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Optimal Containment Control of a Quadrotor Team
With Active Leaders via Reinforcement Learning

Ming Cheng™, Hao Liu
Jinhu Lii

Abstract—This article proposes an optimal controller for a
team of underactuated quadrotors with multiple active lead-
ers in containment control tasks. The quadrotor dynamics are
underactuated, nonlinear, uncertain, and subject to external dis-
turbances. The active team leaders have control inputs to enhance
the maneuverability of the containment system. The proposed
controller consists of a position control law to guarantee the
achievement of position containment and an attitude control law
to regulate the rotational motion, which are learned via off-policy
reinforcement learning using historical data from quadrotor tra-
jectories. The closed-loop system stability can be guaranteed
by theoretical analysis. Simulation results of cooperative trans-
portation missions with multiple active leaders demonstrate the
effectiveness of the proposed controller.

Index Terms—Cooperative control, multiagent system, optimal
control, quadrotor, reinforcement learning (RL).

I. INTRODUCTION

VER the past decade, cooperative control of quadrotors

has attracted an increasing interest from the control com-
munity for its wide range of applications, such as agricultural,
emergency rescue, express delivery logistics, and remote sens-
ing [1], [2], [3], [4], [5]. Containment control, as a challenging
topic of cooperative control of quadrotors, aims to drive each
vehicle into the convex hull spanned by multiple team leaders
and has practical uses. For instance, in a cooperative logistics
scenario involving multiple unmanned aerial vehicles (UAVs),
the quadrotor vehicles can carry more payloads instead of
advanced navigation systems and can be guided by staying
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within the safe region formed by the team leaders. Therefore,
the containment control problem has received much research
attention from the control and robotic communities.

Recently, the containment control problems have been stud-
ied in multiple works. In [6], a decentralized framework for
multirobot systems to form clusters around multiple targets
and achieve the containment for the followers was designed
using a game-theoretic rule. In [7], a rigidity-based approach
was proposed to achieve formation among multiple agents
modeled as double integrators. In [8], a distributed fault-
tolerant containment control protocol was developed for the
discrete-time multiagent systems (MASs). Note that the non-
linear and coupled features of the vehicle dynamics were
ignored in [6], [7], and [8]. In [9], the containment control
problem of discrete-time single-input linear MASs was inves-
tigated using the standard Riccati design method. In [10], a
time-varying group formation-containment tracking controller
was designed for general linear MASs and the control proto-
col design was based on the solution to an algebraic Riccati
inequality. In [11], a consensus scheme based on distributed
linear quadratic regulation was developed and tested for het-
erogeneous MASs with linearized quadrotors and two-wheeled
mobile robots. However, in [9], [10], and [11], the con-
trollers were based on complete and accurate knowledge of
the dynamical models, which is difficult to obtain for the
quadrotors due to their complex mass distribution and working
environment.

In recent years, robust optimal control methods have been
developed for uncertain nonlinear networked systems. The
satellite containment control problem was discussed in [12]
using the adaptive sliding mode control and potential func-
tions. In [13], a robust hierarchical pinning control scheme
for nonlinear heterogeneous MASs was developed to deal with
the uncertainties and disturbances. In [14], a finite-time atti-
tude containment control problem of spacecraft formation was
studied using the backstepping design technique. In [15], an
observer-based containment control approach was proposed
for networked nonlinear MASs using the active disturbance
rejection control. However, these robust optimal controllers
in [12], [13], [14], and [15] can only guarantee the optimality
for the nominal systems, but not for the uncertain nonlinear
systems.

The reinforcement learning (RL) has been be introduced
to solve optimal control problems of the uncertain nonlinear
systems. Zamfirache et al. [16] designed a policy iteration
RL algorithm that updated neural networks using a gray
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wolf optimizer algorithm. In [17], a fuzzy optimal control
method was proposed for nonlinear systems utilizing a mod-
ified evolved bat algorithm. In [18], a model-independent
control protocol was developed to achieve the containment
control for networked Euler-Lagrange systems with uncer-
tainties. In [19], adaptive distributed observer techniques were
employed to handle a bipartite containment control problem
of linear MASs. In [20], a data-driven fault-tolerant attitude
synchronization control problem was studied with the non-
linear rotational dynamics of the quadrotor vehicles via RL
method. Note that the existing results in [18], [19], and [20]
mainly focused on the cooperative control problems with
autonomous leaders and ignored the control input. However,
the active leaders with control input are important for enhanc-
ing the maneuverability of the multivehicle teams and can
enable the containment systems to perform autonomous behav-
iors and achieve various complicated geometric configurations
to avoid unexpected menace (see [21], [22]). Therefore, the
optimal containment control problem with active leaders for
the quadrotors suffering from unknown parameters, underac-
tuation, nonlinear couplings, and external disturbance based
on the RL remains challenging and open, which motivates the
current paper.

