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1 Introduction and preliminaries

A quick look at the current and vast literature of fixed point theory reveals
that iterative approximation of fixed points has become a rapidly growing
area of research and it has been successfully applied to solve problems arising
in many branches of science and engineering. So the iterative methods have
become important and useful computational tools for solving certain problems
and consequently, iterative methods proposed by many researchers, serve the
afore mentioned purposes. In this dynamic area of study, extremely useful
research as well as discovery of new methods is taking place to meet some of
the challenges of mathematics today.

Throughout the paper, S is a closed and convex subset of a Banach space
B, T :S8 — S is an operator, Fr denotes the set of fixed points of 7 and

{f}ff)} C [0,1], ¢ = 1,2,3 are real sequences satisfying certain control
n=0

conditions.
The Xu-Noor iterative method (Xu and Noor 2002) is defined as:

aél) €S,
aﬁ}jl = (1 — 67(11)) at) + 8V Ta?
o = (1 B o) 4 DT
aﬁf’) = (1 — ,(LB)) aﬁﬂ) + 55’)7'(1%1)7 n € N.

Remark 1 Xu-Noor iterative method (1)) reduces to the well-known (i) Ishikawa
iterative method (Ishikawa 1974) if 8 = 0 for all n € N, (ii) Mann iterative
method (Mann 1953) if 8% = 0, i = 2,3 for all n € N, (iii) Picard iterative
method (Picard 1890) if ﬂy(Ll) =1, Bf,,i) =0,i=23for all n € N, and (iv)
Normal—S iterative method (Sahu 2011) if BS) =1, ﬁ,(f’) =0 for all n € N.

Osilike (1995/96) considered a class of operators satisfying the following
inequality

|[Ta—Td| <dlla—d| +¢€la—Tal, Va,ad" € B, (2)

where € > 0, § € [0,1). He established stability of Mann, Ishikawa and Kirk
(Kirk 2004) iterative methods for this class of operators. It is worth noting that
contractive condition is not sufficient to guarantee the existence of fixed
point of the operator; T : [0,0.5] — [0,0.5] defined by Ta = 0.5, a € [0,0.25]
and Ta = 0.1, a € (0.25,0.5] constitutes an example to this negative claim.
In order to guarantee the existence of fixed points of the operator satisfying
condition (2)), Berinde (2004a), by making a small but subtle modification
in condition , has introduced the so-called almost contractive operators
satisfying the following contractive type condition

|Ta—Td| <6lla—d| +el|a —Tal, Va,a' € B, (3)
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where € > 0, § € [0,1). He also showed that this class of nonlinear operators
is wider than the class of well-known Zamfiresu operators (Zamfirescu 1972),
and an operator T satisfying both conditions and has a unique fixed
point.

In 2005, Berinde (2005) used the Ishikawa iterative method to approximate
fixed point of the operators satisfying contractive conditions in a normed
space setting. More precisely, he proved the following:

Theorem 1 Let B be a normed linear space, S a closed and convex subset of
B, and T : § — S an operator with Fr = 0, satisfying (@) Let {x,} -, be

the Ishikawa iterative method with the sequence {BT(LD} in [0,1] satisfying
n=0

(i) >4 = oo
n=0

Then {x,,},-, converges strongly to the unique fized point of T.

Recently, Sintunavarat and Pitea (2016) introduced the following iterative
method:

sgl) €S,
sy = (1= ) 7o+ BT
4
st = (1= 82) s + s )

9 = (12 89) o) 1+ BT, m e N

Remark 2 The iterative method , also denoted by SP, is independent of
Xu-Noor, Ishikawa and Mann iterative methods. However, it reduces to the
well-known (i) Picard iterative method if B =1,8% =0forall n €N, (ii)
Normal—S iterative method if B2 = 1 for all n € N, and (iii) S—iterative
method (Agarwal et al. 2007) if B2 =0 for all n € N.

When two or more fixed point iterative methods are known to be conver-
gent to the same fixed point of a certain class of mappings, it is of greatest
importance from both theoretical and practical point of view to choose the
iterative method with highest rate of convergence and lightest workload so
that the number of arithmetic and logical operations for finding the solution
is a minimum (or the computer time is a minimum), from a set of available
iterative methods for solving the given problem. In order to take such a de-
cision objectively, one needs the following concepts of rate of convergence for
the considered fixed point iterative methods.

Definition 1 (Knopp 1956) Let {sg)} (7 = 1,2) be two iterative methods
n=0
o0
converging to the same fixed point s,. We say that {sﬁﬂ)} converges faster
n=0
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o0
than {353)} . to s, if
’ 5511) — Sx
lim 0.
n— 00 ’ 57(12) —s,

Definition 2 (Berinde 2004b) Suppose that there are two fixed point iterative

. (oo}
methods {555) (i = 1,2) both converging to the same fixed point s.,.

=0
Assume further that the following error estimates

Hsg) — s <€,
’ 3512) — sl < ef), for all n € N,

are available (and these estimates are the best possible, see (Berinde 2016)),

where eﬁf ) (¢ = 1,2) are two sequences of positive numbers (converging to zero).

