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ABSTRACT. We show that, for a class of locally solid topologies on vector lat-
tices, a topologically convergent net has an embedded sequence that is un-
bounded order convergent to the same limit. Our result implies, and often
improves, many of the known results in this vein in the literature. A study of
metrisability and submetrisability of locally solid topologies on vector lattices
is included.

1. INTRODUCTION AND OVERVIEW

Let (X ,Σ,µ) be a measure space, and let L0(X ,Σ,µ) denote the vector lattice
of measurable functions on X , with identification of two functions that are µ-
almost everywhere equal. It is a classical result that a sequence in L0(X ,Σ,µ)
that is (globally) convergent in measure has a subsequence that is convergent al-
most everywhere to the same limit; see [1, Theorem 19.4] or [8, Theorem 2.30],
for example. Another result in a similar vein, but then for nets, is the following.
If µ is σ-finite, and if ( fα)α∈A is a net in L0(X ,Σ,µ) that is (locally) convergent
in measure, then there exist indices α1 ≤ α2 ≤ α3 ≤ . . . such that the sequence
( fαn
)n≥1 converges almost everywhere to the same limit; see [6, Theorem 7.11].

In this case, there is the following way to rephrase the statement: if ( fα)α∈A is a
net in L0(X ,Σ,µ) that is convergent in the uo-Lebesgue topology of L0(X ,Σ,µ),
then there exists indices α1 ≤ α2 ≤ α3 ≤ . . . such that the sequence ( fαn

)n≥1 is
unbounded order convergent to the same limit. There are quite a few other re-
sults in the literature, stating that a net (resp. a sequence), which is convergent
in a particular locally solid topology on a vector lattice, has such an ‘embed-
ded sequence’ (resp. a subsequence) that is unbounded order convergent to the
same limit.1 In this paper, we establish a result2 which asserts precisely this, but
then for a reasonably large class of locally solid topologies all at once. It has
many of the known results in this vein as special cases, often in an improved
form.

This paper is organised as follows.
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1See Definition 2.2 for a precise definition of embedded sequences.
2See Theorem 4.1.
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Section 2 contains the necessary definitions, notations, conventions, and pre-
liminary results. We elaborate a little on the countable sup property, since this
is often a sufficient condition for the applications in the final Section 5.

Section 3 contains a study of metrisability and submetrisability of locally solid
topologies on vector lattices. The topologies to which our key result in Sec-
tion 4 applies are what we call the locally interval complete solidly submetris-
able topologies,3 and we take some effort to show that topologies of practical
interest fall in this category. This is the case, for example, for Fatou topologies
on a Dedekind complete vector lattice that have full carriers (which is automatic
in the presence of the countable sup property). Due to further properties of Fa-
tou topologies and unbounded order convergence, our result then effectively
applies to Fatou topologies with full carriers on arbitrary vector lattices, in par-
ticular to Fatou topologies on vector lattices with the countable sup property.4

Section 4 contains our core result regarding the existence of embedded un-
bounded order convergent sequences.5

In the final Section 5, we combine the material on locally solid topologies
from Section 3 with the basic theorem from Section 4, yielding several results
on the existence of embedded unbounded order convergent sequences in topo-
logically convergent nets. For a uo-Lebesgue topology, such an embedded un-
bounded order convergent sequence is again convergent in this topology, re-
sulting in stronger statements in this case. We also give applications to weak
closures and to the equality of adherences and closures related to various con-
vergence structures. During Section 5, we point out how some of our theorems
specialise to (improved versions of) known results.

2. PRELIMINARIES

In this section, we collect the necessary definitions, notations, conventions, and
preliminary results.

All vector spaces are over the real numbers. A linear topology on a vector
space is supposed to be Hausdorff. Neighbourhoods of points need not be open.
We recall that a topological vector space is metrisable if and only if zero has a
countable neighbourhood basis; see [20, Theorem I.6.1], for example.

2.1. Vector lattices. All vector lattices are supposed to be Archimedean. For a
vector lattice E, we let Es denote its order dual, and Esoc its order continuous
dual.

A net (xα)α∈A in a vector lattice E is said to be order convergent in E to x ∈ E
(denoted by xα

o
−→ x) if there exists a net (yβ)β∈B in E such that yβ ↓ 0 and with

the property that, for every β0 ∈ B, there exists anα0 ∈ A such that |xα−x | ≤ yβ0

for all α ∈ A with α ≥ α0. A net (xα)α∈A in E is said to be unbounded order
convergent (or uo-convergent for short) in E to x ∈ E (denoted by xα

uo
−→ x) if

3See Definition 3.2.
4See Theorem 5.4.
5See Theorem 4.1.
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|xα − x | ∧ |y|
o
−→ 0 in E for all y ∈ E. Order convergence implies unbounded

order convergence to the same limit.
A subset S of a vector lattice E is order closed if x ∈ S whenever a net (xα)α∈A

in S and x ∈ E are such that xα
o
−→ x .

Let F be a vector sublattice of a vector lattice E. We recall that F is said to
be order dense in E if, for every x > 0 in E, there exists a y ∈ F with 0< y ≤ x;
majorising in E if, for every x ∈ E, there exists a y ∈ F with x ≤ y; and a regular
vector sublattice of E if xα

o
−→ x in E whenever a net (xα)α∈A in F and x ∈ F are

such that xα
o
−→ x in F . Ideals and order dense vector sublattices are regular

vector sublattices; see [11, p.653], for example. Furthermore, if F is a regular
vector sublattice of E, (xα)α∈A is a net in F , and x ∈ F , then xα

uo
−→ x in F if

and only if xα
uo
−→ x in E. This property even characterises the regular vector

sublattices among the vector sublattices; see [11, Theorem 3.2].
A non-empty subset A of a vector lattice E is said to be an order basis of E when

the band generated by A equals E, i.e., when Ad = {0}; cf. [17, Definition 28.1].
If F is an order dense vector sublattice of E, then it is easy to see that an order
basis of F is also an order basis of E.

Let E be a vector lattice. For x ∈ E, the ideal and the band in E that are
generated by x are denoted by Ix and Bx , respectively; the ideal and the band
in the Dedekind completion Eδ of E that are generated by x are denoted by Iδx
and Bδx , respectively. Using the fact that the Dedekind completion of a vector
lattice E is the unique (up to isomorphism) Dedekind complete vector lattice
that contains E as an order dense and majorising vector sublattice, it is easy to
see that Iδx is the Dedekind completion of Ix .

2.2. The countable sup property. A vector lattice E has the countable sup prop-
erty when every subset of E that has a supremum in E contains an at most count-
able subset with the same supremum. In some sources, such as [17] and [22], E
is then said to be order separable. Since it will become apparent in Section 5 that
having the countable sup property is a condition that is sufficient for several of
the results in that section to hold, we use the opportunity to argue that, in prac-
tice, quite a few vector lattices have this property. If E and F are vector lattices
such that there exists a strictly positive linear operator T : E→ F , then E has the
countable sup property when F has; see [2, Theorem 1.45]. In particular, if E
has a strictly positive linear functional, then it has the countable sup property.
Hence every separable Banach lattice has the countable sup property, as a con-
sequence of [3, Exercise 4.1.4]. It is easy to see from [17, Theorem 23.2.(iii)]
that a Banach lattice with an order continuous norm also has the countable sup
property. For a measure space (X ,Σ,µ) where µ is semi-finite, L0(X ,Σ,µ) has
the countable sup property if and only if µ is σ-finite; see [14, Proposition 6.5].
When E has the countable sup property, then so does every vector sublattice
of E; this follows from [17, Theorem 23.5]. There is a conditional converse:
suppose that F is a vector sublattice of a vector lattice E, and that F has the
countable sup property. If F has a countable order basis, and if F is order dense
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in E, then E has the countable sup property. Indeed, by [14, Theorem 6.2], the
universal completion Fu of F has the countable sub property. Since Fu has E as
a vector sublattice by [2, Theorem 7.23], E also has the countable sup property.

2.3. Locally solid topologies on vector lattices. A locally solid topology on a
vector lattice E is a linear topology on E such that zero has a neighbourhood
basis consisting of solid subsets of E. In this case, (E,τ) is called a locally solid
vector lattice. An o-Lebesgue topology on E is a locally solid topology τ on E
with the property that xα

τ
−→ x whenever a net (xα)α∈A in E and x ∈ E are such

that xα
o
−→ x .6 A uo-Lebesgue topology on E is a locally solid topology τ on E

with the property that xα
τ
−→ x whenever a net (xα)α∈A in E and x ∈ E are such

that xα
uo
−→ x . A Fatou topology on E is a locally solid topology on E such that

zero has a neighbourhood basis consisting of order closed solid subsets of E. A
uo-Lebesgue topology is an o-Lebesgue topology, and an o-Lebesgue topology
is a Fatou topology (see [2, Lemma 4.2]). A vector lattice admits at most one
(Hausdorff) uo-Lebesgue topology; see [4] or [21, Theorem 5.5].