In this article, the optimal containment control problem
involving multiple active leaders is addressed using RL. A
cascade containment control law is designed that consists of
an optimal position control law for achieving containment and
an optimal attitude control law for controlling the rotational
motion. The optimal control laws are learned from historical
data measured along the quadrotor trajectories. Moreover, the
proposed controller can ensure both containment and optimal
performance for the quadrotor team. The proposed contain-
ment controller has three main advantages over the existing
methods.

First, the proposed containment controller in the cur-
rent article can achieve optimal tracking performance for
the uncertain quadrotor systems. But, the existing methods
[12], [13], [14], [15] can only guarantee optimal performance
for the nominal systems instead of uncertain nonlinear quadro-
tor vehicles.

Second, the proposed controller can iteratively interact with
the nonlinear and coupled vehicle dynamics and learn the
optimal control laws from the generated input—output data.
However, existing results in [9], [10], and [11] based on the
classical optimal control theory were dependent on complete
and accurate knowledge of the dynamical models.

Third, in this article, the control inputs are introduced into
the dynamics of the team leaders in response to unexpected
menace and the achievement of the containment can still
be guaranteed. But, the control inputs of the leaders were
ignored in [4], [8], [9], [18], [19], and [20], resulting in limited
maneuverability of the containment systems.

The remaining parts of this article are organized as follows.
Section II provides necessary preliminaries on the graph theory
and the problem formulation involving quadrotor dynamics.
Section III discusses the optimal containment control law
design and theoretical analysis for the quadrotors. Section IV
presents a simulation example and the results are given.
Section V concludes the whole article.
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II. PROBLEM FORMULATION
A. Preliminaries

This article considers a team of UAVs consisting of ny
quadrotor followers denoted by F £ {1, ..., nr} and n; lead-
ers denoted by £ £ {ne+1,...,np+m}. Let Go = (Ve, &, Ac}
and Gr = {Vf, &, Ar} be weighted directed graph describing
the interaction topology for the entire team of ny + n; UAVs
and the followers, respectively. Vr = {vs}, (i = 1,2, ...,n5)
represents the set of vertices, where v; indicates the ith
quadrotor. & C V¢ x Vy represents the set of edges and
Ay = [a;j] € RY*"Y represents the adjacency matrix, where
a; > 0, if (v4, vg) € & and a;; = 0, otherwise. The leaders are
active without incoming edges, and the followers are quadro-
tors with incoming edges. Define N; = {vgl(vs, v5) € &)
as the neighbors of the ith quadrotor. Define a series of suc-
cessive edges, that is, {(vs, vix), (W, v), ..., (Vim, Vpg)} as a
directed path from the ith node to the jth node. Let W, =
diag{py, o5, ..., ,o,ﬁf}, (v € L) be the connection indicator of
the vth leader, where p; is 1, if there exists a link from the
vth leader to the ith follower, and 0, otherwise.

Notations: I, € R"™™" denotes a unit matrix, 1, € R" a
column vector with 1 as its elements, ¢, € R% a column
vector with 1 on the bth element and O s elsewhere. Let 0,,,,, €
R™*" represent a zero matrix and ® represent the Kronecker
product. Denote dist(x, D) as the distance from a vector x €
R” to a set D in the Euclidean norm given by dist(x, D) =
infyep|lx — yll,. Denote Co(U) as the convex hull of a set of
points U = {uy, uy, ..., u,} with finite elements, representing
the minimal convex set that contains every point in U, that is,
Coh) = {Z?:l Aiujlu; € U, Aj = 0, Z?:] A= 1}

B. Quadrotor Dynamics

In this article, the fully nonlinear dynamical model is con-
sidered for each quadrotor. Denote E; as the Earth-fixed
inertial frame and Ep; as the body-fixed frame attached to
the ith quadrotor. Define ps; = [psix Phy pﬁ,Z]T € R? as the
position of the ith quadrotor in EI and ®; = [¢; 6; wi]T eR3
as the Euler angle of the ith quadrotor. As shown in [23], the
dynamical model of each quadrotor can be written as

mips = RipF; + dp;

Ji®; = —C(0;, ©,)0; + 7; + do; (D
where m; and J; are the mass and inertial matrix of the ith
quadrotor with J; = diag{]?,]?,]}lj} € R33 R € R3*3
is the coordination transformation matrix from Ep; to E,
C(0;, ©,) € R¥3 is the nonlinear Coriolis term, and F; € R3,
7; € R3 are external forces and torques from the rotors
in f51. dp; and dg; indicate external disturbance acting on the
translational and rotational motion in EI and EB. F; and 7
are given by F; = ¢33kyi 22:1 a),%’i —RITBC3,3m,-g and 7, =
[Tix Tiy 1:,-,Z]T, respectively, where t; , = l,,-kwi(a)ii — a)g’i),
Tiy = ltikwi(a)%’,’ - wii)’ and Tiz = keikei Zizl (—l)kﬂa)ii,
g is the gravity constant, wj; is the spinning rate of the jth
rotor of the ith quadrotor, and /;, k., and k;; are three scaling
factors of the ith quadrotor. Define the control input com-
mands as uy; = Zi:l a),%, Upi = w%yi —6042;’1-7 Ui = ‘U%,i —w%i,
and uy; = Zi:l (—l)k“w,i ;» Because of the underactuation
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. . . .. s
feature of the quadrotor dynamics, design a virtual position e A,
control input uy,; € R3 as follows: SRR
. . . o RL-based Hor
. . . . . E ~base
sin ¢” Sl_n w” + cos (p” cos wr’ S.ln 9” g L Containment RL-based Optimal Attitude Optimal
Upi = Uz | COS ¢yi sin wri sin8,; — cos 1//”» sin wri ) ) r Observer Tp Position Controller u, Conversion o, C/:ntnttl:‘:;jl;
COS @y COS Oy ”
where ¢,;, 6,;, and ,; are attitude reference for the ith Fig. 1. Structure of the proposed RL-based controller.

