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Chapter 3

Type I bivariate Polya-Aeppli
distributions

In this supplementary material for Chapter 3, it is shown how the MLEs for the Type I bivariate
Pélya-Aeppli distributions, referred to in Chapter 3, were obtained. The following results will also

be used throughout this supplementary material.

Let LY (x) be the Laguerre polynomial in (A.3) and let x| = %1—,9) It follows that (A.9) can be

written as

L2 — LLO _ LLI
non (x1) 1 (1= p) Lot (x1) 1 (1= p) Ln- (x1) (S.3.0.1)
and (A.11) can be written as
(n+Dp 2p .,
L, (x)= ——L, [ (x)-———L, | (x). (8.3.0.2)
"2 A(1-p) ! A(1-p) !

3.3 Type I bivariate Polya-Aeppli distributions

3.3.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs
in Subsection 3.3.5 for the BPA; distribution. The Newton-Raphson algorithm uses the equation
in (3.16) for ¢t > 1 and the MoM estimates in Subsection 3.3.4 are used as initial values of the
parameters /150), /léo), /lgo)

until a given tolerance level € between the ¢/ and (7 + 1) " iterate values is reached or until a

and p© for the BPA; distribution. The iterative process is repeated

specified maximum number of iterations is reached (Balakrishnan et al. [1]).

In order to calculate the gradient vector VF in (3.14) and the Hessian matrix in (3.15), such that
the Newton-Raphson algorithm in (3.16) can be utilized, the first and second derivatives for each
element of the pmf in (3.9) need to be calculated with respect to each of the parameters: A1, Ao, A3

and p.
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The results of the calculation of the first and second derivatives of the pmf in (3.9) for the BPA;
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f (0,0), f (n;,0) where n; € {1,2,...}, f(0,ny) where
ny € {1,2,...},and f (n1,ny) where {ny,ny} € {1,2,...} with respect to each of the parameters:
A1, A2, A3 and p are written in a shorter form to mathematically and programmatically simplify the

expressions.

Results of the derivatives

Let x| = _/l‘(;_p ) ,Xp = —/12(;—;0 ) and let LY (x) be the Laguerre polynomial in (A.3). Then let
af (n1,n2)
="+ ,
I a1, f(n1,n2)

A1y (1= p)? pmtm=2

Ly _y (x1) Ly, (x2)| £ (0,0)

ny L(r)tl—l (xl)]

/1_1L,11]_1 (x1) niny
+min(n1—l,n2) /l_g (1 _p) L:Ll—r—l (xl)‘ (8303)
r=lm %1 r! P Lzl_—lr (x1)
X [(1=p)> p™+ > L] (x1) Ly, (x2)] £(0,0),
{ni,n2} € {1,2,...}.
r agl
811 = oA,
07 (ni,my)  Of (n1.n)
= +
oA oA
1-p) ny | [A1d2p™*272 (1 - p)?
— ( p) _1] [ 1120 ( p) Lll,”_l (xl) Lln_l (xz) f(O, 0)
p A niny (S.3.0.4)

min(n;—1,nz) Ar
3

+ T
r.
r=1,n1#1

- - _ 1
x [(1 _p)2r pn1+nz ZVL:II_I,, (x1) L;z_lr (XZ)] f(0,0) — ;g1,

(1= o2 LI, ()
p2 Llrftl_—lr ()Cl)

{nl,l’lz} S {1,2,. . } .
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_9f (n.ma)
04,

@ L(r)Lz—l (-XZ)
A2 Lilz—l (-xZ)

+ f (n1,n2)

s (1 _p)an1+n2—2

v Ly (1) Ly, (x2)| £(0,0)

i -1 S.3.0.5
+mm(n1 n )/l_g (1-p) L:zz—r—l (x2) ( )
r=lm#1 r! p Ll (x)
X [(1=p)> p"+2=2 L] () Ly L, (x2)] £(0,0),
{I’l],l’lz} € {1,2, .. } .
;0%
g2’2 0/12
_ 8> f (n1,nz) N of (n1,n2)
03 912
(1-p) na| [A1d2p™*272 (1 = p)? 1
= 0 /1_2 niny Lylll_l (x1) an—l (x2)| f(0,0)
VA [ p) Bl ()
r=1,ny#1 r! '02 L:lz_—lr (XZ)
r _ _ _ 1
X [(1=p)> p"+2=2 L] (n) Ly L, (x2)] £(0,0) - Sen
{nl,l’lz} € {1,2, .. } .
of (n1,n2)
=——+f(n,n
g3 o f(ny,nz)
min(n;,ny) /lr—l $3.06
= 2 o (e e L (o Ll () 10,00, (5.3.0.6)
r=1 ’
{n1,m} e{l1,2,...}.
;08
83’3 8/13
_ 9*f (n1,n2) N of (n1,ny)
o o $3.0.7
min(ny,ny) A2 (S5.3.0.7)
= 2 G et G0 L () £10.0) - g,
r=2,ny,ny#1 r :

{n1,m} e {1,2,...}.
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ro_ 981
8127 7N
= azf (nl’nz) + 8f (n1’n2)
5/118/12 6/12
l(xl) m n2 1()62)
/11 Lm_1 () | |2 L) | (x)
A1 (1 - 2 nj+ng-2
8 [ - nll)lizp Llll—l (X1)Lllz_1 (x2)| f (0,0)

min(n;—1,ny—-1) /l_g(l _p)Z L:ll—r—l (Xl) L:zz—r—l (XQ)
r=1,ny,ny#1 r! p2 L;l:—lr (xl) Llrftz_—lr (x2)
x [(1 _p)2r ni+ny— er:n lr (x )L:zz lr (x2)] f(O, 0) — g1,
{n1,l’l2} € {1,2, .. } .

+

r agZ
821 % 8_/11
_ 8> f (n1,n2) N df (ny,ny)
04201 ol

ﬂLil_l (x1) @ng_l (x2)
ALy () | |42 L;Z_l (x2)

| -p)pmm?
niny

pintn D 0 (g2 L () G, ()
i et L () L ()
X [(1 _p)zr T ZVLZI lr (X]) an r (Xz)] f (09 0) — 82,
{n1,m} € {1,2,...}.

+

r agl
813~ 8_/13
_ 0% f (n1,my) N af (ny,nz)
041013 013
R S [ 1("1)]
iy =D e L ()

X [(1=p)? p"* =2 L (x1) Lt (x2)] £(0,0) - g1,
{I’l],l’lz} € {1,2, .. } .

(5.3.0.8)

(S.3.0.9)

(5.3.0.10)
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’r ag3
831 % N
_ 9% f (n1,nz) N df (n1,ny)
PYWE PY?
st et [y L 1(xl)] (S.3.0.11)
SR 1} R T e

x [(1=p)* pm*2=2Lr-! (xy) Ly (x2)] £(0,0) — g3,
{n],nz} € {1,2,...}.

r agz
823 = s
_ O (mum) Of (m,m)
01,013 013
e L OIS Lf,z_r_l(xz)‘ (S.3.0.12)
oy =D e L ()

X [(1=p)* =2 Lr-L (xy) Lyt (x2)] £(0,0) — o,
{n,m} e{l1,2,...}.

’ ag3
832 = a—/lz

_ 8*f (n1,n2) N of (n1,ny)
013015 01

mintain=D - ar=t g - py Ly (%2)
r=L,ny#1 (l" - 1)' p LZ (x2)

X [(1 _p)2r ni+ny = ZVL:’” lr (X )Lng r (XZ)] f (O’ 0) 83

{n1,no} € {1,2,...}.

af (n1,0)

hi =
! A

+f(n1,0)

_m Ly -y (x1) (S.3.0.13)
— O DU
1L11 e 1)f(n1’ .

ny € {1,2,...}.



Chapter 3. Type I bivariate Polya-Aeppli distributions 6
, oh
R,y = o
_2f(m,0)  9f (m,0)
o1} 4, (53.0.14)
n
R A 0>——h1,
p A
nyp € {1,2,. }
of (0,n
hy = fa(,l 2 4 £ (0.m)
n2 n2 1( 2)
= 0,n
TN le | (xz)f( ).
ny € {1,2,. }
’ ahz
hz,z = 0_/12
_ 0% f (0,ny) L 9/(0.n)
043 4,
n 1
Sl T O.m) =~
p p
ny € {1,2,...}.
, 0hy
i, = 8_/12
_PFm,0) | 9f (m,0)
011015 0y
=—hy,
np € {1,2,...}.
, oh
hy, = oL
_ 02 f (0,ny) L9/ (0.n)
04,04, 01 (S.3.0.15)
=—hy,

I’l2€{1,2,...}.
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oh
hy,=—
1.3 (9/13
_ P f (1,0 f (m,0)
041043 03 (S.3.0.16)
= _hla
ny € {1,2,}
0hy
h,=—=
23 8/13
_ 0% f (0,na) L 9/(0.n)
042043 03
= —hy,
ny € {1,2,...}.
The results for 4, and hlz,z follow similarly.
It then follows that the first and second derivatives of the pmf in (3.9) are
First derivative with respect to A,
af(0,0)
——=—-1(0,0
s =~/ (0.0
dof (n1,0
%:hl_}c(nbo)’ n1€{1$2,"'}‘
(S.3.0.17)
af 0
% = (0,m), mef{l,2,..).
1
of (ny,n
f(le) =g1—f(n,n2), A{m,nm}e{l,2,...}.

First derivative with respect to A

af (0,00
on 1(0,0)

M =-f(n,0), n;ye{l,2,...}.

04 (S.3.0.18)

%:hrﬂoa”z), nye{l,2,...}.
Ofnem) _ o fniny). {nim) € {12}
a1

First derivative with respect to A3
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af (0,0)

=—-£(0,0
s 1(0,0)
af (n1,0
%:—f(nl’o), nle{l,Z,...}.
o (O3n ) (8.3.0.19)
oot o f(0m), moe{l,2,...}.
03
of (ni,n
M:g3—f(nl,n2), {I’ll,l’lz}E{l,z,...}.
03
First derivative with respect to p
af(0,0)
" =0
ap
Of 0 _m oy oy A e
dp p (1-p)p
af (0, Arh
f(0,n) :@f(O,nz)— 2ha nye{l,2,..}. (S.3.0.20)
ap I (1-p)p
af(nl,nz):(nl+nz)f(nl ny) - Aigr  Ag 21383
ap p ' (I-p)p (I-p)p (A=-p)p’

{n1,m}e{1,2,...}.

Second derivative with respect to 1,

8%f(0,0)

= £(0,0
oz =/ 00
9% f (n,0 ,
f(zl ):hll_hl"'f(nho)a nie€{1,2,...}.
a4 :
9 f (0.ny)
a—/l%=f(0,nz), ny e {1,2,...}.
0*f (ni,n ,
f(;/llz 2 =g~ &1+ f (), {n,n}e{l,2,...}.
1

Second derivative with respect to 1
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9*f (0.0)

———=/(0,0

0% f (n1,0)

3—ﬂ§:f(nl’0)’ ni€{1,2,...}.

9°f (0, )

LGﬁzhzz_hﬂ‘f(oﬂz), n € {1,2,...}.
04; .

9? , )

% :g2,2_82+f(n1,n2), {nl’nz} c {1’2’}
2

Second derivative with respect to A3

52};%12’0)#(0,0)

azfa(—g’o):f(m,o), e {l,2,..).
82+/(é’n2):f(0,n2), me{l,2,..).
52%’%’”2): —gs+f(nm), {nm}e {12},

Second derivative with respect to A1 and A

d%f (0,0)

anan 00

%:f(mﬂ)—hl, moe{l,2,. .}
%:f(o,nz)—hz, mye {12, ..}
%:gig_gZ"'f(”l,”Z)’ {m,m} € {1,2,...}.

Second derivative with respect to 1| and A3
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2

LED  r 0.0

328{15’51/{30_) =f(n,0)—hy, ne{l,2,...,}.
%:f(o,nz), me{l.2.....}.
%zgiﬁ_gﬁf(m,nz), (n.m} € {1.2,...}.

Second derivative with respect to A, and 13

2

0 g

321;22_11’30) = F(n,0), me{l,2,....}.
%:f«),nz)—hz, me {2}
%=g3,3—g3+f(m,nz), {n,m}te{1,2,...}.

Second derivative with respect to p and A,

31 (0,0) _0
8p8/ll
9?f (n1,0) _ny df (n1,0) hy Ak
apdy  p oy (I-pp (A-pp’
ni€{1,2,...,}.

02f (0,m) mydf (0,m)  A2hy,
S0pdh  p ou (I-pp
0?f (n1,n2) _ (ny+n) 8f (n1,nz) g1
dpdd, p on  (I-p)p
181, 185, 22385,
T (-pp (A-pp (A-pp
{n1,m} e{1,2,...}.

, me{l,2,...}.

Second derivative with respect to p and A,
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9?f(0,0) 0

8p8/12
—OZf(nl’O) =ﬂaf(n1,0) — /llhll’z . ni 6{1,2,..-}.

0pdd, p 0y (I-p)p
£ (0,ny)  nadf (0,m) ha Aih; ,

pdl,  p  Ody (I-p)p (1-p)p’

ny € {1,2,...}.

Of (mi,na) _ (mi+m) df (ni,ma) g

pdl, p 02, (1-p)p

A 1 gi’z /lZgé,z 2/l3g§’2

“(-pp (U-pp (A-pp’
{nl,nz} € {1,2,. }

Second derivative with respect to p and A3

P’f(0.0) _,
Apdls
) Ak
O (0 _mofm,0)  hs ooy
Apds p 043 (I-p)p
2 ﬂzh’
0/ Onmy) mdfOny) s oy
dpdas p 043 (1-p)p
O*f (n,mg) _ (m+my) 0f (m,m) 283
3pdLs 0 03 (I-p)p

1181’3 /12gé,3 2/1383,3
(1-p)p (I-p)p (A=-p)p’
{m,m} € {1,2,...}.

Second derivative with respect to p
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12

52}‘ (0 0)

0
(92f (n1 0) [I’l] -1

A1

ap
df (n1,0)

1 }6f(n1,0)
(1—p)

C(1-p)p
ny € {1,2,..

|:62f (nl,O) +

010p
g

dp

op? p

A2

(92f(0,n2) _ [I’lz—] +

(1-p)

dp

1 } 6f (0, I’lz)

af (0,n2)

n
]_(l—p)pf(m’o)’

C(1-p)p
ny € {1,2,

[521‘ (0.m)

020p
N

ap ]‘(1—

ni +n2—1 ]

P T —p)

A 8 () N af (n1,m) |
(I-p)p| 010p op |

A [ (mm) L9f (ny,ny) |
(1-p)p| 0420p op |

24 [#f(n,no) LOf (mum) |
(1-p)p| 0430p ap
ET +’;2)f(n1,n2)

{nl,nz} € {1,2,...}.

8> f (n1,nz) _
dp?

of (nl,nz)

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (3.9) is given here.
First derivative with respect to 1,

Let {n1,ny} = {0, 0}. Substituting from (3.9), it follows that

91 (0,0) _

e =00,
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Let ny € {1,2,...}. Substituting from (3.9), (S.3.0.13) and (S.3.0.17) and using (S.3.0.1), it
follows that

df (n1,0)

PYe
— ni—1 _ 2 np- 2
- %L;l_l (1) £ (0,0) + LU =P)

ni
S (n1,0) 41 (0,0)
f£(00,0) 04

S a=p)Pp" 2 mp
n A1 (1-p)

- .00+ LD

1
_m Ln1 1( x1)
NIy (0 (0

=h - f(n1,0).

L2, (x1) £(0,0)

L(V)ll—l (xl) - L,111_1 (X]) f(O» 0)

_r
A1 (1-p)

Let ny € {1,2,...}. Substituting from (3.9) and (S.3.0.17), it follows that

df (0,n)

GYN
_ f(0,n2) 91 (0,0)
© (0,00 04

=—f(0.nm).
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Let {ni,n2} € {1,2,...}. Substituting from (3.9), (S.3.0.3) and (S.3.0.17) and using (S.3.0.1), it
follows that
df (ny,na)
oy
1L [Aa(1-p)pm! L (1-p)pmt
= 1 [n—lL"'_l (x1) n—2Ln2_1 (x2) | £ (0,0)

Ay (1—p)? pmi~2
+[ 1(1-p)°p
ni

Ly _,(x1) Ly, (x2)

_ np—1
] [M £(0.0)
ny

min(n;—1,nz) A

3 1 -r—1
D = 0 sy iy SANRC)

r=1,n1#1

% [(1=p) P LIZ) (x2)] £ (0,0) + L0122 07 (0.0)

f£(0,0) a4

-1 [ML (m] [ML el r 0.0
1 n ny
A (-p)?p" 2 mp g p 1
+[ I’l1 [/11 (l_p)Lnl_l(Xl)_anl_l(xl)”

min(nij—1,ny) r
4

Ly (xz)] FOO+ >

r=1,n1#1

A (1—-p)pn!
x[ 2(1=p)p
np

(1-p) Ly oy (x1)
p Lyt (x1) ]
X [(1=p)? p"*==2 Lyl () Lt (x2)] £(0,0) = f (n1,mo)
QLSLI—l (D) | 142 (1 = p)? prne2
A1 L:“_l (x1) niny
S A [ (1= p) B (xlﬂ
it P Lyl ()
X [(1=p) p" =2 L) (xy) L), (x2)] £ (0,0) = f (n1,m2)
=g1— f(n,m).

LG L <x2>] £(0,0)

+

r!

The first derivative with respect to A, follows similarly.
First derivative with respect to A3

Let {n1,ny} = {0, 0}. Substituting from (3.9), it follows that

9f (0,0) _

o -f(0,0).

Letn; € {1,2,...}. Substituting from (3.9) and (S.3.0.19), it follows that

df (n1,0)

A3
_ f(n1,0)9f(0,0)
©£(0,0) 013

=—f(n1,0).
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The result for the first derivative of f (0, n,) where n, € {1,2, ...} with respect to A3 follows in a
similar way.

Let {n,n2} € {1,2,...}. Substituting from (3.9), (S.3.0.6) and (S.3.0.19), it follows that

af (ni,ny)
013

min(ni,ny) e

= Z :l (1 _p)2r ny+ny— er:zl lr (X])an . (Xz)f(o O)

r=1
N f(n1,n2) f(0,0)
£(0,0) 03

=g~ f(n,m).

First derivative with respect to p
Let {ni,ny} = {0, 0}. It follows that

af (0,0)
~ =0.

Let ny € {1,2,...}. Substituting from (3.9), (S.3.0.13) and (S.3.0.20) and using (S.3.0.1), it
follows that

af (n1,0)
ap
NIERLE S (| 700
Y ni
/ll(l—p)p g
[(l—p)] |: n1—1 ()C]) f(0,0)
/ll nl 2(x1) /11 (l—p)p”l 1 f(n],o) 8f(0’0)
n1 1(XI) n "] 1 ()| £(0.0)+ f£(0,0) dp
I R
_[p {a p) ]f(nho)
’11 mp 0 1
FR p)Lnl—l (Xl)—m -1 (X 1)} ﬁ}f(nl,O)
= ﬂ_ 1 1 ni nl 1( l)
_[P (1—p)p+(1—p)p]f(m’0) (I-p)pL, _ 1(xl)]f(nl’0)
_m Al
= pf(nl’o) TS

The result for the first derivative of f (0,ny) where n, € {1,2,...} with respect to p follows
similarly.
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Let {n;,ny} € {1,2,...}. Substituting from (3.9), (5.3.0.3), (S.3.0.5), (5.3.0.6) and (S.3.0.20) and

using (S.3.0.1), it follows that

af (n1,n2)

ap

(ny +ny — 2)] [/11/12 (1—p)* pmi+na—2
o

L Ll <x2>] £(0,0)

ning
45 (1 _p)an|+n2—2
[l [ et
>_Lil_2 (x1) 14, (1 _p)2pn|+n2—2
P L)y (x1) niny
/12 2 Z(XZ)
p le 1(x2)

min(ny,ny) A
3

/(0.0

Ly (x1) Ly, (x2)| f(0,0)

A1y (1= p)* pmtm—2

niny

Ly oy (1) Ly, (Xz)] f(0,0)

+

ny—r n)—r

(ny +n2—2r)]

|
r.
r=1

min(ng,ny) /lr

- > [(12rp)]( L=p)? pme 2 Lol () LY, (x2) £(0,0)

r=1
min(n;—1,ny) /1r

/11 Ly _,_y (1)

n1 r (xl)

r=1,n;#1
% [(1 _p)Zr nyt+ny— ZVLZI lr (xl) an r (xz)] f (O’ 0)
MR [ Ly (2)
p* Li7L, (x2)

!

r=1,np#1

(1 )Zr ny+ny— ZrLr 1 (x )Lr 1 ()Cz)f(0,0)

f (n1,m) 4 (0,0)

X [(1=p) o L ) L ()] F (0,0)+ e =
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df (n1,n)
ap
_ _ 2 ni+npy-2

(m+n-2) 2 } [/11/12(1 p)p L;,,l_l(xl)Lrllz—l(XZ):|f(O’0)
P (1-p) niny
A1 np Il 1

P [ml—p) m-t )= <1 p) "1‘1()”)} L,._ 1(x1>]
- _ 2 nyj+np-2

| g 2l ()| £(0,0)
] niny

|2 _mp o P _
| p? [/lz(l—p)L”Z_l (x2) A2 (1-p) Lot (& 2)} l(xz)]
r _ 2 nyj+np-2

o L (1-p)p Lil—l ('xl)L}I’Lz—l (x2)| £ (0,0)

niny

min(ni,ny)

(n1 +ny)
+ 1p 2 Z r_.:a(l _p)Zr ni+ny— 2}’142l lr (xl)an . (XZ)f(O 0)

) min(n,ny) /lr
—( p)¥ p* Ll (xy) Lt (x2) £(0,0)

ny—r

r=1

(I-p)p 4

ST AL ()
2 1

p r=1 I’l]¢1 r! L;ll—r( 1)

min(ny,ny—1) r
/12 ﬂanrl(z) 2r _np+np-2r yr-1
X gy [T L G L )] £ 0.0

p r=ln#1

[(1 _p)2r ni+ny— 2rL:’l1 lr (xl) an . (XZ)] f(O O)
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df (ny,ny)
ap
(ny+ny-2) 2 1 1 }
- + +
Io (I-p) (I-p)p (1-p)p
(11, (1 — 2 nj+np-2
x| M2 B =P P )| £(0,0)
nin 1 2

n Lo ()
|(I=p)p L) | (x1)
| L)
|(I-p)p L, | (x2)

A1y (1= p)? prtm=2
niny

L Ll <x2>] £(0,0)

145 (1 _p)2 pn1+n2—2
niny

Ly oy (1) Ly, (xz)] f(0,0)

min(ny,ny)

(I’Ll +I’l2) g r
+ o) Z F (1 _P)2 Pnl+n2 er:u 1r (x1) an r (x2) £(0,0)

r=1

min(n,ny) /lr—l

2/13 3
(-pp 4 -1
min(nyj—1,ny) /lg (1-p) L:u o1 (x1)
_m r=ln;#1 F p L:’ (xl)
% [(1 — p)?r pmHna ZVLZI lr (x1) an r (x2)] f1(0,0)

/12 min(ny,ny—1) /lg (1-p) an o (x2)

“U=pp = e L () ]
x [(1=p)?r e 2 Lnd () LY, (x2)] £ (0,0)

(n1+n2)f( ) gL g 2M3g3
YT U-pp U-pp (A-pp

(1-p)* pm+m=2rpr=l (x)) Ly (x2) £ (0,0)

ny—r

A

Second derivative with respect to 1|

Let {ny,n2} = {0,0}. Substituting from (S.3.0.17), it follows that

9°f (0,0)
——>— =/(0,0).
022
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Letn; € {1,2,...}. Substituting from (S.3.0.13), (S.3.0.14), (S.3.0.17) and using (A.10), it follows
that
0> f (n1,0)
oA
1 - L), _,(x) 1
_=pm by 00 m0) 1 0F(0,0),
p A L}ql_l (x1) oA £(0,0) o4

1

1 0
_=pym [Fnm G0 =By GO 0 2L 0
P A Ll (x) b o, :
(1-p)m 1 0f(n,0)

,0)——h
f(n1,0) o o

o4
= hll,l —h1+f(n1,0).

Let ny € {1,2,...}. Substituting from (S.3.0.17), it follows that

9*f (0, n2)

= f(0,ny).
92 ’
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Let {n,no} € {1,2,...}. Substituting from (3.9), (S.3.0.3), (S.3.0.4), (S.3.0.17) and using (A.10),
it follows that

9% f (n1,nz)

04

(1-p)m Lll’Ll—Z (x1)
p ALl ()

min(n —2.ny) /l_g (1 _p)z L::ir—z (x])]
reloe12 p* Lyl (x1)

X [(1=p)? p" =2 Lol () Lyl (x2)] £(0,0)

_ 6f (l’ll,l’l2) 1 6f (090)
o1 70,00 a1 &

(1-p)n [L'lll—l (1) =L,y (xl)]
P /l_] Litl—l (xl)

A n|+n2—2(1_ )2
142p Pl ) LL_ (x)] £(0,0)

niny

+

r!

y |:/11/12pn1+n2—2 (1 _p)z

Ly, () Ly, <xz>] £(0,0)
niny

min(n;—1,ny) /lg (1 _p)2 Lr:lr—l (X]) - L:Ll—r—l (xl)]

| 2 r—1
r=1,n1#1 r p Lnl—r (xl)

+

X [(1=p)? pm*m=2r Lol () Lyl (x2)] £(0,0)
af (n1,n2)

- 8—/11 — 81

(1-p) ”l] [/11/12P"1+"2_2 (1-p)?
o A niny

min(ni—=1Ln) 3r
4

L:zl—l (x1) L:lz_1 (XZ)] £(0,0)
(1 —p)2 L:t-:—lr—l ()Cl)
r=lm#1 ,02 LZT—lr (X])

X [(1=p)* pm*=2Lr-d (xy) L1, (x2)] £(0,0)

+

r!

1
- ;gl - g1+ f (n,ny)

=gl —g1+f(n,n).

The second derivative with respect to A, follows similarly.
Second derivative with respect to A3

Let {ny,n2} = {0,0}. Substituting from (S.3.0.19), it follows that

3%£(0,0)

= £(0,0).
023
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Letn; € {1,2,...}. Substituting from (S.3.0.19), it follows that

0%f (n1.0)
aag
_ 9f(m,0)
913

= f(n1,0).

The result for the second derivative of f (0,n,) where n, € {1,2,...} with respect to A3 follows
similarly.

Let {n,ny} € {1,2,...}. Substituting from (S.3.0.6), (S5.3.0.7) and (S.3.0.19), it follows that

0 f (n1,ny)
2
043
min(n,nz) (r - l)ﬂr_2
= oo L= L ) L () £ (0.0)

r=2,n1,ny#1
L0/ 0.0), _af(n.m)
£(0,00 a1 °° 93
min(ny,ny) /lr72
_ 3 1— 2r n1+nz—2rLr—1 ( )Lr—l ( )f(() 0)
Z (r—2)!( P p m—r (x1) Ly~ (x2 .

r=2,n1,nr#1

_Of (ni,m)
—8/13 83

=g33-g+[f(n,m).

Second derivative with respect to A1 and A,
Let {n,ny} = {0,0}. Substituting from (S.3.0.18), it follows that

41 (0,0)

= f(0,0).
PR /(0,0

Letny € {1,2,...}. Substituting from (S.3.0.13) and (S.3.0.18), it follows that

02 f (n1,0)
04101,
_ 1 0f(m,0),  9f(n1,0)
T (.0 an A2
= f(n1,0) = hy

The result for the second derivative of f (0,n) where ny € {1,2,...} with respect to 1; and A,
follows in a similar way.



Chapter 3. Type I bivariate Polya-Aeppli distributions 22

Let {n1,np} € {1,2,...}. Substituting from (S.3.0.3), (S.3.0.8) and (S.3.0.18) and using (S.3.0.1),
it follows that

9f (mi.n2)
01104,
_ 1 [mEa 00
/12 /l] L:Ll—l ('xl)
[ 1145 (1 —p)zpn1+n2—2
% nl”lz Lll”Ll—l (xl) L,112_1 (Xz) f (07 O)
+ »ﬂL(')”‘l E) ] (1= p) Loy (2)
2 Lj”_l (x1) o L}lz_l (x2)
7/11/12 (1 —p)zpn1+n2—2
8 Li L)L (x2)| £(0,0)
niny 1 2

min(n;—1,ny—1) ar
3

(1=p) Loy O1)
r=l,ny,ny#1 P LZl__l” (xl)
X [(1=p)> p"*==2 L] () L, L, (x2)] f(0,0)

_ af (l’ll,l’lz) + 1 af (090)
04y f£(0,0) 04,

+ (1 _P) L:Lz—r—l (Xz)]

p Lt (x2)

r!

81

0 f (n1,n2)
04101,
0 2 nj+np-2
1 |y Lnyot GO | [ 4000 (1= p)? pritm=2 1
== |5 L L 0,0
Ay | Ly (x1) niny m=1 (1) Ly (32) | £(0:0)

L22—1 (x2) = ﬁhﬁz_l (xz)}

ﬂLgu—l("l)[(l—p)[ nap
ALy )l e [-p)

A1 (1= p)* piitne2
niny

1
L, _ (x2)
min(n;—1,n—1) /l_g (1 —p)2 L:ll—r—l (x1) L:tz—r—l (x2)
i THoPr L () Ll (v)
X [(1=p)? p"* 72 L (x1) L, (x2)] £(0,0)

-g1— g+ f(n,n)

Ly ()L, (xz)] £1(0,0)

+
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8*f (n1,n2)
04104,

EL(,)”_l (xl)]
1
A Lnl—l (.X])

o 414z (1= p)? pr+na=2
niny

QL(V)IZ—I (XZ)
A2 le—l (XZ)

n

Ly, i (x1) Ly, (x2)] £ (0,0)

min(n;—1,ny—-1) /l_g(l —,0)2 L’ (xl) Lzz—r—l (XZ)

n—-r—1

rl p? Lyt () Lyl ()

+

r=1,ny,n#1

X [(1=p)* pm*m 2Lt (xy) Ly (x2)] £(0,0) — g1 — g2 + f (n1,m2)

=gy~ &+ [f(n,n).

Second derivative with respect to 1| and A3

Let {n1,ny} = {0,0}. Substituting from (S.3.0.19), it follows that

82f (0,0)
8/116/13 a f (O’ 0) ’

Letny € {1,2,...}. Substituting from (S.3.0.13) and (S.3.0.19), it follows that

02 f (n1,0)

041013

1 af (nho)h _0f (n1,0)
T f(m,0) 0 ) 03

=f(n1,0) _hl-

Letny € {1,2,...}. Substituting from (S.3.0.19), it follows that

0 f (0,n2)
01,013

_ 01 (0,n)

B A3

=f(0,n2).
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Let {ny,ny} € {1,2,...}. Substituting from (S.3.0.3), (S.3.0.10) and (S.3.0.19), it follows that

0 f (n1,n)
041043
min(n;—1,n;) }"/lg_l

r!

(1-p) Lhyr <XI>]
r=ln1#1 P Lzl__lr (X])
X [(L=p)> pm™ 2 L] () Ly, ()] £ (0.0)

_ af (nlan) 1 6f (090)
o1, F(0,0) o4

) min(ni—1,n) /lg—l (1-p) L:u—r—l (x1)
(r=D' p Ly (x)

81

r=1,n1#1

X [(1=p)% p 2 1r= () 1071 ()] £ (0,0) - 2L )

oAz
=gl3— g+ [ (n,n).

The second derivative with respect to A, and A3 follows in a similar way.

Second derivative with respect to p and A,

Let {ni,ny} = {0, 0}. It follows that

£ (0.0) _,
apa/ll ’

Letny € {1,2,...}. From (S.3.0.13) and (S.3.0.14), it follows that

aZf (n1,0) _ ﬂaf (n1,0) _ h B /llh,l,l
o0pos  p 0L (I-pp (I-p)p’

Letny € {1,2,...}. From (S.3.0.15), it follows that

Pf (O,m2) _mdf (Om)  Aahl,
dpdA p 04 (1-p)p

Letny,ny € {1,2,...}. From (S.3.0.4), (S5.3.0.9) and (S.3.0.11), it follows that

8*f (n1,n2)
apa/h
_(mtm)of (mym) &1 gy, B 285 _ 22385 |
p 04 (I1-p)p (=-p)p (A-pp (-p)p

The second derivative with respect to p and A, follows in a similar way.

Second derivative with respect to p and A3
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Let {n,ny} = {0,0}. It follows that

9’f(0,0) _
dpoA; ’

Letn € {1,2,...}. From (S.3.0.16), it follows that

Of (11,0) _m df (m,0) Aihy 5
dpoA3 p 043 (1-p)p’

The result for the second derivative of f (0,n,) where ny € {1,2,...} with respect to p and A3

follows similarly.

Letni,ny € {1,2,...}. From (S.3.0.7), (5.3.0.10) and (S.3.0.12), it follows that

0 f (n1,n)
0p0As
_(i+m)df(n,m) 283 18] 3 _ 4283 3 _ 243835
P 03 (I-p)p (I-p)p (=-p)p (1-p)p

Second derivative with respect to p

Let {n,ny} = {0,0}. It follows that

41 (0,0) _

0.
dp?

Letny € {1,2,...}. Substituting from (S.3.0.13), it follows that

0% f (n1,0)
op?
nof (n,0) m 1 ]
WAL 0 - h
> op pzf(m, ) + 0= (1=prp A1hy
_ /11 [azf(nl,O) +af (n1,0):|
(I-p)p| d4idp ap
_ [m L ] af (m,0) 4 [32f(n1,0) +5f(n1,0)
p  (1-p) ap (1-p)p | ddp ap
ny
- 0).
—pp’ 0

The result for the second derivative of f (0,n,) where ny € {1,2,...} with respect to p follows

similarly.
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Let {n1,ny} = {1,2,...}. Substituting from (S.3.0.3), (5.3.0.5) and (S.3.0.6), it follows that

8% f (n1,n2)
0p?

_ (mi+n) 8f (m,n2)

P
1

ap
1

+ - [A1g1 + 2282 +24383]
(1-p)p? (1-p)?p

A

9> f (m1,m2)

af (n1,n2) |

C(-pp|

A2

d0410p ap |
[0%f (n1,n2) N af (ni,ny) |

C(1-p)p|

205

d20p op |
[8%f (n1,n2) N af (n1,ny) |

_ (n+m)

C(1-pp|

ni+ny—1

0A30p ap
1 [ df (n,n2)

0
A1

+(1—;O) dp

C(-pp|

A

[ 0% f (n1,n2) N af (ni,ny) |
0A1,0p ap

Eazf (nl,nz) 4 6f (fl17n2):

C(-pp

23

0,0p ap ]
8% f (n1,m2) N af (ni,ny) |

2 [ (ni,m)

_ (i +m)

(I-p)p|

0A30p ap

(l—p)pf(nl’m)'

3.4 Weighted Type I bivariate Polya-Aeppli distribution Case I

3.4.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 3.4.5 for the WBPA§1) distribution. The Newton-Raphson algorithm uses the equation
in (3.16) for + > 1 and the MoM estimates in Subsection 3.4.4 are used as initial values of the

50), /150) , /l§0) and p©) for the WBPAﬁl) distribution. The iterative process is repeated

parameters A
until a given tolerance level € between the ¢/ and (1 + 1) " jterate values is reached or until a

specified maximum number of iterations is reached (Balakrishnan et al. [1]).

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (3.17)

need to be calculated with respect to each of the parameters: A1, A2, A3 and p.

The results of the calculation of the first and second derivatives of the pmf for the WBPA;I)
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f" (n1,ny) where {n,n2} € {0,1}, and f (ny,ny) where
{n1,mp} € {2,3,...} with respect to each of the parameters: A;, 1, A3 and p are written in a
shorter form to mathematically and programmatically simplify the expressions.
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Results of the derivatives

Letx; = —i(1-p) ,Xp = _AZ(pl_p ) and let LY (x) be the Laguerre polynomial in (A.3). Then let

= S

min(ni—1,n3) yr-2 2r+l _ny+ny—2r-1
/13 (1 plin

-p)
(r—2)! (S.3.0.21)

r=2,n1#2

XL oy (x1) Lyt () e” ittt

{ni,m} €{2,3,...}.

r agl
811~ a1,
0P (ni,ny)  OfY (n1,m2)
= +
07 a

min(n;—2,ny) -2
— ! 2 /l; (1- p)2r+2 pn|+n2—2r—2 (5.3.0.22)

- (r=2)!

r=2,n1#¥2,3

I -1 — (A
XL () Lt () e” Nt ) gy

{nl,nz} € {2,3,. . } .