If {eﬁf)} converges faster than {6512)} (in the sense of above definition),
n=0 n=0
then we shall say that {3511)} converges faster than {sg)} t0 Sy
n=0 n=0

Sintunavarat and Pitea (2016) established some theoretical and numerical
comparison results for various iterative methods including the iterative method
(4) to approximate fixed point of the operators satisfying contractive condition
(2) in Banach spaces. More precisely, they proved the following:

Theorem 2 Let S be a nonempty closed and convex subset of a Banach space
(B, |]l) and T : S — S be a mapping satisfying the contractive condition (3),

with the fized point s.. Suppose that the sequence {sg)} is defined by the

n=0

iterative method and the sequences {Br(ll)}zo_o, {ﬁ,(?)}io, and { ,(13)}00

n=0

are in [6(1), 1-— B(l)] , [6(2), 1-— 6(2)] , and [6?3), 1-— 5(3)] respectively, with
pW, B2 3G € (0,4). 1f B (2 — B?)) < BP), then the iterative method
converges strongly to the fized point s, of T faster than S—iterative method.

This result naturally gives rise to the following question.

Question: Is it possible to approximate fixed point of almost contractions
by a simpler and faster iterative method under some mild conditions on the
parametric sequences {ﬂ,(«f) }OO (1=1,2,3)7

It is our aim in this papg;OtO answer the above question in the affirma-
tive. Thus, motivated by the above mentioned results of Berinde (2005) (i.e.,
Therorem [I)) and Sintunavarat and Pitea (2016) (i.e., Therorem [2), as a com-
plement of these works, we prove some convergence and data dependence re-
sults in a Banach space for the iterative method and normal-S iterative
method of almost contractive type operators. We also prove that these it-
erative methods are equivalent when converging to the same fixed point of
the operators. We compare rate of convergence of the iterative method
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with Xu-Noor, Ishikawa, Mann, S, and normal-S iterative methods. Finally,
an application of normal-S iterative method to stable inversion of discrete-
time dynamical systems is presented where Picard iterative method fails to
converge. A numerical example in support of the proposed application is also
given.

For the development of our main results, the following lemmas will be
needed:

Lemma 1 (Berinde 2007) Let {JS)} o i = 1,2 be non-negative real se-

quences satisfying the following inequality:

oM < oo 4 5@

n+1l = n n

2)

where o € [0,1) and lim,,_, o ol = 0. Then lim,_o0 o5 = 0.

Lemma 2 (Soltuz and Grosan 2008) Let {a,(f)} , 1 =1,2,3 be sequences
0

n=

‘ ‘ )1 S~ (2 _
of non-negative numbers with oy, C (0,1) and Y on’ = co. Assume
n=0 n=0
there exists ng € N, such that for all n > ng one has the inequality:

A< (1-0) old + oo,
Then the following inequality holds

0 < lim sup 07(11) < lim sup O'T(LS).
n—oo n—oo

2 Convergence Analysis
In the rest of this paper, we assume that 7 : S — S satisfies and .

o0

Theorem 3 The iterative method {8511)} n converges to a unique fized
n=0

point s, of T.

Proof Using , and triangle inequality of norm, we have

‘ 321_21 — 8| < (1 - ﬁ,(f)) HTS;Q) - S*H + B Hngf) — S
< <1_ﬁr(L1))5H5512) _S*H +ﬂr(L1)5H3£L3) _5*‘ ) (5)
@ =) < (1-8) [ - 482 2 -] @

-] <)
1A 0] o) -
‘ st fs*H as1— 83 (1-0) < 1. (7)

000 i

IN

IN
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Combining ([F)-(7), we get

Isnis = sall <850 = s.

which further implies

Sng1 — Sx|| < 5n+1 5(1) — Sx
+ 0

By passing to the limit in , we obtain
Jim [spq1 = s = 0.
Thus we have s, = s, as n — oc.
We have the following result as a direct consequence of Theorem
Theorem 4 Let {q,},-, be defined by normal—S iterative method as follows:

qQ €S,
dn+1 = TTru (9)
Tn = (1 - T(LB)) qn + ﬁr(Lg)TChw n €N,
(o9}
where {@(13)} . C [0,1]. Then {q,},~, converges to a unique fized point s,
of T. "

Proof Put 57(,1) =0 and ﬁ,(f) =1 for all n € N in the proof Theorem

Theorem 5 Let {sg)} and {gn},-, be the iterative methods in and
n=0

@, respectively. Assume that the sequence {67(11)} C [0,1] satisfies the

n=0
condition 0 < B = inf, cy B,(LD, Then the following statements are equivalent:

o0

(i) {39)} converges to the unique fized point s, of T ;
n=0

(i) {qn},—o converges to the unique fized point s, of T.