quadrotor. Denote b,; = kyil3/mi(i € F) and be; =
diag{bé)i, b%_),., b%i} = diag{liikyi, liikwi, k-i}. In this case, one
can write the quadrotor dynamics in (1) as

Pfi = bpittpi — 8c33 + Ap;
O; = —J71(C(8;, ©;)0; + boue; + deoi) (3)

where ue; = [ugi upi uyil’ € R3, A, represents exter-
nal disturbance given by A,; = by, + dp;, where iy =
uz;iRipcs 3 — up;.

Remark 1: 1t can be observed from (1) that the dynamical
model of each quadrotor, involving six degrees of freedom but
four control inputs, is an underactuated system. Moreover, the
nonlinear quadrotor system is coupled and subject to external
disturbance. Therefore, it is not feasible to extend the existing
results on the containment control of linear systems (see [6],
[71, [81, [9], [10], [11]) to nonlinear quadrotors.

C. Problem Statement

From [24], the dynamics of the team leaders with unknown
inputs can be described as follows:

tw = Migyy + Gy,
prv = Nign,ve Ll 4

where M; € R*® is the dynamic matrix of the leaders, N; =
[e31 €31 e31 033l &w = [pf, PLIT € R® and pi(1) €
IR3 are the state and the position of the vth leader, respectively.

Assumption 1: For each quadrotor agent in the containment
system, there is at least one UAV leader that has a directed
path to the quadrotor.

Assumption 2: The unknown control input u;,(v € L) for
all team leaders is continuous and bounded by a threshold
wyy > 0, that is, |lup e < @i.

Let ¢, € R’ (i € F) be the local relative output
information of the ith follower given by:

ny netng
epi=Y ailpg—pp)+ Y, pllow—rps) O
j=1 v=ns+1

The compact form of (5) can be written as

ny+m
ep=— Y (2,®85)(pr — pu) 6)
v=nf+1
where ¢, = [egl, eTz, e e;nf]T e R¥, pj, = 1, ® piv, and

@, = (1/ns)Ly + W,, where Lf is the Laplacian matrix of gf.
The purpose of this article is to obtain an optimal contain-
ment control law without requiring accurate information of the
quadrotor dynamics under external disturbances and multiple
active leaders. The optimal control problem of this article can
be summarized by Problem 1.

Problem 1 (Optimal Containment Control): Consider the
optimization problem for the nonlinear quadrotor vehicles
under external disturbances modeled as (1), estimate the
position references p, by using local information, and
achieve the optimal position containment control, that is,
limy— oodist[ps(f), Co(pp(t),v € L)] = 0, by designing
optimal control laws u;l., A;i, ug; and Ag. to minimize the
performance index

oo
Jii = / D (g, rs ki, Ai)dt, k=p,® ()
t

where ry(xxi, rri, uki, Ak;) is a value function which will be
designed in the controller design section.

According to [25] and [26], the containment of the followers
can be achieved if the global containment error e, converges
to 0, that is, lim; o €, () = 0.

III. CONTAINMENT CONTROL LAW

In this section, the containment control law for the quadro-
tors is proposed, consisting of three parts: 1) a containment
observer to generate desired trajectory references; 2) an
optimal position controller to track the trajectory references
and produce the attitude references; and 3) an optimal atti-
tude controller to track the generated attitude references. Fig. 1
depicts the structure of the proposed controller.

A. Optimal Position Control Law

Let & = [ﬁg f)rTl.]T € R® denote the state vector of the ith
observer, where p,; € R is the position reference for the ith
quadrotor to track. Let €,; € RO(i € F) be the local estimation

error of the ith observer. Substituting ps by &; in (6) yields
: —+ .

that €5 = 3,7, aij(§ — &) + 3,0, "1 A} (6 — &r). Design

the following observer to guarantee the convergence of the

global estimation error as:
& = Mg + Gy
ti = 0180€0i + QZS‘(Saeai) ®)
where ¢; is the control input, 01, 02 are positive constant gains,
S, is a matrix to be determined, and 5(x) represents the signum
function. Then, from (8), one can obtain the global form of
the observer dynamics as follows:
&) = (I, ® M))&, + (011n; @ MiS,)€,
+ (02l ® Gi)F(e0) ©)

T ¢T 71T T T T T
where g,,:[sl,gz,...,gn_f] ,60:[601,602,...,€0nf] , and

ﬁ(éo) = [§T(S0€01), 3‘T(S()E(Q)a cees 3‘T(Soeonf)]T- From (9),
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one can obtain the dynamical system of the estimation error as

ng+np
o =Me,+PGu— Y (D, @15)Gii,  (10)

v=ng+1
where M; = I, @ M;, ® = YL &, ® = & ® I,
~ - ~ T
G = Inf ® Gy, wy = 1nf ® upy, L = [LIT,L%‘,...,LZJ(] .

