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ABSTRACT. In a stochastic volatility market the Radon-Nikodym density of the minimal
entropy martingale measure can be expressed in terms of the solution of a semilinear PDE.
This fact has been explored and illustrated for the time-homogeneous case in a recent
paper by Benth and Karlsen [3]. However, there are some cases which time-dependent
parameters are required such as when it comes to calibration. This paper generalizes their
model to the time-inhomogeneous case.
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1. INTRODUCTION

Let (2, F, P) be a complete probability space equipped with a filtration {F;}icpo,r) sat-
isfying the usual conditions, where T" < oo is the time horizon. Let B; and W; be standard
Brownian motions defined on a filtered probability space, and suppose the risky asset S
evolves according to the following general stochastic volatility model:

(11) dSt = M(t,Y;)Stdt‘i‘O'(tn)StdBt, S(O) > 0,
where Y; is a stochastic volatility process driven by the process

We assume that the time-dependent parameter functions pu : [0,00) X R — R, o : [0, 00) X
R—-R a:[0,00) xR—=R,, f:]0,00) xR—=R,, and §: [0,00) Xx R — R, are Borel
measurable functions on R and continuous on [0, 00) x R. Furthermore, we assume that
the parameters «, [ and § are defined in such a way that o(¢,Y;) := Y; is nonnegative,
such that a unique strong solution of the above stochastic differential equations (1.1)-(1.2)
exists. (More conditions on particular cases of stochastic volatility models are discussed
in Section 3 of this paper). Without loss of generality, we suppose that the rate of return
from a risk-free investment is zero.

In an incomplete market a claim cannot be perfectly replicated as in the complete one
and there exists a continuum of equivalent martingale measures () and, correspondingly,
arbitrage free prices. The question is how to select this measure and fix the price of
a contingent claim. Several approaches have been suggested in literature. We refer to a

Key words and phrases. Utility optimisation, stochastic volatility, incomplete market, minimal entropy
martingale measure, Hamilton-Jacobi-Bellman equation.
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discussion in Pham [12] for a general overview, of the super-hedging, mean variance hedging
and shortfall risk minimization.

Herein, as in Benth and Karlsen [3] we are interested in the minimal entropy martingale
measure (MEMM) and the utility indifference pricing approach, which was introduced by
Hodges and Neuberger [14] (see also other references given in Benth and Karlsen [3]). In
utility indifference pricing, one considers the difference between maximum utility from final
wealth when there is no contingent claim liability and when there is such a liability, and
then define the price as the unique cash increment which offsets the difference.

Our stochastic volatility market given by equations (1.1)-(1.2) is incomplete as soon
as the parameter §(t,y) # 0 for all ¢ > 0, and we are interested in using the MEMM
for pricing contingent claims. A martingale measure is a probability measure () on a
measurable space (£, F) such that Q@ < P and S is a local Q-martingale. We denote
by M the set of martingale measures and by M, the set of martingale measures that are
equivalent to P. Let @) be a probability measure (2, F). The relative entropy, or Kullback-
Leibler distance, H(Q, P) of @ with respect to P is defined as in Frittelli [8] and Benth
and Karlsen [3]:

E[%ln(%)], Q< P,

+00, otherwise,

where E is the expectation operator under P. We look for a probability measure )y that
minimizes the relative entropy with respect to P in the class M. We call Qyr a MEMM.
More precisely, we call @y r a MEMM if

H(QME,P)ZCI?%B{}[H(Q,P)-

In Frittelli [8], it is proved that if there exists a @ € Me with H(Q, P) < oo, then Qg
exists, is unique, and is equivalent to P (i.e., Qur € Qme)-

Recently, Rheinldnder [16] presented a martingale duality method for finding the MEMM
in a general continuous semimartingale model, and derived sufficient conditions verifying
that a candidate measure is the MEMM. He illustrated his method on the Stein-Stein sto-
chastic volatility model with time-independent parameters, where he calculated explicitly
the density of the MEMM by solving an integral equation resulting from a (non-trivial)
martingale representation theorem.

One objective of this paper is to show that one can determine the MEMM via the solution
of a semilinear partial differential equation (PDE) as in Benth and Karlsen [3], extending
it to time dependence on some parameters. For the stochastic volatility models with at
most linearly growing drift and additive noise correlated in a time dependent manner with
the asset dynamics, we show that a unique classical solution to the semilinear PDE exists,
thereby paving way for a simpler approach to derive explicitly the density of the MEMM
with time-dependent parameters, thereby generalizing the results obtained in Benth and
Karlsen [3].

We illustrate our PDE approach with explicit calculations of the MEMM @,/ for the
Stein-Stein model and Heston stochastic volatility models, as in Benth and Karlsen [3].
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In an incomplete market driven by continuous semimartingales, the work by Mania, San-
tacrose and Tevzadze [17] proves that the density of the MEMM can be expressed in terms
of a value process that is a unique solution to a semimartingale backward stochastic differ-
ential equation. Our PDE approach goes as follows:- Suppose there exists a unique classical
solution v = v(t,y) of the semilinear PDE

(1.3) - %aQ(t,y)vyy +F(ty,0) =0, (Ly) e[0T xR,
with terminal condition

(1.4) v(T,y) =0, yeR,

Where a*(t,y) = B%(t,y) + 6%(¢,y) and the nonlinear function

) = B(L,
F:[0,T) x R x R — R is defined as

uty)Bty) | Lt y)

o(t,y) 202(ty)
The term “classical solution” means that v(¢,y) is once continuously differentiable in ¢ and
twice continuously differentiable in y for (¢,y) € [0,7) x R, and continuous in ¢ and y for
(t,y) € [0,T) x R, that is,

ve CH([0,T) x R)nC([0,T) x R)

and v satisfies equations (1.3) and (1.4) in the usual pointwise sense. Furthermore, suppose
that

F(tv yap) = %(52(t,y)p2 - [a(ta y) -

(1.5) /T Y o /T62(t V)2t V)t < 00, P—as
. o 0%t Y) "o B 7 o
for all t > 0. Define for 0 <t < T the stochastic process Z; by
Ys)
(1.6) Z, :eXp< —/ “ES vy B - / 3(s, Ya)vy(s, Yy)dW,
S

_%/0 (LX) ZQM%SY) 2(5,7,))ds )..

which is well-defined by the assumptions in equation (1.5). Another purpose of this paper
is to verify under natural additional assumptions on v and the time-dependent parameters
of the diffusion dynamics (1.1) and (1.2) that Zr is the Radon-Nikodym derivative of the
MEMM Qp. The argument applies a verification result in Rheinldnder [16]. Another
main purpose of this paper is to extend results obtained in Benth and Karlsen [3] to
incorporate time-dependent parameters in giving sufficient conditions and a proof for the
well-posedness of equations (1.3) and (1.4) in the framework of classical solutions. We shall
follow the approach used in Benth and Karlsen [3], where the proof is based on stochastic
control theory.