Proof (i)=-(ii): It is established in the proof of Theorem
(ii)=-(i): Suppose that ¢, — s. as n — oo. Using ({2)), and @D, we
obtain the following estimates:

o =l = (1= ) (7o = 72) + 80 (7 =T |
< (1= a0) [ =2 o0 [ -T2

< (1= 80) {8][rn = 5@ + €llrn = Trall}
+B80{8|rm = 52| + €l = Trall}

- (1= )l s 20
Fellrn = Trall, (10)
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= 1(-0) o~ ) 20 (1)
< (1= A7) o080 e -7

T — 83

< (1-89) lan = 50| + 826 |n = 50| + 8P e g — Taul
= [1=89 (1= 8)] |lan = 5D + 8P lgn — Taall . (11)

In a similar fashion, again using (2), (4) and (9)), we get
o] = (04 a4 2970 (1 5) 9 - 27
< [[(1=89) au + 8O Tau 5. + |0 = (1= 82) 50 = 5@ 5
< (1= 89) llgn = sl + B | Tan — 5.
(1) e 0 )
< [1=89 (1= )] llgn = 5.l + 8P e llan — Tan]

(150 - 90 - A ]

< Nlgn = 5.l + B¢ lan = Tanl + |50 = 50| as 183 (1 -6) <1
< [lan = 50| + 2llan = 5.1l + B e g — Tanll (12)

Substituting and into and applying the inequalities (1 — B,(ll)> 6 <

1— ﬁ,gl), 1-— 57(13) (1 —9) < 1forall n € Nin the resulting inequality, we obtain
dors = s < (1= 80) 8 {|jan = s|| + 2l1g0 — . + BPe g = Taull |
+808{[1= B3 (1= 6)] [[an — 52| + 8D lgn — Taall}
+e||rn — Trall
< [1-80 (1-9)] 425 (1= 80 llan — 5.1
+0B ¢ lan — Tanll + €llra — Trall - (13)
Using the fact T's, = s, triangle inequality of norm and , we have

lan = Tanll < llgn = s«ll + [ T5« = Taull
< (1+0) llgn — sl (14)

qn — 5;1)

and
7o = Troll < |lrn — sull + T 55 = Tl
< (140) [lrn — sl

= (1+0)[[(1=89) (@ = 5.) + B2 (Tan - Ts.)

< (1+0)[1=80 (1= 6)] llgn — 5.1l (15)




8 Faik Giirsoy et al.

Inserting and into and using the assumption 0 < A1) =
inf,en 67(11), we have

Qi1 — ”“H < [1-59 (1-9)]
+{20 (1= B0) + 3B (1+9)
+e(1+0) [1= 8D (1= 0)| } g — 5.
e 0-0] o]+ a1 )
+e(4+6)[1-80 (120}l -5l (16)

qn — Sgll)

Set
o0 = — 0] 20,
c=1-pM(1-6)e(0,1),
o = {25 (1=80) +e(1+8) [1 =89 (1-20)| } llaw = 5.
Now all the conditions of Lemma [I| are satisfied by and so by its con-

(1) <

clusion, we have that lim, .. ||gn — Sn — sl <

‘ = 0. Also, since
s

TL

dn _Sn

‘ + ||gn — s«||, we conclude that lim,,

Theorem 6 Let { (1 )} and {gn},, be the iterative methods in and

(H}, respectively. Assume the sequences {Br(f)} C [0,1] (i =1,2,3) satisfy

n=0

0 < B =inf,cn ﬂn (i =1,2,3). Then {qn}.—, converges to s, € Fr faster
than { %)} , provided that s( ) = =qq.

Proof Tt follows from ., and @[) that

lansr = soll <81 =82 (1= 8)] lgn - 5.1

<TI6[1-A (18] lao .l
k=0
5511_31 Skl <6 {( ) {1 6(3) )} + Y {1 -8B (1 - (5)]} s — s,
<o {(1-80) [1-828D (1= 8)] + 8D [1- 828D (1= 0)] } || - .
=5 |1- PP (1= 9)] ||s) - s.
<.
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. oo
By the assumption on { 1(:)} . (i=1,2,3), we have

=

3
lgnss = soll < TT 6 [1 =82 (1= 9)] llgo = 5.

ol
Il

0

=

<

6 [1= 8D (1-0)] llao - 5.

b
Il
o

n+1
o189 (1= 6)] a0 — .1,

- ﬁ5 1- 6280 (- )] s -

Spt+1 — Sx
k=0
n -
< H5 1— 3236 (1-96) HS((]I) _
k=0 ’
o Tn+1
e 5(2)/3(3) (1-19) 561) — S«
Now, let
n+1
() — g+l [1 —B® (1 - 5)} llgo — s«||,
n+1
E£L2) — gntl [1 _ 5(2)6(3) (1- 5)} Hs(l) — S*H .
Define

n n+1
e M= B9 A —8)]" Jlao — sl

e onti[1— p@BE) (1-5)"" Hsf)l) — 5

Since g = sé ), therefore we have

) -g®a-g"
Kp = —x =

6512) [1 N B(Q)IB(B) (1 i 5)] n+1"

Thus
[1-5® (1-6)]""*
n — @863 (1-5)]" "3 1—8@(1-9¢
Fnt1 _ 1262801 3]+1 _ FUA-6) _, (17)
Kn [1-8() (1-0)] 1—B®@pBG) (1 -9)

[1-8@8®) (1-8)]" "
Taking limit on both sides of as n — 0o, we get

_ 1.
nhe T 1= B@BB (1-0)

Hence, lim,,_, o £, = 0 which implies that {g,} ., converges to s, faster than

(),
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Fig. 1: Comparison (rate of convergence among various iterative methods for
Example [I| with initial guess 100).