Suppose that E is a vector lattice, and that τF is a locally solid topology on
an order dense ideal F in E. Take a solid τF -neighbourhood of zero in F and y
in F , and define the solid subset UV,y of E by setting

UV,y := {x ∈ E : |x | ∧ |y| ∈ V}.

As V runs through a τF -neighbourhood basis at zero that consists of solid sub-
sets of F , and as y runs over F , the UV,y form a neighbourhood basis at zero for a
locally solid topology on E. This topology is called the unbounded topology on E
that is generated by τF , and it is denoted by uFτF . We refer to [6, Theorem 3.1]
for details on this construction, which refines ideas in [21] that are also already
implicit in [4]. When F = E, where E has a locally solid topology τ, we simply
write uτ for uEτ. For a Banach lattice E with its norm topology τ, uτwas intro-
duced in [7]. The unbounded norm topology uτ on E is then usually referred
to as the un-topology. For a Banach lattice F with its norm topology τF which
is an order dense ideal in a vector lattice E, uFτF was introduced in [12]. The
unbounded topology uFτF on E is then usually referred to as the un-F -topology.

Let (E,τ) be a locally solid vector lattice, and let (Vn)n≥1 be a sequence of
τ-neighbourhoods of zero. We say that the sequence is normal if

Vn+1 + Vn+1 ⊆ Vn

for all n, and we letN denote the collection of all normal sequences consisting
of solid τ-neighbourhoods of zero. The carrier of τ, denoted by Cτ, is defined
by setting

Cτ :=
⋃

¨

Nd : there exists (Vn)n≥1 ∈ N such that N =
⋂

n≥1

Vn

«

.

6In the literature, what we call an o-Lebesgue topology is simply called a Lebesgue topology.
Now that uo-Lebesgue topologies, with a completely analogous definition, have become objects
of a more extensive study, it seems consistent to also add a prefix to the original term.
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Clearly, if τ is metrisable, then Cτ = E. We shall need the following result in
the proof of Corollary 5.10.

Lemma 2.1. Let E be a vector lattice, and let F be an order dense ideal in E.
Suppose that τF is a metrisable locally solid topology on F. Then F ⊆ CuFτF

.

Proof. Choose a normal sequence (Vn)n≥1 of solid τF -neighbourhoods of zero
in F such that

⋂

n≥1 Vn = {0}. For y ∈ F , the sequence (UVn,y)n≥1 is a sequence
of solid uFτF -neighbourhoods of zero. It is easily seen that this is a normal
sequence, and also that

⋂

n≥1 UVn,y = {y}d, where the disjoint complement is
taken in E. Hence y ∈ CuFτF

. □

2.4. Embedded sequences in nets. The main theme of this paper is the exis-
tence of unbounded order convergent sequences that are embedded in topolog-
ically convergent nets in the sense of the following definition.

Definition 2.2. Let S be a non-empty set, let A be a directed set, and let (xα)α∈A
be a net in S. Suppose that α1,α2,α3, . . . in A are such that α1 ≤ α2 ≤ α3, . . . ,
and such that α1 < α2 < α3, . . . when A has no largest element. Then the
sequence (xαn

)n≥1 is said to be embedded in the net (xα)α∈A.

It is not required that the αn form a cofinal subset of A, only that the map
n 7→ αn be increasing, and strictly increasing when A has no largest element.
The embedded sequences in a given sequence are its subsequences.

Theorem 4.1 asserts the existence of embedded unbounded order conver-
gent sequences in topologically convergent nets, where the indices αn for the
sequences can even be found in a specific way. A particular case is the existence
of unbounded order convergent subsequences of topologically convergent se-
quences. When the pertinent topology is metrisable, these two properties are
equivalent. We now proceed to show this.

Lemma 2.3. Let (E,τ) be a topological vector lattice, where τ is metrisable. The
following are equivalent:

(1) for every directed set A that has no largest element, for every net (xα)α∈A

and x in E such that xα
τ
−→ x, one can choose any eα1 ∈ A; then find an

α1 ∈ A; then choose any eα2 ∈ A; then find an α2 ∈ A; etc., such that:
(a) α1 < α2 < α3 < . . . ;
(b) αn > eαn for n≥ 1;
(c) xαn

uo
−→ x as n→∞.

(2) every sequence in E that is τ-convergent to an element x of E has a sub-
sequence that is uo-convergent to x.

Proof. It is clear that (1) implies (2). We prove that (2) implies (1). Suppose
that an index set A with no largest element, a net (xα)α∈A in E, and x ∈ E
are such that xα

τ
−→ x . Take a countable τ-neighbourhood basis V1, V2, V3, . . .

of x . Choose any eα1 ∈ A. Since A has no largest element, there exists an index
α′1 > eα1 such that xα ∈ V1 whenever α ≥ α′1. For k ≥ 2, we inductively choose
any eαk in A, and then find an index α′k with α′k > eαk and α′k > α

′
k−1, such that
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xα ∈ Vk whenever α≥ α′k. Then xα′k
τ
−→ x as k→∞. By assumption, there is a

subsequence (xα′kn
)n≥1 such that xα′kn

uo
−→ x as n→∞. For n≥ 1, set αn := α′kn

.
Then α1,α2,α3, . . . are as required. □

When the index set A of a convergent net (xα)α∈A has a largest element
αlargest, its limit equals xαlargest

. Taking this into account, we have the follow-
ing less precise consequence of Lemma 2.3.

Corollary 2.4. Let (E,τ) be a topological vector lattice, where τ is metrisable.
The following are equivalent:

(1) for every net (xα)α∈A and x in E such that xα
τ
−→ x, there exist indices

such that α1 ≤ α2 ≤ α3, . . . , and such that α1 < α2 < α3 < . . . when A
has no largest element, with xαn

uo
−→ x as n→∞

(2) every sequence in E that is τ-convergent to an element x of E has a sub-
sequence that is uo-convergent to x.

Obviously, there is a more general principle that underlies Corollary 2.4, as
its proof merely exploits the countability of a neighbourhood basis. We refrain
from attempting to phrase this, but we do note that its analogues for, e.g., order
convergence or relative uniform convergence are clearly also true.

2.5. Measure spaces. When (X ,Σ,µ) is a measure space, we let L0(X ,Σ,µ)
denote the vector lattice of measurable functions on X , with identification of
two functions that are µ-almost everywhere equal. Let ( fα)α∈A be a net in
L0(X ,Σ,µ), and let f ∈ L0(X ,Σ,µ). Then ( fα)α∈A is said to converge globally
in measure to f if

lim
α
µ
�

{t ∈ X : | fα(t)− f (t)| ≥ ϵ}
�

= 0

for every ϵ > 0, and to converge locally in measure to f (denoted by fα
µ∗

−→ f ) if

lim
α
µ
�

{t ∈ A : | fα(t)− f (t)| ≥ ϵ}
�

= 0

for every ϵ > 0 and every measurable subset A of X with finite measure.
We recall that a measure space (X ,Σ,µ) is called semi-finite when, for every

A ∈ Σ with µ(A) = ∞, there exists a measurable subset A0 of A such that
0< µ(A0)<∞. Clearly, σ-finite measure spaces are semi-finite.

3. METRISABLE AND LOCALLY SOLIDLY SUBMETRISABLE LOCALLY SOLID

TOPOLOGIES

This section starts with a general metrisation theorem for locally solid vector
lattices in Section 3.1. It is of some interest in its own right, and essential to
a number of proofs in the remainder of Section 3. In Section 3.2, we consider
locally solid submetrisability of general locally solid topologies. The final Sec-
tion 3.3 specialises to norm, unbounded norm, o-Lebesgue, and Fatou topolo-
gies.
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3.1. Metrisable locally solid topologies. Suppose that a locally solid topology
on a vector lattice is metrisable. In this case, a compatible metric can be chosen
with convenient properties, as is shown by the following result. We shall need
only the case of locally solid topologies, but we also include the case of locally
convex-solid topologies for the sake of completeness.

Theorem 3.1. Let (E,τ) be a locally solid vector lattice. If τ is metrisable, then
there exists a metric d : E × E→ [0, 1] on E with the following properties:

(1) d is compatible with τ;
(2) d is translation invariant;
(3) d (0, x)≤ d (0, y) for x , y ∈ E such that |x | ≤ |y|;
(4) the metric balls {x ∈ E : d(0, x)< r} and {x ∈ E : d(0, x)≤ r} are solid

for all r ≥ 0.
If, in addition, τ is locally convex, then there exists a metric d : E×E→ [0,1] on E
satisfying (1)–(4), as well as:

(5) the metric balls {x ∈ E : d(c, x)< r} and {x ∈ E : d(c, x)≤ r} are convex
for all c ∈ E and r ≥ 0.