We derive the MEMM with respect to the filtration F (generated by the Brownian
motions B and W), and not generated by the asset price process F°. For many volatility
models, these filtrations coincide, in particular, when volatility is positive. We shall make
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the assumption that the investor has complete information, that is, we derive the MEMM
with respect to F and also in the case F # F°. We refer to Rheinldnder [16] and Hobson [10]
for an analysis of the Stein-Stein model and MEMM with respect to different information
sets.

The structure of the paper is much like parts of Benth and Karlsen [3], we often refer to
passages therein. In Section 2, we derive the semilinear PDE formally. In Section 3, under
certain conditions A and B we prove that Zr is the density of the MEMM Q,g. In Section
4, we discuss the well-posedness of semilinear PDE terminal value problems like (1.3)-(1.4)
coming from stochastic volatility models with additive noise and at most a linearly growing
drift. We use this to identify the density of the MEMM @Q,,g for this class of volatility
models (verifying the Stein-Stein model as a special case). Finally, Section 5 is devoted to
verify the conditions needed in Section 3 for the Heston volatility model, which does not
have a linearly growing drift, that is, it does not fit into the framework in Section 4.

1.1. Formal Derivation of the semilinear PDE. We want to determine the utility
indifference price (see Benth and Karlsen [3] and references therein) of a European type
contingent claim in the stochastic volatility market with time dependent parameters equa-
tions (1.1) and (1.2). The utility indifference price will be derived by solving two utility
maximization problems. We shall use the dynamic programming (or Bellman) method to
solve the two stochastic control problems.

We assume that the market to invest in consists of a risky asset S; given by equations
(1.1) and (1.2) or a risk-free bond yielding a sure rate of return 0, that is, a bond with
dynamics R; = 1. If the investor allocates the amount m; of her wealth at time ¢ in the
risky asset, it follows from the self-financing hypothesis that:

(17) dXt = Wtu(t, }/;)dt + O'(t, Y;)Tf‘tdBt .

The control 7 is called admissible if it is an adapted stochastic process for which there
exists a wealth process X;" satisfying the stochastic differential equation (1.7) and such
that E[fOT w20%(t,Y;) dt] < oo, for all t > 0. We denote a set of all such controls by A;,
where the subscript ¢ indicates that we start the wealth dynamics at time ¢t. We assume
that the investor has full information about the volatility since the controls are assumed
adapted to F; and not only to the filtration generated by the asset price process JF;*. For
many volatility models these filtrations coincide, in particular when volatility is positive.

Considering Markov controls, this entails that the investor will allocate the amount
m = m(t,z,y) into the risky asset when the wealth X; = x and volatility Y; = y. Her goal
is to find the investment strategy that maximizes her final utility. We will also consider
the same investor who first issues a claim and then maximizes her final utility. The claim
is of the European type and we assume a claim which has a pay-off at time 7', given by
g(Srt), where g is a bounded and measurable function. We shall only deal with Markovian
claims. Consider an exponential utility function U : [0,T] — R, given by

U(z) = 1 — exp(—ya),
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where 7 > 0 is the risk-aversion parameter. With utility function of exponential type for
which the index of risk is independent of the investor’s wealth, we are able to separate the
value function’s dependence of wealth and volatility. This will lead to a price of the claim
that is independent of the investor’s initial wealth. The resulting value in this case is:

(1.8) VO(t,x,y) = sup E[1 — exp(—yX7)|X; =z, Y; = 9]

TEAL

In the second stochastic control problem we suppose that a claim has been issued. The
final wealth then becomes Xt — ¢g(Sr) and the value function is therefore
(1.9) Vit,z,y,s) = sup B |1 — exp(—=y(Xr —g(S))|Xe =z, Vi =y, S = s|.
TEAL

By selling the claim at time ¢ when a stock price is s and the volatility is given by y, the
issuer will charge a premium A, (¢, 5, s) and optimally invest in the market. The premium
is fixed such that the investor is indifferent between investing at her own account or issuing
the claim and then investing. Hence A, (t,y, s) should satisfy:

(1'10) V0<t7‘r7y7 8) - V(t7x+/\t(7)(t7 y? S)?y? S) :

The utility indifference price is defined as the unique solution A, (t,y,s) of equation
(1.10). By formally solving the two stochastic control problems (1.8) and (1.9) by the
dynamic programming method, we will be able to determine a semilinear PDE satisfied
by A+ (t,y,s). Now, we formulate the Hamilton-Jacobi-Bellman (HJB) equation for the
value function (1.8) without a claim issued. It reads:

VO max |t y)VE + %02(@ YTV, + Bt y)o(ty)rVy,
+L,V0=0, (t,r,y)€[0,T) xR xR,

where

(1.11) £V° = alt V) + S8 (1) + 26}V,

with terminal data

(1.12) VYT, z,y) =1 —exp(—yz), (v,y) € R x R.

We formulate the HJB for the value function (1.11) when the investor has issued a claim
with payoff function g(s) at time T. It reads:

1
Vi max | mu(t, y)Va + 50% (4 9) 7 Vew + B(E, ) (1, y)7Vay + 0° (¢, y) s Vi,
TE
(1.13) +L,V + LV +0o(t,y)B(t,y)sVys =0, (t,z,y,8) €[0,T) x Rx R xRy
where £, is defined in equation (1.11) and

1
LV = u(ty)sVs + 50°(t,9)s Vas
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with terminal data

(1.14) V(T z,y,s) = exp(=7(z — g(s))) -
From equation (1.11) we find out that the first order condition for an optimal investment
strategy is

1
plt )V + 50 (6 y)mViE + Bt ot y)V, = 0.
Solving for 7* we have

e _HEYVE £ B y)o(t y)Vy
o*(t,y) Vi '
Inserting 7* into the HJB equation (1.11) yields the following non-linear PDE

p(t, )V + B(t,y)o(t,y)Vy
1.1 R a tl 0
(1.15) vo+| T [uct.vi
1, u(t, )V + Bt y)o(t,y)Vi2

t,y) Vo t,y)o(t,y)Vy,
+5(t7y)a(t7y)[_u( v) U;r(f(y)‘zi)o( y) ]ng/

+L,V0=0, (t,7,y) €[0,T) x Rx R.
We reduce the state space by one dimension, by making
(1.16) VO(t,2,y) = 1 - exp(—yz — v(t,y)).