= S

min(ny,np—1) 1r-2 2r+l _nj+ny—2r-1
2720 prim

-p)
(r—2)! (S.3.0.23)

r=2,np#2

><Lr—l (xl) L227r71 (x2) e—(/l]+/12+/13)7

ny—r

{n1,m2} € {2,3,...}.

r 882
822 = 8_/12
_ 9% fv (n1,nz) N af" (ny,ny)
Q5 91,

min(ny,ny—2) Ar-2
— 3 (1 _p)2r+2pn|+n2—2r—2

— |
r=2,n#2,3 (r 2)
-1 I ~
X L:n—r (xl) L;:—V—Z (.X,'z) e (A ++43) _ 22,

{n],l’lz} € {2,3,...}.
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" mym) (9(:31’”2) + f" (ny,ny)

min(ny,ny) /lg—B (1 _p)2r pn|+n2—2r

= 2 (r—3)!

r=3,n1,nr#2

X L:H—_lr (x1) LZ;—lr (xy) e~ (U+lz+ds)

{n1,m} €{2,3,...}.

83

r 8g3
833 = 8_/13
_ 9% f* (n1,n2) N af" (ny1,nz)
03 013

min(nyno) - ar—4

N T

Y
rediay T
X LI, (1) L), (x) em(hivdards) g

ny—r ny—r

{n1,n2} € {2,3,...}.

r 881

812~ 8_/12

_ 8% (n1,n2) . af" (ny,ny)
041045 01>

min(n;—1,ny—1) A2
3 2r+2 _nj+np-2r-2
= 1- 12
(r—2)! (I-p) P

r=2,n1,np#2
X Lzl—r—l (xl) Lrtg—r—l (x2) e

{ni,m} € {2,3,...}.

—(A1+A2+2
(A+22 3)_g1’

r agZ
8217 6_/11
_ 02" (ny,n2) N of" (ny,ny)
01,0 0

min(n—1lny=1) = r-2
— 3 (1_ )2r+2pn1+n2—2r—2

(r—2)!

r=2.n1,np#2
X L:Llfrfl (xl) L:zzfrfl (XZ) €

{n1,n2} € {2,3,...}.

—(A1+ A2+
(A +22 3)_g27

(S.3.0.24)

(S.3.0.25)

(S.3.0.26)

(S.3.0.27)
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r agl
813~ 6_/13
_ 9% v (n1,nz) N af" (ny,ny)
041013 013

min(ny—1,n;) -3
— ] ’ /12 ( _p)2r+1 pn1+n2—2r—1 (83028)

B (r—3)!

r=3,n1#2,3,n#2

XL oy (1) Lt () e” (Nt l) g

{nl’nZ} S {2,3,. . .} .

r ag3
8317 o
_ 02" (n1.ny) N of" (n1,ny)
01304 EIN
min(n;—1,ny) -3
— ] ’ /12 (1 _p>2r+1 pn1+n2—2r—1 (53029)
(r—3)!
r=3,n1#2,3,np#2
X Lzl_r_l (x1) LZ;—lr (x2) o~ (U 2+23) - g,
{ni,m} €{2,3,...}.
r agZ
823 = xR
_ O™ (n1,n) N af" (ny,ny)
04,045 043
min(ny,ny—1) r=3
_ 1,112 /13 (1 _p)2r+1 pn1+n2—2;r_1 (83030)
(r—3)!

r=3,m#2,np#2,3

X Ly L, (1) Ly, -y (x2) e~ (tlatds) _ o)

{I’l],l’lz} € {2,3,.. }

, _ 0g3
832 = 6_/12
_ *f* (n1,na) N af" (ny,nz)
04304, 0y

il Ag_3 2r+l _nj+npy-2r—1
(I1-p)" " p

(r=3)!

r=3,m#2,np#2,3

XLt () Ll (xp) e” (Nt t) —gq,

{n1,n2} € {2,3,.. }
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The results for g/ ; and g7 , follow similarly.
It then follows that the first and second derivatives of the pmf in (3.17) are

First derivative with respect to A,

Of™ (ni,na) _

o g1—f"(nny), {ni,na} €{2,3,...}. (8.3.0.31)

First derivative with respect to A

Of™ (ni,na) _

g —f"(m,m), {n,n}e{2,3,...}. (S.3.0.32)
dA,

First derivative with respect to 13

af" (ni.my) _

a5 g3 =" (n,na), {ni,m} €{2,3,...}. (5.3.0.33)

First derivative with respect to p

af" (n1,nz) _ (ni+ny) 4 (1,12
ap p (1-p)p ’
4181 A282 21383 (5.3.0.34)

(-pp p(l-p) (A-p)p’
{nl,ng} € {2,3,...}.

Second derivative with respect to A,

9*f¥ (n1,m2)

5 =gi—gi+f¥ (n,m), {m,m}e{2,3,...}.
PYE

Second derivative with respect to A,

A" (ny,n , W
TLOI) g o £ (o) {mma) € (23,0
2

Second derivative with respect to A3
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A2 (ny,n , w
%=83—g3+f (n1,m2), {m,nm}€{2,3,...}.
3

Second derivative with respect to 1| and A,

*f" (ny,n , v
W :gl’z_g2+f (n19n2)9 {nlanz} € {293a}

Second derivative with respect to 1| and A3

asz (nl’nZ) ’
oL =gy~ &+ f"(n,m), {n,m}e{2,3,.. }.

Second derivative with respect to A and 13

9% v (ny,nz)

oot - s s+ mm), {nm} €423, )

Second derivative with respect to p and A,

?f" (ni,m) _[ni+n 4 A" (n1,n2) g1
apdrr | p  (1-p)p oL (1-pp
gl 285 24385,
C(U-pp (A-pp A-pp’
{n1,m} e {2,3,...}.

Second derivative with respect to p and 1,

PfY(nmg) _[m+nm 4 afY (ni,m) &
dpd, p (I-p)p (%8 (I-p)p
g, 285, 22385,
T (-pp (A-pp A-pp
{n1,n2} € {2,3,...}.

Second derivative with respect to p and A3
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O*f* (mima) _[(mi+ma) 4 Of* (ni,np)  2g3
pdrs | p (1-p)p 013 (1-p)p
g5 A28 5 223835
(1-p)p (I-pp (A=-p)p’

{I’l],l’lz} € {2,3,. }

Second derivative with respect to p

O2f* (ni,ng) _ [ni+mp—1 L 4 af" (n1,n2)
ap? P (1-p) (I-p)p dp
A [ () Lo (ni,n) |
(1-p)p| 9010p op |
A [ () Lof” (n1,no) |
p(l=p) [ 0220p ap |
24 |8 (mi,ma) Lo () |
(I-p)p| 0430p ap
—%ch(m,nz),

{n1,m} € {2,3,...}.

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (3.17) are given here.

First derivative with respect to 1,

Let {ny,ny} € {0, 1}. It follows that

Of™ (ni,na) _

0.
04

Let {n,ny} € {2,3,...}. Substituting from (3.17) and (S.3.0.21), it follows that

af" (ny,nz)

044
min(n;—1,ny) /lr—Z
3 oy
— (r_2)| ( _p)2r+1 pn1+n2 2r—1
r=2,n1#2 .
x L:11—r—1 (xl) L:tgflr (XZ) ei(/l]+/lz+/l3) - fw (”17 ny)

=g1—f" (n,m).

The first derivative with respect to A, follows similarly.

First derivative with respect to 13
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Let {n,n,} € {0, 1}. It follows that

Of™ (ni,na) _

0.
03

Let {n,ny} € {2,3,...}. Substituting from (3.17) and (S.3.0.24), it follows that

of" (ny,n2)

03
min(ny,ny) _ r=3
- Zl ’ % (1- )Zr ni+ny—2r
- (r—2)! prop
r=3,n1,ny#2
X Lyl (o) Ll () e 240) — 0 (ny my)

min(n,ny) /lr—3

— Z 3 (1 _ p)2r pn1+n2—2r

— |
r=3,n1,ny#2 (I” 3) :

X Lot (x) Lt (x) e (v ) — o (ny )

:g3_fw (nl’nz)'

First derivative with respect to p

Let {ni,ny} € {0, 1}. It follows that

Of™ (ni,n2) _ 0
dp )

Let {n1,n2} € {2,3,...}. Substituting from (3.17), (S.3.0.21), (S.3.0.23) and (S.3.0.24), it follows

that

af" (n1,n2)
dp
min(ny,ny) 72
3

= 2 (r—2)!

(ny+ny— 2r)]

r=2 p
x [(1 _p)Zr pn1+nz—2rL:ll—_]r (xl)L:lz_—lr (XZ)] e—(/11+/12+/13)
min(ny,ny) /15—2 2

2 G-l |T-p
X [(1 _p)2r pn1+n2—2rLr—1 (X])Lr_l (xz)] e—(/11+/12+/13)

ny—r ny—r

min(n;—1,ny) /lg—Z [/ll

—L, (Xl)]
_ [ 2 ni-r—1
r=2,n1#2 (r 2) p :

% [(1 _p)Zr pn1+n2—2rLr—1 (-XZ)] e—(/ll+/lz+/l3)

ny—r

min(ni,np—1) /lg_z [/12 .

—L, (xz)]
_ [ 2 “nyp-r—1
r=2,np#2 (l" 2). p ’

X [(1 _p)2r pn1+n2—2rLr—1 (X])] e—(/l]+/12+/13)

ny—r
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34

af" (ni1,n2)
ap

B min(zni,nz) ﬂg_z (n1 +ny—2r) 2r
~  (r-2)! p (1-p)
X [(1=p)> pm ™ 2 Ll () Ly, ()] e (et

min(ni=1n2)  3r-2
A1 A4

- _N2rl oty —-2r—1
(1 —,0),0 rohom 42 (7‘—2)' ( p) P
X L:ll—r—l (x1) LZ;_lr (x2) o~ (Ni+2+23)

min(ny,ny—1) r=2
A2 A5

_ s 1— 2r+l _nj+ny—2r-1
Tpp 4, G-oi P F

x L' (xp) Ly, .y (x2) e~ (titdo+ds)

ny—r
min(ny,ny) )
) (nl +n2) ) : ] - /lg (1 —P)zr pn1+n2—2r
p (1-p)p (r-2)!
X L:n_—lr (x1) LZ;_lr (x2) e~ (U++23)

203 min(ny,ny) /lr—3

3 2r _nj+ny—2r
- (1-p)7 p™™™
(I-p)p ,Z:; (r=3)!

XLr—] (xl) Lr—] (XZ) e—(/ll+/lz+/l3)

ni-r ot
A1 A2

T (U-p et T p-p*

_(mtnm) 4 ]fw(n] 1) — digi gy 22383
p (1-p)p ' (I-p)p p(l-p) (=-p)p

Second derivative with respect to 1,

Let {n,ny} € {0, 1}. It follows that

9% v (ny,nz) _0
043

Let {n;,n2} € {2,3,...}. Substituting from (3.17), (S5.3.0.21), (S.3.0.22) and (S.3.0.31), it follows

that

aZf Y (n1,n2)
o4
min(ny—2,ny) -2
1 2 /lg

— (r . 2)’ (1 _p)2r+2 pn1+n2—2r—2

r=2,n1#2,3

~ _ af*” (n1,ny)
x Lt () Lyt (x) e (it ds) _ o

=g1—g1+f" (ni,n).
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The second derivative with respect to A,follows similarly.
Second derivative with respect to A3

Let {ni,ny} € {0, 1}. It follows that

" (n1,my) 0
—
o2

Let {n1,ny} € {2,3,...}. Substituting from (S.3.0.24), (S.3.0.25) and (S.3.0.33), it follows that

0?f" (n1,m2)
2
313
min(ny,ny) /lr—4

— Z (ri4)' (1 _p)Zr pn1+n2—2r

r=4,n1#2,3

_ _ _ f" (n1,nz)
X Lzl_lr (x1) L;Z_lr (xp) e~ (litdards) _ T on 83

=gi—g+f" (n,n).

Second derivative with respect to A1 and A

Let {n;,ny} € {0, 1}. It follows that

8% v (ny,nz) _o
04101> '

Let {n,ny} € {2,3,...}. Substituting from (S.3.0.21), (S5.3.0.26) and (S.3.0.32), it follows that

0 f" (n1,m2)
04104,
min(n —1,n,-1) /1r_2

— (r i 2)' (1 _p)2r+2 pn1+n2—2r—2

r=2,ny,ny#2

_ af" (n1,m)
% Lzl—r—l (xl) L:Lz—r—l (x2) e (Y +2+43) _ a—/lz —

=gia— &+ " (n,m).
Second derivative with respect to 11 and A3

Let {ni,ny} € {0, 1}. It follows that

9% f* (n1,n2) 0
041043 ’
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Let {n1,ny} € {2,3,...}. Substituting from (S.3.0.21), (S5.3.0.28) and (S.3.0.33), it follows that

9% f* (n1,n2)
041043

min(ny—1,ny) Ar—3
— 3 ( _ )2r+1 pn1+n2—2r—l
(r=3)!

r=3,n1#2,3,nr#2

of" (n1,n
% L:Ll—r—l (x1) L:Lz_—lr (x2) e~ (i+la+ds) _ %312) _

= gi’3 _g3+fw (l’ll,l’lz) .

The second derivative with respect to A, and A3 follows in a similar way.
Second derivative with respect to p and 1,

Let {n,ny} € {0, 1}. It follows that

9% v (n,nz) _0
0pdA;

Let {ny,ny} € {2,3,...}. From (S.3.0.22), (S.3.0.27) and (S.3.0.29), it follows that

O f* (n1,ma)

0pdd;
m+ny 4 af (m,m) &
L e (-pp o4, (1-p)p
gy 285 24385

(-pp (I-pp (A-pp
The second derivative with respect to p and A, follows in a similar way.

Second derivative with respect to p and A3

Let {ni,ny} € {0, 1}. It follows that

02 f" (n1,n2) _

0.
8p(9/13

Let {nj,ny} € {2,3,...}. From (S.3.0.25), (S.3.0.28) and (S.3.0.30), it follows that

9% v (ny,nz)

0p0A3
_|ui+ny) 4 of" (ni,m)  2g3
e (I-p)p 023 (1-p)p
18 5 285 5 21385 5

(-pp (A-pp (A-pp

Second derivative with respect to p
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Let {n,n,} € {0, 1}. It follows that

9% fv (ny,nz)
0p?

Let {ni,n2} € {2,3,..

9% " (ny,ny)
0p?
ny+np

=0.

.}. Substituting from (S.3.0.21), (S.3.0.23) and (S.3.0.24), it follows that

af" (n1,n2)

__ 4 }
P (I-p)p

n+n 4
( lp2 2) _ (l_p)p2+ p)2 ]f (n1,n7)
+ [(I—L)pz T —p)zp] [4181 + 282 +24383]
A (02" (n1,m2)  Of" (n1,my) ]
(I-p)p| 04dp ap |
b [ () | AfY (ni,no) ]
p(l=p) | 0420p ap |
24 [PV (muna) O (miuna) ]
(I-p)p| 0430p op |
_ n1+n2—1+ 1 3 4 af" (ny,ny)
p (I-p) (I-p)p dp
A [ (n) 9 (nino) ]
(I-p)p| 0dp op |
A 02" (nimy)  Of" (n1.m) |
p(l=p) | 04dp ap |
243 92 (mng) | AfY (niino) ]
(I-p)p| 0430p ap
EYI +p’;2) £ (n1,n2).

3.5 Weighted Type I bivariate Polya-Aeppli distribution Case 11

3.5.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 3.5.5 for the WBPA;Z) distribution. The Newton-Raphson algorithm uses the equation
in (3.16) for r >

of the parameters /150)

1 and where the MoM estimates in Subsection 3.5.4 are used as initial values
,Aéo), /1(0) and p(O) for the WBPA;Z) distribution. The iterative process is
repeated until a given tolerance level € between the /" and (7 + 1) " jterate values is reached or

until a specified maximum number of iterations is reached (Balakrishnan et al. [1]).

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (3.20)

need to be calculated with respect to each of the parameters: A1, A2, A3 and p.
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The results of the calculation of the first and second derivatives of the pmf for the WBPA;Z)
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f* (0,0), f* (ny,0) where n; € {1,2,...}, f (0,n,) where
np € {1,2,...},and f* (n1,ny) where {n,n,} € {1,2,...}with respect to each of the parameters:
A1, A2, A3, and p are written in a shorter form to mathematically and programmatically simplify

the expressions.

Results of the derivatives

Let x| = _’1‘(’}_’) ) %y = _’12(;_’) ) and let LY (x) be the Laguerre polynomial in (A.3). Then let

_0f" (ni,np) ™ (n1,m2) 857 (0,0) N f* (ny,no)
B A £ (0,0) Al A

(n1+1) Lill_1 (x1)
A Lil—l ()Cl)

Aidy (1 - p)? a2
np (I’ll + 1) ny (I/lz + 1)

81

L2 (x) L2, ()| £ (0,0)

0 ) .
13 I’l] Lnl—l (xl) (1 _p) pn|+n2 | X
" E /l_lLl 1 (xl) niny L”l_1 (X]) an—l (XZ) fw (0, 0) (53035)
ny—
+min(n1—1,nz) 3 T-p) L (x1)]
N e G L B mr=l
(1-p)> pmm=2r [ o — 1
L, - " (0,0),
PR mer ()= 0.0

{I’l],l’lz} € {1,2,. }
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r agl
81,1 = N
_ O () 2 0/70.0 2 L |of”(m,m)
S 70,00 a4 A1 PYY

f7(0,0) a4 4
(L=p) , 1 Ly 0
P A1 thl—l (.)C])

s (1= p)? prrtm?
ny (ny+1)ny (np+1)

+[ 1 4fv(0,0) 1+1}g1

_(m+1)
==

Ly ()L, <xz>] £ (0,0)

S.3.0.36
L [A=p)m|[(1=p)*pr+m2 | I w ( )
+5 P A niny Ly, (x1) Ly, g (x2) | f7(0,0)
in(ny—1,ny) 1
+m1n < : /1?— (1 _p)erH ( )
re2)l | pz Tmor-ttM

r=1,n;#1

(1 _ p)Zr pn1+n2—2r . ny—1 w
L - 0,0
VL) m-r (¥2) ny—r F70.0

1 1 a1" (0,0 1
_;gl"'[ A )——+1}g1,

/(0,00 a4 A
{I’l],l’lz} € {1,2,.. }

_0f" (ni,np) ™ (n1,m2) 657 (0,0) N Y (n1,n2)
827754, 0,00 o4 1
(mp+1) Lizz—l (x2)

A2 Liz—l (XQ)

Lida (1 p)? 2
ny(ni+1)ny(np+1)

L2 (x) L2, (x2)| £ (0,0)

(1-p)? prrere?
niny

(1-p)
P

A3
21

£ (0,0) (S.3.0.37)

LY | (x2)
ny ny 1 Lill—l (XI) Lilz—l (XZ)

A2 L,Ilz_l (x2)

min(ny,ny—1) A+l
3

(r+2)!

: Ly ()

r=1,ny#1

(1 _p)2r pn1+n272r . ~ ny — 1 N
[ 7)o,

{I’l],l’lz} € {1,2,. }
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r agz
822 = N
_ 2 (nm) 2 0/70.0 2 L |of”(m,m)
013 fv(0,0) a1, A2 91,

0.0 o

_(m+1) (1—p)+ L, _ (x2)
Y p AL} | (x2)

A1As (1 — 2 n1+n2 2
[nll (271(1 + 11)01)12 (n2+1) n1_1 (x1) Liz—l (xz)} 7 (0,0)

1)) [0 —p)pr?

[ 1 4fv(0,0) 1+1}g2

LG <xz>] £ (0,0)

2_! P ﬂ.z niny
in(ny,ny—1) 1
+mm Nl 43" (1-p)* L™ (%)
(r+2)!| p2 Ly 002

r=1,np#1
(1 _p)Zr pn1+n2—2r | ny—1
Ly - " (0,0

/11/12 ny—r ('xl) nl —r f ( )

1 [ 1 40,00 1

——+1] g,
S VN X R P ]gZ

{I’l],l’lz} € {1,2,...}.

Of* (ni,my) _ f* (n1,m2) 9% (0,0)  f* (n1,m2)
043 7 (0,0) 013 A3

N2 ny+np— 2
=[(1 Py p LY )L 1<x2)]f (0,0)

ninj
345 (1 _p)2pn1+n2—2
nny (np +1) (n2 +1)

83 =

1
+ —_—
A3
min(ny,ny) /lg (1 _p)2r pn|+n2—2r

+
; (r+1)! /11/12

(Lzl L m)—( el ))(L;;r z)—( nl ))fw (0,0),
ny—r ny—r

{I’l],l’lg} € {1,2,. . } .

L2 (x) L2, (x2)] £ (0,0)

(S.3.0.38)
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’r ag3
833 = xR
_ O (1, mo) _[ 2 afr 0,0 2 1] df" (n1,ny)
Rk 943

fv(0,0) 043 A3
+[ 1 afv(0,0) 1+1}g3

70,00 4l A3

min(n,ny)

0 51 1 e

|
= iz (S.3.0.39)

x (Lz:_‘r (xl)—( mel )) (L;;_‘r xz>—( m ))fw (0,0)
n—r ny)—r

1 1— 2 ni+npy-2
e | L )] £ 00
3 niny

[ 1 afv(0,0) 1}

(0,00 043 155
{n1,n2} € {1,2,. . } .

r agl
g1’2_6_/12

_ Y (mum) 1 970,00 119f"(n1,n2)
91,01, (0,00 a4 1 a1
(l’ll + 1) Li,]_l (xl) (I’l2 + 1) thz—l (x2)
A1 Lil_l (x1) A Liz_l (x2)
s (1= p)? pre2
ny (n1 + 1) ny (I’lz + 1)
EL(r)tl—l ()Cl)
A L,lll_l (X1)

1— 2 ni+np;-2
o [( p)p
niny

Ly () Ly, (xz)] £ (0,0)

ny ng—l (x2)

A2 Liz_l (XZ)

A3

(S.3.0.40)
2!

Ly (x)L) (m)] £ (0,0)

min(ni—1,ny-1) /lr+l 2
3 |[-p)7 ), .
* | 1 (r+2)! p? Lnl—r—l (x1) an—r—l (XZ)]
r=L,ny,ny#
1- 2r nij+ny=2r 1 aF (0.0 1
iy 0.0 b b

{n1,m} e{1,2,...}.
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r agz
821 = N
_ Y (nm) 1 9™ (0,0) 1 1df"(n1,n2)
0101, fv(0,0) ol A ol

(ny+1) Ly, 1 (1)
A Lil—l ()C1)

145 (1 _p)an1+n2—2
np (I’ll + 1) ny (n2 + 1)

(n2+ 1) Ly, (02)
A LY (%)

L2 (x) L2, ()| £ (0,0)

Lo LY
e W 2 TZ_I(XZ) (S.3.0.41)
2. /l] Ln1—1 (x1) /12 an—l (X2)
(1-p)*prrm=2 |
* [ niny Ly, 1 (1) Ly, oy (x2)| £ (0,0)
min(n;—1,ny—1) /lr+1 2
3 |[-p)7 i
* Ly ()L, .y (x2)
r=1,n;,np#1 (r+2)! P2 ny=r=1 V1 Snp=r -1 122
1- 2r _ny+ny-2r 1 w (0.0 |
| 1=p)"p (0.0) + afv (0,00 1 0.
/11/12 fw (an) (9/11 /ll
{ni,np} € {1,2,...}.
r 081
8137 s
_ Y (m) LY 0,00 1]af" (n1.m)
= 6/[1(9/13 fw (0’ 0) 6/11 1 0/13
LY (x) _ N2 =2
ny ~n;-1 (1 p) P | | } "
= | — L X L X O’O
ﬂl L’1“71 (-xl) niny ni—1 ( 1) np—1 ( 2) f ( )
1 [(n+1) L:L,q (x1)
B A L ()
iz (1-p)? p"t2 2 $.3.0.42
L L w (0,0 (S.3.0.42)
["1 (n+1)ny (na+1) m—1 (1) Ly, (r2) | f7(0,0)
min(n;—1,ny) r
4 [U-p)
3 P,
* Ly o1 (xl)]
r=lo %1 (I’+1)! ny—r
(1 _p)Zr pn1+n2—2r - ny 1
L - " (0,0
14, ma-r (2) ny—r (0,0

(0,00 4; PN
{n1,m} e {1,2,...}.

+[ 1 afv(0,0) 1}’
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’r ag3
831 = 0_/11

_ O () 1 0f7(0,0) 119/ (n1,n2)
B 043044 fv(0,0) 043 A3 0
L0 (x1) _ N2 nptny-2

n1 “ni-1 (1-p)p 1 1 w
=|— L L

AL, 4 (x) niny m=1 () Ly (12) | 7(0.0)

N i (ni+1) L:“_l (x1)
A3 A1 Lil_l (xl)

[/11/12 (1 _p)2pn1+n2—2

2 p " (S.3.0.43)
n (n + D ny (na+ 1) L, ()L, (xg)} £ (0,0)

] ( _1’ )
+mm n—lny /lg (l—p)Lr (x1)]
r=1,n1#1 (I"+ 1)' P m-r-l
(1=p)* pmtnm=2r [ ny—1 y
A Ly,—r (x2) - 1 (0,0)
142 ny —r

[ 1 afv (0,00 1
/70,00 84 ‘Z} >

{n1,m} e {1,2,...}.

’ agZ
823~ 8_/13
9% f* (n1,n2) B 190,00 185" (n1,n2)

04,045 f*(0,0) oAy Ao 013
ny Loy (2) | [ (1= p)? prm—2

A Lllz_l (x2) niny

Ly (x)) Ly, <xz>] £ (0,0)

1 [+ 1) Lpyy (2)
G A L ()

A1, (1 _p)2pn1+n2—2
ni(n+1)ny(np+1)

Loy () Ly, (h)} £ (0,0) (S.3.0.44)

min(ny,ny—1) A
3 [(I-p) , ]
* Ly, (x2)
r=1,ny#1 (I"+ 1)' P el
(1—p)> pmtm=2r [, ny—1 ,
1 L= (1) = £ (0,0)
142 n—r

fw (0,0) 6/13 /13
{n1,m} e {1,2,...}.

+[ 1 afv(0,0) 1}2,
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’r ag3
832 = (9_/12

_32fw(n1,n2)_l 1
9301, ™ (0,0) 943 1
ny L(r)u_l (x2) (1= p)? pr+m=2
A2 Lllz_l (x2) niny
N i (mp+1) Ll,z_l (XZ)}

A3 A2 Liz—l (x2)

A1z (1= p)? prit?
ny (ny+1)ny (np +1)

af™ (0,0) i] O™ (n1,n2)
o

Ly (x0) Ly, <xz>] £ (0,0)

Ly ()L, (xz)} " (0,0)

min(ny,ny—1) A
3

+

(l_p)Lr (XZ)]

-r—1
r=1,np#1 (I"+ 1)' P T
(1 _ p)Zr pn1+n2—2r 1 ny — 1 "
Ly~ (x1) - /" (0,0)
414, n—r

1 8f7(0,0) 1
[fW(O,O) 01, ‘TJ“’

{n1,m} e {1,2,...}.

_0f" (n,0) " (n1,0) 8™ (0,0) ™ (n1,0)

hi =
: o v (0,0) o A1
1
_ | ) By 1) P (11.0) (S.3.0.45)
A1 L%u—l (X]) T
ny € {1,2,...}.
o ah
hl,l = (9_/11
_52fw(n1,0)_ 2 3fw(0,0)_£+1 af" (ny1,0)
B 8/1% (0,00 04 A1 oA
1 870,00 1 }
+ -—+1|h
[fw 0,00 a4 A 1 (S.3.0.46)

= u(nlJrl)fW (”1’0)_1111
P A1 P
+[ 1 8/ (0,0)

fv(0,0) o4
ni 6{1,2,...}.

+ 1} hl,
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_ 0" O.na) [ (0.12) 97 (0,0)  f* (0,m2)

ha EXR 70,00 01, 1
_ (n2+1)L,{,2_1(x2) W
- /12 Liz_l(xz) f (09’12)7
n2€{1,2,...}.
. Oh
h2’2=8_/l§
=6’2fw(0,nz)_[ 2 8fw(0,0)_3+1] af" (0,n)
012 f(0,0) 04, A2 oA,
1 470,00 1
[fW(O,O) o, _/l_2+1}h2
_(=p)(ma+1) ., 1
- 0 /12 f (09’12) ph2
1 4r¥(0,0)
+ [fw 0.0) o +1] h,
n2€{1,2,...}.
. Oh
hl,zza_/l;
zﬁsz(m,o)_[ 2 8fw(0,0)_3+1] af" (n1,0)
03 fv(0,0) 01, A2 04,
1 470,00 1
+[fw(0,0) PR _Z”]hl
_[ L a/Mm0,0 1 l]h _ (1,0
T 0,00 9 : 1
I’l1€{1,2,...}.
. Oh
h2,1=a_/l?
zasz(o,nz)_[ 2 900 2 +1] af" (0,n2)
o2 /70,00 o4, A a4
140,00 1 (S.3.0.47)
+[fw<0,0> o, al”}hz

~ 1L ar©.0 1 _ (0, m)
- Ifw 0,0) a4, iy H]hz T

n2€{1,2,...}.
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. O
h1,3=673
Zasz(nl,O)_ 2 8fw(0,0)_£ | af" (ny,0)
043 f7(0,0)  9as A3 943
1 afv (0,00 1 (S.3.0.48)
—— 41|k
+[fw(0,0) ol 43’“} !
1 070,00 1 7 (n1,0)
= P AR A A e
(0,00 043 A3 A3
n1€{1,2,...}.
TS
h2’3:8_/l3

_asz(o,nz)_[ 2 /00 2 +1] af" (0,m)
e 0,00 913 A3 03

1 af" (0,0) 1
+[fw 0.0) 15 _73+1}h2
1t a0 1 _ (0, n)
- [fw 0.0 a1 43“] ha =

I’l2€{1,2,...}.

The results for sy and 4, follow similarly.
It then follows that the first and second derivatives of the pmf in (3.20) are

First derivative with respect to A,

o0 [1__ 1 ],
a4 _[,11 (l—e_’ll)}f (0,0)
af" (n,0) P " (n1,0) 9™ (0,0)  f* (n1,0)
044 - fv(0,0) 044 A1 ’
ny € {1,2,...}
af" (0,np) _ f™(0,m2) 6™ (0,0) (S.3.0.49)
A (0,00 a4
ny € {1,2,...}
Of" (n1,ny) N " (n1,n2) ™ (0,0)  f™ (n1,m2)
0 = 8 fv(0,0) 0 A ’

{n1,m} e {1,2,...}.

First derivative with respect to 1
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afv (0,00 |1 1 w
Lo =00
9f" (n1,0) _ f (n1,0) 8™ (0,0)
0 (0,00 91,
ny € {1,2,...}
of* O.na) -, ¥ (0.n2) /% (0,0)  f* (0,m) (S.3.0.50)
04> - fv(0,0) 04, A ’
ny € {1,2,...}
of (ni,ny) [ (ni,m) 057 (0,0)  f* (n1,n)
04, =82 fv(0,0) 0As A ’

{n1,m} € {1,2,...}.

First derivative with respect to A3

afv,0 |1 1 w
03 _[/13 (1_6—13)}f (0,0)
af" (n,0) _ f* (m,0) 9™ (0,0)
13 (0,00 83
np e {1,2,...}
af" (0,nma)  f7(0,n2) ™ (0,0) (S.3.0.51)
Az fv (0,00  9a3
n2€{1,2,...}
af* (mumy) _ - " (1,m2) 9 (0,0)  f* (mi,ma)
o BT T 0,00 o PP

{nl,ng} € {1,2,. }

First derivative with respect to p
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or (0.0 _ o
op -
af" (ny1,0) >I’l1 1 ] w Aihy
S = S | Y (m1,0) - T
dp lp (I-p)p] 1 (I-p)p
ny € {1,2,...}
af” (o, [ 1] A2h
™ "2):Q+ (0, n2) — 22
dp lp (1-p)p] (I-p)p (S.3.0.52)
ny € {1,2,...}
fY (ni,ma) [nmi+m 4
= + " (ni,n2)
ap | P (I-p)p b
g g 21383
(1-p)p (=-pp (A=-p)p’
{ni,na} e {1,2,...}.
Second derivative with respect to 1|
0.0 [ 2 aft0.0 2 ]34 0.0 f*(0.0
o2 MO0 su A o4, T
62fw(n1,0)_h, R 2 6fw(0,0)_£+1 af" (ny,0)
o2  MUf(0.00  an A1 oA
w
B 1 of (0,0)_i+1 .
f7(0,0) a4 e
n| € {1,2,}
9> (0,m3) _ f* (0,m2) 3 f™ (0,0) (S.3.0.53)
0 (0,00 943
ny € {1,2,...}
52fw(n1,n2): , 2 9700 2 L of”(m,m)
o ST 00T e o

L
(0,0) 04 A "

{I’L],l’lz} € {1,2,. }

[ 1 af" (0,0) 1 ]
- 81,

Second derivative with respect to
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3" (0,0) 3 [ 2 0f"(0,0) 2 1] a1 (0,0) (0,0

012 f(0,0) o4 A2 012 A2
8™ (n1,0) _ (n1,0) 8" (0,0)
043 " (0,0) b
n| € {1,2,. . }

’fO.nm) [ 2 9/7(0.0) 2+1]5fw(0,n2)

02 2U10,00 b A 23

_[ 1 afw(o,O)_iH]hL

f7(0,0) 94 A2
ny € {1,2,. }

" (nm) _ 2900 2 | af” (mn)
9.2 22700 0 n 91>

[ 1 af"(0,0) 1 ]
- 82,

——+1
0,00 9n A

{I’l],l’lz} € {1,2,. . } .

Second derivative with respect to A3

P00 [ 2 40,0 2 170,00 f*(0,0
oz /0.0 o ] a4
O2f* (m,0) _ f* (m.0) 92" (0.0)
012 .0 823
n1€{1,2,...}
O2f* (0.ma) _ f* (0.mp) 2™ (0.0)
02 .0 823
n2€{1,2,...}

Y (nmg) 2 /MO0 2 19" (n,n)
o2 B3P 0,0 a6 & o

[ 1 ofv(0,0) 1 ]
- 83,

LI
f™(0,0) 043 A3 "

{n1,np} € {1,2,...}.

Second derivative with respect to A1 and A



Chapter 3. Type I bivariate Polya-Aeppli distributions 50

asz (0,0) _ 1 of" (0,0) 91" (0,0)
01101; - v (0,0) 0 0y
O Y (nm,0) 1 3f(0,0) 9 (m1,0)
04104, a v (0,0) 04> 0y ’
ny e {1,2,. . }
Y (0.m) 1 8f(0,0) 9™ (0,n) (S.3.0.54)
01101, B v (0,0) 0 oy ’
ny € {1,2,. . }
2" (m,mg) _ 190,00 18" (n1,nm)

P A O N TR o1,
{n]an2}€{1’2a"‘}‘

Second derivative with respect to 1| and A3

82 v (0,0) 1 4fv(0,0)df" (0,0)
oL ds (0,00 a4 a1
9% 1" (n1,0) 1 4/ (0,0)df" (n1,0)
aL,00 7 (0,0) a8l oL
n| € {1,2,. }
’fYO.n) 1 3f(0,0) 4fY (0,m) (S.3.0.55)
041013 v (0,0) 03 0 ’
ny € {1,2,...}
f" (ni,m) 1L 970,00 1]3f" (n1,m)
041043 =837 fv(0,0) ol - /1_1 013 ’

{n1,m} e {1,2,...}.