Proof. We recall how a metric on a metrisable topological vector space E can be
found that satisfies (1) and (2). We start by choosing a neighbourhood basis
(Vn)n≥1 of (not necessarily open) balanced neighbourhoods of zero such that

(1) Vn+1 + Vn+1 ⊆ Vn

for n ≥ 1. For each non-empty finite subset H of {1, 2, . . . }, we set VH :=
∑

n∈H Vn and pH :=
∑

n∈H 2−n. For x ∈ E, set

|x | :=
�

1 if x is not in any of the VH ;
infH {pH : x ∈ VH} otherwise.

As is shown in [20, Proof of Theorem I.6.1], one then obtains a metric d on E
satisfying (1) and (2) by defining d (x , y) := |x − y| for x , y ∈ E.

In the case of a locally solid vector lattice, one can choose the Vn such that
they are also solid. Since a finite sum of solid subsets is solid as a consequence
of (a precise form of) the Riesz decomposition (see [2, Theorem 1.10]), it is
then clear that (3) holds, which obviously implies (4).

Suppose that τ is locally solid as well as locally convex. In this case, the Vn
can be chosen to be solid as well as convex, as a consequence of the fact that
the convex hull of a solid set is solid (see [2, Theorem 1.11]). The resulting
metric d from the construction satisfies (1)–(4); we now show that the convexity
of the Vn yields (5). By the translation invariance of d, it suffices to take c = 0
in (5). Since the Vn are convex, so are the VH . Furthermore, if H1, H2 are
nonempty subsets of {1, 2, . . . } such that pH1

≤ pH2
, then a moment’s thought

shows that VH1
⊆ VH2

as a consequence of equation (1). Together with the
density of the dyadic rationals, this implies that

{x ∈ E : d (0, x)≤ r}=

¨
⋂

H:pH>r VH if 0≤ r < 1;

E if r ≥ 1;
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which is convex. Since {x ∈ E : d (0, x)< r} =
⋃

0≤s<r {x ∈ E : d (0, x)≤ s} is
a nested union of convex sets, all open balls are convex as well. □

3.2. Locally solidly submetrisable locally solid topologies. We recall that a
linear topology on a topological vector space is called submetrisable if it is finer
than a metrisable linear topology on the space. In [14], metrisability and sub-
metrisability of minimal and of unbounded locally solid topologies are studied.
In this section, we are mainly concerned with a local version of submetrisability,
and then for general locally solid topologies.

Definition 3.2. Let (E,τ) be a locally solid vector lattice. We say that τ is:

(1) solidly submetrisable if it is finer than some metrisable locally solid topol-
ogy on E;7

(2) locally solidly submetrisable if, for every x ∈ E, the restricted topology
τ|Bx

is solidly submetrisable;
(3) locally interval complete solidly submetrisable if, for every x ∈ E+, there

exists a metrisable locally solid topology eτx on Bx such that:
(a) the restricted topology τ|Bx

is finer than eτx ;
(b) every eτx -Cauchy sequence in the order interval [0, x] is eτx -conver-

gent to an element of [0, x].

Clearly, when a locally solid topology is solidly submetrisable or locally in-
terval complete solidly submetrisable, it is locally solidly submetrisable. When
the vector lattice has a weak order unit, being solidly submetrisable and be-
ing locally solidly submetrisable are equivalent. The locally solid topologies to
which the basic Theorem 4.1 applies are the locally interval complete solidly
submetrisable ones.

Remark 3.3.

(1) It follows from Theorem 3.1 that the metrics figuring in the three parts
of Definition 3.2 can be chosen to be translation invariant and such
that they are ‘lattice metrics’ as in part (3) of that theorem. In the
case of a locally interval complete solidly submetrisable topology τ,
they then make [0, x] into a complete metric space as a consequence of
their translation invariance; see [19, p.20-21]. These observations will
frequently be used in the sequel.

(2) The completeness in part (3) is required only for the single interval
[0, x], but we have refrained from including this into the terminology.
This minimal requirement is already sufficient for the proof of the key
Theorem 4.1 to be valid. In fact, as the case of the un-topology will
show, a more ‘natural’ requirement, such as requiring that all order
intervals in Bx be eτx -complete, could well be asking too much; see
Remark 3.10.

7In [14], τ is then called Riesz submetrisable. The present terminology may be a little more
suggestive.
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For a locally solid topology, being metrisable and being solidly submetrisable
are actually equivalent, as is shown by our next result, Proposition 3.4.8 Hence
there is a certain redundancy in the parts (1) and (2) of Definition 3.2, where
we could equally well have spoken of ‘submetrisable’ and ‘locally submetrisable’.
This redundancy is, however, not present in part (3), since completeness may be
lost when passing to a finer topology, as is done in Proposition 3.4. For reasons
of uniformity, we have, therefore, still included the solidness in the terminology
in all parts of Definition 3.2.

Proposition 3.4. Let (E,τ) be a locally solid vector lattice. Suppose that there
exists a metrisable linear topology τ∗ on E that is coarser than τ. Then there
exists a metrisable locally solid topology eτ on E that is coarser than τ and finer
than τ∗. If τ is an o-Lebesgue topology (resp. a uo-Lebesgue topology), then any
such eτ is an o-Lebesgue topology (resp. a uo-Lebesgue topology). If τ is a Fatou
topology, then eτ can be chosen to be a Fatou topology.

Proof. Take a metrisable linear topology τ∗ on E that is coarser than τ, and let
V1, V2, . . . be a countable neighbourhood basis at zero for τ∗. Since τ∗ is coarser
than τ and τ is locally solid, we can choose solid τ-neighbourhoods U1, U2, . . .
of zero such that Un ⊆ Vn for all n. If τ is a Fatou topology, then we choose
such Un that are also order closed. Set eV1 := U1 ⊆ V1. Then eV1 is a solid τ-
neigbourhood of zero, which is order closed if τ is a Fatou topology. There
exists a solid τ-neighbourhood A2 of zero such that A2+A2 ⊆ eV1. If τ is a Fatou
topology, then we choose such an A2 that is order closed. Set eV2 := A2 ∩ U2 ⊆
U2 ⊆ V2. Then eV2 is a solid τ-neighbourhood of zero, which is order closed if τ is
a Fatou topology. Furthermore, eV2+ eV2 ⊆ A2+A2 ⊆ eV1. Continuing this way, we
construct a normal sequence eV1, eV2, . . . of solid τ-neighbourhoods of zero such
that eVn ⊆ Vn, and which can be chosen to be order closed if τ is a Fatou topology.
Since {0} ⊆

⋂

n≥1
eVn ⊆

⋂

n≥1 Vn = {0}, it is now clear from [15, Theorem 5.1]
that the eVn form a neighbourhood basis at zero for a linear topology on E which
is obviously coarser than τ, finer than τ∗, metrisable, locally solid, and a Fatou
topology if τ is.

The statement that eτ is an o-Lebesgue topology or a uo-Lebesgue topology
when τ is, is obviously already true for any locally solid topology that is coarser
than τ. □

The following is an easy consequence of Proposition 3.4 and the fact that the
inclusion map from a regular vector sublattice into the superlattice preserves
order convergence and unbounded order convergence. It will be used in the
proof of Theorem 3.11.

Corollary 3.5. Let (E,τ) be a locally solid vector lattice, and let F be a regular
vector sublattice of E such that there exists a metrisable linear topology τ∗ on F
that is coarser than τ|F . Then there exists a metrisable locally solid topology eτ

8In the terminology of [14], it shows that, for locally solid topologies, submetrisability coin-
cides with Riesz submetrisability.
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on F that is coarser than τ|F and finer than τ∗. If τ is an o-Lebesgue topology
(resp. a uo-Lebesgue topology), then τ|F and any such eτ are o-Lebesgue topologies
(resp. uo-Lebesgue topologies). If τ is a Fatou topology, then so is τ|F , and in this
case eτ can be chosen to be a Fatou topology.

In the definition of local submetrisability, we could also have used a seem-
ingly weaker condition, as is shown by the following result that will be used in
the proof of Theorem 3.11.

Proposition 3.6. Let (E,τ) be a locally solid vector lattice. Take x ∈ E. The
following are equivalent:

(1) τ|Bx
is solidly submetrisable;

(2) τ|Ix
is solidly submetrisable.