This transform simplifies the non-linearities in equation (1.15) considerably. Differentiating
equation (1.16) we have:

oyt Pty Blyuty)
(1.17) 202(t,y) o(t,y)
+L,0=0, (t,y)e€l[0,T)xR,
with terminal data
v(T,y) =0, yeR.

Here the idea of using a logarithmic transformation to reduce the non-linearities in the
HJB equation was used in Benth and Karlsen [3]. From equations (1.13), (1.14) and the
first order condition, we can derive the following expression for the optimal investment
strategy m*:

e Y)Ve + Bt y)o(ty)Vey + 07(t y)sVas
o?(t, y)Via '
Inserting 7* into the HJB equation (1.13) yields as before the non-linear PDE becomes:

_ [1,2(t,y)‘/$2 . 52(t7y)‘/:r2y o 0'2(75,’3/)8‘/;25

(118) V,
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n(t,y)BEy)\VaVay 1t y)sVaVas (L, y)B(Ey)sVayVas
+ L,V + LV +0o(t,y)pt,y)sVy,s =0, (t,z,y,5) € [0,T) x RxR xR, .
We now make the ansatz,

(119) V(ta T, Y, S) =1- eXp(—7$ + ’Yf(t, Y, S) - U(tv y)) )

for some function f(t,y, s) to be determined and with v(¢,y) solving equation (1.17).

With this representation the utility indifference price for the claim will be given by
f(t,y,s). By the representations (1.16) and (1.19) and the definition of the utility indif-
ference price (1.10), we have

1 - exp(—v(m + /\(’Y)(ta Y, S)) + Vf(@ Y, S) - 'U(t> y)) =1- eajp(_,}/x - U(tv y)) )
which implies that

F(ty,s) = Aty ).
Differentiating equation (1.19) and deriving a semilinear PDE for A(), that is, for the
option price for a general risk-aversion parameter, we have:

1 t t
A — L2 )2 a0 ot Bl A + [82(, ), — LEDPEY)) o)
(1.20) 2 ! aty) 1Y

1
—5752(75, (A —L,AD =0, (ty,s)€[0,T)xRxR,.

Since
V(T7 z,y, 5) =1- eXp<_7($ - g(S)))
holds, AO) obeys the terminal condition:

(1.21) NO(T,y,s) = g(s), (y,5) ERXRy.
When § = 0, we have the complete case to equation (1.20). The PDE (1.20) then becomes:
pu(t,y)B(t, y) AD)
a(t,y) !
12 (@2 ™)
+§ﬁ (tv y)/\y + U(t7 y)ﬁ(t7 y)S/\ys =0.

1
A+ 5o (L y)sPAL) + |alty) -
(1.22)

Y
Introducing the Girsanov transformation of B; given by

pu(t, V)
a(t,Yr)

dt + dB,

t— —

~ t,Y;
where B; is a Brownian motion under @) (at least when the Novikov for pt, ) holds).

a(t, Y1)

The unique arbitrage free price of the contingent claim is
Eqlg(Sr)|Ye =y, S =],

and this expression solves (1.21) and (1.22) using the notions of the Feynman-Kac formula
(see Pksendal [11], for details of this formula). Thus, in the complete market case, the
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arbitrage free price coincides with the utility indifference price.
We suppose that the zero risk aversion limit:

Alty,s) = lim Aty 5)

exists and that /\(yw)(t,y, s) remains uniformly bounded as v — 0 for each fixed (¢,v, s).
Then, from equation (1.21) A satisfies the linear Black-Scholes type PDE problem

a(ty)
(1.23) +o(t,y)B(t y)sAys = 0, (ty,s) €[0,T) x R x Ry,
NT,y,s) =g(s), (y,8) e RxRy.
The Feynman-Kac formula yields the following representation for A

(1.24) Elg(Sr)|[Y: =y, S =],

A+ 102 (t,y) s Ay + LyA — (52(t, y)v, + —“‘t’y)ﬂ(t’y)> Ay

where the stochastic processes S and Y are given by

dgt = o(t, z)gtdgt ,
dY; = (a(t, Y;) — 62(t, Y, v, (£, ;) — W) "

+ B(t,Y,)dB, + 8(t,Y,)dW, .

Formally, we rewrite equation (1.24) in terms of the original processes under the equivalent
martingale measure. Introduce the Girsanov transformations:

u(t, Yr)
o(t,Y:)
AW, = dW, — 6(t, Y;)v,(t,Y,) dt ,

dB; = dB; —

dt,

where B, and W are two independent Brownian motions under the equivalent martingale

d
measure (), whose Radon-Nikodym derivative is d—g = Zr with

T T
pu(t, Y1)
ZT:exp<—/0 G(t’}/z)dBt— O §(t, Y, v, (L, Y,)dW,

[ (S5 rgen)a).

Then equation (1.24) takes the form:
(126) /\(t,y,S) :EQ[Q(ST)‘K =Y, St :8]'

This Girsanov transform is valid as long as the process Z is a martingale.

(1.25)
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We now prove (under certain conditions) that @ defined by equation (1.25) coincides
with the MEMM Qg and A defined in equation (1.26) is hence just the arbitrage free
price under Qg (the so called minimal entropy price). From general duality theory (see
Benth and Karlsen [3] and references therein) without reference to PDEs, it is known that
the zero risk aversion asymptotic of the utility indifference price with exponential utility
coincides with the minimal entropy price. So, we propose Zr given in equation (1.25) as
the candidate density for the minimal entropy measure.