Second derivative with respect to A, and A3

3% (0,0) 1 afv (0,009, (0,0)
04,013 - v (0,0) 0y 043
8™ (n1,0) 1 91" (0,0)3f" (n1,0)
9,00 7 (0,0) 4l o,
np €{1,2,...}
8™ (0,ny) 1 9f"(0,0)9f" (0,n)
9,00 7 (0,0) 8l o
np € {1,2,. . }
O2f" (ni,m) L afv(0,0) 11" (n1,n)
01,013 ~ 837 v (0,0) 01, - /l_z 03 ’

{n1,np} € {1,2,...}.
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Second derivative with respect to p and A,

82" (0,0)
T opddi
P 0 _[m 1 om0 ik
0pd o (I-p)p| 04 (I-p)p (I1-p)p’
n €4{1,2,...}
62fw(0,n2)_>@+ L 1af*(0n)  A3haa
dpdA Lo (I-p)p| oA (1-p)p’
np € {1,2,...}
32fw(n1,nz): mtn 4 af" (n,m) g
dpddy P (I-p)p o4 (I-p)p

/l]gi,l /IZgil 2/l3g§’1
(I1-p)p (-p)p (1-p)p’
{n1,m2} € {1,2,...}.

Second derivative with respect to p and A»

a2 f* (0,0)
T opdr,
a2fW(n1,0)_'n_1+ L afY (m,0)  AGhio
0pdA lp (I-p)p| 0 (1-p)p’
n €4{1,2,...}
62fw(0,nz)_’@+ L |ofOm) hy ik,
0pdda lp (I-p)p| kb (1-p)p (I-p)p’
np €{1,2,...}
9% v (ny,nz) _ [n1 +n . 4 af" (n,m) g
0pd, | P (I-p)p (%8 (I-p)p

A8, 285 5 21385,
(I-p)p (A=pp (A=p)p’
{n,m} e{1,2,...}.

Second derivative with respect to p and A3
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52

3% (0,0) o
0p0As
O’ (m,0) _ [m 1 ] af" (n1,0) Al
C9pdds |p (-pp| 0z (A-pp’
np €{1,2,...}
O (0,m2) _ 2 1 ] af" (0,ny) A2l
0pd; lp (1-p)p A3 (1-p)p’
np € {1,2,...}
Pf (nim) | Zim 4 o (um)  2g
pdas | p  (I-pp o (I-p)p
g5 A28 5 22385 5

Second derivative with

(-pp (I-pp A-pp’
{I’l],l’lz} € {1,2,...}.

respect to p
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52fw(00):0
asz(nl 0) [m—l L1 }3fw(n1,0)
(l—p)p (1-p) dp
A [32fw(n1,0)
(I-p)p | 010p
1 af" (0,0) 1|af” (n,0)
_[fW(O,O) 0, ‘Z} on ]
ni W
—mf (n1,0),
n1€{1,2,...}

%" (0,n7) _ [ng—l .\ 1 .\ 1 ]afw (0, 75)
ap? p (I-pp (1-p) op
A2 [82f " (0,n2)

S (I-p)p | 840p
_[ 1 afW(O,O)_l}c?fw(O,nz)]
fW(OO) E¥ 1 EY
- w (0,
Tyl O,
n2€{1,2,...}
62fw(n1,n2)= ny+ny—1 4 1 ]afw(”l””)
op? p (I-p)p (1-p) ap
_ Al |:82fw (nl’n2)
(I-p)p| 00p
[ 1 3£ (0,0) 1}6fw(n1,nz)}
00 e A dp
g [32fw(n1,n2)
(1-p)p d20p
1 9fv(0,00 1]af" (n1,n)
_[fW(O,O) 13 _TJ dp }
_ 21383 [asz(nl,HZ)
(1-p)p 930p
[ 1 9fv(0,0) i}afw(m,nz)}
0,00 84 A3 dp
ny+np W
—mf (n1,n2),

{I’l],ng} € {1,2,. . } .

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (3.20) are given here.

First derivative with respect to A,
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Let {n,ny} = {0,0}. Substituting from (3.20), it follows that

ar™ (0,0)

044
_ Aze™B  Lhe 2 el [1_/1 ~ Aje
T (l—e ) (I—e ) (1—e ) e )

1 el w
i e

1 1 .
= [/l_l_m]f (0,0).

Letn; € {1,2,...}. Substituting from (3.20) and (S.3.0.45) and using (S.3.0.2), it follows that

af* (n1,0)
o
_ L [ul=-ppmt w
_Z[WLm—l(xl)]f (0,0)
(1-p) L GO [ (1= p) o™, w
1T L7 ) (x1) ny (nm+1) L1 )| /7000
£ (11.0) 3" (0.0)
7700 an
_d=-p) | m+Dp 2p
=[5 [t 0 - gt )

1 " £ (11.0) 3£ (0.0) £ (n1,0)
XL,%”_l (xl)]f (n1’0)+ fW (070) a/ll " /ll
(m+1) Ly D] £ (11,0) 3£ (0,0) £ (m,0)

v | "0 00 o 7
g Lo 00" 0,00 1 (1,0
f*(0,0) 0 A1 '

Let ny € {1,2,...}. Substituting from (3.20), it follows that

af" (0.ma) _ f™(0,n2) ™ (0,0)
or fv(0,00 a4
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Let{ni,n2} € {1,2,...}. Substituting from (3.20) and (S.3.0.35) and using (S.3.0.1) and (S.3.0.2),
it follows that

of" (n1,n2)
oA

~ 1 [ —,0)2 pn1+n2—2
S+ D)y (g + 1)
(1-p) Lil_z (x1)

Y Lil—l (xl)

iy (1 p)? p™i*a2
ny(n+1)ny(np+1)

Ly ()L, (Xz)] f"(0,0)

f(0,0)

Lil_l (x1) Liz—l (x2)

LA [a=p B ()
200 e Ly ()
(1 _p)Z pn1+n2—2
X [ Ly (x1)L,,_, (X2)] ™ (0,0)
nino ny ny

min(ny,ny)

1 AT (1= p)?r prm
N Z:; (r+2)! PR

x@xLuo—(m_ID&@Lxﬁ—(m‘I»fwam
ny—r ny)—r

min(n;—1,ny) /15+1 (1-p) .
+ N1 Lnl—r—l (xl)
r=1,n1#1 (}’+ ) P
(1 _p)Zr pn1+n2—2r e ny, —1 "
x — L (k) - £ (0,0)
112 ny —r

S (n1,m2) 9™ (0,0)
/70,0 o4
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af" (n1,n2)
ol
1 [ (1 - )2 nitny— 2
an [nl (ni+1)ny (n2+1)

I_1 (x1) Liz—l ()Q)] £ (0,0)
(-p) [(u+Dp, 20 } 1
0 A1 (1-p) nl o)~ A1 (1-p) nl () 3“_1 (xl)‘

iy (1 p)? a2
ni (ny+1) ny (ny +1)

Ly ()L (m)] £(0,0)
L=-p) |  mp 1

201 p |u-p) Ly (1) = ( p) L (¢ 1)} L (x)
(1-p)*pmtn2

ninz

L,lﬂ_l (x1) L1112—1 (Xz)] fw (0,0)
min(ny,ny) /1§+1 (1 _p)Zr pn1+n2—2r

1
N Z::A (r+2)! e

(L:zllr(m)—( m-l )) (Lzzlr 2)—( n -1 ))fW(O,...,O)
ny—r ny)—r

min(n;—1,nz) /12+1 [(1 0)
Ie

+

(r+2)! Eon=r- (1)

r=1,n1#1

(1 _p)2r pn1+n2—2r 1 ny—1
L~ - " (0,0

S (n1,m2) 9™ (0,0)
70,0 o4

|
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af" (n1,n2)

ol

(n +1) L,lf,l_l (x1)
A Lil_l (X1)

A1 (1= p)? pmi*m2=2
ni (n1 + 1) ny (nz + 1)

L2 () L2 (x2) | £ (0,0)

0 ) >
A3 | my Ln1—1 (x1) (1-p) p’l1+”2 | . ]
ol L x1) L X (0,0
21 |4 thl—l (x1) niny n1_1( 1) nz_l( 2) | f" (0,0)
min(n;—1,ny) /lr+l
3 [(1 -p),,
* Ln -r—1 (xl)
r=ln#1 (r+2)! P 1
(1—p)> pmtm=2r [, ny— 1
% Ly, (x2) = " (0,0
414, ma-r (¥2) ny—r 1 (0,0)
LS o) 97 (0,0) 7 (my, ma)
fw (070) a/ll /11
_ +fw(n1,nz)(9fw(0,0)_fw(nl,nz)
ST TR 0,00 - o PP

The first derivative with respect to A, follows in a similar way.
First derivative with respect to 13

Let {n,n,} = {0,0}. Similarly to (S.3.0.49), it follows that

1 1

[Tg_m}fw (0,0).

af"(0,0)
FY

Letn; € {1,2,...}. Substituting from (3.20), it follows that

af" (n1,0)  f"(n1,0) 01" (0,0)
A3 (0,00 a3

The result for the first derivative of /™ (0, n;) where ny € {1,2,...}, with respect to A3 follows

similarly.
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Let {n1,ny} € {1,2,...}. Substituting from (3.20) and (S.3.0.38), it follows that

9™ (n1,m2)

03

1 [(1=p)?pritn2
Bl [ niny

Ly () Ly, (xz)] 7 (0,0)

min(ny,ny) (}"+ 1)/12 (1 _p)2r pn1+n2—2r
(r+2)! 4

x (L;Hr m)—( mel )) (szr (X2)—( nl ))fw (0,0)
n-—r n,—r

Y (n1,n2) 4™ (0,0)
/0,00 443

L[(=p)prm?
B 5 [ niny

Ly ()L (m)] £ (0,0)

min(ny,ny) /lg (1 _p)Zr pn]+n2—2r

+ ) r+1)! R

r=1

x (L;:_h (m)—( mel )) (L;;E, xz)—( n ))fw (0,0)
ny—r ny) —r

min(ny,ny) /1§+1 (1 _p)Zr pn1+n2—2r

1
A Z::A (r+2)! A1,

x(Lz:_‘r xo—( mel )) (Lz;_‘r m)—( m ))fw (0,0)
ny—r np —r

Y (n1,n2) ™ (0,0)
fv(0,0) 443

af*" (n1,n2)

043
1 - 2 _nj+np-2
B [( pzllgz Lill—l (x1) Lilz—] (Xz)] /" (0,0)
1 /11/12(1—[))2’0"1"'”2—2 5 )
5 | i+ 1) (i 1 1) Zm=t 00 Ly (2) | £70:0)

min(ny,ny) /lg (1 _p)Zr pn|+n2—2r

+
rZ:; (I’+1)! /11/12

x(LZI_b (xl)—( mel ))(LZ;_% xz)—( m ))fw (0,0)
ny—r ny) —r

" (n1,m2) 9™ (0,0)  f* (ny,n2)

770,00 o pB
L ) 77 (0,00 ()
“ETTR0,00 o P

First derivative with respect to p
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Let {n,ny} = {0,0}. It follows that

9™ (0,0)

=0.
ap

Let n; € {1,2,...}. Substituting from (3.20), (S.3.0.45) and (S.3.0.52) and using (S.3.0.2), it
follows that

9" (n1,0)
ap
[ =D][ud-pemt , w
_[ p } ny (np+1) Ly (k)| f7(0,0)
1 A1 (1_,0),0”1_1 2 w
_[(1_,0)][ ny (np+1) Lnl—l(xl)}f (0,0)
m 2D [ -p)pm! w
Ly (x1) [ ny (np+1) Loy ()| £7(0.0)
fw (n1,0) 8™ (O, 0)
(0, 0) ap
Mt | w
‘[p (a p) ]f (n1,0)
|t be s o2 g g
/11(1 p) n1 1( 1) ( ) n1 1( 1)} 1( )‘f (I’ll,O)
I R 1 2 w _ (n1+1) nl—l( x1) w
‘[p ety U [y Z_ ey MY
_|m 1 Aihy
_[p+( p) :|f (I’l],()) (1_—p)p

The result for the first derivative of f" (0,n,) where ny € {1,2,...} with respect to p follows

similarly.
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Let{ni,n2} € {1,2,...}. Substituting from (3.20), (S.3.0.35), (S.3.0.37), (S.3.0.38) and (S.3.0.52)
and using (S.3.0.1) and (S.3.0.2), it follows that

af™ (ni,nz)
ap

L2 () Ly, (xz)] £ (0,0)

o ny(ni+1)ny(ny+1)
2 | [ud(1-p)?pmm? 2
- L L v (0,0
T | s 1y w1y Cmimt 00 Loy (2) | F7(0.0)

s (1 _p)2pn1+n2—2
ni (n1 + 1) ny (n2 + 1)

B 7ﬂL,311_2 (xl)]
2712
»p Ln|—l (X])
B QLiz_z(XZ)
p*L2 | (x2)
L I’Lz—l

A [ =) [(1=p)
20| p

L2 eI <x2>] £ (0,0)

145 (1 _p)an1+n2—2
ni (l’l] + 1) nyp (n2 + 1)

Ly ()L, (xz)] /(0,0

niny

Ly ()L, (xz)] £ (0,0)

L 2 (1 _p)an1+n2—2

S (1—,0)} [ niny Ly, oy (¥1) Ly, (x2) | £ (0,0)
/13 -/11 ni— z(xl) (l_p)an1+n2—z . X .

L L 0,0

20 »,0 Lll L (xn) nno ni—1 (¥1) Ly _y (x2)] f7(0,0)
/13 2 (x2) (1 —p)zp"1+nz—2 | 1

- L L ¥ (0,0
2! 7P le 1 (Xz)‘ niny m-1 (1) Ly, (x2) | f7(0,0)

+min§,n2) /lg+1 (nl +ny— 2r) (1 _p)2r pn1+n2—2r
o (r+2)! P 412

(L;1 ! (Xl)—( -l ))(nglr 2)—( n -] ))fw (0,0)
ny—r ny) —r

min(znll,nz) /lg“ 2 (1 _p)2r pn1+n2—2r
o (r+)! |[(1-p) A1d2

(LZ1 i (xl)—( -l )) (LZZ i 2)—( n -l ))fw (0,0)
ny—r n)—r

min(n;—1,nz) /lr+1 A
(r+2)! 2L"1 1 (1)

r=1,n1#1

(1 _ p)Zr pn1+n2—2r | ny—1
Ly, - ¥ (0,0
1Ay ny—r 2) ny—r S ( )

min(ng,ny—1) /lr+1

(r+2)!

A2
2Ln2 r— 1(x2):|
r=1,ny#1

(1 _p)Zr pn1+n2—2r r 1 ~ ny — 1 .
e (2o

S (n1,n2) 9™ (0,0)
0,00 dp

X
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af" (n1,m)
ap
(mi+m-2) 2 } [/11,12(1 _ p)? pritma-2

Ly ()L, (xz)} " (0,0)

P (1-p)| [m (n1+1)n2(n2+1)
‘» % L T 7 L2 1(x1>]
[ e e o] 00
| it M‘ﬁ - ”]%l
y »i‘lﬁ(zn f 1+_1§),)122?n2+1>2 L2y () L2,y (x2)| £ (0,0)

(m+m=-2) 2 } [(1 — p)? pritna2
P (1-p)
Az | A4 nip

2 | 2 mnll(ﬁ mml(
2 _nj+np—
><[(l—p) p ’,

niny

2! niny

Ly ()L, 1(x2)] ¥ (0,0)

/1 /12 np 0 0 |
S [/12 (1-p) ny—1 (x2) L (1-p) -1 (
(1 _,0) pn1+n2—2
n1n2 ld’{ll_1 (xl) Lilz—] (xz) fW (0’ O)
. (ny +n2) min(ny,ny) /l§+l (1 _p)2r p"1+”2_2r
Y i (r+2)! PR

Ly () Ly, (m)] £ (0,0)

1
1):| ”1 1(X1)‘

)] S
2 L,112_1 (XZ)

( llr(l)_( 1))( oty (x2) = ( _1))fW(o,0)
ny—r ny—r

-2r

(r+2)! EvD

min%,nz) /lr+1 [ 2 ](1 )2rpn|+n2

r=1

(Lzl ! (m)—( mel )) (LZZ ! (m)—( m2l ))fw (0,0)
n-—r ny—r

min(n;-1,nz) /lr+l

41
- (r+2)! anl —r-1 (1)
r=1,n1#1
(1_p)2r pn1+n2—2r - , 2)_ ny—1 fw
A1z e ny—r
min(ny,ny—1) /lHl A
- 21 | prlmr-1 (2)

r=1,n#1

A2

(0,0)

_ N\2r _ny+ny-2r _
U=p) b (Lzllxxl)—(’: i))]fW(O,O)
-
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9f™ (ni,n)

ap
(ny+ny-2) 2 2 2 }
= — + +
Io (I-p) (I-p)p (1-p)p
(A1, (1—p)* pritm=2 2
L L w
% | ni(ni+ D) np (ng+1) ™M7! (1) Loy (22) | /70.0)
_ » A4 (I’l] + 1) Lil]—l (xl)
((I-p)p 4 L (x1)
[ 1112 (1 _P)2Pn1+n2_2 2 2
L L w
% | ni(m+ 1)y (np+1) ™71 (1) Lo,y (r2) | 70.0)

A (l’l2 + 1) thz—l (x2)
(I-p)p A2 L} | (x2)
[ 12 (1-p)° p"itma?

2 2 w
8 |y (ni+ 1) na (n2+1) Fno 00 Ly (XZ)} /70,0

A3 [ (ny+ny—2) 2 1 1 ]
+ = - + +
2! p (I-p) (=p)p (1-p)p
1_ 2 n1+n2—2
X ( p) P L’I’ll_l (XI) Lll’lz—l (xz)] fW (0’ 0)
niny
0
/13 /l] ni Ln1—1 (Xl) [(1 _p)lpn1+n2—2 | | ]
S T L x1) L x)| £ (0,0
2! (1 —P)P/ll L:n—l (xl) niny n -1 ( 1) my~=1 ( 2) f ( )
0
A3 A mly, (x2) [(1 —,0)2 P2 1 ]
Sl R L L " (0,0
2 |(=p)p oLy | (x2) niny m-1 (1) Ly,_y (62) | f7(0,0)

min(ni,ny)

(]’l] +n2) + 4 :| Z /lg+1 (1 _p)2r pn1+n2—2r
P (I-ppl &4 (+D)! A1z

X (L;:Er (x1) - ( mel )) (LZQL (x2) ( m | )) £ (0,0)
n—r n,—r

. 2/13 min(zni,nz) /12 (1 _ p)2r pn1+n2—2r
(1-p)p (r+1)! A1z

r=1
x(LZIEr xl)—( ol ))(L,Z;Er xz)—( 2 ))fw (0,0)
ny—r ny) —r

_ /11 mintas ) /lg+1 (1 _p) Lr ()C )
(I-pp &, G+l p “mor i
(1 _ p)Zr pn1+n2—2r -1 nZ _ 1
X L - Y (0,0
i ny—r (X2) N £ (0,0)
_ /12 min(nl’nz_l) /lg+l (1 _,0) Lr (x )
(I-p)p A, G+l p Tt
(1 _p)zr pn1+n2—2r ~ n—1
x I Lyt (x) - p £ (0.0)
ny+ny 4 ] w A181 1282 21383
= M (ni,no) - - - .
P (1-p)p (I-p)p (A=p)p (I-p)p
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Second derivative with respect to A,

Let {ny,n2} = {0,0}. Substituting from (S.3.0.49), it follows that

92 (0.0)
042

N B af" (0,0)\
l() ﬂ%]f 004 b (22100
1 e w
- T [1+ e —l}f (0,0)
IVARCR) B (éva(o,0>)2
2.0\ aa
1
=mf (0,0) - = )f (0,0)

04y

IFASCX N (afw <0,0>)

2T (0.0)
2 8fv (0,00 2

0.0 e A

1] 0" (0.0) _ f*(0,0)

04y A

Letny € {1,2,...}. Substituting from (S.3.0.45) and (S.3.0.46) and using (A.12), it follows that

P (m1,0)

oA

(1-p) (m+1) Ly, (x1)
P A Ly (x)

]fw (n1,0)

1 8" (0,0)
Yoo oy *[

9" (0,0) i] 9f™ (n1,0)
-7

(9/11 8/11

. 1 82fw(0,0)_
(0,00 943

d-p) (n1+1)
P

[Lzl 1( 1)

7 (0,0

1 (8fW(OJD)2+ 1] .
| f" (n1,0)
2 e ‘

Lnl 1( 1)] ‘fw (I’ll,O)

-
o1 (X1)

1 2
_[_/l_l+1 h1+[fw(00)
(1;.0) (n1+1)f (11.0) -

[ 2 a7 (0,00 2

(0,00 oA A1
_[ 1 470,00 1

(0,00 o4 7
af™ (0,0)

=hi,+ 2 -
M (0,00 a4y

[ 1 8fv(0,0) 1
0,00 A

90,00 2 1] af™ (n1,0)

0, A 04

00,

1
0 i+ [fW(QO) A

1} 9f" (n1,0)
04

+1] h]

2 |6 .0
A 04,

+1] hl.
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Letny € {1,2,...}. Substituting from (S.3.0.49), it follows that

9™ (0,n2)
047
__ b 870,00/ (0,n)  f*(0,n2) (afw (0,0))2
/70,00 o ol 7 (0,0)? ol

f* (0.n9) 32f™ (0.0)

0,00 943
_ " (0.m) 32* (0,0)

.0 a3

Let {n1,n2} € {1,2,...}. Substituting from (3.20), (S.3.0.35) and (S.3.0.36) and using (A.10) and
(A.12), it follows that

02" (n1,n)

a3

(1-p) (m +1) L 5 (x1)
P /ll Lil_l (xl)
44 (1 _p)2pn1+n2 2
ny(n+1)ny(np+1)

nl 1 (x1) an 1 (xz)} £ (0,0)

LY 2 nj+mp-2
/13 n n1 1 (x1) (1-p)” phtm . | y
L L
2! /12 Ll , (xl) nins ni—1 (x1) no—1 (x2) | 7 (0,0)
/l3 (1-p) n "1 z(xl) (1 —p)2p”1+”2—2 | . .
L L
Tl p A L,y (x1) niny m-1 (1) Ly, _y (2) | f7(0,0)
_ e AT 1(1-p) iLr (x1)}
nj—r—1
r=lL,n;#1 (I‘+2)' p /11 !
(1 _ p)Zr ny+ny—2r 1 ny — 1 .
L - 0,0
1Ay m-r x2) ny—r £ (0,0
min(n;—1,ny) /1r+1
3 (1 p) r+l :|
+ [ Ln r=2 (xl)
et sl (r+2)! 1=
_ (1 _ p)zr pn1+n2—2r o n,— 1 .

% L - 0,0
i 14, na-r (¥2) ny —r 17 (0,0)

+ 14/ (0.0 L 90,00 1|87 (n1,m)
0,00 o4 v (0,00 04 A o1,
RO (a £ (0, 0))

+ - b
kfw (0,0) @/l% v (0, 0)2 o4, — | f" (n1,n2)
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G2f (muma)
03
(I-p) (m+1) 1, . -
P A [ o) =,y ) m]

45 (1 _p)2pn1+n2—2
ni (n1 + 1) ny (nz + 1)

L2 () L2 (x2) | £ (0,0)

0 ) B
Az [m Lnl—l (x1) (1-p) p"l+’l2 | | ]
a2 Ly )Ly (x2)| £ (0.0
2! /l% Lll”ll—l (-xl) nan nl—l ( 1) n2—1 ( 2) f ( )
L (=-p)m [ . o |
+5r | ——— |L -L ]—
21! P /11 ni—1 (Xl) ni—1 (xl) L}lfll_l (_xl)
(1=p)*pmrm=2 1
x [ n1n2 Lnl—l (-xl) an—l (XZ)] fW (O, 0)
_imin(m_l’m A (I—P)Lr (x1)]
At G DN m=r-l
(1 — p)Zr pn1+n2—2r Lr—l ) ny, —1 fw (0 ())
x p—
/11/12 np—r \A2 S ,
min(n;—1,ny) plea )
3 (1 _p) r+l r
* r_;ﬂ (r+2)! [ 02 [Lnl—r—l () =Ly, (xl)]
=Ly
(1=p)* pmtn=2r [ ny—1 N
X 1A Lng—r (XZ) - f (O, ())
112 ny—r

1
—[——+1 g1+

2 4fv (0,00 2 1}8fw(n1,nz)
A

70,00 84 A4 EXR
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9% v (ny,nz)

04
_maD) [a=p) 1 Ly ()
A P ALy (x)

iy (1—p)? pmim=2 ) )
[ ny (np+1)ny (na+1) Ly () Ly (Xz)} 7 (0,0)

+£ |:<1 -p) ﬂ} [(1 —p)zpn1+n2—2

Ly (x))Ly (Xz)] 1" (0,0)

2! p A niny

min(ny—1,ny) r+1 2
+ I ? /13+ (1 _p) Lr+1 (x )
r+2)! | pz  TmermtM

r=1,n1#1

[ (1- p)zr pn1+n2—2r ~ ny—1
X - Ll () - £7(0,0)
112 ny—r

1 1 80,0 1
‘Eg”[fwo,m oA, ‘Z”}g‘
| 200 2| 95" v
_fw (O> 0) 6/11 /11 5/11
R afW(O,O)_iJrl]gl
770,00 o &

) 2 00,00 2 af" (ny1,nz)
:g“+[fw(0,0) o4, _Z”] o4,

_[ 1 8fv(0,0) 1+1]g1_

/(0,00 o4 4

The second derivative with respect to A, follows similarly.
Second derivative with respect to A3

Let {n,ny} = {0,0}. Similarly to (S.3.0.53), it follows that

PrrO.0 [ 2 400 2 357 0.0  f70.0
03 (0,00 043 A3 013 A3

Letn; € {1,2,...}. Substituting from (S.3.0.51), it follows that

O2f* (m.0) _ f* (m,0) 2™ (0.0)
022 .0 813

The result for the second derivative of f* (0, n;) where ny € {1,2,...}with respect to 13 follows

similarly.
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Let {n1,ny} = {1,2,...}. Substituting from (S.3.0.38) and (S.3.0.39), it follows that

9% fv (ny,nz)
2
PyE
_ 1 [422(1 _p)an1+n2—2
a A3 | mmy (m+1) (np+1)

LG—l (x1) Liz_1 (x2)

[ (0,0)

min(ny,ny) r/lg—l (l_p)ern1+n2—2r
(r+1)! 4

r=1
X (L;l__lr x1) — ( -l )) (Lflzf_lr X2) — ( m -l )) £ (0,0)
ny—r ny)—r

1 8fv(0,0) [ 1 870,00 1 } 81" (n1,ns)
TE0,00 o5 ST 0.0 on 5l on

1 8% (0,0) 1 afv(0,00\> 11 .,
+ |:fw (O7 0) (9/1% - fW (0’ 0)2 ( (9/13 ) + I%] f (nl,nZ)
min(ni,ny) /113’—1 (1

+

2r _ny+ny-2r
p 1 2

- p)
|
— r! A1

x(L;:_lr xo—( mel )) (L:;;Er x2>—( m ))fw (0,0)
n—r ny—r

1 1 444, (1 —p)2p"1+n2—2 ) 5
A [/1_3 niny (n1 +1) (n2+1) Ly, -1 (x1) Ly, oy (x2) | f7(0,0)

min(ny,ny) /lg (1 _ p)Zr pn1+nz—2r

1
A3 Z (r+1)! P

=1

x (L;:_‘r (xo—( mel )) (L;;_‘, xz)—( m ))fw (0,0)
ny—r ny)—r

2 9™ (0,0) _3+1} af*™ (n1,n2)
70,00 443 A3 013

[ 1
—|-——+1]| g+

A3
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9% v (ny,nz)
043

min(ng,ny)

A5 (1= p)?r prrema
- Z:; r! A2

x (L;:_lr (x1) —( mel )) (L;;E, (x2) —( m )) £ (0,0)
ny—r ny —r

_ 2 n1+n2—2

Lil_l(xl)LJu_l(XZ)

ﬂ3 niny
.\ 1 a7 (0,00 1
0,0 e )%
+

2 /0.0 2 1o (n,n)
/(0,00 9 A } 023

1 8fv(0,0) 1+1]g3

| /7 (0,0) 943 A3

, 2 0f"(0,00 2 of" (n1,n2)
87 [fw 0,00 oL 4 1] 95
_[ 1 6fW(0,O)_i+1]ga

™(0,0) 043 A3 '

Second derivative with respect to A1 and A

Let {n,ny} = {0,0}. Substituting from (S.3.0.49), it follows that

8™ (0,0)

1101,

] 1 af” (0,0)
- [/1_1 T —e"l')] (%%
1 97 (0,0)0f"(0,0)
T f(0,0)  aA, o,

Letny € {1,2,...}. Substituting from (S.3.0.45), (S.3.0.50) and (S.3.0.54), it follows that

01104,
_[en+n Ly G0 ] a7 (01,0) L 0,00 1]af” (m,0)
A Lil_l (x1) A, ¥ [fw 0,00 aa, /1_1] T o,
1 4% (0,0) 1 af" (0,0) 8™ (0,0)] ...
+[fw (0,0) 04,01, _fw (0’0)2 EXY oL }f (n1,0)
19" (0,0)9f" (n1,0)
0,0 o FYT

The result for the second derivative of f* (0, n;) where ny € {1,2,...} with respect to 1; and A,
follows similarly.
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Let {n;,ny} € {1,2,...}. Substituting from (S.3.0.35), (S.3.0.40) and (S.3.0.54) and using
(S.3.0.1) and (S.3.0.2), it follows that

8% v (n,nz)
01101,

1 [ Ly )
/12 /ll Lil_l (xl)

A1y (1= p)? pmitna=2
np (n1 + l) nyp (n2 + 1)

XL2 () L2,y ()| £ (0,00 +

(1-p) Lflz—2 (x2)
Y Liz_l (x2)

(my +1) Ly, _y (1)
/11 thl—l (X])

iy (1= p)® prrim—2

ni (m + 1) ny (nz + 1)

ﬂLgl—l (X])
2 L;zl—l (Xl)

A3

XL2 ) () L2y ()| £ 0,00+ 5

(1-p)? prm
niny

p L (x)

ny—1

(1=p) L2, <x2>]

1 min(n;—1,ny) /l;3~+1

(r+2)!

XLy ) () Ly ()] £ (0,0 = —
2
r=1,n1#1
_ N\2r _ny+ny-2r
(XI)H(I p)" p

A2

>(1_p)Lr

ni—r—1

ny — 1 min(n;—1,ny—1) /1;3:4.]
x (Lot (xz)—( ) AR

n,—r (r+2)!

r=1,ny,np#1

[ (1-p) (1-p)

L:zz—r—l (XZ)

L |

(1 - 2r _ny+ny-2r 1 ar” (0,0
| ]fw(o’o”fwo,m T
1 90,00 i} af" (n1,n)

»fw (0, 0) o A1 04,

[ 1 8%f7(0,0) 1 A" (0,0) df* (0,0)
/(0,00 0104 pw (0,02 0 23

81

]fw (n1,n2)
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9% v (ny,nz)
01101,

(n +1) L}”_l ) | [ 4125 (1 = )2 pra+ma=2

L2 (x) L2, (x2)] £ (0,0)

|4 L2 G|l i )mmeD
(my+1) Ly GO [ (1= p) (m+Dp (e - 2P ( )]
A Lil_l (x1) 0 1 (1-p) nz 1 X2 ( 0) nz 1 (X2

1
X 2
an 1()62)

ny nl 1(x1)

14, (1 —P)2 pn1+n2—2
np (n1 + 1) np (l’l2 + 1)

Ly )Ly, (xz)] £ (0,0)

21 /11 L1 1()61) P A (1=p) nz | (x2) = ( ) nz_l( )
1 (1 p)2 ny+ny—2
( ] [ nin '111—1 (xl)Lllqz—l (x2)] £ (0,0)
n2 p (x2) 1n2
1 min(n;—1,n3) ! { -
b (riz)l ( p)Lrl - 1(x1)]
R . : P
(L=p)> pmm? [, n -1
* Loy - " (0,0
A1z ny— r(x2) oy —r 7 (0,0)
min(n;—1,ny-1) plad 5
3 |d p) . .
L, L
* r=lnnp#l (I’+2)! p ni—-r-1 (xl) np—r—1 ()Q)]
(1= p)* prtm=2r 0.0+ — afv ((),O)g1
/11/12 ’ fw (0 O) 6/12

[ 1L 80,0 }afw(nl’fu)
(0,00 o4, A 042
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9% v (ny,nz)
01101,

(n +1)Li,1_1 (x1)
A2 A1 Lil_] (x1)

s (1 _p)2pn1+n2—2
np (I’ll + 1) np (n2 + 1)

L2 (x) L2y (x2)] £ (0,0)

1 A3 n nl 1 (xl) (1 _p)2 ni+ny—2 /1 . ]

RG] x1) L X (0,0
A 21! /ll L;]_l (xl) nino l_1 ( 1) ny—1 ( 2) f ( )
L gt J-p) B )

1 !
b Gy NP (Lr‘l () — ( n -1 ))
ni—r

ny—r
(1 _p)2r pn1+n2—2r - | (xl) _ ny—1
4142 " ny—r

(Lf.z 1 () - ( r2 -] ))] (0,0
ny —r

(my+ 1) Ly GO | [ (o +1) Loy (32)
4 thl—l (X]) A2 L%lz—l (.Xz)

s (1 _p)2pn1+n2—2

L 12 w
G+ Dmg (g + 1) ! ) Loy (xz)} /70,0
/13 n Lm 1 (x1) nz 1 (x2)
2' A Ll , (x1) /12 L1 , (x2)
( _ )2 ni+ny—2 | .
X Lnl—l (xl) an—l (XZ)] fW (O, 0)
niny
min(ny—1,ny—1) /lr+1
1- 1-
* (I’j—Z)l ( '0) Lzl—r—l (xl)] [( p) L:zz—r—l (XZ)}
r=1,n1,ny%#1 : p P
(1 _p)2r pn|+n2—2r
(0,0
[ R 70,0

N I a7 (0,0) +[ 1 afW(O,O)_i}afw(m,nz)
0,00 ot STTIv0.00 aq 1 o
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9% v (ny,nz)

01101,
. (n1+1)Li,1_1 (x1) (np+1) Lilz_l (x2)
A LY (x) B L2 (x)

L) _ (x) L, _ (x2)

i (1= 2 ni+ny-2
[ 12 (1-p)"p (0,0)

ny (ny+1)ny (na+1)

20 | Ay Lill—l (x1) | [12 L:Lz—l (x2)
(1-p)*pmrm—2 ]
X[ niny Ln|—l (xl)Lng—l (x2) fw (0,0)
min(n;—1,ny—1) /lH'l
s |U=p),, H(l—p) .
' Loy ora (1) Ly, . (x2)
r=lny,n#1 (r+2)! P m-r-l o ny—r-1
1-— 2r _ny+ny-2r 1 w (0.0 .
| d=p)"p 00,00+ af" (0,00 1
A1, fw (0’ O) (9/12 1

+[ 1 a0 1 } af* (n.na)
f*(0,0) ol A1 0y

o, 1 af™ (0,0) 1] 9f" (n1,ny)
— 8127 [fw 0.0 a1 Z] o

Second derivative with respect to 11 and 13

Let {ny,n2} = {0,0}. Substituting from (S.3.0.49), it follows that

A% (0,0)

A1103

1 1 A" (0,0)
_[/1_1_(1—63‘/11)] 03
1 9 (0,0)0f" (0,0)
(0,00 a4 oy

Letn; € {1,2,...}. Substituting from (S.3.0.45), (S5.3.0.51) and (S.3.0.55), it follows that

821" (ny,0)
041043
_ L e m0), 1 8fv0,00 1]4f" (n,0)
T ano) . o T 00 o _/Tl} o1

1 0%f%(0,0) 1 af" (0,0) 8" (0,0)] .,
0,00 a0 (0,02 04 043 ]f (-0

_ 14/ (0,0)9f" (n1,0)
T f(0,0) 03 ol
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Letny € {1,2,...}. Substituting from (S.3.0.51) and (S.3.0.55), it follows that

921" (0,n2)
91,05

B 1 41" (0,0)8f" (0,n)

T (0,0)  aA, A3
[ 1 9% (0, 0) 1 af" (0,0) 41" (0,0) 7 (0.m)
fv(0,0) 011013 (0, ())2 04 03 2

B 1 41" (0,0)8f" (0,n)

T f(0,0) 03 ol

Let {n1,ny} = {1,2,...}. Substituting from (S.3.0.35), (S.3.0.42) and (S.3.0.55), it follows that

ﬂL(r)ll—l ()C1)
A L:l -1 (xl)

P (nmg) 1
041043 2!

