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Abstract

In this paper we consider connection formulae for orthogonal polynomials in the context of Christoffel
transformations for the case where a weight function, not necessarily even, is multiplied by an even
function cpi(x), k € Ny, to determine new lower bounds for the largest zero and upper bounds for the
smallest zero of a Meixner—Pollaczek polynomial. When pj, is orthogonal with respect to a weight w(x)
and gn—;; is orthogonal with respect to the weight cop(x)w(x), we show that k € {0,1,...,m} is a
necessary and sufficient condition for existence of a connection formula involving a polynomial G,,_1 of
degree (m — 1), such that the (n—1) zeros of G, _1gn—m and the n zeros of p, interlace. We analyse the
new inner bounds for the extreme zeros of Meixner—Pollaczek polynomials to determine which bounds
are the sharpest. We also briefly discuss bounds for the zeros of Pseudo-Jacobi polynomials.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

A sequence of real polynomials {p,};°, where p, is of exact degree n, is orthogonal with
respect to a positive measure p(x) > 0 on an interval [a, b], if the scalar product satisfies

b
(Pms Pn) =/ Pn(X)pp(x)dp(x) =0, m #n.
a
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If u(x) is absolutely continuous, then it can be represented by a real weight function w(x) > 0
so that du(x) = w(x)dx. Zeros of orthogonal polynomials on the real line are all real and
distinct and have the interesting property that the zeros of consecutive polynomials in the
sequence interlace. Stieltjes showed that between any two consecutive zeros of p,,, m <n—1,
there is at least one zero of p,. De Boor and Saff [7] extended this by proving that there is a
polynomial S of degree (n —m — 1), associated naturally with p,, such that the (n — 1) zeros
of S(x)p(x) and the n zeros of p,(x) separate each other.

The question whether Stieltjes interlacing occurs between the zeros of two polynomials p,
and g,,, m < n — 1, from different orthogonal sequences {p,}>*, and {g,}°°, and whether
polynomials analogous to the de Boor—Saff polynomials exist in this more general situation,
was answered in the affirmative for different sequences Cl(::l and Cr(l’\fzk), k €{0,1,2,3}, of
Gegenbauer polynomials in [11] and Liﬁ:l and L;O‘_T), a>—1,1te{0,1,2,3,4}, of Laguerre
polynomials in [13].

In [11, Thm 3], Driver showed that for a Gegenbauer polynomial C(*, A > —%, A #0of

degree n and for each k € {1,2, ..., n— 1}, there exist polynomials gy, Gy and Hy_; such that
g()CIH(x) = Grx)CP(x) + Hymi (X)) (x)

where gi(x) = 2°AL + 1)... (A + k — D(1 — x»* and deg(Gy) = deg(Hy) = k. In addition,

if C,(Zi)l and C,(lk_:k) have no common zeros then, for each fixed k € {1,...,n — 1}, the n real

zeros of the product C,(fj(k)Gk interlace with the n + 1 zeros of CL’B 1

The authors of [13] noted that the zeros of the de Boor—Saff polynomial analogues, that
completed the Stieltjes interlacing of Laguerre polynomials from different sequences when
t € {3, 4}, were the same as known upper bounds for the smallest zero of Laguerre polynomials
obtained by Gupta and Muldoon in [19, (2.9) and (2.10)]. This observation, that the zeros of
de Boor-Saff analogues appearing in the mixed three-term recurrence relations satisfied by
classical orthogonal polynomials corresponding to different parameters are inner bounds for
the extreme zeros was explicitly stated as a corollary in [14]. In the general setting, where
{Pn}52, is any sequence of orthogonal polynomials, if a polynomial g,_,,(x), of degree n —m,
where m < n, m, n fixed, satisfies a mixed recurrence equation of the form

J)gn-m(x) = G(x)pp—1 + H(x)py(x), (1.1)

with f(x) # 0, deg(G(x)) = m — 1, then the largest (smallest) zero of G(x) is a strict lower
(upper) bound for the largest (smallest) zero of p,(x) (cf. [14, Thm 2.1 and Cor. 2.2]).

The mixed recurrence equations of type (1.1) that are used to obtain inner bounds for
extreme zeros using the approach outlined above, typically arise from the contiguous relations
satisfied by hypergeometric functions [32]. For orthogonal polynomials of hypergeometric
type in the Askey and g-Askey scheme (cf. [27]), these contiguous relations translate into
mixed recurrence equations between parameter shifted orthogonal polynomials. The mixed
recurrence equations can also be viewed as formulae connecting different sequences of
orthogonal polynomials in the framework of Christoffel transformations (cf. [8]). Christoffel [6]
proved this important connection between polynomials orthogonal with respect to a weight and
polynomials orthogonal with respect to a modification of the weight where the modification
involves multiplication of the weight function by a polynomial. A generalisation of Christoffel’s
formula is proved by Szeg6 in [33, Thm 2.5] where he also discusses a connection formula for
the special case when an even weight is modified by an even factor. Christoffel’s theorem can be
difficult to implement computationally and Gautschi [17] describes a constructive algorithmic
approach.
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Historically, results on zeros of classical continuous and discrete orthogonal polynomials
focused more on outer bounds for extreme zeros, see for example [1,3,9,10,21,25,28-30,33],
but some results on inner bounds for extreme zeros of Gegenbauer, Laguerre and Jacobi
polynomials (cf. [2,19,29,33]) and for the discrete orthogonal Charlier, Meixner, Krawtchouk
and Hahn polynomials (cf. [1,30]) were known. The approach based on equations of type
(1.1) described above, provided a new point of view and has been used to obtain new inner
bounds for extreme zeros of Jacobi, Laguerre and Gegenbauer polynomials [14], Meixner and
Krawtchouk polynomials [23], Pseudo-Jacobi polynomials [25], Pseudo-Ultraspherical [15],
Hahn, Continuous Hahn and Continuous Dual Hahn polynomials [24] and little g-Jacobi and
g-Laguerre in [18,26].

