1.5.

Figure 1.5: More dramatic patterns exhibited by E. coli in a semi-solid medium with
the light regions representing high bacteria density [131]. In (a) bacterial density in the
swarm ring increases until the ring becomes unstable, in (b) aggregates remain bright
and full of aggressively active bacteria for a short period of time, while in (c) and (d)
aggregates dissolve as the bacteria move towards the swarm ring with dormant bacteria
left behind as a radial streak [131].

Different models have considered various assumptions that are more or less reason-

able revealing intriguing patterns and other bacteria dynamics. In [175], presented is

a mathematical model that captures all three pattern-formating processes (production,

uptake and degradation of nutrient) experimentally observed in colonies of E. coli and

S. typhimurium based on minimum assumptions. Combining these important biological

processes of microbial populations, they proposed a mathematical model that is a system
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of three equations given by

∂u

∂t
= Du∇2 −∇ · (χ(u, v)∇v) + f(u, n),

∂v

∂t
= Dv∇2 + g(u, n)− h(u, v),

∂n

∂t
= Dn∇2 − ℓ(u, n),

(1.4)

where n(x, t) represents the concentration of the main nutrient and ℓ(u, n) denotes the

nutrient consumption or uptake function.

The important part of modelling is quantifying each term in the equations. We first

discuss diffusion, random migration as well as chemotaxis terms. The chemoattractant

and the stimulant undergo classical Fickian diffusion. Studies have shown that bacteria

do not solely diffuse, but their motion involves a sequence of runs and tumbles. That is, a

bacterium moves in a certain direction consisting of a combination of motions; randomly

diffusing and then rotating itself to get ready to repeat the process. Organisms move from

a lower concentration to a higher concentration of the chemoattractant; positive chemo-

taxis. Similarly, the movement from higher concentration to lower concentration of the

chemorepellent is known as negative chemotaxis [13]. Chemoattractants and repellents

are organic or inorganic substances that induce microbial motility [13]. Microorganisms

employ chemotaxis to position themselves in a favourable portion of the environment or

natural habitat by monitoring the concentration gradients of either chemoattractants or

repellents in their surrounding. The chemotaxis term is known as the chemotactic flux.

The average velocity with which the microbial population responds to the chemoattrac-

tant or repellent gradient is proportional to the gradient, chemotactic flux. Consequently,

the chemotactic flux is proportional to the product of the density of the microbes and

the chemoattractant/repellent gradient.

Experimental observations of microbes conducted in [19, 16] suggest that the flux

of bacteria consists of two terms, J = Jr + Jc, where the first term refers to random-

diffusion motion in the absence of chemotaxis while the second term denotes the directed

movement in response to a gradient of chemoattractant or repellent [103]. A mathematical

expression or general form of the chemotaxis term is the divergence of the chemotactic

flux given by

∇J = ∇ · (χ(u, v)∇v) ,

where J is the chemotactic flux and χ(u, v) is the chemotaxis response/sensitivity func-

tion. An extensive research has been done mainly to find the most biologically accurate

functional form of the chemotaxis function either from a microscopic point of view or by

curve-fitting population experimental data. Reviews and analysis of the types of functions
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that have been investigated can be found in [55] and [13], to name a few. On reaction

terms, exact functional forms of uptake, production and degradation of the chemoattrac-

tant or repellent are not critical [175]. Based on the assumptions of the study, they can

vary from constant, linear functions to any type of Holling functional response and many

more.

For example, the relationship between the microbial population growth rate, µ2, and

the nutrient concentration, n, is a valuable tool in biotechnology [137]. The classical mod-

els which have been employed to microbial population growth include the Verhust [177]

and Gompertz [64] functions. The Verhust function is based on the population growth by

adjusting the exponential growth model (logistic growth), whereas, the Gompertz func-

tion is contingent on the exponential relationship between the population density and the

specific growth rate [137]. The Gompertz functional is given by

u(t) = Cee
−B(t−M)

,

where C represents the maximum population density, M denotes the time at which the

absolute growth rate is maximal and B is the relative growth rate at M .

In [62] the Gompertz function was modified to a function that describes the cell density

against time in bacterial growth profiles in connection to exponential growth rates as well

as the lag phase period. The modification was gives as

log u(t) = A+De−e−B(t−M)

, (1.5)

whereA denoting the value of the lower asymptote is given by log u(−∞) andD represents

the difference between the upper and lower asymptote, log u(∞) − log u(−∞). The

concept of microbial growth kinetics was overtaken by an empirical model proposed by

Monod in [129] which introduced the idea of a growth-limiting substrate. The Monod is

as follows:

k4 = µmax
n

Kn + n
, (1.6)

where k4 is the specific growth rate, µmax is the maximum specific growth rate, n denotes

the substrate concentration and Kn represents the substrate saturation constant or the

substrate concentration at half maximum specific growth rate.

In the Monod ’s functional, there is a relationship between the growth rate and the

concentration of the growth-limiting substrate through µmax and Kn. Moreover, Monod

connected the yield coefficient (Yx/n) to both the growth rate of biomass and substrate

utilization (γ)

Yx/n =
dx

dn
, and k4 =

Yx/n
X

· dn
dt

∼= Yx/nγ,
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respectively.

In the experimental study on E. coli and S. typhimurium in [21, 22] mathematically

described using (1.4), it was observed that microbes grow at a constant rate that is af-

fected by the availability of nutrient in the environment. In [175], modelling and analysing

the experimental study the authors assumed a proliferation term that involves both the

growth and death of cells given in the form

f(u, n) = k5u

(
k6

n2

µn + n2
− u

)
. (1.7)

This term looks like a Logistic growth with a carrying capacity that depends on the

availability of nutrient, n, [131]. We see from equation (1.7) that the population of

bacteria increases when the density of cells is below the carrying capacity. It is expected

that the nutrient gets depleted in the medium at a rate proportional to that which cells

are proliferating [131], suggesting the form

ℓ(u, n) = k7
n2

µn + n2
. (1.8)

There is minimal studies available in the literature on the chemoattractant production

term. In [74] and [13] they reviewed and discussed some models that consider fundamen-

tal forms. The authors in [175] assumed that the amount of chemoattractant produced

increases as the nutrient concentration increases and possibly saturates with time sug-

gesting the following form

g(u, n) = k8n
u2

µu + u2
. (1.9)

As for the chemoattractant consumption term, the form could have a sigmoidal charac-

teristic. Other non-saturating alternatives such as h(u, v) = k9uv are also plausible.

Kinetics equations describing the activity of microbial population on a specific nu-

trient, chemoattractant or repellent are very important in understanding various phe-

nomena in biological and biotechnological processes. For the design and development of

biological transformation processes, experimental data is needed. Different mathematical

models with a variety of kinetic terms have been proposed to describe the behaviour of

metabolism of compounds in pure cultures of microbes or microbial populations in their

natural habitat [137].

Therefore, it is of great importance that mathematical models capture the dynamics

of realistic biological and experimental processes. We can make use of simplistic models

in line with realistic observations such as the Keller-Segel model proposed in [94] to obtain

the fundamental behaviour of the microbial population. However, we have to compromise

on the simplicity of a model to gain true and realistic insight of a phenomenon. For
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example, we can extend the Keller-Segel model by taking into account quiescent microbes,

delay of transitioning from one state to the other, and a stimulant in the system to obtain

a system of four equations. With the help of computer simulations and numerical schemes

to assist in approximating solutions of complex mathematical models, modelling can be

improved to be more realistic so that informative knowledge can be drawn.

1.5 Traveling-waves

Reaction-diffusion equations systems are commonly used to describe biological invasion

processes. Over the years, a considerable amount of attention and many other significant

results on the existence of traveling wave solutions for various partial differential systems

of equations have been observed.

In the recent pioneering studies found in [178, 186, 112, 114, 187, 54], spreading

speeds and traveling wave solutions for cooperative reaction-diffusion systems were es-

tablished. However, as a result of different biological or physical constraints, various

reaction-diffusion systems are not necessarily cooperative. Studies on non-cooperative

reaction-diffusion systems are minimal but have been slowly growing over the years since

the work of [166] where they showed that the asymptotic spreading speed of a model

with nonmonotone growth functions can still be obtained through constructing lower

and upper monotone functions of the system. See for example, [180], [86] and references

therein.

Investigations on the existence of traveling wave solutions and spatial dynamics for

n-dimensional reaction-diffusion systems of different types of models studying different

phenomena that include physical dynamics, chemical kinetics, as well as spatial ecology,

have been carried out. The general form of these n-dimensional (n ≥ 2) models is as

follows

ut = Duxx + f(u), x ∈ R, t > 0, (1.10)

with initial conditions u(x, 0) = u0(x) for x ∈ R, where u = (ui),D = diag(d1, d2, . . . , dn),

di ≥ 0 or di > 0 for i = 1, 2, . . . , n and f(u) = (f1(u), f2(u), . . . , fn(u)). System (1.10) is

said to be non-degenerate provided that each diffusion coefficient, di, is positive and par-

tially degenerate if some of the diffusion coefficients are zero. Another important factor

in these studies is the nonlinearities for f which could either be monostable or bistable

depending on the number and the stability of steady-states of the ordinary differential

equation,

ut = f(u). (1.11)
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Furthermore, system (1.10) is defined as cooperative if

∂uj
fi(u) ≥ 0, ∀1 ≤ i ̸= j ≤ n, (1.12)

while the converse refers to a competitive system. A traveling wave of system (1.10) is a

solution of the form u = u(ξ), with ξ = x + υt, such that if we substitute this solution

into the system, we have the wave equation

Du′′(ξ)− υu′(ξ) + f(u(ξ)) = 0, ξ ∈ R. (1.13)

In [178] they presented the existence of the minimal wave speed and stability of trav-

eling waves for the non-degenerate case while authors in [186] considered and used a

general cooperative system of reaction-diffusion equations to obtain the estimate of the

spreading wave speed. In addition, in [114] it was shown that for the non-degenerate case,

the spreading speed coincides with the minimal wave speed. In population dynamics, par-

tially degenerate reaction-diffusion models of the form (1.10) apply. A reaction-diffusion

system describing the spatial spread of bacterial diseases is studied in [26] where the sys-

tem consists of two nonlinear parabolic equations which take into account the evolution

of the bacteria population and human infective population. Later in [195] the existence

of traveling wave solutions through the method of constructing upper and lower solutions

was established. Similarly in [165], the existence of the spreading speed is studied for a

population model reduced to an integral equation, non-local and time-delayed reaction-

diffusion model, and a time-delayed and diffusive epidemic model. One of the most refined

models was proposed in [35, 36] where they considered some physical processes that occur

in the genesis of biofilm structure, specifically, a biofilm as gel composed of extracellular

polymeric substance embedded in a fluid solvent. In [189] the authors considered the

same model and used dimensional analysis to show the existence of a travelling wavefront

solution at large times.

We will focus on investigating and establishing the existence of monotone and non-

monotone traveling wave solutions for partially-degenerate reaction-diffusion systems in

microbial populations with quiescence dynamics.

1.6 Aims and objectives of the thesis

Motivated by the existing literature [58, 117, 131, 87], we propose reaction-diffusion

differential systems that take into account active and quiescent microbial population

in response to an environment that could be unfavourable for their growth either due

to insufficient or depletion of the growth-liming nutrient or toxins excreted by same

microorganisms. In this work, we study the sustained oscillatory bacterial behaviour
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or boom-and-bust dynamics that have been observed for bacterioplankton in literature.

That is, we aim to investigate whether the change or transition of bacterial cells between

states is due to bacteria responding to environmental changes or paracrine signaling.

Furthermore, we propose partially degenerate reaction-diffusion systems that assume the

random-bias movement of active microbes, and dispersal of chemoattractant or repellent

and non-diffusing dormant cells. Thereafter, bifurcation analysis will be presented to

study experimentally observed or possible patterns that could be exhibited by microbial

populations in response to environmental changes that can be detrimental to proliferation.

We will study the existence of traveling wave fronts describing the movement and

dispersal of microbes as well as the effect that the nonlinear conversion rates and the

growth-limiting nutrient have on the wave speed. With the aid of numerical simulations,

we will present numerical nonstandard finite and finite volume difference methods to

support and verify our theoretical results.

In this work, we propose mathematical models constructed through combining some of

the key realistic biological and ecological processes with the aim to describe and capture

realistic observations.

The thesis is organised as follows: in Chapter 2, we study the dynamics of the phy-

toplankton populations with quiescence and their interaction with the growth-limiting

nutrient. In this section, we first investigate a uniform steady-state model to determine

whether the observed self-sustained oscillatory behaviour is a result of cell-to-cell signal-

ing or a change in the nutrient concentration. We then consider a diffusive model since

the active population bias-randomly move for the nutrient uptake to occur. The dispersal

of the growth-limiting nutrient is also taken into account. We establish the existence of

traveling wavefronts when the cells switch states at a constant rate and numerically show

for general switch rates.

In Chapter 3, using the theory of monotone wavefronts for cooperative and partially

degenerate reaction-diffusion systems we study the existence of traveling waves for a

reduced (without quiescence). For a full model, we assume a bacteria-chemoattractant

interaction system when the behaviour of the active and inactive cells is influenced by

the change in chemoattractant concentration. We study the nonlinear conversion rates

in-depth and the effects they have on the type of system (cooperative or noncooperative)

and traveling wave solutions (monotone or nonmonotone) we will observe. In this case,

we assume that the growth of bacteria does not depend on the nutrient/chemoattractant

but follows a Logistic growth.

A model comprising a general microbial population capable of modifying its environ-

ment to pH levels that are not hospitable for their survival is investigated in Chapter 4.

The microbial population is assumed to excrete toxins. A reduced model assuming bacte-

ria that either die or transition to a state of dormancy without switching back is studied.

The investigation is based on how microbes can derive themselves to extinction leading
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to the occurrence of self-sustained oscillations in the microbial population mediated by

the change in concentration levels of the toxin. Furthermore, spatial-temporal models

of the reduced and full models are studied. Linear stability analysis and the supporting

numerical simulations of the models are presented to study possible behavioural changes

in unfavourable environmental conditions.

In Chapter 5, we propose a numerical scheme of the mathematical model in Chapter

4 constructed using the nonstandard finite difference and finite volume methods. Using

standard techniques, we verify that the proposed scheme is dynamically consistent with

the continuous model. We make use of numerical schemes and simulations as tools to

verify and support our theoretical results.
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Chapter 2

Existence of self-sustained

oscillations in response to

environmental stress

2.1 Introduction

Microbial populations play a crucial role in ecological, environmental, as well as indus-

trial processes. Regardless of their preponderance contribution in biology to sustain life

on the planet, there is minimal knowledge about microbial biology. For instance, one

small insect can contain thousands of microbial organisms of many different species. De-

spite these limitations, robust experimental work making use of axenic culture methods

(among others) have been done over the last several decades. Such studies have provided

basic knowledge and understanding of the dynamics and development of microbiology.

However, the dynamics or interactions observed using such methods are unrealistic. In

reality, there is a wide variety of microbial species and complex interactions that pure

culture methods do not capture, see for example [41] for a review.

Numerous microorganisms have the ability to resist stressors such as antibiotics, tem-

perature and desiccation by entering a state of low metabolic activity i.e., dormancy, see

for example [90] and the literature therein. However, it has also been found that bacteria

may be dormant under natural environmental conditions. Microbial populations in a

state of dormancy are neither dead nor active which allows them to persist under various

environmental challenges [163, 75], which is a strategy of great importance in medical

studies. A distinct characteristic of microbes in a dormant state is the ability to tran-

sition between an active state and a relatively inactive but live state and thereafter be

reactivated again. Although individual cells acquit independently, bacterial populations

exhibit collective behaviour, as a result, local interaction of bacteria brings about global

behaviour. Consequently, to have and acquire better knowledge and forecast of the bac-

21

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



terial behaviour in their habitat, it is of great importance to understand the analogous

mechanisms that affect or cause these behavioural changes.

Active cells are responsible for proliferation and forming colonies on any medium

independent of a preceding resuscitation or transition phase. Seasonal changes and envi-

ronmental conditions, depending on the medium, have different rates of substrate supply

which may or may not result in resource limitation. Consequently, uneven distributions

of the resources could potentially affect both the rates of dormancy and reawakening even

in cases where there are enough resources.

Most of the existing mathematical modeling literature considers the macroscopic gen-

eralisation of bacteria growth and decay in the form of biofilms, [35, 36, 189]. Particularly,

they do not take into consideration the changes in physiological states and, thus, assume

biomass only involves active microbes. In most cases, models are developed from the

idea of a nutrient diffusing into a growing biofilm and being consumed. The foundation

of numerous biofilm models is diffusion-limited biofilm growth where limiting nutrient

diffuses into the biofilm from an external source. Further, determining nutrient transport

rate and its relationship to the biofilm growth and productivity [98].

Environmental heterogeneity has been observed to contribute to patchiness in oceanic

plankton populations. Biological interactions involving phytoplankton populations can

result to similar patterns and dynamics. The formation of spontaneous patterns even in

homogeneous environments is a phenomenon that is a trait of reaction-diffusion equations

employed to model similar systems, see for example [111], and more recent work in [30, 31].

Bacterioplankton are bacteria and archaea, which play an important role in remineralising

organic material in lakes and oceans. Many phytoplankton are also bacterioplankton.

Plankton population movement is subject to other factors such as currents and turbulent

lateral diffusion, [157]. The environment as well as conditions in nature vary from those of

laboratories [91]. Mathematical models formulated with the aim to explain phytoplankton

blooms are available in the literature. See for example, the work [30, 31]. In this work,

we model the dynamics of the phytoplankton populations and nutrient interaction using

reaction-diffusion equations. The novelty of this work is threefold. First, motivated by

the above discussion, we propose a reaction-diffusion system incorporating dormant and

active population. Using the reduced spatially independent model, we address whether

the observed microbial population oscillations are a response to the change in rate-limiting

nutrient concentration levels or a result of paracrine signalling. Furthermore, we will

establish the conditions under which the travelling wave solutions exist.

The remainder of this chapter is organized as follows. We begin in Section 2.2 by

proposing a nutrient-bacterioplankton reaction-diffusion model. The modeling assump-

tions are included in this section. A uniform steady state model is investigated in Section

2.3 with the aim to establish if the observed population oscillations are a response to

the rate-limiting nutrient concentration levels or a result of paracrine signalling. The
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existence of traveling waves is established in Section 2.4 and we conclude in Section 2.5.

2.2 Model formulation

We begin by describing in detail the model kinetics. Autotrophs are organisms that are

capable of producing their own food by using various inorganic components like water,

sunlight, air, and other chemical substances. They convert an abiotic source of energy

into energy stored in organic compounds, which can be used by other organisms (e.g.

heterotrophs) [158]. Phytoplankton are the autotrophic components of the plankton

community and a key part of ocean and freshwater ecosystems. In this work, w(t) and

u(t) denote the density of active and inactive autotroph microorganisms, respectively, and

v(t) is the concentration of the nutrient, or the energy. There is a wealth of literature

on the construction of mathematical models for the interaction of nutrients and growing

microorganisms, see for example [189, 83] and the literature therein. In this work, the

growth rate of active microorganisms is given by

1

u

du

dt
= k4f(v),

where k4 is the utilisation constant. Furthermore, f(v) is the response function which

may take different forms [194, 58]. For simplicity we ignore Monod kinetics [58] and

assume the following general hypothesis;

G : f : R+ → [0,+∞) is C1 and f ′(v) ≥ 0 for all v.

The simplest form will be a linear function, f(v) = v, with the possibility of nonlinear

behavior as expressed by the Monod law, f(v) =
v

µv + v
, [194]. For mathematical con-

venience, in this chapter, we further assume f(v) = vh(v) which satisfies hypothesis G.
The efficiency of conversion of v(t) into u(t) is measured by the yield constant Y , such

that
du

dt
= −Y dv

dt
.

We hypothesise that the microorganisms may enter a quiescent phase in which they need

resuscitation for proliferation as opposed to active ones, [194, 58]. Consequently, only

the active microbes contribute towards the biomass growth [163]. The transformation

of w(t) to u(t) (awakening), takes place at rate k2, and the hibernation, i.e., from u(t)

to w(t) takes place at the rate k1. We also introduce the hibernation and reawakening

functions, q(a) and p(b), respectively, each of them ∈ (0, 1). The variables a and b

describe the dependence of switching, and these variables can either be u(t) or v(t).

For example, if both processes are nutrient-dependent, then p and q will be functions of

v(t). In particular, assuming a switch dependent on the nutrient suggests that q and p are

increasing and decreasing functions of v, respectively; with q and p as functions of u if the
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switch is due to paracrine signalling. This, of course, as argued in [58], may need further

investigation when the reactivation of dormant cells is controlled by microbial density.

These biological processes lead to the following equations governing the dynamics of the

active and dormant microorganisms

dw

dt
= k1q(a)u− k2p(b)w,

du

dt
= k4Y f(v)u− k3u− k1q(a)u+ k2p(b)w,

(2.1)

where we assume density-dependent natural mortality with rate k3. The switch functions

are assumed to be monotonic, and they saturate. In addition, we have

F1 : p : R+ → (0, 1] is C1, p′(b) ≥ 0 for all b and lim
b→∞

p(b) = 1,

F2 : q : R+ → (0, 1] is C1, q′(a) ≤ 0 for all a and lim
a→∞

q(a) = 0.

The choice of a and b will be discussed further in Section 2.3.1.

The active microorganisms are assumed to produce a nutrient that can also be used

by other microorganisms at the rate k8. In addition, we assume a natural degradation of

the nutrient at the rate k7. The nutrient equation is given by

dv

dt
= k8g(u)− k7v − k4f(v)u,

where g(u) is the production function that includes input from both external sources and

active biomass, hence we assume the following conditions: g(u) > 0, g′(u) > 0 for all

u ≥ 0. Readers can consult, for example, the work [30, 31] and the references therein.

Allowing for the random movement of the active bacterial population and the nutri-

ent with rates Du and Dv, respectively, we now propose a multi-dimensional nonlinear

reaction-diffusion partial differential equation describing the key properties of the popu-

lation in response to a certain stimulus depending on the availability and sufficiency of

the nutrient. Let x ∈ Ω ⊂ Rm, (m ≥ 1) be a simply connected bounded domain and ∂Ω,

the surface boundary enclosing Ω. We let w(x, t) ≥ 0, u(x, t) ≥ 0 and v(x, t) ≥ 0 be the

density of dormant population, density of active population and the concentration of the

nutrient, respectively. Following the above-mentioned biological processes, and in partic-

ular, motivated by existing literature, [87, 117, 58], we propose the following generalised
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diffusive model

∂w

∂t
= k1q(a)u− k2p(b)w − k3w,

∂u

∂t
= k4Y f(v)u− k3u− k1q(a)u+ k2p(b)w +Du∇2u,

∂v

∂t
= k8g(u)− k7v − k4f(v)u+Dv∇2v,

∂w

∂τ
= 0

∂u

∂τ
= 0

∂v

∂τ
= 0, x ∈ ∂Ω,

(2.2)

where ∂Ω, is the surface boundary enclosing Ω with

w(x, 0) = w0(x) ≥ 0, u(x, 0) = u0(x) ≥ 0 v(x, 0) = v0(x) ≥ 0.

We have also assumed density dependent nutrient production.

The model is rendered dimensionless by choosing the following scales:

w ∼ k3
k4
, u ∼ k3

k4
, v ∼ k3

k4Y
, x ∼

√
Du

k3
, t ∼ 1

k3
.

The corresponding dimensionless system takes the form

∂w

∂t
= rq(a)u− sp(b)w − w,

∂u

∂t
= ∇2u+ (f(v)− 1)u− rq(a)u+ sp(b)w, x ∈ Ω, t > 0,

∂v

∂t
= dv∇2v + α(βg(u)− v)− uf(v),

(2.3)

where

r =
k1
k3
, s =

k2
k3
, dv =

Dv

Du

, β =
k8Y

k7
, α =

k7
k3
,

with∇2 representing the Laplacian operator with respect to x. System (2.3) is degenerate

in the sense that the inactive population does not diffuse. In the next section, we consider

the spatially independent model. Here, we wish to address if the observed plankton bloom

in aquatic ecosystems are resource dependent or a result of cell-to-cell signalling. Later

in Section 2.4, we establish the existence of travelling waves for the model (2.3).

2.3 Uniform steady state

Several spatially independent differential models of microbial quiescence are documented

in the literature, see for example [58, 91, 14, 117, 87], to name a few. The authors in [117]

proposed a resource-based model on microbial quiescence. Although random irregular

inputs occur in natural environments, they assumed a constant rate of substrate influx,
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constructed and studied a mathematical model where the transition between the two

states is dependent on the essential resource levels; considering that active cells proliferate

in an environment with a high nutrient and may die in a low nutrient environment. The

transition rate functions are assumed to be smooth. Moreover, the hibernation rate does

not increase when the resource is increased and the awakening rate does not decrease

as the nutrient levels increase. In [87], the authors assumed the transition functions

depend on the growth-limiting nutrient (since cells’ metabolism changes according to the

nutrient levels). For mathematical convenience, they assumed that there are threshold

values for both switch functions: the reawakening rate is non-decreasing for the nutrient

greater than some threshold value, and the hibernation rate is non-increasing for the

nutrient less than some threshold value. Other researchers argued that populations could

reactivate stochastically independent of environmental conditions. Here, our non-diffusive

model takes the form

dw

dt
= rq(a)u− sp(b)w − w,

du

dt
= (vh(v)− 1)u− rq(a)u+ sp(b)w,

dv

dt
= α(βg(u)− v)− uvh(v).