Actually, since the function §(x) is Lebesgue measurable and
locally essentially bounded, one can obtain the Filippov solu-
tions to (10). Therefore, the stability property of (10) can be
analyzed based on the theory of differential inclusion and non-
smooth analysis. The dynamics of €, in forms of differential
inclusions can be obtained as
ne+ny
& €%¢ K| Mie, + &DGZL — Z (®, ® 16)5;1121\;
v=ng+1

(1)

where a.e. stands for “almost everywhere” as shown in [27].
From [28], the estimation error in (10) can asymptotically
converge to 0, if Assumptions 1 and 2 hold and the positive
constant gains o and g7, and the matrix S, in (8) are selected
as

So = =G P", 01 > 1/Amin(Ls + @)

02 > max wy, (12)
vel
where P > 0 in the first equation of (12) satisfies that
MP + PM] —2G,G! < 0. (13)

Furthermore, the optimal position control law is designed to
track the trajectory reference generated from the observer and
produce attitude reference. One can rewrite the translational
dynamics in (3) as

2pi = Mpizpi + Gpittpi — 8¢6,6 + Dpilpi

Ypi = Npilpi (14)

7. T T
where z,; =[5 7] € RS, Gy = [0 bT1', Dy = [0 L',

My = [ce4 co5 Co,6 06X3]T, and N,; = N;. Combining (8)
and (14) leads to the following position augmented system:

Zpi = Mpizpi + Gpiupi — 12,68 + DpiApi + Tpi/-’Lpi

(Spi = Npizp[ (15)

where Z,; = [z} &17 € R'2, My = diag{M,; My}, Gy =
[GL, OL, Nyi = [Ny — Nil. Dy = DL 01, T, =10 Gy
and pp; = 015€,; + 025(S€,;). The bounded input Mpi Tesulted
from local estimation error €,; and the equivalent disturbance
Ap; produces uncertain effects to the system in (15) and
should be attenuated eventually in the augmented system.
Besides, using the proposed containment observer in (8) for
each quadrotor, the estimation error €, can converge to 0
and consequently drive p; to 0. To counteract the external
disturbance affecting on the augmented system (15), one can
consider the following disturbance attenuation condition as:

floo e—Oli(l' b)) (5[2Qpi8pi + Lt};l-Rpiupi)d‘L’

2
=y, (6)
[T = DAT A ar '
t pi
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where 8p; = psi — Pri,» @i > 0 represents a discount constant,
vp = 0, Op; and R),; are positive-definite matrices. From (16),
one can see that y, indicates the scale of attenuation from the
effects of Ap; to the performance of the translational system.

Consider the following construction of the performance
index for the position augmented system as:

o
Tpi(8pis piy Npi) = f e T 0 p (8 tpis Api)dT (17
t

where 7, (8pi, tpis Api) = 8], 0pidpi + ul Rpittpi — vy AL Api. Tn
fact, it can be observed from (17) that u,; and A, engage
in a two-player zero-sum differential game, where u,; is the
minimizing player and Aj; is the maximizing player. Define
the Nash condition of the differential game as

o
J;i = Hul;tn n&a’}ix'/t e_“"(f_t)rp((spi, Upi, Ap,-)dt (18)
where J7,(8pi, upi, Api) is the optimal performance index. If
the Nash condition in (18) holds for the position augmented
system, the solution to the differential game problem is unique.
The optimal position control part aims at designing the posi-
tion control law u,; satisfying inequality in (16) such that p;
tracks the position reference generated by the observer, while
minimizing the performance index given by (18). One can
obtain the Hamiltonian function as follows:

H(in’ Upi, Api) 2 p (‘Spi’ Upi, Api) — ailpi
+ AT (MyiZpi + Gpiuyi)

— AJl(ci2.68 = Dpidpi)  (19)

where AJy,; = 0J,;/0Zp;. According to [29], differentiating
(19) with respect to the control command u,; and the dis-
turbance input Ap;, that is, 8H(J;‘i, Upi, Api)/dup; = 0 and
oH (J;l-, Upi, Api)/0Ap; = 0, yields the following optimal posi-
tion control law for achieving containment and the disturbance
input:

wy = —RGLAT /2

* _ 1T * 2
A = DpiAin/<2yp).