In this paper we determine new inner bounds for the extreme zeros of Meixner—Pollaczek
polynomials and also briefly discuss known bounds for the extreme zeros of Pseudo-Jacobi
polynomials. Meixner—Pollaczek, Pseudo-Jacobi (and also Continuous Dual Hahn and Wilson)
polynomials are examples of polynomial sequences where the polynomial g,_,; in (1.1),
obtained from making a parameter shift of k units, k € {0, 1, ..., m}, is orthogonal with respect
to a polynomial of degree 2k times the weight function of p,. Hence, for these classes of
polynomials, the parameter shifted polynomials required to obtain inner bounds for the extreme
zeros in the equations of type (1.1) involve an even polynomial perturbation of the orthogonality
measure in the context of Christoffel transformations.

We will begin our investigation in Section 2 by modifying [22, Thm 3], which dealt with the
case where the parameter shift is equal to the degree of the perturbation, to determine necessary
and sufficient conditions for the existence of mixed recurrence equations for the case where
the degree of the perturbation is double the parameter shift. This will allow us to determine,
in Section 3.1, all equations of type (1.1) that exist for Meixner—Pollaczek polynomials when
the degree difference is fixed. In Section 3.2, we determine all the inner bounds for extreme
zeros of these polynomials arising from the mixed recurrence equation technique using degree
differences of two and three. We will (analytically and numerically) compare the new bounds
obtained to each other, and also to outer bounds previously obtained (cf. [21]), in order to
evaluate the sharpness of the new inner bounds. Finally, we discuss bounds for extreme zeros
of Pseudo-Jacobi polynomials in Section 4 where we recover some inner bounds obtained
in [25] and correct a typographical error for another.

2. Existence of connection formulae of a specific type

In this section, we consider the sequence of polynomials {p,}°2, orthogonal with respect to
a weight w(x), and the sequence of polynomials {g, «};- . orthogonal with respect to a weight
ca(x)w(x), where ¢y is an even polynomial of degree 2k, k € Ny and m € {2,3, ..., n}.

It is well-known that, if {p,}°, is a sequence of polynomials, satisfying the three-term
recurrence equation

Pn(x) = (x = Cp)pp—1(x) — Ap pp—a(x), 2.1
with

C, = (Xpn—1, Pn—1) and ., = (xpnflvpn72)’

(Pn=1, Pn—1) (Pn—2s Pn-2)

then, given n, there exists a sequence of real (associated) orthogonal polynomials S/ (x), m €
{0,1,2,...,n}, of exact degree m. These associated polynomials, also known as dual poly-
nomials (cf. [5,7,34]), are completely determined by the coefficients in the three-term recur-
rence equation and are also considered in the context of Christoffel transformations in [16].

3
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The associated polynomials satisfy the three-term recurrence equation (cf. [4, (13)] and
[22, Lemma 1])

SP0) = (X = Com1)S™ (%) = hn—n-nyS" 5 (x), m € {1,2,...,n}, 2.2)

m

with S3”(x) = 1 and §")(x) = 0.
Starting with (2.1), then lowering the index n, and iterating, we obtain

JnPa-2(X) = (= C)pa-1(X) = pal)
An—1Pn=3(x) = (x = Cp1) pp—2(x) — pp—1(x)
Andn—1 Pn—3(x) = (X = Com)An Pp—2(X) = Ap Pu—1(x)
= (¢ = o) (06 = CPact () = Pu(0)) = Aupac1 ()

= (@0 = Coon)r = C) = 2 ) Pat () = (x = Cum)pa(®)
= SO (xX)pai(x) = SV V() pa(x)
such that, for m € {2,3,...,n},
Mndnt -+ Hnm2Pam(®) = S () pa_1(x) = SV () pa(). (2.3)

Furthermore, it follows from (2.2) that Sik)(x) = x — Cy, k an integer, and this, together with
iteration of (2.1) with n replaced by n + 1, yields the recurrence equation (cf. [22, (7)])

Prpm(x) = ST () po(x) = A1 ST () Py (%), (2.4)

which will be used in our proof.

Theorem 2.1. Let k € Ny and m € {2,3,...,n} be fixed and let {p,}>2, be a sequence of
monic polynomials orthogonal on the interval (a, b) with respect to the weight w(x) > 0, where
the degree of p, is n. Let ¢y, be an even polynomial of exact degree 2k. Then the sequence

of polynomials {g, x}5 with degree exactly n, orthogonal with respect to cy(x)w(x) > 0 on
(a, b), satisfies

o (X)gn—m k(X) = - (X)pp(x) — G(X)pp—1(x), n € {2,3,...}, (2.5)
where ay._,, and G are polynomials with deg(G) = max{m — 1,2k —m — 1} and

m—2 ifke{0,1,...,m—1},

deg(ari—m) =
Blsm) = oy i ke tmom 1. ),

Furthermore, deg(G) =m — 1 if and only if k € {0, 1,2, ..., m}.