_ 2 ni+ny—2
[(1 PLOTTE I e LY ()| £ (0.0)

ninz

+

min(n;—1,ny) (}’+ 1) /lg [( ,O)

(r+2)! Loyr- 1(x1)]

r=1,n1#1

2r _np+ny-2r _
A=p)pmm (L221r<xz>—(’f l))]fW(O,O)
L

412
14/ (0,0) 1 a7 (0,00 1]af" ()
+fw (0,0) 943 8 +[fw (0,00 04 _/1_1} T o
1 d% ™ (0, 0) 1 af™ (0,0) 81" (0,0)] .,
[fw (0 0) (9/11(9/13 fw (0’ 0)2 (9/11 8).3 ] f (fll,nz)
Lo X N2 ny+np— 2
i % %Lz: Exizl : p3’1152 Ly, oy (¥0) Ly, (XZ)} "(0,0)

min(ny—1,ny) ar

N Z 3 [( pp) L)

r=1,n1#1 (F+ 1)'
(1 _p)Zr pn1+n2—2r r 1 n—1 ”
112 np —r

min(ni—1,ny)

(1-p),, ]
n| r— ('x )
r=1,n1#1 (l"+2)' [ :

(1 _p)Zr pn1+n2—2r r 1 ny—1 ”
L - 0,0

N I a7 (0,0) +[ 1 9f(0,0) }afw(m,nz)
0,00 o ST Iv0.00 a4 4 EXR
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9% v (ny,nz)

m Lg‘l‘l (D | [(1=p)? prm? 1 w
= | — L x1) L X 0,0
AL () niny o1 (X0 Ly (x2)| f7 (0,0)
N 1 [(n+1) L,lll_l (x1)
/13 /11 L12’L1—1 (xl)
145 (1 _p)an1+n2_2 ) .
L L " (0,...,0
[l’l] (”l1+1)n2 (n2+]) n—1 (xl) no—1 (XZ) f ( )
+min(n1—1,n2) 4 [(-p) L (x1)
ni-r—1
r=1,n1#1 (r+ 1)! P 1
(1 _p)Zr pn1+n2—2r - 1y - | )
an—r (x2) - f (0, O)
142 S

+[ 1 afW(O,O)_i} 1+[ 1 afW(O,O)_i]afw(m,nz)

(0,00 943 L8 T 0,00 o 1 015
L 97" 0.0)  1]af" (m.n)

UM [fw (0,0)  an A1 013

The second derivative with respect to A, and A3 follows similarly.
Second derivative with respect to p and A,

Let {n1,ny} = {0, 0}. It follows that

%™ (0,0) _
8p8/11

Letn; € {1,2,...}. From (S5.3.0.45) and (S.3.0.46), it follows that

ofY (n,0) b Ak,
d (1-p)p (-p)p

ni 1
p (1-p)p

A" (ny,0) _
apa/h

Letny € {1,2,...}. From (S.3.0.47), it follows that

O2f* (0.m) _
6pa/11

m, 1 ]afW(O,nz)_ Ayhy
p (1-p)p 94, (1-p)p

Let {ny,ny} € {1,2,...}. From (S.3.0.36), (S.3.0.41) and (S.3.0.43), it follows that

9% f" (ny,nz)

8p(9/11
_|mtne 4 ]afw(”ll,nz)_ g
P (1-p)p ol (I-p)p

/llgi’l /12g§’1 2/l3g§’1
(I-p)p (I-p)p (=-p)p
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The second derivative with respect to p and A, follows similarly.
Second derivative with respect to p and 13

Let {ni,ny} = {0, 0}. It follows that

92f" (0,0)
8,08/13

Letn € {1,2,...}. From (S.3.0.48), it follows that

aZfW(m,0>=[ﬂ+ ! ]afW(nl,m_ lE
dpdAs p (1-p)p 03 (1-p)p

The result for the second derivative of f* (0,n,) where ny € {1,2,...} with respect to p and A3

follows similarly.

Let {ny,ny} € {1,2,...}. From (S.3.0.39), (S.3.0.42) and (S.3.0.44), it follows that

9% fv (ny,nz)

0pdAs
_ Sicy i N 4 f" (ni,ny)  2g3
P (1-p)p 03 (I-p)p

/llgi’3 /1283’3 2/l3g§’3
(I-p)p (=-p)p (1-p)p

Second derivative with respect to p
Let {n1,ny} = {0, 0}. It follows that

8 (0,0) _

0.
dp?
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Letn; € {1,2,...}. Substituting from (S.3.0.45), it follows that

921" (ny,0)
0p?
_[m 1 Af* (n,0)  [nmt 1 ~ 1 ] " :
[p (1—p)p} dp p? (I-p)p? (1-p)3p f*m:0)
1 1
- AL h
Jr[(l—;r))p2 (l—p)zp] i
A [aszm,m_[ I GfW(O,O)_i] afW<n1,0>]
(I-p)p| 04dp f7(0,0) a4 4 o4
_[(nl—l) 1 1 ]éfw(nl,O)
Lo (1-p)p (1-p) dp
A [aszm,m_[ 1 afW(O,O)_i] afW(nl,O)]
(I-p)p | 0d4dp fv(0,0) a4 A o4
~ Y (n1,0).
(I-p)p

The result for the second derivative of f* (0,n,) where ny € {1,2,...} with respect to p follows

similarly.

Let {n,n2} € {1,2,...}. Substituting from (S.3.0.35), (S.3.0.37) and (S.3.0.38), it follows that

02 f" (n1,m2)

dp?
ni+ny 4 ] af" (ny,ny)
P (1-p)p dp
ny+ny 4 4 }
- + - £ (n1,m2)
P (1-p)p> (1-p)?p

1

1

d

(1-p)p? - (1-p)?p

] [A1g1 + 282 +24383]

A @M m) |1 90,00 1] AfY (ni,n) |
(I-p)p| 0dp [ 7 (0,0) a4 Ay ] ap |
g [P m) [ 1 80,00 1| AfY (ni,no)]
(I-p)p| 040p [ /7 (0,0) 92 A2 | op |
_2Aagy [PV (muma) |1 8f*(0,0) 1] afY (ni,no)]
(I-p)p| 0430p [ 7 (0,0)  d4s A3 | ap
n1+n2—1 4 1 8fw (nl,nz) ny+np w
- b U-pp (I-p) oo (U-pp’ (1, 2)
LA [ ) [ 1 80,00 1| AfY (ni,n)]
(I-p)p| 0dldp | /7 (0,0) a4 A1 ] op |
g [ n) [ 1 30,00 1| AfY (ni,n)]
(I-p)p| 0dp | /¥ (0,0) 94 A2 | dp ]
20383 [02f" (ni,mo) | 1 8fY (0,00 1]0f" (ni,no)]
C(-ppl 0mdp (0.0 a1z | ap |
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Chapter 4

Multivariate extension of Type I
bivariate Polya-Aeppli distributions

This supplementary material for Chapter 4 provides the derivations and calculations for the follow-
ing results: the pgf's, moments, and moment-based functions in Section 4.2; the pmf's and selected
results for the conditional distributions and expected values; and the MoM estimators and MLEs
for the BPA;, WBPA;I), and WBPA?) distributions, as discussed in Sections 4.3, 4.4, and 4.5,

respectively.

4.2 Properties

4.2.1 Probability generating functions

Theorem 4.2.1. Let (Ny,...,Nr) ~ MPA; (A41,...,Ak, Ak+1,0). The joint pgf of the MPA;

distribution is

.....

i=1

Proof. As discussed in Section 2.1, the variables U;, i € {1,...,k} in Definition 4.1.1 are PA
distributed, specifically U; ~ PA (4;, p), with their corresponding pgf's provided in Table 2.1. This

gives the following

E(s") = (s1) = e~ 000,

Furthermore, since the W;,s in Definition 4.1.1 are independent of each other and independent of
Zi+1, it follows from (A.39) and the pgf's in Table 2.1 that

k 3
E (l_l lei) =y (l_l /3 (Si)) — o~ At (1T ¥ (s0))

i=1 i=1
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Therefore, the joint pgf of (Ny,...,Nx) ~ MPA; (41, ..., Ak, Adk+1, P) 1S

YN N, (STo e 05 8K)

k
— e—/lk+1(1—l—lf=l 1 (si)) 1—[ e li(1=¢n(si))
i=1

O

1
WMPA;I) distribution is

Theorem 4.2.2. Let (NW,...,N]:V) ~ WMPA'Y (A1, .., A, Aksro p). The joint pgf of the

i=1

Proof. As discussed in Section 2.1, the variables U}, i € {1, ..., k}inDefinition 4.1.2 are wPA (D
distributed, specifically U}" ~ WPAD (2;, p), with their corresponding pgf's provided in Table 2.1.
This gives the following

U a1 )
E(Sl.l ) = wU:v (Si) :wl (sl.)e (1 wl(sl)).

Furthermore, since the W};s in Definition 4.1.2 are independent of each other and independent of
Z.,, it follows from (A.39) and the pgf's in Table 2.1 that

k k k
E (]‘[sjvfw)= wy (]_I v <s,->) = ¢ bt (I 1 60) T Ty ()
i=1 i=1

i=1

Similar to Theorem 4.2.1, the joint pgf of (N;V, . ,N,:V) ~ WMPAY (A1, ., A, Ak, p) i
given by

k
— e—/lk+|(1—Hf:| U1 (si)) 1—[ 7 (sl.)Z e~ Ai(l=41(si))

i=1
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Theorem 4.2.3. Let (NIW,...,N,V:) ~ WMPA (Ay,..., A, Axsr, p).  The joint pgf of the

WMPA'? distribution is

>~

. Ay (si) _ 1)
A
— Apes1 Hk: Y (si) ) (
= —|\e i=1 —
(l_e—/lk+1) ( l_[ l—e ’l Y (Si)2

i=1

Proof. Asdiscussed in Section 2.1, the variables UI.W, i €{l,...,k}inDefinition4.1.3 are WPA
distributed, specifically U}" ~ WPA® (4;, p), with their corresponding pgf's provided in Table 2.1.
This gives the following

o (e/lil/n(si) _ 1)
(1—et) g1 (si)

E (S,Uw) =yur (si) =

Since the W7s are independent of each other and independent of Z;”
as in Theorem 4.2.2 that

k o .
k ww e~ Ak (e’lk“ [Tz ¥ Gsi) — 1)
E I_ISi ! =

(1 - e ) kv (si)

1> 1t follows in the same way

and the joint pgf of (le, . ,N,;V) ~ WMPA® (A4, .., At A, p) s

>~

o ( A (si) _ 1)
— (e/lkﬂ I—[le Yi(si) _ ) l_[
(1—e ) (I-e=%) gy (s:)?

i=1

4.2.2 Moments and moment-based functions

The moments of the multivariate distributions can be obtained in a similar way to the bivariate case
presented in Section 3.2.2. This involves calculating the first, second, and joint partial derivatives
of the pgfs in (4.1), (4.2), and (4.3) with respect to s; and s, where i, j € {1,...,k},i # j.
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For (Ny,...,Ni) ~ MPA; (A4, ..., Ak, Ak+1, p) the derivatives of ¢y, . n, (S1,..., k) in (4.1)

with respect to s; and s, where i, j € {1,...,k},i # j are

ANy, (15 556) Y (s:)? et TTE, 1 (s4) Un o (51 s2)
0s; (1-p) s? U1 (i) PR
%N, N (St usk) W (570 (s7)° I At T 91 (s0)
= 1 i
dsids (1-p)*s?s? k w1 (i)
A T1E 9//1 (si)
X[/lj+ * =1 lﬁNl _____ Nk(S1,..., ),
Y (s
aszl Ny (S15.-..8%) Y (Si)2
""" = 2 si)—(1=p)s;
952 (l—p)zs;‘[ W1 (si) = (1= p)s;)
Akt TT, 1 (i) et TT, ¥ (s4)
2 i=1 i=1
+ Si /li+ /li +
Vi (s) [ w1 (s;) U1 (s;)
XYNy,.. N (1o SK) -
For (NI”, .. ,N,‘f) ~ WMPA;I) (A1, ..., Ak, Ag41, p) the derivatives of Y, . N, (S1,...,5¢) in
(4.2) with respect to s; and s, where i, j € {1,...,k},i # j are
Ny Ny (St 850) gy (sy)
< = 2 A: i A w w 5 )
o gy o [P G k+1]_[m<s) Y GRS
OPynw v (Steeausk) Wy (si) W (s
— = > g 12) At l_[llfl (i)
dsi0s; (1-p)"s;s; izl

k
+ 2+/lilﬂ1 (S,') + Ayl nwl (si)]

Puny Ny (18K gy (s0)° le(si)—z(l—p)si]
ds? - (1-p)%s? Y (s:)

k
X |2+ 01 (57) + Aga l—[lﬂl (Si)]
i=1

:2(1 -p) S% k
+ W + A1 (50) + Agt l:[% (Si)]

2
+2+/U//1(S)+/lk+1l_llﬁ1(sl] YNy N (ST, Sk)

i=1
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and for (NIW, . ,NZV) ~ WMPA;Z) (A1, ..., Ak, Aks1, p) the derivatives of Y, . N, (S1,...,Sk)

in (4.3) with respect to s; and s;, where i, j € {1,...,k},i # j are

.. Ny (S15. -5 Sk)
6si

_ i)’ L g1 Mg (s) 2
(1-p) s% (1 —e_/l”/’l(si)) (1 _ e~ n TIE, wl(s;)) Y (si) Y (si)

XYNy N (St5...,5%)

1 k
(9s,-('3sj
k R
~ wl (Si)z wl (Sj)z /lk+1 B /li+1e—/lk+l l_[i=1 Y1 (si) I—[ff:l lﬁl (si)
(1 _P)Z 5%55 (1 — ekl I ¥ (Si)) (1 — e~ ks ML, v (Si))2
15, w1 (s0) A Ak+1 ITi, ¢ (s) 2

X Wy (s7) ¥ (sj) " (1 — e~ (Si)) " (1 — o~ Ak Mk, wl(si)) W (i) - W (si)

A; N Ak+1 H{;] w1 (s;) _ 2
(1 _ e—/ljllll(sj)) (1 — e~ Akn1 5, v (Si)) Y1 (Sj) U (Sj)

XYnw,...nw (S, ..., 8k)

OPYnw N (Sts. s 5k)

6s%
_ W (s1)* [2(% (s)) = (1=p) si)
(1-p)*s v (s1)?
A; Ak+1 Hf:] Y1 (sq) 2
X + -
(1 —e_/l“/’l(si)) (1 — o~ Ak e, ¢l(si)) w1 (s;) Y (si)
) /llge—/liwl (si) N /li+le—/lk+l 1, v (si) Hfle U1 (Si)z ~ 2
(1 - e-tiwn(si))? (1= ety (si>)2 i (s)® ()
i 2
A Ak+1 H{-(:1 w1 (i) 2
+ + -
(1 —e_/l“/’l(s")) (1 — e Akl e, l/’l(si)) Y1 (si) ¥ (si)

XYnw  Nw (ST, .., 8k) .
k
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4.3 Type I multivariate Pélya-Aeppli distribution

4.3.1 Joint probability mass function

Theorem 4.3.1. The pmef(Nl, e ,Nk) ~ MPA[ (/ll, . ,/lk,/lk_,.l,p) is

R

-t

£(0,...,0)=e 1| |e

i=1

b .
f (s 1p,0,...,0) = (]_[ A"(l_—p_)plL}”_l (x,-))f(O,...,O),

L n;
1=a

{ni,....,ni e} ={ng,...,np,n¢,...,nq} ={ng,...,np,0,...,0},

{ng,....,npt €{1,2,...},a<b,c<d

k nj—
(H L) (xl.))

i=1 t
min(ny,....,ng) /12 1 k

+ roni-ryrr—1 )
D V- (l_[U—p) p Ln,._r(xl))]ﬂo,...,ox

r=1 i=1

{n17---,nk} € {1529-"}’

fn, ... n) =

where x; = w, i€{l,....k}and Ly, (x;) is the Laguerre polynomial in (A.3).

Proof. For the first part of the proof, {ny,...,nt} = {0,...,0}. It follows from (A.17) and (4.1)
that

>~

F0,...,0)=Un,. N (0,...,0) = s ]_[ el

i=1

The second part of the proof is derived for the case where at least one, but not all, of the {n, ..., ng}
is zero, with the rest being greater than zero. Therefore, {n,,...,np} € {1,2,...} and consider
{n1,...,n} such that {ny,...,nx} = {na,....np,0¢,...,nq} = {ng,...,np,0,...,0}, where
a < bandc < d. Since U; ~ PA(4;,p),i € {1,...,k}, from the pgf in Table 2.1, (4.1) and
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(A.1), it follows that

WNl ..... Ny (Sa,--- Sb9O’---9O)

Z f(na,...,nb,O,...,O)sZ“---sgb

.....

b d
= oAkl (l—[ e~ li(1-¢n (Si))) (1—[ e—/lj)

i=a Jj=c

{1

J=C
© | d
= Z _/lk+l HP(U =n; )) (1_[ )] sgu - st
Na,....np=1 | j=c
| b A : 1 d
- i (1-p) p"~ ) (
= Ak+1 l—l ¢ ! Na ., W
= 2 | , Lo o[ [e ]| ste---sp
Ra,.--, np=1 L (i:a n; _] —c
0 [ b )
A (1-p)p"~!
- Z HITQLH (xi) f(0,...,0) | spa---5,",
ng,....,np=1 Li=a i

where x; = ==~~~ i € {a,...,b}. The result for the second part of the proof follows from this.

In the third and final part of the proof, the pmf is derived for {ny,...,nx} € {1,2,...}. Let

X = w and z; = ps; ,i € {1,...,k}, then using (A.1) the pgf in (4.1) can be written as

ng

Il
[
~
3

Lng) sy s

ni,....,ng=1

k
— e—/lk+1(1—ﬂf:1 Y1 (s0)) 1—[ e Ai(1=yn(si))

i=1

[ k
(1-p)s; (1 P)V
= |on [T Tyt l_le/ll s ]f(() ,0)

i=1

r k
( )z XiZi
I T | e(zi")]f(o,...,o)

.....
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where

.....

= A k r r XiZi
%(51) _____ Ny (51500 es81) = [Z A (1_[ (d-p) S e(zl-l)ﬂf(o,m,o),

r _ -\

The expression for '701(\;1) Nk (s1,...,Sk) can be rewritten in terms of the pgf's for U; ~ PA (4;, p),
i€{l,...,k}in Table 2.1 and (2.1), such that

1
l//I(\fl) ..... Ny (Sl’ ,Sk)
(o)
= > V)
NYyeney nr=1

Il
—~
Q
—_—
&=
|‘_{\l
-
—
~
~
o
=
N—"

i=1
k
oAk l_l e~ i(1=¢1(s0))
i=1
k
= ¢! l_lll/U, (57)
i=1
00 k
— = Akl _ ni ng
= Z [e I_IP(U,—n, sp st
ny,...,ng=1 i=1
- k /li(l_p)pni_l 1 n n
- Z ]_[—Lm_1 (i) | £0,...,0)| s s,
Nl,e.ns nr=1 i=1 i
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Using the generating function for Laguerre polynomials in (A.2), as well as the mathematical

results in (A.1), 1//(2)

Nio Ni (s1,...,5%) can be rewritten as

2

¢< - N (8150 800)
= Z F@ (ny,. o) s stk

ni,....,ng=1

[ o /lr k (1 _ ) z (xlzl-

k+1 P i = 71)

= e\ 0,...,0

= 1 k .
_|y 4k [ (-p)™ gt () £ )
& TR

| r=0 " \i=1 p (1-2)
— < /lrk-:ll (I-p) r+] r+l N L’ n; 0 0
- Z r+1)ll_[ o+l i Z n (xi) ;[ f(0,...,0)

L =0 ni=0

[ 0 min(ng,...,ng) /lr+1 k r+1
= k+1 1—[ (1 _p) Lr (x ) nﬁl] 0 0
- Z Z | 1 n;—r i)<; f(v---’ )

L ny,...,n;=0 r=0 (V + 1) i=1 pr+ l

© min(ny,....,ng) =1 plad k r+l

_ k41 (1-p) i
- (r+1)!l__[ r+1 n rl(xl)Z lf(o )

| n,...,ng =1 r=0 i=1

0 min(ny,...,ng) s
1- .

= Z k+1 1—[( p) L:-ll_lr z)Z?l“f(o,,o)

| ny,....,ni=1 r=1

n,—rLr 1

k+1
[

I
ek
—_
3
=
)
3

ﬂ (1-p)"p
i=1

The result for the third part of the proof follows, such that

f(ny,... ng)
Zf(l) (nl,...

)+ fP (k)
k ni—1

/ll' 1- t
(1—[ L-pp ) (xl.))
i=1 i

min(ny,...,ng) A k
k+1
SR

r= i=1

_p)r nl—rL:l,_lr (Xl'))

f(0,...

ni—r (xl))f(O, ,O)l S?l ...sZk'
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4.3.3 Conditional distributions and expected values

Theorem 4.3.4. The pgf of N2, . .., Ny conditioned on Ny for (Ny,...,Ni) ~
MPA; (A1, ..., Ak, A1, p) s

k
(//Nz ..... Ni|(N1=0) (32,.--,Sk) = l_le_/li(l_wl(Si))
=2
(/11 + Ak TS, 01 (Si)) Lill—l (1) £ —Ai(1=yn (si))
e i “

(A1 + Aks1) Liu—l (1) i=2

ni 6{1,2,...},

YNy, Ni|(Ny=ny) (825, 8k) =

— (A +A41) (1-p) £ = — (A2 TT5, 91 (s0)) (1-p)
p 41 = p

where y| = and L (x) is the Laguerre polynomial

in (A.3).

_ L ) (1-
Proof. Let y; = w and 71 = (e n‘:pz () ?) " From (A.35) and using the

marginal pmf in (4.7) for N ~ PA (1 + Ag+1, p), it follows that the pgf in (4.1) can be written as

[se]
= Z f(nl,...,nk)s?‘ --sZ"
Ni,.ens ny =l
[s] (o]
=Zf(n1)S’f‘[ > f(nz,...,nk|n1>s;2---s’,:'<]
np= na,..., ni=0

= Z YNy, N[ (Ny=n1) (5255 88) f (1) 87

n=0

k
— e—/lk+1(1—ﬂf=2 Y1 (si)) [l_[ e~ Ai(1-¢n (Si))] [e—(/11+/lk+1 M1, v (s)) A=y (s1)) )
i=2

From (4.6) the expression o~ (Ut T, w1 (s)) (1=91 (s1) s the pgf of a
PA (/11 + Ags1 Hf:z U (si), p) distributed random variable. It then follows from (4.7) that for
ny = 0

e—(/1|+/lk+| 15, w1 (s)) 1=y (s1))

— e—(/li+/lk+1 T, v (si))
and forn; € {1,2,...}
e—(/11+/1k+1 15, v (s0)) A=y (s1))

o (4 A TS 901 (50)) (1= p) ! ,
— Z ' - Liq—l (1) e—(/11+/1k+1 [, v (Si))s'lll.

ni=1
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Therefore, Y n,,...~, (S1,...,5k) can also be written as

YNy N (ST, 05 Sk)

k
— e—/lk+1(1—ﬂf~‘=2 U1 (si)) [l_[ e~ i1 (Si))] e—(/li+/1k+1 15, v (s0)

i=2
k
+ o~ (1-TI%, ¥ (s0)) l]—[ e~ li(l-th (Si))‘
=2
) (/11 + A [T, ¥ (Si)) (1-p)pm~!

1
<3 .
n ni—1

—(U+ A T, v (s1)) g
(l‘l)e(l k+1 R4 )sl

ni=1
and it follows that the pgf of N,, ..., Ny conditioned on N for n; =0 is

YNy, Ne|(Ny=0) (525 - ., 5k)
e—/lk+1(1—l—lf=z U1 (si)) (H{;z e~ i1y (Si))) e—(/11+/1k+1 15, v (s0)

k
- l_[e—/li(l—wl(si))
i=2

and forn € {1,2,...}

e~ (U+Aks1)

YNy, .Ne|(Ny=ny) (52, -+, Sk)

k
— e—ﬂkn(l—ﬂf:z Y1 (s:)) 1—[ e Ai(1=yn(si))

=2
A+ A TS 9 (50)) (1= p) ™!
( iz ¥ b pe LY (1)) e~ (it T v (i)
n ni—1
X
(A1 + A1) (1= p) "7

1 = (A+Ag41)
- L, () et

(/11 + At 15, v (Si)) Ll (1) &

_ - =i (1=y1(si))
= e .
(A1 + Ags1) Ly () D

4.3.4 Method of moments estimates

Let (Ny,...,Nx) ~MPA; (44,. ..,k Ak+1, p) and consider a random sample of size m from this

distribution. The observed values are then (n¢, .. .,nge) where € € {1,...,m}. Furthermore, for
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i,je{l,....k}i#],let

_ 1<
n; = EZ”M
£=1

[ _ _
Sij = oD ; (nic =) (nje —7j)

1 m
2 — A Y
Si (m—1) ;:1 (nie —m;)”.

The MoM estimators can be derived using these sample moments along with the corresponding
population moments for E (N}"), Cov (NiW,N}”) and Var (N}), where i, j € {1,...,k},i # j as

presented in Table 4.1 in Section 4.2.2.
Therefore, if p is the MoM estimator for p, the MoM estimator for Ay is
k A k
1 /lk+1 _
3 2 (1-p)?° 2, i
Sij

ij=Li%]

| =

i,j=Li#]
k

2,

1ij

2 (1_ﬁ)2 21',]'

. L k=2 &
A1 = (1= p)? T Z Sij-

An MoM estimator for A; is

Ai=(1=p) 7 = Agar
k
A o~ o (k=2)!
/li:(l_P)”i_(l_P)zT Z Sij.
Lj=Tit]
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In order to obtain p, the sample moment s? is equated with the population moment Var (le) It
follows that

k

S U Gk ) = 2

i=1 (1 _ﬁ)z i

k k =
Zizl 5,2 + Zizl n;

4.3.5 Maximum likelihood estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 4.3.5 for the WMPA distribution. The Newton-Raphson algorithm uses the equation
in (4.13) for + > 1 and the MoM estimates in Subsection 4.3.4 are used as initial values of

(0) 0) 4(0)
s s Ay

repeated until a given tolerance level € between the ¢/ and (1 + 1)’ " jterate values is reached or

the parameters A and p© for the MPA; distribution. The iterative process is

until a specified maximum number of iterations is reached.

In order to calculate the gradient vector VF in (4.11) and the Hessian matrix in (4.12), such that
the Newton-Raphson algorithm in (4.13) can be utilized, the first and second derivatives for each
element of the pmf in (4.5) need to be calculated with respect to each of the parameters: A1, ..., Ak,

Ar+1 and p.

The results of the calculation of the first and second derivatives of the pmyf in (4.5) for the WMPA;
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

Let {n,...,nx} = {ng,...,np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, c < d. The first and second derivatives of f (0,...,0), f (n4,...,np,0,...,0) where
{ng,....,np} € {1,2,...}, and f (ny,...,nx) where {ni,...,n;} € {1,2,...} with respect to
each of the parameters: Ay, ..., Ak, g+ and p are written in a shorter form to mathematically and

programmatically simplify the expressions.

Results of the derivatives

Let x; = #’ i,j,£e€{l,...,k} and let Ly (x;) be the Laguerre polynomial in (A.3). Then
let
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af(nl,..., )

8j = a/lj + f(ng,...,nr)
LO_ (x) ko2 o1 niel
— l’l] nj—1\"J /11(1 ,0),0 1 |
/l Ln -1 (xj)] ll:[ n; Lni—l (xt)‘ f,... ,())

mtn(nj—l (ny,..., nk)¢nj) 1
k+1

r!

. (1-p) Lnjmre (Xf)] (S.4.0.1)

P Lyl (x))

r:l,nj;tl

k
<[] 1=p) pmriy, (x,-)] £(0,...,0),
i=1

{I’l],...,nk} € {1,2,...}.

, _0gj
8j.j %
:azf(nl,...,nk)+6f(n1,...,nk)
04 dA;
k 1
1-p)n Aip" " (1= p)
SUSLLTY |y R P l)]f(o 0
P i " (S.4.0.2)
min(nj—1,(ny,....,nx)#n r 1 X
s ( J ( 1 k);t I) /lk.'.] (1_p) Lnj_—_r l(x )
1 02 -1 ( )
r=lLnj#1 nj—r Xj
k
% l—[(l_p)r ni— rLr 1 (xl)‘f((), ,0) — ;gj,
i=1
{ni,...,n .} €{1,2,...}.
df (ny,...,n
Sk+l = %"‘f(nl,---’”k)
+
min(ny,...,nx)
_ k+1 NP oni—r ) (5.4.0.3)
= Zl 2 []‘l(l pY P Ly r(x,>]f<o,...,o>,

{nl,...,nk} € {1,2,...}.
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’ _ agk+1
gk+1,k+l - 6/lk+1

_ 82f(n1,...,nk)+8f(n1,...,nk)

03, Odks1

min(ny,....,ng) /lr_2
_ ke (S.4.0.4)
r—2)!

r=2,(ny,...,ng)#1
k

% n(l—p)rp”f_rLZ[__lr (x:)| £(0,...,0) = gkx1,
i=1

{I’l],...,l’lk} S {1,2,...}.

r ag]
gj’f_a_/lg
_ 0*f (n1,...,ng) N of (n1,...,ng)
aﬂjaﬁg oAy

nj L?Lj—] ('x.])

Aj Lilj—l (x;)

k ) _ ni—1
xll—lm(l g)p L;i_l(x,.)]f(o,...,O) (S.4.0.5)

n_fLSf—l (Xf)
/lf Liz[—l (Xg)

. n;
i=1
min(n;j—1ne—1,(n1....nx)#nj.ne " /
(n; rne) ’12+1 (1 —P)2 Lnj—r—l (xf) L:l[’_r_l (x¢)

r! ,02 L:l]_—lr (xj) szzlr (X[)

+

r=ln;.ne#1

X

k
1_I (1 _p)rpni—rL:‘li__lr (xi)] f(0,...,0) - &j>
i=1

{n1,...,n e {1,2,...}.

,_ 0g;
8jk+l = EXPe

3 62f(n1,...,nk)+(9f(n1,...,nk)

040141 0y
min(n;—1,(n,..., ng)#n; _ r .
_ (n; 1 K)#n;) )'2+11 (1 _p) Lnj_r_1 (x])] (5.4.0.6)
o r=DU p  LyL (x)

k
<|[Ta-p)ypmrpyt, (x»] £00,...,0) g,
i=1

{nl,...,nk} € {1,2,...}.
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’ _ agk+1
8k+1,j = —6/11_
_ *f (ny,...,ng) +5f(n1,---,nk)
0Ai4104; 0A;
in(n;—1,(ni...., O#n; _ _
_ min(nj=1,(ny,...,nx)#n;) /12+11 (1-p) L:z_,-—r—l (XJW
r=lLnj#l (}" - 1)' p L:l/_—lr ('xj)

k

X l_[ (L—p) p" "L\, (xi)] £(0,...,0) = gks1s
i=1

{m,...,nk} € {1,2,.. }

Let j € {a,...,b}, then

3 of (ng,...,np,0,...,0)

h;j a1, + f (ngy...,np,0,...,0)
LY (x)
n 1 Xy
:_J,:j;f(na""’nb,o""’o)’
/lenj—1<xf)
{ni,....,n .} =A{ng,....np,0c,....nq} ={ng,...,np,0,...,0},
{ng,....,np}t €{1,2,...},a<b,c <d.
]
-] a/lj
__62f(na,”.,nb,ov..,0)+_8f(na,”.,nb,0p..,0)
- A2 o,
1-p)n; 1
:£——£2—if0m“.”nhop.q0y——hh
p A p
{ni,....,ni} ={na,....np,nc,...,ng} ={ng,...,np,0,...,0},
{ng,....,npt €{1,2,...},a<b,c<d.
oh;
W, =—>L
it 8/15
_ 6%f(na,”.,nb,0v..,0)+_6f(na,“.,nb,0p..,0)

A0, A ’
{ny,....,n} ={ng,...,np,n¢,...,ng} ={ng,...,np,0,...,0},

{ng,...,npt €{1,2,...},a<b,c<d.

(5.4.0.7)

(5.4.0.8)

(5.4.09)

(S.4.0.10)
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TR0 ke

:(92f(na,...,nb,0,...,0) f (ng,...,np,0,...,0)

+
040141 04

{n]’-",nk} = {na,---anb,nc,---,nd} ={na"'-7nb70,"

{ng,....,npt €{1,2,...},a<b,c<d.

(S.4.0.11)
.,0},

Let {n,...,nx} = {ng,...,0p,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. It then follows that the first and second derivatives of the pmf in (4.5) are

First derivative with respect to A ;

af(0,...,0)
——F=-f(0,...,0

af(nay-.-,nb70’..-’0) :hj—f(na,,,,’nb,o,.,,,o),
o1,

j€da,..., b}

(')f(na,...,nb,O,...,O)=_f(n 5.0 0)

04,

jéA{a,...,b}

(9f(n1,.. .,I’lk)

o1, =g;j—f(n,....ng),

{nl,...,l’lk}E{],Z,...},jE{l,..

First derivative with respect to A1

8f(0,...,0)
-~ =—f(0,...,0
e f( )
of (ng,...,np,0,...,0)
= —f (gs ... .1p.0.. .0
e f(n np )
af (ni,....np) _
et =gi+1 — f(n1,...,nk),

{I’ll,...,l’lk} € {1,2,...}.

First derivative with respect to p

(5.4.0.12)

k).

(S5.4.0.13)
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af(0,...,0)
Lo )
ap
df (na,...,np,0,...,0 b Ak
f(n e ) _ L M 0, 0) — 2=
dp (1-p)p —p) p’ (S.4.0.14)
of (ny,...,ng) _ Zi:l i Z, 1/11g1 k/lk+lgk+1
= f(ny,...,ng)— ,
dp (I-p)p (1-p)p

{ni,...,n} €{1,2,...}.

Second derivative with respect to A ;

3%f (0,...,0
%:f(O,...,O)
J
82 na,---,n ,O,...,O ,
f( a/lzb ):hj’j_hj+f(na,...,nb,O,---,O),
J

j€eda,..., b}

d? yeoeshp,0,...,0
f(na oo ):f(na’--~’nb,07--~,0)’

2
05

jé{a,..., b}

*f (ni,...,nk)
a/1§.

=g; &+ f(n,....ng0),

(i, oy e (1,2, ), e{l,... k).

Second derivative with respect to Ay+1

821 (0,...,0)
fa—2=f(0,-..,0)
/lk+1
2
8f(na,.. zl’lb,O,...,O):f(na,,..,nb,(),...,()),
a/1k+1
0% f(ny,....n ,
I 12 V. :gk+l,k+l_gk+1+f(nla---,nk),
a/lk+1

{I’l],...,nk} € {1,2,...}.

Second derivative with respect to A; and A¢
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3’1 (0,...,0)

=f(0,...,0
040, A )
0 f (ng,...,np,0,...,0) 1
= hjh[
0404, f(ng,...,np,0,...,0)

—hj—he+f(ng,...,np,0,...,0),
j.teda,...,b}

0’ f (ng,...,np,0,...,0)
020,

= f(ng,...,np,0,...,0) = h;,

j€ed{a,...,b},t¢{a,...,b}

0’ f (ng,...,np,0,...,0)

= oo np,0,...,0),

j.t¢f{a,...,b}

*f (n1,...,nk)
a/lja/l[

=85 =g+ f(n,....np),

{n,....,m}e{1,2,...},je{l,....k}.