2. IDENTIFICATION OF THE MEMM

In this section we want to prove that Zr given by equation (1.25) is the density of the
MEMM Qp. To this end we need to verify that Zr is a martingale (not only a local
martingale) defining a probability measure with finite relative entropy. We do this by
verifying certain conditions given in Rheinldnder [16] and in Benth and Karlsen [3], with
some modification. Firstly, we show that SZ is a local P-martingale (thus S is a local Q-
martingale),where S solves equation (1.1). Secondly, applying It6’s formula on the product
S7Z we have:

d(SZ)t - StdZt + thSt + d[SZ]t

S GAE %) (SZ)dB,

— 5(t, Yo)uy (£, Vo) (SZ),d WV

If Z is a martingale, and not merely a local martingale, Z; will be the density of a
martingale measure. Following the notation in Rheinldnder [16], we introduce the following

conditions:
t 2
2 (u, Ya,)
K, = ———=d
' /O O'2<'U,, YU) u’

¢
L, = —/ d(u, Yo)vy(u, Y,)dW,,,
0

and its quadratic variation denoted by [L]; is given as

t
[L]; = / 6% (u, Yo )03 (u, Yy, )du .
0
Define for each natural number n the stopping time
7, = inf{t > 0| max(Ky, [L];) > n}, T, =min(7,,7T).
Set
Ztn = Zt/\Tn .
Novikov’s criterion now implies that Z7 is the density of a probability measure (),,. From
Rheinldnder [16] we have the following:
Theorem 2.1. [16]. The following assertions are equivalent:
(1) sup, Eq, [Kr, + [L]z,] < o0,



10 RODWELL KUFAKUNESU

(2) sup,, H(Q,, P) < oo,
(3) Zr is the density of a probability measure QQ with H(Q, P) < oo

We introduce the following condition:

Condition A. Let the functions pu(t,y), o(t,y), B(t,y), and v(t,y) be such that assertion
(1) or equivalently assertion (2) in Theorem 2.1 holds.

Under Condition A we ensured that Zp is the density of a probability measure @ with
finite relative entropy, so that () is in fact a martingale measure with finite relative entropy.
Our next task is to find conditions such that this measure has minimal entropy. We will
first rewrite the expression for Zr as

(2.1) exp (c—|— /OT " dSt),

for a constant ¢ and some adapted process 7;, and then we will identify Z; as the density
of MEMM @, g by verifying the condition in the following proposition due to Rheinlander
[16].

Proposition 2.2. [16]. Let S be a locally bounded semimartingale. If Q € M, has finite

d
relative entropy and Radon-Nikodym derivative d_g is of the form (2.1) with fOT n2d[S);
belonging to the Orlicz space L., (P) generated by Young function exp(.). Then [ndS is

exp _
a true Q-martingale for all QQ € M. with finite relative entropy, and therefore Q) coincides
with the MEMM.

Condition B.
There exists a positive constant e such that:

exp {e /0 ' (Zzg?i T ﬁz(t,Yt)vz(t,Yt)) dt] e L\(P).

Condition B will be sufficient to ensure that Zr is the density of the MEMM Qyr. We
now prove the following result whose idea is similar to Benth and Karlsen [3]. Here we
generalize it to the time-dependent case.

Theorem 2.3. Assume

T 2 Y, T
/ u2(t, t>dt < 00, / d(t, Yy )vu(t,Yy)dt < oo, P —a.s.,
o 0. Yy) 0

for allt > 0 and conditions A and B hold. Then Zr in Rheinlinder [16] is the density of

Proof. Using that
S7dS, = p(t,Y,)dt + o(t,Y,)dB,
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we find:
T Y T
Zr=ew(- [ it Y1) gotgs, | st vou e vpaw
. 1" /ﬁ(t,Yt) 2 2
+ 5/0 (02@%) — 82 V(L Yy) ) ).

Now let us derive an expression for the term

T
/ o(t, Yy vy (t,Ys) dWy .
0
It0’s formula holds (since we assume v € C1?)
dv(t,Yy) = v(t,Yy) dt + Lyvdt + v,(t,Y;) [ﬁ(t, Y)dB, + 6(t, Yy) th] ,

where Ly is defined in equation (1.11).
Integrating and appealing to the PDE ((1.3)) satisfied by v,

o(T,Yr) = v(0,y) + / ' [vt(t,ytwﬁyu(t,yt)} dt + / ' B(t, Yy, (t, V) dB,
+ / Té(t,K)vy(t,K)th

T 2
_ K (t, YD) Lo 2
=v(0,y) +/O [ 202(.Y)) + 25 (t,Yi)v, (t,Y3)

p(t, Y) (B(t, V)
o(t,Y)

T T
Uy(t7 th)} dt + /0 /6(1;7 Yt)vy(ta Y;f) dBt + /0 5(t7 Y;f) th .

Since v(7',y) = 0 for all y, we obtain the relation:

4 1 TMQ(@Y;‘/) 1" 2 2
/0 5(t,Y})vy(t,Y}) dW, = —v(0,y) —1—5/0 (7)) dt — 5/0 ) (t,Y;)vy(t,Yt)dt

_ M(t,(ifzi’(fff?mvy(t,mdt—/o B(t, Ye)vy(t, Y1) dB .

Inserted into the expression (2.2) for Zp this yields

T T
_ . ,u(tv Y%) -1
Zp = exp [ /0 2t Y})St dsS; + i B(t, Yy v, (t,Y:) dB;

u(t, Yi)B(t, Yy)
a(t,Yr)

v, (t,Y)) dt] .

Using
o (t,Y;)S; 1S, = u(t, Yy)o ¢, Yy)dt + dB;
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gives

(2.3) Zp = exp (/0 (féi gvy(t, Y;) — :2(5571%)5;1 dS, + (0, y)> :

which shows that Zr can be written in the form (2.1) with

B<t7}/t) :U’(t7Y;) —1
C:U(O,y), nNe = (O’(t,m)vy(tjn)_ 0.2(t’}/;)>5t :

We know already that Zr is the density of a martingale measure ) with finite relative
entropy. From Frittelli [8] it then follows that the MEMM Qg exists and is moreover
unique. Since

d[S); = o*(t,Y;)S? dt,

we must have some ¢ > 0 that

T 2
pu(t, Yr) 1
t,Y v, (t,Y:) — dt L (P).
exXp (6/0 |:ﬁ( ) t)vy( ) t) O'(t,Y;g) S ( )
Condition B ensures this. Consequently,

T
exp (e/ nfd[S]t> € L'(P),
0
for some € > 0. Proposition 2.2 now implies that Z7 is the density of the MEMM Qyg. U