Ezample 1 Let B =R be equipped with the usual norm, S = [1,100] and 7 :
S — S an operator defined by Tz = vx2 — 8x + 40 for all z € S. Clearly, T
satisfies conditions (2) and (3)) with ¢ € [0.5222,0.9987] and for any ¢ > 0 and

it has a unique fixed point s, =5 . Let {553)} and {g,},., be generated

by and @, respectively. Take ﬂr(f) = % (1 =1,2,3) for all n € N and initial
guess s(()l) = go = 100. Now Figure [1| and Table [1| below show that normal—S
iterative method converges to s, = 5 faster than Mann, Ishikawa, Noor, S,
and SP iterative methods.

3 Data Dependency

In some cases, it is difficult or may be impossible to find a fixed point of an
operator. In such cases, instead of computing the fixed point of that operator,
we approximate it with the help of another one whose fixed points are avail-
able. In the literature, this approach is referred to as ”Data Dependence”.
This topic has recently received a lot of attention by virtue of its promis-
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Table 1: Comparison (rate of convergence among various iterative methods for
Example || with initial guess 100).

Iter. No. Normal-S SP S Noor Ishikawa Mann

0 100 100 100 100 100 100

1 94.1900 94.6737  95.1575  96.6119 97.0950 98.0625
2 88.3924 89.3576  90.3233  93.2281 94.1930 96.1262
3 82.6088 84.0532  85.4985  89.8486 91.2942 94.1913
24 5.00000 5.00028 5.01818 21.6024 31.9249 54.0134
25 5.00004 5.00294 18.7565 29.2590 52.1331
26 5.00000 5.00048  16.0426 26.6293 50.2575
29 5.00000 9.29078 19.0506 44.6622
52 5.00000 5.00018 7.57905
57 5.00000 5.32335
78 5.00000

ing and interesting applications (Soltuz and Grosan 2008; Giirsoy, Karakaya
and Rhoades 2013; Karakaya, Giirsoy and Ertirk 2016; Khan, Giirsoy and
Karakaya 2016; Khan, Giirsoy and Kumar 2016; Khan, Kumar and Hussain
2014; Giirsoy 2014; Ozturk Celiker 2014).

Definition 3 (Berinde 2007) Let 7,7 : B — B be operators. We say that 7
is an approximate operator of 7 if for all a € B and for a fixed £ > 0, we have

HTa - %aH <e.

Theorem 7 Let T : S — S be an approzimate operator of T and s, be the
fizxed point of T. Let {5511)} . be the iterative method defined by with
n=

lim,, o0 B,(LS) =0 and {E{nl)} . an iterative method generated by
3P es,
3, = (1 80) T + 0T
18
gg) —(1— 7(12) ggll) +ﬁ7(12)§§13) ( )

3= (1-80) 50 4 BT new.
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Suppose that s A{ ) Sy as n — 0o. Then we have
~ €
* T Ox S PR

lov — 5l < 7
Proof Tt follows from , and that
8 30 < (1 80) [ 70+ 40 [ 0 a0

< (1-0) o -]« s}
s (a7 0 -7

< (- fo 0] |2 - ]

~

|+

+BV {5 53 — 5 ‘ +e Hsg’) — TSS’)H —|—6} ,
s — 50| < (1- @) s =50 + 82 52 -52], )
o9 =59 < (1 89) s -0 489 [ -] e
< [1- 89 1= )] s = 50 + e s = 7o | + 6

On the other hand, we have the following estimates (as in the proof of Theorem

5):
s — TP <140 |1(1-8Y) (s —s,) 482 (s — s,
H H [(1=82) (s =) 502 (59 =)
[ e X
< (+0) (1= 82+ 82 [1 -89 (1= 9)] ) |t - .

<(1+0) Hsgp — 5 (22)

|59 = Ts@| < a0y [1- 88 (1-8)] s - s
< (1+0) Hsgp — s, (23)
|50 = 75| < 0y 50 = s (24)

Combining — and using the facts 67(3) <1, 1- 7(13) (1-9) <1 for all
n € N, we obtain

0,50 < - o) 50| 2

n+1 n+1
(1+65) (1 +0)e|st) -

+0
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where § =1 —4§ € (0,1).
Define

ol = HS’(“}) — 3

20
c@ =0e(0,1),

(3)
o (14+08) (1+8)e
n= 0

57(11) — S«

‘ + 657(13)5 +e€
> 0.

It can be easily seen that 07(11), 07(12) and O'S)) satisfy all the conditions of Lemma

On the other hand, we know by Theorem (3| that lim,,_, ) =0.

Sn ' — Sx

Hence, keeping in mind the assumption lim,, Bng) = 0, an application of

Lemma |2 to gives

~ 3

Ezample 2 Let S = [0,1/2] be endowed with the usual norm. Let the operators
T,T :S — S be given by

1 1
Tz = 6sianz:—&—g(e‘"”—l),

7~_ 1 +x+x2+x3_ﬁ+ x® +27x6+ T
33—50 10 4 36 58 1000 3460 = 40200°

7

condition (2) with § =  + % ~0.539 € [0,1) and for any ¢ > 0 and it has a
unique fixed point s, = 0.