Proof. Fix k € Ny and m € {2, 3, ..., n}. We apply Christoffel’s formula [20, Thm 2.7.1], see
also [33, §2.5], to g,_m.k, to obtain

Un—m,2kc2k(x)gn—m,k(x)



A.S. Jooste and K. Jordaan

Journal of Approximation Theory 307 (2025) 106142

pnfm(xl) pnfm+l(-x1) pn7m+2k(x1)
pn—m(_xl) pn—m-H(_xl) pn—m+2k(_xl)
DPn—m(x2) DPn—m+1(x2) Pr—m+2k(X2)
— pn—m(_x2) pn—m+1(_x2) pn—m+2k(_x2) (26)
pnfm(xk) pnferl(-xk) pn7m+2k(-xk)
pn—m(_xk) pn—m-H(_xk) pn—m+2k(_xk)
Prn—m(x) Pr—m+1(x) Prn—m+2k(X)
2k
= > (=1 Uncm.j Pr-mj (), 2.7)
j=0

where *+x;,i € {1,2,...,k} are the zeros of the even function ¢y (x) and U,_,, ;, j €
{0,1,...,2k} is the 2k x 2k determinant obtained from the (2k 4+ 1) x (2k + 1) matrix in 2.1,
by removing the (2k + 1)th row and the (j 4 1)th column, for j € {0, 1, ..., 2k}.

Next, we write U,_ 2kC2k(X)&€n—m k(x), and therefore p,_, ;(x), in terms of p, and p,_;.
When j =m — 1 and j = m we have p,_,4; = pp—1 and p,_,4; = p, respectively, so we
consider the cases where j € {0,1,...,m—2} and j € {m+1,m+2, ..., 2k} separately. We
use (2.3) to express the (m — 1) polynomials p,_+;, j € {0,1,...,m — 2}, in terms of p,

and p,_1, i.e., we have, for j € {0, 1,...,m — 2},
S -1 () S L2(®)
Pumyjx) = — Iy () - ’”’—pnm. 2.8)
! Moo dn—(m—j—2) M e e An—(m—j—2)

Replacing m by —m + j in (2.4), yields an expression for p,_,; when
jem+1,m+2,...,2k}, namely

Prom () = ST @) pa) = Ansa SO ) p (), (2.9)

Collecting the coefficients of p, and p,_; from (2.8) and (2.9), and substituting them into
(2.7) for the different values of j, we obtain

Un—m,2kc2k(x)gn—m,k(x) = R*(X)Pn(x) + G*(X)Pn—l(x),

ie.,
C2k(x)gn—m,k(x) = R(x)pp(x) + G(x)pp—1(x),
with
m—2 (Vt 1) 2k
(=Dd; S,,_;_,(x) i R*(x)
R(x) = Z +Y d; S ) = o ,
= 0 .. n (m—j—2) j=m n—m,2k
m—2 (n)
d; S, 1()c) (
G = dm— n d Sn m+J)
(x) P -H)"n—(m—]—Z) + 1= Ansl Z et (X)
=0 Jj=m+1
_ G'Ww
N Un—m 2k
(=1 Vs . o
and d; U— j€{0,1,...,2k}. Since d; # 0 (cf. [20, Thm 2.7.1]) and doy = 1, it

is clear that deg(G) = max{m — 1, 2k — m — 1}. Furthermore, deg(R) = max{m — 2, 2k — m}
5
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and if we let ay;_,,(x) = R(x), we have

m—2 ifke{0,1,...,m—1},
deg(aok—m) = .
2k—m if ke{mm+1,...}.

Lastly, since deg(G) = max{m — 1,2k — m — 1}, it follows directly that deg(G) = m — 1 if
and only if k € {0,1,2,...,m}. U

Remark 2.2.

(i) Eq. (2.3) corrects [4, (10)]. In the notation of [4], equation (10) in [4, Theorem 4] should
read as

Sn—1(X) Prtm(X) = S (X) Prym—1(X) + AnAnt1 o Apgm—2 Pn(X).
The proof of the theorem is correct except for a sign error in the determinants. From [4,
(11)], it follows that

$2(x0)Va(x) — U2(x)T2(x) = Ay
Substituting m = 2 in [4, (12)] and taking determinants yields

$3(x0)V3(x) — Us(x)T3(x) = Anhpi.
Using induction as discussed in [4],
Sm(x)  Tn(x)
Un(x)  Vin(x)

and this corrects the misprint in the proof of [4, Thm 4].

(i) Eq. (2.5) in Theorem 2.1 differs from the mixed recurrence equation in [22, Thm 3],
where the polynomial g,_,, x, obtained from making a parameter shift of k units, denotes
a polynomial orthogonal with respect to the weight c(x)w(x) on (a, b) and ci(x) > O is
a polynomial of degree k in x. In [22, Thm 3], the parameter shift is equal to the degree
of the perturbation whereas Theorem 2.1 pertains to the case where the degree of the
perturbation is double the parameter shift.

