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Abstract

In recent papers it was shown that, under certain conditions, the Cy-semigroup
describing a flow on a network (metric graph) that contains terminal strong
(ergodic) components converges to the direct sum of periodic semigroups gen-
erated by the flows on these components. In this note we shall provide an
explicit description of these limit semigroups in terms of the components of the
adjacency matrix of the line graph of the network. The result is based on the
Frobenius—Perron theory and the estimates of long term behaviour of iterates
reducible matrices.
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1. Introduction

Dynamical problems on networks have been considered recently in many
papers, see e.g. [1, 3, 5, 6, 9, 13, 15] and also the monograph [16]. Here we
focus on transport on networks, modelled by a system of first order transport
equations on the edges of the digraph representing the network. The equations
are coupled by Kirchhoff’s conditions at the vertices of the diagraph. The
problem lends itself to a semigroup theoretical approach which, in particular,
allows for proving elegant results on the long term behaviour of the flow on the
network, see e.g. 1, 9, 14, 17]. The main result of these papers is that, under
certain assumptions on the structure of the network and on the speeds of the
flow along each edge, the flow is asymptotically periodic. More precisely, the
semigroup generated by the flow converges exponentially to the direct sum of
periodic semigroups on strong terminal (ergodic) components of the network.
While theoretically very interesting, such a result is somehow incomplete from
the practical point of view as it does not provide any explicit formulae for the
limit semigroups. In other words, to be able to use the limit periodic semigroups
as an approximation of the original flow, one needs to provide the appropriate
initial conditions for them and this requires precisely knowing how the material
from the transient parts enters the ergodic part of the network.
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In this paper we complete the theory by deriving the explicit formulae for
the action of the limit semigroups by expressing them by the coefficients of the
weighted adjacency matrix of the line graph of the original network.

The approach is based on the proof of asymptotic periodicity given in [1]
that uses the representation of the flow as the composition of the iterates of
the adjacency matrix of the line graph and the solutions of the transport equa-
tions on the edges. Then limit periodic semigroups are then defined by the
spectral decomposition of this matrix. If the adjacency matrix in question is
primitive, then the relation between its iterates and its spectral decomposition
is well-known. However, in general, the adjacency matrix related to the flow is
reducible with imprimitive irreducible components and its spectral decomposi-
tion becomes too complicated for practical purposes. Though for such matrices
there is a well-developed theory of Cesaro limits, see e.g. [19, Section 8.4] or
[12, Section 8.6], it only provides information about the averaged behaviour of
the iterates and thus it is not immediately useful to analyse the finer details of
the limit periodic structure of the flow.

We observe that the structure of spectra of imprimitive reducible matrices
recently has come under scrutiny, e.g. in [18], but the goals of the op. cit.
are different from ours. To the author’s knowledge there have been few papers
dealing with iterates of reducible or imprimitive matrices. In [8] the author
focused on reducible matrices with primitive diagonal blocks. The reference
[20] specifically deals with Leslie matrices which might be imprimitive and,
in Section 3, the author uses an idea that is similar to ours but stops short of
finding the formulae for the limit dynamics. None of these results can be directly
applied to qualitatively describe the limit periodic semigroups of a network flow
which is the main aim of this note.

Acknowledgements. The research was partially supported by the National
Research Foundation of South Africa.

2. Transport on networks

We consider a network represented by a simple (no loops or multiple edges)
directed metric graph

G=V(G),EQ®)={v,...,v.},{e1,-..,em})

with r vertices v1,...,v, and m edges (arcs), e1,...,€en. It is assumed that G
is connected but not necessarily strongly connected. To shorten notation, we
let M ={1,...,m}. If the vertex v; has more than one outgoing edge, we place

a weight w;; > 0 on the outgoing edge e; such that, for each v;,

Z Wij = 1.

ejoutgoing from v;

The line graph @ of G is defined by Q = (V(Q), E(Q)) = (E(G), F(Q)), where

EQ) = {uv; u,v € E(G),the head of u coincides with the tail of v}.



By B we denote the weighted adjacency matrix for the line graph whose coeffi-
cients are given by
bij _ { Wi if erj ﬂ? €5,
0 otherwise.

If there is an outgoing edge at each vertex, then B is column stochastic.

A vertex v will be called a source if there are no incoming edges towards it
and a sink if there are no edges outgoing from it.