Proof. It is clear that (1) implies (2). For the converse, suppose that there exists
a locally solid topology τ∗x on Ix that is coarser than τ|Ix

, and which is metris-
able by means of a metric d∗x . By Theorem 3.1, we may suppose that d∗x is
translation invariant, and that d∗x (0, y1) ≤ d∗x (0, y2) for y1, y2 ∈ Ix with |y1| ≤
|y2|. Define edx : Bx × Bx → [0,∞) by setting edx (z1, z2) := d∗x (0, |z1 − z2| ∧ |x |)
for z1, z2 ∈ Bx . Arguing as in the proof of [13, Theorem 3.2], it is easily
seen that edx is a translation invariant metric on Bx , and that the metric balls
�

z ∈ Bx : edx (0, z)< r
	

are solid subsets of Bx for r > 0. Take z ∈ Bx . Then

|λz|
τ
−→ 0 as λ → 0. Since τ is locally solid, we also have that |λz| ∧ |x |

τ
−→

0. Hence |λz| ∧ |x |
τ|Ix−−→ 0, and then also |λz| ∧ |x |

τ∗x−→ 0. This shows that
edx (0,λz)→ 0 as λ→ 0, so that the open balls

�

z ∈ Bx : edx (0, z)< r
	

are ab-
sorbing subsets of Bx . It is now easy to see that these open balls satisfy the
conditions in [15, Theorem 5.1] to be a neighbourhood basis at zero for a lin-
ear topology eτx on Bx , which is obviously locally solid.

We are left to show that eτx is coarser than τ|Bx
. Let (xα)α∈A be a net in Bx

such that xα
τ|Bx−−→ 0 . Then xα

τ
−→ 0 in E, so that |xα|∧|x |

τ
−→ 0 in E as τ is locally

solid. Hence |xα|∧ |x |
τ|Ix−−→ 0, and then also |xα|∧ |x |

τ∗x−→ 0 in Ix . The definition

of edx then shows that xα
eτx−→ 0 in Bx , as desired. □

For a locally solid topology, being locally solidly submetrisable is a slightly
weaker property than having full carrier. This is shown by the following.

Proposition 3.7. Let (E,τ) be a locally solid vector lattice.
(1) If Cτ = E, then τ is locally solidly submetrisable.
(2) Suppose that E has the principal projection property. Then Cτ = E if and

only if τ is locally solidly submetrisable.

Proof. We prove (1). Take x ∈ E+. Since Cτ = E, there exists a normal sequence

(Vn)n≥1 of solid neighbourhoods of 0 in E such that x ∈
�⋂

n≥1 Vn

�d
. Consider

the normal sequence (Vn ∩ Bx)n≥1 of solid subsets of Bx . Suppose that y ∈
⋂

n≥1 (Vn ∩ Bx) =
�⋂

n≥1 Vn

�

∩ Bx . Then y ⊥ x , so that y ⊥ Bx . As also y ∈ Bx ,
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we see that y = 0. It now follows from [15, Theorem 5.1] that the Vn∩Bx are a
neighbourhood basis at zero for a linear topology on Bx , which is clearly locally
solid, metrisable, and coarser than τ|Bx

.
We prove (2). In view of (1), we need only show that Cτ = E when τ is locally

solidly submetrisable and E has the principal projection property. Take x ∈ E.
Since τ is locally solidly submetrisable, there exists a locally solid topology eτx
on Bx which is coarser than τ|Bx

and which is metrisable by some metric dx .
From Remark 3.3 we see that we may suppose that dx is translation invariant
and such that the metric balls On,x :=

�

y ∈ Bx : dx (0, y)< 2−n
	

in Bx are solid
in Bx (and then also in E) for n = 1, 2, . . . . The translation invariance of dx
implies that the On,x form a normal sequence of solid eτx -neighbourhoods of
zero in Bx . Since eτx is coarser than τ|Bx

, there exists, for each n, a solid τ-
neighbourhood Un of zero in E such that Un ∩ Bx ⊆ On,x . Take y ∈ Un. We
can write y = y1 + y2 with y1 ∈ Bx and y2 ∈ Bd

x because E has the principal
projection property. From |y1| ≤ |y| and the solidness of Un in E, it follows
that y1 ∈ Un ∩ Bx ⊆ On,x . We thus see that y = y1 + y2 ∈ On,x + Bd

x , and we
conclude that Un ⊆ On,x+Bd

x . Hence the On,x+Bd
x are τ-neighbourhoods of zero

in E. They are solid in E because Bd
x and the On,x are, and they form a normal

sequence of subsets of E since the On,x form a normal sequence in Bx . Set
N :=

⋂

n≥1

�

On,x + Bd
x

�

. We claim that N = Bd
x , which will finish the proof since

then clearly x ∈ Nd ⊆ Cτ. To establish the claim, take y ∈
⋂

n≥1

�

On,x + Bd
x

�

.
For each n, there exist un ∈ On,x and vn ∈ Bd

x such that y = un + vn. Then
un−um = vm−vn for all m, n. Since un−um ∈ Bx and vm−vn ∈ Bd

x , it follows that
un = um and vm = vn for all m, n. We thus see that there exist u ∈ Bx and v ∈ Bd

x
such that y = u + v, and where u ∈

⋂

n≥1 On,x . Since the latter intersection
equals {0}, it follows that y ∈ Bd

x . This shows that
⋂

n≥1

�

On,x + Bd
x

�

⊆ Bd
x . As

the reverse inclusion is clear, our claim has been established and the proof is
complete. □

We conclude this section with a small result which is an immediate conse-
quence of the fact that every order interval in a locally solid vector lattice is
closed in the topology.

Proposition 3.8. Let (E,τ) be a locally solid vector lattice such that τ is metrisable
and complete. Then τ is locally interval complete solidly submetrisable

3.3. Norm, unbounded norm, o-Lebesgue, and Fatou topologies. In this
section, we consider a number of particular locally solid topologies and study
when they are locally (interval complete) solidly submetrisable. We start with
the norm and unbounded norm topology on a Banach lattice.

Proposition 3.9. Let E be a Banach lattice. Then the norm topology and the
unbounded norm topology on E are locally interval complete solidly submetrisable.

Proof. We denote the norm topology on E by τ. It is clear from Proposition 3.8
that τ is locally interval complete solidly submetrisable. We turn to the locally
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solid unbounded norm topology uτ. Take x ∈ E+, and define dx : Bx × Bx →
[0,∞) by setting

dx (x1, x2) := ∥|x1 − x2| ∧ (2x)∥

for x1, x2 ∈ Bx . As in the proof of [13, Theorem 3.2], it is easily seen that dx is
a metric on Bx . The facts that dx is translation invariant and that the open balls
{y ∈ Bx : dx (0, y)< r} for r > 0 are solid make it simple to verify that these
open balls verify the conditions in [15, Theorem 5.1] to be a neighbourhood
basis at zero for a linear topology eτx on Bx , which is then obviously locally
solid. It is immediate from the definition of the uτ-topology that uτ|Bx

is finer
than eτx . Finally, the fact that dx (x1, x2) = ∥x1 − x2∥ for x1, x2 ∈ [0, x] makes
it clear that ([0, x], dx) is a complete metric space. □

Remark 3.10. The proof for the unbounded norm topology can easily be mod-
ified to yield a more general result: for x ∈ E+ and y, z ∈ Ix with y ≤ z, there
exists a metric dy,z on Bx that is coarser than τ|Bx

and such that ([y, z], dy,z)
is a complete metric space. Indeed, after choosing λ ≥ 0 such that [y, z] ⊆
[−λx ,λx], defining dy,z (x1, x2) := ∥|x1 − x2| ∧ (2λx)∥ for x1, x2 ∈ Bx yields
such a metric. There does not appear to be an obvious way (if it is at all possi-
ble) to produce a metric on Bx that induces a locally solid topology on Bx which
is coarser than uτ|Bx

, and such that all order intervals in Ix are complete metric
spaces, let alone all order intervals in Bx .

We now turn to o-Lebesgue and Fatou topologies.
If (E,τ) is a locally solid vector lattice, where τ is a Fatou topology, then

we know from [2, Theorem 4.12] that there exists a unique Fatou topology τδ

on the Dedekind completion Eδ of E extending τ. When τ is an o-Lebesgue
topology, so is τδ. An inspection of the proof shows that τδ is metrisable when τ
is. Furthermore, if τ1 and τ2 are Fatou topologies on E such that τ1 ⊆ τ2, then
τδ1 ⊆ τ

δ
2 . These two observations are used in the proof of the following.

Theorem 3.11. Let (E,τ) be a locally solid vector lattice, where τ is a Fatou
topology. Let τδ be the extension of τ to a Fatou topology on the Dedekind com-
pletion Eδ of E. The following are equivalent:

(1) τ is locally solidly submetrisable;
(2) τδ is locally solidly submetrisable;
(3) τδ is locally interval complete solidly submetrisable;
(4) Cτ = E;
(5) Cτδ = Eδ.

When τ is an o-Lebesgue topology, then (1)–(5) are also equivalent to:

(6) E has the countable sup property.

Proof. We see from Proposition 3.7 that (4) ⇒ (1) and that (5)⇔ (2). It is
clear that (3)⇒ (2). The combination of Corollary 3.5 and [2, Theorem 4.28]
shows that (2) ⇒ (3). The proof of the equivalence of the first five properties
will be complete once we show that (1)⇒ (2) and that(5)⇒ (4).
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We prove that (1) ⇒ (2). The first step is to show that τδ|Iδx is solidly sub-
metrisable for x ∈ E, as follows. We see from Corollary 3.5 that there exists a
metrisable Fatou topology eτx on Ix such that eτx ⊆ τ|Ix

. Since Iδx is the Dedekind

completion of Ix , there exists a unique Fatou topology (eτx)
δ (resp.