Applyi the mean value theorem, one can easily verify that 7 satisfies
2)

Now, by using Wolfram Mathematica 9 software package, we have

max )T— 7~—‘ =0.02,
z€[0,1/2]

which implies

‘Tx — ’fx‘ <eforall z €0,1/2]

where € = 0.02. Hence, T is an approximate operator of 7 in the sense of
Deﬁnition On the other hand, the operator 7 has a fixed point s, = 0.022361
and thus the distance between the fixed points x, and z, is 0.022361.
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If we put gy = 2£L g = 2otl 5 = L forallm € N and

To—Ll @ o a® 32t a° | 272 L-
Te=g55+15+T 7T T3 — 58 T 1000 T 3460 T qoz00 1 (18), then we have

sV es,
) _ 1 (15 ()R 8GRt G en(E@)° | R
Sn+1 = 2 ot 30 T2 T 3 — s T o000 3460 40200
~(2) +(3))2 (33 (3))4 +(3))3 +(3)\6 +(3))7
t1 (52 D) G2 sGER)”  GY) L 2EY) G
+27+2 50t 10 T n4 + ?36 - E:LS + 1800 34750 461200
5("2) = 321?803{”1) + 32?5(1)05{”8)
+3) _ nt+1:(1
Sn’ = 3 Sn
L1 G ED)YsER) E) ) )
+T+2 (50""1”0"" n4 + 7‘;6 - 5ns + 17(1]00 + 3420 +4(;L200 ;neN.

(26)
Table [2] shows that iterative method converges to the fixed point 3, =
0.022361. As a matter of fact, without knowing the fixed point of 7 and

Table 2: Convergence behaviour of iterative method .

Iter. No. Iterative Method @D

0.500000
0.104650
0.031991
0.023386
0.022470
0.022372
0.022362
0.022361

N O Utk W - O

without computing it, we can find the following upper bound for the error in
approximating s, by s, from the conclusion of Theorem
0.02

022361 = |5, — 3.| < — = 0.043384.
0022361 = |5, — 5| < T o5 = 0.04338

4 An Application of The Normal-S Iterative Method to Stable
Inversion

The final validation of the structural integrity of complex mechanical en-
gineering structures against, for example, metal fatigue, is usually done ex-
perimentally in the laboratory through structural integrity testing (SIT). In
SIT a test specimen is repeatedly subjected to a load history that is typically
representative of normal usage loads. In control terms the combined system
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(of specimen, actuators, sensors and power supply) is subjected to repeated
output tracking of the same desired output trajectory. The repetitive nature
of the control process allows the incorporation of a learning mechanism in the
process through a control procedure called iterative learning control (ILC).
While ILC in its simplest form can be a purely data driven control procedure
(thus not utilizing a system model in any way), its application in SIT has
almost always been inverse model-based. In fact, the use of an inverse model
based approach allows the most favourable transient convergence properties
of the achieved output trajectory. While the models originally (and in many
cases still) deployed in ILC in SIT were frequency domain transfer functions,
the prominence of time domain model identification and analysis in the latter
part of the twentieth century has seen the implementation of parametric time
domain models also in model based ILC. In particular time domain models
may be relatively easily extended to nonlinear form both in their identification
and simulation. Whereas ILC in the SIT setting is usually done with linear
inverse models, Eksteen and Heyns (2016b) have recently performed ILC using
the inversion of nonlinear parametric models with polynomial basis functions.
The inversion of nonlinear parametric (time domain) models was not solved
until the last decade of the twentieth century, when it was discovered how
to solve the instability of the inverse model that results in case of nonmini-
mum phase systems (i.e., systems with unstable zeros), which often result in
case of sample data systems (especially when employing a large sample fre-
quency) or due to system delays. The process of obtaining the stable inverse
of a nonminimum phase system is referred to as stable inversion.
Consider the square, nonlinear discrete-time system

w(k+1) = f((x(k),u(k) (27)

y (k) =h(z (k) , (28)

where u (k) € R™, z (k) € R", y(k) € R™, f and h analytic in their do-
mains, and k represents discrete time steps. Let (z°,u°) = ([0],[0]) be an

equilibrium pair of the system. This is the description of a multi-input multi-
output (MIMO) dynamic system in the state variable formulation, where
is called the state equation, and is called the output equation. The system
is referred to as square because it has the same number of inputs as outputs
(namely m).

Assuming the system has wvector relative degree it can be inverted (see
Eksteen and Heyns 2016a) and the references therein for details) to obtain the
(smooth) inverse system as:

D(k+1) =T (), = (1) (29)
wlk) =T k), = (8)) . (30)

where 1, 5 € R®. Z may be determined from y.

Solving this inverse system for the bounded solution n (and thus u) is
referred to as the stable inversion of (27) and (28). The stable inversion of
nonlinear discrete-time systems (such as (27) and (28])) was first developed by
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Zeng and Hunt (2000) as a fixed point problem through the Picard iterative
method. Eksteen and Heyns (2016a), however, have implemented the Mann
and Ishikawa iterative methods for solution of the stable inverse, aimed par-
ticularly at cases when Picard iterations fail to converge. In this section the
use of another fixed-point iterative method that is independent of Mann and
Ishikawa iterations, namely the normal-S iterative method, is used for the
solution of a bounded inverse.