(2.4)

System (2.4) is appended with initial conditions

w(0) = w0 ≥ 0, u(0) = u0 ≥ 0, v(0) = v0 ≥ 0.

Adding all the equations in (2.4), we obtain

dη

dt
= αβg(u)− w − u− αv

≤ β∗ − αm (w + u+ v)

= β∗ − αmη,

(2.5)

where η = w+ u+ v and αm = min{1, α}. With an assumption that g(u) is a saturating

function, then αβg(u) ≤ β∗ where β∗ > g(0). The application of the Gronwall Inequality

[164], yields

η(t) ≤ β∗
αm

(
1− e−αmt

)
+ η0e

−αmt

=
β∗
αm

+

(
η(0)− β∗

αm

)
e−αmt,

(2.6)

from which

η(t) ≤ β∗
αm

, whenever η(0) ≤ β∗
αm

.
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Clearly, the solutions of the system (2.4) are attracted to the set

Ω =

{
(w, u, v) ∈ R3

+ : w + u+ v ≤ β∗
αm

}
.

Assuming nonnegative initial conditions, we rewrite system (2.4) in the matrix form

dx(t)

dt
= Mx(t) + z(t),

where x(t) = (w(t), u(t), v(t))t

M =

 −sp(b)− 1 rq(a) 0

sp(b) −1− rq(a) uh(v)

0 0 −α− uh(v)

 , z(t) =

 0

0

αβg(u)

 .

We note that M is a Metzler matrix (i.e., has nonnegative off-diagonal entries). Thus,

R3
+ is invariant. The above, together with the existence and uniqueness of model (2.4)’s

local solution, we have the following result which ensures the well-posedness of system

(2.4) both mathematically and biologically.

Theorem 2.1. Then, system (2.4) is a dynamical system on the compact set Ω.

As highlighted earlier, in this Section 2.3 we aim to investigate various combinations

of variables u1 and u2, i.e., observe the dynamics of the model when the microbial activity

is either random as a result of paracrine signalling or a direct consequence of the change in

nutrient levels. We restrict our work to switch functions satisfying F1 and F2. Assuming

dormant cells do not die or proliferate, we have the following result.

Proposition 2.1. System (2.4) admits the following equilibria:

• the microbial-free state E0 = (0, 0, βg(0)), and

• a unique coexistence state E∗ = (w∗, u∗, v∗), where w∗ =
rq(a∗)

sp(b∗)
u∗, and u∗ satisfies

u∗ − α(βg(u∗)− v∗) = 0 provided v∗ exists and satisfies f(v∗)− 1 = 0.

Proof. First, setting the right-hand side of equations (2.4) to zero, we get E0 and E
∗ as the

only equilibria points where v∗ satisfies f(v∗)−1 = 0. Next, defining H1(v
∗) = f(v∗)−1,

then H1(v
∗) is a monotonically increasing function since H ′

1(v
∗) = f ′(v∗) ≥ 0, where

we have used hypothesis G. Furthermore, lim
v∗→0+

H1(v
∗) = −1 < 0, therefore, a unique

solution v∗ satisfying H1(v
∗) = f(v∗)− 1 exists.

Next, we consider H2(u
∗) = u∗ − α(βg(u∗)− v∗) = 0 for v∗ > 0. Then

lim
u∗→0+

H2(u
∗) = α(v∗ − βg(0)) and H ′

2(u
∗) = 1 − αβg′(u∗). We now have two cases to

consider depending on the sign of H ′
2(u

∗):
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(i) Assume 1−αβg′(u∗) < 0, then H2(u
∗) is a monotonically decreasing function of u∗

and there exists a unique positive root for H2(u
∗) provided βg(0) < v∗. Otherwise,

there are no positive roots for βg(0) > v∗.

(ii) Assume 1− αβg′(u∗) > 0, then H2(u
∗) is a monotonically increasing function of u∗

and there exists a unique positive root for H2(u
∗) provided βg(0) > v∗. Otherwise,

there are no positive roots for βg(0) < v∗.

We notice that unlike the work in [87], here the third equilibrium on the boundary

u = 0 does not exist since our model assumes p(b) ̸= 0 for all b, see hypothesis F2. In

particular, if p(b) = 0 then the initial state, u = 0, will not activate. See for instance [58]

for further details. To study the stability of equilibria, we consider the Jacobian matrix

of system (2.4) given by −sp(b) rq(a) + rq′(a)u− sp′(b)w rq′(a)u− sp′(b)w

sp(b) (f(v)− 1)− rq(a)− rq′(a)u+ sp′(b)w uf ′(v)− rq′(a)u+ sp′(b)w

0 αβg′(u)− f(v) −α− uf ′(v)

 ,

where the prime denotes differentiation with respect to the indicated variable, and vari-

ables a and b can be v or u. At E0, we have

J(E0) =

 −sp(b0) rq(a0) 0

sp(b0) f(βg(0))− 1− rq(a0) 0

0 αβg′(0)− f(βg(0)) −α

 .

Clearly, −α is one of the eigenvalues of J(E0). The remaining eigenvalues come from the

reduced matrix (
−sp(b0) rq(a0)

sp(b0) f(βg(0))− 1− rq(a0)

)
,

whose trace is (f(βg(0))− 1)− rq(a0)− sp(b0) and the determinant given by

−sp(b0)(f(βg(0))− 1).

Under the hypotheses F1 and F2, with (a, b) ≥ 0, we have the following result.

Proposition 2.2. For any a ∈ {u, v} and b ∈ {u, v}, the microbial-free equilibrium state

E0 is locally asymptotically stable provided f(βg(0)) < 1 and unstable if f(βg(0)) > 1.

For later reference, it is important to note that Propositions 2.1 and 2.2, together

with hypothesis G show that the condition f(βg(0)) < 1 is equivalent to βg(0) < v∗, and

this refers to the population under starvation. Similarly, f(βg(0)) > 1 is equivalent to
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βg(0) > v∗. In addition, this condition implies that the microbial population becomes

extinct if the nutrient supply is less than some threshold value, βg(0).

2.3.1 Conversion rate dynamics

In this section we consider the local stability of the coexistence equilibrium under different

combinations of functions q(a) and p(b), i.e., we study the dynamics of the model when

the microbial activity is either random as a result of paracrine signalling or a direct

consequence of the change in nutrient levels. We restrict our work to switch functions

satisfying F1 and F2. Neglecting dormant cell mortality and assuming they do not

proliferate, we have the following result.

Case 1: Assuming that the switch from either hibernation or reawakening is dependent

on the nutrient, i.e., q = q(v), and p = p(v), the Jacobian matrix at the co-existence

equilibrium is

J(E∗) =

 −sp(v∗) rq(v∗) rq′(v∗)u∗ − sp′(v∗)w∗

sp(v∗) −rq(v∗) u∗f ′(v∗)− rq′(v∗)u∗ + sp′(v∗)w∗

0 αβg′(u∗)− f(v∗) −α− u∗f ′(v∗)

 ,

and the characteristic equation of the Jacobian is given by

Q(λ) = λ3 + s1λ
2 + s2λ+ s3,

where the coefficients are given by

s1 = −trace J(E∗) = sp(v∗) + rq(v∗) + u∗f ′(v∗) + α,

s2 = (sp(v∗) + rq(v∗))(α + u∗f ′(v∗)) + (1− αβg′(u∗))(u∗f ′(v∗)− rq′(v∗)u∗ + sp′(v∗)w∗),

s3 = − det J(E∗) = sp(v∗)u∗f ′(v∗) {1− αβg′(u∗)} .

Clearly, all coefficients are positive using hypothesis G provided 1 − αβg′(u∗) > 0.

It remains to show that ∆2 is positive. We have

∆2 = s1s2 − s3

= sp(v∗)u∗f ′(v∗) {αβg′(u∗)− f(v∗)}+ [sp(v∗) + rq(v∗) + (α + u∗f ′(v∗))]×

[(sp(v∗) + rq(v∗))(α + u∗f ′(v∗))− (αβg′(u∗)− f(v∗))(u∗f ′(v∗)− rq′(v∗)u∗ + sp′(v∗)w∗)]

= (sp(v∗) + rq(v∗))(α + u∗f ′(v∗))[sp(v∗) + rq(v∗) + α + u∗f ′(v∗)]

+ {1− αβg′(u∗)} (u∗f ′(v∗)− rq′(v∗)u∗ + sp′(v∗)w∗)[rq(v∗) + α + u∗f ′(v∗)].

The trace as well as the second Hurwitz determinant are negative and positive, re-

spectively. Therefore, the co-existence equilibrium is asymptotically stable, locally,
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provided 1−αβg′(u∗) > 0. If we assume 1−αβg′(u∗) < 0, for the coexistence equi-

librium E∗ to exist we must have f(βg(0)) < 1. However, the microbial-free and

coexistence equilibria are locally asymptotically stable and unstable, respectively,

under this assumption.

Case 2: Assuming that the switch from either hibernation or reawakening is dependent

on cell-to-cell interaction, i.e., q = q(u), and p = p(u), the Jacobian at E∗ is given

by

J(E∗) =

 −sp(u∗) rq(u∗) + rq′(u∗)u∗ − sp′(u∗)w∗ 0

sp(u∗) −rq(u∗)− rq′(u∗)u∗ + sp′(u∗)w∗ u∗f ′(v∗)

0 αβg′(u∗)− f(v∗) −α− u∗f ′(v∗)

 .

Using the fact that at equilibrium rq(u∗)u∗ = sp(u∗)w∗, the characteristic equation

for J(E∗) has the following coefficients,

s1 = rq(u∗) + rq′(u∗)u∗ + sw∗
(
p(u∗)

u∗
− p′(u∗)

)
+ (α + u∗f ′(v∗)),

s2 = (α + u∗f ′(v∗)) (sp(u∗) + rq(u∗) + rq′(u∗)u∗ − sp′(u∗)w∗)

− u∗f ′(v∗) {αβg′(u∗)− f(v∗)}

= (α + u∗f ′(v∗))

{
sp(u∗) + rq′(u∗)u∗ + sw∗

(
p(u∗)

u∗
− p′(u∗)

)}
+ u∗f ′(v∗) {1− αβg′(u∗)} ,

s3 = sp(u∗)u∗f ′(v∗) {1− αβg′(u∗)} .

Furthermore, we see that
p(u∗)

u∗
− p′(u∗) > 0,

using Hypothesis F1 and [161, Proposition 4.1]. Assuming sp(u∗) + rq′(u∗)u∗ ≥
0 and 1 − αβg′(u∗) > 0, then the trace given by −s1 is negative, the second-

Hurwitz determinant, ∆2 = s1s2 − s3, is also positive and the equilibrium will be

asymptotically stable locally. However, under sp(u∗) + rq′(u∗)u∗ < 0, ∆2 can be

zero and there is a possibility that E∗ can be unstable through a Hopf bifurcation

leading to oscillatory solutions. This will be illustrated numerically in Fig. 2.2.

Case 3: Assuming that the switch from hibernation to reawakening is dependent on

cell-to-cell interaction and switching from active to hibernation is dependent on the
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nutrient, i.e., q(u) and p(v), then the Jacobian at the coexistence equilibrium is

J(E∗) =

 −sp(v∗) rq(u∗) + rq′(u∗)u∗ −sp′(v∗)w∗

sp(v∗) −rq(u∗)− rq′(u∗)u∗ u∗f ′(v∗) + sw∗p′(v∗)

0 αβg′(u∗)− f(v∗) −α− u∗f ′(v∗)

 .

The coefficients of the characteristic equation are

s1 = r(u∗q(u∗))′ + sp(v∗) + (α + u∗f ′(v∗)),

s2 = (α + u∗f ′(v∗)) [sp(v∗) + r(u∗q(u∗))′] + u∗f(v∗)f ′(v∗)

+ {1− αβg′(u∗)}(u∗f ′(v∗) + sp′(v∗)w∗),

s3 = sp(v∗)u∗f ′(v∗){1− αβg′(u∗)}.

Under assumption F2, (u
∗q(u∗))′ ≥ 0. The trace given by−s1 is negative. Assuming

1− αβg′(u∗) > 0, all the coefficients of the characteristic equation are positive and

the second-Hurwitz determinant given by ∆2 = s1s2 − s3 is positive, hence, E∗ is

asymptotically stable, locally, when q = q(u) and p = p(v).

Case 4: Finally, assuming that the switch from hibernation to reawakening is dependent

on the nutrient and switching from active to hibernation is dependent on cell-to-cell

interaction, i.e., q(v) and p(u), we have

J(E∗) =

 −sp(u∗) rq(v∗)− sp′(u∗)w∗ rq′(v∗)u∗

sp(u∗) −rq(v∗) + sp′(u∗)w∗ u∗f ′(v∗)− rq′(v∗)u∗

0 αβg′(u∗)− f(v∗) −α− u∗f ′(v∗)

 ,

with the coefficients of the characteristic equation given by

s1 = s[p(u∗)− w∗p′(u∗)] + rq(v∗) + (α + u∗f ′(v∗))

= sw∗
(
p(u∗)

u∗
− p′(u∗)

)
+ sp(u∗) + (α + u∗f ′(v∗)),

s2 = s(α + u∗f ′(v∗))(p(u∗)− w∗p′(u∗)) + rq(v∗)(α + u∗f ′(v∗))

+ (u∗f ′(v∗)− rq′(v∗)u∗) {1− αβg′(u∗)}

= (α + u∗f ′(v∗))sw∗
(
p(u∗)

u∗
− p′(u∗)

)
+ sp(u∗)(α + u∗f ′(v∗))

+ (u∗f ′(v∗)− rq′(v∗)u∗) {1− αβg′(u∗)} ,

s3 = sp(u∗)u∗f ′(v∗) {1− αβg′(u∗)} .

Clearly the trace, −s1, is negative where we have used Hypothesis G. Assuming

1 − αβg′(u∗) > 0, the other coefficients are positive. In addition, we have that
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∆2 = s1s2 − s3, is positive.

We summarise the results for the uniform steady state in Proposition 2.3 and Table

2.1. In particular, the equilibria are either locally asymptotically stable (LAS) or may

become unstable through Hopf bifurcation leading to oscillatory solutions (boom-and-

bust). Numerical illustrations supporting the theoretical analysis for the uniform steady

state are provided in Section 2.3.2.

Proposition 2.3. Consider the nonlinear system (2.4).

(i) Assume 1− αβg′(u∗) > 0. If p = p(v) and q = q(v), the co-existence equilibrium is

locally asymptotically stable.

(ii) Assume 1− αβg′(u∗) > 0. If p = p(u) and q = q(u), the co-existence equilibrium is

locally asymptotically stable provided sp(u∗) + rq′(u∗)u∗ ≥ 0.

(iii) Assume 1− αβg′(u∗) > 0. If p = p(v) and q = q(u), the co-existence equilibrium is

locally asymptotically stable.

(iv) Assume 1− αβg′(u∗) > 0. If p = p(u) and q = q(v), the co-existence equilibrium is

locally asymptotically stable.

Table 2.1: Summary of Propositions 2.1, 2.2 and 2.3. The equilibrium points are locally
asymptotically stable (LAS), unstable or we see sustained oscillatory solutions (boom-
and-bust).

Equil. Case Sufficient condition Necessary condition Dynamics
E0 p(u2), q(u1) f(βg(0)) > 1 Unstable

f(βg(0)) < 1 LAS
E∗ p(v), q(v) 1− αβg′(u∗) > 0 LAS
E∗ p(u), q(u) sp(u∗) + rq′(u∗)u∗ ≥ 0 1− αβg′(u∗) > 0 LAS

sp(u∗) + rq′(u∗)u∗ < 0 1− αβg′(u∗) > 0 boom and bust
E∗ p(v), q(u) 1− αβg′(u∗) > 0 LAS
E∗ p(u), q(v) 1− αβg′(u∗) > 0 LAS

Remark 2.1. A comment on the condition 1 − αβg′(u∗) < 0 is necessary. From the

existence results in Proposition 2.1 and stability results summarised in Proposition 2.3

(and Table 2.1), this condition corresponds to a locally asymptotically stable bacteria-

free state, E0, and unstable coexistence equilibrium, E∗, irrespective of the dependence

in the switch functions. In particular, this describes the dynamics of the model under

poor-nutrient conditions.
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2.3.2 Numerical simulations

We recall the differential model (2.4). In this section, we propose a nonstandard-finite

difference scheme to solve the system of equations (2.4). Since the pioneering monograph

by Mickens on the subject [120], the nonstandard finite difference method has been applied

successfully to solve several differential models in the applied sciences, see [7] for a latest

review. We let (wn, un, vn)T denote an approximation of (w(tn), u(tn), v(tn))
T where

tn = n∆t, with n ∈ N and ∆t > 0. First, we see that equation (2.5) has an exact scheme

ηn+1 − ηn

eαm∆t − 1
≤ β∗
αm

− ηn+1.

The above numerical scheme approximating equation (2.5) is called exact whenever the

difference equation and the differential equation (2.5) have the same general solutions

at the discrete point t = tn. Also, with η(t) being the solution of (2.5) we have that

ηn = η(tn) [28].

Using this, we propose the following scheme

wn+1 − wn

ψ(∆t)
= rq(an)un − sp(bn)wn+1 − wn+1,

un+1 − un

ψ(∆t)
= vnh(vn)un − un+1 − rq(an)un+1 + sp(bn)wn+1,

vn+1 − vn

ψ(∆t)
= α

(
βg(un)− vn+1

)
− vn+1h(vn)un+1,

(2.7)

for model (2.4), where ψ(∆t) = eαm∆t − 1. The above equations can be rewritten in the

form

wn+1 =
wn + rψ(∆t)q(an)un

1 + ψ(∆t) + sψ(∆t)p(bn)
,

un+1 =
un + ψ(∆t)vnh(vn)un + sψ(∆t)p(bn)wn+1

1 + ψ(∆t) + rψ(∆t)q(an)
,

vn+1 =
vn + ψ(∆t)αβg(un)

1 + αψ(∆t) + ψ(∆t)h(vn)un+1
.

(2.8)

Thus, assuming wn ≥ 0, un ≥ 0, vn ≥ 0, then

wn+1 ≥ 0, un+1 ≥ 0, and vn+1 ≥ 0,

for any step size ∆t > 0. Therefore, the nonstandard finite difference scheme (2.7) is

dynamically consistent with respect to the positivity of solutions and preservation of

fixed points.

There is a vast amount of literature on the structure of the transition functions. For

example, the work [58] discussed to a greater extent the functions q(a) and p(b). The

authors considered the transition between active and quiescent state by awakening and
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hibernation functions p and q, respectively, each being ∈ (0, 1) which can be thought of

as probabilities of the population to switch states. There are several examples of species

that undergo a quiescence state. Namely, seeds [67], cancer cells [67, 69, 68], to name a

few. Furthermore, the work [14] on microbial dormancy was focused on batch cultures as

a function of substrate-dependent mortality. In [90] they presented a multi-species model

indicating that dormancy and environmental cues interact to influence the biodiversity of

microbial communities. In the work, they assumed a negative correlation between cues

for entrance into dormancy and reawakening from dormancy and used 1 − p(u2) as the

proportion of active cells entering the dormant state. We extend this discussion here to

study the dynamics of model (2.4) under various assumptions on the switch functions.

In particular, the asymptotic behaviour when the transition is either a response to the

rate-limiting nutrient concentration level or a result of paracrine signalling.

We will now present numerical simulations, Figs. 2.1 – 2.4, to support the cases

summarised in Proposition 2.3. Throughout, we assume that f(v) = v and

g(u) = 1 +
uυ

1 + uυ
, (2.9)

and take υ = 1. As summarised in Table 2.1, it is the choice of switch functions and

the switching rates that determine the dynamics of the model, in particular, in Case 2.

Following [58], the dimensional hibernation function takes the form

q(a) =
1

1 + am
, (2.10)

while the arousal function takes the modified version

p(b) =
δ + bm

1 + bm
, (2.11)

where m is a positive integer. The modified arousal function is important since no

activation is possible using the simple Hill function bm/(1+bm). In this context, δ defines

the minimum concentration/density at which the switch can take place. In the numerical

tests given in Fig. 2.1 – 2.4, we provide simulations for δ = 0.1. For simulations not

shown here, we highlight that smaller values of δ amplifies the oscillatory behaviour which

disappears for larger values, see Fig 2.2. In fact, in the limit δ → 0, the state b = 0 will not

be activated. The rest of the parameters, unless stated differently in the figure caption,

are given as follows: r = s = 1 and m = 5 (for the Hill functions in (2.10) and (2.11)).

Also, under poor-nutrient conditions or unfavourable conditions for proliferation,

f(β) − 1 < 0, the microbial population goes extinct irrespective of the dependence in

the switch functions. That is, all trajectories will converge to the microbial-free equilib-

rium, see Figs. 2.1-2.4.
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(a) Phase plane for β > v∗. (b) Phase plane for β < v∗.

Figure 2.1: Case 1: In this case p = p(v), q = q(v) with α = 0.5. In (a) β = 1.1 and
all trajectories converge to the coexistence equilibrium point and in (b) β = 0.5 and all
trajectories converge to the microbial-free equilibrium.
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(a) Phase plane with β > v∗. (b) Bifurcation with respect to β.

Figure 2.2: Case 2: In this case p = p(u), q = q(u) with α = 0.7. The bifurcation figure
shows the transition from stable state through Hopf bifurcation leading to oscillatory
solutions. Figure (b) shows the minimal and maximal values of dormant (solid line) and
active biomass (broken line).

Remark 2.2. From here forthwith, we assume 1− αβg′(u∗) > 0 and f(β)− 1 > 0. The

first condition, 1− αβg′(u∗) > 0, is necessary and of interest since it corresponds to the

existence, uniqueness and local stability of E∗. Biologically, this condition implies that

the biomass is sustained if the nutrient supply remains above a certain threshold value,

β.

Remark 2.3. In boom-and-bust cases, hibernation is a result of cell-to-cell interaction,

other than the availability of a nutrient. Thus, the dependence of switch functions on

cell-to-cell interaction is of importance in explaining the occurrence of self-sustained os-

cillations in microbial populations, see Fig. 2.5.
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(a) Phase plane for β > v∗. (b) Phase plane for β < v∗.

Figure 2.3: Case 3: In this case p = p(v), q = q(u) with α = 1.0. In (a) β = 2.0 and
all trajectories converge to the coexistence equilibrium point and in (b) β = 0.5 and all
trajectories converge to the microbial-free equilibrium.
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(a) Phase plane for β > v∗. (b) Phase plane for β < v∗.

Figure 2.4: Case 4: In this case p = p(u), q = q(v) with α = 1.0. In (a) β = 2.0 and
all trajectories converge to the coexistence equilibrium point and in (b) β = 0.5 and all
trajectories converge to the microbial-free equilibrium.
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Figure 2.5: Illustration of self-sustained oscillations in microbial populations when p =
p(u) and q = q(u) with α = 0.7 and β = 1.5.
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Remark 2.4. It is worth making a remark regarding the model formulation vis-á-vis the

existence of plankton blooms (oscillatory solution). If we neglect the dormant state, then

we have a simple model
du

dt
= (f(v)− 1)u,

dv

dt
= α(βg(u)− v)− uf(v),

(2.12)

with two nonzero equilibrium as before. The local stability of both equilibria remains the

same, with E∗ locally asymptotically stable provided f(β) > 1. This result, including

Proposition 2.3, is consistent with the findings in [58]. Particularly, this formulation is

not capable of explaining the observed oscillatory behavior in plankton populations.

2.4 Travelling waves

From the simplest to the most complex biological levels of organisation, quiescence may

occur in various phenomena and different names are given to describe diverse cases. For

instance, mammals hibernate, genes become suppressed, tumor cells become dormant,

and nerve cells rest. The previous section focused on the temporal nutrient-microbial

interaction model with an assumption of homogeneous distribution. In practice, model

(2.4) is not realistic, the space component is thereof very important since the active

population direct their movement towards the highest concentration of the nutrient for

uptake to occur, resulting in proliferation, see for example [111, 157]. The dispersal of

active population and the limiting nutrient are considered.

2.4.1 Existence of traveling waves

In this section, we are interested in the case where the switch of a state depends on the

availability of limiting nutrient. Other forms can also be considered. We recall the partial

differential equation model (2.3), which we restate as follows

ut = Duxx + f(u), x ∈ R, t > 0, (2.13)

where

u = (w, u, v)t, D = diag(0, 1, dv), f(u) =

 rq(v)u− sp(v)w

(f(v)− 1)u− rq(v)u+ sp(v)w

α (βg(u)− v)− uf(v)

 .