= Sm(x)Vm(x) - Um(x)Tm(x) = )‘n)‘nJrl cee )\‘VL+M721

3. Meixner-Pollaczek polynomials

Monic Meixner—Pollaczek polynomials are defined by [27, §9.7]

2ip \" —n, A +ix 1
W (ye ) — i1 ¢ ’ _
P (x; ) =i"(21), <82i¢—1> 2 F ( 1 625¢>

2\
on the interval (—oo, o0), forn € N, A > 0 and 0 < ¢ < 7. Here,
o0
I'(2) :=/ e dt
0
denotes the Gamma function [31, (5.2.1)],

oy, 0 o ()i(o)e x*
F — SR Te T
’ 1( g x) 2" ©

k=0

and are orthogonal with respect to the continuous weight

w(x) = |[I(A +ix)|? e

6
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the Gauss hypergeometric series [31, (15.2.1)] and
(@), =@(+1)---(a+n—1)forn>1
(a)g = 1 when o # 0

the Pochhammer symbol.
Meixner—Pollaczek polynomials are closely related to (monic) Meixner polynomials [27,

§9.10]:
c \" —n, —x 1
M, (x; B, c) = (B)n (:) 2 F ( 8 1— ;),

orthogonal with respect to the discrete weight p(x) = % on (0,00), for 0 < ¢ < 1 and
B> 0.
We note that
PP (x; @) = i"My(—A — ix; 2, €%9), 3.1

but that Meixner polynomials are orthogonal with respect to a discrete variable while Meixner—
Pollaczek polynomials are orthogonal with respect to a continuous variable.
Monic Meixner polynomials satisfy the three-term recurrence equation [27, §9.10]

M, (x; B, c)
—<x cB+n—1)+n-—

- c—1

(-1 —2
)Mn—l(x; B.c)— o (c)(f ]':2’1 i

with My(x; B,c¢) =1 and M_,(x; B, c¢) = 0 and, when we substitute x with —A —ix, S with 2
and ¢ with ¢?¢, multiply by i” and apply (3.1), we obtain the three-term recurrence equation
for the monic Meixner—Pollaczek polynomials

A+n—1> P (r: gy 17 D1 =2
tan ¢ 4sin’ ¢

with P (x; ) = x + Acotg, PV (x; ¢) =1 and PH(x; ¢) = 0.

My _»(x: B, c),

PP (i), (32)

PP (x; ¢) = (x +

3.1. Connection formulae for Meixner—Pollaczek polynomials

In order to find new inner bounds for the extreme zeros of Meixner—Pollaczek polynomials,
we require mixed three-term recurrence equations involving polynomials P (x; ¢), P(}‘)l( )
and P(Hk)(x ¢). Let A >0, 0 < ¢ < m, k,n e Ny. Since the parameter-shifted polynomial
P(Hk) (x; ¢) is orthogonal with respect to the weight function

PP PO+k +ix))
= | + i) Pw(x)
=A+ixPO+D+ix>. . Jb+k—1)+ixPwk)
QP+ (0 + D437 (o + k= D7+ xP) wx)

o (X)w(x)

where the factor ¢ (x) is even, we know with reference to Theorem 2.1, that deg(G) =m — 1
is equivalent to k € {0, 1,2, ..., m}. Hence, for m = 2, there are exactly three equations of
type (2.5) that will involve a linear coefficient for Pml (x; ¢). For the case when k = 0, there

7
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is no parameter shift and the relevant equation is the three-term recurrence Eq. (3.2). For the
case k = 1, c(x) = A2+x2 and we will use Christoffel’s theorem [20, Thm 2.7.1] to determine
the mixed three-term recurrence equation necessary to find inner bounds for the extreme zeros
of the polynomial P*(x; ¢)
Pra@®) - Bk ) |2 o) piin, )
Pan( l)‘v ¢) P 1(_ )" (p)
P @) RIGA@) P )
#gﬂxw PR\(—idi§) P (=i )|
A
POGse)  PYd) PPk
By expanding the determmant on the right hand side, and using the three-term recurrence
equation (3.2) to express P, 2(x ¢) in terms of P™(x; ¢) and P(A)l(x ¢), we obtain, for
k=1,
(n —1) (A* + x?)

(x+1)
20 +n—1 (x: ) 3)

() PP ) — — 2 POk )
tang ) "0 24+n—1"""

It is straightforward to verify this equation by comparing coefficients of x". Using the same
procedure, we obtain, for k = 2,
2(n — 1)sin’ ¢
Cr+1D2A+n— 1A +n)

. AMA+1) o W
= (x + —(A+n)tan¢> (x5 ¢9) — D(x)P," (x; @)

(A2 +2%) (+ D? +x2) PP (s 9) (3.4)

(A)p(@r —(n—Dcos2¢p+n+1) 2n—1) (()» + %)Sin2¢> — x sin? ¢>)
Cr+DRA+n—1D(A +n) Cr+DRA+n—1D(A +n)

Next we consider the case where m = 3 for Meixner—Pollaczek polynomials in Theorem 2.1

and note that equations connecting P( )l(x #), PM(x; ¢) and P(Hk) (x; ¢), with a quadratic

coefficient for Pml(x @), exist if and only if k € {0, 1, 2, 3}. The four connection formulae
are derived as before and are given in Appendix.