Second derivative with respect to A; and Ay

4’1 (0,...,0)
— 2 7 = £(0,...,0
*f (ng,...,np,0,...,0)
=f(ng,...,np,0,...,0)—hj,
04011 fn o )= h

j€eda,..., b}

af(na,...,nb,O,...,O):f(n 5.0 0)

jé¢{a,..., b}

Bzf(nl,...,nk)

=g’ —g:+f(ny,...,nx),
(9/1j6/1k+1 8jk+1 8 f(m k)

. omye{1,2,..),jef{l,... k).

Second derivative with respect to p and A ;
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62f(0,...,0)_0
0p0A;
O%f (nay...onp,0,...,0) XV 0 df (nas...,np,0,...,0)
0p0A; Jol 04;
hj Dila Aihi
(-pp (A-pp’
jeda,...,b}
azf(na,...,nb,o,...,O)_Zf’:ani6f(na,...,nb,0,...,0) Z?:a/lih;,j
9poa; P 94, C(I-pp
jé¢d{a,..., b}
sz(nl,...,nk)_Zleniﬁf(m,...,nk) gj
opdd; p 04, (1-pp

k ’ ’
i-1 Ai8&; k/lk+lgk+l,j

S (I-pp  (I-pp’
(s oom)y e (1,2, ), je{l,.. k).

Second derivative with respect to p and A

02£(0,...,0)
i
Pf (Mar .. 15,0,..,0) S ni 0 as. . np,0,...,0)  Zica Aih] g,
9pdAis1 T Eye (-pp
f (ny,...,nx) B Zf:] njof(ny,...,ng) kgr+1
0p0 k41 p 0Ak11 “(I-p)p

k ’ ,
Zj:] /ljgj’k+1 _ kﬁk+1gk+1

(1-p)p (1-p)p’
{ni,...,ni .} €{1,2,...}.

Second derivative with respect to p
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62f(0,...,0)_0
dp? -
O f (na,...,np,0,...,0) Zf?:ani—1+ 1 | 8f (nas...,np,0,...,0)
ap? P (1-p) op
P
(1-p)p
« azf(na,...,nb,O,...,O)+6f(na,...,nb,0,...,0)
01;0p op
Sb i
=a f(na’~'~9n ,0,...,0)
“(-p)p b
f (i) _ | Bicy i~ Lo |af(m...om)
ap? P (1-p) ap
_ T [62f<n1,...,nk>+af<n1,...,nk>]
(I-p)p d4;0p ap
kA l52f(n1,---,nk)+5f(n1,---,ﬂk)
(I-p)p 0Ay+10p dp
Zf:l”j
———f(n1,...,n),
(1-p)p’ ¢

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (4.5) are given here.

First derivative with respect to A

Let {ny,...,nx} ={0,...,0}and let j € {1,..., k}. Substituting from (4.5), it follows that

af(0,...,0)
— = =—f(0,.

i =00,
Let {n(,...,nt} = {ng,...,np,n¢,....0q} = {ng,...,np,0,...,0}, {ng,....np} € {1,2,...},
a <b,c<dandletj € {a,...,b}. Substituting from (4.5), (5.4.0.8) and (S.4.0.12) and using
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(S.3.0.1), it follows that
of (ng,...,np,0,...,0)
04;
1| =p)pm!
=% l—ln—iLn_l(xi) £(0,...,0)
1=a
1= p) Loma ) | [ 4 (1= p) pre!
gl ‘(#L}”_](xi) £(0,...,0)
P Ln -1 (xj) i=a !
f(ng,...,np,0,...,0)9f(0,...,0)
f(0,...,0) 04;
(1—;0)[ niP ;o P 1 ] 1
—L x- —
o /1 (1_p) nj—l(]) /lj(l—p) nj—l(J) Li._] (xj)
J
yeernp,0,...,0
Xf(na,...,nh,O,...,O)—f(na,...,nh,O,...,O)+f(na ;b )
J
0
nJLnJ—]( )
: —f (ng,...,np,0,...,0) = f (ng,...,np,0,...,0)
ALY (%))
nj—1
=hj-f(ng...,np,0,...,0).
Let {ny,...,nx} = {ng,...,0p,0¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},

a<b,c<dandletj¢{a,...,b}. Substituting from (4.5) and (S.4.0.12), it follows that

of (ng,...,np,0,...,0)

04,
_ f(nay...,np,0,...,0)0£ (0,...,0)
B £(0,...,0) 02;

=—f(ng,...,np,0,...,0).



Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions 99

Let {ny,...,nx} € {1,2,...} and let j € {1,...,k}. Substituting from (4.5), (S.4.0.1) and
(5.4.0.12) and using (S.3.0.1), it follows that

of (ny,...,ng)

oA,

1[5 (1= p) pri!
- LS o R ; 0,...,0
y l|_:1| . b (x)‘f( )

poLy_(x)

nj—1

L2 . k (1 n;—
(1-p) Foyon (x,w l n(-ppn ), (xl.)] 0.0

=1 n;

min(nj=1,(ny,....nx)#n;) pls

. v [ (L= p) Lyt ()
r=lLnj#1 rt p LZ/__lr (xj)
k
romieryr—1 ' f(ny,...,nx) 01 (0,...,0)
X L_l[u—p) P L, (x»} O 0+ TG =T
] A (1=p)pnit
=% Bn—iL”"‘l (x)| f(,...,0)
(I-p) njp 0 N p 1 , L
+ o /lj (1 _p)Ln_,-—l (x.l) /lj (1 _p)Lnj—l (xj)} Lllj_l (xj)]
k ni—
X [ﬂ Ml_n—?)”lL;[_] (x,-)] £(0,...,0)
i=1 !

min(nj—l,(nl,...,nk)¢nj) 1
k+1

r!

+

(1= p) Lny—r1 (%))
P Lyl (x))

r:l,nj;tl

X

K
n (L=p) pm~"Li" L, (Xi)] f0,...,0) = f(ny,...,nx)
i-1

6f(n1,...,nk)

o4,
. LO (x ) k ni—1
n =1 J /l 1_ i
= /l_’?’—] wl‘:ﬁ—l (xi)lf(o,...,())
J Ln‘,'—l (X,) i=1 t
. LR, ) .
+mln(n} (m nk)inj) /17(+1 (1 _p) sz—r—l (X])]
r=1ln;#1 r! p LZ;_lr (xf)
k
<[ ]=pyomrist, <xi>]f(o,...,o>—f<n1,...,nk>
i=1

=gj—f(n,....ng).

First derivative with respect to Ag+1
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Let {ny,...,nx} ={0,...,0}. Substituting from (4.5), it follows that

af(o,...,0)

=-f(0,...,0).

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a < b, ¢ < d. Substituting from (4.5) and (S.4.0.13), it follows that

of (ng,...,np,0,...,0)

0Aj41
 F(tas. .. m,0,...,0)0£(0,...,0)
7(0,...,0) it

=—f(ng,...,np,0,...,0).

Let {ny,...,nx} € {1,2,...}. Substituting from (4.5), (S.4.0.3) and (S.4.0.13), it follows that

af (ni,....ng)
8/lk+1

min(ny,...,ng)

= Z k+i)' ll_l(l—p)’ merprel (x,)]f(o,...,O)

+f(n1,...,nk)(')f(0,..., 0)
f(0,...,0) 041

min(ny,...,ng)

)y k+i), l]_[(l—p) P L (xz')]f(O,.-.,O)—f(nl,...,nk)

r=1

= g1 — f (1, np).

First derivative with respect to p

Let {ni1,...,n} ={0,...,0}. It follows that

af (0,...,0)

=0.
ap
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Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. Substituting from (4.5), (5.4.0.8) and (S.4.0.14) and using (S.3.0.1), it follows that

of (ng,...,np,0,...,0)

ap
?:ani—b+a—1 b 1 ni—1
- ( - ) [l—lﬂl(l 5)p L;i_l(xi)‘f(o,...,())
b— b i — ni—1
- % H%LLH (xi)]f(o,...,O)
b 'Li (x;) b (11— ni—1
- ZjL 2()0}[H%L;_l(xi)]f(o,..m)
n;—1 "1 i=a i
L (asimp,0,...,0) f(0,...,0)
f(0,...,0) dp
h 7 pa—
Zi=anl_(b a+1) f(na,”.’nb’o"”’o)
p (I-p)p
o Ai nip |
_;;[ﬁi(l—p) "‘_1( Xi) = A (1 )Ln,-—l (Xi)]
1
L] 1( l)f(naa---ynb,o,...,o)
ZL}')=ani (b—a+1) b
0 - (l—p)p Z(l 0 f(na,...,nb,O,...,O)

b n; L(,)l_l(xi)
B Z(l—p)le l(xz) f (ng,...,np,0,...,0)

b b
ma i —q Aihi
:Z"—“nf(na,...,nb,o,...,O)—leL.
(I-p)p



Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions 102

Let{ni,...,n;} € {1,2,...}. Substituting from (4.5), (S.4.0.1), (S.4.0.3) and (S.4.0.14) and using
(S.3.0.1), it follows that

6f(n1,...,nk)

dp
Z{; i —k kK oy oor nie
- M [HML;”_] (x,.)]f(o,...,O)
N i=1 i
(l—p) i=1 i n;—1 i P

k /li Li——z (xi) k Ai(l—p)p”i_l |
i=1 Em l_[ — L, (x)| f(0,...,0)

i=1 !

min(ny,...,nx) /VI; 1 (Zf—l n — kr) k
: - rooni—ryr—1 .
* Z r! P l_l(l—p) P Lni—r(xl) f(o,,O)
r=1 i=1
min(ny,...,nx) s - &
kr
k+1 v omeer -1
— _ 1 - i L ] . O’ e 0
o r! (1_,0)] !:1[( p) Y ni—r (xl)]f( )
_min(m—l,(ng,...,nk)) /lzﬂ ﬂL:”_r_l ()C])
r=im1 rto e Lyl (v)

X

k
l]‘[ (1=p) p" "Ly ()| £ (O......0)
i=1

min(ng—1,(ny,....nx-1)) A
k+1

r!

p2 L:lzlr (xk)

ALy <xk>]
r=1,n#1

f(ny,...,nx) £(0,...,0)

% 70,00 ap

k
1—[ (1 _p)r pni_rL:L,-_—lr (-xi)] f (0’ s ’0) +
i=1
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of (ny,...,ng)

ap
k
( i=1 i — k) k k /li(l_p)pni_l .
) p (1-p) E[n—il‘n,——l(xi) £(0,...,0)
k

_Zj)_;

i=1
k n;—1

/l,' 1— L
X ]—[&Ll._1 )| F©.....0
i=1 1 "

k min(ny,...,ng)
21—1 nj

iP
m nl—l( l) T n,—l( 1)] n_] (xz)}

Ay k A
p le[g(l‘P) L, 1(xz)]f(o,...,o)

r=1
k min(ny,...,ng) i k
k r L _
“a=p) —r.“ []—[(l—p) P L, (xi)]f(O,-..,O)
PP o ! il
) A min(ni-1,(ny,....n¢)) /12+1 Lzl—r—] (x1)
P r=lm#1 rt Ly ()

k
<[ Ta=p) p™ Ly, ()| £(0,...,0)
i=1

min(ng=1,(n1,...n-1)) 3r L7
/1k /lk+1 ng—r— l(xk)
2 | 1
p r=l,ni#1 r Lr -r (xk)

k
| [a=py "L o) | £(0.....0)
i=1
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of (ny,...,ng)
ap
Zl 11 1
P (1—p)p+;(l—p)p

k ni—
3 lﬂ A0
i=1 !
Z A nl n —1 (x’)
(1-p)pA; Ly, (x)

min(ny,...,ng) ar |: k

Z’pl DY f_“ [Ja-prprrey! <x,>]f<o 0)

£0,...,0)

k . _ ni—1
l_l/ll(l p)r Llli_l(xi)‘f(oy.--,o)

n:
i=1 !

r=1 i=1
kA mln(n1 ..... ni
k+1 k+] i
B _ i=rr, o i 0, ceey 0
o r=1 o []‘[( p) "L (x )] £ )
— /11 i = o) /12+1 (1 _p) nl—r—l (xl)
(1 _p)p e r! 1Y% Lzl_—lr (-xl)

p) p" "Ly (xl)]f(O,...,O)

) A min(ng—1,(ny,....,ng_1)) /IZ+1 (1 _p) L:lk o (xk)]
— r—1
(1 p)p r:I,nkil r! p Lnk —-r (xk)

k
X l—l(l_P)r i rLr 1 (xl)lf(()’?())

Fm ne) - YK digi kg1 8rn
Y (I-p)p (A=-p)p

lel
Jol

Second derivative with respect to A

Let {ny,...,nx} ={0,...,0}and let j € {1,..., k}. Substituting from (S.4.0.12), it follows that

3%f(0,...,0)
— 7 — £(0,...,0).
513.

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj e {a,...,b}. Substituting from (5.4.0.8), (5.4.0.9), (5.4.0.12) and using
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(A.10), it follows that
3 f (na,...,np,0,...,0)
2
a/l.i
1
(1= p) nj Lo (%))
= — f (ng,...,np,0,...,0)
P ’llelqj—l(xj)
_Bf(na,...,nb,O,...,O)+ 1 6f(0,...,0)h_
02 £(0,...,0) 02; J
(1-p)n; [L:qu (x)) _Lg_,»—1 (xj)]
= — 1 f(l’la,...,l’lb,o,...,o)
p /1j Lnj—l(xf)
of (ng,...,np,0,...,0)
_ —h;j
(’)/lj X
(1-p)n; 1 of (ng,...,np,0,...,0)
=——>—=7f(ng,...,np,0,...,0)——h;—
P4 p’ 04,
=h}’j—hj+f(na,...,nb,0,...,O).
Let {n(,...,nt} = {ng,...,np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....np} € {1,2,...},

a<b,c<dandletj ¢ {a,...,b}. Substituting from (S.4.0.12), it follows that
82f(na,...,nb,0,...,0)
2
aaj
__Bf(na,...,nb,O,...,O)
B 92
= f(ng,...,np,0,...,0).
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Let {ny,...,nx} € {1,2,...}and let j € {1,...,k}. Substituting from (4.5), (5.4.0.1), (S.4.0.2),
(5.4.0.12) and using (A.10), it follows that

*f (ni,...,nk)
613.

(1-p)n; L:L,-—z (xj)]
P4 L}I’Lj—l (x5)

min(nj —2,(n1,...,nk)#:nj) pYs
k+1

r!

k ni—-1(1_
l—lxlip lFl p)L:,i_l(xi)]f(O,---,O)

i=1 !

+

(1-p)* L:zjlr—z (x5)
p? L;t,ﬂr (x7)

r=lLn;#1,2

X

k
1_[ (1 _P)r pni_rL:Li_—lr (xi)] f (0’ v ’0)
i=1

_6f(n1,...,l’lk)+ 1 af(O,...,O) )
a4, F0.....00 a1, &

(1-p)n; I:Lillj—l (x)) = L?L‘,-—l (x_,)]
P4 LI]”L]'—I (x)

k . Ani—1 _
x l]—[ M)n—.(lp)%—l (x,-)] £(0,...,0)

i=1 !

min(nj—lg(nlw-’”k)i"j) Pl

r+1 r
i |(1=p)° [Ln;—r—l () = Ly (xj)]

+
r! s L:l;—lr (x)

r=ln;#1

_ 6f(n1,...,nk)

X
04,

f(O,,O) _gj

k
[Ta=ppmin, (o
i=1

k

n ML},H (Xi)] £(0,...,0)

N
i=1 !

_(=p)n;
P4

min(nj—l,(nl,...,nk)¢nj) 1
k+1

+
r!

(1=p)2 Loty (%)
2 L)

r:l,nj;tl

X

k
R 1
1—[ (1-p) p" "Ly, (Xi)] f£(0,...,0) - 58178 +f(n1,....nx)
i=1
=g —gi+f(n,....mk).
Second derivative with respect to Ay+1

Let {ny,...,nx} ={0,...,0}. Substituting from (S.4.0.14), it follows that

82f(0,...,0)

2
a/lk+1

= £(0,...,0).
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Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, c < d. Substituting from (S.4.0.14), it follows that

*f (ng,...,np,0,...,0)
3/1i+1
_af(na,...,nb,O,...,O)

O0Ak+1
:f(na9-~-,nb;0,--.,0).

Let {ny,...,ni} € {1,2,...}. Substituting from (S.4.0.3), (S.4.0.4) and (S.4.0.14), it follows that

0*f (ni,...,ng)
012

k+1
min(ny,...,ng)
r—1)4a""
- ( - oo I—[<1—p>’ ML ()| £, 0)
1)' g
r=2,(ny,....ng)#1
aof (n1,---,nk) 1 4f(0,..0)
- + 8k+1
k41 £(0,..,0)  0dxs
min(ny,...,nx)

= > ’lk“ ll_l(l—p) Pl (x,)]f(O,...,O)

|

r:2,(n1,...,nk)¢1 2)

COf ()
a/lk+1

= 8hethsl — Ghst + f (M1, ng).

— 8k+l1

Second derivative with respect to A; and A¢

Let {ny,...,nx} ={0,...,0}and let j € {1, ..., k}. Substituting from (S.4.0.12), it follows that

3’1 (0,...,0) _
0104,

Let {n,...,nx} = {ng,....0p,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj,fe{a,...,b}. Substituting from (S.4.0.8) and (S.4.0.12), it follows that

0’ f (ng,...,np,0,...,0)

9,0,
B 1 (9f(na,...,nb,0,...,0)h__8f(na,...,nb,0,...,0)
" f(ngs...,np,0,...,0) Ay J AAe
1

hg—hj—hg+f(na,...,nb,O,...,O).

= h
f(ng,...,np,0,...,0) "’

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a<b,c<dandletjec{a,...,b},{ ¢ {a,...,b}. Substituting from (S.4.0.8) and (S.4.0.12), it
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follows that

3% f (na,...,np,0,...,0)

A0,
B 1 af(na,...,nb,O,...,O)h._af(na,...,nb,O,...,O)
"~ f(ng,...,np,0,...,0) ¢ / dA¢

= f(ng,...,np,0,...,0) = hj.

Let {n(,...,nt} = {ng,....np,n¢,....0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a<b,c<dandletj,{¢{a,...,b}. Substituting from (S.4.0.12), it follows that

azf(na,...,nb,o,...,O)

0404,
B _8f(na,...,nb,0,...,0)
B dA¢

:f(l’la,...,l’lb,o,...,()),
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Let {ny,...,ng} € {1,2,...} and let j € {1,...,k}. Substituting from (S.4.0.1), (S.4.0.5) and
(5.4.0.12) and using (S.3.0.1), it follows that

% f (ny,...,ng)

84,0,
0 N P '
_ 1 Lnj—1 (x)) A (1=p)phi=t | |
B /18 /l L l(xl) U n; Lni—] ('xl) f(O, ,0)
6D [ =) B, )
)| o L ()
A; (1 - ni-1
8 lE[ %LLH (xi)] £(0,...,0)

min(nj—l,ng—l,(nl ,...,nk)inj,ng) b

k+1 (1 —p) L:l -r—1 ('x])

rtop L (x)
Ll ()
| ”]‘[<1—p> oLy <xl>]f<o 0)

_af(nl,..., k)+ 1 6f(0,...,0)

+

r=ln;ne#1

04 70,00 a1 %
0
_ 1 nj Ln,——l (x7) k A (1= p) pni=t |
A Ll l(xj)] h:ll n; Lni—l (xi)] £(O,...,0)
nj_l Wil [a=p) [__nep 0 P 1
_1 () p [/lg (1-p) Ly, (xe) = an[_l (x¢)

£(0,...,0)

J
k
[ /1(1—p)p IL:”_I(XI_)

-1 (X[)‘

mln(n_, —l,n[—l,(nl,...,nk);f:n_,',ng) r

r (=) L () L ()
rt et Ly () Ll (o)

+

r=lLnjng#1

k
X l—[(l—p)r i rLZl_lr(xi)}f(O,...,O)—gj—gg+f(n1,...,nk)
i=1
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82f (n1,...,nx)
040,

0
nj Lnyon ) ] ne Ly GO | [ =p)pm!
- /l_ 1 /l_ 1 . Ln[—] (-xi) f(Oa’O)
J Lnj—l (x]) 4 Ln[_l (xf) i=1 nj

min(n_,'—l,n[—l,(nl,...,nk);tnj,ng) r
k

+1 (1 —p)2 L:;j—r—l (xJ) L:l[—r—l (-xf)

+
Pl ] rtopr L (xy) Lk (xe)
k
r omi—r of (ny,...,ng)
X l—l(l_p) p Ln[—lr(xi)‘f(ow'wo)_gj_fT

i=1

=85 =8+ f(n1,....ne).

Second derivative with respect to A; and Ay

Let {ny,...,nx} ={0,...,0}and let j € {1,..., k}. Substituting from (S.4.0.13), it follows that

d%f(0,...,0)
—— <~ =f(0,...,0).

Let {n{,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj € {a,...,b}. Substituting from (S.4.0.8) and (S.4.0.13), it follows that

3 f (na,...,np,0,...,0)
~ 1 0f(0.....0),  Of (nav....n.0.....0)
f(0,...,0) 0k ! 0Ak+1

= f(ng,...,np,0,...,0) = hj.

Let {ny,...,nx} = {ng,....0p,0¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj¢{a,...,b}. Substituting from (S.4.0.13), it follows that

of (ng,...,np,0,...,0)
04,

_ 0f(ng,...,np,0,...,0)

B aﬂkﬂ

:f(na,...,nb,o,...,O).
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Let {ny,...,ng} € {1,2,...} and let j € {1,...,k}. Substituting from (S.4.0.1), (S5.4.0.6) and
(S5.4.0.13), it follows that

%f (ny,...,ng)

aﬂja/lkﬂ
in(n;j—1,(n1,...nx)#0; - i
) min(nj=1,(ny,...,nx)#n;) r/12+} (1-p) sz_r—l (x.l)]
— 1
r=l,#1 r! P L ()

X

k
[[a-premre, mﬂ f(0.....0)
i=1

_f(l’ll,...,nk)+ 1 8f(0,...,0)

a/1k+1 f (O’ ceey 0) C’)/lk+l
[ i—1,(ny,...,nk i e r .
= i g ) A | (=p) Enjr (XJ)]
r=Ln;#1 (I” - l)' p LZ]_*I’” (xj)

B of (ny,...,ng)
a/lk+1

X

k

1—[ (1-p)" p" "L, (xi)} f(0,...,0)—g;
i=1

=8 — &+ (e ni).

Second derivative with respect to p and A ;

Let{ny,...,nxg} ={0,...,0} and let j € {1,..., k}. It follows that

62f(0,...,0):
C’)pa/lj

Let {n,...,nx} = {ng,...,np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj € {a,...,b}. From (5.4.0.8) and (S.4.0.9), it follows that

*f (ng,...,np,0,...,0)
6p8/lj
SR 0f (nan o, 0....0) By TGl
P 04, (I1-p)p (A=-p)p

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....np} € {1,2,...},
a<b,c<dandletj ¢ {a,...,b}. From (5.4.0.10), it follows that

f (Mayo 15,0, 0) B0 0 0f (nay . np,0,...,0)  Zitadih;
9poa; p 94, (1-p)p
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Let {ny,...,nx} € {1,2,...} and let j € {1,...,k}. From (S.4.0.2), (5.4.0.5) and (S.4.0.7), it
follows that

9%f (ny,...,nk)
8p6/lj
k ’ ’
_ Zf:l nof(ni,....n)) & 2i Aig; ; B k/lk+1gk+1,j
p 94 (1-p)p (A-pp (A-p)p

Second derivative with respect to p and Ay

Let {n1,...,n} ={0,...,0}. It follows that

3’1 (0,...,0) _
0p0A k41

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a < b,c <£d. From (5.4.0.11), it follows that

b ’
Of (Mas- 31,0, 0) _ X7 0f (Ras .o s1,0,...,0)  Ria Aili gy
0pdAk+1 o 0Ak41 (I-p)p

Let {n1,...,n} €{1,2,...}. From (5.4.0.4) and (S.4.0.6), it follows that

O*f (n1,....mk)
8pa/lk+l
k k / ’
Zj:l njof(ny,...,ng) B kgr+1 _ Zj:l /ljgj,k+1 B k/lk+lgk+1
p O g1 (1-p)p  (1-p)p (1-p)p~

Second derivative with respect to p
Let {ni,...,n} ={0,...,0}. It follows that

3%f(0,...,0)

=0.
ap
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Let {n(,...,nt} = {ng,....np,n¢,...,0nq} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,..

a < b, ¢ < d. Substituting from (S.4.0.8), it follows that

*f (ng,...,np,0,...,0)

dp?
:Zf’:ani6f(na,...,nb,0,...,0) Zf’anlf(na,...,nb,O,...,0)
p Hp
1
+[(1—P)P2 -p)? p]z/”l
Dt [82f(na,...,nb,0,...,0)+8f(na,...,nb,0,...,0)}
(I-p)p 04;0p ap
zﬁ’:ani—1+ 1 | 0f (nas....np,0,...,0)
P (I-p) dp
B ShoA [82f(na,...,nb,0,...,0)+8f(na,...,nb,0,...,0)}
(I-p)p 04;0p ap

S i

(1 o) p —f(ng,...,np,0,...,0).

Let {ny,...,nx} € {1,2,...}. Substituting from (S.4.0.1) and (S.4.0.3), it follows that

52f (nl,...,nk)

0p?
SEnidf (n,. .. k) Zflnl
= P ap f(l’ll,..., )
1 1 e
+ - Aigi + kAk+18k+1
[(1—/0)102 (1-p) p] Z ' +]
AR [0"2f(n1,-.-,nk)+3f(n1,---,nk)]
(I-p)p 94;0p dp
ki [62f(n1,...,nk)+8f(n1,...,nk)
(I-pp 0Ak+10p dp
I.< i_l k i
_ Yin N 1 af(nl,...,nk)_ 2o fn,. .. np)
P (1-p) ap (1-p)p
AR [é’zf(m,-.-,nk)+3f(n1,---,nk)]
(I-p)p 94;0p ap

ki [azf(nl,...,nk) N 8f(n1,...,nk)}
(1-p)p 0Ak10p ap '

3
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4.4 Weighted Type I multivariate Polya-Aeppli distribution Case I
4.4.1 Joint probability mass function

Theorem 4.4.1. The pmf of (le, o ,N,;V) ~WMPA'Y (A1, .., Ak Ao, p) i

Y (ni,...,ng) =0, {ny,...,nc}€{0,1}
min(ny,...,ng) /1r_2(1 _p)kr k

Y (ny, ... ng) =e W Z %_—2)' l_[ e_’lip"‘_’L;:_lr (x;), (S.4.0.15)
r=2 i=1
{nl,. ..,nk} € {2,3,.. .},
where x; = w, i€{l,....k}and Ly, (x;) is the Laguerre polynomial in (A.3).

Proof. For the first part of the proof, {ny,...,nx} € {0, 1}. It follows from (A.17) and (4.2) that

fY (ni,n) =0.

In the second part of the proof, the pmf is derived for {ni,...,nx} € {2,3,...}. Letx; = —ﬁi%
and z; = ps; , where i € {1, ..., k} and using the generating function for Laguerre polynomials in
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(A.2), as well as the mathematical results in (A.1), the pgf in (4.2) can be written as

Il
]
~
g

1) s'l” sZ"
k
— e—/lk+|(1—l—lfz| Y1(si)) l—[ 7 (si)Z e~ Ai(1=¢n(si))

k 2
(-p)s; — . (-p)
— e—,lk+1 e/lk+1 nf;l( I—Zsjl) | | (1 p) S e_,lie/h( 1 Zﬁl)
1 - ps;

o) k 2 2 -
e—/lk+1 e/lkﬂ l—”;]((lpp) 1711») 1—[ (1 _p) Zi e /lle(;: Il)
i=1

pr (1-2z)?
© g k Tk .
= ¢ Akl Z /Ik+l l_l ((1 -p) I ) l_[ (1 _P)2 Zz2 e—/lie(;ilfll)
e A po 1=z i=1 p? (1-2)°

1 pr+2 (1 _Z')r+2

r+2 r+2 )

00 k
A% (1-p)
— e—/lk+1 Z k+1 1—[ e—/l Z Lr+1 (xl) an
r! r+2
r=0 i=1 n;=0
© ar k r+2
_ = Ak41 /lk+1 —/l (1—,0) Lr+1 N\ Hitr+2
=¢ | r+2 m (X0
rt 1 Jo
r=0 i=1 n;=0
0 [ min(ny,...,ng) r k r+2
= Z e_/lk’rl Z /lk‘*'] 1_[ e—/l[ (1 _p) r+1 ( ) n1+2 an+2
r! pr+2 n,—r Xi k
ny,....,ng=0 | r=0 i=1
) [ min(ny,....,nk) - 2/lr k ( r+2
_ . (1=p)
_ o~ kst Tkl T o=t p L)
r! pr+2 ni—r-2 1 k
nlyeen, = r=0 i=1
co min(ny,...,ny) r-2  k r
_ —Ak+1 /lk+1 (1 p) L7 1 "k
= e e n_r l) :
(r=2)t% P’ !
ni,...,ng=2 | r=2 i=1
) min(ny,...,ny) a2k
= D e S e oy i 5
nyyeeng=2 | r=2 Ti=1

The result for the second part of the proof follows from this.
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4.4.3 Conditional distributions and expected values

Theorem 4.4.4. The pgf of N, ..., N)’ conditioned on N}" for (va, R N,V:) ~
WMPAY (A1, .., Ak, dgan, p) is

l//NZW’___’NI:"|(N1W:n|) (SZ’ ] Sk) = 09 ny € {Oa 1}
Liu—Z (tl)

, I’l1€{2,3,...},
L,I,,l_z (yl)

k
YNy N¥I(Nw=ny) (525 8K) = n Yy (57)> e~ Um0 (se)
i=2

— (A +Ap41) (1=p) £ = — (A TT15, w1 (s0)) (1-p)
o 1= o

where y| = and L (x) is the Laguerre polynomial

in (A.3).

_ . k . _
Proof. Let y; = ~HLlU=p) and 1) = (it e G0 UP) o (A35) and using the

marginal pmf in (4.16), it follows that the pgf in (4.2) can be written as

Ynw Ny (S15e s Sk)

o0
= Z Yy, .ng) ST s
Alyenns nr=0
[es) [ee)
=wa(n1)S?'l > fW<n2,...,nk|n1>s;2---szk]
ni=2 ny,...,ng=2

(e8]
w nj
Z ‘ﬁNZW,...,Nm(NlW:nl) (52,....80) f (”1)51

ni=2

k
oAkt (1-TT, i (s0)) l]—[ 7 (S,')Z e~ Ai(l-th (Si))‘ [‘//1 (sl)z e—(/l|+/lk+| M1, vi (s)) A=y (s1)) )
=2

It follows that the expression | (s Y e™ (st T v (50)) (=4 (1)) g the pgf of arandom variable
with the same distribution as (4.15) and parameters 4] + Az Hf:2 Y1 (s;) and p. It then follows
from (4.16) that for n; € {0, 1}

¥ (s1)2 e_(/ll+/lk+l M1, i (s)) 1=y (s1)) _ 0

and for n; € {2,3,...}

¥ (s1)2 e—(/11+/1k+1 15, v (si)) A=y (s1))

= 3 =y et ),
ni=2
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Therefore, YNy, NP (s1,...,58%) can also be written as

YNy Nw (S1h.. ., Sk)
1 k

k
— e—/lkn(l—l—li-":z Y1 (s:)) [l_[ 7 (sl.)z e—/li(l—l/n(si))]

i=2

% Z [(1 _p)2 pnl—2L:“_2 (11) e—(/11+/1k+1 I, wl(si))] s’111

np=2

and it follows that the pgf of N}, ..., N}" conditioned on N}" where n; € {0, 1} is

YNy NP (M=) (82,005 8K) =

and for ny € {2,3,...}

YN, NZI(N=my) (825000 8k)
k

— e—/lk+1(1—ﬂf;‘;2 Y1 (si)) [l_[ 7 (Si)2 e~ li1-¥n (Si))]
i=2

(1- p)zp"'sz:”_z (1) e~ (U+ s T ¥ (1)

(1=p)?pmi=2L ) (y1) e~ Chitdin)

k Ll
- n i (s;)2 e il | —m=2 7 () .
i=2 Lll_z (yl)
O
4.4.4 Method of moments estimates
Let (va, e ,N}C”) ~ WMPAgl) (A1, ...,k Ax+1, p) and consider a random sample of size m

from this distribution. The observed values are then (ny¢, ..., nge) where £ € {1,...,m}.

Letn;, s;; and s? be the sample moments given in (4.10), where i, j € {1,...,k},i # j. The MoM
estimators can be derived using these sample moments along with the corresponding population
moments for E (N}"), Cov (NI.W, N;V) and Var (N}") as presented in Table 4.1 in Section 4.2.2.

Therefore, if ¢ is the MoM estimator for p, the MoM estimator for Az, is

k k
1 /lk+l 1
— 5 - _
21]21#] (1 p) 21];#]
A2
(l_p) l]:lt:#]

) L (k=2)!
Ak = (1= p)? T Z Sij-
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An MoM estimator for A; is

/i,' +/’ik+1 +2

A =n;
(1-p) ’
Ai = (1=p) 7 = Ager =2
k
) o L (k=2)!
li=(1=p)m=(1=p? = ) sij=2.
ij=Li#j

In order to obtain g, the sample moment s% is equated with the population moment Var (NLW) It
follows that

k AN (A LA k
Z (1+9) (i + Ags1 +2) =2 _Z

i=1 (1 _ﬁ)z i

TS

ﬁz(inl+s) ZpZ (Zk:n,—sf)—Zk

i=1

.2 2
K =
N N Zl 1 l Zl 1 l (Zizlnl_s) 2k Zl | l
-2p + - N
(Z{;l n; +s%) (Zf;] n; +s%) (fozl 7i; _,_slz) (Zf;] i +s?)
1 Y
A f_c:1 S? B (Z,':] ni) 2%
— = _ - - .
(Z{'{=1 ni+ Slz) (Zle n;+ slz) (Zf;l n; + sl2)

It follows that the MoM estimator for p is

L ks N (Zle ﬁi)z ~ 2k
g (Zf;lﬁﬁsg) _\ (Zle 7li+Si)2 (Zleﬁi”%)
2
sk (Zf-ll ﬁi) B 2k
= (Zf:lﬁi-i_sg) \ (25:1 ﬁi"'sg)z (Z{le ﬁi+slg).

4.4.5 Maximum likelihood estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 4.4.5 for the WMPA;I) distribution. The Newton-Raphson algorithm uses the equation
in (4.13) for t > 1 and the MoM estimates in Subsection 4.4.4) are used as initial values of the
parameters /lio), . ,/lfco), ’12(-)31 and p© for the WMPA;I) distribution. The iterative process is
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repeated until a given tolerance level € between the ¢ and (z + 1)’ " jterate values is reached or

until a specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (4.14)

need to be calculated with respect to each of the parameters: Ay, ..., Ag, Ax+1 and p.

The results of the calculation of the first and second derivatives of the pmf for the WMPA;I)
distribution are given here. Following this, the calculations for how each result was obtained will

be given.
The first and second derivatives of f™ (ny,...,ng) where {ni,...,n;} € {0, 1}, and
Y (ny,...,ng)where{ny,...,n;} € {2,3,...} withrespect to each of the parameters: A1, ..., A,

Ak+1 and p are written in a shorter form to mathematically and programmatically simplify the

expressions.

Results of the derivatives

Letx; = w, i,j,0€{l,...,k} and let Lffl, (x;) be the Laguerre polynomial in (A.3). Then
let
g = of” (ny,...,nk)
! 4;

min(nj—1,(ny,...nx)#n;) 72

- ) (r f+21)1

+fw (nl,...,nk)

(1= p) Loyt (%))
P LZ;—lr (x)

r=2,n;#2 (5.4.0.16)
k
x|[ e a=p) pm ey, (xi)‘ e M,
i=1
{n1,...,ni} € {2,3,...}.
, 08
810 = pa;
_ %" (ny,...,nk) N ofY (ny,...,nx)
a0 dA;
min(n;-2,(ny,...,n )¢n~) -2 r+1 .
_ ( J 1 k)FNj /12_” (1 _p)Z Ln_,-—r—Z (Xj)] (S.4.0.17)
r=2.n;#23 r=2t p* Lyl (x))

k

([ e =p) prriy, (xi)‘ et — g,
i=1

{nl,...,nk} S {2,3,...}.
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ofv (ny,...,ng)

= +f(ny,...,
gk+1 aﬂk_'_l f (nl nk)
min(ny,...,ng) /12_3 k
- Z (r _g), rl e (1—-p) p" "Lyt (x;) | e, (S.4.0.18)

r=3,(ny,...,ng)#2 i=1

{nl,...,nk} € {2,3,...}.