3. APPLICATION TO A CLASS OF STOCHASTIC VOLATILITY MODELS

We consider the following class of stochastic volatility models:

(3.1) dY; = o(t, Y;)dt + B)dU,, B(t) >0,

where
Ur = p(t) B + /1 — p(t)*W;

and —1 < p(t) < 1 for a time-dependent parameter p(¢). Here U, is a Brownian motion cor-
related with B; (see equation (1.1)). We now introduce the following (growth) assumptions
on the asset and volatility coefficients in equations (1.1) and (3.1):

aly)] < Cly'l. o) < €. v = (by) €[0.7) x R
ol <ol |(B8) | = v =ty e 1) xR,

a( a(y*)

(3.2)

We prove that the conditions in (3.2) are sufficient for the existence of a unique quadrat-
ically growing classical solution v = v(t,y), with a linearly growing derivative v,(t,y), of
the semilinear PDE:

(3.3) oy %Bz(t)vyy +F(tyv) =0, (ty)€[0,T) xR,
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with terminal condition
(3.4) v(T,y) =0, yeR.
The non-linear function F': [0,7) x R x R — R is defined by:

pty)BHp#)\  p(ty)
o(t,y) o(t,y)

and 0%(t) = B%(t)(1 — p*(t) > 0 is a time-dependent parameter. Note that the problem
(3.3)-(3.4) corresponds to (1.3)-(1.4) with §(¢,y) = B(t)\/1 — p2(t) and B(t,y) = B(t)p(t)
for all (t,y).

We will prove that the linear growth of the derivative v, implies that Conditions A and
B hold. Hence, under the stated conditions stated in (3.2) on the asset price model (1.1)
and the volatility model (3.1), we have the existence of the MEMM Qg with density as
in equation (1.6) or equivalently (2.3). The Stein-Stein volatility model is covered by the
theory of this section, and for this model an explicit solution of (3.3)-(3.4) can be found.

F(t,y,p) = %52(75)2?2 - (a(t,y) —

3.1. Well-posedness of the semilinear PDE. Since p — F(t,y,p) is not globally
Lipschitz continuous, the existence of a classical solution to equations (3.3) and (3.4) can-
not be found directly in the literature. Here we will use the approach taken by Benth
and Karlsen [3] by considering a certain sequence of approximating PDEs which are the
HJB-equations of certain stochastic control problems for which the existence of smooth
solutions is well known.

Introduce the function
L:[0,T)xRxR—R
by:
L(t,y, q) = max{—qp — F(t,y,p)} -

Next we can easily check that

L(t,y,q)

= max{—qp — F(t .
max{~qp — F(t,y,p)}

1 n(t,y)B(t)p(t) 1At y)
= —qp — |=0%(t - t,y) — — )
rgggc{ qp [2 (t,y)p <a( ,Y) (6. 1) P~ o2y
We do the following: completing the square in p and noting that the maximum expression

of p is given by:
e _ 1 + o Mt Y)B()p()
D=5t y) [(O‘( ) 3(t,y) ﬂ ‘
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We then simplify the above expression to obtain

L(t,y,q) = ! (q— [a(t,y)—“(t’y)ﬁ(t)p(t)D +1M2(t,y)‘

- 20%(ty) a(t.y) 20%(t,y)
The following duality relation can be checked using the above technique:
F(t,y,p) = max{—qp — L(t,y.p)} -
Consider the auxiliary function
FF:[0,T)xRxR —R
defined for each natural number k& by:

F¥(t,y,p) = max{—qp — L(t,y,p)} .
lq|<k

From

aty) - M < cly|. v =) e 1) xR,
we find
(35) Lit.yp)| < CE@E+3). (ty.0) €0.T) xRXE.

Moreover, since

it follows from (3.2) that

(3.6)

Ly @)| < Clal+ 1)), (v".a) €10,T) xR xR,

where y* = (t,y).

In particular, |L| and |L,| are of polynomial growth in y uniformly in ¢ when |¢| < k.
Hence, by classical theory (Fleming and Soner [7], Theorem 4.3 on p.169) there exists a
unique polynomially growing solution

Wk € C“([O,T) « RNC([0,T] x R) ,
of the semilinear PDE

1
—uy — 552(t)v§y + F*(t,y,0p) =0, (t,y) €[0,T) xR,



DENSITY OF THE MEMM: THE TIME-DEPENDENT CASE 15

with terminal condition v*(T,y) = 0, for all y € R.
We need to derive estimates on vf and v’; that are independent of k. For simplicity, in
some cases we shall consider 3(t) = [ as a constant.

Lemma 3.1. There exists a constant C' that is independent of k such that

Wty SO+ l), (ty) €0.T) xR.

Proof. This follows as in (Benth and Karlsen [3], Lemma (3.1)). However, we need to
clarify some time-dependent parameters in the proof. From standard theory Fleming and

Soner [7], v* can be represented as the solution of the stochastic control problem:
(3.7) oH(t.y) = inf E [ / L5, T ds =y

where AF denotes the set of adapted control processes that are bounded by k, and
(3.8) dY; = qdt + B(t)dU, .

Moreover, an optimal control for (3.7) is Markov and is given in feedback form by:
(3:9) ai(t,y) = arg min {quy(t, y) + L{t, y,0)} -

As a result we obtain:

T
(3.10) ) =E[ [ L6 Tt ) s T = o],
t

where Y, solves (3.8) with the control ¢; = ¢} (s, Y. From standard theory (Fleming and
Soner [7], Lemma 11.4 on page 209), we have:

T
) =E[ [ LTl 7)) s T = ],
¢
Using the definition of L(¢,vy,¢) and its derivative L, (t,y, q) we have that

|Ly(t,y,q)] < C\/L(t,y,q),

for some constant C'. Thus, by the Cauchy-Schwartz inequality and the fact that L(t,y,0) <
Cy? for a constant C' independent of k,