(2.14)

A traveling-wave solution for system (2.13) is a nonnegative and bounded solution

in the form of u(x, t) = (w(x, t), u(x, t), v(x, t))T = (w(z), u(z), v(z))T , z = x + ζt ,

where ζ > 0 is referred to as the traveling-wave speed. We seek to find a traveling wave
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which can be viewed as a heteroclinic orbit connecting the two equilibria, 1 and 0. We

now assume constant conversion rates, and substituting u(x, t) = (w(z), u(z), v(z))T into

(2.13) we obtain 
ζw′ = rqu− spw,

ζu′ = u′′ + (f(v)− 1)u− rqu+ spw,

ζv′ = dvv
′′ + α(βg(u)− v)− uf(v),

(2.15)

where the prime denotes differentiation with respect to z. The asymptotic conditions for

(2.15) are given as follows 
w(−∞) = w∗, w(∞) = 0,

u(−∞) = u∗, u(∞) = 0,

v(−∞) = v∗, v(∞) = β.

(2.16)

The existence and uniqueness of the oscillatory/monotone traveling waves have been

studied, [33]. Below, we describe the needed results.

First, we study the eigenvalue problem of the wave profile at the bacteria-free state

0 = (0, 0, β)t. Linearising the equations at the bacteria-free point yields
ζw′ = rqu− spw,

ζu′ = u′′ + u(f(β)− 1)− rqu+ spw,

ζv′ = dvv
′′ + α(uβg′(0)− v)− uf(β).

(2.17)

We further reduce the number of equations in (2.17) to two. Indeed, together with

boundary conditions (2.16) we use equation (2.17)1 to express w(z) in terms of u(z), i.e.,

w(z) =
rq

ζ

∫ z

−∞
u(ξ)e

−sp
ζ

(z−ξ)dξ. (2.18)

Substituting (2.18) into (2.17) leads to

ζu′ = u′′ + u(f(β)− 1)− rqu+
sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ,

ζv′ = dvv
′′ + α(uβg′(0)− v)− uf(β).

(2.19)

By substituting v(z) = eλz into (2.19)1, we have the characteristic equation

λ2 − ζλ+ (f(β)− 1)− rq +
sprq

ζ(λ+ sp/ζ)
= 0, (2.20)

or

P (λ) = λ3 + a2λ
2 + a1λ+ a0, (2.21)
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with

a2 =
sp

ζ
− ζ,

a1 = (f(β)− 1)− sp− rq,

a0 =
sp

ζ
(f(β)− 1).

Now, we have two cases depending on the sign of a1: f(β) − 1 < sp + rq or f(β) − 1 ≥
sp+ rq. As we will see later in the discussion of Lemma 2.1, the case f(β)− 1 > sp+ rq

does not guarantee the existence of ζ∗ > 0, and will not be considered further.

Lemma 2.1. Assume f(β)− 1 > 0. Then there exists ζ∗ > 0 and λ∗ > 0 such that

P (λ∗) = 0, and
∂P

∂λ

∣∣∣
λ=λ∗

= 0. (2.22)

The result in Lemma 2.1 is similar to the discussion in [195, Section 3]. For complete-

ness, we will provide an outline of the proof here. Since f(β)− 1 > 0, we see that (2.22)

has one negative root and two roots with positive real parts. By calculation, to identify

the conditions under which these two roots are positive real numbers, we have

P (0, ζ) =
sp

ζ
(f(β)− 1) > 0,

P1(λ) :=
1

3

∂P

∂λ
= λ2 +

2

3

(
sp

ζ
− ζ

)
+

1

3
((f(β)− 1)− sp− rq) .

We see that P1(λ) has a unique positive root

λ∗ =
1

3

ζ2 − sp+
√
ζ4 + sp[ζ2 + sp]− 3ζ2[f(β)− 1)− rq]

ζ
, (2.23)

provided f(β)− 1) ≤ rq. Since P (0, ζ) is positive, then equation (2.21) has two positive

roots if and only if P (λ∗) < 0, otherwise, there exists two complex roots with positive

real parts if P (λ∗) > 0.

To obtain an equation for the minimal wave speed, we transform (2.21) to get an

expression giving its discriminant, i.e., an expression in terms of the parameters. Suppose

P (λ) = P1(λ)Q1(λ) +R1(λ),

P1(λ) = R1(λ)Q2(λ) +R2(ζ, β),

where Q1(λ), R1(λ) are the quotient and remainder terms when P (λ) is divided by P1(λ),

respectively. Similarly, Q2(λ), R2(ζ, β) are the quotient and remainder terms of P1(λ)

divided by R1(λ). Obviously, when R2(ζ, β) = 0, then P (λ∗) = P1(λ
∗) = 0. The sign of
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−R2(ζ, β) is determined by

∆(ζ, β) = b0ζ
6 + b1ζ

4 + b2ζ
2 + b3, (2.24)

where

b0 = (sp)2 + 2sp(f(β)− 1 + rq) + (rq − (f(β)− 1))2,

b1 = 2(sp)3 + 2(sp)2(4rq − (f(β)− 1)) + 2sp(5rq + 4(f(β)− 1)(rq − (f(β)− 1))

+ 4(rq − (f(β)− 1))3,

b2 = (sp)4 + 2(sp)3(rq − 4(f(β)− 1)) + (sp)2((rq)2 − 20rq(f(β)− 1)− 8(f(β)− 1)2),

b3 = −4(sp)4(f(β)− 1).

By the method of linearization, we have shown that system (2.15) admits the minimal

wave speed, ζ∗, which is the unique root of (2.24). Thus, it remains to show the existence

of traveling wave solution for system (2.15).

We state the main result for the existence of traveling wave solutions of system (2.13).

Theorem 2.2. Assume f(β) − 1 ≤ rq and f(β) − 1 > 0. Then there exists a minimal

wave speed ζ∗ > 0, which is a unique positive root of (2.24). When ζ ≥ ζ∗, the system

has a traveling wave solution satisfying boundary conditions (2.16). When 0 < ζ < ζ∗,

system (2.13) has no traveling wave solution satisfying conditions (2.16).

Theorem (2.2) will be proved through several lemmas, see for example [195, 194, 182].

We will construct a pair of upper and lower solutions for the system (2.19) to show the

existence of traveling wave solutions using an auxiliary system. To obtain this, we first

investigate the distribution of roots of the characteristic equation (2.21) and set

l1 = a1 −
a22
3
, l2 =

2a32
27

− a1a2
3

+ a0, △0 =
l22
4
+
l31
27
,

and introduce the following lemma from [194] and references therein.

Lemma 2.2. The following hold:

(i) If △0 > 0, then (2.21) has one real root and two complex conjugates;

(ii) if △0 = 0, then (2.21) has two real roots, with one having algebraic multiplicity 2;

(iii) if △0 < 0, then (2.21) has three distinct real roots.

From the above Lemma (2.2), we obtain the following results on the distribution of

roots (2.21).

Lemma 2.3. Assume f(β) − 1 ≤ rq and f(β) − 1 > 0. Then there exist a constant

ζ∗ > 0 which is a unique root of (2.24) such that
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(a) if 0 < ζ < ζ∗, (2.21) has a negative real root and two complex conjugate roots with

positive real parts;

(b) if ζ = ζ∗, (2.21) has a negative real root and a positive real multiple root;

(c) ζ > ζ∗, (2.21) has a negative real root and two different positive real roots.

Proof. From equation (2.24), we notice that b0 > 0, b1 > 0 provided f(β) − 1 ≤ rq and

b3 < 0 since f(β)−1 > 0 . Using Descarte’s rule of signs, it follows that there is a unique

ζ∗ > 0 such that ∆(ζ∗, β) = 0, and this implies

∆(ζ, β)


< 0 if ζ ∈ (0, ζ∗),

= 0 if ζ = ζ∗,

> 0 if ζ > ζ∗.

(2.25)

Direct calculations show that P (λ∗) = P1(λ
∗) = 0 is valid when ζ = ζ∗ and P (λ) is a

decreasing function of ζ. Hence, we conclude that for ζ > ζ∗, P (λ∗) < 0 (we have two

positive roots), for ζ ∈ (0, ζ∗), P (λ∗) > 0, (we have two complex roots), and we have

only one positive root if ζ = ζ∗. It follows from Lemma 2.2 and Descarte’s rule of signs

that conditions (a)− (b) hold.

In order to use the method of constructing lower and upper solutions, we begin with

the following result.

Lemma 2.4. Suppose that y ∈ C2(R,R) and y, y′ and y′′ are bounded on R. If

ζy′(z) ≥ y′′(z) + (f(β)− 1− rq)y(z), ∀z ∈ R,

then y(z) ≥ 0, ∀z ∈ R.

Proof. Let

x(z) = ζy′(z)− y′′(z)− (f(β)− 1− rq)y(z), z ∈ R.

Then x(z) is a nonnegative, continuous and bounded function on R, and we have that

x(z) satisfies the linear equation

y′′(z)− ζy′(z) + (f(β)− 1− rq)y(z) + x(z) = 0, z ∈ R. (2.26)

Using the theory of second-order linear ordinary differential equations, we obtain

y(z) = c1e
γ1z + c2e

γ2z (2.27)

+
1

γ2 − γ1

(∫ z

−∞
eγ1(z−ξ)x(ξ)dξ +

∫ ∞

z

eγ2(z−ξ)x(ξ)dξ

)
, (2.28)
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where

γ1 =
ζ −

√
ζ2 − 4(f(β)− 1− rq)

2
< 0, γ2 =

ζ +
√
ζ2 − 4(f(β)− 1− rq)

2
> 0

provided f(β)− 1 ≤ rq.

Since y(z) and x(z) are bounded on R, we have that c1 = c2 = 0. As a result, y(z) ≥ 0,

∀z ∈ R since x(z) is nonnegative on R.

Let X = BUC(R,R) be the Banach space of the functions that are uniformly contin-

uous and bounded from R to R. We define a continuous mapping B(ϕ)(z) as follows

B(ϕ)(z) =

sprq

ζ (γ2 − γ1)

{∫ z

−∞
eγ1(z−ξ)dξ

∫ ξ

−∞
e−

sp
ζ
(ξ−θ)ϕ(θ)dθ +

∫ ∞

z

eγ2(z−ξ)dξ

∫ ξ

−∞
e−

sp
ζ
(ξ−θ)ϕ(θ)dθ

}
.

(2.29)

We see that the first and the second order derivatives of B(ϕ)(z) with respect to z are

bounded on R, moreover, B(ϕ)(z) is the unique bounded solution R to the linear ordinary

differential equation

ζy′(z) = y′′(z) + y(z)(f(β)− 1− rq) +
sprq

ζ

∫ z

−∞
ϕ(ξ)e−

sp
ζ
(z−ξ)dξ.

Clearly, any fixed point of B in X is a solution of equation (2.19)1 [195].

Since it is challenging to construct upper and lower solutions for system (2.19), the

authors in [194] proposed and constructed an auxiliary system to overcome the problem.

As a result, we propose the auxiliary system given as

ζu′ = u′′ + u(f(β)− 1)− rqu+
sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ − α2u

2,

ζv′ = dvv
′′ + α(uβg′(0)− v)− uf(β),

(2.30)

and assume f(β)− 1 ≤ rq with f(β)− 1 > 0.

Consider the case where ζ > ζ∗. To construct the upper and lower solutions, we let

λ1 < λ2 be two positive roots of equation (2.21) and define

v(ξ) = max{v0 − σeα1ξ, 0},

u(ξ) = min{eλ1ξ, u0},

u(ξ) = max{eλ1ξ
(
1− Eeεξ

)
, 0},

where u0 > max{1, (f(β) − 1)/α2}. The positive constants α1, σ, ε, u
0, v0 and E will be

42

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



determined in the lemmas that follow.

Lemma 2.5. Function u(ξ) satisfies the inequality

ζu′ ≥ u′′ + u(f(β)− 1)− rqu+
sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ − α2u

2,

for any ξ ̸= lnu0/λ1.

Proof. Firstly, we assume that ξ < lnu0/λ1. Therefore u(ξ) = eλ1ξ. Since u(ξ) satisfies

equation (2.30)1, we have

ζu′ − u′′ − u(f(β)− 1)− rqu− sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ + α2u

2

= eλ1ξ

(
ζλ1 − λ21 − (f(β)− 1− rq)− sprq

ζ

∫ z

−∞
eλ1ξe−

sp
ζ
(z−ξ)dξ

)
+ α2

(
eλ1ξ

)2
= eλ1ξP (λ1) + α2u

2

= α2u
2 ≥ 0.

Secondly, we suppose that ξ > lnu0/λ1 implying that u(ξ) = u0. Then we have

ζu′ − u′′ − u(f(β)− 1)− rqu− sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ + α2u

2

= −u0(f(β)− 1− rq)− sprq

ζ

∫ z

−∞
u0e−

sp
ζ
(z−ξ)dξ + α2

(
u0
)2

= −u0(f(β)− 1) + α2

(
u0
)2

= u0
(
α2u

0 − (f(β)− 1)
)
> 0.

Lemma 2.6. For 0 < α1 < min{ζ/dv, λ1} and σ > max{v0, αv0/(ζ − dvα1)α1}, the

function v(ξ) satisfies

ζv′ ≤ dvv
′′ + α(uβg′(0)− v)− uf(β),

for any ξ ̸= 1/α1 ln(u
0/σ).

Proof. Since u0 > 1, we have that 1/α1 ln(u
0/σ) < 0 < lnu0/λ1. When v0 − σeα1ξ < 0,

that is, if ξ > 1/α1 ln(v
0/σ), then we have v(ξ) = 0. Hence, we have that

− ζv′ + dvv
′′ + α(uβg′(0)− v)− uf(β).

= u (αβg′(0)− f(β)) ≥ 0,
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provided αβg′(0)− f(β) ≥ 0. Thus, the lemma is true. Now, we consider the case where

ξ < 1/α1 ln(v
0/σ). Then v(ξ) = v0 − σeα1ξ, which leads to

− ζv′ + dvv
′′ + α(uβg′(0)− v)− uf(β)

= ζ
(
σα1e

α1ξ
)
− dv

(
σα2

1e
α1ξ
)
+ α

(
eλ1ξβg′(0)− v0 + σeα1ξ

)
− eλ1ξf(β)

=
[
ζσα1 − dvσα

2
1 + αβg′(0)e(λ1−α1)ξ − αv0e−α1ξ + ασ − f(β)e(λ1−α1)ξ

]
eα1ξ

=
[
(ζ − dvα1)σα1 + (αβg′(0)− f(β)) e(λ1−α1)ξ + ασ − αv0e−α1ξ

]
eα1ξ

≥
[
(ζ − dvα1)σα1 − αv0e−α1ξ

]
eα1ξ

≥
[
(ζ − dvα1)σα1 − αv0

]
eα1ξ ≥ 0.

Lemma 2.7. Let ε < α1 < min{λ1, λ2 − λ1}/2. Then for E > 0 sufficiently large, the

function u(ξ) satisfies

ζu′ ≤ u′′ + u(f(β)− 1− rq) +
sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ − α2u

2,

for any ξ ̸= 1/ε ln(1/E).

Proof. Clearly, v(ξ) = 0 if and only if ξ ≥ 1/α1 ln(v
0/σ), u(ξ) = 0 if and only if ξ ≥

1/ε ln(1/E), and 1/ε ln(1/E) < 1/α1 ln(v
0/σ) if and only if E > (σ/v0)eα1/ε. Assume

E > max{1, (σ/v0)eα1/ε}. When ξ > 1/ε ln(1/E), we have that eλ1ξ
(
1− Eeεξ

)
< 0 and

u(ξ) = 0, moreover, the inequality in Lemma 2.7 holds.

Now, we look at the case where ξ < 1/ε ln(1/E) which implies that ξ < 0 since E > 1.

Then ξ < 1/α1 ln(v
0/σ), v(ξ) = v0 − σeα1ξ > 0 and u(ξ) = eλ1ξ

(
1− Eeεξ

)
> 0. Let L

and H be two linear operators defined by

L(φ)(z) := φ′′ − ζφ′ + φ(f(β)− 1− rq), and H(φ)(z) :=
sprq

ζ

∫ z

−∞
φ(ξ)e−

sp
ζ
(z−ξ)dξ.

It then follows that

L(eλ·)(z) = λ2 − ζλ+ (f(β)− 1− rq), ∀z ∈ R;

L(eλ·)(z) +H(eλ·)(z) =
P (λ)

ζ(λ+ sp/ζ)
eλz, ∀z ∈ R, λ ≥ 0.
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Subsequently, it is sufficient to show that

u′′ − ζu′ + u(f(β)− 1− rq) +
sprq

ζ

∫ z

−∞
u(ξ)e−

sp
ζ
(z−ξ)dξ − α2u

2

= eλ1ξ
[
λ21 − ζλ1 − E(λ1 + ε)2eεξ + ζE(λ1 + ε)eεξ +

(
1− Eeεξ

)
(f(β)− 1− rq)

]
+ eλ1ξ

[
sprq

ζ
e−λ1ξ

∫ z

−∞
eλ1ξ

(
1− Eeεξ

)
e−

sp
ζ
(z−ξ)dξ − α2e

λ1ξ
(
1− Eeεξ

)2]
= eλ1ξ

[
λ21 − ζλ1 + (f(β)− 1− rq) +

sprq

ζ
e−λ1ξ

∫ z

−∞
eλ1ξe−

sp
ζ
(z−ξ)dξ

]
+ eλ1ξEeεξ

[
− (λ1 + ε)2 + ζ (λ1 + ε)− (f(β)− 1− rq)− sprq

ζ
e−λ1ξ

∫ z

−∞
eλ1ξe−

sp
ζ
(z−ξ)dξ

]
− α2e

λ1ξ
(
1− Eeεξ

)2
= eλ1ξ

[
−E (λ1 + ε)2 + Eζ (λ1 + ε)− E(f(β)− 1− rq)− α2e

(λ1−ε)ξ
(
1− Eeεξ

)2]
eεξ

− Eeλ1ξ

[
sprq

ζ

∫ z

−∞
eλ1ξe−

sp
ζ
(z−ξ)dξ

]
eεξ

= eλ1ξ
[
−EL(e(λ1+ε)·)(z)− α2e

(λ1−ε)ξ
(
1− Eeεξ

)2]
eεξ − Ee(λ1+ε)ξH(e(λ1+ε)·)(z)

= −e(λ1+ε)ξ
[
EL(e(λ1+ε)·)(z) + EH(e(λ1+ε)·)(z) + α2e

(λ1−ε)ξ
(
1− Eeεξ

)2]
= −e(λ1+ε)ξ

[
E

P (λ1 + ε)

ζ(λ1 + ε+ sp/ζ)
+ α2e

(λ1−ε)ξ
(
1− Eeεξ

)2] ≥ 0,

(2.31)

where we need to show that

−E P (λ1 + ε)

ζ(λ1 + ε+ sp/ζ)
≥ α2e

(λ1−ε)ξ
(
1− Eeεξ

)2
. (2.32)

Since ξ < 0 and λ1 − ε > 0, we have

α2 ≥ α2

(
1− Eeεξ

)2
e(λ1−ε)ξ.

Using the fact that P (λ1) = 0 and P (λ1 + ε) < 0, inequality (2.32) is satisfied if

E > −ζ(λ1 + ε+ sp/ζ)

P (λ1 + ε)
.

Lemma 2.8. For ζ = ζ∗, system (2.30) has a traveling wave solution (w(z), u(z), v(z))

satisfying boundary conditions (2.16).

Proof. In the case where ζ = ζ∗, we choose a sequence {ζm} such that ζm ∈ (ζ∗, ζ∗ + 1]

and lim
m→∞

ζm = ζ∗. Let um(z) be the monotone solution of (2.19)1 with ζ = ζm subject to

(2.16). Since each um(z + y), y ∈ R, is also a monotone solution, we then assume that

um(0) =
1
2
u∗, for all m ≥ 1. Clearly, we have that |um(z)| ≤ u∗, for all z ∈ R and um
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satisfies

ζmu
′
m = u′′m + um(f(β)− 1− rq) +

sprq

ζm

∫ z

−∞
um(ξ)e

− sp
ζm

(z−ξ)dξ − α2u
2
m, ∀z ∈ R.

(2.33)

Then um(·) is a fixed point of the mapping Bm : X → X defined using (2.29) with

ζ = ζm, implying that there exists d1 = d1(ζ
∗) > 0 such that |u′m(z)| ≤ d1, for all

z ∈ R. From equation (2.33), it then follows that there exists d2 = d2(ζ
∗) > 0 such that

|u′′m(z)| ≤ d2, for all z ∈ R. Differentiating both sides of equation (2.33) with respect to

z, we obtain

ζmu
′′
m = u′′′m + u′m(f(β)− 1− rq) +

sprq

ζ

[
um(z)−

sp

ζm

∫ z

−∞
um(ξ)e

− sp
ζm

(z−ξ)dξ

]
− 2α2umu

′
m,

(2.34)

consequently, there exist d3 = d3(ζ
∗) > 0 such that |u′′′m(z)| ≤ d3, for all z ∈ R. Subse-

quently, um(z), u
′
m(z) and u′′m(z) are uniformly bounded and equi-continuous sequences

of functions with respect to the norm | · | on R. By making use of the Arzela–Ascoli’s

theorem, then there exists a subsequence of {ζm} such that lim
m→∞

ζm = ζ∗, as well as

um(z), u
′
m(z) and u′′m(z) uniformly converge on every bounded interval, and therefore

pointwise on R to S(z), S1(z) and S2(z), respectively. As a result, we have that S(z) and

S1(z) are differentiable, moreover, S ′(z) = S1(z) , S
′′(z) = S ′

1(z) = S2(z), for all z ∈ R.
If we let m→ ∞ in equation (2.33), and using the theory of dominated convergence, we

obtain

ζ∗S1(z) = S2(z) + S(z)(f(β)− 1− rq) +
sprq

ζ∗

∫ z

−∞
S(ξ)e−

sp
ζ∗ (z−ξ)dξ − α2(S(z))

2, ∀z ∈ R,

(2.35)

which is

ζ∗S ′(z) = S ′′(z) + S(z)(f(β)− 1− rq) +
sprq

ζ∗

∫ z

−∞
S(ξ)e−

sp
ζ∗ (z−ξ)dξ − α2(S(z))

2, ∀z ∈ R.

(2.36)

Therefore, S(z) is a solution to equation (2.30)1 with ζ = ζ∗. Since S(+∞) and S(−∞)

exist, then S ′(±∞) = 0 and S ′′(±∞) = 0. In equation (2.36), if we let z → −∞, then

S(−∞) ((f(β)− 1− rq)− α2S(−∞)) = 0. Since we assume that f(β) − 1 ≤ rq, then

S(−∞) = 0. Letting z → +∞, we obtain S(∞) (f(β)− 1− rq)+rqS(∞)−α2(S(∞))2 =

0, that is, S(∞) =
f(β)− 1

α2

. Therefore, we conclude that the traveling wave solution

connecting (0, 0, β) and (w∗, u∗, v∗) exists.
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It remains to show the there exist no monotone traveling wave solution for system

(2.13) in the case where 0 < ζ < ζ∗.

Lemma 2.9. For 0 < ζ < ζ∗, system (2.30) has no non-negative traveling wave solution

(w(z), u(z), v(z)) satisfying boundary conditions (2.16).

Proof. If we assume 0 < ζ < ζ∗, then the characteristic equation (2.21) has one nega-

tive root and a pair of conjugate roots with positive real parts. Thus, there is a two-

dimensional unstable manifold at (0, 0, β). The critical point (0, 0, β) is a spiral on the

unstable manifold, hence a trajectory approaching (0, 0, β) has (w(ξ), u(ξ), v(ξ)) < 0 for

some ξ. However, this violates the requirement that traveling waves are non-negative,

thus, system (2.15) with (2.16) admits no monotone traveling wave solution.

Remark 2.5. In [84], the authors apply the methods of Wazewski Theorem, LaSalle’s

Invariance Principle and Hopf bifurcation theory to prove the existence of traveling waves

which is hard to apply for a three-state variable system (2.13). Moreover, we cannot

employ the approach used in monotone wavefronts for cooperative systems [114, 54] since

our system (2.13) is not cooperative, that is, it has similar interactions as predator-prey

models. Therefore, the technique of constructing a pair of upper and lower solutions to

show the existence of a minimal wave speed ζ∗ is more applicable for (2.13). However,

since we generalise the conversion rates, p(v), q(v), the upper and lower solution technique

is not mathematically tractable. In [194], the authors considered constant conversion rates

to show the existence of traveling waves on an auxiliary system for a bacterial colony model

with transitions between active bacteria and inactive bacteria, see the proof of Theorem

(2.2). From the auxiliary system, the upper and lower solutions for the original system of

equations are constructed. Nevertheless, it remains difficult to construct a pair of upper

and lower solutions assuming general conversion rates. As a result, we will study the

existence of traveling waves using general conversion rates, p(v), q(v), numerically.

2.4.2 Numerical simulations

In this section, we present numerical simulations to illustrate the behaviour of the reaction-

diffusion model. We will further discuss the effects of threshold value, β, and minimum

activation concentration δ on the travelling wave speed. The proposed schemes build

on scheme (2.7) with the central difference approximation used to discretise the second

derivatives. The optimal time step and spatial step size are chosen according to the

restriction specified for parabolic equations, i.e.,
∆t

(∆x)2
<

1

2
.