�

τ|Ix

�δ
)

on Iδx that extends eτx (resp. τ|Ix
). From the observations prior to the theorem,

we see that (eτx)
δ is metrisable and that (eτx)

δ ⊆
�

τ|Ix

�δ
. Now we note thatτδ|Iδx

is also a Fatou topology on Iδx , and that
�

τδ|Iδx
�

|Ix
= τδ|Ix

=
�

τδ|E
�

|Ix
= τ|Ix

.

Since there is only one Fatou topology on Iδx extending τ|Ix
, we conclude that

�

τ|Ix

�δ
= τδ|Iδx . Hence (eτx)

δ ⊆ τδ|Iδx , which shows that τδ|Iδx is solidly sub-

metrisable, as desired. For the second step, take x ∈ Eδ. Since E is majorising
in Eδ, there exists an y ∈ E such that Iδx ⊆ Iδy . As we know that τδ|Iδy is solidly

submetrisable, the same is then clearly true for τδ
Iδx

. Proposition 3.6 then yields

that τδ is solidly submetrisable.
We prove that (5)⇒ (4). Using [2, Exercise 4.5] in the first step, we have

Cτ = Cτδ ∩ E = Eδ ∩ E = E,

as desired.
Hence the first five properties are equivalent.
When τ is an o-Lebesgue topology, the equivalence of (4) and (6) is a part

of [2, Theorem 4.26]. □

Remark 3.12.
(1) The equivalence of all parts (1)–(6) in Theorem 3.11 does not hold for

arbitrary Fatou topologies, not even when the vector lattice is Dedekind
complete. Indeed, if A is an uncountable set, then, in view of Propo-
sition 3.8, the (Fatou) supremum norm topology on ℓ∞(A) is locally
interval complete solidly submetrisable, but ℓ∞(A) does not have the
countable sup property.

(2) In view of Proposition 3.4, it follows from [2, Theorem 5.33] that a vec-
tor lattice has the countable sup property when it admits a submetris-
able o-Lebesgue topology. This can now be improved: as a consequence
of Theorem 3.11, Proposition 3.6, and Proposition 3.4, a vector lattice
has the countable sup property when it admits an o-Lebesgue topology
such that its restrictions to all principal ideals are submetrisable.

Example 3.13. Let A be a non-empty set. We provide the Dedekind complete
vector lattice ℓ∞(A) with the o-Lebesgue topology τ that is generated by the
family of lattice seminorms pa for a ∈ A, defined by setting pa(x) := |x(a)| for
x ∈ ℓ∞(A). Then Theorem 3.11 shows that this topology of pointwise conver-
gence is locally (interval complete) solidly submetrisable if and only if ℓ∞(A)
has the countable sup property, i.e., if and only if A is countable.

In view of Theorem 3.11 and, in particular, of its role as a stepping stone for
Theorem 4.1 in the current paper, it is desirable to have sufficient conditions for
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a Fatou topology τ to have full carrier Cτ. This is evidently so when τ is metris-
able, and also when the vector lattice has the countable sup property (see [2,
Theorem 4.17]). We shall now proceed to show that a Fatou topology τ has full
carrier when Cτ has a countable order basis. We need the following prepara-
tory result, for which we recall that a σ-Dedekind complete vector lattice has
the principal projection property; see [17, Theorem 25.1], for example.

Lemma 3.14. Let E be a σ-Dedekind complete vector lattice with a countable
order basis {en : n≥ 1} such that 0 ≤ e1 ≤ e2 ≤ . . . . Denote the corresponding
order projections onto the principal bands generated by the en by Pen

. Then x =
supn≥1 Pen

x for x ∈ E+.

Proof. Take x ∈ E+. Since the en are increasing, so are the Pen
. As 0≤ Pen

x ↑≤ x
and E is σ-Dedekind complete, supn≥1 Pen

x exists. From the fact that 0 ≤ x −
supn≥1 Pen

x ≤ x − Pek
x for k ≥ 1, we see that (x − supn≥1 Pen

x) ⊥ ek for k ≥ 1.
Hence x − supn≥1 Pen

x = 0. □

Proposition 3.15. Let (E,τ) be a locally solid vector lattice, where τ is a Fatou
topology. Suppose that Cτ has a countable order basis. Then Cτ = E.

Proof. We first suppose that E is σ-Dedekind complete. According to [2, The-
orem 4.17], Cτ is an order dense σ-ideal in E. Let {en : n≥ 1} be a count-
able order basis of Cτ. By passing to

�∑n
i=1|ei| : n≥ 1

	

, we may suppose that
0 ≤ e1 ≤ e2 ≤ . . . . Since Cτ is order dense in E, {en : n≥ 1} is also an order
basis of E.

Let Pen
denote the order projections from E onto the principal bands gener-

ated by the en. Take x ∈ E+. Then Lemma 3.14 yields that x = supn≥1 Pen
x in E.

The formula for principal band projections and the fact that Cτ is a σ-ideal in E
imply that Pen

x ∈ Cτ. Using once more the fact that Cτ is a σ-ideal in E, we see
that x ∈ Cτ. This concludes the proof when E is σ-Dedekind complete.

Now we consider arbitrary E, where we let τδ denote the unique extension
of τ to a Fatou topology on Eδ. Let {en : n≥ 1} be a countable order basis of Cτ.
Then {en : n≥ 1} ⊆ Cτ ⊆ Cτδ because Cτ = E∩Cτδ by [2, Exercise 4.5]. Since E
is order dense in Eδ, and since [2, Theorem 4.17] still shows that Cτ is order
dense in E, Cτ is order dense in Eδ. Hence {en : n≥ 1} is also an order basis
of Eδ, and then in particular of Cδτ . The first part of the proof then shows that
Cτδ = Eδ, which implies that Cτ = E ∩ Cτδ = E ∩ Eδ = E, as required. □

Remark 3.16. For an o-Lebesgue topology τ, one can do better than Propo-
sition 3.15. As seen from [14, Lemma 6.8], the fact that Cτ has a countable
order basis then not only implies that τ has full carrier (which is equivalent
to E having the countable sup property), but also that E itself has a countable
order basis.

We combine our sufficient conditions for a Fatou topology to have full carrier
with a part of Theorem 3.11 in the following result, formulated in a way ready
to be combined with Theorem 4.1.
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Theorem 3.17. Let (E,τ) be a locally solid vector lattice, where τ is a Fatou topol-
ogy. Suppose that Cτ = E, which is certainly the case when E has the countable
sup property, when Cτ has a countable order basis, and when τ is metrisable. Let
τδ be the extension of τ to a Fatou topology on the Dedekind completion Eδ of E.
Then τδ is locally interval complete solidly submetrisable.

4. EMBEDDED UNBOUNDED ORDER CONVERGENT SEQUENCES IN TOPOLOGICALLY

CONVERGENT NETS

The following theorem, which will be combined with the results from Section 3
in Section 5, is the core result of this paper. Although the statements in its final
paragraph will most likely be sufficient in the majority of applications, we still
formulate it in its most precise form. Corollary 4.2 may give evidence that it is
worth doing so; see also Remark 4.3.

Theorem 4.1. Let (E,τ) be a locally solid vector lattice, where τ is locally interval
complete solidly submetrisable, and let F be a regular vector sublattice of E. Let
(xα)α∈A be a net in F and let x ∈ F be such that xα

τ
−→ x in E.

Suppose that A has a largest element αlargest. Then x = xαlargest
.

Suppose that A has no largest element. In this case, one can choose any eα1 ∈ A;
then find an α1 ∈ A; then choose any eα2 ∈ A; then find an α2 ∈ A; etc., such that:

(1) α1 < α2 < α3 < . . . ;
(2) αn > eαn for n≥ 1;
(3) xαn

uo
−→ x as n→∞ in F.

In particular, for arbitrary A, there exist indices α1 ≤ α2 ≤ α3 ≤ . . . such that
xαn

uo
−→ x in F; if A has no largest element, then there exist indices α1 < α2 <

α3 < . . . such that xαn

uo
−→ x in F.

Proof. It is clear that x = xαlargest
when A has a largest element αlargest.

Suppose that A does not have a largest element.
Using the linearity of τ-convergence and uo-convergence; that |xα|

τ
−→ 0

when xα
τ
−→ 0; that uo-convergence in E of a sequence (or net) in the regu-

lar vector sublattice F of E to an element of F implies uo-convergence in F to
the same limit; and that xα

uo
−→ 0 when |xα|

uo
−→ 0, it is easy to see that it is

sufficient to consider the case of a net (xα)α∈A in E+ such that xα
τ
−→ 0 in E.