7 _ agk+1
Skl k+l = —6/lk+1

B O’ f" (n1,...,nx) Of" (ni1,...,ng)
= +

017, Ak

min(ny,...,ny) /1;’_4
= kel (S.4.0.19)
(r—4)!

r=4,(ny,...,nx)#2.3
k
-4 i—ryr-1 -1

X l—le T(1=p) p" T Ly, (i) | €7 = gra,

i=1

{nl,...,nk} S {2,3,...}.

L)
8ie = Ba,
_Of ) O ()
6/11-(9/15 oAy
mi”(”_i—1an[’—l,(nl,...,nk):;tn_i,n[) /1"2
— k+1
—2)!
e o (5.4.0.20)

(1 _p) sz—r—l ('x])
P Lyl (x))
k
]_[ e Y (1=p) p" "Ly, (xi)

i=1

{nl,...,nk} € {2,3,...}.

y (1=p) Ly w))]

p Lyl (xe)

-1
X e k+1 __ g]’
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,_ 0g;
8kl = G

_ asz (n1,...,l’lk) +(9fw (l’l],...,nk)

04041 O
in(nj-1,(n,..., j - j
) min(nj—1,(ni,...nx)#n;) /12”3 (1-p) L:Lj—r—l (xJ)]
= _ ’ _1 .
ran £2 3 (i) 2 (r-=3)! P Lyi-r ()

k
|| et (0 =p) pr L ()| et — gy,
i=1
{nl,...,nk} € {2,3,.. }
’ _ agk+1
8k+1,j = —6/11-
ARG B YA GRS
6/1k+1(9/lj a/lj
1 i—1,(np,...,ng i _ X
e e e R [ L (xj)]
- —3)I -1 ]
r=3,nj#2,3,(n,....,ng ) #n; #2 (l’ 3) P LZ.)"" (xj)

k
x ne—/h' (1-p)" pni_rl‘:zf_—lr (x;)

i=1

{I’l],...,nk} € {2,3,...}.

_/l'
e —gpi,

It then follows that the first and second derivatives of the pmf in (4.14) are

First derivative with respect to A

ofY (ny,...,ng)
04,

=gi—f"(n,....np),

{n,....,n} €{2,3,...}.

First derivative with respect to Ag+1

ofY (ny,...,ng)
041

=gk — f (n1,...,nk),

{ni,...,n .} €4{2,3,...}.

First derivative with respect to p

(S5.4.0.21)

(S5.4.0.22)

(S5.4.0.23)

(5.4.0.24)
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OfY (ni,...one) (ZQA”J 2%

ap o (I-p)p

fw (nl"-"nk)

~ Ok g kA8t
(I1-p)p (A=-p)p’
{nl,.. .,l’lk} € {2,3,. }

Second derivative with respect to A ;

62fw (n1,...,ng)
azl’j.

:g}.’j—gj+fw (nl,...,nk),

{nl,...,nk} € {2,3,...}.

Second derivative with respect to Aj41

é‘sz (I’l], e ,nk)

2
a/lk+1

= g;<+1,k+1 =8k + (1, .. np),

{ni,...,ni} €{2,3,...}.

Second derivative with respect to A and A¢

O*f (1, ..., ng)
9,02,

=8 o=+ " (ni,. . i),

{nl,...,nk} € {2,3,...}.

Second derivative with respect to A; and A1

62fw (n1,...,ng)

=8 et — 8kst T [ (1, )

{I’l],...,nk} € {2,3,...}.

Second derivative with respect to p and A ;

(5.4.0.25)
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P (i om) _ | Zimm 2%k | 9fY (i)
dpoA; o (I-p)p 94,
gj Zf:l /lig,{’j k/1k+1g;<+1’j

“(-pp A-pp (A-pp’
{nl,...,nk}€{2,3,...}.

Second derivative with respect to p and Ay

Zl lnl 2k

P (I-p)p

of” (ny,...,nk)
041

% fv (1, _
0p0diy

k ’ ’
kgt Lict Ai8i g B kAka18141 g
(I-p)p (I-p)p (I-p)p
{nl,...,nk} € {2,3,.. }

’

Second derivative with respect to p

o fv (n1, .m0 _ Sk - 1 2k afv (ny,...,nk
ap? p (1-p) (-p)p ap
B TEL A [asz (ny,...,nx) +(9fw (nl,...,nk)]
(I-p)p d4;0p ap
_ k/lk+] [52fw (m,...,nk) +6fw (nl,...,nk)]
(I-p)p OAk410p ap
Zl 1 l

“U-p)p —— " (n1,... ),

{ni,...,ni} €4{2,3,...}.

Calculation of the derivatives

The calculation of the first and second derivatives of the pmf in (4.14) are given here.

First derivative with respect to A

Let {ny,...,n,} € {0, 1}. It follows that

ofY (ny,...,nx)

= 0.
o1,
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Let {ny,...,nx} € {2,3,...}. Substituting from (4.14) and (S.4.0.16), it follows that
aof” (ny,...,ng)

a1,
. »_1’ . . _ 7
b Q) ged gy L, (xj)]
= 3y =1 (.
r=2,n;#2 (r=2)! P sz—r (xj)
k
% 1—[ e_,ll. (1 _p)r pn,-—rL:li—_lr (xi)] e—/lk+1 _ fW (nl, - ,l’lk)
i=1

=g;i—f"(n,...,np).

First derivative with respect to Ay+1
Let {ny,...,n;} € {0, 1}. It follows that

ofY (ny,...,nx)
011

=0.

Let {ny,...,nr} € {2,3,...}. Substituting from (4.14) and (S.4.0.18), it follows that
ofY (ny,...,ng)

011
min(ny,...,ng) (r _ 2) /lr_3 k
T D i
r=3,(n1,....nx)£2 ' i=1

- (n,...,ng)
min(ny,...,ng) /lr—3

k
= Z - fg)' [l_[ e~ (1 —p)r pni_rLZi_—lr (xi)] o~ ksl
T li=l

r=3,(ny,....n;)#2

—fw(nl,...,nk)

=gk+1—fw (nl,...,nk).

First derivative with respect to p
Let {ni,...,n,} € {0, 1}. It follows that

afw (nl,.. .,I’lk)

=0.
ap
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Let {ny,...,nx} € {2,3,...}. Substituting from (4.14), (S.4.0.16) and (S.4.0.18), it follows that
of" (ni,...,ng)
ap
min(ny,...,ng) 72 (Z:'C:l n; — kr)

= 2 (r f+é)! p

r=2

k

[Je =p)y iy, (xi)} e et

i=1

X

min(ny,....,ng) /12;12 [ kr :|
-2 [(T=p)

k
[Tea=prprps?, <xl~>]

r=2 i=1

_min(nl—l,(nz,...,nk)) /12;12 ﬁL:z]—r—l (-xl)]
— 2 -1
=242 (r=2t{p* Lyl (x1)

X

k
[Tea-pr o, <xi>]

i=1

_min(”k_lv(nl ----- ng-1)) /12;12 /l_kL;k—r—l (xk)]
— 2 -1
r=2;#2 r=2]p* Lyl (xe)

k

1—[ e i (1-p)" pn,t—rL:’li—_lr (x;)
i=1

x e—/lk+1
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ofY (ny,...,nx)

ap

~ min(ri..,nk) /12_”2 (Zf:] n; — kl’) kr
L (r-2)! p (1-p)
k

X

ne—/li (1- p)r ni— rLr (xl)l o~k
i=1
A min(ny—1,(ny,...,ng)) /12+12

(-pp 4, -2

(1-p) Lo (x1)
Y L;zl_—lr (X])

k
<|[Te (1=p) oy, (x»} e~
i=1
R A 0 )
- —-2)! r
(1 '0)'0 r=2,ni#2 (r 2) p Ln (Xk)
k
x|[ e =p) oy, (xlﬂ e~ e

i=1

(Z{'(:l ni) %k min(ny,...,nx) A -2

_ _ k+1
P (I-p)p o~ (r-2)!
k
% ne—ﬂi (1-p) p"i~ rLr 1 (xl)] P
i=1
(n1 ..... ny) r-3
Ker ™" A A -1
KAk i(1— roni=rpr= ; k+1
(I-p)p r:z (r-3)! 1_[ (1=p)Yp o ()] €
k
_ &=l /ligi
(I-p)p
k.
_ (Zi:I ”l) L . ne) - Sy Aigi _ kAks18k+1
p (1-p)p (I1-p)p (I=-p)p’

Second derivative with respect to A ;

Let {ny,...,nt} € {0, 1}. It follows that

asz (n1,...,ng) _
azl’j.
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Let {ny,...,nx} € {2,3,...}. Substituting from (4.14), (5.4.0.16), (5.4.0.17) and (S.4.0.23), it
follows that

Hzf“’ (n1y...,nx)

2
8/11.
) min(nj—Z,(nl,...,nk#nj) /12;12 (1 —p)2 L:l;l_r_z (xj)]
- — 7)1 2 -1 ,
r=2,n;#23 (I" 2) p sz—r ()C])
k
iy S _ of" (ny,...,ng)
| | A r ni—ryr-—1 A ) )
X i 1 _ i L ! k+1 __ — .
] 4 ( P) p n;—r (X) e (9/11 g]

g =g+ " (. np).

Second derivative with respect to Ay
Let {ny,...,n;} € {0, 1}. It follows that

O*fY (1, ..., ng)

2
6/lk+l

=0.

Let {ny,...,nr} € {2,3,...}. Substituting from (S.4.0.18), (S.4.0.19) and (S.4.0.24), it follows
that

O f (n, ..., ng)

2
a/lk+1
min(ny,...,ni) /l;;;i]' k Y r ni-ryr—1 -4
= Z l_le l(l_p) p Lni—r(x) e

— |

r=4,(ny,...,nx)#2.3 (}" 4)

o (n1,...,ng)
01

:g;<+1,k+1 — 8k+1 +fw (nl,...,nk).

i=1

— 8k+1

Second derivative with respect to A; and A¢

Let {ni,...,n;} € {0, 1}. It follows that

82f“’ (n1,...,n)

= 0.
01,01,
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Let {ny,...,nx} € {2,3,...}. Substituting from (S.4.0.16), (5.4.0.20) and (S.4.0.23), it follows
that

62fw (l’l], .. ,nk)

94,01,
in(nj-Lng—1(n1omi) #npng) e . |
= mln(nj " (nl nk):ﬁnj nf) /1’];4.12 (1 - p) Lnj*rfl (x‘/)}
r:2,nj,ng;f:2 (r - 2)! p L;;_lr (x])

X

1-p) Ly, i (x0) K Yy o _
TR o || ampr s et
ne—r \A i=1

_(')fw(nl,...,nk)_ '
., 8

=88+ " (m,... k).

Second derivative with respect to A and A4

Let {ny,...,ng} € {0, 1}. Tt follows that

Y (ni,...,ng)

=0.

Let {n,...,nt} € {2,3,...}. Substituting from (S.4.0.16), (S.4.0.21) and (S.4.0.24), it follows
that

62fw (n1,...,ng)

min(”j_1,(n1,...,nk)¢nj)

) Yo [(=p) Eyeres (xf‘w
- — 3! -1 ]
r=3,n;#2,3,(n,....nx ) #n;j#2 (r 3) ’ P L:l_i*r (x])

k

« l—[ e (1-p)" pni_rL:zi_—lr (xi)
i=1

= g}’k_‘_] — 8k+1 +fw (l’l], A ,nk) .

o kst _ of” (ny,...,ng) g
0Ak+1

Second derivative with respect to p and A

Let {ni1,...,n,} € {0, 1}. It follows that

asz (n1,...,ng)
(9,0(9/1]

=0.
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Let {ny,...,n} € {2,3,...}. From (5.4.0.17), (S5.4.0.20) and (S.4.0.22), it follows that

O f* (ni, ..., mg)

Gp(')/lj
_|ZEim 2k Jarronm) s
p (I-p)p 0, (I-p)p

Zf‘;l/lig;,j kAk+18141 5
(I-p)p  (A=-p)p

Second derivative with respect to p and Ag+1

Let {ny,...,n;} € {0, 1}. It follows that

2 fY (ny,. .. mi)
a.Da/lkﬂ

=0.

Let {ny,...,nx} € {2,3,...}. From (S.4.0.19) and (S.4.0.21), it follows that

O*fY (1, ..., n)

0p0Ak+1
S n 2k of" (ny,...,ng) kgk+1
e _(l—p)p] Ok (I-p)p
Zf:l Aigi e KAk184yy gt
C(-pp  (d-pp

Second derivative with respect to p

Let {ni,...,n;} € {0, 1}. It follows that

82fW (m, e ,nk)
ap

=0.
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Let {ny,...,nx} € {2,3,...}. Substituting from (S.4.0.16) and (S.4.0.18), it follows that

O f* (n, ..., ng)

dp?
Zz 1”1 2k 8fw (nl,...,nk)
p (I-pp dp
Z lnl 2k 2k
i= + fw (nl,...,nk)
p? (1—p)p2 (1-p)?p

k
1 1
+[ - ] Z/ligi+k/lk+1gk+1]
_ 2 2
(I-p)p> (-p)ypl|s

A [asz (1, m) 0" (.. my)

(I-p)p d4;0p ap
kg [82fw(n1,...,nk)+8fw(n1,...,nk)]
(1 —p)p OAk+10p ap
Zl 1 i — 1 2k of” (ny,...,ng)
P Ta=p (=pp dp
A [ész(nl,...,nk)+(9fw(n1,...,nk)
(I-p)p d4;0p ap
kg [82fw(n1,...,nk)+8fw(n1,...,nk)]
(I-p)p OAk410p ap
Ziy =L W (g

C(1-p)p
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4.5 Weighted Type I multivariate Polya-Aeppli distribution Case 11
4.5.1 Joint probability mass function
Theorem 4.5.1. The pmf of (le, o ,N,;V) ~WMPA® (A1, Ak A, p) i

k 1
Arsr€” At l_[ Aje A

(1— e k) (1—e )

7 (0,...,0) =

i=

Y (ng,....np,0,...,0) = (]_[ A"(l_—p)pni_lLﬁi_l (xi))fw (0,...,0),

n; (n;+1)

{ni,....,ni} ={ng,...,np,n¢,...,ng} ={ng,...,np,0,...,0},
{ng,....npt €{1,2,...},a<b,c<d

-1

k n;
Y (ny,...,ng) = [(l_l %Lii—l (Xi))

i=1

/lk 1 (1 —P)P B
. (]‘[ Ly ()
min(ny,...,ng) /lr+1

k+1
+
Z::J (r+2)!

(l_[ (1—p)r (L;;_‘r x,-)—( Z:i )m

X fY(0,...,0), {ni,...omye{l,2,...},

where x; = w, i€{l,....k}and Ly, (x;) is the Laguerre polynomial in (A.3).

Proof. For the first part of the proof, {ny,...,n;} ={0,...,0}. From (A.1), the pgf in (4.3) can

be rewritten as

A S ( A (si) _ 1)
— ¢ ( Ak+1 ﬂ, 11//1(51 _ 1) 1—[
(1 _ e—/lk+1) 1 —e /1‘ V8 (Si)z

i=1

e~ U+ k+1 (Hf R4 (si) ) k e 1 00 /l:lil/’l (5;)"
- (1— e ke) Z r! -1 l_l (1—e=) gy (s;)> [Z n—i!_lw

r=0 i= m=0

= Akt k A

e k+l Hl 11//1 (S )r 1 S /l?ilﬁl (Si)ni
(1_6—/lk+1)rz_; !:1[ 1—e4 ,701 (SL) ; n;!

e~k k+l Hl 11//1 (S ) k e~ /1?1‘//1 (Si)ni_l
- (l—e—/lkﬂ) rz; r! l_l l—e ) Z n;!

=1 n;=1

e~ l//1 ) et > Ay (s)" !
_ k+1 . 4
(1—e"lk +) k+l+Z ]—[ 1—e‘/ll) AL+Z n;! .
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Therefore, it follows from (A.17) that

f(0,...,0)

=UNY. NP 0,...,0)
/lk+1e A+ ﬁ Aje i
(1 —e ) (1—e )

i=

The second part of the proof is derived for the case where at least one, but not all, of the {n, . .., ng}
is zero, with the rest being greater than zero. Therefore, {n,,...,np} € {1,2,...} and consider
{n1,...,n} such that {ny,...,nx} = {nag,....np,0¢,...,nq} = {ng,...,np,0,...,0}, where
a < bandc < d. Since UY ~ WPA® (A;,p),i € {1,...,k}, from Table 2.1, (2.3), (4.3) and
(A.1) it follows that

Yny...Ny (Sas- -5 85,0,...,0)

= Z fw(na,---,nb,o,...,())sga...szb
Ng,e...np=1
0 (si
_ Hare™ ﬁ et (e e - 1) ﬁ et
(1 B e_/lk“) i=a (1 - e_/li) (f//l (Si) Jj=c (1 - e_/lj)
b d 1
Aks1€ et ﬂje j
(1— e~ e) (l_[ l’//Uzw(s’)) l—l (1-e )
i=a j=c
/lk+1e Ak+1 ﬂ}e j )
) (1= e~ P(U'W:”i))( || st sy
"a’m%b:l (1= e7tin) L_al l D (1-eb))|
S 2 (1=p) ph
- Z l—[ Lop)p L, (x)| f* (0, 0) 5,0,
Ng,....np=1 i= n; (ni + 1) !
where x; = —/1,-_(1;;0) ,i €{a,...,b}. The result for the second part of the proof follows from this.



Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions 133

In the third and final part of the proof, the pmyf is derived for {ny,...,ng} € {1,2,...}. If we let

X = # and z; = ps; ,i € {1,..., k} then using (A.1) the pgf in (4.3) can be written as
YNy Ny (St k)
= Z Y (na,mg) s syt
ny,...,ng=1

i (i)
BT Y (6/1"*1 M5, v (si) _ 1) ﬁ e~ (e Y1 (si) 1)
e i (L—e™b) g (5)°

o k .
_ 1 e/lk+1 l_[f-;l((:fﬁ,):}l) _ 1) l—[ ;2 (e/li((:ﬁlil) — 1) fw 0,...,0)

i 1- Zi k XizZi
_ | eﬂkﬂﬂff:l(%’”l-é,.)_1)(1—[; P <1—2z,->2(e(z;-ﬁ)_l))]fwm,...,m

e (L= g (s w
S [ -

r=1 i=1

= ﬁi p (1—Zi)(e(§iifli)_l)
i:l/li(l_p) Zi
ybial | EEV SR NS

+rz:; r! !;[ﬂi pr_2 (I_Zi)r—z € 1 f (0,...,0)
. k

- 1 p -z [ (2m) A (77 L[ (22)

_ (DZ(I"’) 2 (e( | 1))+ 2 (Dﬂi(e( | 1))
yEad |y ERCEI iy S | P8

+rZ:;‘ r! (l.:1 i pr7r (1=z) 2 € LI f"(0,...,0)

3
N (51 S F UL (St SO U (S15-50)
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where
(1) Sl p -z (a
w o agw (81,000, 8%) = — ‘ (ezl-l
lﬁNl ..... N !:ll A (1 —,0) Zi
k
2 Ak+1 1 XiZi
lﬁ,(\,l»)v ..... o (S1se00,80) = 27 Hz(e(@ 1)—1”]””(0,...,0
L=l Y
& /lr_l k 1 (1 _ r-2 7"—2
3) ] p) %
W w (S1,.0.0,8k) = — —
N Z‘ r! I_ll G (-2
The expression for t//](\}l)__' Ny (s1,..

i €{l,...,k}in Table 2.1 and (2.3), such that

w}(\}]v)v ’’’’’ NW (Sla ,Sk)
= Z fw(l) (nl,...,nk)s?l...SZk
Nyeens nr=1
£ (1-2z) xiZi
= ]_[/1_ 1:0 'L (6(21—1)_1) fw(o,,O)
i=1 i ( _p) Zi
Agrre”ert ﬁ el (e’l“/"(s") - 1)
(1 — e—/lk+1) i (1 _ e_’li) 7 (si)
k
_ /lk+]e Ak+1 w
a (1 e_/lkﬂ) l_ll’bUi (si)
i=1
s k
/lk 1€ /lk+] '
= Z l(li —/lk+1) l_[P(Uy:nl)] s'ill...s;(lk
ny,...,ng=1 € i=1
N S (1-p) pi”!
= > T2 ) £ 0.0 5
n]’“_7nk:1 i=1 nl’ (ni + 1) i

)—1)]fw(0,...,0)

)

XizZj

(e(z? ) —1)]fw 0,....0).

., 8x) can be rewritten in terms of the pgf's for U}Y ~ PA (4;, p),

nl--
1
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Using the generating function for Laguerre polynomials in (A.2), as well as the mathematical

results in (A.1), 1//(2) N (s1,...,5%) and 1,0(3) aw (S1,..., sk) can be rewritten as
d K

Ny,..., NPY....,

Nlyeens nr=1
5 ﬁ%ﬁ:i; [ —l)lfw (0,...,0)
©o L=t Y !
Lo (i -y z)] 0.....0)
T Li=l ! n;= n;=0
[k o
/1;1 l_[ (1 ;.Zi) Z (L?Li (xi) = 1) z?"’] £ (,...,0)
o Li=1 L o=
Akt s 1 N 0 n; ‘ 1 N 0 n;+1 w
2! L_l[,l_ir;)(l'”i(xi)_l)zi —QZ;(Lm(xi)—l)zi ™,...
A [k 1 & koo
;1 l:ll X Z:“l (L(r)u (x;) - 1) z; = l:l[ % Z:“] (Lgi_l (xi) = 1) Z?i] ™(,...
k o
A;H El % Z::] (25, () =L, (x0) zl’.‘lw £70,...,0)
o) k n;
Z /1;1 (l_l Z_ (Lgi (xi) — Lﬁi_l (xi))) ,... ,O)] spteee sk
ni,...,n=1 : i=1 t
i l/l;l (ﬁ (1 —Pn).pni—l Lrll[_l (Xi)) ™, .. ,O)] Srlu "'Szk
ni,...,ng=1 : i=1 v
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and
l//(%) ’Nl:v (Sl,...,Sk)
= Z £ () s s
ny,..., nr=1
Ar-h| ok —p) 2 r—2 xi%j
— Z k+1 l_[ i (1 p_)2 Zl — (e(zl_l) _ 1) fW (0, ,O)
R (1-z)"
A 1 [ k (1 )r -2 r -2 0 nid+r—3 A
- AT Sute- Y[ 27" 0.....0)
= L= =0 ni=0 N
© r- 1| k (1 N2 @ ) _3
k+1 p) r—3 ni+r ni+r=2| rw
= L, (x;) - Z; f@,...,0)
rZ:; rl 1:1[ Aip” r;—:() l n;
oo 2 o)
:Z A Z l—[(l—p)r+1 " () - n;+r
(I" + 3)' ny,....ng=0 \i= A pr+1 g n;
><Z1111+r+1 . 'sz+r+l] fw (0, o 0)
00 min(n1 ..... nk) /lr+2 k r+1
— Z k+1 l_[ (1-p) L' (x) - n;
- i i
=0 (7‘ + 3)' | /ll.pr+1 n;—r n—r
+1 +1
X (0, ..., 0)] T g
co  [min(ny,..., )—1 r r
S S i 1—[ = ([ e
=1 = (r+3)| A: pr+1 n;—r—l 12 n—r— 1
xfY(0,...,0)] z?' ---zkk
0 [min(ny,..., :) 1 k r L
_ mm"i: A (1—[ (1-p) p" ’(Lr | (x)_( -1 )))
a I ‘ i
ni,...,ng=1 r=1 (I" + 2) i=1 Ai ni—r
X f(0,...,0)] s' - sk

The result for the third part of the proof follows, such that

Y(ny, ..., ng)
=Y () + P () + YD) ()
KA (1= p) pti~! 5 /1k+1 (1—.0).0 -
I )5 1] s
S ﬁ(l—m’p""" E e R ||| PR U
p (r+2)! 1] A ni=r X ni—r B
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4.5.3 Conditional distributions and expected values

Theorem 4.5.4. The pgf of N, ..., N)’ conditioned on N}" for (va, . ,N,V:) ~
WMPA® (A1, ..., Ak, dgst, p) is

YNy, NP (N=0) (825, Sk)
i (si) _

e

L (T—et) Y (si)

4

‘ﬁN2w|(NW:n1) (s52)

1
Ko (ewl (51) _ 1)

= l_[ ¢
(T=e™t)  yi(s0)?

i=2

nyp—m+3 ny-m+3

4 (ks TIE, v (50)

(n1 —m1+3)!

ny-mp+3

S ( ny—1 ) (_)ml (A+ et TTE, w1 (1))

my=1 my — 1 1-p
X ,

nyp-mip+3 np-mjp+3

> n =1 p \™M ()™ MP sy
mp=1 my — 1 1-p (ny—m+3)!

ny € {1,2,...}.

Proof. From (A.35) and using the marginal pmf in (4.21), it follows that the pgf in (4.3) can be

written as

Ynw, N (815, 8k0)

= > ) s s
ni,...,ng=
00 [ 9)
ZZfW(m)s'fl[ 2 fw(nz,---,nklm)sgz'“szk]
=0 ny,...,ng=0

= Z YNy NV (M=) (525 556) 7 (n) s

n=0

(e/lk+1 M5, wisi) _ 1) k iy (e/lil/u(sl') _ 1)
e L
(1—etis) Ly (L=e7b) gy ()

(e/hkh (s1) _ 1) (e(/lk+1 15, wi (si))wn (s1) _ 1)

e—(/11+/lk+1 15, v (s0)

X k 2
(1 _ e—/ll) (1 — e~ [ l/’l(si)) W (s1)

It follows that the expression
e—(/ll+/lk+1 M, v (s0)) (e/hl//l(sl) _ 1) (e(/lk+1 15, w1 (si)) i (s1) _ 1)

(l—e_’ll) (l_e—ﬂkn Hfzzlﬁl(si)) U1 (Sl)2
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is the pgf of a random variable with the same distribution as (4.20) and parameters A,
Aka1 Hf:z Y1 (s;) and p. It then follows from (4.21) that for n; = 0

e_(’l'Mk” %, v (1)) (e/hl//l(sl) _ 1) (e(/lk+| 15, w1 (si))wn (s1) _ 1)

(1—e) (1 — e~ T ¥ (Si)) w1 (s1)?

A1 At (Hf:z ¥ (Si)) e~ (Wt Ty v s0)

B (1 _ e—/h) (1 — e~ Ak e, wl(b‘i))

and forny € {1,2,...}

o (Ui M, w1 (s0)) (e/lu//l (s1) _ 1) (e(/bm [T, v (si))yn (s1) _ 1)
(1 _ e—/ll) (1 — e~ k1 Hfzz ¥ (Si)) 3} (51)2
00 _ k .
_ Z e (/l|+/lk+| iy 0 (S’)) i np—1 (l _p)nl—m1+l pm|—1
Al (1 _ e"ll) (1 — e~ Akl e, !//1(51')) mi=1 \ M1~ 1

(1 np—m+3 ny—mi+3 k . nyp—mp+3

1 +/lk+l) - /11 - /lk+1 Hi:2 (//1 (sl) .

X .
(n1 —-—mi+ 3)! sl

Therefore, YNY. N (s1,...,58%) can also be written as

YNy Ny (51500 Sk)
(e/lk+1 5, wi(si) _ 1) k Y (e/lilﬂl (si) _ 1)
= n ¢
(1 - e/lkH) i=2 (1 - e_/li) V8| (Si)2

A1 Ak (Hf:z Y1 (Si)) e~ (1+ i Tlig 1 (50)
(1 _ e"ll) (1 — e~ Akl M, v (Si))

(e/lk+1 T, wi(si) _ 1) k 1 (e/lillfl(si) _ 1)
+ ]—[ ¢
e S e e

X

=2
i e—(/ll+/lk+1 15, vi(si)) ! n—1 B _
% Z - Z X (1_p)n1 m+1 pm1 1
ol (1 _ e"ll) (1 — e~ A1 [l ¥ (Si)) =1 \ M1~

(/1 ny—m+3 ny—mp+3 k . ny—mi+3
1+ Ak+1) - A — (Asr T, 01 (s0)

X S
(nl—m1+3)! 1

nj
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and it follows that the pgf of N}" conditioned on N}" for ny = 0 is

YNy, N (N=0) (825, k)

~ (1 _e_/ll) (1 _ e_/lkJrl) ( Ak+1 “ i=2 Yi(si) _ 1) (e/li(/’I(Si) — 1)

k
- A Ay e~ A+ i) (1 - e"lk+l !:zl 1-e~ i W (si)2

Mo (T 01 (50)) e (i i1 00)
(] — g—/ll) (1 — e~ Ak M5, v (Si))
(e/lilﬂl(si) _ ])

k _i
l_[ (1—e %)  ¢1(s)

i=2

X

and forny € {1,2,...}

UNY NP [ (Ni=ny) (525005 8%)
(1 _ e—m) (1 _ e—nkﬂ) (em T, v (si) 1)
- e~ (A1+k41) (e/lk+1 _ 1)
ko (el -] (e T v )

g H (T=e=t) gy (s)?

122 (1-e~) (1 PR TR | LI (Si))

ny—m+3 _ 3 ny—m+3
mo gy —1 o \™ (/11+/lk+1 M, v (Si)) -y —(ﬂk+1 5,1 (Si))
”;:“1 my—1 (1—p) (ny —mp +3)!
X
- —mi+3 43
i n -1 ( 0 )m| (A + )™ m1+3_/llr_tl mi+ —/1’1:11"“
a2 \mi=1 J\1=p (ny —mj +3)!
ﬁ o i (e/l.-lm (si) — 1)
i (L=e™) gy (s)?
ny—m+3 _ ny—m+3
G m-1 ) e \™ (ﬂl”kﬂ I, v (s») = (e T, 01 (sl»))
W;l my—1 (l—p) (ny —my +3)!
- - 3 - 3
i ni =1 ( P )m' (A + g™ 7™ g7
m=1 my -1 I-p (n1—m1+3)!
O

4.5.4 Method of moments estimates

Let (le, ... ,N,‘(V) ~ WMPA§2) (A1, ..., Ak, Ak+1, p) and consider a random sample of size m

from this distribution. The observed values are then (ny¢,...,nie) where £ € {1,...,m}.

Letn;, s;; and sf be the sample moments given in (4.10), where i, j € {1,...,k},i # j. The MoM
estimators can be derived using these sample moments along with the corresponding population
moments for E (N}"), Cov (NI.W,N;.") and Var (N)Y)where i, j € {1,...,k}, i # j as presented in
Table 4.1 in Section 4.2.2.
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It follows that if A; and A x+1 are estimators for A; and Ax4 respectively, then

) - Ak 2 ,-A
1 k /lk+1 (1 —e k+|) — /lk+1e k+1

2
ij=Li#] 2 ij=Li#j (1-p)? (1 - e—/lk+1)
k ( r ) Akt (1 - e—jkﬂ) — 2, e e
Z Sij = 2
(1= ) (1= e~en)
Kl ij (1 _ €—2k+1) —/lAZ e_;lk+1

(k—2)! (l_e_2k+1) Sk icing S

(1-p)*=

and an estimator for p is

k! st (1 - e‘;lkﬂ) —22 e—ikﬂ
p=1= v '2)'
\ . (1 —e—/lk+1) Zl] ll:t]
51 k! Ast (1 - e‘/ikﬂ) - /’ii+le_/ik+l
p = —_
(k-2)! s
\ (l_e Akﬂ) ZU Lizj $

As in Section 3.5.4, explicit expressions for the MoM estimators of the parameters are unavailable,

therefore the Newton-Raphson method is employed to estimate A; and A4 (Press et al. [3]).

This is done by setting up a system of equations and iteratively refining the parameter estimates.
At each iteration, the Jacobian matrix of the system is computed and used to update the estimates

until convergence is reached.

Therefore, the Newton-Raphson algorithm can be employed to derive the MoM estimators for 4
and A4, such that

A A @ 3@ \]7' (s0) 50
/l(Hl) = /l(l) - ['] (/l /lk+l)] 8 (/l /lk+1)
k+1 k+1

fort > 1.
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Substituting the estimator for p in (4.24) into the expressions for E (N}) = 4; and Var (N}") = 67
the function g (A, Ax+1) can be defined as

1 |: A + Akl -2 _ﬁ]

(1-p) (l—e"il) (l—e"ik+1)

B (1+0) A Ax 1 Re i A2 el
I Bl (=T A B

The expression for the Jacobian matrix is

981 9s1

3% _| o4y 02
Jg (A1, Ars1) = om  og
o1 0dkn

and the values for the elements of the matrix can be calculated as follows:

0g1 _ 1 1 | /lle_;ll

P T (1=eb) | (1-e)

dgr  (1+p) dg; 1 /i[e_jl 21 2/?16_21
— = ~ A~ A
ol (1-p)ad;  (1-p)? (1 _6_21)2 (1 _e—ﬁl)
981 1 1 [ Apsre e (g1+n1) 0p

52k+1:(1—ﬁ)(1_e—2k+1) (1-etea) | (T=P) Ol

dgo  (1+p) 0g 1 Apyre e - 2 pyre e

3 = 1 A a - 2 3 — A1 — —

Odgsr (1=P) 0Ake1 (1= p) (1 _ e_,i,m) (1 - e—/lk+l)
(g1+m) 9p  2(82+s1) p 2 9

~ x = 7y + ~ >
(1=p) 0k (1=0) 0dgn1 (1-=p)% 0k

where

ap 1 . . . .
P = - (1 — e‘/lkﬂ) - (3 +/lk+1) /lk_,.le_/lk*l +

a/ik+1 (1 — e_/ikJrl) \/E

Z/iiﬂe_/lkﬂ

(1 — e—/iku) ‘

The MoM estimators from the MPA; distribution in Section 4.3.4 are used as initial values for the
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parameters 2;0) and /i,(ﬁr)l. In cases where the MoM estimators in Section 4.3.4 are unavailable, a
grid search method, as suggested by Woodford and Phillips [4], can be used as an alternative to
determine the starting values. However, this approach will not be discussed further in this thesis.

The iterative process is repeated until a given tolerance level € between the ' and (¢ + 1)° " iterate

values is reached or until a specified maximum number of iterations is reached.

Lastly, an estimator for p can be obtained by substituting the parameter estimators obtained through
the iterative process for A1 and A4 into (4.24). Estimators for the rest of the A;s,i € {2,...,k}

can now be found using the expressions in Table 4.1 as follows:

A Aks1 2
- + " — —— =N
(1-5) (1_e—ﬂi) (1-5) (1_6—/1k+1) (1-p)
_ Aks1 2 A;
n; —

(1-p) (1 _e—ikH) T -0 (1-5) (1 _e—i,-)

A R
l (1=
- AMNIl7n. — /Alk+1 2
(1-p) |n e ey + (1—,5)]
and
2= (1+p) 4 N (1+5) Akt
L= (1-et) =p)P (1= et
32 ,-A; 92 Ak R
— /llze ! _ /lk+1e ! _ 2p
<~ \2 R 2 N2
(1-/))2 (1—6_/1[) (l—ﬁ)z (l—e_/lkﬂ) (1_P)
6 A el
sz a . d +sij-

Captt A=p(1-e) app(1-et)

Therefore, an estimator for A; is

/l,\ _ /’i%e_/li +(1 R 2 1 _/ii 2 ﬁ —
i= T -p) (l-e ST oy T S
(l_e—/li) ( —P)
A 2 k Sij A—
A i 2 | (=) (-2 i) -
i =(1-p)|n - o] l o ) -1

Akt

+ — | +
(1_ﬁ)(1_e—2k+1) (1-p) B )
i T A

(1-p) (1=~ kst p

4.5.5 Maximum Likelihood Estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 4.5.5 for the WMPA?) distribution. The Newton-Raphson algorithm uses the equation

in (4.13) for t > 1 and the MoM estimates in Subsection 4.5.4 are used as initial values of the
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(0)
k+1

repeated until a given tolerance level € between the " and (¢ + 1)’ " jterate values is reached or

parameters /150), .. ,/I;CO), A and p(o) for the WMPA;Z) distribution. The iterative process is

until a specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (4.19)

need to be calculated with respect to each of the parameters: Ay, ..., A, Ag+1 and p.