For the model under investigation, we wish to describe the growth rate (traveling wave

speed) of the plankton population from an initially population-free state. These results

could formulate the possible propagation modes of biofilms and plankton populations.

To illustrate our results, all simulations are performed with all parameters selected as
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before, i.e., the uniform steady-state computations. Unless stated differently under figure

captions, we also choose dv = 1 and δ = 1.1.
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(a) (b)

Figure 2.6: Solution profiles at equally spaced time intervals for β = 1.2 and α = 0.5. In
(a) the solid line denotes density u and the broken line denotes density w.

In Figs. 2.6 – 2.8, we present simulations related to system (2.14) when α and β are

varied. We observe that, numerically, there exists a traveling wave solution connecting the

two equilibria 0 = (0, 0, β) and 1 = (w∗, u∗, v∗). All parameters are fixed as stated before

unless indicated otherwise. In Fig. 2.6, we see that for β = 1.2 and α = 0.5, corresponding

to 1 − αβg′(u∗) = 0.5833 > 0 and f(β) − 1 − rq(β) = −0.0867 < 0, the traveling wave

profile is monotonic. Whilst, in Fig. 2.7 we see non-monotonic traveling wave profiles with

1−αβg′(u∗) = 0.8883 > 0 and f(β)−1−rq(β) = −0.0867 < 0. Similarly, non-monotonic

wave solutions are observed in Fig. 2.8 even when f(β) − 1 − rq(β) = 0.3836 ≮ 0 and

with f(β)− 1− sp(β)− rq(β) = −0.6280 < 0.
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Figure 2.7: Solution profiles at equally spaced time intervals for β = 1.2 and α = 0.1. In
(a) the solid line denotes density u and the broken line denotes density w.
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Figure 2.8: Solution profiles at equally spaced time intervals for β = 1.5 and α = 0.1. In
(a) the solid line denotes density u and the broken line denotes density w.

In Fig. 2.9 we perform simulations to assess the effect of parameters on the wave

speed. It is observed that the minimal wave speed increases as β and s increase, but

decreases as r increases. On the other hand, the ratio of diffusivity coefficients, dv, does

not have an effect on the travelling wave speed.

2.5 Conclusions

Dormancy is a strategy used by microorganisms to cope with unfavorable environmental

conditions. Typical models would normally ignore dormancy leading to notable model

deficiencies. In practice, only a fraction of the population is active at any particular

given time. In this work, we presented and analyzed ordinary differential equations

and a reaction-diffusion model that include microbial population dormancy. Results for

a uniform steady-state model predicted non-transient population oscillation when both

switch functions are dependent on active population density. Clearly, as discussed in

Remark 2.4, disregarding the dormant state does not lead to observed oscillations in

the bacterioplankton population. Furthermore, the presented reaction-diffusion model

predicted that the population gradually dies out if the nutrient supply is below some

threshold value and that is referred to as a population under starvation. Whilst, if

the nutrient levels remain above some critical value, the population is sustained in an

environment. Thus, a nutrient has a high impact on the composition of the population.

We have shown that the reaction-diffusion system of equations admits the minimal wave

speed.

Deactivation and reactivation are complex processes. These results are theoretical

predictions, thus, there is still a need for experiments to test these hypotheses. Future

work will include the investigation of pattern formation in these communities.
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Figure 2.9: The dependence of the minimal wave speed, ζ∗, on the parameters β, r, s
and dv.
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Chapter 3

Existence of traveling waves in the

presence of a chemoattractant

3.1 Introduction

Mathematical models taking into account the consumption of a limiting nutrient in the

presence of a chemo-attractant have been considered extensively in the literature. In

particular, it has been observed in experiments that colonies of E. coli and S. typhimurium

strains inoculated in the center of plates form high-density aggregates arranged in striking

regular patterns [131]. Although the geometry of the pattern varies significantly, authors

in [175] reported that the pattern-forming process is the same. In [131] S. typhimurium

pattern was described in the form of bacterial lawn while the pattern forming mechanism

exhibited by E. coli was referred to as a swarm ring. Their proposed mathematical semi-

solid model assumes negligible nutrient consumption, which is supported by experiments.

While several mathematical and computational models have been constructed with

the aim to give an adequate explanation of these patterns [104, 175, 131, 139], not much

has been done to predict the rate of spatial spread of these highly symmetric shapes

or the precise structure of the traveling pulses. To name a few, in the work [131, 159],

the authors presented a bacteria-chemoattractant-nutrient interaction chemotaxis model

to simulate the experimentally observed pulse waves [179]. Numerical simulations were

provided to support their findings. In particular, most of these models emphasised on

the motion of cell population in response to the chemoattractant concentration gradient -

chemotaxis. An extensive literature survey on existing models incorporating the Patlak-

Keller-Segel chemotaxis model with application to self-organization phenomena is found

in [139]. For example, the work [128, 193] included the dynamics of the dormant cells in

the absence of a chemo-attractant to investigate the asymptotic speed of the spread.

In this work, we consider the existence of traveling waves in a bacteria-chemoattractant

interaction model when the dynamics of the active cells are influenced by the change in
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chemo-attractant concentration. The model assumes that microorganisms may enter a

quiescent phase to adapt or survive significant changes in environmental conditions. Our

method in this chapter is mainly based on the work of [54, 192] and several earlier stud-

ies. Using the theory of monotone wavefronts for cooperative and partially degenerate

reaction-diffusion systems, we establish the existence of traveling waves and show that

the spreading speed coincides with the minimal wave speed for constant switch functions.

We begin by recalling the reaction-diffusion system from [175, 131] representing pattern-

forming processes experimentally observed in both E. coli and S. typhimurium,

∂u

∂t
= Du∇2u−∇ [χ(u, v)∇v] + k5u(k6h(n)− u),

∂v

∂t
= Dv∇2v + k8ng(u)− k4uf(v), x ∈ Ω, t > 0,

∂n

∂t
= Dn∇2n− k9k6h(n)u,

(3.1)

see [175, 131] for further details. Under this setup, x ∈ Ω ⊂ Rm, (m = 1, 2, 3), is a simply

connected bounded domain and ∂Ω, the surface boundary enclosing Ω, u(x, t) denotes

bacterial cell density, v(x, t) the aspartate (chemo-attractant) concentration and n(x, t)

the succinate (main nutrient) concentration. Consumption of succinate is proportional

to the population growth rate with proportionality constant k9. The cell growth rate

is given by k5uh(n) and the production of aspartate per cell is given by k8ng(u). Fur-

thermore, k4f(v) is the consumption of aspartate, where k4 is the rate constant. Model

(3.1) summarises a mechanism for E. coli in semi-solid medium experiments. They as-

sumed that non-motile cells are dead, and thus not considered in the dynamics of the

model. Chemotaxis is taken into account to represent the directed or biased movement

of organism in response to the concentration gradient.

Motivated by the reaction-diffusion system (3.1), in this work, we assume that the

nutrient concentration is large compared to the concentration of cells (negligible nutrient

consumption) - which is consistent with the work of [131, Section 5.5], and include the

dynamics of dormant cells. In addition, the response of bacteria to the availability of the

chemoattractant is taken into account by tracking the dynamics of the dormant bacteria.

Neglecting dormant cell mortality and assuming that they do not proliferate, the model

considered in this chapter takes the form

∂w

∂t
= k1q(v)u− k2p(v)w,

∂u

∂t
= Du∇2u+ k5u(k6 − u)− k1q(v)u+ k2p(v)w,

∂v

∂t
= Dv∇2v + k8g(u)− k7v − k4uf(v),

(3.2)

where we have introduced k7 to denote the rate of natural degradation of the chemoat-
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tractant. The effects of chemotaxis will be discussed in Chapter 4. To the best of our

knowledge, this is the first time the model and analysis of (3.2) has been studied in

the context of a monotone dynamical system. The model is rendered dimensionless by

choosing the following scales

w ∼ 1

k6
, u ∼ 1

k6
, v ∼ 1

k6
, x ∼

√
Db

k5k6
, t ∼ 1

k5k6
,

to obtain
∂w

∂t
= rq(v)u− sp(v)w,

∂u

∂t
= ∇2u+ u(1− u)− rq(v)u+ sp(v)w,

∂v

∂t
= dv∇2v + α(βg(u)− v)− γuf(v),

(3.3)

where dv = Dc/Db, r = k1/(k5k6), s = k2/(k5k6), α = k7/(k5k6), β = k8/(k6), γ = k4/k5

and ∇2 denoting the Laplacian operator with respect to x. In this chapter, v(x, t) denotes

the concentration of the chemoattractant. We also assume g(u) = 1 + g1(u) such that

g1(0) = 0. The assumption g(0) > 0 takes into account the background production of

the chemo-attractant in the system.

Various types of response functions have been proposed in the literature, see for

example [117, 131], and the literature therein. In this work, we generalise f(v), and

assume it satisfies the following hypotheses: f(v) = 0 iff v = 0 and f ′(v) ≥ 0, for all v.

Furthermore, we invoke assumptions on the transition functions p(v) and q(v).

F1 : p : R+ → (0, 1] is C1, p′(v) ≥ 0 for all v and lim
v→∞

p(v) = 1,

F2 : q : R+ → (0, 1] is C1, q′(v) ≤ 0 for all v and lim
v→∞

q(v) = 0.

The reaction-diffusion model is partially degenerate in the sense that one of the diffu-

sion coefficients is zero. We remark that the proposed model (3.3) is generic and can

be adopted for, e.g., cancer models. Dormancy has also an important bearing in the

treatment of infections, see for example [23, 152]. Since spores are highly resistant to dis-

infectants, they stay dormant in wounds for periods longer that the applied disinfectant.

This normally accounts for the recurrence of infections.

In the construction of traveling wave solutions of monotone degenerate reaction-

diffusion equations, we recall the system of reaction-diffusion equations (1.10) given as

ut = Duxx + f(u), x ∈ R, t > 0. (3.4)

The system of equations generalised in (3.4) can be found in various sections of the

applied sciences including mathematical epidemiology, chemical kinetics, and ecology, to

name a few. In this work, we investigate the existence of traveling waves for system (3.4)
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in the setting where it is cooperative and partially degenerate. A traveling wave solution

of (3.4) is a solution of the form u = u(ξ), with ξ = x + υt, such that if we substitute

this solution into the system, we have the wave equation

Du′′(ξ)− υu′(ξ) + f(u(ξ)) = 0, ξ ∈ R. (3.5)

This will be discussed in detail in Section 3.2.1.

This chapter is organised as follows: we begin in Section 3.2 where we summarise the

traveling wave results in the absence of the quiescent stage, while Section 3.3 provides the

full analysis of the bacteria-chemoattractant interaction model when the dynamics of the

active cells are influenced by a change in chemo-attractant concentration (i.e., p = p(v)

and q = q(v)). We establish that there exists a traveling wave speed, υ∗ > 0, such that for

every υ > υ∗ the model admits a nontrivial traveling wave solution. In the last section,

we give concluding remarks.

3.2 Model without quiescence

Without quiescence, the model reduces to

∂u

∂t
= ∇2u+ u(1− u),

∂v

∂t
= dv∇2v + α(βg(u)− v)− γf(v)u.

(3.6)

The uniform steady-state model for system (3.6) has two equilibria: the bacteria-free

equilibrium E0 = (0, β) and the co-existence equilibrium E∗ = (1, v∗), where v∗ satisfies

H(v∗) = α(βg(1) − v∗) − γf(v∗) = 0. We notice that lim
v∗→0+

H(v∗) = αβg(1) > 0 and

H ′(v∗) = −α− γf ′(v∗) < 0. Hence, a unique co-existence equilibrium, E∗, exists. Using

the Hartmann-Grobman theorem, it is straightforward to show that E0 is unstable and

E∗ is locally asymptotically stable.

Proposition 3.1. The uniform steady state of system (3.6) has no periodic orbits.

Proof. To prove this result, we use the Dulac-Bendixon criterion. Let Z ⊂ X be open

and simply connected in the first quadrant. Let hu(u, v) = u(1 − u) and hv(u, v) =

α(βg(u) − v) − γf(v)u. We need to show that there exists a function ϕ : Z → R,
continuously differentiable on Z, such that

∂(ϕhu)

∂u
+
∂(ϕhv)

∂v
,

is either strictly negative or strictly positive everywhere on Z. Let ϕ(u, v) =
1

u2
. Tak-

ing Z to be open in the first quadrant, clearly, ϕ is continuously differentiable in Z.
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Furthermore,
∂(ϕhu)

∂u
+
∂(ϕhv)

∂v
= − 1

u2
(1 + α + γf ′(v)u) < 0.

Hence, the system has no periodic orbits in the open first quadrant.

Remark 3.1. In the next section, we investigate the existence of traveling waves for model

(3.6). It is straightforward to observe that the bacteria population follows the well-known

Fisher’s reaction diffusion equation which admits a mono-stable traveling wave solution

v(x, t) = v(x + υt) = v(ξ). Assuming boundary conditions v(−∞) = 0 and v(+∞) = 1

for the Fisher’s equation, we have the traveling wave speed υ ≥ 2.

3.2.1 Traveling waves

We begin by recalling some useful results from [54]. Consider system (3.4). We denote

the stability modulus of a square matrix A by

z(A) := max{Reλ : det(λI − A) = 0}.

Let A(µ) = µ2D + f ′(0) for any µ > 0, and λA(µ) the stability modulus of A(µ). Since

f ′(0) is cooperative and irreducible, then λ(µ) > 0 for all µ > 0 such that Φ(µ) =
λ(µ)

µ
can be defined. Then, by [54, Lemma 2.1] we define ῡ = inf

µ>0
Φ(µ) ≥ 0. We always assume

||υ(µ)|| = 1 ∀µ > 0. We equip Rm with the Euclidean norm || · ||. Following [54], we

can prove the existence of monostable traveling waves for system (3.4) by verifying the

following conditions, denoted here as assumption H.

1. f(0) = f(1) = 0 and there is no ν other than 0 and 1 such that f(ν) = 0 and

0 ≤ ν ≤ 1.

2. System (3.4) is cooperative.

3. f(u) is piecewise continuous differentiable in u for 0 ≤ u ≤ 1 and differentiable at

0, and the matrix f ′(0) is irreducible with z(f ′(0)) > 0.

Assume assumption H holds. Let ϕ ∈ C1 and u(t, x;ϕ) be the unique solution of (the

integral form) (3.4) through ϕ. Then, there exists a real number υ∗ ≥ ῡ > 0 such that

the following statements are valid (see [54, Lemma 2.3]):

(i) If ϕ has a compact support, then lim
t→∞,|x|≥υt

u(t, x;ϕ) = 0, for all υ > υ∗.

(ii) For any υ ∈ (0, υ∗) and r∗ > 0, there is a positive number Rr∗ such that for any

ϕ ∈ C1 with ϕ ≥ r∗ on an interval of length 2Rr∗ , there holds lim
t→∞,|x|≤υt

u(t, x;ϕ) = 1.

(iii) If, in addition, f(min{ρv(µ∗),1}) ≤ ρf ′(0)v(µ∗), ∀ρ > 0, then υ∗ = ῡ.
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Further, in [54] the authors obtained the minimal wave speed and its coincidence with

the spreading speed through the following assumptions, denoted here as assumption K.

1. f(0) = f(1) = 0 and there is no ν other than 0 and 1 such that f(ν) = 0 and

0 ≤ ν ≤ 1.

2. System (3.4) is cooperative.

3. f(u) is piecewise continuous differentiable in u for 0 ≤ u ≤ 1 and differentiable at

0 and the matrix f ′(0) is irreducible with z(f ′(0)) > 0.

4. There exists κ > 0, σ > 1 and r∗ > 0 such that f(u) ≥ f ′(0)u − κ∥u∥σ1 for all

0 ≤ u ≤ r∗.

5. For any ρ > 0, f(min{ρv(µ),1}) ≤ ρf ′(0)v(µ), ∀µ ∈ (0, µ∗], where µ∗ is the value

of µ at which Φ(µ) attains its infimum.

We recall the reaction-diffusion equation model (3.6), which we restate in the form

(3.4) where

u = (u, v)t, D = diag(1, dv), f(u) =

(
u(1− u)

α(β − v)− γf(v)u

)
, (3.7)

and have assumed g(u) = constant. Without loss of generality, we take g(u) = 1. For

mathematical convenience, we make the change of variable h = β − v which converts the

system of equations (3.7) to

u = (u, h)t, D = diag(1, dv), f(u) =

(
u(1− u)

−αh+ γf(v∗ − h)u

)
. (3.8)

For this system, the only equilibria are: 0 = (0, 0)t and 1= (1, β − v∗)t. We aim to find

a traveling wave that can be viewed as a heteroclinic orbit connecting the two equilibria,

0 and 1.

Theorem 3.1. Systems (3.7) and (3.8) admit a traveling wave solution u(x+υt) for all

υ ≥ ῡ connecting 0 and 1.

Proof. To prove this result, we need to verify that the reaction diffusion equation (3.7)

with (3.8) satisfies assumptionH, or equivalently assumptionsK1−3. The Jacobian matrix

for f(u) is given by

f ′(u) =

(
(1− 2u) 0

γf(β − h) −α− γuf ′(β − h)

)
,
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so that

f ′(0) =

(
1 0

γf(β) −α

)
.

We can deduce that system (3.7) with (3.8) is monotone cooperative since f(u) is differ-

entiable and all off-diagonal entries of the Jacobian matrix, f ′(u), are non-negative. It

is clear that the solution u verifies 0 ≤ u ≤ 1, such that there are no other points other

than 0 and 1 that verify f(0) = f(1) = 0. Moreover, the characteristic equation of f ′(0)

has one of the eigenvalues equal to 1. Hence, the stability modulus of f ′(0), z(f ′(0)), is

strictly positive. Consequently, f ′(0) is irreducible.

Theorem 3.2. Consider system (3.7) with (3.8). For each υ ≥ υ∗ = ῡ, the system has

a non-decreasing traveling wave solution u(x+ υt) connecting 0 and 1 , while for υ < υ∗

there is no traveling wave solution connecting 0 and 1.

Proof. Since assumptions K1−3 are already satisfied, we need to verify assumptions K4

and K5 to deduce that the spreading speed υ∗ coincides with the minimal wave speed

ῡ. In particular, we aim to find the minimal wave speed of the growing population. We

assume f to be a linear function such that, f(β − h) = β − h.

Using the fact that −hu ≥ −1
2
(h2 + u2) = −1

2
||u||22 and −u2 ≥ −||u||22, we deduce

that

f(u) = f ′(0)u−

(
u2

γuh

)
≥ f ′(0)u− κ||u||221,

with κ = max{1, 1
2
γ} > 0, σ = 2, for 0 < u < r∗ = 1. Thus, K4 holds. For µ > 0, let us

define

A(µ) = µ2D + f ′(0) =

(
µ2 + 1 0

γβ µ2dv − α

)
. (3.9)

Clearly, the eigenvalues of A(µ) are λ1 = µ2 + 1 and λ2 = µ2dv − α which are positive

and negative, respectively.

The positive eigenvector corresponding to the largest eigenvalue, λ1, is

v0 =

(
λ1 − λ2
γβ

, 1

)t

> 0,

and we set v(µ) =
v0

∥v0∥
such that ∥v(µ)∥ = 1. Now, let us consider the function Φ(µ) =

λ1(µ)

µ
> 0 for µ > 0, and set ῡ = inf

µ>0
Φ(µ). We aim to show that the infimum ῡ is reached

for a positive value of µ∗. Since we have that Φ(µ) > µ, therefore, lim
µ→∞

Φ(µ) = +∞.

Moreover, since lim
µ→0

λ1(µ) > 0, thus, we obtain lim
µ→0+

Φ(µ) = +∞. Furthermore,

Φ′(µ) =
λ′1(µ)µ− λ1(µ)

µ2
, then Φ′(µ) = 0 whenever λ′1(µ)µ− λ1(µ) = 0.
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We have that

Φ′(µ) =
µ2 − 1

µ2
.

Solving for Φ′(µ) = 0, we deduce that there exists µ∗ = 1 at which Φ(µ) attains its

infimum, i.e., ῡ =
λ1(µ

∗)

µ∗ = 2. We compute

f(ρv(µ)) =

(
ρv1(1− ρv1)

−αρv2 + γ(β − ρv2)ρv1

)

= ρ

(
1 0

γβ −α

)
v(µ) + ρ

(
−ρv1 0

−ργv1 0

)
v(µ) ≤ ρf ′(0)v(µ).

This completes the proof.

We remark from the above result that the minimal speed for model (3.6) is given by

ῡ = 2
√
k3k4Db in dimensional form which is consistent with the wave speed of Fisher’s

equation obtained in [174]. Numerical simulations will be provided to support these

results in the next section.

3.2.2 Numerical simulations

We present one-dimensional numerical results for the reduced system (3.6) to support

the results summarised in Theorems 3.1 and 3.2. We note that the proposed model is

generic and can be used for other modelling scenarios, hence the selection of parameters

is for illustration of the theoretical results only. All numerical simulations are obtained

using MatLab’s PDEPE solver. We assume the production function to be given by

g(u) =
σ + 2u

σ + u
, (3.10)

and the response function, f(v) = v. With this selection, E0 = (0, β)t and E∗ = (1, v∗)t

where v∗ =
αβg(1)

γ + α
. Unless stated differently under the figure caption, we choose: γ = 1,

dv = 0.05, β = 1 and α = 0.5. Fig. 3.1 illustrates the results in Theorems 3.1 and 3.2.

Clearly, a comparison of Figs. 3.1 and 3.2 shows that the wave speed is independent of

the model parameters α, β, and γ. This is supported by calculations of the wave speed

in Fig. 3.3.

In Fig. 3.2, non-monotonic traveling wave profiles are observed in the chemo-attractant

concentration profiles. The solution behaves like a stable oscillatory wave-front traveling

from right to left. The predicted wave speed is calculated from Fig. 3.3 by using the slope

of the contour lines. A comparison of theoretical and numerical wave speed supports the

good convergence properties of the proposed method.
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(a) u(x, t). (b) v(x, t).

Figure 3.1: Stable traveling wave profiles for u(x, t) and v(x, t) with g(u) = 1 in support
of results in Theorems 3.1 and 3.2.

(a) u(x, t). (b) v(x, t).

Figure 3.2: Stable traveling wave profiles for u(x, t) and v(x, t) with g(u) as given in
(3.10). The parameters are modified to α = 2.5 and δ = 1.

0 10 20 30 40

0

20

40

60

80

100

0 10 20 30 40

0

20

40

60

80

100

(a) Contour for Fig. 3.1(a). (b) Contour for Fig. 3.2(a).

Figure 3.3: Contour plots corresponding to Fig. 3.1 and Fig. 3.2. The slope of the
contour plot gives the wave speed, ῡ ≈ 2 for each case.
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3.3 The full model

We are now interested in the case where bacteria switch states depending on the chemo-

attractant concentration in the system. We begin by recalling the reaction-diffusion model

(3.3), that is,

∂w

∂t
= rq(v)u− sp(v)w,

∂u

∂t
= ∇2u+ u(1− u)− rq(v)u+ sp(v)w, x ∈ Ω, t > 0,

∂v

∂t
= dv∇2v + α(βg(u)− v)− γf(v)u.

(3.11)

We aim to investigate and observe the dynamics of the model when the microbial pop-

ulation transition from one state to another is a direct consequence of the change in

chemo-attractant concentration. We restrict our work to switch functions satisfying F1

and F2. First, we consider the uniform steady-state model, i.e., ignore diffusion. We have

the following result.

Proposition 3.2. System (3.11) admits the following equilibria:

• the microbial-free state P 0 = (0, 0, β), and

• a unique co-existence state P ∗ = (w∗, u∗, v∗), where u∗ = 1, w∗ =
rq(v∗)

sp(v∗)
u∗ and v∗

satisfies α(βg(1)− v∗)− γf(v∗) = 0.

Proof. First, setting the right hand side of equations (3.11) to zero, we get P 0 and P ∗

as the only equilibria points where v∗ satisfies α(βg(1) − v∗) − γf(v∗) = 0. Defining

H(v∗) = α(βg(1) − v∗) − γf(v∗), then H(v∗) is a monotonically decreasing function

since H ′(v∗) = −α − γf ′(v∗) < 0, where we have used the properties of functions f

and g. Furthermore, lim
v∗→0+

H(v∗) = αβg(1) > 0, hence, a unique solution v∗ satisfying

H(v∗) = α(βg(1)− v∗)− γf(v∗) exists.

To study the local stability of equilibria, we consider the general Jacobian matrix of

system (3.11) given by

J(w, u, v) =

 −sp(v) rq(v) rq′(v)u− sp′(v)w

sp(v) (1− u)− u− rq(v) −rq′(v)u+ sp′(v)w

0 αβg′(u)− γf(v) −α− γuf ′(v)

 .

At the microbial-free state, P 0, we have

J(P 0) =

 −sp(β) rq(β) 0

sp(β) 1− rq(β) 0

0 αβg′(0)− γf(β) −α

 .
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Clearly, −α is one of the eigenvalues of J(P 0). The remaining eigenvalues are obtained

from the reduced matrix (
−sp(β) rq(β)

sp(β) 1− rq(β)

)
,

whose trace and determinant are given as 1− (rq(β) + sp(β)) and −sp(β), respectively.
Under the hypotheses F1 and F2, the microbial-free equilibrium state is unstable.