We first briefly show how the bounded solution of the inverse system is
formulated. Define

U k), = k) = fnk),= k) - An (k)
where _
L Tam Ew)|
on (k) oo
The state dynamics, , may be restated as

n(k+1) = An(k)+U k), = (k)), (31)

which is structured as a linear system. The linear structure of is used to
construct a bounded solution for the system. Assuming that yq(k), and thus
Z(k), k € N, is bounded, and that f (n(k),Z (k)) is bounded if 7 (k) and
Z (k) are bounded, it can be shown that the bounded solution of (and
thus (29)) is equivalent to the bounded solution 7 (k), k € N, of

U(k)éz ok—i)U(n(i—-1),5(@—-1)), (32)

1=—00

where ¢(k) is an 7 X 1 matrix (for details see the work of Eksteen and Heyns
2016a).
Define a non-causal linear operator G to represent the system in as

n=GUn =) . (33)

Finding the bounded solution, 7 (k), for , by using the bounded solution
of ¢ (k) in (equivalently (33)) lies at the core of stable inversion. This
solution is obtained iteratively by recasting as a fixed point problem.
Iterative methods that may be used for this purpose include the Picard, Mann
and Ishikawa iterative methods. For example, in case of the Picard iterative
method, we obtain the sequence (9, : m > 0), o = [0], with

Nm+1 = Tnm =GU (nma 5) : (34)

To adapt for the normal—S iterative method, assuming «.,, = « for all
m, gives the sequence (7, : m > 0), ng = [0], as:

Mm+1 = GU (i, Z) (35)

pm = (1 = ) N + aGU (N, =) (36)
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The following definitions will be helpful for the subsequent analysis. As in
(Zeng and Hunt 2000), let |||, and |||, denote the I* and I°° norm on N

respectively. Also, let

9]l = ma [l

where 4 denotes -th component of the state vector.

Now U (n (k) , = (k)) is uniformly Lipschitz in a closed s neighbourhood of
([0],[0]) in (n, &) space with positive real constants (K7, K») if there exists an
s > 0 such that for all n;(k),n2(k), =1 (k) and =Z2(k), having |||, norms <'s,

so we have

U (m (k) , =1 (k) —U (2 (k), Z2 (k)| <
Ky |lm (k) = n2 (k)| + K2 (|21 (k) — Z2 ()|

vk € N.
Furthermore, define

o]l = Pmax s ; (k)ll,
where ¢, ; (k) is the (7, j) —th element of ¢ (k).

Finally, we note that

S 6= Um(i—1),2 (- 1))

i=—00

< 1ol lle (n, Z)ll oo -

1GU (0, Z)|| oo =

o0

Define

Hm = MNm+1 — Im
= GU (pm; Z) — GU (pn—1, =)
= G (s Z) ~ U (1, 5)]

Taking the norm of H,,, we have

[Hmlloo = |G U (ttrm, Z) = U (pm—1, Z)]l
< llly 1 (s, E) = U (pm—1, 5l o
< 1ol K lppm = pm—1lloo -

By , we have

pm = pm—1 = (1 = @) N + aGU (N, Z) — (1 — @) -1 — aGU (-1, =)

= (1 - a) (nm - nm—l) +aG [U (nmv E) -Uu (77m—1, E)] :

(38)
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An application of the process in and leads to

11 = @) = 1) + @G U (n, Z) = U (Nm—1, )]l

(I =a)llnm = mm-1ll +a|GU (m, Z) = U (1m-1, 5)]ll
(1 =) llnm = -l + all@lly [U (n, E) = U (-1, 5l
(

=

Il tom — Nm—lH

IAIA I/\

L= ) [[1m = m-1llee + all@lly Ky llm = mm-1llo
1—a+allplly K] llnm = mm-1lle - (39)

Substituting into 7 we obtain

Hmlloo < 101l K1 [1 = a (@ =8l K] mm = nm-1lle
= llolly K1 [1 = (1 = [|olly KO [ Hmllo (40)

where ||Hym—1llo = [17m — Mm—1l o

Theorem 8 A solution n(k) € 1°°, k € N, of (29) exists and is obtained by
the normal-S iterative method of if

1. f is uniformly Lipschitz in an s neighbourhood of ([0],[0]) with Lipschitz
constants (K1, Ks),

2. ||oll; K1 < 1 (which implies ||| K11 —a(l—|l¢|; K1)] <1 as a €

[0,1]),
3. Z (k) €1 with ||Z|, < s, and

BN AEN
b LR S S

Proof Clearly, no € 1°° and ||no]|, < s. Assume that 7, € [*° and |||/ < s
Then, using conditions 1 and 4, it follows from that

[Mm+1 (B)[l oo = 1GU (b, Z)l oo
< 11l 14 (s, Sl oo
<l {K lpmlloe + K2 15l o0}
= l[oll {KL[[(1 = @) nn + aGU (N, Sl oo + K2 (|5l }
< ol {K1 {1 = ) [nmll oo + @ IGU (n, E)ll oo} + K2 (|5l }
< lolly {K1 {1 = ) Immll oo + all@lly 1 0ims E) o} + K2 1Z] 0}
< llly {E AT = @) [Inmll oo + all@lly {Er Immlloe + K2 5]l 1}

+K2 | E] .}

<ol {E: {1 —a) s + aflpf, {Kis + Ko [|Zll 3} + K2 |21}
< lolly {K {1 —a) s + as} + Ky || =] }
= [lolly {Kis + K [|Z]| o } <.