After this reduction, we choose any index eα1 ∈ A. Since A has no maximal
element, we can find an index α1 such that α1 > eα1. By assumption (see also
Remark 3.3), we can find a translation invariant metric d1 on Bxα1

such that
d1 (0, y)≤ d1 (0, z) for all y, z ∈ Bxα1

with |y| ≤ |z|, and also such that:

(a) the metric topology on Bxα1
induced by d1 is coarser than τ|Bxα1

;

(b) ([0, xα1
], d1) is a complete metric space.

For n = 2, 3, . . . , we shall now inductively choose any index eαn, and then find
an index αn, together with a translation invariant metric dn on Bxαn

such that
dn (0, y)≤ dn (0, z) for all y, z ∈ Bxαn

with |y| ≤ |z|, and also such that:
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(i) the metric topology on Bxαn
induced by dn is coarser than τ|Bxαn

;

(ii) ([0, xαn
], dn) is a complete metric space;

(iii) αn > αn−1 and αn > eαn;

(iv) dk

�

0, xαn
∧ xαk

�

≤
1
2n

for k = 1, 2, . . . , n− 1.

We start with n = 2. Choose any index eα2. From the fact that xα
τ
−→ 0 in E

we see that also xα ∧ xα1

τ
−→ 0 because τ is locally solid. Since xα ∧ xα1

∈ Bxα1

for α ∈ A, and since τ|Bxα1
is finer than the metric topology on Bxα1

induced

by d1, we conclude that d1

�

0, xα ∧ xα1

�

→ 0. Hence we can find an α2 ∈ A

with α2 > α1 and α2 > eα2 such that d1

�

0, xα2
∧ xα1

�

≤
1
22

. This takes care

of (iii) and (iv). Since τ is locally interval complete solidly submetrisable, we
can find a translation invariant metric d2 on Bxα2

such that d2 (0, y) ≤ d2 (0, z)
for all y, z ∈ Bxα2

with |y| ≤ |z|, and also such that (i) and (ii) are satisfied. This
completes the choices for n= 2.

Suppose that n≥ 2 and that we have already found α2, . . . ,αn and d2, . . . , dn
satisfying (i)–(iv). Choose any index eαn+1. Then αn+1 and dn+1 can be found
by essentially the same argument as for n = 2. Indeed, the fact that xα

τ
−→ 0

implies that xα ∧ xαk

τ
−→ 0 for k = 1, . . . , n. Since xα ∧ xαk

∈ Bxαk
for α ∈ A

and k = 1, . . . , n, and since τ|Bxαk
is finer than the metric topology on Bxαk

induced by dk for k = 1, . . . , n, we conclude that dk

�

0, xα ∧ xαk

�

→ 0 for k =
1, . . . , n. Hence we can find an αn+1 ∈ A with αn+1 > αn and αn+1 > eαn+1

such that dk

�

0, xαn+1
∧ xαk

�

≤
1

2n+1
for k = 1,2, . . . , n. This takes care of (iii)

and (iv). Since τ is locally interval complete solidly submetrisable, we can find
a translation invariant metric dn+1 on Bxαn+1

such that dn+1 (0, y) ≤ dn+1 (0, z)
for all y, z ∈ Bxαn+1

with |y| ≤ |z|, and also such that (i) and (ii) are satisfied.
This completes the induction step.

Now that the αn and the dn as required have been found, we fix a k ≥ 1.

From (iv) we know that dk

�

0, xαi
∧ xαk

�

≤
1
2i

for i ≥ k + 1. Noticing that
∨s

i=r xαi
∧ xαk

∈ Bxαk
for 1 ≤ r ≤ s, using the translation invariance of dk

on Bxαk
, the fact that y ∨ z − y ≤ z for positive elements y, z of a vector lattice,

as well as the monotonicity of dk (0, · ) on B+xαk
, we see from this that, for p >

q ≥ n≥ k,

dk

� p
∨

i=n

xαi
∧ xαk

,
q
∨

i=n

xαi
∧ xαk

�

= dk

�

0,
p
∨

i=n

xαi
∧ xαk

−
q
∨

i=n

xαi
∧ xαk

�

≤ dk

�

0,
p
∨

i=q+1

xαi
∧ xαk

�
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≤ dk

 

0,
p
∑

i=q+1

xαi
∧ xαk

!

≤
p
∑

i=q+1

dk

�

0, xαi
∧ xαk

�

≤
∞
∑

i=q+1

dk

�

0, xαi
∧ xαk

�

≤
∞
∑

i=q+1

1
2i
=

1
2q

.

For a fixed n≥ k, this implies that the sequence
�∨p

i=n xαi
∧ xαk

�∞
p=n is a Cauchy

sequence in the complete metric space ([0, xαk
], dk). Hence its limit ln,k as p→

∞ exists in the topology that dk induces on Bxαk
. It follows from the local

solidness of this topology that ln,k ↓n;n≥k, and also that 0 ≤ xαn
∧ xαk

≤ ln,k for
n≥ k ; see [2, Theorem 2.21]. Furthermore, for p ≥ n≥ k+ 1, we have

dk

�

0,
p
∨

i=n

xαi
∧ xαk

�

≤ dk

�

0,
p
∑

i=n

xαi
∧ xαk

�

≤
p
∑

i=n

dk

�

0, xαi
∧ xαk

�

≤
p
∑

i=n

1
2i

<
1

2n−1
.

We conclude that dk

�

0, ln,k

�

≤ 1/2n−1 for n ≥ k + 1, so that the sequence
�

ln,k

�∞
n=k+1 converges to zero in the topology that dk induces on Bxαk

. As this
topology is locally solid and the sequence is decreasing, [2, Theorem 2.21 (c)]
shows that ln,k ↓n;n≥k+1 0 in Bxαk

. Since we had already observed that 0 ≤

xαn
∧ xαk

≤ ln,k for n ≥ k, we can now conclude that xαn
∧ xαk

o
−→ 0 in Bxαk

as n →∞. Because Bxαk
is a regular vector sublattice of E, we see that also

xαn
∧ xαk

o
−→ 0 in E as n→∞.

After having covered one fixed k ≥ 1, we now let B be the band in E that
is generated by

�

xαk
: k = 1,2, . . .

	

. Clearly, (xαn
)∞n=1 ⊆ B, and we have just

shown that xαn
∧ xαk

o
−→ 0 in E for k = 1,2, . . . . By [6, Proposition 7.4], this

implies that xαn

uo
−→ 0 in E, as desired. This completes the proof of the existence

of indices α1,α2,α3, . . . satisfying (1)–(3) in the case that A has no largest ele-
ment.
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The statements in the final paragraph follow by taking all αn equal to αlargest
if A has a largest element αlargest, and by taking all eαn equal to a fixed element
of A if A has no largest element. □

The precise formulation regarding the eαn and the αn in Theorem 4.1 allows
one to combine several convergences, as follows.

Corollary 4.2. Let (E,τ) be a locally solid vector lattice, where τ is locally interval
complete solidly submetrisable, and let F be a regular vector sublattice of E. Let
(xα)α∈A be a net in F and let x ∈ F be such that xα

τ
−→ x in E. Suppose, further-

more, thatτ1, . . . ,τk are metrisable linear topologies on E, and that x1, . . . , xk ∈ E

are such that xα
τi−→ x i for i = 1, . . . , k.

Suppose that A has a largest element αlargest. Then x = x1 = · · ·= xk = xαlargest
.

Suppose that A has no largest element. In this case, there exist indices α1 <
α2 < α3 < . . . in A such that:

(1) xαn

uo
−→ x as n→∞ in F.

(2) xαn

τi−→ x i as n→∞ for i = 1, . . . , k.
Consequently, for arbitrary A, there exist indices α1 ≤ α2 ≤ α3 ≤ . . . such that

xαn

uo
−→ x in F as well as xαn

τi−→ x i for i = 1, . . . , k; when A has no largest element,
one can choose the αn to be strictly increasing.

Proof. When A has a largest element, all is clear. Suppose that this not the case.
For i = 1, . . . , k, let {V i

n : n ≥ 1} be a τi-neighbourhood base at x i . For each n,
there exists an eαn such that xα ∈ V i

n for all α≥ eαn and all i = 1, . . . , k. We now
choose these eαn in Theorem 4.1. □

Remark 4.3. Corollary 4.2 does still not use the precise formulation of The-
orem 4.1 to its full extent. The choice of the eαn in Theorem 4.1 is flexible,
in the sense that one can let the chosen value of eαn+1 depend on the then al-
ready known values of α1, . . . ,αn and eα1, . . . , eαn. In the proof of Corollary 4.2,
however, all eαn that are used in the concluding application of Theorem 4.1 are
already given in advance. This additional flexibility is presently still awaiting
an application in presumably more delicate proofs.

For the ease of reference in the remainder of the paper, we include the fol-
lowing rephrasing of the (less precise) final paragraph of Theorem 4.1 in the
terminology of Definition 2.2.