Besides, substituting (20) into (19) leads to

(20)

T _
5,,TiQpi5pi —aitpi + (AJ;,-) (MpiZyi — c12,68)
Lo\ A ptpr . L m =7 [ 4
- Z(Ajpl) GiR,i' Gy = —5 DD [ A} = 0. @21
D

Theorem 1 summarizes the stability property of the transla-
tional subsystem utilizing the control law in (20).

Theorem 1: The optimal control law in (20) can guaran-
tee that the closed-loop position augmented system in (15) is
asymptotically stable, and the disturbance attenuation condi-
tion in (16) is satisfied, with A,; = 0 and o; < 2(||UpiQpilD /2,
where Up; = Gp,-R;ilGZi + D,,,»D;l. / ypz.

Proof: Combining (19)—(21) and substituting up; = u;i yield
that

2 (Ap,- - A;I-)T(Api - A;l) <o. (22)
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Then, from (19), one can obtain that
= aidyy 35y = =1y (8pis w50 Ai)- (23)

Multiplying e~*" on both sides of (23) and integrating both
sides yield that

e—aiTJ;i (Zpi(1)) = J5:(Zpi(0))

T
< /O e, (5,,,, s Api)dr. 24)
Because J;l-(Zpi(t)) > 0, one can obtain that
T
/() e*aﬂ'rp ((Sp,', u;i, Ap,')d‘r < ];l-(Zp,'(O)). (25)

From (25), the disturbance attenuation condition (16) holds for
the position augmented system with u;i in (20). From (21), it
follows that:

T _ _ _
(AJ,T,) (MpiZyi + Gpiupi — c12,68 + DpiApi)
= Oll'J;i —Ip (81,,', M;i’ AI’i>'

One can multiply the both sides of (26) with e~%! and obtain
that

(26)

%(e—aitj;ki> _ _e—aitrp((spi’ “;i’ Api)°
Therefore, from (27), it can be concluded that the augmented
system in (15) is asymptotically stable with ¢; = 0 and
Api = 0. From [29], if o; is nonzero, the augmented system
in (15) is still stable if o; satisfies that o; < 2(||UpiQpill)"/?,
where Uy = GpiR>' G + DpiDY /2. [

To facilitate the implementation, a model-based reinforce-
ment learning method is provided to iteratively computes the
optimal position control law as follows. Let J;i, ”Zi’ and A;i be
the updated terms in the nth iteration. First, an initial arbitrary
control policy “25 and disturbance input Api® are selected.
Then, the performance index ng. can be solved by utilizing
the current control policy ”Zi and disturbance input A;l- from
the following Bellman equation:

27)

T/ _ - -
(497) (WpiZpi + Gpinty = c12.68 + DAy )

1 (8pis s AL = il = 0. (28)

In this case, the control law MZ;H

AZ;H can be updated according to the following equation:

and disturbance input

1 —1 5~
u’;j =-R, G;Ajgi/z

Aptt =Dl ad/ (212)- (29)
The above steps can be repeated from computing the
performance function until a satisfactory solution is reached,
that is, ”Z;H = u,; and AZ;H = A};. By this way, the optimal
control law u;i and the disturbance input A;l- can be obtained.
In fact, it can be obtained from (28) and (29) that u;i and
Azi are updated after calculating ][’)’i. However, the accurate
information of the quadrotor dynamics is required for the
model-based approach resulting in difficulties in implemen-
tation. In this case, an RL method is developed to obviate the

requirement of accurate knowledge of the vehicle dynamics.
The position augmented system in (15) can be rewritten as

Zpi = MpiZyi + Gpiuzl' —C12,68 + DpiAZ[ + Tpitkpi
+ Gm(lztp,' — uzl> + Dp,'(Ap,' — A;i)'

Differentiating J,; along with system dynamics (30) and
using (21) lead to

n n n+1 T n
in = Ol,'in — 2(”pi ) Rpi (u,,,- — upi)
T
+ (AJzi> Tpitpi — ’p(‘gpi’ Upis A;i)
T
+ (22801) (9 = ).
To obtain the temporal difference of the performance index

Jpi, one can multiply e~*’ on both sides of (31) and integrate
both sides, resulting the Bellman equation as

+ér g4
/; E (eiai(rit)‘,;i(zp[(f))>d‘[

t+37 T
= —f eo‘"(’_f)2<uzl*1> Rpi<up,- — ”Zi)df
' t+87 .
— /r i r)rp (3pi, uzi, Azl)clr
t+67 T
+ / i) (A2i> Tpiﬂpidf
t

+ 2 2 =+ i (t—1) An-‘rl r A — An d 32
Yo € pi pi pi 4T (32)
t

The optimal position control law can be obtained by the fol-
lowing steps without knowledge of dynamical parameters of
the quadrotors. First, apply an incipient admissible position
control law “Zi and a persistent exploring control input ”;i
to the quadrotor translational system with an existed distur-
bance input Ap;. Record the historical data of the system
output information Z,;, position control command u,;, and
disturbance input Ap;. Second, select an initial control law
”21’ and disturbance input Aoi, and substitute them into the
Bellman equation in (32). Solve the Bellman equation in (32)
to update the performance function J[’}f h position control
law u";"l, and disturbance input A;;H, simultaneously. Third,
repeat the updating step until the convergence is achieved. By
this way, the optimal control law u;i = u;fl and disturbance
input A;i = A”;H can be obtained. Moreover, the follow-
ing Theorem 2 shows that the Bellman equation in (32) is
equivalent to (28) and (29).