D(x) =

3.2. Inner bounds for the extreme zeros of Meixner—Pollaczek polynomials

3.2.1. Using connection formulae for polynomials with a degree difference of two

Using [14, Cor. 2.2], the zeros of the coefficients of PW1 (x; ¢) obtained from Eqgs. (3.2),
(3.3) and (3.4) are inner bounds for the extreme zeros of the Meixner—Pollaczek polynomial
P™(x; ¢). Hence, the points

Mk (M
Buy = —— 2B 01,2, (35)
(AMptk—1 tan ¢
satisfy x; , < B(k) < x,, for k € {0, 1, 2} where x;,,i € {1,2,...,n} denote the zeros of

PPM(x; ). We note that for n = 1, Bi(k) = —icot¢ = x; for each k € {0, 1,2}. It can
easily be shown that, for n € {2,3,...}, B,(0) < B,(1) < B,(2) for all values of A > 0 and

8
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Table 3.1

Comparison of bounds given in (3.5), for the extreme zeros of Pék)(x; ¢) for different values of n, A and ¢ € (0, %).
n A ¢ X1,n Bn(O) Bn(z) Xn,n
6 0.89 0.25 —34.28 —23.07 —0.96 —0.63
6 0.89 0.1 —86.31 —58.70 —2.43 —-2.17
6 0.01 0.1 —71.38 —49.93 -0.017 —0.015
10 0.5 0.08 —186.87 —118.50 —0.891 —0.768
20 0.01 0.1 —323.1 —189.5 —0.005 —0.043
20 1.5 0.1 —350.7 —201.8 —1.280 —1.082

Table 3.2

Comparison of bounds given in (3.5), for the extreme zeros of Pék)(x; ¢) for different values of A and ¢ € (%, ).
A ¢ X1,6 Bs(2) Bs(0) X6,6
0.89 1.7 —2.194 0.0037 1.187 4.0569
0.89 3.14 142.865 153.289 3698.23 5426.31
0.01 3.14 1.05511 1.05518 3145.69 4487.87
0.08 2.5 —0.356 0.019 6.8 10.6806

0 < ¢ < 5 while B,(2) < B,(1) < B,(0) when A > 0 and 5 < ¢ < 7. Hence we have, for

A>Oand0<¢<%,that

X1.n < By(0) < B,(1) < By(2) < xpn 3.6)

and this is illustrated for various values of n, A and ¢ in Table 3.1.

As can be seen from Table 3.1, the inner bound B, (2) is a relatively good lower bound for
the largest zero x,,, of P")(x; ¢) but B,(0) is not a sharp upper bound for the smallest zero
X1 .- When A > 0 and % < ¢ < m, we have that

Xin < B,(2) < B,(1) < B,(0) < Xn,n

and this is illustrated for various values of n, A and ¢ in Table 3.2.
Next we will use the connection formulae involving polynomials with a higher degree
difference in order to improve on the bounds obtained in this section.

3.2.2. Using connection formulae for polynomials with a degree difference of three

As before, by using [14, Cor. 2.2], we know that the zeros of the coefficients of P,f}i)l (x; @)
in Egs. (A.1), (A.2), (A.4) and (A.5), given in the Appendix, are inner bounds for the extreme
zeros of P,f’\)(x; ¢),n €{2,3,...}. We will denote these zeros, which all are inner bounds for
the extreme zeros of PM(x; @), by FE(k), k € {0, 1,2, 3}.

The zeros of E,(x) in (A.1), Hy(x) in (A.2), My(x) in (A.4) and R,(x) in (A.5) are,
respectively,

FF0)=—(+n—3)cotg + m\/(n — 1)(n + 21 —2) + cos2 ¢ (3.7)
FE(1)=—1Qr+n—)cot(p) + 2Siln¢\/(n — 1) (214 (n — 1)cos? @) (3.8)
F(2)=—1Qr+ Dcote (3.9)

n N =21@4A +3) + 21 + n)cose) + 8A(A + Dn +n
2sin /221 + n)
9
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—(4A(L +2) +3)(. + n)sin2¢) = 1B

FX(3) =
w3 sin ¢ (4A(21 + 1) + 6n2 + 12An)

(3.10)

where
B = 4(4A(% + 2) 4+ 3)*(\ + n)? sin®(2¢)
— 8A(A +2) (2A(2A + 1) + 3n” + 6An) sin’ ¢
x (42 4 (422 4+ n® + 20(n + 3) +2) cos(2¢) — n* — 2a(n — 5) + 4)..

It is clear that each one of the values F, (i) and F,;F(i),i € {0, 1,2, 3} is a lower bound for
the largest and an upper bound for the smallest zero of P}(x), i.e.,

X1 < F; () < FY(i) < x,, foreach ie€{0,1,2,3}.

In the following theorem we prove which one of the values F, (i),i € {0,1,2,3}, is the
strongest upper bound for the smallest zero when ¢ € (0, Z) and we will also compare this
bound with the best upper bound obtained from connection formulae involving polynomials
with a degree difference of two.

Theorem 3.1. Forallne{2,3,...}, A >0and ¢ € (0, %),
(a) F,(0) < F, (1) = F,(2) = F, ).
(b) F, (0) < F, (1) < B,(0) < By(1) < B,(2).
Proof. Letn €{2,3,...}, A >0and ¢ € (0, 2).
(a) We will divide the proof into 3 parts and prove that
@) F,(0) < F, (1)
() F, (1) = F, (2
(iii) F,(2) < F,(3).
(i) From (3.7) and (3.8), we obtain
F, (1)
F, (0)
_ @r+n—1)cos(@) + v2un — 1) + (n — 1)? cos()
A +2n — 3)cos(¢p) + \/(n — DA 41 —2) + cos?(¢)
B (27 +n — 1) cos(@) + v/24(n — 1) + (n — 1)? cos*(¢)
2r+n—1)cos(¢p) + (n —2)cos ¢ + \/2A(n — 1)+ (n — 2)3 + cos2(¢)
X +n — 1)cos(p) + /2r(n — 1) + (n — 1)2 cos2(¢)
T @t n— 1)eos@ + vn — 22 cos2§ + v2hn — D) 1 (1 — 2)2 1 cos2($)
_ x +n — 1)cos(p) + v/2r(n — 1) + (n — 1) cos(¢)
T @2h+n—1)cos(p) + V(n —2)2cos2 ¢ + 2x(n — 1)+ (n — 2)2 + cos2(¢)