We are interested in a flow on a closed network G. We parameterise the edges
of G so as to identify each of them with the interval [0, 1], where 0 is the tail and 1
is the head. Then we write any function on G as u(z) = (u;(x))jem, z € [0,1].
The flow on G is described by u(z,t) = (u;(x,t))jem, where uj(z,t) is the
density of particles at position x € [0,1] and time ¢ > 0, moving along edge e;
from the tail 0 to the head 1 with a continuous velocity ¢;(x) > 0. The standard
assumption is that the flow satisfies the Kirchhoff law at each vertex v;,

Z Cj(l)uj(Lt) = Z ¢j(0)u;(0,7), ¢ >0, (1)

incoming edges outgoing edges

which in this context expresses mass conservation at each vertex. Let C(x) =
diag(c;(z))jem and K = (k;;)ijem = C71(0)BC(1). Then the above transport
problem can be written as

opu(z,t) + 0, (C(x)u(z,t)) =0, =ze€(0,1), t>0,
u(0,t) = Ku(1,t), (2)
u(z,0) = f(x),

if (and only if) G does not contain a sink, [1]. In short, we consider in X =
(L1([0,1]))™ the abstract Cauchy problem

u; = Au, u(0) = Ku(1), u(0) = f, (3)

where A is the realization of the expression Au = (—0,(cju)) jem on the domain
D(A) = {u € (W}([0,1]))™; u(0) = Ku(1)}. There is a strongly continuous
semigroup (T'4(t))i>0 solving (3), (even if K is an arbitrary matrix, [3]).

This semigroup has nontrivial long term asymptotic behaviour if the speeds
¢j, j € M, are somehow commensurate. Here we assume that

1
EJce]RVje/\/l C/
0

ds
% =1l; eN. (4)

For constant speeds, this condition is the same as in [1, 14], but it is less general
than in [17, Definition 4.8]. Under (4), we rescale time as 7 = ¢t and, for each
Jj € M, make the change v; = cju; and introduce the spatial variable

x

/ ds

=c | —.

v cj(s)
0



This converts (2) into an analogous problem but with the unit speed on each
edge e;, the matrix K changed into B but with the edge e; having length ;.
However, since each [; is a natural number, we can subdivide each interval (0, ;)
into [; intervals of unit length. This will create a new graph, say G, with x(m)
new edges, where the dividing points become new vertices. Then a function
u on G will be transformed into a vector of x(m) functions which are defined
on the new edges and are assumed continuous across the new vertices. This
continuity requirement defines the Kirchhoff conditions at the new vertices,
while the Kirchhoff conditions at the old vertices are left unchanged, see [1].
Since the problem on G has the same structure as the original one on G, there is
a semigroup (74 (t))¢>o solving it. It can be proved that the above construction
provides an isomorphism S : X — X := (L1([0, 1]))X("™) such that

Ta(t)u =S T(ct)Su, ueX. (5)

The motivation behind the representation (5) is [1, Eq. (17)] (which is an
extension of [10, Proposition 20]) which states that for any U € X

([TA()U)(x) = [K"U](n+2x—t), neN, 0<n+z—-t<l, (6)

(with ([T4(t)]U)(z) = U(x —¢) for ¢ < z < 1) where, with some abuse of
notation, we use the same symbol K to denote both the adjacency matrix of the
line graph of G and the operator on X induced by the pointwise multiplication
of a function f € X by the matrix K.

Hence, in what follows we will assume that in (2) we have ¢; =1, j € M.
Therefore K = B and hence the analysis of the long term behaviour of (T4 (t)):>0
reduces to that of the iterates of B (see [1] for the precise relation between the
quantitative properties of (T'4(t));>0 and the model with unit speeds).

If G is connected, but not strongly connected, then one can subdivide G, and
so the line graph @ = L(G), into the acyclic part, the part containing transient
strong components and the ergodic (terminal) strong components, [4]. Strong
components of G correspond in a one-to-one manner to strong components of
@, [1]. Then, by simultaneous permutation of rows and columns, the adjacency
matrix of @, B, can be put in the so-called normal form, [11, p. 90]. Moreover,
by the topological sorting of @ (or [7, Theorem 9-16]), we see that in the part
of B corresponding to @)1, the acyclic part of @, the only nonzero entries can
occur below the diagonal. Thus, reordering the vertices so that the sources in
Q1 appear first, followed by other vertices from )1, and noting that the sources



correspond to zero rows, we obtain the representation

0 0 0 0 . 0 0 ... 0
B>y By O 0 ... 0 0 ... 0
0 0 Bs O 0 0 0
B = By_11 -+ - By_149-2 By 0 0 0 . (7)
Bg,l e N BQ,Q—Q Bg,g—l ’]Tg 0 0
B@-l—Ll oo IB2"9-&-1,9—2 IB%9-1-179—1 0 Tg+1 0
Bs 1 P Bs g1 ) ST,