Thus, by induction 1, € [*° and ||ny||,, < s for all m. Furthermore, from

condition 2 and , it follows that || Hy, ||, < [[Hm-1|l., and so by the ratio
test, the series > >~ || Hy, (k)| is convergent. Hence

TIm (k) = Z Hj (k) ’ (41)

Jj=1
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is a Cauchy sequence in [°°, and so converges to an element of [°°. Denote
this limit element by 7 (k)., k € Z. Thus, n(k) is the fixed point of Normal-$
iterative method described by and , and therefore also of the Pi-
card iterative method . Hence, n(k) satisfies and thus represents the
bounded solution of the inverse system.

Ezample 8 In this example (from Eksteen and Heyns 2016a) the use of Pi-
card, and Mann iteration is supplemented with Normal-S iterative method
for the stable inversion of a dynamic system for a short-duration random sig-
nal. Consider the following polynomial NARX (nonlinear autoregressive with
exogenous input) system:

y(k) = Oru(k — 4) + Oau(k — 5) + O3u(k — 6) + Oay(k — 4)
+05u(k — 5)y(k —4) + Gsu(k — 5)u(k — 6)y(k — 2) (42)
+07u(k — 5)%u(k — 6)y(k — 1) ,

where
(64,...,07) = (0.150, 0.50, 0.50, 1/6, —2.0, 6.0, 11.0) .

This type of nonlinear system typically results when nonlinear system identifi-
cation methods (Chen and Billings 1989a, b) are applied to physical systems,
e.g. structural integrity test systems of mechanical structures in the laboratory
fitted with actuators.

We can convert to the state variable formulation (Egs. and )
followed by inversion to obtain the inverse system as in Example 2 in Eksteen
and Heyns (2016a). For demonstration purposes a random reference (desired)
input trajectory, uq(k), is constructed having a bandwidth of approximately
50 Hz (assuming a sample frequency of 250 Hz). A corresponding reference
response (output) trajectory yq(k) is then obtained from for the given
ug(k) (cf. Fig. [2)).

In this example we demonstrate the stable inversion of the system
for the given y4(k). This involves finding the bounded solution of the inverse
system for the given reference response y4 (k). The bounded solution is searched
through the Picard, Mann and Normal-S iterative methods, ideally converging
to the desired input ug(k) (which is easily obtained from n(k)). In case of
divergence an approximation of u4(k) may be obtained as the best result prior
to divergence. Let the input calculated during iteration m of stable inversion
be represented by u,, (k). The error between u,, (k) and ug(k) is defined here
as the following distance measure:

erry () = di(Um, ug) := 100w, — wal|1/||wall1 -

Similarly,
err1(Ym) = di(Ym, ya) -

It is found that stable inversion using the Picard, Mann and Normal-S itera-
tive methods is divergent. This is referred to here as case 1. (See Table [3 for
the best results of case 1.) The iteration gains (i.e., step size) of Mann and
Normal-S iteration were chosen so as to result in the most accurate calculated
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input, and gave much more accurate results prior to divergence than Picard
iteration. The accuracy of Normal-S iteration is intermediate between Mann
and Picard iteration, and represents a considerable improvement over the lat-
ter. The convergence behaviour for the calculated input is shown in Fig. 3| for
case 1.

In order to improve the results of case 1, we employ a data dependence
approach, where we slightly modify the operator used in the fixed point itera-
tive methods. To this end we apply a zero phase low pass filter (designated F'
in operator form) with a cut frequency of 50 Hz to the operator GU in ,
resulting in a new formula for the stable inversion solution as

n=FGUn,Z). (43)

We can adapt for various iterative methods in a similar way as is done
for 7 for example it results in the Picard iterative method as:

Nmt1 = FGU(Nm, Z) (44)

The extension to Mann, Ishikawa and Normal-S iterative methods is obvious.
The decision to use a low pass filter was based on observations that the diver-
gence observed in case 1 was mainly due to high frequency oscillations. In view
of the association of F' with G, it follows that FGU impacts the convergence
conditions in Theorem [§]in the same way as GU does.

After performing stable inversion with the filter in place (referred to here
as case 2) it is found that Picard iteration still diverges. However, the Mann
and Normal-S iterative methods (the latter using a constant step size) now
converge. The convergence behaviour for the calculated input is shown in Fig.[4]
for case 2. The convergence of the Mann and Normal-S§ iterative methods is not
to zero error with respect to the correct solution of the GU operator due to the
modification of the operator by the filter. Together with case 1, this example
shows that Normal-S iterative method not only improves on Picard iteration,
but can be on par with Mann iterative method from the point of view of
securing convergence when Picard iteration diverges, provided an appropriate
choice of step size is made.

Table 3: Example |3} Results of stable inversion. M is the iteration resulting
in min,,erry (t,,), i.e., M = argmin, err (u,, ). Here it is assumed m > 1.