(since Vat+b<Ja+Vb =

1 1
<
Ja++vb "~ «/a+b)
_ (2r4n —1)cos(¢) + V2h(n — 1)+ (n2 — 4n + 5) cos2(¢) + 2(n — 2) cos2 ¢

2x +n —1)cos(p) + /2r(n — 1) + (n% — 4n + 5)cos? ¢ + (n — 1)(n — 2)
10
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2h+n — 1)cos(@) + v/2A(n — 1) + (n2 — 4n + 5) cos2(¢) + 2(n — 2)
T @r+n—1)cos(d) +2h(n — 1)+ ("2 — 4n + S)cos2 ¢ + (n — 1)(n — 2)

<1,

therefore F, (1) > F,(0), since F, (0) < 0.
(i1) From (3.8) and (3.9), we obtain

P (24 + 1 cos(d) + / LEE=D - cos2(g) _
Fo (1) @2r+n—1)cos(p) + 2r(n — 1) + (n — 1)2cos2(¢p)
since
41(}\;2(:—1) _ 242 3
20(n—1) 2 +n —
for each n € {2,3,...}, and, taking into account that F, (1) is negative, we can

conclude that F, (2) > F, (1).
(iii) From (3.8) and (3.9), we obtain, after simplifying, that

F (3 . 2B(A + n)cos ¢

F7(2) - \/ 2 2 A24(A+1)}»(n_1)
n AQ2Ar+ 1)cos¢p + /A% cos* ¢ + htn)

@3.11)

\/4 cos? ¢ (B2 (A + n)? — ACA(L +2)) + 4A( + 2)A(n — DA 41+ 1)

2 2 A240.4DA(n—1)
AQA + 1)cos¢ ~|—\/A cos® ¢ + @

where

A =2242x1+3n>+6an

B =4)>+81+3

C =4)>+ 61 +n*>+2rn +2.
Forn e {2,3,...} and A > 0 we have

2B\ +n) 22x +3)(A +n)
< =
ACr+1)  20Q2A+1)+3n2 +6in —

1, (3.12)

since
221 +3)(A +n) — (ZA(ZA +1)+ 3n? + 6)»n) =—(n—2)2A+3n) <0,

while

_ 4400+ D = D@4+ 1)

O 2
A0+ D= 1)

(3.13)

2A+n
04 DA+ m)@htn+ 1)

AL+ 1)

S 19
since

A+22A+mR2A+n+D—AL+D=RA+1D2—-n)A+n) <0
11
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Table 3.3
Comparison of bounds given in (3.5), (3.7) and (3.10) for the extreme zeros of P,E)L)(X; ¢) for different values of
n, A and ¢ € (0, ).

n A ¢ X1,n Fr; (O) Bn (0) Bn (2) F,:r(3) Xn.n

6 0.89 0.25 —34.28 —32.15 —23.07 —0.96 —0.662 —0.63

6 0.89 0.1 —86.31 —81.10 —58.70 —2.43 —2.174 —2.167

6 0.01 0.1 —71.38 —67.95 —49.93 —0.0167 —0.01482 —0.01478

10 0.5 0.08 —186.87 —168.91 —118.50 —0.891 —0.773 —0.768

20 0.01 0.1 —323.1 —277.29 —189.5 —0.005 0.0015 0.0043

20 1.5 0.1 —350.69 —299.59 —-201.8 —1.280 —1.169 —1.082
and

4(B*(A +n)*> — ACA(A +2
(B*G-+m ¢ +2) <1, (3.14)
A2
since
4(B*(. +n)* — AFAA +2)) — A®
= 34X 4+ 81+ 3)nn —2)2r +n)2r +n +2)
<0.
Using (3.11), (3.12), (3.13) and (3.14) and taking into account the fact that F, (2) <
0, we see that, foralln € {2,3,...}, A >0and ¢ € (0, §), F,;(3) > F, (2).

(b) Using the formulas for B,(0), F, (0) and F, (1) in (3.5), (3.7) and (3.8), respectively, we
obtain

Veos? ¢+ (n — D)(n + 21 — 2) — cos ¢ o

B,(0) — F, (0) = 2sing

and

Vi —1)2cos?¢p 4+ 21(n — 1) — (n — 1)cos ¢ 0
>
2sin¢
and, using also (3.6), we conclude that, for n € N, A > 0 and ¢ € (0, %),

F(0) = F, (1) < By(0) = B,(1) = B,(2). U

B,(0)— F, (1) =

Hence, forn € {2,3,...}, A > 0 and ¢ € (0, %), F, (0) provides the best new upper bound
for the smallest zero of Pn“)(x; ¢) and it also is a sharper upper bound than the bound B,(0)
obtained in (3.5). Furthermore, F, (0) = F, (1) = F; (2) = F, (3).

We note that for eachn € {2,3,...},A>0and ¢ € (%, ),

F[(0) < Ff(1) < Ff(2) < EF3).