Next, we consider the local stability of the co-existence equilibrium, P ∗. The Jacobian

matrix at the co-existence equilibrium is

J(P ∗) =

 −sp(v∗) rq(v∗) rq′(v∗)− sp′(v∗)w∗

sp(v∗) −1− rq(v∗) −rq′(v∗) + sp′(v∗)w∗

0 αβg′(1)− γf(v∗) −α− γf ′(v∗)

 ,

and the characteristic equation is given by

Q(λ) = λ3 + s1λ
2 + s2λ+ s3,

where the coefficients are given by

s1 = −trace J(P ∗) = sp(v∗) + rq(v∗) + 1 + (α + γf ′(v∗)),

s2 = (α + γf ′(v∗))(1 + rq(v∗) + sp(v∗)) + (γf(v∗)− αβg′(1))(sp′(v∗)w∗ − rq′(v∗)) + sp(v∗),

s3 = − det J(P ∗) = sp(v∗) (α + γf ′(v∗)) .

Clearly, s1 and s3 are unconditionally positive and s2 is positive provided γf(v∗) −
αβg′(1) > 0. It remains to check if ∆2 is positive. We have

∆2 = s1s2 − s3

= (sp(v∗) + rq(v∗) + 1)× s2 + sp(v∗)(α + γf ′(v∗))2

+ (α + γf ′(v∗))
2
(rq(v∗) + 1) + (α + γf ′(v∗))(γf(v∗)− αβg′(1))(−rq′(v∗) + sp′(v∗)w∗),

and it is unclear if the complete expression is positive. However, assuming γf(v∗) −
αβg′(1) ≥ 0, then the coefficients si > 0 for i = 1, 2, 3 and second-Hurwitz determinant,

∆2, are positive and P
∗ becomes locally asymptotically stable. When γf(v∗)−αβg′(1) <

0, we cannot conclude on the sign of ∆2 as the expression is not mathematically tractable.

Therefore, we will proceed numerically, see Fig. 3.4.

3.3.1 Traveling waves

In this section, we make a simplifying reduction on the transfer functions p and q, i.e.,

we assume the switch functions are constants, which is consistent with Hypotheses F1
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and F2. Furthermore, we take γf(v∗)− αβg′(1) ≥ 0 so that P ∗ is locally asymptotically

stable. As before, we assume g(u) = 1, and make the change of variable h = β − v to

rewrite the system in the form ut = Duxx + f(u), x ∈ R, t > 0, that is,

u = (w, u, h)t, D = diag(0, 1, dv), f(u) =

 rqu− spw

u(1− u)− rqu+ spw

−αh+ γf(β − h)u

 . (3.12)

Now we have the following result.

Theorem 3.3. Consider system (3.11). Assuming rq ≤ 1, for each υ ≥ υ∗ = ῡ, the

system has a non-decreasing traveling wave solution u(x+υt) connecting 0 and 1 , while

for υ < υ∗ there is no traveling wave solution connecting 0 and 1.

Proof. First, we need to verify that the reaction-diffusion equation (3.11) satisfies as-

sumption H, or equivalently assumptions K1−3. The Jacobian matrix for f(u) is given

by

f ′(u) =

 −sp rq 0

sp (1− 2u)− rq 0

0 γf(β − h) −α− γuf ′(β − h)

 ,

so that

f ′(0) =

 −sp rq 0

sp 1− rq 0

0 γf(β) −α

 .

We can deduce that system (3.11) with (3.12) is monotone cooperative since f(u) is

differentiable and all off-diagonal entries of the Jacobian matrix, f ′(u), are non-negative.

It is clear that the solution u verifies 0 ≤ u ≤ 1, such that there are no other points

other than 0 and 1 that verify f(0) = f(1) = 0. Moreover, the characteristic equation

of f ′(0) has one of the eigenvalues equal to −α. The remaining two eigenvalues are from

the following sub-matrix (
−sp rq

sp 1− rq

)
.

The trace and determinant of the sub-matrix are given by 1 − (sp + rq) and −sp, re-
spectively, which implies that one eigenvalue is real and positive. Hence, the stability

modulus of f ′(0), z(f ′(0)), is strictly positive. Consequently, f ′(0) is irreducible.

Next, we need to verify assumptions K4 and K5 to deduce that the spreading speed

υ∗ coincides with the minimal wave speed ῡ. In particular, we aim to find the minimal

wave speed of the growing population. We take f(v) = v, that is, f(β − h) = β − h.

Using the fact that −uh ≥ −1
2
(h2 + u2) = −1

2
||u||22 and −u2 ≥ −||u||22, we deduce
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that

f(u) = f ′(0)u−

 0

u2

γuh

 ≥ f ′(0)u− κ||u||221,

with κ = max{1, 1
2
γ} > 0, σ = 2, for 0 < u < r∗ = 1. Thus, K4 holds.

For µ > 0, let us define

A(µ) = µ2D + f ′(0) =

 −sp rq 0

sp µ2 + 1− rq 0

0 γβ dvµ
2 − α

 . (3.13)

Clearly, the first eigenvalue of A(µ) is λ1 = dvµ
2 − α and the other eigenvalues can be

obtained from the characteristic equation

λ2 +
[
sp+ rq − 1− µ2

]
λ− sp

[
1 + µ2

]
= 0.

From the polynomial equation, we have the discriminant given by ∆ = (sp+ rq − 1− µ2 )
2
+

4sp (1 + µ2) > 0. Consequently,

λ2 =

√
∆− (sp+ rq − 1− µ2)

2
> 0,

and

λ3 =
−
√
∆− (sp+ rq − 1− µ2)

2
< 0.

Clearly, λ2 > λ3. Additionally, assuming dv ≤ 1, we have

λ2 − λ1 =

√
∆− (sp+ rq − 1− µ2)

2
− (dvµ

2 − α)

≥
√
∆− (sp+ rq − 1) + µ2 (1− 2dv)

2
,

≥
√
∆− (sp+ rq − 1 + µ2)

2
, since µ2 (1− 2dv) ≥ −µ2,

=
∆− (sp+ rq − 1 + µ2)

2

2
[√

∆+ (sp+ rq − 1 + µ2)
]

=
2 [sp+ µ2(1− rq)][√

∆+ (sp+ rq − 1 + µ2)
]

=
sp+ µ2(1− rq)

µ2 − λ3
> 0,

with λ3 < 0 and rq ≤ 1 such that λ2 > max{λ1, λ3}. The positive eigenvector corre-
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sponding to the largest eigenvalue, λ2, is

v0 =

(
r(λ2 − λ1)

γβ (sp+ λ2)
,
λ2 − λ1
γβ

, 1

)t

> 0,

and we set v(µ) =
v0

∥v0∥
such that ∥v(µ)∥ = 1. Now, let us consider the function

Φ(µ) =
λ2(µ)

µ
> 0 for µ > 0, and set ῡ = inf

µ>0
Φ(µ). We aim to show that the infimum ῡ

is reached for a positive value of µ∗. Since we have that Φ(µ) > µ − sp+ rq

µ
, therefore,

lim
µ→∞

Φ(µ) = +∞. Moreover, since lim
µ→0

λ2(µ) > 0, thus, we obtain lim
µ→0+

Φ(µ) = +∞.

Furthermore,

Φ′(µ) =
λ′2(µ)µ− λ2(µ)

µ2
, then Φ′(µ) = 0 whenever λ′2(µ)µ− λ2(µ) = 0.

We have

Φ′(µ) = µ

(
2µsp− µ (sp+ rq − (1 + µ2))√

∆
+ µ

)
−

√
∆− (sp+ rq − (1 + µ2))

2
,

and after some algebra, solving for Φ′(µ) = 0 is equivalent to finding the roots of the

following third order polynomial,

x3 + a2x
2 + a1x+ a0 = 0, (3.14)

with x = µ2. The coefficients are given by

a0 = −(sp)2 − 2sp(1 + rq)− (rq − 1)2,

a1 = (sp+ rq)2 − 1,

a2 = 2(sp+ rq) + 1.

(3.15)

Coefficients a2 and a0 are strictly negative and positive, respectively. For any value of

sp and rq this ensures Φ′(µ) = 0 changes sign only once on (0,∞). Hence, by Descarte’s

rule of signs, it follows there is a unique positive root µ∗ ∈ (0,∞) at which Φ(µ) attains

its infimum, i.e., ῡ =
λ2(µ

∗)

µ∗ provided rq ≤ 1.
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Finally, we let µ ∈ (0, µ∗] and ρ > 0. We compute

f(ρv(µ)) =

 rqρv2 − spρv1

ρv2(1− ρv2)− rqρv2 + spρv1

−αρv3 + γ(β − ρv3)ρv2



= ρ

 −sp rq 0

sp 1− rq 0

0 γβ −α

 v(µ) + ρ

 0 0 0

0 −ρv2 0

0 −ργv2 0

 v(µ) ≤ ρf ′(0)v(µ).

Hence, we deduce the existence of a wave-front u(x + υt) for each υ ≥ ῡ connecting 0

and 1.

Remarks concerning the above result will be meaningful. First, we note that the

existence of the traveling wave was established for constant switch functions and constant

production function g(u). Secondly, to establish the minimal wave speed, we needed

to make a specific choice for the response function f(v), otherwise the analysis is not

mathematically tractable. However, we note that the current approach is not applicable

to establish the existence of travelling waves for variable switch functions since the system

will not be cooperative.

In the case where we general switch functions, the system is non-cooperative and

therefore, the theory on cooperative systems is not applicable. Most of the existing

theoretical literature in this direction assumes cooperative, nondegenerate systems. In

the case of competitive systems, a simple change of variable will change a competition into

a cooperative system. See for example [114]. Recent results for non-cooperative systems

can be found, for example, in [180] and [86]. However, [180]’s work is not applicable

to non-degenerate systems, while the work by [86] on non-cooperative degenerate time-

periodic systems is also not applicable as it is impossible to construct the upper and

lower cooperative subsystems. We thus believe this remains an open problem, and here

we will proceed numerically to the study existence of traveling waves for general nonlinear

conversion rates, p(v), q(v).

3.3.2 Numerical simulations

We have proved in the previous section that the reaction diffusion system admits a non-

negative heteroclinic orbit connecting P 0 and P ∗ when rq ≤ 1. Numerical simulations to

support the results and the effect of parameters will be investigated in this section. The

system of equations (3.11) is integrated using MatLab’s PDEPE solver. For all simulations,

to ensure convergence, we choose 300 cells in space with both relative and absolute error

tolerances set at 10−8. We remark that the model was also solved for different parameters

to ensure that the wave solution is not unstable relative to their small changes. Similar to
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the simulations for the reduced model, we choose f(v) = v and g(u) as given in equation

(3.10). Following [58], the hibernation function takes the form

q(v) =
1

1 + vm
, (3.16)

while the arousal function takes the modified version

p(v) =
δ + vm

1 + vm
, (3.17)

where m is a positive integer. The modified arousal function is important since no

activation is possible using the simple Hill function vm/(1+vm). In this context, δ, taken

to be δ = 0.1, defines the minimum concentration or density at which the switch can take

place. Unless stated otherwise under the figure caption, we choose the baseline parameter

values as follows

r = 1, s = 1, β = 2, α = 1.

(a) γf(v∗)− αβg′(1) > 0 (b) γf(v∗)− αβg′(1) < 0

Figure 3.4: Illustration of the locally asymptotically stable P ∗.

We begin with the numerical results for the uniform steady state with a focus on the

nonzero equilibrium point P ∗, see Fig. 3.4. If γf(v∗)−αβg′(1) = 1 > 0 with γ = 1, then

P ∗ = (0.1300, 1.00, 1.5000)t is locally asymptotically stable. On the other hand, choosing

γ = 0.1, then γf(v∗)− αβg′(1) = −0.2273 < 0, and P ∗ = (0.0066, 1.00, 2.7273)t remains

locally asymptotically stable. The simulations in Fig. 3.4 were obtained using MatLab’s

ode15s solver.

Next, we consider the numerical solution of the reaction diffusion system (3.11). Since,
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(a) r = 1. (b) r = 0.5.

Figure 3.5: Illustration of the existence of traveling wave for r ≤ 1 with constant switch
functions. The solid line is w(x, t), the dash-dot line is v(x, t), and the dotted line is
u(x, t) at equally spaced time intervals.

we are interested in traveling waves, the asymptotic conditions are

w(−∞, t) = 0, u(−∞, t) = 0, v(−∞, t) = β,

w(∞, t) = w∗ =
rq(v∗)

sp(v∗)
, u(∞, t) = u∗ = 1, v(∞, t) = v∗ =

αβg(1)

γ + α
.

The numerical simulations will be performed on the truncated domain x ∈ [0, 100], with

the above asymptotic conditions at the end points. The asymptotic conditions as x →
−∞ are taken as initial data for all values of x.
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(a) α = 0.5. (b) α = 1.5.

Figure 3.6: Illustration of the existence of traveling wave for variable switch functions
as given in equations (3.16) and (3.17). The broken line is u(x, t) and the solid line is
v(x, t).

In Figs. 3.5 - 3.7 we support the results on the existence of the traveling waves

for model (3.11). In particular, we illustrate the existence of wave solution connecting

0 = (0, 0, β)t and 1 = (w∗, u∗, v∗)t through profiles at equally spaced time intervals.
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From numerical results in Fig. 3.5, we see the system has a traveling wave solution

u(x + υt) connecting 0 and 1. The monotone traveling wave exists and the spreading

speed coincides with the minimal wave speed provided that rq ≤ 1 with constant switch

functions, in addition to a constant production function, g(u).

In Fig. 3.6 we use switch functions as given in (3.16) and (3.17) with g(u) as given

by expression (3.10). It is clear that changing parameters, see in Fig. 3.6(b), the wave

profiles may be non-monotonic under this setup. In particular, we see the appearance of

a hump in the profiles, see also Fig. 3.2.
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1
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(a) Dependence of wave speed on r. (b) Dependence of wave speed on s.

Figure 3.7: Comparison of theoretical and numerical wave speeds under the setup of
Theorem 3.3.

To illustrate theoretical results in comparison to numerical results, in Fig. 3.7 we

present simulations comparing the wave speeds by varying s and r. Results in Fig. 3.7,

in comparison with model results without quiescence clearly show that ignoring dormant

cells overestimates the wave speed. The wave speed for the model with quiescence is less

than 2, a constant speed which was obtained for the model with quiescence. Increasing

the rate of deactivation, reduces the spreading speed, and increasing the rate of activation,

increases the spreading speed.

3.4 Conclusions

Mathematical models can provide insights into the dynamics of the biology they repre-

sent. In this chapter, we considered solutions of a reaction-diffusion model describing the

evolution of a bacterial colony with both active and dormant cells. We showed that the

solution of the model converges to a traveling wave with a speed strongly dependent on

the switching rates.

By using the theory of monotone wavefronts for cooperative and partially degenerate

reaction-diffusion systems, the minimal wave speed is established for the model. In par-

ticular, the minimal wave speed plays a crucial role in the spread of the bacterial lawn.
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Without quiescence, a closed form expression for the minimal wave speed was obtained

to be: υ∗ = 2
√
k3k4Db, while an implicit expression was obtained for the full model

when the switch functions are constants. Numerical results indicate the importance of

the quiescent stage in the speed of spread. Simulations show that the model admits non-

monotonic traveling wave profiles when g = g(u) and the switch functions are dependent

on the chemo-attractant concentration.

As a final remark, it is worth mentioning that we have established that ῡ is the minimal

wave speed when the switch functions are considered constant. It remains to show a

similar result when these are functions dependent on the chemo-attractant concentration.

Using the current approach, a theoretical result for general switch functions (p(v) and

q(v)) remains mathematically not tractable and open. In addition, it remains to test the

model within a physically relevant parameter regime supported by actual experimental

data.
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Chapter 4

Existence of stationary and

oscillatory patterns

4.1 Introduction

Bacterial biofilms are multicellular communities embedded in a self-produced polymeric

matrix comprised of polysaccharides, proteins and extracellular matrix [189]. Self orga-

nization and positioning of bacteria biofilms both in space and time, have been observed

in natural environments and experimental studies leading to, for example, regularly re-

peating patterns, see [171, 150]. Biofilm formation occurs as a result of environmental

cues such as starvation, chemical concentrations, or change in temperature. Cell density

and signaling are two crucial components in the formation of a spatially organised biofilm

[155]. Although cell signaling and distinct cell genes involved in the formation of biofilms

differ between species, there exist other commonalities. Simple cells like the bacterium

E. coli [171], S. typhimurium [191], to name a few, present regulated cellular anatomy

resulting from the dynamic interactions between proteins and the cell membrane. How-

ever, as noted in [191], different bacteria present different patterns, in particular, during

the formation stage. For example, S. typhimurium present structured lawn, while swarm

ring appears for E. coli.

A review on cooperation in microbial populations can be found in [40]. The authors

provided an ecological overview where ensembles of local subpopulations continuously

emerge, grow and disappear again. The subpopulations vary in size from a few initial

cells to billions in established communities. However, it has been reported that environ-

mental noise such as the presence of toxins, triggered by the microbes themselves can be

catastrophic. For example, pH changes caused by metabolic waste products such as lactic

acid, acetate and hydrogen [52]. In their natural habitat, bacteria constantly compete

with rivaling species found in the same ecological niche for survival and growth-limiting

resources. Biological warfares occur where one species produces antibiotics or ‘chemical

70

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 

 
 
 



weapons’ to suppress the growth or eradicate competing microorganisms. Some antimi-

crobial compounds do not only affect the competitors but also active against their own as

well as identical bacteria [147, 65]. In some cases, however, such metabolic waste can be

a resource for another species, allowing both polluters (waste producers) and detoxifiers

(crossfeeders) to potentially benefit [63, 52]. On the other hand, the spreading of phages

can change the fitness landscape [162, 176].

Bacterial communities exhibit a modified phenotype with regard to proliferation, gene

expression and nutrient production, and can also show tolerance to unfavorable environ-

mental conditions that individual cells fail to show [138]. The growth and survival of

organisms often depend on their local interaction with their environment. Those inter-

actions can either be negative or positive depending on the global or local cooperative

modification of the environment. That is, instead of breaking down complex nutrients

for their growth, microbes can exhibit negative local or global behaviour by engineering

the environment in ways that are detrimental for their proliferation. It has been ob-

served that bacteria modify the environmental pH to such a degree that they make their

surroundings so acidic leading to the swift and complete extinction of the whole popula-

tion. Termed ‘ecological suicide’ in their experiments, extinction of soil bacteria species

Paenibacillus sp., was observed in well-mixed batch culture in media containing glucose

as the main carbon source. See also [149, 151] and references therein. The observation is

that the denser the bacteria, the more waste is produced and thus, the risk of ecological

suicide is higher at high population densities. This was observed in about 25% of soil

microbes tested. In this case, low-density populations thrive while high density leads

to ecological suicide. A study supporting the ability of bacteria to change media pH in

their environment, indirectly rendering it more or less hospitable for other species, can

be found in [46]. The authors in [149] observed that ecological suicide can also cause

oscillations in the population size over time. Although these experiments are useful for

providing insights into specific mechanisms of interactions, it is unclear to what extent

findings from these studies scale up to predict the generic properties of large microbial

communities or the interactions therein.

Despite the ubiquity of this environment-mediated population collapse, simple math-

ematical models to understand these processes are lacking in the literature. One of the

simplest models is proposed in [136] to explain how microbes interacting through their

chemical environment can achieve coexistence in a continuous growth setup. The authors

observed that, in addition to consumption/degradation, facilitation and self-restraint in-

teractions played a critical role in allowing species coexistence. Using pH as a model

parameter, in [151] the authors proposed a simple deterministic model supported by ex-

periments to understand how the bacteria manipulate their environment and also react to

it. Motivated by the existing literature, we propose a spatial model comprising a general

microbial population of inactive and active cells capable of producing waste products
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modifying their environment to pH levels that could lead to either ‘boom and bust’ [58]

or ‘ecological suicide’ [149]. While the proposed model is generic and can help to test hy-

potheses about these unknown processes, it is always important to bear in mind that they

are only approximations of reality, and their predictions are subject to some uncertainty.

The rest of the chapter is organised as follows. The mathematical model under in-

vestigation is formulated in the next section. In Section 4.3 we study the reduced model

which allows for the microbes to die or become dormant due to environmental stress. A

full model tracking the density of dormant and active microbes is presented in Section 4.4.

Numerical results and discussions related to the presented models are given in Sections

4.3 and 4.4. We discuss our findings and conclude in Section 4.5.

4.2 Model formulation

Mathematical models taking into account the consumption of a limiting nutrient in the

presence of a chemoattractant have been considered extensively in the literature. See for

example, [171, 128, 131, 30], and references therein. In [131], they summarised model

mechanisms for E. coli experiments in a semi-solid medium. In addition, it is assumed

that non-motile cells are dead, and not included in the analysis of the model dynamics.

Chemotaxis was taken into account to represent the directed movement of organism

in response to the concentration gradient. However, as indicated above, mathematical

models including the negative feedback from the microbe’s activities are lacking in the

literature.

In this work, we consider an ecosystem comprising a general microbial population

capable of modifying its environment to pH levels that are not hospitable to them. We

begin by denoting u(t), the density of active micro-organisms and v(t) the concentration

of the waste product in the surrounding environment. In the absence of v(t), the bacteria

growth follows a simple Logistic law

du

dt
= k5u(k6 − u), (4.1)

where k6 is the carrying capacity and k5k6 is the growth rate, see also (3.2). The equation

governing the change in concentration v(t) is given by

dv

dt
= k8g(u)− k7v − k4uf(v), (4.2)

where k7 denotes the rate of natural degradation of v, k8 is the rate of production of v,

see for example [46], and k4 is the maximum rate of consumption of v. Thus, we allow

for the consumption of metabolic waste, see for example [52] for further details. More-

over, we generalise the consumption function, f(v), and assume it satisfies the following
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hypotheses: f(v) = 0 if and only if v = 0 and f ′(v) ≥ 0, for all v. The production

function g(u) is assumed to saturate and includes input from both external sources and

active microbes, hence we assume it satisfies the following conditions: g(u) > 0, g′(u) > 0

for all u ≥ 0. Readers can consult for example, the work [30, 31],[149, Supplementary

Information] and the references therein.

It has been reported that organisms that fail to adapt to this stress would either die

or become dormant [66]. Motivated by the Keller-Segel model (1.3) and considering the

above-mentioned ecological processes, we propose the model

∂w

∂t
= k1q(v)u− k2p(v)w − k3w,

∂u

∂t
= Du∇2u+Duv∇ · (χ(u, v)∇v) + k5u(k6 − u)− k1q(v)u+ k2p(v)w,

∂v

∂t
= Dv∇2v + k8g(u)− k7v − k4uf(v),

(4.3)

where∇2 is the Laplacian operator with respect to x, Du and Dv are diffusion coefficients,

Duv represents the chemotaxis coefficient, and w(t) denotes the density of dormant bacte-

ria. The function χ(u, v) is the chemotaxis response functional, and we assume a system

where microbes move from higher concentration of the toxins to lower concentration,

known as negative chemotaxis [13]. The functions q(v) and p(v), each of them ∈ (0, 1),

denote the hibernation and reawakening of bacteria in response to the concentration v,

see for example [58], the literature therein and Section 1.3 for further discussion on these

switch functions. In our work, we invoke assumptions on the transition functions p(v)

and q(v).

P1 : p : R+ → (0, 1] is C1, p′(v) ≤ 0 for all v and lim
v→∞

p(v) = 0,

P2 : q : R+ → (0, 1] is C1, q′(v) ≥ 0 for all v and lim
v→∞

q(v) = 1,

which are different from hypotheses F1 and F2 in Section 2.2. Here we have assumed the

concentration of energy source is large compared to the concentration of cells (negligible

nutrient consumption) - which is consistent with the work of [131, Section 5.5]. The

model is rendered dimensionless by choosing the following variables and scales

w ∼ 1

k6
, u ∼ 1

k6
, v ∼ 1

k6
, x ∼

√
Db

k7
, t ∼ 1

k7
,

to obtain
∂w

∂t
= rq(v)u− sp(v)w − µw,

∂u

∂t
= ∇2u+ d∇ · (uχ(v)∇v) + u(1− u)− rq(v)u+ sp(v)w,

∂v

∂t
= dv∇2v + βg(u)− v − γuf(v),

(4.4)
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where dv = Dc/Db, d = [χ]Dbck4/Db, r = k1/k7, s = k2/k7, β = k8/k7, γ = k4k6/k7

and µ = k3/k7. We consider a one-dimension spatial domain Ω. The notation [∗] refers
to the scale for the given term.

First, we consider the homogeneous system of (4.4), i.e., ignore diffusion and chemo-

taxis. The system becomes

dw

dt
= rq(v)u− sp(v)w − µw,

du

dt
= u(1− u)− rq(v)u+ sp(v)w,

dv

dt
= βg(u)− v − γuf(v).