Since B is column stochastic, it has a positive left eigenvector which can be
taken to be 1 = (1,...,1). Using [11, Theorem 6, Chapter III], we find that for
some g > 2 the spectral radii p(T;) satisfy p(T;) =1 for ¢ <1 < s, p(B;) < 1
for 2 <l <gand By =0forg+1 <! <sandg <k <1!-1 (and
certainly, B; , = 0 above the (block) diagonal). The matrix B is nilpotent, the
matrices B; for 3 <1 < g—1, called transient, are either irreducible matrices of
dimension n; X ny, or zero matrices of dimension 1 x 1 (scalars). The matrices
T; for g <1 < s are called ergodic. Since we assumed that there are no loops in
G, all diagonal entries in B are zero.

Due to the block triangular structure of B, we have o(B) = {0}Uo(B3)U...U
0(Bg—1)Uo(Ty)U...Ua(Ts). Let o, (B) denote the peripheral (of unit modulus)
spectrum of B. Eigenvalues in 0, (B) only can come from o(T;), g <1 < s. Since
each T; is irreducible, by [19, Chapter 8, p. 696], 0,(T;) consists of simple
eigenvalues and thus each eigenvalue of 0,(B) is semisimple. Further, if we
denote by d; the index of imprimitivity of T;; that is, the number of distinct
unitary eigenvalues of T;, then these eigenvalues are of the form A} = e2mik/di
k=0,1,...,d;, — 1, and each of them is simple, [19, Chapter 8, p. 676]. Let v}
and wF be, respectively, the right and left eigenvectors of T; belonging to AF,
normalized so as Vf . wl”“ = 1. It is always possible as Wf is orthogonal to any
right (associated) eigenvector of T; belonging to A € o(T;) \ {AF} and, since AF
is simple, if also v - wF = 0, then wF = 0. Let us define

{V]}g<icso<k<a—1 = {(0,...,0,v/,0,...,0)}g<i<s 0<h<d,—1, (8)

where vlk occupies coordinates from n;—; + 1 to n;, corresponding to the indices

of the block row of T;. Then {Vf}gglgs’ogkgdl_l spans all eigenspaces of B
corresponding to o, (B). If {W¥} /<5 0<k<a,—1 is the corresponding set of left
eigenvectors of B, then Wf contains W{“ at the coordinates from n;_1 + 1 to ny
(the construction of W will be provided later) and hence VF - WF = 1.

Theorem 2.1. [1] There is a decomposition X =X;&...®X ;&Y .Y, such
that

(i) the spaces X;, l=g,...,s, Y¢,Y;, are invariant under (Ta(t))e>o0;



(i1) (Ta(t)|x,)e>0 is periodic with period dj, | =g,...,s;
(i11) (Ta(t)|y.)i>0 is exponentially stable;

() (Ta(t)|y,)i>0 is nilpotent.

We note that this theorem is valid under a more general condition than (4),
that only involves commensurability of average times of traversing the ergodic
cycles, [9, 17]. For our purpose we need an explicit expression of (T4 (t))i>o0,
that is the basis of the proof in [1]. It uses the spectral decomposition of B: for
any x € R™

s di—1
B'x =Y Y (\)"Fyux+ > A'pa(n)x, neN, (9)
I=g k=0 A€o (B)\op(B)

where py(n) is a matrix valued polynomial in n of order smaller than the al-
gebraic multiplicity of A\ (which does not change for larger n) and IE‘)\;C is the
spectral projection

Fyx = (Wi )V}, xeR™l=g, ..,50<k<d-1 (10)

Recalling (6) and (9), we have, forue X,neN, 0<n+z—t <1,

[Ta(t)u](z) = [B"u|(n+z—1) (11)
s di—1
= > Y O Fuuntz—0+ D> Apa(n)ul(n+z—1).
l=g k=0 A€o (B)\op(B)
The second term decays exponentially. Let us fix [ = g,...,s, and denote

R ={x € R™ (0,...,0,Zn, ,+1,--->Zn,,0,...,0)} and X; = L;([0,1],R})
(isomorphic to L1 ([0, 1], R™~"-1)). Then X is invariant under (T4(t));>0 and,

defining
di—1

[Taat)u)(@) = > )" [Fpul(n +a —t), (12)
k=0
0<n+z—-t<1lneN, wesee that (Ta,;(t)):>0 restricted to X; extends to a
periodic group with period equal to the imprimitivity index d; of T;. Summa-
rizing, we have

Ta(t)u — Z Ta(tu|| < Mye | ulx, (13)
l=g X
where w = —Ina and o < 1 is any number satisfying o > max |o(B) \ 0,(B)|.