Case Iteration an Bn minmerry (um)  erri(yp) M = Iter.  Comment
type (%] %] no.
1 Picard 1.0 0 36.4 196.0 1 No filter
1 Mann 2 0 8.7 5.7 4 No filter
8m+1 0.8
1 Normal-S 1 om0 13.1 20.1 1 No filter
2 Picard 1.0 0 36.0 199.2 1 50 Hz LPF
2 Mann o e 0 0.5 0.2 100+ 50 Hz LPF
2 Normal-S 1 0.3 0.5 0.2 22 50 Hz LPF
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Fig. 2: Example uq(t) and yq(t).

5 Conclusions and Possible Future Works

1. All the results obtained in this paper complement the corresponding
results of Sintunavarat and Pitea (2016).

2. Theorems [3}{5| show that Normal-S and SP iterative methods do exactly
the same job of approximating fixed point of almost contraction operators.
However, Theorem [6] shows that Normal-S iterative method is faster than the
SP iterative method. So, we conclude that the Normal-S iterative method is
better than the SP iterative method in approximating the fixed point and thus,
in the presence of simpler and faster Normal-S iterative method, one does not
need to go to complex SP iterative method.

3. Our Theorems [3] and [4] are improvements of Theorem [I]in the sense that
we do not impose conditions on the parametric sequences.

4. Theorem [6] has been proved under much weaker conditions on the para-
metric sequences and so improves Theorem [2| substantially.

5. Theorem [7] provides an affirmative answer to an open question raised by
Sintunavarat and Pitea (2016) about stability of SP iterative method.

6. In 2014, Sakurai and Iiduka (2014) pointed out that, to guarantee stabil-
ity and reliability of practical systems and networks (see, for example, Iiduka
2012, 2013), the fixed point has to be found as quickly as possible. So, there
are increasing interests in the study of fast algorithms for approximating
fixed points of nonexpansive mappings (i.e., a mapping 7 : S — S satisfy-
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Fig. 3: Example |3} case 1: Convergence behaviour of calculated inputs for the
Picard, Mann and Normal-S iterative methods.

ing [Tz —Ty|| < ||z —yl| for all z,y € S). Hence, it will be an interesting
task to find which one of the iterative methods (Mann, Ishikawa, Xu-Noor, SP,
S and Normal-S) for the class of nonexpansive mappings will converge faster
than the others.

7. Normal- S iterative method for stable inversion of discrete time nonlinear
systems has provided much better results than Picard iterative method.

8. The implementation of advanced ILC methods in SIT along the lines
of Eksteen and Heyns (2016b) results in the need for the stable inversion
of smooth discrete-time nonminimum-phase nonlinear models. However, the
inversion can potentially also be accomplished through a nested ILC or Gauss-
Newton iteration phase that happens off-line and is done on the system model
rather than the physical system. This off-line iteration on the system model
is done during every iteration of the outer ILC loop on the physical system.
The purpose of the nested iteration loop is purely to invert the system model
as an alternative to stable inversion, and is along the lines suggested by, for
example, Markusson et al. (2001). With the system model not needing to be
stably inverted, this could allow a wider array of models to be used in system
identification to potentially represent the physical system more accurately than
smooth polynomial-based models. For example, system identification may be
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Fig. 4: Example case 2 (low pass filter): Convergence behaviour of calculated
inputs for the Picard, Mann and Normal-S iterative methods.

done of a wide range of artificial neural network models or piecewise affine
(PWA) models. PWA models are ideal for describing hybrid systems, switched
systems and nonlinear systems, and have been receiving a lot of attention from
the point of view of their identification and control (Elhamifar et al. 2014; Qiu
et al. 2017), stability analysis, and their utility in networked control systems.
Future research will focus on the use of ILC as a model inversion method to
invert neural network and PWA models, and the possible direct inversion of
PWA models through stable inversion of the linear models on the subspaces.

9. The ability of stable inversion to successfully invert nonlinear models
that are otherwise unstable in the inverse direction (due to being nonmin-
imum phase) means the method may also find application in the network
control system environment. See, for example, (Pang et al. 2014) for an in-
teresting presentation of networked control systems. While to the best of the
authors’ knowledge stable inversion has not yet been implemented in the net-
work control system environment, an implementation is conceivable where at
discrete time k£ an observer on the sensor side provides a state estimate for
time k+1, Z(k+1|k), that is network-sent to the controller. The state estimate
serves as an initial value in a control generator that is stable inversion based
and employs preview of the desired output trajectory for a time, 7, that may
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be informed by both the round trip time and the minimum requirements on
the time horizon for stable inversion to be sufficiently accurate. The control
trajectory is network-sent to the plant which stores the trajectory and employs
it in a way that accommodates any possible subsequent packet losses. Note,
however, that the calculation intensity of stable inversion is extensive when
compared to, for example, a controller using just a gain matrix, because it is
both iterative and for every iteration operates on a trajectory rather than an
instantaneous value. As a result its implementation may be inhibited in case
of high frequency control systems.

10. Investigation of a general systems based on uncertain dynamic model
is another interesting research direction (Chen et al. 2017a,b,c).
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