(4.5)

System (4.5) is appended with the following initial conditions

w(0) = w0 ≥ 0, u(0) = u0 ≥ 0, v(0) = v0 ≥ 0. (4.6)

Theorem 4.1. System (4.5) defines a dynamical system on the biologically feasible region

Ω =

{
(w, u, v) ∈ R3

+ : w + u+ v ≤ 2 + κ

αm

.

}
Proof. We show that for any initial data satisfying (4.6), the system possesses for all

t ≥ 0, a unique solution which lies in Ω.

First we show that Ω is a positively invariant set. In particular, no trajectories leave

Ω by crossing one of its faces. On the contrary, let us assume there exists t1 > 0 such

that w(t1) = 0 and w′(t1) < 0 with w(t) > 0, w(t) > 0, v(t) > 0, for all t ∈ (0, t1). The

first equation in (4.5) gives
dw

dt
(t1) = rq(v)u > 0,

which is a contradiction. Therefore, w(t) ≥ 0 for all t ≥ 0. Similarly for t2 > 0, assuming

u(t2) = 0 and u′(t2) < 0 with u(t) > 0, w(t) > 0 for all t ∈ (0, t2) then we have

du

dt
(t2) = sp(v)w > 0.

For t3 > 0 with v(t3) = 0 and v′(t3) < 0 with w(t) > 0, u(t) > 0 for all t ∈ (0, t3), we

have
dv

dt
(t3) = βg(u) > 0.

Therefore, in all cases the solution (w, u, v) remains in the region Ω for any initial data

in Ω.

In the second step, we use the prior estimates together with the fact that the right

hand of system (4.5) is a locally Lipschitz function. It follows from the second equation of
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the system (4.5) that u′(t) ≤ u(t) (1− u(t)), which implies that lim sup
t→∞

u(t) ≤ 1. Then

for sufficiently large t, we have

d(w(t) + u(t) + v(t))

dt
= u(1− u) + βg(u)− v − γuf(v)− µw

≤ u(t)− u2(t) + βg(u) + u(t)− u(t)− v(t)− µw(t)

≤ κ+ 2u(t)− αm (w(t) + u(t) + v(t)) ,

where αm = min{1, µ}. Since g(u) is increasing and a saturating function, then βg(u) ≤
κ. Hence, we have lim

t→∞
sup(w(t) + u(t) + v(t)) ≤ 2 + κ

αm

. The above results show that the

solution (w(t), u(t), v(t)) is nonnegative and uniformly bounded for any positive initial

values. This complete the proof of the theorem.

In the next sections we will study system (4.5) together with its submodels to gain

insight into model (4.4) dynamics.

4.3 Reduced model

Observing that once active bacteria fail to adapt to the stress level v(t), they would either

die or become dormant (see for example [66]), we propose the following reduced model

du

dt
= u(1− u)− rq(v)u,

dv

dt
= βg(u)− v − γuf(v).

(4.7)

Under this setup, the term rq(v)u represents the bacteria switching into dormant state, or

bacterial mortality due to environmental stress. We remark that 1/(rq(v)) describes the

resistance or residence time of microbes under inhospitable conditions and it is dependent

on the toxicity of the environment. The assumption on q(0) > 0 represents the existence

of random switching or a result of paracrine signalling. Further details on the function

q(v) can be found in [58] or references therein.

4.3.1 Equilibria and their stability

Setting the right-hand side of (4.7)1 to zero we see that u = 0 or u = 1− rq(v). That is,

u = 0 together with the right-hand side of (4.7)2 set to zero, we get the following bound-

ary equilibrium P 0 = (0, βg(0)), representing the extinction state. Using the Hartmann-

Grobman Theorem, P 0 is locally asymptotically stable provided 1 − rq(βg(0)) < 0, oth-

erwise it is unstable. Essentially we require that r > 1/q(βg(0)) for the population to

derive itself to extinction.
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On the other hand, assuming u∗ ̸= 0 or equivalently u∗ = 1−rq(v∗), then from setting

the right hand of (4.7)2 to zero, v∗ must satisfy the equation

H(v∗) = βg(u∗)− v∗ − γu∗f(v∗) = 0,

with lim
v∗→0+

H(v∗) = βg(rq(0)− 1) > 0 and

H ′(v∗) = −rq(v∗)[βg′(u∗)− γf(v∗)]− γu∗f ′(v∗)− 1,

with lim
v∗→0+

H ′(v∗) = −1− γf ′(0)(1− rq(0) < 0. First we see that, if βg′(u∗)− γf(v∗) ≥
0, then H(v∗) is monotonically decreasing and a unique coexistence equilibrium point

P ∗ = (u∗, v∗) exists provided 1− rq(v∗) > 0.

On the other hand, if βg′(u∗) − γf(v∗) < 0, together with lim
v∗→0+

H(v∗) > 0 and

lim
v∗→0+

H ′(v∗) < 0, in addition to lim
v∗→∞

H ′(v∗) = −1− γf ′(1− r) < 0, then there exist at

least one coexistence equilibrium point P ∗ = (u∗, v∗) provided 1− rq(v∗) > 0. This will

be illustrated numerically in Figs. 4.1 and 4.2.

Next we consider the local stability of the co-existence equilibrium, P ∗, whose Jaco-

bian is given by

J(u∗, v∗) =

(
−u∗ −rq′(v∗)u∗

βg′(u∗)− γf(v∗) −1− γu∗f ′(v∗)

)
.

The trace and determinant of J(u∗, v∗) are given as

−u∗ − 1− γu∗f ′(v∗) < 0, and rq(v∗)u∗([βg′(u∗)− γf(v∗)] + u∗[1 + γu∗f ′(v∗)]),

respectively. Clearly, we see that if βg′(u∗)−γf(v∗) ≥ 0, a unique co-existence equilibrium

state exists and it is locally asymptotically stable. It is not clear what happens if βg′(u∗)−
γf(v∗) < 0. However, the following result rules out the possibility of Hopf bifurcation.

Proposition 4.1. The uniform steady state system (4.7) has no periodic orbits.

Proof. To prove this result, we apply the Dulac-Bendixon criterion. Let Z ⊂ X be

open and simply connected in the first quadrant. Let hu(u, v) = u(1 − u) − rq(v)u and

hv(u, v) = βg(u)− v − γuf(v). We need to show that there exists a function ϕ : Z → R,
continuously differentiable on Z, such that

∂(ϕhu)

∂u
+
∂(ϕhv)

∂v

is either strictly negative or strictly positive everywhere on Z. Let ϕ(u, v) =
1

u
. Taking Z
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to be open in the first quadrant, clearly ϕ is continuously differentiable in Z. Furthermore,

∂(ϕhu)

∂u
+
∂(ϕhv)

∂v
= −1

u
(u+ 1 + γuf ′(v)) < 0.

Hence, the system has no periodic orbits in the open first quadrant.

4.3.2 Numerical simulations

We have shown in the previous section that the system does not admit periodic orbits.

Numerical simulations to support the results and the effect of parameter changes will be

investigated in this section. We integrate the system of equations (4.7) using MatLab’s

ode15s solver. For all simulations, and to ensure convergence, we choose both relative

and absolute error tolerances set at 10−8. We remark that the model was also solved for

different parameters to ensure that the solution is stable relative to their small changes.

Throughout this chapter, we choose f(v) = v and

q(v) =
δ + vm

σm + vm
, (4.8)

with m ≥ 1 and δ = 0.1 > 0, satisfying the assumptions on f(v) and hypothesis P2,

respectively.
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(a) 1− rq(βg(0)) < 0 . (b) βg′(u∗)− γf(v∗) ≥ 0 .

Figure 4.1: Phase planes corresponding to system (4.7). The parameters are chosen such
that r = 1.0 with: β = 1.2, γ = 1.0 in figure (a), and β = 1.0, γ = 0.2 in figure (b).

Remark 4.1. The initial investigation was centered on how microbial populations can

drive themselves to extinction. It is clear from the proposed reduced model that this

depends on the resistance of the population to the toxicity of the environment they reside

in. The better the microbes can resist environmental toxic changes, the better they can

avoid extinction. This can also be linked to the use of antibiotics as a treatment strategy
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(a) βg′(u∗)− γf(v∗) < 0 . (b) βg′(u∗)− γf(v∗) < 0.

Figure 4.2: Phase planes corresponding to system (4.7). The parameters are chosen such
that r = 1 with: β = 1.2, γ = 2.0 in figure (a), and β = 2.0, γ = 3.8 in figure (b).

for infections as alluded to in [71]. It is crucial to understand antibiotic resistance before

administering it.

In Fig. 4.1(a) we illustrate the stability of the extinction equilibrium point when

the parameters are chosen such that 1− rq(βg(0)) = −0.100 < 0. In this case, a unique

boundary equilibrium P 0 exists. If 1−rq(v∗) = 0.292 > 0 together with βg′(u∗)−γf(v∗) =
0.368 ≥ 0, we have a unique coexistence equilibrium point (u∗, v∗) = (0.2918, 1.1583)

which is stable locally. This is illustrated in Fig. 4.1(b).

We further investigate the case 1 − rq(v∗) > 0 together with βg′(u∗) − γf(v∗) < 0.

As illustrated in Fig. 4.2, we either have a unique coexistence equilibrium point which is

locally asymptotically stable Fig. 4.2(a) or a bistable case Fig. 4.2(b). This is supported

by experimental observations reported in [151, 136].

Remark 4.2. The proposed reduced model (4.7) recovers the dynamics where bacteria

acidify the environment inducing negative feedback on their survival. Under this setup,

dormant cells are assumed to be dead [66]. The qualitative results indicated the nonexis-

tence of a limit cycle, a conclusion which agrees with the discussion in [149, Fig. 2], and

suggestion that the oscillations were a result of experimental conditions.

4.3.3 Bifurcation analysis

We recall system (4.4) together with system (4.7). Assuming that once active bacteria

fail to adapt to the stress level v(t), they either die or become dormant, then system (4.4)

is reduced to the following model

∂u

∂t
= ∇2u+ d∇ · (uχ(v)∇v) + u(1− u)− rq(v)u,

∂v

∂t
= dv∇2v + βg(u)− v − γuf(v),

(4.9)
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where w can be obtained from
∂w

∂t
= rq(v)u. (4.10)

For convenience in the analysis, we rewrite system (4.9) in the form

∂u

∂t
= f(u, v) +∇2u+ d∇ · (uχ(v)∇v),

∂v

∂t
= g(u, v) + dv∇2v,

(4.11)

where

f(u, v) = u(1− u)− rq(v)u and g(u, v) = βg(u)− v − γuf(v).

Without diffusion, the following generalised result holds.

Theorem 4.2. With fu + gv < 0, assume fugv − fvgu > 0 holds, then the steady state

(u∗, v∗) of system (4.11) is stable in the absence of diffusion.

With diffusion, the following result holds.

Theorem 4.3. Assume fu + gv < 0 and fugv − fvgu > 0 hold, the steady state (u∗, v∗) of

system (4.11) loses stability if and only if −gudu∗χ(v∗)+dvfu+gv > 0, and (−gudu∗χ(v∗)+
dvfu + gv)

2 − 4dv(fugv − fvgu) > 0, hold.

Proof. Expanding system (4.11) at (u∗, v∗) using Taylor series and neglecting higher order

terms gives the following linearised system of equations

∂ū

∂t
= fu(u

∗, v∗)ū+ fv(u
∗, v∗)v̄ +∇2ū+ du∗χ(v∗)∇2v̄,

∂v̄

∂t
= gu(u

∗, v∗)ū+ gv(u
∗, v∗)v̄ + d ∇2v̄.

(4.12)

System (4.12) can be written in the matrix form:

∂ω

∂t
= Jω +D∇2ω, (4.13)

where ω = (ū, v̄)t denotes vector solutions to the linear system (4.12), moreover,

ω =

(
ū

v̄

)
, J =

(
fu fv

gu gv

)
, and D =

(
1 du∗χ(v∗)

0 dv

)
. (4.14)

The dispersion relation given by the characteristic equation of the linearized system at

(u∗, v∗) reads

|λI + k2D − J | = 0,

where k ≥ 0 denotes the wave number [131]. Expanding the characteristic polynomial,
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we obtain

λ2 + δ1(k
2)λ+ δ2(k

2) = 0, (4.15)

where the trace and determinant of the Jacobian in (4.14) are given by

δ1(k
2) = (1 + dv)k

2 − (fu + gv),

and

δ2(k
2) = dvk

4 − k2 (−gudu∗χ(v∗) + dvfu + gv) + fugv − fvgu,

respectively. The stability of the steady state (u∗, v∗) is determined by the eigenvalues,

λ = λ(k), of equation (4.15). The eigenvalues are given by

λ(k2) =
−δ1(k2)±

√
δ1(k2)2 − 4δ2(k2)

2
.

When k = 0, the coefficients of (4.15) satisfy

δ1(0) = −(fu + gv) = u∗ + (1 + γu∗f ′(v∗)) > 0, (4.16)

δ2(0) = fugv − fvgu = rq′(v∗)u∗ {βg′(u∗)− γf(v∗)}+ u∗ (1 + γu∗f ′(v∗)) , (4.17)

subsequently, the steady state (u∗, v∗) is stable linearly in the absence of spatial effects

provided βg′(u∗)− γf(v∗) ≥ 0, which is consistent with the result in Section 4.3.1.

For values of k ̸= 0, the coefficients of (4.15) satisfy

δ1(k
2) = λ1(k

2) + λ2(k
2) = (1 + dv)k

2 + δ1(0), (4.18)

δ2(k
2) = λ1(k

2)λ2(k
2) = dvk

4 − k2 (−gudu∗χ(v∗) + dvfu + gv) + δ2(0). (4.19)

We have that δ1(k
2) > 0 is always satisfied since dv > 0 and δ1(0) > 0. Looking at

δ2(k
2) = dvk

4 + k2 [{βg′(u∗)− γf(v∗)} du∗χ(v∗) + dvu
∗ + (1 + γu∗f ′(v∗))] + δ2(0),

if δ2(k
2) < 0 for some values of k ̸= 0, then (u∗, v∗) becomes unstable due to inhomoge-

neous perturbations. The steady-state (u∗, v∗) is stable linearly in the absence of spatial

effects provided βg′(u∗) − γf(v∗) ≥ 0, that is, δ2(0) = fugv − fvgu > 0. Thus, if we

assume βg′(u∗)− γf(v∗) ≥ 0, then

−gudu∗χ(v∗) + dvfu + gv > 0,

consequently, (u∗, v∗) remains stable. A condition that is of interest is βg′(u∗)−γf(v∗) < 0
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where a unique coexistence equilibrium, (u∗, v∗), exists. Subsequently, we assume that

βg′(u∗)− γf(v∗) < 0. Under this assumption, δ2(0) and

−gudu∗χ(v∗) + dvfu + gv

might be positive and negative, respectively. Therefore, from Theorem 4.1 and Section

4.3.1, Ω is positively invariant and the co-existence equilibrium is locally asymptotically

stable if βg′(u∗)− γf(v∗) ≥ 0, respectively. Using Proposition 4.1, we can conclude that

P ∗ is globally asymptotically stable provided βg′(u∗)− γf(v∗) ≥ 0. In addition, we have

that δ2(k
2) < 0 for some values of k if min(δ2(k

2)) < 0, numerically shown in Fig. 4.4.

When

k2min =
−gudu∗χ(v∗) + dvfu + gv

2dv
, (4.20)

we obtain

min(δ2(k
2)) = − 1

4dv

(
(−gudu∗χ(v∗) + dvfu + gv)

2 − 4dvδ2(0)
)
.

Therefore, we have that min(δ2(k
2)) < 0 when

(−gudu∗χ(v∗) + dvfu + gv)
2 − 4dvδ2(0) > 0,

which concludes the proof.

Remark 4.3. The first condition in Theorem (4.3) can be rewritten as

d <
dvfu + gv
guu∗χ(v∗)

,

and consequently, the only potentially destabilising mechanism is the presence of the cross-

diffusion term, whereas the toxin linear diffusion acts as a stabiliser [172].

We have that the plot of δ2(k
2) depends on d and as a result, we take d as the

bifurcation parameter - see Figure 4.4. Furthermore, the marginal stability condition at

some k = kc is min(δ2(k
2
c )) = 0. We can write min(δ2(k

2)) = 0 as

Ekd
2 + Fkd+Gk = 0,

where

Ek = (guu
∗χ(v∗))2 , Fk = −2guu

∗χ(v∗) (dvfu + gv) , Gk = (dvfu + gv)
2 − 4dvδ2(0).

(4.21)
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Bifurcation occurs at the critical value which is the root of equation (4.21) defined as a

critical cross-diffusion coefficient,

dc =
−Fk ±

√
F 2
k − 4EkGk

2Ek

.

Since d > 0, we let

dc =
−Fk +

√
F 2
k − 4EkGk

2Ek

=
dvfu + gv − 2

√
dvδ2(0)

guu∗χ(v∗)
.

Solving equation (4.21) for d and substituting it into (4.20) we get the critical value

k2c =

√
δ2(0)

dv
.

In Fig. 4.3, we show the bifurcation diagram. Below the solid line (i.e., in region

IV), Turing pattern is expected while no pattern is expected in regions in I, II and III.

Moreover, we observe that δ2(k
2) can be negative provided βg′(u∗)−γf(v∗) < 0, see Fig.

4.4.

2 4 6 8 10

0.2

0.4

0.6

0.8

1

1.2

Figure 4.3: Bifurcation diagram for model in the d–β space.

Remark 4.4. In Fig. 4.2(a) we have a locally asymptotically stable interior equilibrium

point with βg′(u∗)− γf(v∗) = −0.9651 < 0. For the same set of parameters, we observe

that δ2(k
2) can be negative leading to the occurrence of Turing instability; see Fig. 4.4.
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Figure 4.4: A plot of δ2(k
2) for different values of d. The parameters are chosen as follows:

dv = 0.1, r = 1.0, β = 1.2, γ = 2.0 with βg′(u∗)− γf(v∗) = −0.9651 < 0.

4.4 The full model

We are now interested in the case where bacteria switch states are dependent on the

change in concentration v(t) of the system. In addition, we assume dormant bacteria do

not die. We begin by recalling the model system (4.5), that is,

dw

dt
= rq(v)u− sp(v)w,

du

dt
= u(1− u)− rq(v)u+ sp(v)w,

dv

dt
= βg(u)− v − γf(v)u,

(4.22)

and present some mathematical results.

Proposition 4.2. System (4.22) admits the following equilibria:

• the microbial-free state P 0 = (0, 0, βg(0)), and

• a unique co-existence state P ∗ = (w∗, u∗, v∗), where u∗ = 1, w∗ =
rq(v∗)

sp(v∗)
and v∗

satisfies βg(1)− v∗ − γf(v∗) = 0.

Proof. First, setting the right-hand side of equations (4.22) to zero, we get P 0 and P ∗ as

the only equilibria points where v∗ satisfies βg(1) − v∗ − γf(v∗) = 0. Defining H(v∗) =

βg(1) − v∗ − γf(v∗), then H(v∗) is a monotonically decreasing function since H ′(v∗) =
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−1 − γf ′(v∗) < 0, where we have used the properties of functions f and g outlined in

Section 4.2. Furthermore, lim
v∗→0+

H(v∗) = βg(1) > 0, hence, a unique solution v∗ satisfying

H(v∗) = βg(1)− v∗ − γf(v∗) exists.

To study the local stability of the two equilibria, we consider the general Jacobian

matrix of system (4.22) given by

J(w, u, v) =

 −sp(v) rq(v) rq′(v)u− sp′(v)w

sp(v) (1− u)− u− rq(v) −rq′(v)u+ sp′(v)w

0 βg′(u)− γf(v) −1− γuf ′(v)

 .

At the microbial-free state, P 0, we have

J(P 0) =

 −sp(βg(0)) rq(βg(0)) 0

sp(βg(0)) 1− rq(βg(0)) 0

0 βg′(0) −1

 .

Clearly, −1 is one of the eigenvalues of J(P 0). The remaining eigenvalues are obtained

from the reduced matrix (
−sp(βg(0)) rq(βg(0))

sp(βg(0)) 1− rq(βg(0))

)
,

whose trace is (1− rq(βg(0))) − sp(βg(0)) with the determinant given by −sp(βg(0)).
Under the hypotheses P1 and P2, the microbial-free equilibrium state is unstable. This

result, in comparison with the reduced model results, clearly supports the idea that

microbial populations are capable of surviving hostile environments if they can switch

state depending on the concentration v(t).

4.4.1 Bifurcation analysis

The following linear stability analysis will be performed around the coexistence equilib-

rium (w∗, u∗, v∗). We call recall system (4.4) given by

∂w

∂t
= rq(v)u− sp(v)w − µw,

∂u

∂t
= ∇2u+ d∇ · (uχ(v)∇v) + u(1− u)− rq(v)u+ sp(v)w,

∂v

∂t
= dv∇2v + βg(u)− v − γuf(v).

(4.23)
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For convenience in the analysis, we rewrite system (4.23) in the form

∂w

∂t
= f(w, u, v),

∂u

∂t
= g(w, u, v) +∇2u+ d∇ · (uχ(v)∇v),

∂v

∂t
= h(w, u, v) + dv∇2v.

(4.24)

The linearized system of (4.24) can be written in the matrix form:

ωt = D∆ω +Aω, (4.25)

where ω = (w̄, ū, v̄)t is a vector solution with

ω =

 w̄

ū

v̄

 , D =

 0 0 0

0 1 du∗χ(v∗)

0 0 dv

 , A =

 fw fu fv

gw gu gv

0 hu hv

 .

The dispersion relation given by the characteristic equation of the linearized system at

(w∗, u∗, v∗) reads

|λI + k2D −A| = 0,

where k ≥ 0 denotes the wave number. The characteristic polynomial of system (4.25)

reads

Q(λ) := s3(k)λ
3 + s2(k)λ

2 + s1(k)λ+ s0(k) = 0, (4.26)

where the coefficients are given by

s3(k) = 1,

s2(k) = k2 (dv + 1)− (fw + gu + hv) ,

s1(k) = dvk
4 − k2 {−dhuu∗χ(v∗) + fw(dv + 1) + hv + dvgu}+ fwhv − gvhu + fwgu − fugw

+ guhv,

s0(k) = −dvfwk4 + k2 {−fwhudu∗χ(v∗) + fw(hv + dvgu)− dvfugw}+ (fwgv − fvgw)hu

+ fugwhv − fwguhv,

where

fw = −sp(v∗), fu = rq(v∗), fv = rq′(v∗)− sp′(v∗)w∗,

gw = sp(v∗), gu = −1− rq(v∗), gv = −rq′(v∗) + sp′(v∗)w∗,

hu = βg′(1)− γf(v∗), hv = −1− γf ′(v∗).
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The eigenvalues of the characteristic equation (4.26) determine the time evolution of

perturbation.

According to the Routh-Hurwitz criteria, the stability conditions for system (4.23) are

si(k) > 0, for i = 0, 1, 2; and s2(k)s1(k)− s0(k) > 0 ∀k. (4.27)

A violation of any one of the conditions in (4.27) leads to diffusion-induced instability

(Turing instability).

In the absence of cross and self-diffusion, we recover the model investigated in Section

3.3. For completeness, its results are summarised in this section. The coefficients of the

corresponding characteristic equation are given by

s2(0) = sp(v∗) + (1 + rq(v∗)) + (1 + γf ′(v∗)),

s1(0) = (1 + γf ′(v∗))(1 + rq(v∗) + sp(v∗)) + (γf(v∗)− βg′(1))(−rq′(v∗) + sp′(v∗)w∗)

+ sp(v∗),

s0(0) = sp(v∗) (1 + γf ′(v∗)) .

Clearly, s0(0) and s2(0) are unconditionally positive and s1(0) is positive provided

γf(v∗)− βg′(1) ≤ 0. Thus, the first assumption of Routh-Hurwitz is verified. It remains

to check if ∆2 = s2(0)s1(0)− s0(0) is positive. We have

∆2 = s2(0)s1(0)− s0(0)

= (sp(v∗) + rq(v∗) + 1)× s2(0) + sp(v∗)(1 + γf ′(v∗))2

+ (1 + γf ′(v∗))
2
(rq(v∗) + 1) + (1 + γf ′(v∗))(γf(v∗)− βg′(1))(−rq′(v∗) + sp′(v∗)w∗).

It is unclear if the complete statement is positive. However, assuming γf(v∗)−βg′(1) ≤ 0,

then the coefficient s1 and the second-Hurwitz determinant, ∆2 = s2(0)s1(0)− s0(0), are

positive. Under γf(v∗)− βg′(1) > 0, ∆2 can be zero, meaning that the polynomial Q(λ)

may have pure imaginary conjugate roots and one real root.

To prove a Hopf bifurcation, we choose β as the bifurcation parameter, then Q(λ)

has a pair of complex conjugate roots, a± bi where a, b ∈ R, which cross the real axis as

β passes through β∗, then ∆(β) changes sign as β passes through β∗. Rewriting ∆, we

have

∆(β) = −βg′(1)(−rq′(v∗) + sp′(v∗)w∗) [(1 + γf ′(v∗)) + (1 + sp(v∗) + rq(v∗))]

+ (1 + sp(v∗) + rq(v∗))
[
sp(v∗) + (1 + γf ′(v∗))(1 + sp(v∗) + rq(v∗)) + (1 + γf ′(v∗))2

]
+ γf(v∗)(−rq′(v∗) + sp′(v∗)w∗) [(1 + γf ′(v∗)) + (1 + sp(v∗) + rq(v∗))] .