The results of the calculation of the first and second derivatives of the pmf for the WMPA;Z)
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

Let {ny,...,nx} = {ng,...,0p,0¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. The first and second derivatives of f* (0,...,0), " (ng4,...,np,0,...,0) where
{ng,....np} € {1,2,...}, and f" (ny,...,n;) where {ny,...,ni} € {1,2,...} with respect to
each of the parameters: Ay, ..., dg, Ag+1 and p are written in a shorter form to mathematically and
programmatically simplify the expressions.

Results of the derivatives

Letx; = w, i,j,€ €{l,...,k} and let Ly (x;) be the Laguerre polynomial in (A.3). Then
let
o ofY (ny,...,ng) T (n1,...,n ) 0" (0,...,0) +fw(n1,...,nk)
5 o4, F7(0,....0) o4, 1

(nj+1) Lllq_,»_l () ] [ A (1-p)pri~!
A; Lflj_l (x) ni (ni +1)

_LO . k ni—
nj “nj-1 (xf)] ll‘[ %L:ﬁ—l (xi)]fw 0,...,0)

4 L:zj—l (o) | { it !

L, (xi)] £ (0,...,0)

i=1

Aks1
2!

min(nj—l,(nl ..... nk)¢nj) 41
At [(1 —P)r (x,-)] (S.4.0.26)

+
(r+2)! 0 nj—r=1

r:l,nj;le

_ k L
(1-p) p"i~" l_[ (1-p)" p™~"
X —_— —_—

A; A
J i=1,i%j !

X(LZ;_Ir (x,-)—( Z:i )ﬂfw 0.....0),

{ny,...,n} €{1,2,...}.
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, _0g;
810 = pa;
_ 82fw (ni,...,ng)

2
04;

_[ 6fW(O,...,0)_£+1] afY (ni,... ng)
(0,...,0) a1, 1; 01,

1 afv(,...,0) 1
—— 41 )
OO Y e
(n;+1) an,-—l( )+(1_p)
4o AL 1(xj) p
Ai (l—p)p"‘ 'y
— . L D ,....0
1—[ n; (n;+1) i1 ) | 7 )
A1 | (L=p) 1y (1-p)pht | .
"l [ P A l_[n—il‘ni—l(xi) £ (0,...,0)
min(n;j—1,(ny,...,nx)#n ,
(n; LoeenlI ) #10) /lkill (l_p)erH |
" (r+2)! 02 nj—r—1 (x))
r=l,n;#1
r o ni—r k r
y (l—p)p' l_[ (1=p) pnr p oM
] i=l,i#j l
(Lr 1 (XL)—( ))‘ fw (0,.”’0)__gj
ni—r 0
1 afw(o""’o) 1
—— 41 .
+[fw((),,,,,0) aA; /lj+ 8j»
{ni,....m}ye{l.2,.. }.
gk1:afw(l’ll,...,nk)_fW(l’ll,...,nk)afw(()"_"o)+fW(nl’”"nk)
+ a/lk+1 fW (0, ey 0) a/lk+1 /lk+1
k i—1
1—p) phi
- [l_l %L}lﬁl (Xi)] 7 (0,...,0)
i=1 i
L[ aa=ppn!
: L, Dl ,...,0
Aks1 “:1[ n; (n; +1) ”f‘l(x)]f( )
min(ny,...,ng) r
+ 1 ‘ /lk+1
— (r+1)!

{nl,...,nk} € {1,2,...}.

]_[(l_p) (Ul (x,)—(n_ime(o,...,O),

(5.4.0.27)

(S.4.0.28)
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’ _ a8k+1
gk+1,k+l - 6/lk+1

_ %" (ny,...,nk)
a2

k+1
l 2 8fw(0,...,0)_£+1](’)fw(nl,...,nk)
™(,...,0) 0Aj41 A 041
1 afv(0,...,00 1
+ - +1
70,00 0len PRI
min(ny,..., n r— k roni—r
_ (‘Z O] [l_l(l_p) P
r! . /li
r=1 i=1
r—1 n;—1 w
X Ln[—r (xi)_ f (0’90)
n;—r
k i—1
U -t
L a0
. | of*(0,....00 1 }
0, 50) g At | S5

(.. om € {1,2,...}.

(S.4.0.29)
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, 08
8j¢= 5_/15
Bsz (l’l], ..
T a0,
1 af"

S 1k)

3 1k)

7 (0,...,0)

(0.....0) 1] (...
oA, A EX

(nj+1) L:,jq (x7)
4 Li_,-—l (/)

i=1
EL(BLJ-A (x;)
/l] Lll’lj—l (x])

Aks1
2!

1

X
n

min(nj—l,ng—],(nl,...,nk);&nj,ng) /1,,_,_1

+

r=lnj.ne#1

(l_p) r
TLn_,-—r—l (

(1 _p)ZV pnj+ng—2r

J

S Ai(1=p) p!
% ll_l n; (ni+1)

|

k .
[ %LZH (xi)] 0,...,0)
i=1 i

A4

n; —

x (Lo (i) - (

n; —

+

(ng+1) Ly, (xe)
Ae L%z{»—l ()Cg)

Ly (x)| v (0,....0)

@Lgt,_l (X{)
Ae L,llf_l (X[)

k+1
(r+2)!

. )] [(1 -p) Lo (xf)]
o

k

(1-p)" p™"
[[ —5—

i=Li%j.l

1))]/””(0,...,0)
.

f(0,...,0)
{ni,...,n .} €{1,2,..

0Ay Ae
J.

1 ofv(,...,0) 1]
8j>

(5.4.0.30)
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) 9g;
gj,k+1=a/1—k+l
:asz(lﬂ,...,nk)
000141
1 afv(0,...,0) 1]1af" (n,...,nx)
_[fW(O ) oy _Tj] D

ni nrl n(l—p)p
/l L' (x)) | x

nj—

-1

_] (xi)] fw (0’50)

1 (nj+1) i,_l(xj)
+
Ak+1 A; Lflj_l (x;)
k ) _ ni—1
x [ﬂ %Li_l (xi)] (0,...,0)
i=1 AT

mln(nJ 1,(ng,..., nk)¢nj) Pl
k+1

r+1)!

(1-p)
P

+ sz—r—l (xj)

r=lLn;#1

(1- p)r ﬁ (1—p>r

i=1,i#j

(L’ ! (x,)—( N _1 ))]fW(o,...,())

N 1 ar” (0,....0) 1] |
0,..,0) 9k At | 87

{I’l],...,nk} € {1,2,...}.

(S5.4.0.31)
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’ _ agk+1
8k+1,j = 04,

_ asz (I’l],. . .,nk)

_[ 1 afr(0,...,00 1 ]Bfw(nl,...,nk)
fw ,...,0) 041 Akl 94

ni nrl (l—p)p
4 L ] [I_I
(nj+1) Lo,y (xj)]

Ly (x)

nj—1

1

_] (xi)] fw (0’70)

1
Ak+1

k . _ n;—1
X l_[ MLii—l (xi)] f7(0,....,0)

n; (n;j+1)

+

i=1

mm(n, 1,(ny,.. nk)¢nj) X
k+1

(r+1)!

(1-p)
P

+

Lnj—r 1 (x])
r=ln;#1

k

(1-p) p"" 1—[ (1- p)’

A.
J i=1,i#j

(U ! (x,)—( N _1 ))]fw(o,...,O)

1 afr(0.....0) 1

Tl L0 e Tj] Bils

{ni,...,ni} € {1,2,...}.

Let j € {a,..., b}, then

of” (ng,...,np,0,...,0) _fw(na,...,nb,O,...,O)afw(O,...,()

b 04 £7(0,...,0) a4,
+fw (na,...,nb,O,...,O)
A
1
(nj+1) Ly, (xjw
= Y (ng,...,np,0,...,0),
4 Lij—1 ()

{ni,....,n .} =A{na,....np,nc,...,nq} ={ng,...,np,0,...,0},

{ng,...,npr € {1,2,...},a<b,c<d.

(S.4.0.32)

(5.4.0.33)
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, _ Ohj
W, = —=L
JoJ 8/lj
_asz(na,...,nb,o,...,O)
B 0>
B 2 of(0.....00 2 19" (nar-...mp,0.....0)
70,...,0) 44, A aA;
1 afv(0,...,0) 1
+ —— 41| h;
1- i+1 1
=waw(na,...,nb,O,...,O)——hj
p A p
1 " (0,...,0)
1|k,
+[fw(0,...,0) on, M
{ni,....,ni} ={na,....np,nc,...,ng} ={ng,...,np,0,...,0},
{ng,....,npt €{1,2,...},a<b,c <d.
oh;
W,,=—=
7t 8/15
02" (ngs...,np,0,...,0)
- A0,
N 1 Afv(0,...,0)0f (ng,...,np,0,...,0) (5.4.0.35)
A fv(0,...,0) 0 ¢ ’

{ni,....,n }={ng,...,np,n¢,...,ng} =4{nqg,...,np,0,...,0},

{ng,....,npt €{1,2,...},a< b,c <d.

P
J.k+1 8/1k+1
_9*f (na,...,np,0,...,0)
- ;0 kn1
L 1 Afv(0,...,0)] af* (na,...,np,0,...,0) (5.4.0.36)
/lj fv(,...,0) 6/lj 0k ’

{nla""nk} = {na’---,nbana---,nd} = {nd""9nb,0’~'-90}$

{ng,...,npt €{1,2,...},a<b,c<d.

Let {n{,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. It then follows that the first and second derivatives of the pmf in (4.19) are

First derivative with respect to A ;
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afv(o,... 1
—: - _ 0,.
o, [/1 T )}f ©.....0)
Of* (ng,...,np,0,...,0) - fw(na,.. 15,0,...,0) 3 (0,...,0)
5/11' B fw(() ) a/lj
_fW(na,...,nb,O,...,O)
A ’
jeda,..., b}
of” (ng,...,np,0,...,0) _ fY(ng,...,np,0,...,0) 9" (0,...,0) (S.4.0.37)
o4, £7(0,....0) 2
jéda,...,b}
afW(nl,...,nk)z .+fW(nl,...,nk)afW(O,...,O)
04, 81T T 0,...,0) o4,
_fw(n],...,nk)

>

Aj
(s omy e (1,2, ), e{l,.. k).

First derivative with respect to Ay

arv(,....,00 [ 1 1

Py il EP T £ (0,...,0)
Of" (nas....np,0,...,0) " (na,....np,0,...,0)3f¥(0,...,0)
a/lk+1 B fw (0’ R 0) a/lk+l
of*" (ni,...,ng) _ S (n, . ng) 07 (0,...,0) (S.4.0.38)
Oen ST TET0,...0)  Odees

M, me)

/lk+l
{nl,...,nk} € {1,2,...}.

bl

First derivative with respect to p
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" (0.....0) _,
ap
01" a0\ Biati (bt D) )
ap P (I-p)p
2b o Aihi
S (I-p)p (S.4.0.39)
Of (ni,....m) | Zymi 2k

(.. ng)

p (1-p)p
_ ZL Aigi 3 kAk+18k+1

(1-p)p (A=-p)p’
{nl,...,nk} € {1,2,...}.

Second derivative with respect to A ;

92f" (0,...,0) 2 of"(0.....00 2 |9f(0.....0)
(9/15 - fv(,...,0) 8/1_, /lj C')/lj
_/r(0,...,0)
A
0’ fY (ng,...,np,0,...,0)
Pye =hj.j
J
w
. 2 o (0.....00 2
v (0,...,0) EXY A
Xafw(na,...,nb,O,...,O)
EXT
1 af”(,...,0) 1
- ——+1|h;,
[fW(O,...,O) A PR
j€eda,..., b}
9 f" (na,...,np,0,...,0) _ f"(ng,...,np,0,...,0) %" (0,...,0)
02 - ™ (,...,0) o4’ ’
jé{a,...,b}
2 rw w
% f (m,...,nk):g,”+ 2 afr©....00 2
A A A (1)) dA; A;
oS (s )
aA;
~ 1 of* (0.....00 1 |
M0.....0) a4, F A

(. oomye{1,2,..),jef{l,... k}.
(S.4.0.40)
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Second derivative with respect to Ay

62fw(0,...,0): 2 afW(O,...,O)_ 2 L1 afv(,...,0)
O Akt f(,...,0) 0Ak41 Akt k41
_fW(O,...,O)
/1k+1
?f" (na,...,np,0,...,0) " (na,...,np,0,...,0) 821" (0,...,0)
02 g1 - v (0,...,0) 022,
O’ " (ny,...,nk) _g
3/1i+1 k+1,k+1
N 2 afW(O,...,O)_ngl] af” (ny,...,nr)
fv(Q,...,0) 04 A; 0k
_[ 1 (’)fW(O,...,O)_ 1 1] g,
f(,...,0) 0Ak41 Akl

{nl,...,nk} € {1,2,...}.

Second derivative with respect to A and A¢
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o2f" (0,...,0) 1 afv(0,...,0)8"(0,...,0)
;0 v (0,...,0) 4 Ry,
Y (ng,...,np,0,...,0) 1
- hih
a/lja/lg fY(ng,...,np,0,...,0)
[ 1 afv(0,...,00 1]
—— | h;
10,0 o 2
[ 1 afv(0,...,0) 1]
——1n
o0 o 4|
+’ 1 af*(0,...,0) 1]
v (0,...,0) 94 ; A |
o 1 af"(0,...,0) 1]
| 7 (0,...,0) 0 Ae |
x Y (ng,...,np,0,...,0),
j.t€{a,...,b}
O2f" (ngy...,np,0,...,0) 1 af(o,...,0) (S.4.0.41)
A0, ~ v (0,...,0) Ay
Xafw(na,...,nb,o,...,O)
aA; :
jeda,...,b},t¢{a,...,b}
O2f" (ngy...,np,0,...,0) 1 afv(0,...,0)
040, ~ v (0,...,0) 9;
of"” (ng,...,np,0,...,0)
X ,
A
j.t¢{a,...,b}
O2f" (ni,... o) .\ 1 afv(0,...,0) 1
o008, ST pv(0,....00 a4 1
Xafw(nl,...,nk)’
dde

(1, omye{1,2,.. ), jef{l,... k}.

Second derivative with respect to A; and Ay
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9?1 (0,...,0) 1 afv(0,...,0)
00k f7(0,....0) 4
><afW(o,...,O)

a/lk+1
?f" (na,...,np,0,...,0) 1 afv(0,...,0)
A0 k41 ~ v (0,...,0) st
X(?fw(na,...,nb,O,...,O)
EXy ’
j€eda,..., b}
% f" (na,...,np,0,...,0) 1 afv(o,...,0) (S.4.0.42)
02041 ~ v (0,...,0) 02;
af” (ng,...,np,0,...,0)
a/lk+l ’
jé{a,..., b}
0% fY (ny,...,nx) 1 afv(o,...,0) 1
00 ST |00 a4,
><(9fw(nl,...,nk)
0k ’
{ni,....omye{1,2,..},je{l,... . k}.
Second derivative with respect to p and A
%™ (0,...,0) o
0pdAa;
O2f" (nas... np,0,...,0) zf?zani+(b—a+1) " (na,....np,0,...,0)
9p0A; p (1-p)p 94,
h; Zﬁia Aih;j
T (-pp (-pp’
jeda,..., b}
82 f* (ng,...,np,0,...,0) zf?zani+(b—a+1) " (na,....np,0,...,0)
9p0A; p (1-p)p 94,
Zf?:a/lih;j
C(-p)p’
jé{a,..., b}
P (nsmi) f;lm+ 2% | 8F (... np)
dpda; p (1-p)p 94,
8j Z‘45'(:1 /ligll',j k/lk+1g;<+l,j

(-pp (A-pp (A-pp
(s e (1,2, ), je{l,... k).
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Second derivative with respect to p and Ay

P (0....0) _,
0p0Ak+1
O fY (nas. .. np,0,...,0) |20 n L b-at D] 0" (ng.....np,0.....0)
0pOadi+ P (1-p)p OAk+1
Zia /lih;,k+l
C (I-p)p
OXfY (ny,...om) | Xy ni L2k |aron.m)
0pd g+ P (1-p)p Ok41

k ’ ’
_ kgrn 2ot i8] 3 k418111
(I-p)p  (A=-pp  (A=-p)p’
{nl,...,nk}e{l,z,...}.

Second derivative with respect to p
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aZfW(o,...,O)_O
dp? -
O f" (na,...,np,0,...,0) zf’:ani—1+(b—a+1) 1

dp? p (I-p)p (1-p)
of” (ng,...,np,0,...,0)
X

ap

XA [asz(na,...,nb,o,...,O)
(I-p)p d4;0p

1 afv(0,...,0) 1
_[fW(O,...,O) A, _/1_,-]

y afv (na,...,nb,O,...,O)}

ap
b
N
- == Y (g, onp,0,...,0)
(1—p)pf ( b
82fw(n1,...,nk): f-;lni—l_'_ 2k N 1 af” (ny,...,ng)
dp? p (I1-p)p (1-p) ap
B S A [asz(”l,---,nk)
(I-p)p d4;0p
B 1 Of*(0....,0)  1]8f" (ni.....m)
fw (0,,0) 8/11 /li 8,0
kg [52fw(”1,---,nk)
(1-p)p OAk+10p
_[ 1 afr(0,....00 1 }6fw(n1,...,nk)
fw (0’ R} 0) a/lk+1 /lk+1 6,0
st
_(1_1[))pf (nl""?nk)7

{n1,...,ni} € {1,2,...}.

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (4.19) are given here.

First derivative with respect to A
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Let{n,...,nxg} ={0,...,0} and let j € {1, ..., k}. Substituting from (4.19), it follows that

afv(0,...,0)
04;
B Apyre” e~ /lje_’lf A (e_’lf)2 k Aie™
(I—e ) [(1—e"Y) (1—eY) (1- e—/lj)2 i1t (1—e )
1 el w
_[Z—l—m]f (0,,0)

1 1 y
:[ﬁ_j_m}f (0,...,0).

Let {n,...,nx} = {ng,...,np,n¢,...,0nq} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a<b,c<dandletj € {a,...,b}. Substituting from (4.19) and (S.4.0.33) and using (S.3.0.2),
it follows that

of” (ng,...,np,0,...,0)

0A;
_ L HML ol oo
_,1] L ni(”i+1) ni—1 Wi e

(1_,0) Lij—2 (x]) b /ll_(l_p)pni—l 5 ' »
P qu-—l (x) BWL”“I (x:)| f7(0,....0)
+fw (ngy...,np,0,...,0) 0" (0,...,0)
f(,...,0) aA;
(1-p) (nj+1)P 1 N 2p ) ] 1
- P /lj(l—P)Lnj_l () /lj(l—p)Lnj—l (x)) Li_i_—l )

Y (s 1, 0,...,0) Y (0, ...,0)
7 (0,...,0) o4,

X Y (ng,...,np,0,...,0)+
+fW (na""7nb’09~'~90)
A
(n +1) Ln-1 (37)
4 Lij—l (x7)
fY(ng,...,np,0,...,0) 9" (0,...,0) _fW (ng,...,np,0,...,0)

}f‘” (ngs -+ »np,0,...,0)

T 0,0 a1 1
o e, 0,0,0) 90V (0, ,0)  fY (1,0, 0)
Y v (0,...,0) 94, A; ‘

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj¢{a,...,b}. Substituting from (4.19), it follows that

Of" (na,...,np,0,...,0) _ f*¥(ng,...,np,0,...,0) 8" (0,...,0)
92 B fv(0,...,0) d; ‘
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Let {ny,...,nx} € {1,2,...} and let j € {1,...,k}. Substituting from (4.19) and (S.4.0.26) and
using (S.3.0.1) and (S.3.0.2), it follows that

ofY (ny,...,nx)

oA
k -~
1 Ai(1=-p)p" ',
LI i B Vs S I S
Aj D ni(ni+1) ! (] 171 )

k -
A (1-p)pm~!
n; (n; +1)

(1-p) Lnyoa (xj)]
p Li_,-—l (x;)

L, (x,-)} 7 (0,...,0)

i=1

Ao [ =p) Lny2 G [ [ (=) it y
20 e Ly () !;[n—iLn,._l(xi) £7(0....,0)

lmln(nl ,,,,, ni) A+l

_ Z k+1
/lj (r+2)'

k N _
e ()|
i=1 /li ! ni—r

r=1
min(n;—1,(ny,...nx)#n;) r+l
L)
W k+1 P r .
X f(0,...,0)+ > (r+2)![ > Ln,._r_l(xj)]
r:l,n_,-;él
- k -
1—p) o~ 1—p) phir i—1
I e £700,...,0)
A 1% A ' i—r
i=1,i#j
+fW(nl,...,nk)afW(O,---,O)
77(0,...,0) a1
k -
1 i (1=p)pmi~t
_ L ryad=p ™, )l ... .0
Aj 1:1[ n; (ni +1) et () T :
(1-p) [(nj+1)p 2p 2 } 1
N ) - —E 12 ()| ——
p o L4;(1-p) " 1 (5) Aj(L=p) ™ 1) Ly (%))
k .
i (1-p)ph~t
S S — Dl o,...,0
§ [1[ ni (n;+1) met ()| S :
Aps1 | (1= p) njp 0 p 1 ] 1
L, ,\xj)———F——L, | \Xj)| ——F—
a | g W) eyt ) L,y (xj)

k o min(ny,...,ng) r+1
(1-pp™ ' 1 Ar1
— L i Y(0,...,0) - — —_—

x [H P L O s el YR s

k (l_p)rpn,-—r | n;—1

x ﬂﬂ— Li () - 7 (0,...,0)
i=1 i n;—r
min(n-—l,(n ..... ni)#n;
+ ! o) /12:% [(1 -p) Ir (x)
—r—1 \Xj
retort (r+2)! 0 nj—r
.k ._
(1-p) p"" (=p) p" " - ni —1
T || — (e £ (0.....0)
J i=1i%] ! i~

L) 97 (0., 0)
7(0,...,0) 04,
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af" (n,...,ng)
o4,

(mj+ 1) Loyt 0 | [ 0 (1= ) p!
A Lfl _1(xj) iy ni(ni+1)

L, (x,-)] £ (,...,0)

Ak+1 nj nj—l ]l (1_P)P - ! ] w
ni_l(xl-) 7 (,...,0)
20 14, Ll i l—l
min(n;j—1,(ny,...,ng)#n r
) (nj=1.n1,emi) #17) g [(1—p)L, )
nj—r-— J
r=ln;#1 (r+2)! p !
_ k _
1—p) pi~T 1-p) phi~" _ n; —1 w
( p;_p " pﬁ,p (Lzl._lr x,-)—( )) £7(0,...,0)
J i=1,i%] i ni—r
fW (n1,...,nx) 0f" (0,...,0) _fW (ni,...,ng)
fW(O ,0) 04; A
+fw(nl,.. ) O (0,...,0) Y (... ng)
fv(,...,0) 04; A; '

First derivative with respect to Aj+1

Let {ny,...,n;} ={0,...,0}. Similarly to (S.4.0.37), it follows that

aof"(,...,0 1 1
S ): - ™ (,...,0).
041 Akrr (1 — e Wet)
Let {n,...,nx} = {ng,...,0p,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},

a < b, ¢ < d. Substituting from (4.19), it follows that

of” (ng,...,np,0,...,0) _ Y (ng,...,np,0,...,0) 9" (0,...,0)
041 fv(,...,0) 0Ak+1 ’
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Let {ny,...,nx} € {1,2,...}. Substituting from (4.19) and (S.4.0.28), it follows that

of” (ny,...,ng)
a/lk+1

k L min(ny,...,ny) r
1 (1-p)p™~" (r+1) Ap,y
- - ~ PF g i v (0,...,0
2 [[ e L A TR ]
k o
(1=-p)" p" " [, ni—1
X ~— () - v(0,...,0
]‘1[ T e I | )

L) O (0, 0)
fv(,...,0) O ks

1 min(ny,...,nx) ar

_1|fqa-pen w k1
_El!;[n—iLni_l (Xl') f (0,...,0)+ Z m

k N o
[4=2es (L:;_lr (x) —( el ))
il Ai ' n—r

4

X

1 min(ny,....,ni) A+l

k+1
/lk+1 ; (7‘ + 2)!

k rooni-r o
ﬂ%(%}i (x»—( ! ))]fw ©.....0)
i=1 i n;—r

+fW (ny,...,nk) 0f"(0,...,0)
/v (0,...,0) OAks1

X

k n;—1
1- i
=[H Sl pn).p L. _ ()| £ (0,...,0)
i=1 i
1 ﬁ/ll(l—p)pnl—le (X) fW(O O)
At AL g1y T
Ly k) /12+1 k (I_P)rpni_r Lr—l ni—l W (0 0
" ; (r+1)! 1:1[ A ni—r(xl)_ n—r (,...,0)
+fw(”h---,nk)(?fw(o,...,O)_fw(nl,...,nk)
fw (O, e ,O) a/lk+l /1k+1
- g 1+fW(m,...,nk)afW(o,...,O) ()
T 0,...,0) e Lo :

First derivative with respect to p

Let {ny,...,ni} ={0,...,0}. It follows that

arv(o,...,0)

=0.
ap

Let {n,...,nx} = {ng,...,0p,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. Substituting from (4.19), (S.4.0.33) and (S.4.0.39) and using (S.3.0.2), it follows
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that
of” (nag,...,np,0,...,0)
ap

bomi—bta-1 (1= p) pi-
i (Zhani-b+a-1) [ﬁ/l,(l p)p 1Lii_1(xi)}f‘v(o,...,0)

P i=a n[(l’l[+l)
b—a+1)] |5 41 -p)pni-! §
_[% U%Li_l (xi)]f 0,....0)

b -1

A By Ai (1-p) p" w
P Lz_l(xl]ll_[ nl(nl+1) Lni—l(xi) f ,...,0)
fW(na,...,nb, ’---,0)5]”“(0,,,', )

+

(0,...,0) op
b (b-a+1)| .,
» _((l—p)p) Y (ng,...,np,0,...,0)
b

(nl+l)p 2 —1
i=a A (1 p) n[—l( i) - ) n'_]( l)] L%li—l (xi)]

X Y (ng,...,np,0,...,0)

S i _(b-a+1)
P (I-p)p Z(1—10)10

=a

b 1
(ni + 1) Lnl——l (xi) W
_l;(l_P)PLil(xi)]f (nas ... np,0,...,0)

Zf’:ani+ (b—a+1)
P (I-p)p

fw(na""’nb>03~~-,0)

»b Ak
a-p)p

fw(na""’nb9oa~~'a0)
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Let {n,...,n;} € {1,2,...}. Substituting from (4.19), (S.4.0.26), (5.4.0.28) and (S.4.0.39) and
using (S.3.0.1) and (S.3.0.2), it follows that

of" (ny,...,ng)
ap
(Zﬁ”“_k)[k'ﬂil—phf“l
= 7 g2 (xi)}fw ,...,0)
p [] ni (np+1) !
l(l—ph9 - w
[(1 -p) nth+1) T prGan) et G /700
/li Ln z(x,) A (l—p)p -1 "
k
Aks1 (Zi:lni_k) lk (1-p)p' ]
LY )| 7 (,....0)
2! P 1:1[ n; i—1
k _ ni—1
5 ﬂ%%_m P00
ﬁm1>k i,,z@z (I—MP 1 N
min(ny,...,nx) r+l [ ].‘_ i—k
" /lk+1 (Z‘_ln I’)
L (r+2) p
k _ r ni—r - _1
x ]—[% Ly (x,)—( e ))]fw(o,...,O)
i=1 ! i
min(ny,...,nx) /12.:—11 ok
B Zl (r +2)! ,(1—p>]
k _ r . n;—r i_l
[HL 10! ))]f<>
i=1 g i~
min(n;—1,(ny,....nx)) plas!
- e L]

r=1,n1#1

N L

_min(nk—l,(m ..... ni-1)) /12:11 [ﬂk . k)}
ng—r—1
i (r+2)| 2 k—
(1_P)r (1—P)r r-1 n; -1
L i—r \Ai) T w 0,...,0
l—l AR B | FARCRRN
fw(nl,-- nk)afw(O,...,)

fW(O ,0) dp
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ofY (ny,...,nx)
ap

( {(Inl k) k

p “(1-p)

k /li(l—p)pni_l ) N
HWL,H (xi)| £ (0,...,0)

i=1
k

>0

i=1

(nl+1)p
—/l (1 ,0) nz—l( l) /1 (1 n,—l( 1)] n_] (xl)}

k . _ ni—1
X n Mﬁ,ﬂ (Xi)] f0,....0)

=1 n; (}’li+ 1)

Ak (Z, 11~ ) k S (l-p) it
+ - ——— L, (x| f"(0,...,0)
2! p (1-p) El[ ni i
Akl & A nip P 1
+ i i 0 1
- S|\ ——=Ln-1 ) —5———=L,,_ (xi)]—
2! ; p? [ﬂi(l—P) i A; (1=p) ! Ly (x)
k _ min(ng,...nx)  yr+l
(1-p)p™ ' Zz 17 Azl
Al — D1, .., Y
% U:ll n met () 1S 0)+ p rZ::‘ (r+2)!
k ‘
(1-p)" p™~" 1 n; -1
X Lr X;) — Y(0,...,0
]‘1[ T SCOR] W )| PARCRSRRD
min(ny,...,ny)

S Y [ _kr K
i (r+2)! [ (1=-p)

% ﬁ(l_p)rpni_r Lr—l (X')— ni_l fw (0 0)
i A e ni—r T

min(n;—1,(na,....,nk)) 1
l : ‘ /1211 /?'1 Lr
- (r+2)! m-r-1 (1)
r=1,n1#1

ot na_p) L e

i ( _1’( aaaa C— )) r+1
R o R S P Y (xx)
(r+2)! | p2 -1 (X

r=1,ng#1

(1-p)" " F1 (1=p) p" " [, _ ni—1 w
™ ]:1[ T (Ln,,_, xl)—( vy ))]f (0,...,0)
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ofY (ny,...,nx)

ap
k
( i=1 1~ k) k 2 (1=p) phi! )
) p _(l—p)+;(1—p)p E][ nne ) et ()
w d A (fli + 1) Lylli_] (X,‘)
XSO0 ;(l—p)p A L2 (x)

k . _ ni—1
X n Mﬁ,ﬂ (Xi)] f0,....0)

=1 n; (}’li+1)
k
+/lk+1 (Zi:l ni_k) B +Z 1
2! P (I-p) L A=-p)p

1

k ni—
l—[ %Lii—l (x;)

X

7 (0,...,0)

i=1 i
k L
/1k+1 i on L, 0 (%) (1-p)pmi~! |
L x)| f(,...,0
Z (1-p)pA; Ly () ﬂ n; ni-1 () | F7 )
Zf:] n; B 2%k mtn(nl,...,nk) /12:_11
p (I-p)p (r+2)!

(1-p) p" o ni—1 W
X n/l—l(Lnl—lr -xi)_(ni_r ))]f (0”0)

i=1

min(ny,...,ng) r
kAk+1 Afea1

C(-pp & (D)

l—[(l_p)r (L (xl)—( ‘1))
n;—r

min(ni—1,(na,....,nk)) r+l
A1 At

“(I-p)p (r+2)!

7 (0,...,0)

(1

_p)Lrl - (xl)}

r=1,n1#1 P

=2

/lk min(ng—1,(ny,....nx-1)) /Vl;:ll (1 _,0) Lr (
- r—1 Xk)
(1-p)p (r+2)! p e

r=1ng#1

Zl lnl 2k
P (1-p)p

K g kA8t
(I-pp (=-p)p

Y, ong) -

(1 _p)rpnl—r k (1_p)rpni_r . | ni—1 y
e P L L

<1—p>’ HU—PV (L;:_‘,ui)—(”"_l))]fwo,...,c»
! ni—r
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Second derivative with respect to A ;

Let {ny,...,nx} ={0,...,0}and let j € {1,..., k}. Substituting from (S.4.0.37), it follows that

82 (0,...,0)

ax;
_ e 1 w 1 BfW(O,,O) 2
_|:(1—€_/lj)2_/1_§ f (0, ,0)+fw(0,’0)( 8/l] )
1 -4 "
_fW(O,...,0)+ 1 (afW(O,_”’O))z
A3 fv(0,...,0) oA,
! w T
me (O’---,O)—mf (0,...,0)
_fW(O,...,0)+ 1 (afw(o’“.’o))z
/15. v (0,...,0) oA,

_ 2 8fw(0,...,0)_£+1}8fw(0,...,0)_fw(0,...,0)
~fvoo,...,0) 94 A; 94 A; '

Let {ny,...,nx} = {ng,...,0p,0¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj € {a,...,b}. Substituting from (S.4.0.33) and (S.4.0.34) and using (A.12),
it follows that

0’ " (na,...,np,0,...,0)
A

(1-p) (n;+1) Lo, 2 (x))
P L)

]fw(na7""nb90’---,0)

nj—l
1 af*(0,...,0)
h.
0,0 a1 J
. 1 Of" (0.....0)  1]3f" (ngs---.np0,....0)
(0,...,0) EXE A; 94;
. A RSN BN (0fw(0>---’0>)2+i]
w 2 W 2 . 2
(0,...,0) 0> (0,...,0) 94, A5

X ¥ (ng,...,np,0,...,0)

(1-p) (nj+1) 1, 1 1
L =L Y

o /1j [ nj—1 (XJ) nj—1 (xj)] Li’._l (xj)

Xfw(na,...,nb,O,...,O)—[—i+1 h;
A
2 afv(,...,0) 2 af” (ng,...,np,0,...,0)

+ -—+1

fv(Q,...,0) (?/lj /lj (?/lj
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0?f" (na,...,np,0,...,0)
015

1- nj+1 1
=Mufw (ngn....np,0,...,0) — —h;
P Aj p

' ! af(0,...,0)
1| h;
10,0 4, +1|h;
o2 a0 2 O G0, 0)
|/ (0,...,0) aA; 1 a1,
’ 1 arv(0,...,0) 1
- - —+1|h
,fw(o’---ao) 6/11 /l_]+ J
, 2 afv(0,...,00 2 afY (ng,...,np,0,...,0)
=h' . 2
T P,,0) o PP oL
! af*(0,...,0) 1
B — —+1|h;.
[fw(O,...,O) 04 /lj+ J

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a<b,c<dandletj ¢ {a,...,b}. Substituting from (S.4.0.37), it follows that

asz (ng,...,np,0,...,0)
8/15

~ 1 3fY(0,...,0)df" (ng,...,np,0,...,0)
7 (0,...,0) EXy o1,

Y (nas---.np.0,...,0) (afw (o,...,O))2

7 (0,...,0)2 04
+fW (ay -+ 15,0,...,0) 27 (0,...,0)
v (0,...,0) 92

Y (nay. . onp,0,...,0) 32 (0,. .., 0)
B (0,...,0) 0.2
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Let {ny,...,nx} € {1,2,...} and let j € {1,...,k}. Substituting from (4.19), (S.4.0.26) and
(5.4.0.27) and using (A.10) and (A.12), it follows that

%Y (ny,...,ny)
0L

(1-p) (n;+1) Ly, 2(’51‘)} [ kA (1= p) pri!
1

n; (n; +1)

L, (x,-)] £ (0,...,0)

n;—1

Ak —nj LS,—1< f)] lﬁ (1-pp

L,ll._ (l)]fw(o”o)
2! /12 L:z _p (x5) Y

i=1 i

+ 1- i Tn; ( ) 1- 1
/IS!I i pp)zj Llj_l( )HH%LL—] (x,-)]fw(o,..,,o)
) e faep 1, (x.>]
il | p A et

r=lLn;j#1

ronj-r k r j —
(1-p ) 1—[ (1- P> (Lz i »—(”‘ 1)) £70,...,0)
n;—r

i= l

mm(nj 1,(ny,..., nk)¢nj) /1r+1

N Z k+1 [(1—/0) L (x; )]

2 -r=2
g (r+2)! P nj—r-—
L k L
(1-p) p"" (A-p)" p" ", -1
X T [ T Lyt () - £ (0,...,0)
J i=1i%] ! =T

1 afr (0,...,0)
O T
1 afW(O,...,O)_i] A" (ny, ... my)
J

o0 e 1 o1,

. 1 2*f¥ (0,...,0) 1 (6fw<0’---’0>)2+i
w 2 W 2 ) 2
(0,...,0) o> (0,...,0) 94, A5

Xfw (nl,...,nk)
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O*fY (1, ..., nk)
6/12.