3. Explicit formulae for (T'a,i(t)):>0

In the first step we simplify B. By writing (7) as

By|lo ... 0
a| Tl 0
Bs|0 ... T,

where By = (By,1,...Big-1) for l=g,...,s, we have

By | o ... 0
| ]
Zin |0 oo T
where .
Zi= Y TEBBy N 1=g,...s
k=0
This shows that each block-row [ = g, ..., s only contains inputs from the block-

matrix By (the transient part) and from itself but not from other block-rows of
the ergodic part. Hence, it is sufficient to consider separately iterates of

for | = g,...,s. Note that, in general, B is no longer column stochastic but,
as before p(By) < 1 and p(T;) = 1 with 0,(T;) (and thus ¢,(B)) consisting of
simple eigenvalues. The long term behaviour of B™ crucially depends on the

matrix T;. There are two cases:
1. T; is primitive;
2. Ty is imprimitive.
In what follows we shall drop index [ from the notation.

8.1. Primitive T

This case is well-known, see [8, 12, 19], but we shall recall it to make the
considerations in the reducible case more clear. Here, 1 is a strictly dominant
eigenvalue with strictly positive eigenvector v normalized so as 1 -v = 1. Then
V = (0,v) is the eigenvector of B corresponding to the eigenvalue 1 of B. Since,
in general, B is no longer column stochastic, its left eigenvector W = (w, wo)
is found from

w1Bg + waB = wy, woT = wo;



Figure 1: Network in Example 1.

hence wo = 1 and, introducing by R(A, By) = (AZ — By)~! the resolvent of By,
wy = [1B]R(1, By). Then, for x = (x1,x2)

: mn nhngo BO 0 X1 /O | 0 \ X1
B XZ( im Z, [T T">(x2>:\v®u1 |v®1}<x2> =(U-x)V,

n—r00

where, for vectors a, b we define a ® b = (a;b;); ; and, as it will be established
later in a more general situation,

lim 2, = > TBBy T = v @ 1B|(T - Bo) (15)
k=0

Example 1. Consider transport on the network given on Fig. 1, occurring
according to the adjacency matrix B of the line graph given by

00 0 0l0 0 0 0
00 0 0l0 0 0 0
10 0 0[0 0 0 0
By |0 01 1. 0/0 00 0
B_(BI'H‘>_ 0 00 1|0 0 1 1 (16)
00 0 0/05 0 0 0
00 0 0l0 1 00
00 0 0/05 0 0 0

The characteristic equation of the 4 x 4 ergodic part T is A(A3> —0.5A—0.5) = 0,
with eigenvalues 1,0, —0.5 + 0.5¢, and thus T is primitive. We have

R(1,By) = . [1BJR(1,Bp) = 1.

_ o0 O =
—_ o~ O
— -0 O
_ o oo



Since the Perron eigenvector of T is given by v = %(2, 1,1,1), we find that the
flow on G asymptotically is given by the semigroup

8
[T(t)f](w):Zfi(n—i—x—t)(O,v), 0<n+z—-t<lneN
i=1

In other words, the flow becomes separated into periodic flows on disconnected
edges of the ergodic part of G, weighted by the components of the Perron eigen-
vectors. Note that there is no periodic flow on the network despite the fact that
the ergodic part of G consists of cycles.

8.2. Imprimitive T

If T is imprimitive then, by the Perron-Frobenius theory, there are additional
d — 1 eigenvalues on the unit circle, given by A = 6271”1,1 =1,...,d—1, for
some d > 2. As in (8), we denote by v and w' the right and, respectively, left

eigenvector of T belonging to A! and by

V= (O,Vl), W' = (Wllvle) ([W B] ()‘luBO)vwl)v
the corresponding eigenvectors of B, normalized so that U'- V! = 1. This allows

for the following asymptotic expression

27 2mi

B"x =(W-x)Vie @ "(Whx)VI4. . ted

@=Dm(Wia-Lx)VI=110(a™), (17)

where « is an arbitrary number satisfying max{|o(B) \ 0,(B)|} < a < 1 and V
and W are the Perron eigenvectors of B, as in Subsection 3.1.