For a Hopf bifurcation, we need an additional property to verify, the so-called transversal-
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ity condition that indicates that the eigenvalues cross the x−axis with a non-zero velocity.

In other words
da

dβ
(β∗) = a′(β∗) ̸= 0. (4.28)

Verifying (4.28) is equivalent to verifying ∆′(β∗) ̸= 0. We proceed to show numerically

that ∆′(β∗) < 0; see Fig. 4.5(b). We deduce that a Hopf bifurcation related to the

bifurcation parameter, β, may occur at (P ∗, β∗) provided conditions in Remark 4.5 are

met.

Remark 4.5. A Hopf bifurcation occurs if

• there exists a β∗ such that ∆(β∗) = 0, such Jacobian matrix at the coexistence state

P ∗ has a pair of imaginary eigenvalues as well as one real negative eigenvalue,

• and ∆′(β∗) ̸= 0.

The remark is supported numerically in Fig. 4.5 to illustrate the existence of a Hopf

bifurcation and oscillatory solutions.
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(a) Plot for ∆(β) with β. (b) Plot for ∆′(β) with β.

Figure 4.5: Illustrating the existence of Hopf bifurcation. There exists a β∗ = 2.699 such
that ∆(β∗) = 0.

Similar to the previous reduced system (4.7), we integrate the equations (4.22) using

MatLab’s ode15s solver. In addition to the choice of q(v) in (4.8), we also have

p(v) =
σm

σm + vm
, (4.29)

with m ≥ 1 which satisfies hypothesis P1. In Figs. 4.5, 4.6, and 4.7 we illustrate

the properties of model (4.22). Unless stated differently under the figure caption, the

parameters are chosen as follows: r = 1.0, s = 1.0, γ = 2.0 and β = 2.8.

Microbial population oscillations have been observed in both the field and experi-

ments, supported by mathematical models; see for example [149, 58] to name a few.
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(a) Bifurcation on v∗. (b) Bifurcation on u∗.

Figure 4.6: Bifurcation with respect to β to illustrate the existence of population oscil-
lations. The figure shows the minimal and maximal values of the concentration v (figure
(a)) and active microbial population (figure (b)).
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(a) β = 2.0. (b) β = 2.8.

Figure 4.7: Phase plane for model (4.22) illustrating the existence of oscillatory solutions
and local stability.

Based on their experiments, the authors in [149] proposed a mathematical model consist-

ing of two differential equations representing the change in bacterial density in response

to the change in proton concentration (pH). An ad hoc function to account for a pH

dependence of the bacterial growth was coupled to the standard Logistic growth model.

The rate of change of proton concentration was assumed to depend on the rate of change

of bacteria density to account for the observed non-monotonic time profiles. In this work,

we proposed a generic model to account for the change in bacteria density in response

to the change in its environment. We allow for the bacteria to switch state (active or

dormancy) in response to their surroundings without going into the molecular details,

see Section 4.4.

Similar to the experimental work of [149], coexistence and population oscillations

were observed in the model proposed here. In particular, [149] population extinction was

observed at low buffer levels, population oscillation at medium buffer levels and stable
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Figure 4.8: Time series solution of (4.22) corresponding to parameter selection: r = 1.0,
s = 1.0, γ = 2.0, β = 2.8 and α = 1.
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Figure 4.9: Time series solution of (4.22) corresponding to parameter selection: r = 1.0,
s = 1.0, γ = 2.0, β = 2.8 and α = 0.

coexistence at high buffer levels. This phenomenon is replicated here via the production

term

g(u) = α +
u

σ + u
,

where a decrease in α is used to emulate an increase in buffer concentration as in exper-

iments [149]. When α = 0, representing high buffer levels, a stable coexistence state is

observed; see Fig. 4.9. For medium buffer levels, α ̸= 0, both population oscillations and

coexistence are observed; see Figs. 4.7 and 4.8.

Now we recall the characteristic equation (4.26). The Routh Hurwitz conditions are

satisfied provided γf(v∗) − βg′(1) ≤ 0. Otherwise, there is a possibility that conditions

(4.27) are violated.
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In the absence of cross-diffusion, d = 0, the system is said to be stable if

s1(k)s2(k)− s0(k) > 0,

and

si(k) > 0, for i = 0, 1, 2; and ∀k. (4.30)

Note that s2(k) > 0 since s2(0) = −fw−gu−hv > 0 as k and dv are nonnegative numbers.

Therefore, Turing instability cannot be induced through s2(k). Similarly,

s0(k) = −dvfwk4 + k2 {fw(hv + gudv)− dvfugw}+ s0(0)

= dvsp(v
∗)k4 + k2 {sp(v∗)(1 + γf ′(v∗)) + dvsp(v

∗)}+ s0(0)

is positive since s0(0) > 0. Once more Turing instability cannot be induced through s2(k)

and s0(k). Now, we check the sign of s1(k). The coefficient s1(k) is given by

s1(k) = dvk
4 − k2 {fw(dv + 1) + hv + dvgu}+ s1(0)

= dvk
4 + k2 {sp(v∗)(dv + 1) + (1 + γf ′(v∗)) + dv(1 + rq(v∗))}+ s1(0).

We know that s1(0) is positive provided γf(v
∗)−βg′(1) ≤ 0, therefore, s1(k) is positive if

γf(v∗)− βg′(1) ≤ 0. Otherwise, it is possible that s1(k) is negative. We then investigate

the sign of s1(k)s2(k)− s0(k), which is a cubic polynomial function in k2 given by

dv (dv + 1) k6 + k4 {dvs2(0)− (dv + 1)(fw(dv + 1) + hv + dvgu) + dvfw}

+ k2 {(dv + 1)s1(0)− s2(0)(fw(dv + 1) + hv + dvgu)− fw(hv + dvgu) + dvfugw}

+ (s1(0)s2(0)− s0(0)),

which is,

dv (dv + 1) k6

+ k4 {dvs2(0) + (dv + 1) (sp(v∗)(dv + 1) + (1 + γf ′(v∗)) + dv(1 + rq(v∗))− dvsp(v
∗)}

+ k2 {(dv + 1)s1(0) + s2(0) (sp(v
∗)(dv + 1) + (1 + γf ′(v∗)) + dv(1 + rq(v∗)))}

+ k2 {−sp(v∗)((1 + γf ′(v∗)) + dv(1 + rq(v∗))) + dvrq(v
∗)sp(v∗)}+∆2.

The polynomial above can be rewritten in the general form

P (k2) := P3(k
2)3 + P2(k

2)2 + P1(k
2) + P0 = 0, (4.31)
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with coefficients given by

P3 = dv (dv + 1) ,

P2 = dvs2(0) + (dv + 1) ((1 + γf ′(v∗)) + dv(1 + rq(v∗)) sp(v∗)(d2v + dv + 1),

P1 = (dv + 1)
(
s1(0) + (sp(v∗))2

)
+ dvrq(v

∗)sp(v∗)

+ [(1 + rq(v∗)) + (1 + γf ′(v∗))] [sp(v∗)(dv + 1) + (1 + γf ′(v∗)) + dv(1 + rq(v∗))] ,

P0 = ∆2.

Clearly, coefficients P3 and P2 are positive since dv > 0 and s2(0) > 0 are positive.

Assuming γf(v∗)− βg′(1) ≤ 0, then P1 and P0 are positive. As a result, equation (4.31),

P (k2) = s1(k)s2(k) − s0(k), is positive if γf(v∗) − βg′(1) ≤ 0. Since Turing instability

occurs if the interior equilibrium point of the homogeneous system is stable, but becomes

unstable in the presence of diffusion, then Turing instability cannot be induced through

all the conditions, s2(k), s1(k), s0(k) and s1(k)s2(k)−s0(k) provided γf(v∗)−βg′(1) ≤ 0.

Otherwise, if we assume γf(v∗)−βg′(1) > 0, then either P1 or P0 could be negative which

might lead s1(k)s2(k)− s0(k) to become negative.

Adding self and cross-diffusion terms, the dispersion relation is given by the charac-

teristic equation (4.26) of the linearized system (4.25). Then, we have s2(k) > 0 since

s2(0) > 0. We now check the signs of s1(k), s0(k) and s1(k)s2(k) − s0(k). Coefficient

s1(k) is given as

s1(k) = dvk
4 + s1(0)

+k2 {−d (γf(v∗)− βg′(1))u∗χ(v∗) + sp(v∗)(dv + 1) + (1 + γf ′(v∗)) + dv(1 + rq(v∗))} .

We observe that provided γf(v∗) − βg′(1) ≤ 0, then s1(0) is positive. Thus, making

s1(k) > 0 under the same condition. Under the assumption that γf(v∗)− βg′(1) > 0, we

observe that there is a possibility that s1(k) becomes negative.

Similarly,

s0(k) = dvsp(v
∗)k4 + s0(0)

+ k2 {−sp(v∗)d(γf(v∗)− βg′(1))u∗χ(v∗) + sp(v∗)(1 + γf ′(v∗)) + dvsp(v
∗)} .

Given that γf(v∗)−βg′(1) ≤ 0, then s0(0) > 0 leading to s0(k) becoming positive. As

a result, Turing instability cannot be induced through the coefficients of the characteristic

equation (4.26). Similarly for s0(k), there is a possibility that the condition is violated

given γf(v∗)− βg′(1) > 0.

We then investigate the sign of s1(k)s2(k)− s0(k) and rewrite it in the form

R(k2) = R3(k
2)3 +R2(k

2)2 +R1(k
2) +R0 = 0, (4.32)
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where the coefficients are given by

R3 = dv (dv + 1) ,

R2 = dvs2(0) + (dv + 1) (−d(γf(v∗)− βg′(1))u∗χ(v∗) + (1 + γf ′(v∗)) + dv(1 + rq(v∗)))

+ sp(v∗)(d2v + dv + 1),

R1 = (dv + 1)s1(0)− d(γf(v∗)− βg′(1))u∗χ(v∗) (s2(0) + sp(v∗)) + sp(v∗)(dv + 1)s2(0)

+ [(1 + rq(v∗)) + (1 + γf ′(v∗))] (s2(0)− sp(v∗)) + dvrq(v
∗)sp(v∗),

R0 = ∆2.

Clearly, R3 is positive since dv > 0. Assuming γf(v∗)− βg′(1) ≤ 0, then R1, R2 and R0

become positive, otherwise, there is a possibility that the coefficients become negative.

Remark 4.6. We observe that if we assume γf(v∗)− αβg′(1) ≤ 0, then all inequalities

(4.27) are satisfied. Thus, under this assumption the Turing instability cannot be induced

through s0(k), s1(k), s2(k) or s1(k)s2(k) − s0(k). Provided γf(v∗) − αβg′(1) > 0, the

interior equilibrium point can be unstable through a Hopf bifurcation. Therefore, the first

case is of no interest whereas the second case possibly gives interesting results; see Figs

4.10 - 4.11 below.

In Figs. 4.10 and 4.11, we see that conditions s1(k), s0(k) and s1(k)s2(k)− s0(k) are

violated when γf(v∗)− βg′(1) = 1.5000 > 0.
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Figure 4.10: (a) A plot of s1(k) for different values of d. (b) A plot of s0(k) for different
values of d. The parameters are chosen as follows: r = 1.0, s = 1.0, γ = 2.0 and β = 2
with γf(v∗)− βg′(1) = 1.5000 > 0.

Remark 4.7. We note that for the same set of parameters as in Figs. 4.10 - 4.11 with

γf(v∗)−βg′(1) = 1.5000 > 0, we have a locally asymptotically stable interior equilibrium

point. See Fig. 4.7(a). From Figs 4.10 -4.11, we observe that the inequalities (4.27) can

be violated.
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Figure 4.11: A plot of R(k2) for different values of d.

The minimum Turing point and the corresponding criteria are given by the following

relations

∂R

∂k2
= 0, and

∂2R

∂2k2
> 0, (4.33)

[61]. From the above relation, a direct calculation gives

∂R

∂k2
= 0 ⇒ k2 = k2m =

−R2 +
√
R2

2 − 3R1R3

3R3

, (4.34)

and from the expression, we must have either

R1 < 0 or R2 < 0. (4.35)

The second criteria of (4.33) given by

∂2R

∂2k2
= 6R3k

2 + 2R2

is positive, which shows that at the point k2 = k2m the equation (4.32) has a minimum

value. Consequently, the condition where we will have R(k2m) < 0 is if

2R3
2 − 9R1R2R3 − 2

(
R2

2 − 3R1R3

)3/2
+ 27R2

0R3 < 0. (4.36)

The relations (4.35) and (4.36) are necessary and sufficient conditions, respectively, for

instability. However, they are not enough to show Turing instability. The growth of each

plane wave mode is determined by the real part of the roots of (4.26), i.e., λ. Turing

instability occurs if the R(λ) becomes positive for at least one wave number k = kc,
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and the uniform steady state is destablised leading to wave patterns with critical wave

number kc. If the imaginary part, I(λ|k=kc) of the unstable mode is zero, then the first

critical mode corresponds to a stationary plane wave and Turing instability occurs. In

this case, the characteristic equation (4.26) has three real roots provided that

[
2 (s2(k))

3 − 9s2(k)s1(k) + 27s0(k)
]2 − 4

[
(s2(k))

2 − 3s1(k)
]3 ≤ 0. (4.37)

The above inequality (4.37) is true if

(s2(k))
2 − 3s1(k) ≥ 0.

The above inequalities are illustrated in Fig. 4.12.
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Figure 4.12: Numerical illustration that conditions (4.37) and inequality (s2(k))
2 −

3s1(k) ≥ 0 are satisfied.

4.5 Conclusions

Understanding bacterial responses to physiological conditions is an important priority

for combating opportunistic infections. The proposed model has the underpinnings of

antibiotic resistance. For example, in [71] they studied the dynamics of E. faecalis com-

munities exposed to antibiotics revealing scenarios where increasing population size or

delaying drug exposure can promote population collapse. In [151], the authors showed

that the way microbes modify their environment and react to it sets the interactions

within single-species populations and also between different species.

Microbial growth and survival depend on the environment and interactions within.

These populations are capable of changing their environment by producing chemicals,

thereby changing the pH of their environment. The proposed model takes into account
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the dynamics of bacteria transitioning from one state to another depending on the concen-

tration levels of the toxin in their surroundings. Our results support the observed rapid

eradication, also named ‘ecological suicide’, of microbial population as a result of a change

in their environment [149]. In addition, we observed the occurrence of self-sustained os-

cillations in the microbial population mediated by the change in concentration levels of

the toxin. In Fig. 4.8, we see that as the toxin concentration levels increase, the num-

ber of active cells decline which support the negative interaction between active microbe

density and toxin concentrations. We can conclude that as the toxin concentration levels

increase, causing the deterioration of the environment, this leads to ecological suicide.

Our results support the experimental observations in [149] showing ecological suicide as

a result of environmental deterioration leading to oscillatory dynamics.

The role of interactions between genotypes and their consequences for the spatial

structure and functional outcomes are increasingly being studied to better understand

the ecology and evolution of microbial communities. Therefore, it is of great impor-

tance to investigate the phenotypic variation and microbial population processes that

occur in order to understand the emergence and consequences of interactions in spatially

structured microbial communities [47].

As reported in [150], organisms are not randomly dispersed but can be found in spa-

tial aggregates at many scales, leading to spatial heterogeneity. They further argued that

generic factors intrinsic to the populations such as interactions between the organisms

play a major role in the emergence of these patterns. Regular spatial patterns and het-

erogeneity can be observed in different microbial ecosystems. Experimental observations

ranged from bistability, successive growth, extended suicide, and stabilization. In future

work, we will explore the variety of spatial patterns that could possibly emerge from the

system and the ecological consequences that follow.
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Chapter 5

Coupled finite volume - nonstandard

finite difference methods

5.1 Introduction

The mathematical theory connecting continuous and discrete dynamical systems from

numerical schemes has been expanded in the literature; see for example [164]. The main

important elements to consider when constructing or designing numerical methods to

approximate solutions for continuous dynamical systems are convergence, rate of con-

vergence as well as stability. In turn, the intrinsic properties of dynamical systems that

ideally should be preserved if the numerical methods are to produce reliable simulations

providing qualitative observations and useful insights into the exact solutions include:

fixed points and their stability, limit cycles, and as well as attracting sets [12].

Dynamic consistency (DC) of a system is defined with respect to its specific prop-

erties and normally these properties will differ from one system to another. Suppose a

differential equation and/or its solutions have property P. Then, we say a discrete model

is dynamically consistent with a differential equation, with respect to the property P,

if it has and/or its solutions also have property P [127]. Positivity, boundedness and

monotonicity of solutions, correct number and stability of fixed-points and other special

solutions are important properties associated with the mathematical modeling of phe-

nomena in the natural and engineering sciences [123, 127]. Our interest and focus in DC

is its use as a fundamental principle to limit possible forms of the nonstandard finite

difference (NSFD) schemes [127]. It is well known that using standard numerical inte-

gration techniques; for example, the explicit Euler and/or Runge-Kutta (RK) methods,

to solve initial-value problems often leads to numerical instabilities for cases of models

and discretization parameters [173, 101, 120, 125]. Although these instabilities such as

oscillations and chaos can be removed using small time steps, an extra cost for computing

or examining the long-term behavior of a dynamical system can be crucial [32]. Conse-
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quently, it is an objective to design robust numerical approximations using numerical

methods that have no scheme-dependent instabilities for realistic values of the model pa-

rameters. To achieve this aim, the nonstandard framework of Mickens [124, 120, 125] is

used. Numerical methods constructed using the Mickens framework generally are known

to preserve some important features of the continuous model they are approximating;

see [124, 120, 125]. Since the pioneering work by Mickens on the subject [120], the non-

standard finite difference method has been proposed and applied successfully as a very

efficient tool for approximating to solve different models of differential equations arising

from the applied sciences, [9, 12, 125, 121] and [7] for the latest review.

To describe the concept of a discrete dynamical system which is a numerical approx-

imation of a continuous dynamical system, we denote the first-order system of ordinary

differential equations (1.11) and rewrite it as

dU

dt
= f(U, π), (5.1)

where f : Rm → Rm, u = U(t) : [0,+∞) → Rm with initial conditions U0 ∈ Rm and

π = (π1, π2, ...) denoting the parameters of the system. To transform a continuous system

(5.1) to a discrete system, we discretise the continuous variable t ∈ [0,+∞) such that

t ∈ (t0, t1, ..., tn) where n ∈ N and U(t) is represented by the discrete values Un [119].

The transformation leads to a difference equation given of the form

Y (Un+1, Un) = 0, (5.2)

where Y : Rm × Rm → Rm. We can also write Un+1 in terms of Un in the following

explicit form

Un+1 = G(Un, π,∆t), (5.3)

where ∆t denotes the time step size with G : Ω ⊆ Rm × Rm → Rm.

There are various discretisation methods used to approximate differential equations

such as the Runge−Kutta and Forward−Euler methods with the latter being one of

the classical methods. The standard discretisation is given as

dU

dt
→ Un+1 − Un

∆t
, (5.4)

where Un+1 is approximated by U(t+n∆t). In [126] the author showed that these classical

forward−Euler and Runge−Kutta methods lead to numerical instabilities making the

transformations inconsistent with the original continuous system. Consequently, in [125]

the nonstandard finite difference method based on the concept of dynamical consistency

was proposed so as to prevent instabilities observed in other methods [122].
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Definition 5.1. [44] A finite difference method is called a nonstandard finite difference

scheme if at least one of the following conditions is satisfied:

• The classical denominator ∆t, of the discrete derivative is replaced by a non-negative

function ϕ(∆t) satisfying the requirement ϕ(∆t) = ∆t+O([∆t]2);

• Nonlinear terms that occur in the right-hand side of (5.1) are approximated in a

non-local way.

The first order differential equation (5.1) and the difference equation (5.4) are said to

be dynamically consistent when the difference equation (5.4) preserves essential properties

such as the equilibria and their stability, bifurcations as well as the chaos of the original

continuous system of equations [121, 119].

The performance of nonstandard finite difference methods in comparison to other

finite difference methods can be illustrated through its qualitative stability or dynamic

consistency analysis. Topological dynamic consistency is a stronger result and further

investigation can be found in [10, 11, 12], and references therein.

5.2 Nonstandard finite difference method

We recall the differential model (4.22). In this section, we propose a nonstandard fi-

nite difference scheme to solve the system of equations. We let (wn, un, vn)T denote an

approximation of (w(tn), u(tn), v(tn))
T where tn = n∆t, with n ∈ N and ∆t > 0.

We propose the following scheme constructed via the non-local approximation (cf.

[120]) of the nonlinear terms

wn+1 − wn

ϕ(∆t)
= rq(vn)un − sp(vn)wn+1 − µwn+1,

un+1 − un

ϕ(∆t)
=
(
1− un+1

)
un − rq(vn)un+1 + sp(vn)wn+1,

vn+1 − vn

ϕ(∆t)
= βg(un)− vn+1 − γvn+1h(vn)un+1,

(5.5)

where f(v) = vh(v) and the denominator function of the discrete derivatives is chosen

according to

η′(t) ≤ (2 + κ)− αmη, (5.6)

where η(t) = w(t)+u(t)+v(t), αm = min{1, µ} and ϕ(∆t) = ∆t+O(∆t2) with κ defined

as in Section 4.2 . In particular, we see that (5.6) has an exact scheme (see [120])

ηn+1 − ηn

1− exp(−αm∆t)
≤ 2 + κ

αm

− ηn+1, (5.7)
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such that ϕ(∆t) = 1 − e−αm∆t. By exact scheme, we mean that the discrete solution ηn

coincides with the continuous solution η(tn). In compact form, we can write system (5.5)

in the form

yn+1 = F (∆t) (yn) , y(0) = y0,

where yn = (wn, un, vn) and

F (∆t)(yn) =


wn + ϕrq(vn)un

1 + ϕµ+ ϕsp(vn)
un + ϕun + ϕsp(vn)wn+1

1 + ϕun + ϕrq(vn)
vn + ϕβg(un)

1 + ϕ+ ϕγh(vn)un+1

 . (5.8)

Using standard techniques [12], we now verify the dynamic consistency of the scheme.

For consistency, F must satisfy the following requirements:

F (0)(y) = y,
dF (0)

d∆t
(y) = F (y).

Clearly, the first condition is satisfied. We have that
dF (0)

d∆t
(y)

∣∣∣∣
∆t=0

is given by



rq(v)u− sp(v)w − µw

(1 + ϕµ+ ϕsp(v))2

u(1− u)− rq(v)u+ sp(v)w

(1 + ϕu+ ϕrq(v))2

βg(u)− v − γuvh(v)

(1 + ϕ+ ϕγh(v)u)2


∆t=0

=

 rq(v)u− sp(v)w − µw

u(1− u)− rq(v)u+ sp(v)w

βg(u)− v − γuf(v)

 .

The above system (5.8) can be rewritten in the explicit form

A(∆t, yn)yn+1 = B(∆t, yn)yn + ψ(0, 0, 1 + βg(0))t, (5.9)

where matrices A(∆t, yn) and B(∆t, yn) are given by 1 + ϕµ+ ϕsp(vn) 0 0

0 1 + ϕun + ϕrq(vn) 0

0 0 1 + ϕ+ ϕγh(vn)un+1


and  1 ϕrq(vn) 0

ϕsp(vn) 1 + ϕ 0

0 0 1 + ϕβg(un)

 ,

respectively. We see that A(∆t, yn) is an M-matrix since it is a diagonal matrix. Hence,
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its inverse, A(∆t, yn)−1, is non-negative. We have that B(∆t, yn) ≥ 0, which is sufficient

for the scheme to preserve the positivity of solutions. We conclude that scheme (5.5)

defines a discrete dynamical system on the same domain as the continuous model (4.22).

See [8] and references therein for more details. Setting yn+1 = yn, we see that the scheme

preserves the same fixed points, E0 = (0, 0, βg(0)) and E∗ = (w∗, u∗, v∗) as the continuous

model (4.22).

Following (5.8) and (5.9), then F (∆t)(y) = A−1(∆t, y)B(∆t, y) so that

dF (∆t)

dy
(y) =



1

1 + ϕµ+ ϕsp(v)

ϕrq(v)

1 + ϕµ+ ϕsp(v)
J1,3

ϕsp(v)

1 + ϕu+ ϕrq(v)

1 + ϕ

1 + ϕu+ ϕrq(v)
− ϕ (u+ ϕu+ ϕsp(v)w)

(1 + ϕu+ ϕrq(v))2
J2,3

0
ϕβg′(u)

1 + ϕ+ ϕγh(v)u
− (v + ϕβg(u))ϕγh(v)

(1 + ϕ+ ϕγh(v)u)2
J3,3

 ,

where

J1,3 =
ϕrq′(v)u

1 + ϕµ+ ϕsp(v)
− (w + ϕrq(v)u)ϕsp′(v)

(1 + ϕµ+ ϕsp(v))2
,

J2,3 =
ϕsp′(v)w

1 + ϕu+ ϕrq(v)
− ϕrq′(v) (u+ ϕu+ ϕsp(v)w)

(1 + ϕu+ ϕrq(v))2
,

J3,3 =
1

1 + ϕ+ ϕγh(v)u
− ϕγh′(v)u (v + ϕβg(u))

(1 + ϕ+ ϕγh(v)u)2
.