T
b) SB[ | L T2ails 70 ds 97 = o],
t

T N SRR
<=0 [ [ | L6 e T [ a5 -]
t

1
2

T
<CE[ [ LV V) ds| T =y
t
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T 1
<CE[ [ LeVa0ds|Ti=y]
tTA R 1
gCIE[/ des|Yt=y]2,
t
<C(1+1yl),

where we have used the fact that for the control ¢ = 0, ?s =y+ B(Us = Uy) , for s > t.
The constant C' changes from line to line in the above estimation process, but is always

independent of k.
O

Lemma 3.2. There exists a constant C that is independent of k such that

oL y)| S CU+ ), (ty) € [0,T) xR,

Proof. The proof is essentially the same as for (Benth and Karlsen [3], Lemma (3.2)). We
only have to clarify a few points concerning the time-dependence of the some parameters.
Let

Gi(t,y) := arg r;leiél{qv’; + L(t,y.q)}.
We can easily check that
Z]\k(t7 y) = d(t7 y) - 52<t)’0k(t, y)a
where
&<t7y) = Oé(t,y) -
(t,y)

o(t,y)
, there exists a constant C' independent of £ such that

=

From the growth conditions on «(t,y), and the estimate on v¥(¢,y) in Lemma 3.1

(3.11) |4k (t,y)] < C(1+yl) .
Note that

Gt y) =k Vgt y) A (=Fk),
where ¢* is defined in equation (3.9). Therefore

(3.12) |ax(t,y)] < C(1+yl),

where C' appears in equation (3.11). It is important for us later to have a bound for ¢*
which is independent of k. A change of time in equation (3.10) yields:

T—t
He) =B [ [ Lt s Tinait s 50))ds| T =]
0
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If U, := U, then U becomes a Brownian motion since it is a time change of U. Assume
that g; belongs to the set of adapted stochastic processes bounded on [0, T —t] by k, which
are now denoted by 4. Consider the optimal control problem with criterion function:

T—t
E|:/ L(57Z7q_s)d5|}70:y )
0

and dynamics dY, = G, ds + SdUs, .
From standard theory Fleming and Soner [7], there exists an optimal feedback control
q; solving this problem, and it holds that Y = Y in distribution since ¢} = ¢; . Thus

T—t
Hen) =E[ [ LYo ds Y=y,
0

Following the estimation procedure in Fleming and Soner [7] and using equation (3.5)
we get:

(3.13) of(t,9)| < CE |(@(T =, V) + Vi, %o =

(3.14) <C(1+E |72, % =y]).

where (3.12) was used to derive the second inequality.
Estimating E[V;?] for a t € [0,7T]. Using Itd’s formula and (3.12), we find for the stopping
times s,, = 7, A t, where
7, = inf{t > 0and |Y;| > n},

t t
E[Y2] <y’ + / (52 + 20) ds + 2C / E[Y?] ds.
0 0
Since s, Tt when n — 0o, we get from Fatou’s lemma and Gronwall’s inequality that
(3.15) E[Y?] < C(L+[yl*).

The constant C' may have changed from line to line in the above estimation process, but
is always independent of k. The lemma now follows from equations (3.13) and (3.15). O

The following theorem gives a result about the existence and uniqueness of the classical
solution v. A sketch of the existence proof is given in Benth and Karlsen [3] and the
uniqueness assertion of the theorem follows from [5]. As in Benth and Karlsen [3] it is
noted that to identify Zr in equation (1.6) as the density of the MEMM Qyp we only
need to show that there exists at least one solution, hence uniqueness is strictly speaking
not needed in the identification process.

Theorem 3.3. Suppose the conditions in (3.2) hold. Then there exists a unique classical
solution:

ve CH([0,T) x R)ynC([0,T] x R)
of the terminal value problem (3.3)-(3.4). Moreover, v(t,y) is at most quadratically growing
in y while the derivative vy(t,y) is at most linearly growing in y.
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Proof. The proof follows as in (Benth and Karlsen [3], Theorem 3.3). U

3.2. Verification of Conditions A and B. Now we prove that Conditions A and B hold
under the assumptions stated in (3.2) for the asset and volatility dynamics (1.1)-(3.1).

Proposition 3.4. Assume that the conditions stated in (3.2) hold and 5(t) = 5 a constant.
Then Condition A holds for the model (1.1)-(3.1).

Proof. We make some modifications in the proof in (Benth and Karlsen [3], Proposition
(3.4)). Following condition (1) in theorem (2.1), we need to prove that

supEg, [/Tn Y2 ds} < 00,
where ), and T,, are defined just before (;.1). Define the process
U = p(t)Buar, + /1 — p(t)Waar, -

Note that U™ is a Brownian motion under Q,,. For ¢t < T},, it holds

dY; = a(t,Yy)dt + BdUT
with
) = at) = P - 0 0P ).
From the assumptions (3.2) and the linear growth of v, we find
(3.16) a(t, y)l < C(1+[yl),

for some positive constant C'. 1t6’s formula yields for ¢t < T),,

t t
ﬁ2:y2+52t+2/Y55‘(3’Y5)d5+2/ S/Sd(j:,
0

0
and we get

Tn 1 Tn ot T ot ~
/ Y2dt =y’ T, + ST + 2/ / Y,al(s,Y,) dsdt + 2/ / Y, dU™dt .
0 0 0 0 0

Taking the expectation with respect to @),, and using 7, < T',

Th 1 Ty t
Eo, [/O des} <PT+ 6T + 28, [/0 /0 st(s,ys)dsdt}

Tn ot R
+9E,, [/ / Y;dUgdt] .
0 0

Appealing to the Cauchy-Schwartz inequality we can estimate the last term on the right-
hand side as follows:

Tn t 5 [e%e) t B
Eo, [ / / YSdUth} ~ E,, [ / lier, / stUjdt}
0 0 0 0



DENSITY OF THE MEMM: THE TIME-DEPENDENT CASE 19

< Eo, [/Ooo 1t§TnFEQn [/OOO lier, (/Ot mdU:)thF
<To. [ [ veaim)a]
0 0

From the It6 isometry and the algebraic inequality 2ab < a® + b?, there exists a positive
constant C' such that:

Eq, [/OT /Otysdﬁgdt} < %(H (/OT B, [/Ot des} dt)2>é
§C<1+</OTEQn [/Ot yfds} dt).

Since T,, T T a.s. when n — oo, it follows from Fatou’s lemma together with the linear
growth (3.16) of the coefficient & that

Tn

Eo, [ /0 % ds] < lim inf Eq, [ 0 des}

n—o0

1 Th t
< T+ ZF°T% + 201im inf Eq, [/ / Y,|(1+ |Ys|)dsdt]

T t
+C(1+/ EQn/desdt

< C'lim 1nf 1+/ Eq, /Y2d8dt

n—oo

<C(1+/O supEq, /Ydsdt)

where the constant C' has possibly changed from line to line in the estimation process.