We can therefore show that, for ¢ € (£, 7), F,F(3) is the best new lower bound for the largest
zero of P,,A(x; ¢) which also is a sharper lower bound than B,(2) obtained in (3.5).

We illustrate the sharpness of the obtained bounds in Table 3.3.

Finally, we will consider how closely the new inner and known outer bounds for the extreme
zeros surround the extremal zeros as a way to measure the sharpness of the bounds.

Upper bounds for the largest zeros and lower bounds for the smallest zeros of P™(x; ¢)
were proved by Ismail and Li in [21, Thm 7].

12
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Table 3.4
Comparison of inner bounds given in (3.7) and (3.10) with outer bounds given in Theorem 3.2 for the extreme
zeros of P,f”(x; ¢) for different values of n, A and ¢ € (0, %).

n A ¢ U X1,n F, (0) F1(3) Xn,n Vv

6 0.89 0.25 —214 —34.28 —32.15 —0.662 —0.63 257
6 0.89 0.1 -530 —86.31 —81.10 —2.174 —2.167 638
6 0.01 0.1 —363 —71.38 —67.95 —0.01482 —0.01478 453
10 0.5 0.08 —1921 —186.87 —168.91 —-0.773 —0.768 2146
20 0.01 0.1 —6680 —323.1 —277.29 0.0015 0.0043 7048
20 1.5 0.1 —7799 —350.69 —299.59 —1.169 —1.082 8198

Theorem 3.2 ([2]]). Letn € N be fixed, > > 0 and 0 < ¢ < . Denote the zeros of P,f’\)(x; b)
by X1y < Xop < -+ < Xy, then

(i) X1y > U=(n+1—3)cotd — m\/cosz¢+4 (n—Dm+2x-2)

(ii) Xy <V =(n 41— 3)cotd + 5sy/cos? ¢ +4 (n — 1)(n + 23 — 2)

Proof. Applying [21, Thms 2 and 3] to the three-term recurrence Eq. (3.2) (with n replaced

by n+ 1) by letting @ = 1, g = 5% and 1, = %ﬁ;l) yields the result. [J

It is clear from numerical experiments that the interior bounds obtained for extreme zeros
of Meixner—Pollaczek polynomials in this paper are much sharper than the exterior bounds
obtained by Ismail and Li in [21] as illustrated by the examples in Table 3.4.

4. Pseudo-Jacobi polynomials

For a, b real, the monic Pseudo-Jacobi polynomials [25,27] are defined by

1—ix
> ,

ne€{0,1,2...} and, for b € R and a < —n, they are orthogonal on R with respect to the
weight function w(x) = (1 4 x2)4e2barctanx

For b € R, a < —n and k € Ny such that a 4+ k < —n, the shifted polynomials

P,(x; a + k, b) are orthogonal on the real line with respect to the weight function

Pn(x; a, b) =

P@+tib+ D, o -n2atntl
i"2a+tn+1), " a+ib+1

(1 +x2)k+ae2barclanx — (1 +)C2)kU)(x) — C2k(.x)w(x) > 0

By Theorem 2.1, Pseudo-Jacobi polynomials satisfy mixed three-term recurrence equations of
the form (2.5), involving P,(x; a, b), P,—1(x; a, b) and P,_»(x; a +k, b), where the coefficient
of P,_i(x; a,b) is linear, if and only if k € {0, 1, 2}.

Applying Theorem 2.1 to the three-term recurrence equation satisfied by monic Pseudo-
Jacobi polynomials (cf. [25, (3)])

n ab
(a+n—1)a+n)

(n—l)(2a+n—1)((a+n—1)2+b2)
(a+n—1%*Aa+n—-12-1)

P,,(x;a,b):(x ) P,_1(x;a,b)

Pn—Z(x; a, b),

13
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Table 4.1
Comparison of bounds (given in (4.1)) for the extreme zeros of P,(x;a, b), b > 0, for different values
of n,a and b.

n a b Yi.n D,(2) D, (0) Yn.n
8 —8.0016 20 1.78751 2.85649 99 860.2 99 860.3
7 —7.01 50 5.62006 8.31947 34703 34704.1
16 —17.5 13 0.008285 0.787879 60.6667 69.123
Table 4.2
Comparison of bounds (in (4.1)) for the extreme zeros of Ps(x;a,b), b > 0, for different values of a and b.
a b Y5 Ds(2) Ds(1) Ds(0) V5.5
-10 8 0.3455 0.8889 1.6 2.6667 3.5733
-5.5 8 1.1189 1.7778 16 58.6667 60.7767
—5.0015 3 0.245139 0.749719 2000 9988.02 9988.03
-5.5 0 —2.1428 0 0 0 2.1428

the equation involving a parameter shift of one unit,

2a +n
Pn(X;a»b):za_l_zn_l X+

(n—1)(x*+1)
2a +2n — 1

and the mixed three-term recurrence equation that involves the largest possible parameter shift,
namely k = 2, we obtain (cf. [25, Thm 2.3])

p +n> Po_1(x;a,b)

P, s(x;a+1,b)

Dy0) = n)(_aain —5 D) = a_+bn and D, (2) = %, @.1)
respectively, such that

Yin < Du(@) < Yun,1=0,1,2, 4.2)
where y; ., i € {1,2, ..., n} denote the zeros of P,(x;a, b) in ascending order. We note that

b
Pi(x;a,b)=x+ ——
1(x;a, b) )c+a_|_1

and hence D,(2) = y;; for each n > 1.
Furthermore, for n > 2,

Vi < Dn(z) < Dn(l) =< Dn(o) < Yn,n

if b > 0, a < —n. The order of these bounds will reverse when » < 0 and a < —n. In
Tables 4.1 and 4.2 we illustrate the sharpness of these bounds when b > 0.