Theorem 4.4. Let (E,τ) be a locally solid vector lattice, where τ is locally interval
complete solidly submetrisable, and let F be a regular vector sublattice of E. Let
(xα)α∈A be a net in F and let x ∈ F be such that xα

τ
−→ x in E. Then (xα)α∈A

contains an embedded sequence that is uo-convergent to x in F.
In particular, every sequence in F that is τ-convergent to an element of F has a

subsequence that is uo-convergent to the same limit in F.

Remark 4.5. When τ in Theorem 4.1 is, in addition, metrisable, Corollary 2.4
shows that the existence of an embedded sequence in an arbitrary τ-convergent
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net that is uo-convergent to the same limit is equivalent to the existence of a
subsequence of every τ-convergent sequence that is uo-convergent to the same
limit. It follows from Lemma 2.3 that they are both also equivalent to the ex-
istence of embedded sequences in nets in the more precise formulation as in
Theorem 4.1.

5. APPLICATIONS

In this section, we combine Sections 3 and 4. While doing so, we take some
care pointing out how our results relate to the existing literature.

It will become apparent that the presence of the countable sup property is
a sufficient condition for several results in this section to hold. We refer to
Section 2.2 for some additional material on this property.

For the sake of simplicity, the results that are to follow are based on The-
orem 4.4 where we take F = E. We remark, however, that the more precise
formulation in Theorem 4.1, involving a regular vector sublattice and a more
precise statement on the indices for the embedded sequence, is also always
valid.9

We start with a case where an application of the results in Section 4 does, in
fact, not yield an optimal statement. Let (E,τ) be a locally solid vector lattice,
where τ is metrisable and complete. The combination of Proposition 3.8 and
Theorem 4.4 shows that every τ-convergent net has an embedded sequence that
is uo-convergent to the same limit. A much stronger statement is true, however.

Proposition 5.1. Let (E,τ) be a locally solid vector lattice, where τ is metrisable
and complete. Then every τ-convergent net in E has an embedded sequence that is
relatively uniformly convergent to the same limit.

Proof. According to [2, Exercise 5.8], every τ-convergent sequence has a sub-
sequence that is relatively uniformly convergent to the same limit. Now apply
the version of Corollary 2.4 for relative uniform convergence. □

For the un-topology on a Banach lattice, we have the following. The proof of
part (3) is essentially that of [7, Theorem 4.4], but formulated in such a way
that it can be used in a wider context; see Theorem 5.8.

Theorem 5.2. Let E be a Banach lattice. Then:

(1) every un-convergent net in E has an embedded sequence that is uo-conver-
gent to the same limit.

If E has an order continuous norm, then:

(2) every un-convergent net in E has an embedded sequence that is uo-conver-
gent as well as un-convergent to the same limit;

(3) a sequence in E is un-convergent to x ∈ E if and only if every subsequence
has a further subsequence that is uo-convergent to x.

9With the exception of Proposition 5.1, where there appears to be no obviously valid statement
for regular vector sublattices.
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Proof. The statement in (1) is immediate from Proposition 3.9 and Theorem 4.4.
Suppose that E has an order continuous norm.
In this case, the un-topology is the uo-Lebesgue topology on E (see [7, Propo-

sition 2.5], for example), which makes clear that (2) follows from (1).
The forward implication in (3) is immediate from (1). For the converse im-

plication, suppose that a sequence (xn)n≥1 has the property that every subse-
quence has a further subsequence that is uo-convergent to x , but that (xn)n≥1 is
not un-convergent to x . In this case, there exists an un-neighbourhood V of x
and a subsequence of (xn)n≥1 that stays outside V . By assumption, there is a
further subsequence that is uo-convergent to x . Since the un-topology is the
uo-Lebesgue topology on E, this further subsequence is eventually in V . This is
a contradiction. □

Remark 5.3. Part (1) of Theorem 5.2 improves [7, Proposition 4.1], where
it is shown that every un-convergent sequence in a Banach lattice has a sub-
sequence that is uo-convergent to the same limit. The statement in (2) is [7,
Corollary 3.5]. The statement in (3) is [7, Theorem 4.4].

We now turn to Fatou topologies with full carrier, for which we have the
following basic result.

Theorem 5.4. Let (E,τ) be a locally solid vector lattice, where τ is a Fatou topol-
ogy. Suppose that Cτ = E, which is certainly the case when E has the countable
sup property, when Cτ has a countable order basis, and when τ is metrisable. Then
every τ-convergent net in E has an embedded sequence that is uo-convergent to the
same limit.

Proof. Suppose that (xα)α∈A is a net in E and that xα
τ
−→ x for some x ∈ E.

If we let τδ denote the extension of τ to a Fatou topology on Eδ, then also

xα
τδ

−→ x in Eδ. The combination of Theorem 3.17 and Theorem 4.4 yields that
(xα)α∈A has an embedded sequence that is uo-convergent to x in Eδ. As E is a
regular vector sublattice of Eδ, this embedded sequence is also uo-convergent
to x in E. □

Remark 5.5.
(1) The special case of Theorem 5.4 where Cτ has a countable order basis

is [14, Theorem 6.7].
(2) According to [2, Theorem 4.19], an order bounded convergent net in

a Fatou topology on a vector lattice with the countable sup property
has an embedded sequence that is order convergent to the same limit.
This is clear from Theorem 5.4, since an order bounded uo-convergent
sequence is order convergent. It is, in fact, more generally true when
the topology has full carrier.

Before continuing with our applications, we note that, for o-Lebesgue topolo-
gies, there is a converse to Theorem 5.4. In fact, we have the following.

Theorem 5.6. Let (E,τ) be a locally solid vector lattice, where τ is an o-Lebesgue
topology. The following are equivalent:
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(1) Cτ = E;
(2) E has the countable sup property;
(3) every τ-convergent net in E has an embedded sequence that is uo-conver-

gent to the same limit;
(4) every increasing τ-convergent net in E+ has an embedded sequence that

is uo-convergent to the same limit.

Proof. The equivalence of (1) and (2), taken from the literature, was already in
Theorem 3.11. Theorem 5.4 shows that (1) implies (3), and it is clear that (3)
implies (4).

We show that (4) implies (2). Suppose that (xα)α∈A is a net in E+ and that
xα ↑ x for some x ∈ E+. Then xα

τ
−→ x . By assumption, there exists an em-

bedded sequence (xαn
)n≥1 such that xαn

uo
−→ x as n→∞. Since the sequence

is order bounded, we even have xαn

o
−→ x . As the αn are increasing, so are the

xαn
, and we conclude that xαn

↑ x . Now [17, Theorem 23.2.(iii)] shows that E
has the countable sup property. □

Remark 5.7.
(1) We see that, for o-Lebesgue topologies, the existence of embedded uo-

convergent subsequences in the restricted class of topologically conver-
gent nets in (4) already implies this existence in general topologically
convergent nets in the more precise form in Theorem 4.1.

(2) For arbitrary Fatou topologies, Theorem 5.6 does not hold. Indeed,
the combination of part (1) of Remark 3.12 and Theorem 5.4 shows
that (3) does not imply (2) within this larger class of topologies. For
Fatou topologies, it would be satisfactory if, for example, (1) could still
be shown to be equivalent to (3), or perhaps to the more precise ver-
sion of the existence of embedded uo-convergent sequences as in The-
orem 4.1. In support of this, we can, however, presently only mention
that the (metrisable) Fatou topology in part (1) of Remark 3.12 indeed
has full carrier.

Continuing with our applications, we now specialise within the Fatou topolo-
gies to the uo-Lebesgue topologies. Employing arguments as in the proof of the
parts (2) and (3) of Theorem 5.2, and recalling that, for o-Lebesgue topologies,
having full carrier is equivalent to the vector lattice having the countable sup
property, one obtains the following result.

Theorem 5.8. Let (E,τ) be a locally solid vector lattice, where τ is a uo-Lebesgue
topology. Suppose that Cτ = E or, equivalently, that E has the countable sup
property; this is certainly the case when Cτ has a countable order basis, and when τ
is metrisable. Then:

(1) every τ-convergent net in E has an embedded sequence that is uo-conver-
gent as well as τ-convergent to the same limit;

(2) a sequence in E is τ-convergent to x ∈ E if and only if every subsequence
has a further subsequence that is uo-convergent to x.
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Remark 5.9.
(1) Suppose that E is a Banach lattice, and let τ denote its norm topol-

ogy. Then Cuτ = E by Lemma 2.1. If E has an order continuous norm
(which implies that it has the countable sup property), then uτ is the
uo-Lebesgue topology on E. We thus see that Theorem 5.8 yields the
parts (2) and (3) of Theorem 5.2 again, albeit not via the shortest route.

(2) It follows from [14, Lemma 6.8 and Corollary 6.9] that part (2) of The-
orem 5.8 holds when E has the countable sup property and a countable
order basis. Theorem 5.8, however, shows that E having the countable
sup property is alone already sufficient for part (2) to hold.