Hence
T T ¢
supEg, [/ Y2 ds} <C (1 +/ sup Eq, / Y2ds dt) :
n 0 0 n 0

and from Gronwall’s inequality it follows that

T
supEg, [/ \ % ds} <C(1+e 7).
n 0

But then we have

T, T
sup Eq, [/ Y2 ds] <supEg, [/ % ds} <C(1+e ),
n 0 n 0

and the proposition is proved. O

Before we prove that Condition B holds, let us state the following lemma with slight
changes in parameters, which yields a bound on the moments of Y; starting from zero.
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Lemma 3.5. Let Yy = 0. Suppose

la(y™)] < Cly"|
for all
y = (ty) €[0,T) xR,
then ,
Bl < o E (TN ey
Proof. The proof follows as in (Benth and Karlsen [3], Lemma (3.5)). O

Proposition 3.6. Assume that the conditions stated in (3.2) hold. Then Condition B
holds for the model (1.1)-(3.1).

Proof. To prove Condition B, first observe that, from the assumptions on

u(ty), o(ty), o(ty)
in (3.2) and the linear growth on v,, we have
P2 (L, Y1)
o?(t,Yy)
Before proceeding further, let us show that
V()| < [V (0)] + [yle” .

where Y;(y) is the process Y; starting in y at time zero, and C' is the growth rate «, as in
(Benth and Karlsen [3], Proposition (3.6)). From Ikeda and Watanabe [15] we find that
(since a is assumed to be differentiable)

TVl =1+ [ @Vl 5 Vel ds,

+ 8, Yo (t,Y:) < C(1+YP) .

and thus

Syt = e [ (e, iw)is)

Since |o/(t,y)| < C, the desired bound follows by using the fundamental theorem of calcu-
lus. It is therefore sufficient to prove that:

exp (e /OT des) € L'(P)

for € > 0 when Y is starting at zero. Using Holder’s inequality (with p = - and ¢ = 1)
and Lemma 3.5 we find:

exp (e / ' Y2(0)ds) ( / ) Y2(0)ds) ]

E

:1+Z%E
n=1
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T
/ }/82nd8
0

o0 Tn
§1+T*12(6 ') E
n:

n=1
= . (2n)!
e C O =
n=1
for some time-dependent parameter k(t) depending on (5(t), C, and T. By choosing e
sufficiently small (that is, € < ﬁ(t) ), this series becomes convergent. Hence, Condition B
holds. Il

3.3. The Stein-Stein volatility model. We now apply our general results to a version
of the time-dependent Stein-Stein stochastic volatility model [3]. Assume £ Ezg = {(t)y*
for some time-dependent parameter different from zero and y* = (¢,y). Let the volatility
Y, follow an Ornstein-Uhlenbeck-type process:

AY; = (m — a(t)Y)dt + B(t)p()dB(E) + B(t)\/T— (1) AW, ,

where m is a positive constant and a(t), 5(t) are positive time-dependent parameters with
—1 < p(t) < 1. The parameters of this model satisfy the conditions in (3.2), and thus we
have that the density of the MEMM @),z for the Stein-Stein model is given by:

Zp = exp </0 (%%(t, Y;) — f((tt?)g)>5[1d5t + v(0, y)) :

where v is the solution to the semilinear PDE (1.3), which in the present context reads:

(317) = By + B~ (00,

1
— (m = (a(t) + £OBMPE)y)vy — 5 (1)y* =0
A solution to equation (3.17) is derived in the next lemma.

Lemma 3.7. The solution v to (3.17), satisfying the terminal condition v(T,y) = 0 for
all y, is given by

(3.18) v(t,y) = a(t)y’ +b(t)y + c(t) |

where
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= —2m/ exp/ (a(u) + &(u)B(u)p(u))
+262(u)(1 — p(w))a(u )du)ds

/ () ds+m/
- / B (s)(1 - p(s))V2(s)ds,

VP + 2B + ()
2@2( 1= 7)) |
= Ve + 26aDBDD) + a0
w6y — L[ 2 F O HEOIWAD | el + B0
WM @ - resorm ) YT TRR00-20)

Proof. Substituting the expressions derived from equation (3.18) into the PDE (3.17), we
derive the following differential equations for the coefficients a(t), b(t) and c(¢):

#(1) = ~ (1) + 2alt) + OB p)ale) + 28201 — P (1)a* (1),
(1) = ((alt) + EDF()p(1)) — 26 (1 — p(1))a(t))b(t) — 2ma(r)
() = B (0)alt) — mb(t) + 5 5(H)(1 — P()(0).

The terminal conditions are a(7T) = b(T) = ¢(T) = 0, since v(T,y) = 0 for all y € R. It
can be easily verified that a(t),b(t) and ¢(t) given in the Lemma are solutions, and hence
the proof is complete. O

and

aq (t)

Now it is clear that as(t) is well defined for all possible choices of the parameters. Observe

that:
ay(t) + at) + () B1H)(t)
ax(t) — (a(t) +£()B()(t))
is positive since |p(t)| < 1 and therefore
ax(t) > [a(t) +E@)B{E)p(H) |-
Since v, (t,y) = 2a(t)y + b(t), we find that the density of the MEMM Qg takes the form

2o o st 1 (000 e OO ) 25

An explicit density for the Stein-Stein model was derived and analysed in Benth and
Karlsen [3] and Rheinlinder [16] with pu(y) = uy* and o(y) = oy, for p, o constants.
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4. APPLICATION TO THE HESTON VOLATILITY MODEL

Another popular volatility model is provided by Heston [9] and used in Benth and Karlsen
[3] which is generalized here by assuming that the volatility Y; follows the process

(4.1) dY; = AN, — a()Y,)dt + B(t)p(t)dB; + B(t)\/1 — p(t)dW;

where A(t), a(t) and S(t) are positive time-dependent parameters and —1<p(t) <1 If
we let X; := Y2, we see from Ité’s formula that X; is a Bessel process. Note that in this
volatility model, we have complete information since A and « are assumed to be positive
(which implies that the process Y is positive). We suppose that the relation between the

expected return and variance is ,ugy*; =£(t)y" for y* = (t,y) and £(t) # 0. Unfortunately,
oy

the volatility dynamics Y; does not satisfy the assumptions in (3.2). However, as we will
demonstrate, one can still derive a solution to the associated semilinear PDE (1.3) :

(4.2) v B0y O~ )~ Ay

1
— (a(®) +E@OBE)p(1))y)vy — 5 (H)y* = 0.
The following lemma provides us with the solution to the PDE (4.2).