Our aim is to express the coefficients (W-x)V and (W!-x)V! [ =1,...,d—1,
explicitly in terms of coefficients of B, as then we will have formulae for the
spectral projections Fy: of the limit periodic semigroups in (12).

Theorem 3.1. Let x € R™ and r =0,1,...,d — 1. Define

0 | 0
— d—1
FT(X) - 20 Tr+mBBlOi—m—l(I _ Bg)_l Tr X. (18)
Then
1 d—1 1 d—
W= LSRG Wiy = IS (19)
j=0 Jj=0

Proof. We have
—n. [ By |0
B"x = < z T >x, (20)

n—1

where Z, = 3. TFBB;'7* as in (15), but this time neither T” nor 2, has a
k=0

limit as n — oco. We first show that in analysing Z,, for large n we may assume



that T is periodic; that is, o(T) = {e*#7}o<j<q_1. Indeed, by the spectral
decomposition of T,

d—1
T'x = (1-x)v + Z T (0l - x)v7 + Z A"pa(n)x = Tix + TTx,
j=1 Ao (T),|A\|<1

where ||T7|| < Mya™ for some M;. Then, since o(By) < 1 yields ||Bf|| < M2S"
(where Ms is a constant and we can choose o # § < 1), we obtain

n—1

n—1—k
> oTiBBy!
k=0

n—1 k n__ .n
< My Mo H|B| Z (%) = Mleﬂn_l%-
k=0

Hence, by o, 8 < 1,

n—1
: _ k n—1—k | _
nh_)rrgo <Zn ,;_0 ToBB, ) 0.

2mi

Therefore in what follows we assume that o(T) = {e @ 7 }g<;j<q—1.Then we have
TPd+" = T7. Consider now Z,,. For a given r = 0,1,d — 1, and p € Ny

dp+r
Zpayrpr = BB+ 4+ TBBEF 4+ Y TRBBETTTE
k=r+1
dp—1
= BB 4.+ TBBY+ Y TR
1=0
Since ']I‘iBngJrT_lJ =0,1,...,r converge to 0 as p — oo, we can focus on the

last term. Here, grouping terms within each period

dp—1 d—1 p—1
Z Tl+r+1Bng—l—1 =T Z Tm+18861—m—1 2(83)37
=0 m=0 s=0

where we used the periodicity of T. Thus

d—1
Jim Zpippn =T EOTWHBBg*m*lR(l,Bg). (21)

Thus, using (18), (20) and (17), we get for r =0,1,...,d — 1

lim BPx = (Wex) Ve d (W) Vit . 4ed @D (Wi lx)VI-l= F (x).

p—00

In other words, we have the following system of equations for Cyp = (W-x)V
and C, = (W"-x)V" r=1,...,d—1,

Co+Ci+...+4Cy-1 = Fy,

Co+ 82;”‘7"01 + ...+ 62gi (d—l)er_l

I
=
3
<
Il
\:—‘
S8
|
[t

10



We use the fact that for any m € Z, which is not 0 or multiple of d, we have

d—1 2mi 0 g

2mi 1—ed
E e dmk — —__—_—___ —.
o 1—ea™

Now, fix 0 < r < d —1 and multiply row j by e~ 7J. Then the coefficient at
Cp,k # r, in row j will become e*T (k=13 Since k — r is not a multiple of d,
adding together the equations we obtain, for r=1,...,d — 1,

Il
2
2
<
Il

-1
1
COZ(W'X)VZE;Fj(X)a C,

Example 2. Consider the network given on Fig. 2, with the adjacency matrix
of the line graph given by

0 2 0|0 0
1 0 0/0 0
B:(%%): 0 3 0]0 0
0 0 1]0 1
00 01 0

The eigenvalues of T are +1 and the eigenvalues of By are 1/+/2,0 and thus
B'x = (W-x)V + (-1)"(W! - x)V! + 0 ((\/5)*”) .
We have

2
R(1,B3)=| 0
—1

O N O
o O O

and hence the bottom left blocks in Fy and F; are, respectively,

. B o (0 10
plin;OZpd = (BBo+TB)R(1,Bj) = ( 1 0 1 )’
lim Z = (TBBy + B)R(1,BY) = Lo
prano vt = (HEE0 BN

Thus, we have to solve the system

o | o
0 1 0[1 0 |=(W-x)V+(WH.x)Vl
-1 0 1]0 1

o | o
-1 0 1[0 1 |=(W-x)V-(W'.x)V!,
0 1 1]1 0

11



[

vy v, ———e—— v,

[\
(.

Figure 2: Network in Example 2
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