(3) For the sake of completeness we recall from [14, Theorem 4.9] that
a uo-Lebesgue topology on a vector lattice is metrisable if and only if
the vector lattice has the countable sup property and a countable order
basis.

Theorem 5.8 has the following consequence.

Corollary 5.10. Let E be a vector lattice, and suppose that F is an order dense ideal
in E admitting an o-Lebesgue topology τF . Then uFτF is a uo-Lebesgue topology
on E. Suppose that at least one of the following is satisfied:

(a) E has the countable sup property;
(b) τF is metrisable and F has a countable order basis (which is always the

case when τF is a metrisable uo-Lebesgue topology);
Then CuFτF

= E. Consequently:
(1) every uFτF -convergent net in E has an embedded sequence that is uo-

convergent as well as uFτF -convergent to the same limit;
(2) a sequence in E is uFτF -convergent to x ∈ E if and only if every subse-

quence has a further subsequence that is uo-convergent to x.

Proof. It follows from [6, Proposition 4.1] that uFτF is a uo-Lebesgue topol-
ogy on E. By [14, Theorem 4.9], F has a countable order basis when τF is a
metrisable uo-Lebesgue topology.

Suppose that τF is metrisable and that F has a countable order basis. Accord-
ing to Lemma 2.1, we have F ⊆ CuFτF

. Since F is then an order dense vector
sublattice of CuFτF

, CuFτF
also has a countable order basis. Now we can apply

Theorem 5.8. □

Remark 5.11.
(1) When E is a vector lattice containing a Banach lattice F with an order

continuous norm as an order dense ideal, Corollary 5.10 specifies to a
considerable improvement of [12, Theorem 9.5]. An inspection of [12,
Example 9.6] shows that the condition in (b) that F have a countable
order basis cannot be omitted.

(2) A vector lattice E with the property that Esoc separates its points admits
an o-Lebesgue topology; see [6, Lemma 5.1], for example. With this
in mind, it is easy to see that Corollary 5.10 implies [6, Theorems 7.8
and 7.13].
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We continue with a consequence of Theorem 5.8 in measure theory.

Corollary 5.12. Let (X ,Σ,µ) be a semi-finite measure space, and let E be the ideal
in L0(X ,Σ,µ) consisting of (equivalence classes of) measurable functions with σ-
finite supports. Then E admits a uo-Lebesgue topology, which is the topology of
local convergence in measure, and E has the countable sup property. Consequently:

(1) every µ∗-convergent net in E has an embedded sequence that is almost
everywhere convergent as well as µ∗-convergent to the same limit;

(2) a sequence in E is µ∗-convergent to f ∈ E if and only if every subsequence
has a further subsequence that is almost everywhere convergent to f .

Proof. It was already observed in [4, p.292] that L0(X ,Σ,µ) has a uo-Lebesgue
topology, and that it is the topology of local convergence in measure. A more
detailed statement and its proof can be found as [6, Theorem 6.1]. The restric-
tion of this topology to the regular vector sublattice E is a uo-Lebesgue topology
on E. A moment’s thought shows that the σ-finiteness of the supports of the
elements of E implies that every disjoint system of positive elements of E which
is bounded from above in E is at most countable. Hence E has the countable sup
property by [17, Theorem 29.3(vi)]. We can now apply Theorem 5.8. The proof
is then completed by using that, for arbitrary measure spaces, uo-convergence
of sequences in regular vector sublattices of L0(X ,Σ,µ) is equivalent to conver-
gence almost everywhere; see [11, Remark 3.4]. □

Remark 5.13.

(1) When µ is σ-finite, one has E = L0(X ,Σ,µ) in Corollary 5.12. In this
case, part (1) yields [6, Theorem 7.11], and part (2) yields [9, 245K].

(2) For the sake of completeness we recall (as was already mentioned in
Section 1) that, for arbitrary measure spaces, a sequence in L0(X ,Σ,µ)
that is (globally) convergent in measure has a subsequence that con-
verges almost everywhere to the same limit; see [1, Theorem 19.3] or
[8, Theorem 2.30], for example. This goes back to F. Riesz in [18],
correcting an earlier statement by Lebesgue in [16].

We continue with an application of Theorem 5.8 to weak closures. For this,
we need some terminology. Suppose that E is a vector lattice, and that I is
an ideal in Esoc that separates the points of E. In this case, the lattice semi-
norms ρϕ, defined for ϕ ∈ I by setting ρϕ(x) := |ϕ|(|x |) for x ∈ E, define a
locally convex o-Lebesgue topology |σ|(E, I) on E. The uo-Lebesgue topology
u|σ|(E, I) on E, resulting from this so-called absolute weak topology |σ|(E, I)
on E that is induced by I , plays a part in the following result.

Corollary 5.14. Let E be a vector lattice, and suppose that Esoc has an ideal I that
separates the points of E. Suppose that Cu|σ|(E,I) = E or, equivalently, that E has
the countable sup property; this is certainly the case when Cu|σ|(E,I) has a countable
order basis, and when u|σ|(E, I) is metrisable. Let S be a convex subset of E, and

take x ∈ S
σ(E,I)

. Then there exists a sequence in S that is uo-convergent to x.
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Proof. By Kaplan’s theorem (see [2, Theorem 2.33], for example), the topo-
logical duals of the locally convex topological vector spaces (E, |σ|(E, I)) and

(E,σ(E, I)) are both equal to I . Hence S
σ(E,I)

= S
|σ|(E,I)

, so that there exists a

net (xα)α∈A in S with xα
|σ|(E,I)
−−−−→ x . Then certainly xα

u|σ|(E,I)
−−−−−→ x . We can now

apply Theorem 5.8. □

Remark 5.15. In [10, Theorem 4.1], the existence of a uo-convergent sequence
as in Corollary 5.14 was established under the single hypothesis that the ideal I
in Esoc contain a strictly positive linear functional. This is a special case of Corol-
lary 5.14. Indeed, if a vector lattice has a strictly positive linear functional ϕ,
then it has the countable sup property by [2, Theorem 1.45]. Furthermore, the
principal ideal in Es generated by ϕ then already separates the points of E by
[6, Proposition 2.1(2)], so this is then certainly true for I .

We refer to [10] for further elaborations on this special case.

We continue with an application of Theorem 5.8 to adherences and closures.
As a preparation, we recall some notation from [5, Section 8]. Let A be a subset
of a vector lattice E. We write

aσ-uo(A) =
¦

x ∈ E : there exists a sequence (xn)n≥1 in A with xn
uo
−→ x in E

©

and

auo(A) =
¦

x ∈ E : there exists a net (xα)α in A with xα
uo
−→ x in E

©

for the σ-uo-adherence and uo-adherence of A in E, respectively. When τ is a
topology on E, one similarly defines the σ-τ-adherence and the τ-adherence
of A, the latter simply being its τ-closure A

τ
.

A subset A of E is said to be σ-uo-closed when aσ-uo(A) = A. The σ-uo-closed
subsets of E are the closed subsets of a topology on E, which is called the σ-
uo-topology. The closure of a subset A in this topology is denoted by A

σ-uo
.

We have aσ-uo(A)
σ-uo
= A

σ-uo
, and A is closed in the σ-uo-topology if and only

if aσ-uo(A) = A
σ-uo

. We refer to [5, Lemmas 2.3 and 2.4] for details. Simi-
lar statements hold for uo-adherences and σ-τ-adherences and the associated
topologies.

The conclusion and the proof of the following result are completely analogous
to those of [5, Theorem 8.1]. Its hypotheses are considerably weaker, however,
since we now have Theorem 5.8 available, rather than [5, Theorem 7.8] with
its much more restrictive hypotheses.

Theorem 5.16. Let E be a vector lattice that admits a uo-Lebesgue topology τ,
and let A be a subset of E. Suppose that Cτ = E or, equivalently, that E has the
countable sup property; this is certainly the case when Cτ has a countable order
basis, and when τ is metrisable. Then the following seven subsets of E are all
equal:

(1) aσ-τ(A) and A
σ-τ

;
(2) aσ-uo(A) and A

σ-uo
;
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(3) auo(A) and A
uo

;
(4) A

τ
.

In particular, the σ-τ-topology, the σ-uo-topology, and the uo-topology on E
all coincide with τ.

On combining Corollary 5.12 and Theorem 5.16, and recalling again from
[11, Remark 3.4] that uo-convergence of sequences in regular vector sublattices
of L0(X ,Σ,µ) is the same as almost everywhere convergence, we obtain the
following.

Corollary 5.17. Let (X ,Σ,µ) be a semi-finite measure space, and let E be the
ideal in L0(X ,Σ,µ) consisting of (equivalence classes of) measurable functions
with σ-finite supports. Let A be a subset of E. Then A is a closed subset of E in
the topology of local convergence in measure if and only if it contains the almost
everywhere limits of sequences in A.

Remark 5.18. For a σ-finite measure, Corollary 5.17 is [9, 245L(b)].
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