Theorem 2: If and only if (J[’,’i,u[",:rl, AZ;FI) satisfies the
Bellman equation (28) in the model-based method with
J;‘i(O) =0, it is the solution to (32).

Proof: One can differentiate (32) and obtain that the solution
to (28) satisfies (32). This proof begins with showing that
the solution to (32) using the RL-based approach is unique.
Differentiating (32) yields that

(e (zi0)

T
—o;t n —a;t n n
=e (Api) Tpippi — e rp(épi, Up; Apl->

(30)

(3D
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6
2 —at n+1 T n
+ 2pe (AF) (Mg — Ap)
T
— 27 () Ryi (i — 10y). (33)
If there exists another solution to (32) given by

Jn, it A;l.“) satisfying (33), it follows that:
(e Tn(zi0)
= e_ait(A;i)TTpill«pi —e ', (81”», “Ziv AZi)
+ ZyI,zefaf’(A["?;"I)T(Api - AZi)
— 2¢7Yf (ﬁZjI)TRpi (upi - uﬁl)
Because the position observer (8) can guarantee that wp;

in (34) converge to 0. Then, combining (33) and (34) yields
that

(34)

dr _,. —ait
Zeapi(2) = T2
~ T
_ 2y[)26—ait(A;;rl _ A;;H) (Api - A;,-)

T
—at [ n+1 ~n+1 . . n
— 2% (upi — Ly, ) Rpi (up, — upl-).

Equation (35) holds for any given up; and Aj;. Let up; = u);

(35)

12
and Ap; = Ap;. It follows that:
dr _,. it
E[e I (Zpi(1) — e “"J]’,‘i(Z,,i(t))] —0.  (36)
From~ (36), it can be obtained that e_‘”i’J;’i(Zpi) —
e_“f’JI';i(Zpi) =6 where ¢ is a constant ~satisfying that
¢ =J,:(0) = J,i(0) = 0. It follows that J; = Jp;.
From (35), one can have that
- T
2yge ! (Bt = an) (Mg = Aw)
T
= e ! (ﬁ;;"l — MZ;H> Ryi (uﬁl - up[). (37)

Because (37) holds for any control law u,; and disturbance

. . n+1 _ ~n+1 n+1 _ xn+l
input Ap;, one can have that Uy = Uy s Api = A
Therefore, there exists only one solution (J;i, u;fl, AZ;H) that

satisfies (32). ]

One can observe from the Bellman equation (32) that
it integrates policy evaluation and policy improvement.
Theorem 2 shows that the optimal model-free position con-
trol law is essentially equivalent to the optimal model-based
position control law. Therefore, Theorem 1 can also guarantee
the convergence of the proposed RL-based method.

From Weierstrass theorem, the performance index JI’)‘
n+1

the

control command u;"*, and the disturbance input A" can
be approximated by the three following neural networks as:
jgi(zpi) = Kpiopin (Zyi)
i‘;;rl(zpi) = Api2f’pi2 (Zpi)
A;l—-’_l (Zp,’) = Kpi30pi3 (Zp,'), ie F 38)

5 i1 An+l .
where J.(Zp), “Zi (Zpi), and A;i are the approximated
values, 0p;1(Zy;) € R XL opi2(Zpi) € R™w2*1 and opi3 €

IEEE TRANSACTIONS ON CYBERNETICS

R™3*! are the basis functions with np, n,2, and n,3 neu-
rons, IA(I,“ e RXxmpr1 IA(I,,Q e R¥>™2 and I%,,,g e R¥>m3 are
the weighted matrices. Let R, = diag{r},i, rzi, rgi}, -
[P 92" 92T = up — u, and 072 = [pP? 9b2 92T =
Api — A;i. Substituting (38) into (32) results

t+87 (1)

AL oi(t—t o.n n

Epi = / e rp(8p,, Upi, Apl->dr
t

+ e 4T R o (Zyi(t + 7)) — Kpiropin (Zyi (7))

3 t+87
+2)° rZ’,/ D Ko n0pin (Z,i(1)) 98 dt
m=1 !

3 t+0r
-y ) / K3 103 (Zpi (1)) 907 d
m=1"1

4481
[ R0 () T (39)
t
where IA(pig,,, indiAcates the nth column of kpiz, and IA(,,,g,k the
kth column of K,;3. By persisting excitation, the Bellman
approximation error &,;(f) can converge to the origin using
the least-squares method.