In the specific case when b = 0, the weight function of Pseudo-Jacobi polynomials reduces
to an even function of x and the zeros of the polynomial P,(x; a,0) are symmetric about the
origin, which means that all polynomials of odd degree will have x = 0 as a zero. This case,
where b = 0 is illustrated in Table 4.2.

In Table 4.3 we also show the upper bound for the largest zero of Pseudo-Jacobi polyno-
mials, as given in [25, Thm 2.4].

14
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Table 4.3
Comparison of bounds (given in (4.1) and in [25, Thm 2.4 (i)]) for the extreme zeros of P,(x; a, b), b >
0, for different values of n,a and b.

n a b Yin Dn(z) Dn(o) Yn.n Xn in [25]
8 —8.0016 20 1.78751 2.85649 99 860.2 99 860.3 99 860.5
7 —7.01 50 5.620 8.319 34703 34704.1 34706.8
16 —17.5 15 0.138 0.909 70.00 79.680 96.77
Remark 4.1.
(i) The formula for D, (0) in (4.1) corrects the typographical error for the bound D,,(0) in [25,
Thm 2.3].
(i) Monic Pseudo-Jacobi polynomials are connected to the Jacobi polynomials [27, p. 221]
and
—2i)"n! _
P,(x;a,b) = (Z2i)"n (at+bia=ib)(j ).

QRa+n+1), "
The bounds i B, (0) and i B, (2) will therefore be inner bounds for the extreme zeros of
the Jacobi polynomial P(@*b"4=i)(jx). This can also be seen from the interlacing of the
zeros of (x — -£=¢ )P;ﬁz’ﬂﬂ)(x) and P*?(x), proved in [12, Thm 2.3], by using the

) at1p12 n+l
equation
. (@+2,842), \ _ B—a @h) )
x)P x) = - |P x)+ Ay(x)P x), 43
c(x)P,_, (x) (X a+ﬂ+2> 1 (x) 2(x) P, (x) 4.3)

where c4(x) = (1 —x2)? and A,(x) is a polynomial of degree 2 in x. The extra interlacing

point e is equal to the bound i B,(2), when we replace « with a +ib and 8 with
a+pf+2

a — ib. The mixed three-term recurrence equation (4.3) is, however, not of the form of
(2.5) and we can apply [22, Thm 3] in this case. By shifting o and 8 optimally (but
separately), namely by 4 units, will provide us with more precise bounds, cf. [14].
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Appendix
For n > 2, the recurrence equation involving P,f’\)(x; ), Prgf)l(x; ¢) and P,Eg(x; @), is
n—2»Q2r+n—3)
4sin® ¢
= Ex(x)P™, (x; §) — 4sing((n 4 n — 2) cos ¢ + x sin p) PP (x; ¢),
where
Ex(x) =n*+ QA —3)n +2((h — 1)* +x7)
+2 cos(2¢) ()\2 —3A+2an+m—3m—x*+ 2) + 2x(2A + 2n — 3) sin(2¢)

P™.(x; ¢) (A.1)

15
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The recurrence equation involving P (x; ¢), Pml(x ¢) and P, ,fkgl)(x ®), is

%(n —2), (A2 +x2) P (s 9) (A.2)
= Hy(x)P? (x; ) — 2sin p(A cos ¢ + x sin ) P (x; @),
where
Hy(x) = 2% +c08(2¢) (A(h + 1 — 1) — x?) + x(21 +n — 1) sin(2¢) + x7. (A.3)
The recurrence equation involving P,f’\)(x; o), P(”\)1 (x; ¢) and P(Hz)(x ), is
200 —2), (A2 + x2) (4 1)? + x?) sing PP (x; ¢) (A4)
2
= Ma(x >+—”PW1< )
sin ¢

— 421 4 1)((M)2cos @ + x(A +n — 1)sing) PP (x; ),
where
My(x) = 21 + n) (A* 4+ 1 — x%) cos(2¢) + (2 + 1)x sin(2¢))
+ (¥ =20+ D) + 22 (A + 1) + %)
Finally, the recurrence equation involving P,f*)(x; ), PO“)1 (x; ¢) and P(HS)(x @), is
4n =202 (A2 4+ x3) (0 + 1P + x2) (A +2)% + x2) sin® g P57 (x5 9) (A.5)

_ G+ D@h4n—1)
N sin ¢

Ry(x) P (x: 9) — 2Ga(x) PP (x: ),
where
Ro(x) = —n® (A(A +2) — 3x%) + n (A(A + 2) — 3x?) (2A + n) cos(2¢) — 21)
+ 221 4 1)(2x + 3)x (A + n) sin(2¢)
+ 2020 + 1) (A + D +2) — x?) cos(2¢) + 2121 + 1) ((h + 2)* + x?)
and
G(x) = xsing(n®> — (n — 2)2cos(2)) (3A(A +2) — x> + 2)
+ nx sing (1617 + 392 4 264 + 3x% + 6
— 2(AM13 = 2AQ2A(A + 1) = 5)) + x7 + 4))
+ (A+1)cos¢
x (A(A +2)8A(A +2) + (n — 2), c0s(2¢) — n* + 3n + 4)
+ 6(n — 2)x*sin® ) .
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