We proceed to show that all eigenvalues of the Jacobian matrix evaluated at the fixed

points lie in a unit circle.

Evaluating
dF (∆t)

dy
(y) at the bacteria-free equilibrium, we obtain

dF (k)

dy
(0, 0, βg(0)) =


1

1 + ϕµ+ ϕsp(βg(0))

ϕrq(βg(0))

1 + ϕµ+ ϕsp(βg(0))
0

ϕsp(βg(0))

1 + ϕrq(βg(0))

1 + ϕ

1 + ϕrq(βg(0))
0

0
ϕβg′(0)

1 + ϕ
− βg(0)ϕγh(βg(0))

(1 + ϕ)

1

1 + ϕ

 .

Now, we need to verify that all the eigenvalues of the Jacobian matrix at E0 lie inside a

unit circle. First, we see that
1

1 + ϕ
is the first eigenvalue of the matrix

dF (∆t)

dy
(0, 0, βg(0))

which is strictly less than one. The remaining eigenvalues are obtained from the reduced

matrix

Jr =


1

1 + ϕµ+ ϕsp(βg(0))

ϕrq(βg(0))

1 + ϕµ+ ϕsp(βg(0))
ϕsp(βg(0))

1 + ϕrq(βg(0))

1 + ϕ

1 + ϕrq(βg(0))

 .

To show whether the remaining eigenvalues lie in a unit circle, we use the well-known
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Jury’s conditions for Jr ∈ R2 × R2. In this case, we need to show that

(i) 1−det(Jr) > 0, (ii) 1−trace(Jr)+det(Jr) > 0, (iii) 0 < J11 < 1, 0 < J22 < 1.

The left hand side of the first condition, 1− det(Jr) > 0, is equivalent to

ϕ[2ϕsp(βg(0))rq(βg(0)) + µ(1 + ϕrq(βg(0))) + (sp(βg(0)) + rq(βg(0))− 1)],

which is strictly positive provided sp(βg(0)) + rq(βg(0)) − 1 > 0. The left hand side of

the second condition is equivalent to

ϕ2[µ(rq(βg(0))− 1)− sp(βg(0))],

which is strictly positive provided µ(rq(βg(0))− 1)− sp(βg(0)) > 0. The last condition

is clearly not satisfied if rq(βg(0)) − 1 < 0, that is, there is a possibility that the fixed

point E0 lies inside a unit circle if rq(βg(0))− 1 > 0.

Similarly, for the stability of E∗, we proceed to evaluate
dF (∆t)

dy
(y) at the co-existence

fixed point and we obtain the characteristic equation

λ3 + s2λ
2 + s1λ+ s0 = 0, (5.10)

where the roots of equation (5.10) lie inside the unit circle provided

|s0 + s2| < 1 + s1, and |s1 − s0s2| < 1− s20. (5.11)

A theoretical verification of these conditions results in an overlong expression, thus we

proceed numerically. In the results shown in Fig. 5.1, we choose r = 1, s = 1,γ = 0.1,

β = 1.1, δ = 0.2 with γf(v∗) − βg′(1) ≤ 0. Clearly, for ∆t > 0, conditions (5.11)

are satisfied provided γf(v∗) − βg′(1) ≤ 0 and we conclude that all eigenvalues lie in

a unit circle. Hence, the coexistence fixed point for the discrete model (5.5) is locally

asymptotically stable provided 1− αβg′(b∗) ≤ 0.

In addition, in Fig. 5.2 we observe that provided γf(v∗) − βg′(1) > 0, there is a

possibility that E∗ can be unstable through a Hopf bifurcation leading to oscillatory

solutions and this is also illustrated in Fig. 4.7. In Fig. 5.2 we choose r = 1, s = 1,γ = 2,

δ = 0.2 with γf(v∗) − βg′(1) > 0. It is clear that when β = 2.8 the first condition of

(5.11) is not satisfied but when β = 2, E∗ remains locally asymptotically stable.
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Figure 5.1: Numerical illustration for the local stability of the co-existence fixed point
E∗ provided γf(v∗)− βg′(1) = −0.1250 < 0 .
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(a) β = 2.0 (b) β = 2.8

Figure 5.2: Numerical illustration for: (a) the local stability of the co-existence fixed
point E∗ when γf(v∗) − βg′(1) = 1.5000 and (b) possibility of Hopf bifurcation when
γf(v∗)− βg′(1) = 2.1000.

5.3 Finite volume method

In this section, we follow an approach to derive a scheme by making use of the finite vol-

ume method for the nonlinear system (4.23). The finite volume method is a discretization

method that uses a numerical technique to transform the partial differential equations

of various types (elliptic, parabolic or hyperbolic, for instance) representing conservation

laws over differential volumes into discrete algebraic equations over finite volumes; it has

been extensively used in several engineering fields, such as fluid mechanics, heat and mass

transfer or petroleum engineering [53, 130]. In this section, we construct a scheme for the

system of equations (4.23) by coupling nonstandard finite difference methods and finite

volume methods. Firstly, we recall (4.23)2, given by

∂u

∂t
= ∇2u− d∇ · (uχ(v)∇v) + u(1− u)− rq(v)u+ sp(v)w. (5.12)
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We first discretise only a portion of the above equation given by

∂u

∂t
= ∇2u+ u(1− u), (5.13)

using the following nonstandard finite difference scheme

1

ρ1(∆t)

[
un+1
m − unm

]
=

1

ψ2(∆x)

[
unm+1 − 2unm + unm−1

]
+ unm − un+1

m

3
[unm+1 + unm + unm−1],

(5.14)

wherem denotes the spatial discretisation index, ψ(∆x) = 2 sin

(
∆x

2

)
and ϕ(∆t) = e∆t−

1 satisfying the asymptotic relations ψ(∆x) = ∆x+O(∆x2) and ϕ(∆t) = ∆t+O(∆t2),

respectively [120]. When considering the nonlinear diffusion term (uχ(v)vx)x, we employ

the discretisation in [29] to obtain

1

ψ2(∆x)
[umχ(vm)vm+1 − [umχ(vm) + um−1χ(vm−1)]vm + um−1χ(vm−1)vm−1] . (5.15)

Furthermore, for the spatially independent system of (4.23), we propose the following

scheme constructed via a non-local approximation (cf. [120]) of the nonlinear terms

wn+1 − wn

ϕ(∆t)
= rq(vn)un − sp(vn)wn+1,

un+1 − un

ϕ(∆t)
= un(1− un+1)− rq(vn)un+1 + sp(vn)wn+1,

vn+1 − vn

ϕ(∆t)
= βg(un)− vn+1 − γvn+1h(vn)un+1.

(5.16)

Combining schemes (5.12), (5.15) and (5.16)2, we propose the following scheme for

equation (4.23)2

1

ϕ(∆t)

[
un+1
m − unm

]
=

1

ψ2(∆x)

[
unm+1 − 2unm + unm−1

]
+ unm − un+1

m

3
[unm+1 + unm + unm−1]

− d

ψ2(∆x)

[
unmχ(v

n
m)v

n
m+1 − [unmχ(v

n
m) + unm−1χ(v

n
m−1)]v

n
m + unm−1χ(v

n
m−1)v

n
m−1

]
−rq(vnm)un+1

m + sp(vnm)w
n+1
m .

(5.17)
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In an explicit form, the scheme is written as

un+1
m =

(1− 2θ)unm + ϕ(∆t)unm + θ
[
unm+1 + unm−1

]
+ ϕ(∆t)sp(vnm)w

n+1
m

1 +
ϕ(∆t)

3

(
unm+1 + unm + unm−1

)
+ ϕ(∆t)rq(vnm)

+ dθ

[
unmχ(v

n
m) + unm−1χ(v

n
m−1)

]
vnm

1 +
ϕ(∆t)

3

(
unm+1 + unm + unm−1

)
+ ϕ(∆t)rq(vnm)

− dθ

[
unmχ(v

n
m)v

n
m+1 + unm−1χ(v

n
m−1)v

n
m−1

]
1 +

ϕ(∆t)

3

(
unm+1 + unm + unm−1

)
+ ϕ(∆t)rq(vnm)

,

where θ =
ϕ(∆t)

ψ2(∆x)
.

Looking at the cross diffusion term and formulating a finite volume approximation for

this term, we consider the following sub-equation of (5.12),

∂u

∂t
− d

∂

∂x

(
uχ(v)

∂v

∂x

)
= 0. (5.18)

Equation (5.18) can be written as a nonlinear hyperbolic conservation law, ut − φx = 0

with a flux, φ = uχ(v)vx. Here, the region of integration is taken to be a control volume

Ωm, which we associate with the coordinate xm, represented by xm− 1
2
≤ x ≤ xm+ 1

2
. The

integral form is written as ∫ xm+1/2

xm−1/2

utdx−
∫ xm+1/2

xm−1/2

φxdx = 0. (5.19)

The last term in equation (5.19) can be evaluated to obtain∫ xm+1/2

xm−1/2

φxdx = φ(um+1/2, vm+1/2)− φ(um−1/2, vm−1/2).

Moreover, we have that unm approximates the average over the mth interval at time tn,

that is,

unm =
1

∆x

∫ xm+1/2

xm−1/2

u(x, tn)dx =
1

∆x

∫
Ωm

u(x, tn)dx.

However, defining E as the numerical flux function, we have

E(unm, unm+1) = dunm+1/2χ(v
n
m+1/2)

vnm+1 − vnm
∆x

.

Similarly,

E(unm−1, u
n
m) = dunm−1/2χ(u

n
m−1/2, v

n
m−1/2)

vnm − vnm−1

∆x
.
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As a result, the finite volume scheme for the conservation law is

un+1
m − unm

∆t
+

1

∆x

[
E(unm, unm+1)− E(unm−1, u

n
m)
]
= 0,

explicitly written as

un+1
m = unm − ∆t

∆x

[
E(unm, unm+1)− E(unm−1, u

n
m)
]
.

Instead of the discretization (5.15), employed above in equation (5.17), we propose the

following coupled nonstandard - finite volume scheme where the nonlinear diffusive term

is discretised as follows

1

ϕ(∆t)

[
un+1
m − unm

]
=

1

ψ2(∆x)

[
unm+1 − 2unm + unm−1

]
+ unm − un+1

m

3
[unm+1 + unm + unm−1]

+
d

ψ2(∆x)

[
unm+1/2χ(v

n
m+1/2)

(
vnm+1 − vnm

)
− unm−1/2χ(v

n
m−1/2)

(
vnm − vnm−1

)]
−rq(vnm)un+1

m + sp(vnm)w
n+1
m ,

(5.20)

where the denominator ∆x is replaced with the non-negative function ψ(∆x).

Next, we recall equation (4.23)3

∂v

∂t
= dv∇2v + βg(u)− v − γuf(v). (5.21)

Following the Gauss-Seidel approach, we approximate the remaining kinetic terms of

equation (4.23)3. Hence, we obtain the following scheme

1

ϕ(∆t)

[
vn+1
m − vnm

]
=

dv
ψ2(∆x)

[
vnm+1 − 2vnm + vnm−1

]
+ βg(unm)− vn+1

m − γvn+1
m h(vnm)u

n+1
m ,

(5.22)

vn+1
m =

vnm(1− 2dvθ) + dvθ
[
vnm+1 + vnm−1

]
+ ϕ(∆t)βg(unm)

(1 + ϕ(∆t) + γϕ(∆t)h(vnm)u
n+1
m )

.

The scheme for equation (4.23)1 is given by

wn+1
m − wn

m

ϕ(∆t)
= rq(vnm)u

n
m − sp(vnm)w

n+1
m . (5.23)

In explicit form, equation (5.23) is rewritten as

wn+1
m =

wn
m + ϕ(∆t)rq(vnm)u

n
m

1 + ϕ(∆t)sp(vnm)
.
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To summarise, the coupled nonstandard finite difference and finite volume scheme for

system (4.23) is given by

wn+1
m =

wn
m + ϕrq(vnm)u

n
m

1 + ϕsp(vnm)
,

un+1
m =

ϕunm + unm (1− 2θ) + θ
[
unm+1 + unm−1

]
+ ϕsp(vnm)w

n+1
m[

1 +
ϕ

3
[unm+1 + unm + unm−1] + ϕrq(vnm)

]

+
dθ
[
unm+1/2χ(v

n
m+1/2)

(
vnm+1 − vnm

)
− unm−1/2χ(v

n
m−1/2)

(
vnm − vnm−1

)][
1 +

ϕ

3
[unm+1 + unm + unm−1] + ϕrq(vnm)

] ,

vn+1
m =

vnm(1− 2dvθ) + dvθ
[
vnm+1 + vnm−1

]
+ ϕβg(unm)

(1 + ϕ+ ϕh(vnm)u
n+1
m )

.

(5.24)

If we let ūnm =
unm+1 + unm + unm−1

3
and define κnm = unmχ(v

n
m), then

wn+1
m =

wn
m + ϕrq(vnm)u

n
m

1 + ϕsp(vnm)
,

un+1
m =

ϕunm + unm (1− 2θ) + θ
[
unm+1 + unm−1

]
+ ϕsp(vnm)w

n+1
m + dθvnm

[
κnm+1/2 + κnm−1/2

]
[1 + ϕūnm + ϕrq(vnm)]

+
dθ
[
κnm+1/2v

n
m+1 + κnm−1/2v

n
m−1

]
[1 + ϕūnm + ϕrq(vnm)]

,

vn+1
m =

vnm(1− 2dvθ) + dvθ
[
vnm+1 + vnm−1

]
+ ϕβg(unm)

(1 + ϕ+ γϕh(vnm)u
n+1
m )

.

(5.25)

In the next section, we will discuss and give numerical simulations to support the

theoretical results.

5.4 Numerical simulations

In this section, we use scheme (5.25) to numerically approximate the solution for system

(4.23). In addition, we perform 1d numerical simulations to support the results observed.

The spatial domain is fixed on Ω = (0, 10). We will focus on the behaviour of the interior

equilibrium P ∗ = (w∗, u∗, v∗). Unless stated otherwise, in all the simulations we assume

f(v) = v and

g(u) = α +
u

σ + u
,

The hibernation function takes the form

q(v) =
δ + vm

1 + vm
, (5.26)
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while the arousal function takes the modified version

p(v) =
1

1 + vm
, (5.27)

with m ≥ 1 and δ = 0.2. We choose the baseline parameter values as follows

r = 1, s = 1, γ = 2, α = 1, σ = 1, and dv = 0.1.

We first simulate the selection of different patterns depending on the value of the

cross-diffusion coefficient, d, and the production term β as depicted in Fig. 5.3, see

Table 5.1. Snapshots of microbial population, i.e., the dormant and active, are given in

a series of figures, Fig. 5.6 - 5.13. The appearance of bulk oscillations in the region P1

is illustrated in Fig. 5.7, while the existence of oscillatory patterns in the region P2 is

summarised in Fig. 5.9. In the subcritical region P3, stable planar solutions are observed,

see Fig. 5.11. On the other hand, stable Turing patterns associated with the chemotaxis

term are illustrated in Fig. 5.13 (for region P4).

Remark 5.1. A comment regarding the observed patterns in Fig. 5.9 and Fig. 5.13 is

necessary. While stable Turing patterns associated with the instability caused by cross-

diffusion have been observed in the literature (see for example, [139] and literature therein),

to the best of our knowledge, this is the first time oscillating patterns associated with Hopf

instability have been observed for microbial populations under environmental stress. The

results here support reported population oscillations linked to ecological suicide [149].

0 5 10 15 20 25 30
0

1

2

3

4

5
Hopf curve

Turing curve

Figure 5.3: Bifurcation diagram in the d− β space.

A coupled nonstandard finite difference and finite volume scheme that supports the

qualitative behaviour of the continuous model is derived and the results provided in Fig.
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5.4 and 5.5 illustrate the fast convergence properties of the proposed scheme.

0 50 100 150 200
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 2 4 6 8 10

0.35

0.4

0.45

0.5

(a) (b)

Figure 5.4: Solution profile for u(x, t) in the sub-critical region corresponding to point P1

(a) in time and (b) in space.
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Figure 5.5: Solution profile for u(x, t) in the sub-critical region corresponding to point P4

(a) in time and (b) in space.

The simulations in Figs. 5.6 – 5.13 predict one of the following stable states: spatially

homogeneous steady state, bulk oscillations, oscillating patterns or stationary Turing

patterns. These numerical observations are consistent with our theoretical results in

Theorem 4.3.

5.5 Conclusions

In this chapter, we numerically study the phenomenon of theoretically observed patterns

in 1D reaction-diffusion systems with cross-diffusion. Applying the bifurcation theory in

Chapter 4 and suitable numerical methods and simulations, we investigate the Turing
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Figure r s β γ d
Fig. 4.10 1.0 1.0 2.0 2.0 -
Figs. 4.11 & 4.12 1.0 1.0 2.0 2.0 -
Fig. 5.7 1.0 1.0 3.5 2.0 5.0
Fig. 5.9 1.0 1.0 3.5 2.0 20
Fig. 5.11 1.0 1.0 1.5 2.0 5.0
Fig. 5.13 1.0 1.0 1.5 2.0 20

Table 5.1: Parameters used in the simulations.

0 2 4 6 8 10

-0.5

0

0.5

1

0 2 4 6 8 10

6

8

10

0 50 100 150 200

0.5

1

1.5

2

0 50 100 150 200

6

8

10

(a) (b)

Figure 5.6: Solution profiles for u(x, t) and w(x, t) corresponding to point P1 of Fig. 5.3.
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Figure 5.7: Simulations in the region with d = 5.0 and β = 3, corresponding to point P1

of Fig. 5.3. In this region we observe bulk oscillations.

and Hopf parameter space and the associated pattern mechanism for pattern selection.

Our results support the experimental work of [149] on ‘ecological suicide’ of microbial

populations, and in general, reveal an essential mechanism generating oscillating patterns

in microbial populations under environmental stress. Particular attention is needed in the

supercritical Hopf bifurcation parameter domain where no substantial theory is available.
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Figure 5.8: Solution profiles for u(x, t) and w(x, t) corresponding to point P2 of Fig. 5.3.
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Figure 5.9: Simulations in the region with d = 15.0 and β = 3, corresponding to point
P2 of Fig. 5.3. In this region we observe patterns.
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Figure 5.10: Solution profiles for u(x, t) and w(x, t) corresponding to point P3 of Fig. 5.3.
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Figure 5.11: Simulations in the region with d = 5.0 and β = 1.5, corresponding to point
P3 of Fig. 5.3. In this region we observe no patterns.
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Figure 5.12: Solution profiles for u(x, t) and w(x, t) corresponding to point P4 of Fig. 5.3.
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Figure 5.13: Simulations in the region with d = 5.0 and β = 1.5, corresponding to point
P4 of Fig. 5.3. In this region we observe patterns.
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Numerical simulations provide motivation for the study of the spreading speeds (traveling

waves) of microbial populations.
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Chapter 6

Conclusions and future work

In this thesis, we presented and investigated spatiotemporal bacterioplankton-nutrient-

chemoattractant-chemorepellent interaction models that take into account the quiescent

stage and chemotaxis. We studied the dynamics of the microbial population under var-

ious environmental conditions that include changes in the concentration gradient of the

growth-limiting nutrient and chemoattractant as well as the presence and production of

inhibiting or toxic substances. Dormancy occurs in various biological phenomena involv-

ing different species or living organisms. This work includes and focuses on the dynamics

of microbes switching state naturally (due to cell-to-cell interactions) or as a result of

changes in the concentration levels of the nutrient, chemoattractant, or toxins (repellent).

In the case of a bacterioplankton population under a growth-limiting nutrient, the

model predicted that the population gradually dies out if the nutrient supply is below

some threshold value, referred to as a population under starvation. In turn, if the nutrient

levels remain above some critical value, the population is sustained in an environment.

We observed that population oscillations occur when the switching of states is dependent

on the active microbial density in the environment or cell-to-cell interaction other than the

change in the concentration levels of the nutrient. Furthermore, we established conditions

under which microbial population oscillations (boom-and-bust) may occur. However,

oscillations are not observed in the bacterioplankton population dynamics when dormant

cells are neglected or disregarded.

When the switch of the state depends on the concentration of a chemoattractant, we

use the theory of monotone wavefronts for cooperative and partially degenerate reaction-

diffusion systems [54] to show that the minimal wave speed coincides with the spreading

speed when we assume constant switch rates. In the case of switch functions depen-

dent on the chemoattractant concentration, we numerically observed that the model

admits non-monotonic traveling wave profiles. Moreover, we numerically demonstrated

that neglecting dormant cells overestimates the spreading speed of the bacterial colony.

Numerical results also indicate the importance of the quiescent stage in the speed of

spread.
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Microbial populations depend on their environment to survive and proliferate. They

can also modify their environment by engineering it in ways that are detrimental to

their growth. We proposed and studied a reaction-diffusion model system consisting of

active and quiescent microbial populations in an unfavorable environment accounting

for the directed movement and switch of cells to dormancy at high concentrations. We

observed the occurrence of self-sustained oscillations in the microbial population mediated

by the change in concentration levels of the toxin. These results support the experimental

observations in [149] showing ecological suicide as a result of environmental deterioration

leading to oscillatory dynamics in microbial populations under environmental stress. We

presented a theoretical and numerical investigation of the proposed model to explain

and provide insight into the conditions that may lead to the extinction of the microbial

population – ecological suicide – that has been observed in nature and experiments. A

bifurcation analysis of the model and the interplay between Turing and Hopf instability

were discussed. While stable Turing patterns associated with the instability caused by

cross-diffusion have been observed in the literature (see, for example, [139] and literature

therein), to the best of our knowledge, this is the first time oscillating patterns associated

with Hopf instability have been observed for microbial populations under environmental

stress. The presented theoretical and numerical results support the reported population

oscillations linked to ecological suicide [149].

In Chapter 5 we investigated numerically, the existence of theoretically observed oscil-

latory dynamics in the proposed 1d reaction-diffusion systems with cross-diffusion. The

designing of numerical schemes followed the sub-equation approach typical of nonstan-

dard finite difference formulations; see [120, 29, 2], and references therein. In addition,

we coupled nonstandard finite difference methods and finite volume methods to formu-

late schemes that are dynamically consistent with respect to the positivity of solutions

and preservation of fixed points. The numerical simulations are provided to explore the

spatiotemporal dynamics generated by the scheme in the different parameter regimes

identified in the analysis. The interplay between Turing and Hopf instability is discussed

by varying the cross-diffusion coefficient d and the production rate β. Furthermore, the

proposed scheme is capable of predicting one of the following states: spatially homoge-

neous steady state, bulk oscillations, oscillating patterns or stationary Turing patterns.

The numerical simulations are entirely consistent with our theoretical results obtained in

Chapter 4.

The proposed reaction-diffusion systems are non-cooperative for general nonlinear

switch functions. Most of the existing theoretical literature in this direction assumes

cooperative, nondegenerate systems. Results for non-cooperative systems can be found,

for example, in [180] and [86]. However, [180]’s work is not applicable to non-degenerate

systems, while the work by [86] on non-cooperative degenerate time-periodic systems

is also not applicable as it is impossible to construct the upper and lower cooperative
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subsystems. Hence, proving the existence of traveling waves for general nonlinear switch

functions remains an open problem that we will explore in the future.

Experimental observations range from bistability, successive growth, extended suicide,

and stabilization. In future work, we aim to explore the variety of spatial patterns that

could possibly emerge from the proposed system and the ecological consequences that

follow. Moreover, we are interested in developing a theoretical framework for studying the

phenomenon of pattern formation in a 2d reaction-diffusion system with cross-diffusion.

That is, investigate the Turing and Hopf parameter space and the associated pattern

mechanism for pattern selection. Partial differential equations are often used to model

physical, chemical, and biological phenomena and their use has spread to many other

fields [148]. Phenomena modeled by partial differential equations become increasingly

complicated, leading to complicated partial differential equations [82]. Often, one wishes

to capture different aspects of the model such as, oscillations and convective transport.

Those aspects will then be reflected in a partial differential equation containing operators

that makes a model very challenging to analyse, both theoretically and numerically [82].

One of the strategies used to solve complex and complicated problems is the operator

splitting method. The general numerical method is formed using an efficient numerical

scheme for each sub-equation separately and reconstructing the schemes together by

operator splitting [82]. Overall, the computational advantage of splitting is that it is

faster to compute the solution of the sub-problems separately, compared to when they

are solved or treated together. For very high dimensional problems the operator splitting

method may be the only feasible method to solve the problem.

We note that the parameter regime used in this study may be far from realistic ranges.

Hence, in future there is need to support/validate the current work using realistic exper-

imental values. However, one should note that the process of mathematical modeling is

not only for verifying existing phenomena, but also used to design appropriate mathe-

matical experiments and test different hypotheses. This work provides the foundation for

mathematical experiments.
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