B. Optimal Attitude Control Law

Let ®,; = [¢yi Oy wr,-]T be the Euler angle reference of the
quadrotor attitude system. One can write the actual control
input u;, the reference of pitch channel 6,;, and the reference
of the roll channel ¢,; as

Uy = u;l. /(cos 0; cos ¢;)
¢y = arc sin[(sin 6; sin ; cos ¢; — uly)i/uzi>/ cos w,]
0,; = arc sin[(u;i/uzi — sin ¢; sin wi>/(cos Y cos ¢>,~)]. (40)

The optimal attitude control law is designed to track the ref-
erences ®,; for the quadrotors. From (1), one can obtain the
following rotational dynamics of the ith quadrotor as:

z0i = Mei(zei) + Geiuei + Deidei

yoi = Noizoi 41)

where zg; = [@iT @iT]T € RS and yo; € R? are
the state and the output of rotational system, Gg, =
[ce,4bo1,i c6,5b02,i C6,6P03,i], Doi = [03x3 11", and Ne;i =
[13 03x3]. Denote Mg;(ze;) € RS as the nonlinear term
satisfying that

03x3 I

_ . 9;. 42
O3 —J7'C(@4, @»]Z"’ (“42)

Me;(zei) = [

The dynamical system of the attitude reference generated by
(40) satisfies that

Zori = Meri(Zer)

yori = Nerizeri (43)

where zo; = [O]; Of] € R®, No,i = Nei, Mori(zeor) €
R® is an unknown smooth function, and Yori € R? is the
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output. Combining (41) and (43) yields the following attitude
augmented system:

Zoi = Mo(Ze:) + Geiue; + Doidoi

Soi = NoiZoi 44)
where Zo; = [zei zeni] € RI2 M@i(TZ@i) =
[Mei(zei) Meri(zer)] € R2, Dg; = [DL; 01, No; =
[Noi —Neil, and Geo; = [Ge; Georil. d0i =

[8pi Soi (SW]T e R3in (44) is the tracking error of the quadro-
tor rotational motion. In order to track the attitude reference
2@,;» consider the following performance index of the attitude
augmented system as:

oo

Joi(Boi, uoi, Aei) = / e P rg (805, uor, Aoidt
t

where re(Soi, uoi, Aoi)) = 85.Qeidei + ulReme; —

6686 Qoi = Qf; > 0, Roi = R, > 0, yo = 0, and

Bi > 0. One can obtain the Hamiltonian function as follows:

Hoi(Joi, uoi, Aei) = ro (e, uoi, Aoi) — Biloi
+ AJbi(FoiZoi + Bojuei) (45)

where AJo; = dJoi/0Ze;. Let J§; be the optimal performance
index. Then, the optimal control law for the ith quadro-
tor can be obtained by differentiating (46) with respect
to ue; and Ag;, that is, aH(]ESi,u@i, Api)/dug; = 0,
0H(J§;, uei, Aei)/0Ae; = 0. Then, one can obtain the
optimal model-based control law ug); and the disturbance input
AG,; as

1 r =7
Ug; = _ER@)iG@)iAJEE)i
I -7
6i = 75D A, (46)
Ye

Combining (45) and (46) yields that
T —_ - -
(ATS) (Mei(Zei) + Geiuei + Deilei)

1 T= =
= BiJoi — m(AJg:),.) DeiDb; AT},
©

— 8810080 + %(AJ(“:)Z-)TG@,'R(:)}G&AJ&. (47)
Similarly to design of the optimal position control law, the sta-
bility of the rotational system by the optimal attitude control
law in (46) can be guaranteed. Note that (47) is nonlinear for
J&; and requires accurate information of the rotational dynam-
ics. In this case, the following steps are given to learn the
optimal attitude control law without accurate information of
rotational dynamics. First, apply an incipient admissible atti-
tude control law ug); and a persistent exploring control input
ug, to the quadrotor rotational system under a given distur-
bance input Ag,;. Record the historical data of the system
output information Zg;, attitude control command ug;, and
disturbance input Ag,. Second, select an initial control law
u%i and disturbance input A%i, and substitute them into the
following Bellman equation in (48). Solve the Bellman equa-
tion in (48) and update the performance function Jg;{l , attitude

control law uH‘l and disturbance input A’g{l, simultaneously.

Fig. 2. Communication graph of the containment system.

Third, repeat from the updating step until the convergence
is achieved. By this way, the optimal attitude control law

Uy, = u’é)fl and disturbance input AP, = Ag{l can be
obtained
e PTG (Zei(t + T)) = Jb(Zei(1)
+T

= - / e P 1o (01, uoi, Awi)dt
t
t+T

T
+ / P23 (ML) (Do — Aly)dr
t
t+T

- / e_’g"(r_t)2<u’glfl>TR@,-(u@i —ul)dT.  (48)
t

According to the proof of Theorem 2, one can prove the con-
vergence of the RL-based attitude control method. Similarly to
the derivation of the optimal model-free position control law,
the performance index Jg;, the control law u’ggl, and the dis-
turbance Agl can be approximated by three neural networks
and the weight matrices are Koil € RI*1me1 Rgin e RIxnez,
and Koj3 € R'™"63, where ngj, nes, and ne3 are the num-
bers of neurons, respectively. The weight matrices k@il, k@iz,
and Ke;3 can be updated using the least-squares method by
persisting excitation.