Lemma 4.1. The solution v to equation (4.2), satisfying the terminal condition v(T,y) = 0
for all y, is given by:

(4.3) v(t,y) = a(t)y” +b(t),
where a(t) is given in Lemma 3.7 and

0 = [ @)+ B(s)als)ds

Proof. Inserting the expression (4.3) into equation (4.2) leads to

a'(t) = —552@) 2(a(t) + (@) B()p(t))alt)
+28%(t)(1 = p*(1))a*(t),
V(t) = —(2A(t) + £*(t))a(t),
with terminal conditions a(7") = b(T)) = 0 . Note that a(t) solves the same differential
equation as for Stein-Stein model, (see the proof of Lemma 3.7 in this paper). The lemma
now follows. U
The candidate density for the MEMM Qg becomes:
T (281)p(t)a(t) — £1))Y,
(4.4) Zr =exp| v(0,y) —1—/ 26)plt)ald) = £(1))Y: S;7tds, | .
0 U(ta Y;ﬁ)

Note the similarity with the MEMM for Stein-Stein model when m = 0. The arguments
needed to verify that equation (4.4) is the density for the MEMM in the Heston model,
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however slightly different. We verify Conditions A and B under an extra assumption on
the parameters in the Heston model.

Proposition 4.2. Assume a(t) > [(t)€(t) and that functions A(t) and B(t) are bounded.
Then Conditions A and B hold for the Heston model (1.1)-(4.1). Consequently, (4.4) is
the density of the MEMM Qg for the Heston model (4.1).

Proof. The proof is essentially the same as for (Benth and Karlsen [3], Proposition (4.2)].
We only have to clarify few points concerning the time-dependent parameters. Since K; =
fg{(s)des and

[L]: = 4/0 B2(s)(1 = p(s))a’(s)Yds < 4a*(0)5*(0)(1 — ,02(0))/0 Yids

we need to prove that sup, Eq, [ fOT" Yszds] < oo to verify Condition A. Recall that the

process U = p(t)Binr, + /1 — p2(t)Winr, is a Brownian motion under Q,,. Moreover, we
find for ¢t < T,, that

aX, = (20(0) + B(t) — 2a(t) + 28((t)p(t)+
A1 = p(0)a(t) X, )dt + 2B(1)y/Xd D7

Integrating from zero to 7T, yields,

Tn
| ety + 280060000 + 45701 - PO)a0)Y 2
0
T T, R
<o+ [ @O+ P2 [ ey,
0 0
since X7, >0. Using the fact that U is Q,-Brownian, we find Eq., [fo " Ytd(jt”} = 0 since

o, [( [ VRatr)] =, [ [ veut] = o in] < n

0
Hence we get

o [ [ 2a(0)+280)e(0p(t) + 48°(0)1 — A0)al)¥2at ] < o [ A0+ (0
From a(t) > 0, it holds that
20(t) + 2B(1)E()p(t) < 2a(t) + 2B(1)E()p(1) + 487 (t)(1 — p*(1))a(t)),
and by assumption «(t) > (t)£(t) and that functions A(t) and §(t) are bounded; we find:

T w4+ [T (A1) + F2(t))dt
B, [ [ via] < s
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Hence Condition A holds.
To verify Condition B, we proceed as follows:

12 (t, Yy)
o2(t,Y;)

with & = £€2(0) + 45%(0)(1 — p*(0))a*(0) . Apply Holder’s inequality to reach:
T 00 TV [T
(4.5) ]E[exp (e / k;det)] <7y (ekT)" / E[Y2"dt .
0 n=0 n! 0

Note that X; = Y;? satisfies via It6’s formula the Cox-Ingersoll-Ross (CIR) process [4]

% - Xt> dt + 25(t)\/ X, dU, ,

+0(t,Yy) = €)Y + B(t)(1 — p*(1))da’ (1) Yy < kY

(4.6) dX, = 2a(t)<

where

dU; = p(t)dB; + /1 — p(t)dWV,
is a Brownian motion. From equation (4.6) we note that Y;? is a CIR process which is
non-centrally y?-distributed. The probability density of Y;? starting in y? at time s is:

f(z,t; 25, 8) = e 7Y <%>§ I,(2\/uv) .

where I, is the modified Bessel function of the first kind of order ¢ and

_ 4a(t) s
= 1B (1 — e b9y T ,
2X(t) + B%(t)

V= G2y, g =—"——"-—1.

26°(t)

Cy

Rewriting slightly, we find that
f(zt) = ktcte_mz%Iq(QCtye_a(t)t\/E) ,

Here,
_ 2 ,—2a(t)(t—s) _ _ -9
kt —e cty“e (y26 2a(t)(t s)) z

which can be bounded by a constant C' on [s,T]. Hence we find (using formula 9.6.18 on
page 376 in Abramowitz and Stegun [1], see also Benth and Karlsen [3] and the Fubini-
Tonelli theorem)

o0 n q
BIX;] < Cer [ ol et ee 009 ) de
0
= CCt/ Z;H»qeictzt / Sin2q<9)€20tye_a(t)(t_3) COS(Q)\/ZdedZt
0 0
_ Cct / / Zf_i_qe_tht_i_QCtyefa(t)(tfs) cos(@)ﬁd@ Sinzq(e)dzt
0 0

o0
=Cq¢ / AR AT P
0
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Here, C' has changed from line to line in the estimation process. By completion of the
square we have
e*CtZt+2Cty\/5 — 601:(\/5*24)2

where ¢(VZ~9)? has a maximum point for z;, = y* and behaves like e~“*t for z; large. We
have:

E[X]] < C’ct/ ARl P
0

= C’ct_(nJrq)F(n +qg+1)

2\ (n+q)
<c (i(g)) F(n+q+1).

Choosing e sufficiently small gives:

g LN (DT
E[exp (ek:/o det)] <T 1;%67/0 E[X]] dt < oc.

Therefore, condition B is fulfilled, and the proposition is proved. O
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