Remark 2: Actually, the proposed RL-based optimal con-
tainment controller has two main advantages. First, it can learn
from the historical data generated by a nonoptimal control
law. Second, it can ultimately improve the performance of the
control system without accurate information of the quadrotor
system.

IV. SIMULATION RESULTS

In this section, a containment system consisting of six lead-
ers and six followers is constructed. The communication rela-
tionship among the containment system is depicted in Fig. 2.
The leaders are modeled by (4) and are designed to form
a pentagonal pyramid where five leaders cyclically change
their positions at the five vertices of the base and the sixth
leader is above the center of the base, demonstrating nonlin-
ear movement pattern. The followers are modeled by nonlinear
quadrotor dynamics in (3) with the following simulation con-
figurations: by; = diag{1, 1, 1}, J; = diag{5.6, 5.7, 9.9} x 1073
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Fig. 3. Convergence of the weights using the proposed RL-based method.

kg - m?, bg; = diag{43.4,44.2,115.8} (i = 1,2,...,6)
and ¢ = 9.81 m/s?. The parameters of the RL method are
selected as «; = 0.06, yp2 =4, Ryi = 23, Qpi = 17,
Qoi = 90Is, Ro; = I3, y3 = 6, and B; = 0.06. The data col-
lection time interval is 0.05 s. The system performance index
is approximated by multiple polynomials of even orders as
the basis functions, while the control laws and disturbance
use the ones of odd orders. Each quadrotor vehicle has an
external persisting disturbance in the position and attitude sub-
systems given by A, = (—1)i[0.2 cos(1)0.1sin(1)0.2 cos(t)]T
and Ag; = (—1)[0.85sin(r)0.9 cos(r)0.8 sin(#)]”. In order to
collect system data for learning the optimal control laws,
each quadrotor uses a simple proportional-derivative con-
troller for stable flight in the virtual environment. The
persisting excitation noise is set as the sum of several
sine signals. The initial states of the leaders and the fol-
lowers are pn(0) = [9.0 —0.4 —0.3]" m, pp(0)
[11.5 8.9 —0.2]" m, p3(0) = [4.8 13.6 0.4]' m, pu(0) =
[—2.9 82 —0.2]" m, pis(0) = [0.1 0 —0.11" m, pi(0) =
[4.8 6.3 9.O]T m, pp(0) = 031 (v = 1,2,...,6) m/s,
pri(0) =[50 3.0 —0.21" m, pa(0) = [-2.0 —6.0 5.2]"
m, p3(0) =[0.2 8.4 0.11" m, pps(0) = [3.2 54 1.11" m,
prs©) = [42 9.4 —1.11" m, pre(0) = [5.2 4.4 3.1]" m,
Pi0) = 031 m/fs, ©; = 0341, ©; =031 (=1, 2, -+ 6).
Then, the proposed RL-based methods are implemented to
learn the optimal control laws using the collected data from
the quadrotor system. The convergence of the weight of each
NN is shown in Fig. 3.

The simulation results are shown in Figs. 4-8. The 3-D tra-
jectories of 12 UAVs are drawn in Fig. 4. The blue solid lines
represent the six leaders, and the other six solid lines in differ-
ent colors represent the followers. The containment errors of
the proposed observers are depicted in Fig. 5. The positions
of the quadrotors are shown in Fig. 6. The position tracking
errors and the attitude tracking errors of each quadrotor under
disturbances are depicted in Figs. 7 and 8, respectively. One
can observe from Fig. 5 that the absolute containment error
of each observer is less than 0.1 within 0.5 s. Besides, one
can see from Figs. 7 and 8 that the absolute position tracking
errors and the attitude tracking errors are less than 0.1 within
2.5 s under disturbances. From these figures, it is clear that
the quadrotors successfully fly into the pentagonal pyramid
formed by the active leaders. Therefore, the proposed optimal
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Fig. 5. Containment errors of the observers.

control laws can guarantee the achievement of containment
flight for the quadrotors under external disturbances.

To demonstrate the advantages of the proposed method, a
comparative simulation using the output feedback controller
in [30] is conducted under identical initial conditions and
the position tracking errors are portrayed in Fig. 9. It can
be obtained from Fig. 9 that the output feedback controller
can guarantee the achievement of the containment but has
undesirable tracking performance with larger tracking errors
compared with the proposed controller.

V. CONCLUSION

In this article, the optimal containment control problem is
addressed for multiple quadrotors using the RL. The proposed
controller can learn the optimal control laws from the system
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data of the quadrotor vehicles subject to uncertain dynamical
parameters, external disturbances, and nonlinear dynamics.
The active leaders with unknown control input are also con-
sidered to improve the maneuverability of the entire team.
The theoretical analysis proves the stability of the closed-loop
system, and the simulation results validate the effective-
ness and advantages of the proposed method. In future, the
cooperative control problems of heterogenous systems, such
as air-ground vehicle system, will be further investigated.
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