(l—p)(” +1) :
) [Ln._1 xj)—L:U_l(xj)]m]

. — ni=1
y HML;_I <xi>]fw 0.0

n; (I’li + 1)

i=1

Aks1 | 1) n;—l ] [ (1 —P)P i 7! ] w
- 1271 -1 (-xi) f (O,,O)
2! /1 Ln —1 1_[ n
/1k+1 (1 —p) }’lj [ 1 ] 1
—_— L (x; L (x;))| ———
2! p A; LM 1 ( J) nj—1 ( J) Lij_l (XJ)
Cl-p)pnt
g l—1[ n; L, (x)| f(0,...,0)
i=
1,(ng,...,
) [u D ()
rL —-r—1\"*J
/lj r=ln;#1 (}’+2)' !
k )
1_ r n_-_r 1_ r ni—r 1
A i=1i#] Ai ni—r

mln(n}—l (ny,.. nk)#:nj) r+l
A 1-
+ Z k+1 [( p)’ 1+ x;) - L (Xj)]

n -r— 1
r=1ln;#1 (I"+2)' p !
k .
_ ronj-r _ roni—r _1
% (1 p) P 1_[ (1 ,0) P (Lr 1 (xl)_( )) fW(O,,O)
Aj i Ai n—r
i=1i#j
1 2 f¥(0,...,00 2 1df* (n,...,ne)
— == +1 - —+1
[ PP gf+[fW(o,...,0) A, P a1
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82]”" (n1,...,n)

81?
1 j k pa—
(nj+1) 1 Ln,-fl (x]) (1-p) A (1=p) phi 1 )
B 112 " L Dl £ ,...,0
A A L%z,-—l (x)) P !:ll ni(nj+1) il (i) [ S ( )

1

A [(L=p) | [¥5 A =p) ™! | w
T [T/l_,] [[1[ TLni—l(xi) £7(0,...,0)

1

min(nj—l,(nl,...,nk)#:nj) /lr+l

N Z k1 [(1 —P)er+1 (Xj)]

o (r+2)! 02 nj-r-1
B k .
(1-p) phi=r 1—p) pri—r | ni— 1 .
YL [ R ) - £*0.....0)
J i=1.i#] i ni—r
1 1 arv(0,...,0) 1
- —gi+ ——+1 gi
p°! [fW(O,...,O) 94, A; J
. 2 Of" (0.....0) 2 ]S (mi.....mi)
7 (0,...,0) EXy A o,
1 afv(0,...,00 1
— - 1 .
[ v (0,...,0) o PP C
_g/ +[ 2 afw(o”o)_z_{_l afw(nl"~ ’nk)
J»J fW(O,,O) (’Mj /1J' a/lj
B 1 of (0.0 1 ]
0,00 a4, PP R

Second derivative with respect to Ay
Let {ny,...,nx} ={0,...,0}. Similarly to (S.4.0.40), it follows that

a2 (0,...,0)

az/lkﬂ
_ 2 0.0 2 9700
™ (,...,0) 0Ak+1 A+t k41
C£0,...,0)
Ak+1 '

Let {n(,...,nt} = {ng,...,np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...},
a < b, ¢ < d. Substituting from (S.4.0.38), it follows that

O (ngs. .. ,15,0,...,0) " (ngy...,np,0,...,0) 82" (0,...,0)

alekH fw (0, RN 0) 8/li+l




Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions

170

Let {ny,...,nx} € {1,2,...}. Substituting from (S.4.0.28) and (S.4.0.29), it follows that
% fv (ny, ..., ng)
a/liﬂ
3 o
1 Ai(1=p)pm! ]
=— L7 (x)| f7(,...,0)
2 An: i—1
/lk+1 !:1[ n; (nl+1) "
min(ny,...,ng) r—1 k L
rad (1-p) phi—" n;—1
k+1 p p r—1 4 w
L ;) — 0,...,0
R e G W | RN
N 1 af"(0,...,0)
00 e !
N 1 aof"(0,...,0) 1 }Bfw(nl,...,nk)
fv(,...,0) 04 Aksl 04
. 1 82f7 (0,...,0) 1 (8fw(0,...,0))2+ 1
™ (.....0) 9z, 7 (0,...,0) O k41 2
X Y (n,...,nk)
min(ny,...,ny) /lr_l k ron—r
_ k+1 (1-p) p™ ol ni —1 W
h Z r! [l_l A (Lni_r () - n—r f7 0,0
r=1 i=1 t
k .
1|1 A(1-p)p ',
- L (x; Y (0,...,0
Aket | Aksr 1:1[ ni(ni+1) ™ )| S )
min(ny,...,ng) r k o
" A 1-p) p=" —1
_ Z k+1 r[ ( p) p L:"l—_]r (xi) _ 1
st A P+ DL Ai ‘ ni—r
1
XfW(O,...,O)—[ +1 8k+1
Ak+1
N 2 af"(0,...,0) 2 +1} ofY (ny,...,ng)
fw (O, s 0) a/lk+1 /lk+1 3/lk+l
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O*fY (1, ..., nk)

6/1%&1
min(ny,...,ng) -1k roni—r
k+1 (1_9) p r—1 I’li—l w
= L i) — 0,..
rzz; r! !:1[ A ( - (40) (ni—r S
k -
1 (1-p)pm'
L D1 Y ,...,0
+— 1 BfW(O,...,O)_ 1 }
_fW (09 R 0) a/lk+1 /lk+1 Sl
+' 2 6fw(0,...,0)_ 2 +1} of” (ny,...,ng)
,fw (O> cees O) a/lk+l /lk+1 a/lk+1
_7 1 (')fW(O,...,O)_ 1 1
| /7 (0,...,0) 0 k41 Ak+1 Bl
_ N 2 (9]”"(0,...,0)_34_1 of” (ny,...,nk)
Bl kel TP 07 0) T Odeer 1 Oks1
_[ 1 afW(O,...,O)_ 1
f™(,...,0) 041 Aks1 St

Second derivative with respect to A and A¢

.,0)

Let {ni,...,nxg} ={0,...,0} and let j,€ € {1,...,k}. Substituting from (S.4.0.37), it follows

that
3’ (0,...,0)
01,01,
1 1 afv(0,...,0)
B [Z - (1 —e‘ﬂj)} 04¢
1 afv(0,...,0)4f" (0,...,0)
T (0,...,0) a1, o

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....np} € {1,2,...},
a<b,c<dandletj,{ € {a,...,b}. Substituting from (S.4.0.33), (S.4.0.37) and (S.4.0.41), it
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follows that

Y (ng,...,np,0,...,0)

01,01,
B 1 8fw(na,...,nb,0,...,0)h.
T Y (ng,...,np,0,...,0) Ay I
. 1 af¥ (0....,0) 1] (na,....np.0,...,0)
%(0,...,0) a1, 1; EYP
N 1 PfY(0.....0) 1 arv (0,...,0) 81" (0,...,0)
f(,...,0)  04;04, 7 (0,...,0)% 04; ¢
X Y (ng,...,np,0,...,0)
1
= hih
Y (s onp,0,...,0) ¢
[ 1 arv(0,...,0) 1
—— | h:
10,0 o 1"
[ 1 arv(0,...,0) 1
—
o0 e T
L 1 afY(0,....0) 1]
|7 (0,...,0) oA, 1,
[ 1 afv(,...,0) 1]
——| £ (nay ..., np,0,...,0).
1o, L0 ox | ey )

Let {ny,...,nx} = {ng,...,0p,0¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletje{a,...,b},{¢&{a,...,b}. Substituting from (S.4.0.33), (S.4.0.37) and
(5.4.0.41), it follows that

asz (ng,...,np,0,...,0)

;0
B 1 8fw(na,...,nb,0,...,0)h_
Y (ng,...,np,0,...,0) Ay /
+[ 1 Of" (0.....0)  1]3f" (ngs--..np,0,....0)
70,...,0) 4, A A
. 1 92f"(0,....0) 1 af*(0,...,0)8f" (0,...,0)
fv(,...,0) 0404, 7 (0,...,0)% 04, 0d¢

X Y (ng,...,np,0,...,0)
_ 1 Af*(0,...,0) 0" (ng,...,np,0,...,0)
~ v (0,...,0) dA¢ 94 '
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Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj,{¢{a,...,b}. Substituting from (S.4.0.37) and (S.4.0.41), it follows that

?f" (na,...,np,0,...,0)

C()/lja/lg
B 1 Af*(0,...,0)df" (ng,...,np,0,...,0)
~ ™ (0,...,0) 4 Ay
Y (ng,...,np,0,...,0) 0" (0,...,0) 0" (0,...,0)
v (0,...,0)% 04; 04,
¥ (ng,...,np,0,...,0) 02" (0,...,0)
v (0,...,0) A0,
1 Afv(0,...,0)df" (ng,...,np,0,...,0)

T0....0)  ax o,
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Let {ny,...,nx} € {1,2,...} and let j,£ € {1,...,k}. Substituting from (S.4.0.26), (5.4.0.30)
and (S.4.0.41) and using (S.3.0.1) and (S.3.0.2), it follows that

O*fY (1, ..., ng)

a0,
_ 1 (”j'*‘l)Lil,—l () ] [ A (1=p)phit §
) /l_{) /lf Li 1 ()Cj) E[ n; (ni+1) Lnl——l (xi) f (O,,O)
(nj+1) L n,—1 (x)) [(1-p) Ly, 5 (x0)
4oL )| Ly, (xe)
CA(l-p)pnit .
8 gm%-l (x))| £ (0,...,0)
Ak+1 njL(r)tj—l (/)

(1—p>Li-20¥1

1
2! Y Ln/—l (X{)

4 Lil’lj—l (x7)

1

S (1=p) pi~
_ 1
" [1___7;__—Lm_1QOIfW(Q.”,m
min(n;—1 (n o )?&n
- (ny LoeeeslU)ER ) 12:11 [(1 p) (x)
n -r—1\"%J
/1[ r=1l,n;#1 (r+2)' J
(1-p) p"" (L-p) p " [ ,_ ni— 1
v T e, (0,0
/ i=Li#j i n—r
min(n;—1,n,—1,(ny,...,n)#n;.n .
( J £~ 1> k o {’) /l’];:] (1 _p)

+

LZj—r—l (x])

(r+2)! 0

r=lnj,ng#l1

(1-p), (1= p)* pratne?r
[ o[

l—[ (1—,0) p" r(Lr 1 (x’)_(n:l )) (0,...,0)

i=li#j,0
1 arv(o,...,0)
+ 8j
(0,...,0) EYP

+[ 1 BfW(O,...,O)_i] arf” (ny,...,nx)
(0,...,0) EXy 1; EYD
1 82 (0,...,0) 1 arv (0,...,0)3f" (0,...,0)

+ —
/" (0,...,0) 0104, 7 (0,...,0)% 04, 0y
X Y (ny,...,nk)
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O*fY (1, ..., nk)
9,02,

(nj+1) Li;_,-—l (xjw

A Lf,j_l (x;)

k -
i (1-p)p"i!
n; (n; +1)

1
=%

L, (x,-)] £ (0,...,0)

[(n;+1) L n,—1 (x;) _
Aj Li L (x)

[(1-p)
P

(ne+1)p 2p R
R 0= it 0 |

i Ai(1-p)pn! W
X ]—[ rE—— 2 )| 70, 0)
ﬂng—l (x.iw

4 Lij—l (x;)

| =

/lk+l
2!

X

(1-p) nep 0 _ P 1 ] 1
p [/lt’ (I-p) Ly (x0) e (1-p) L1 (o) L;lu;—1 (xe)]
1

o ﬁ (1 —pn)‘p”"‘

mtn(nj—l (ny,..., nk)inj) /lr+1

k+1 (1- p)
(r+2)!

L, _ (x,-)] 7 (0,...,0)

_/16 n]—r l(xj)

r=1l,n;#1

k

(1-p) p" <1—p>r ot =Y
/lj l—[ (Lni—r(xl) (I’li—l" )) f (0,,0)

i= l

mtn(n —l,ne—1,(ny,....,nx)#n; ”/) 1
N ! " Y [a —P)er (x;) L (xg)]
| P nj-r-1 J ng—r—1

r:l,nj,npqtl (r+2). P ] ‘

(1= p) prosne=2r ﬁ A=p) 0" et o[ =1
1 1 ni=r i -
e i=li#j,b ! i

1 af* (0,...,0)

Xfw(o""’0)+fw(0,...,0) o1, 8j

. 1 Of” (0,....00  1]af” (ni.....m)
7(0,...,0) a1, 1; EYD
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2" (ny,. .. mi)
040,
1 AT &
1| (nj+1) Ly, (x;) A (1=p)pmi~t
- : =/ rr L Dl fo,...,0
Ao A Ly () 1:[ ni (ni +1) mt () S )
n_l_ o § 71_
LY () ][k 1
1 Agsr [ Zng-1 (1-p)p™ ] w
i £ _l(x,) fQ,...,0)
Ae 2! 4 Lll’LJ—l (xj)A l:ll n;
) g [u Dr )]
/15 r=lLn;j#1 (r+2)' nj_r : !
k
1-p) phi=" 1-p) ni—1
x ( p) J l_[ ( p) (Lr 1 (xl)_( )) fw (0".'
1 n;—r
| i=1,i#j
»(n]+1 1(xj (ne+1) Ln[ 1 (xe)
+
A nj_l(x] e Ly (xe)

n; (}’li + 1)

| i=1

0
/lk+1 l’lj Lnj—l ( J

o ﬁ i (1-p)p"~
)

1
L, (x,-)] (,...,0)

-1

2!

/lALl_ 1(

mm(nj Lng—1,(ny,...,n ) #n;, np) /lr+1

(x¢) (1- )
ne nr 1 p) p"
/lf L}l[ 1 (xf)] |:l_[

)

k+1 (l_p)2 r r ]
+ LY ()LD (xe)
r=Lnj,ne#l (r+2)' p2 i 1( j) ne=r-1
1- 2r nj+ng—2r k 1= r o n;-r ~ ni—1
|k [ =2t (Lf”_lr x,~>—( !
jte i=1i#j.¢ L ni—r
1 ofv(,...,0)
+ g/
fw (O" ’O) aﬁ[
N 1 Af¥(0,...,0) 1] af" (n,....mk)
v (0,,0) (‘)/lj /lj 0Ag

L, (x,-)] 7 (0,...,0)

)) 7 (0,...,0)



Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions 177

82]”" (n1,...,n)
040,

(n]+l) n,—l( )
A Lij—l(xj)

[(I’lf +1) L,llf 1 (Xg)‘

Ae n[, 1 (X€)

k .
Ai(l=p)pnt
L Dl fro,...,0
XlD ni(ni+1) ! SRR )
Loy, (%) (x¢) -1
Ags1 |1 “nj-1 ne nel ¢ (1—P)P I
— L, _,x)|f(,...,0)
21 /IL] 1( ) /lle 1("5) l_[ i—1
mm(nj lng— 1(n1 ) EN ng) 4l b
A (1-p)
k+1 P
+ L (x) Ll (xg)]
2 nj—r—1\""J ne—r—1
r=lLnjne#l1 (l’ + 2)' p ! !
1— 2r nj+ng-2r k 1=p) phi—r ;=1
o [U=p)” P [1 U=p) p™™ L - " 00,...,0)
i Ajde i=1,i#j.C Ai ni—r
1 af”(0,...,0) 1
+ - — 18
L fY 0,...,0) oAy Ae
N | Of" (0,..,00 18" (m...,m)
0,00 a4 1 o1,
. | Of" (0,..,0)  L]af" (my...,mp)
S8 0,0 a4 1 a1, ‘

Second derivative with respect to A; and Ay

Let {ny,...,n;} ={0,...,0}and let j € {1,..., k}. Substituting from (S.4.0.37), it follows that

3’ (0,...,0)

0404441
|1 1 af(o,...,0)

- [Z (1 —e_/l’)} Ok

_ 1 af”(0,...,0)df* (0,...,0)
~f(0,...,0) EXT EX P

Let {n,...,nx} = {ng,...,np,n¢,...,0nq} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
<b,c<dandletj e {a,...,b}. Substituting from (S.4.0.33), (S.4.0.37) and (S.4.0.42), it
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follows that

Y (ng,...,np,0,...,0)

9404501
- ! of" (na:....np.0.....0)
T Y (ng,...,np,0,...,0) kst j
+ 1 of" (0,...,0) 1]8f" (na,...,np,0,...,0)
fv(,...,0) a/lj /lj st
. L f0,....00 1 af* (0,...,0) ¥ (0,...,0)
0.0 B0 (0,....02 04, Olens

X Y (ng,...,np,0,...,0)
3 1 ofv(0,...,000f" (ng,...,np,0,...,0)
fv(0,...,0) 0k 04 '

Let {n(,...,nt} = {ng,....np,n¢,...,0nq} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a<b,c<dandletj¢{a,...,b}. Substituting from (S.4.0.37) and (S.4.0.42), it follows that

0’ " (na,...,np,0,...,0)

5/1_,'5/1/(4.1
B 1 Af*(0,...,0)df" (ng,...,np,0,...,0)
B fv(Q,...,0) a/lj 041
s 1 9> (0,...,0) 1 Af”(0,...,0001"(0,...,0)
f(,...,0)  04;044 7 (0,...,0)% 04; 0Ak+1
X Y (ng,...,np,0,...,0)
1 Af*(0,...,0)df" (ng,...,np,0,...,0)

T (0,...,0) ax; YR



Chapter 4. Multivariate extension of Type I bivariate Polya-Aeppli distributions 179

Let {ny,...,nx} € {1,2,...}and let j € {1,...,k}. Substituting from (S.4.0.26), (S.4.0.31) and
(S5.4.0.42), it follows that

asz (n1,...,ng)

1 | n; nj—l (1_P)P'1 1 w
B L ; 0,...,0
T2 /lLl li”H e |
1, M) (e D) [(=p)
+ 2. (r+2)! g e )
r:l,nj;ﬁl
Lk -
(L=p)" o™ ' U=p) P ni !
LI" i) — w O,..-,O
Aj _l—[ A nir (50) ng—r 7 :
i=1,i#j
1 af*(o,...,0)

TPV0,...0) 0dem
1 8/ 0,...,0) 1]6fw(n1,...,nk)
A

+
fv(0,...,0) 94 Ey P

+[ 1 O’ (0,...,0) 1 8fw(0,...,0)6fw(O,...,O)}
f(0,...,0)  04;04x41 7 (0,...,0)2 04 041

Xfw (nl,...,l’lk)

LO (x) k n;—1
L [n =1 VY (I-p)p"™"
=—|— L, (x)|f"(,...,0)
20 |4, L) 1()@)][[_1 i il
mtn(n -1,(ny,...,n )#n)
. j Lok ) F1 /12+1 [(1 —p) I (x )
=1 X
r=ln;#1 (r+ D! p v
. k .
(1_ )r nj—r (1_ )r n;—r 3 I’l'—l
EE— [ 55— |ut - 7 0,...,0)
J i=1,i%] i ni—r
min(n;—1,(ng,..., ni)#n
— ( ’ : ‘ J) /12+1 l(l P) (x)
i—r—1 \""J
r=tme1 (r+2)! Enyert 159
[ . k _
1=p) pti—" 1=p) phi—* -1
% ( P) P ( p) P Lr 1 (xl)_ n; fW (O,,O)
Aj A;
J i=1,i%] i ni—r
. 1 8™ (0,...,0)
(0,...,0)  9dgs
N 1 Of* (0,00 1]af" (my.oimp)
0.0 a4 1 Y
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O*fY (1, ..., nk)

aa-aﬂkﬂ
i Lot ( —p)p o w
/l_ Ll (x; ] [n —1 (x)| f(0,...,0)
1 | (nj+1) L:z,—l (xj) A (1=p)pit 1o
A+t A erzj—l (x;) !:1[ ni (i +1) L, (x| 7 (,...,0)

mm(nj—l (ny,..., nk);tnj) r
A (1-p)
k+1 P
DY S )

r=lLnj#1 (}" + 1)' P
[ .k -
1_ r ni—r 1_ r o n;—r _1
x ( p) P J l_[ ( p) P Lr ] (xl)_ fw (0"."0)
A; e Ai ni—r
i=1,i#]j
. 1 af*(0,...,0 1 } |
70,0 0dkm Tt | &
o 6fW(0,...,0)_i]afw(nl,...,nk)
0.0 o 1 EYTe

VRN afv(0,...,0) 1 af" (n,... )
Sikrt T pw0,.0) a4, 1; CY P

Second derivative with respect to p and A ;
Let{ny,...,nx} ={0,...,0} and let j € {1,..., k}. It follows that

a2 (0,...,0)

=0.
8/)(9/11'

Let {ny,...,nx} = {ng,...,0p,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...

a<b,c<dandletj € {a,...,b}. From (5.4.0.33) and (S.4.0.34), it follows that

asz (ng,...,np,0,...,0)

0p0A;
b.ni (b—a+1)|0f" (na,...,np,0,...,0)
= +
P (1-p)p o1

hj Sia Aihl
S (-pp (l—p)p

Let {n,...,nx} = {ng,...,np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,....,np} € {1,2,...

a<b,c<dandletj¢{a,...,b}. From (S.4.0.35), it follows that
" (na,...,np,0,...,0)
9pda,

Shon (b-—a+1)
+
P (I-p)p

Of* (as .. np,0,...,0)  Bitg Aihi;
94, (1-p)p~
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Let{ni,...,nx} € {1,2,...} andlet j € {1,...,k}. From (S.4.0.27), (5.4.0.30) and (S.4.0.32), it
follows that

Hzf“’ (n1,y...,n)

c’)pa/lj
_ ZZ'(:] n; + 2k afW (I’ll,.. .,nk) B 8j
p (I-p)p 04, (I-p)p

Zzl';l/ligz{,j k’lk+1g;<+1,j
(I-p)p  (A=-p)p

Second derivative with respect to p and Ay

Let {n1,...,n} ={0,...,0}. It follows that

%" (0,...,0) _
0p0A 41

Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a <b,c <d. From (5.4.0.36), it follows that

82fw (ng,...,np,0,...,0)

0p0Ay+1
_[Zhan, 0 -a+ D] 0 a0 0) D il
P (I-p)p 0k (I-p)p

Let {ni,...,n} € {1,2,...}. From (5.4.0.29), (S.4.0.31) and (S.4.0.32), it follows that

82fW (m, e ,nk)

0p0A 41
_ f-;l n; 2k Of" (ni,....nk)  kgiw
p (1-p)p 0Ak+1 (I-p)p

k ’ ’
i=1 /ll'gi,k.;.] 3 k/lk+lgk+1
(1-p)p  (=-p)p

Second derivative with respect to p

Let {ni,...,n} ={0,...,0}. It follows that

82 ¥ (0,...,0)

o = 0.
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Let {n(,...,nt} = {ng,....np,n¢,...,0q} = {ng,...,np,0,...,0}, {ng,...,np} € {1,2,...},
a < b, ¢ < d. Substituting from (S.4.0.33), it follows that

*f" (na,...,np,0,...,0)
0p?

| Zan L (bma+])

p (I-p)p

zf:ani+(b—a+1) _(b—a+1)

of” (ng,...,np,0,...,0)
ap

fw (na""7nb9oa---,0)

p? (1-p)p>  (1-p)?p
1
+ Aih;
[(1—10)102 -p)? p]z
T [82fw(na,...,nb,0,...,0)
(I-p)p 04;0p
_ 1 afv(0,...,00 115" (na,-..,np,0,...,0)
fw(o’ao) 6/11 /11 ap
zﬁ’:ani—1+(b—a+1)+ 1 AfY (na,...,np,0,...,0)
P (I-pp (1-p) dp
3 Z?:a/li [ﬁsz(na,...,nb,o,...,O)
(I-p)p d4;0p
_ 1 afr@,....00 1 6fw(na,...,nb,0,...,0)}
fv(0,...,0) dA; A dp
Zb

(1 p)pf (ng,...,np,0,...,0).
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Let {ny,...,nx} € {1,2,...}. Substituting from (S.4.0.26) and (S.4.0.28), it follows that

O f* (n, ..., ng)

dp?
Zl ll’l, + 2k (9fw (nl,...,nk)
p (1-p)p dp
Z lnl 2k 2k
i= - ™ (ny,...,ng)
p? (1 -p)p? (1-p)p

1 1
+[(1—p)p2_( -p)p ] Z/l’gﬁk/lk“gk“]

XA [52fw(”l1,~-,nk)
(1-p)p d4;0p

_[ 1 5fw(0,...,0)_l] 5fw(n1,...,nk)}
0,0 an T ap
kA1 [32fw (ni,...,ng)

(1-pp Oks10p
_[ 1 af”(0,...,0) 1 ]Bfw(nl,...,nk)]
fw (0’ R 0) a/lk+1 /1k+1 ap
k
i —1 2k 1 af” (ny,...,nk)
- b (-pp U-p) dp
_ Zf;l/li [(‘)sz (nl,...,nk)
(I-p)p d4;0p
[ 1 afW(O,...,O)_l] 6fw(n1,...,nk)}
l,..,0 oN; A ap
kA [32fw(n1,~-.,nk)
(I-p)p OAk410p
_[ 1 af”(0,...,0) 1 ]6fw(n1,...,nk)]
fw (0’ R 0) aAk+1 /1k+1 ap
Ziy =L W ).

C(-pp
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Chapter 5

Type 11 bivariate Polya-Aeppli
distributions

In this supplementary material for Chapter 5, it is shown how the MLEs for the Type II bivariate
Pélya-Aeppli distributions, referred to in Chapter 5, were obtained.

5.3 Type II bivariate Polya-Aeppli distributions

5.3.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs
in Subsection 5.3.5 for the BPA;; distribution. The Newton-Raphson algorithm uses the equation
in (5.13) for + > 1 and the MoM estimates in Subsection 5.3.4 are used as initial values of the
parameters 1(9) ego) and 9&0) for the BPA;; distribution. The iterative process is repeated until a
given tolerance level € between the /" and (¢ + 1)’ " jterate values is reached or until a specified

maximum number of iterations is reached.

In order to calculate the gradient vector VF in (5.11) and the Hessian matrix in (5.12), such that
the Newton-Raphson algorithm in (5.13) can be utilized, the first and second derivatives for each
element of the pmf in (5.9) need to be calculated with respect to each of the parameters: A, #; and
0,.

The results of the calculation of the first and second derivatives of the pmf in (5.9) for the BPA;
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f (0,0) and f (n1,n2) where {ny,n2} € {0,1,...}, {n1,n2} #
{0,0} with respect to each of the parameters: A, 6; and 6, are written in a shorter form to

mathematically and programmatically simplify the expressions.
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Results of the derivatives

Let x = —16 and let LY (x) be the Laguerre polynomial in (A.3). Then let

af (m, 1
g= %_(2_1)“”1,,@
AT [mEn ) g (5.5.0.1)
~(n+m) ( ny )91 03" Loy iny—1 (%) f(0,0),

{n1,m} € {0,1,...},{n,n} # {0,0}.

;- 08
&=
_ 0 f(n,m) (l ~ 1) Of (nm,na) [ (m,m)
- 2 A 94 2
8;1 4 (8.5.0.2)
A6 ny+ny 3 1
=" 0" 0L 0,0 -—-(1-0
e ( N ) L a0 1 0.0+ (1= (120,
{n1,m} €{0,1,...},{n1,n2} # {0,0}.
It then follows that the first and second derivatives of the pmf in (5.9) are
First derivative with respect to A
a1 (0,0)
——— = =—(1-0) f£(0,0
== (1-0) £ (0,0)
af (n1,n2) 1
- 1 (8.5.0.3)
a1 g+(7 f(n1,n2),
{n1,m} € {0,1,...},{ni,n} # {0,0}.
First derivative with respect to 61
a1 (0,0)
——=-1f(0,0
G0 = A (0.0
of (ny,ny) A n 1
8—911 =58t 9—1 —glf (n1,n2), (8.5.0.4)

{I’ll,ng} S {0, 1,.. .},{nl,nz} * {0,0}.

First derivative with respect to 6,
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a1 (0,0)
——==-1f(0,0
G0 =~/ (0.0
of (ni,m2) A ny 1 (5.5.0.5)
90, 0 +(02 H)f(nl,nZ),
{n1,n2} €{0,1,...},{n1,n2} # {0,0}.
Second derivative with respect to A
&£ (0.0) 2
— - =(1-6 0,0
=5 = (1-6)" £ (0.0)
Pf (muny) _ (1) OF (muny)  f (m.mo)
o2 £7\a a2 FER
{n1,m} e {0,1,...},{n,n} # {0,0}.
Second derivative with respect to 61 and A
8% £ (0,0)
—_— = 1-0)-1 ,
SoGr = A(1=0) =1 0.0
Of (nyma) A, (m 2 n 1) (1 (S.5.0.6)
—:__l L _ = = __1 U
90,01 ¢ *\a, "a)¢ g "g) 2 )
{n1,n2} €{0,1,...},{n1,n2} # {0,0} .
Second derivative with respect to 0, and A
92 f (0.0)
—=(1(1-0)-1 0,0
i = (1= =1 100
(8.5.0.7)

82 f (n1,n2) =_/_1g,+(@_%)g+(2_l) (%—1)}”(711,112),

00,01 0 6, 0 6, 0
{n1,n2} €{0,1,...},{n1,n2} # {0,0}.

Second derivative with respect to 0,
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9’ (0,00 _
———— =47/(0,0)
967
62f(n1,n2):/l_2 ,_/_l %_(/l+1)
06 2% "o\e T 0

2
(e tf s (o) s

{n1,m} €{0,1,...},{n1,n2} # {0,0}.

62fw (l’ll,l’lz) _/12 ’ A 27’11 A 1
a2 % Ta\e d(1-e)®

2
ny 1 ni 1
+(9—1—5) Y (n1,np) — (6—%+ﬁ) Y (ni,n),

{nlanZ} € {0’ 1’ .. } P {nl,nZ} * {0’0}7
{n1,m} # {1,0} ,{n1,no} # {0, 1}.

Second derivative with respect to 0,

4%£(0,0)
J;T=/12f(0,0)
2
azf(nl,nz)z/l_z , A2y (A+1)
962 2% "o9\e, o
+(n2 1)2f(n ") (n2+ l)f(n ")
. 1.102) =75 T 5 1,12)
6 6 92 62

{n1,n} €{0,1,...},{n1,n} # {0,0}.

Second derivative with respect to 8 and 6,

0%f(0,0)
30,90, =A"f(0,0)

3% f (ny,ny) B A2, 2 (m R (/l+1))

00,00, 9% "9

0, 6, 0

ni 1 ny 1 f(nlanZ)
+(9—1—5) (Q—z—g)f(nl,nz)—T,
{n1,n} €{0,1,...},{n1,n} # {0,0}.
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Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (5.9) is given here.
First derivative with respect to A

Let {ny,ny} = {0,0}. Substituting from (5.9), it follows that

af (0,0)

A
=-(1-9) e
=—(1-0) £(0,0).

Let {n1,n2} € {0,1,...}, {n1,n2} # {0,0}. Substituting from (5.9), (S.5.0.1) and (S.5.0.3) and
using (A.12), it follows that

9f (m,n2)
oA
162 ny+np 0
R ( m ) O L,z (3) £ (0.0

N f(n1,n2) £(0,0) N f(n1,nz)

7(0,0) o1 1
162 np+np non
a1 N LA U R M PO

~(1-0) £ (mmy + L2

_ 16? ny+no s 2 1
T +m) ( nz )91 05" Ly sny—1 (X) £ (0,0) + (/_l - 1) [ (ni,m2)
=g+(%—1)f(n1,n2)-

First derivative with respect to 0,

Let {ny,ny} = {0,0}. Substituting from (5.9), it follows that

af(0,0)
00,
— Qe A1-0)

= —Af(0,0).
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Let {n,n2} € {0,1,...}, {n1,n2} # {0,0}. Substituting from (5.9), (S.5.0.1) and (S.5.0.4) and
using (A.12), it follows that

f (m,m2)
00,
16 ny+np ni n s v 1
- (nl +n2) ( no ) (0_1) 011022Ln1+n2—1 (‘x)f (O’ O)
%6 N+ | oaon o
(n+m) ( ny )911922Ln1+nz—2 (x) f(0,0)

J(n1,n2) 0f(0,0)  f(ni,n)

£(0,0) 96, o
- _(mﬂ% ( ”1;”2 ) 0057 L2 1yt () = Lyt (0] £0,0)
+Z—if(n1,n2)—/lf(n1,n2)_@
= _(mfl%z) ( n1;n2 )01"922Li1+n2—1 (x) £ (0,0) + (’;—: - %) f(n1,n2)
= —§g+ (g—: - é) f(ni,ny).

The first derivative with respect to 6, follows similarly.
Second derivative with respect to A

Let {ny,ny} = {0,0}. Substituting from (S.5.0.3), it follows that

92f (0,0)
PYE
(-9 Y00

ol
= (1-6)*£(0,0).
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Let {ny,np} € {0,1,...}, {n1,n2} # {0,0}. Substituting from (S.5.0.2) and (S.5.0.3), it follows
that

0 f (n1,n2)
HA2
16 ANy \ s 1 0f(0,0) 1
= g™, -
(ﬂ1+n2)( ny )01 R N P X Y I

+ (% _ 1) af (nl’n2) _ f(n1’n2)

oA 12
= —/103 np+n nyph2 3 1
- (n1 +ny) ( ny )01 % Ln1+n2—2 (X)f(0,0)+(z—(1 _9))8
L) 8 (me)  f (mi,mo)
A o1 22
(L) 2 ) f ()
-8 oA 2

Second derivative with respect to 01 and A

Let {ny,n2} = {0,0}. Substituting from (S.5.0.3), it follows that

02f (0,0)

96,01
~ af (0,0)
= £ (0.0) - A==

=(1(1-6)-1) f£(0,0).

Let {n,np} € {0,1,...}, {n,no} # {0,0}. Substituting from (S.5.0.3), it follows that

0% f (n1,n)

00,02
4,1 ni 1\ df (ny,n)
-3¢ e+ -5 L

A ni 2 ni 1 1
=g +|—-2= ———[--1 1) .
s+ (5 -3) e+ (7 5) (1-1) o

The second derivative with respect to 6, and A follows similarly.

Second derivative with respect to 6,
Let {n,ny} = {0,0}. Substituting from (S.5.0.4), it follows that

41 (0,0)
Gl
__,0£(0,0)
=4 96,
=221 (0,0).
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Let {ny,n2} € {0,1,...}, {n1,n2} # {0,0}. Substituting from (S.5.0.4) and (S.5.0.6), it follows
that

52f (nl,nz)
967
_i _/_l azf(nl,nZ)_ l—l 8f(n1,n2)
28" 9| aa06, 1 90,
n 1) af (ny,ny) (m 1)
e oy
6, 0 001 @% 02
_ A, A(2m (A+D
2% "o lg, 9

The second derivative with respect to 6, follows similarly.
Second derivative with respect to 6| and 6,

Let {n,ny} = {0,0}. Substituting from (S.5.0.5), it follows that

4%£(0,0)
90,00,

. 0£(0,0)

= _/1(9—62

=2%£(0,0).

Let {ni,n2} € {0,1,...}, {n1,n2} # {0,0}. Substituting from (S.5.0.5) and (S.5.0.7), it follows
that

0 f (n1,n2)
00106,
A A[f (m,m) (1 of (n1,ny)
__ﬁg_é[ 9106, _(1_1) 90 ]
N (ﬂ B l) df (ni,n2)  f(ni,n)
6, 6 00, 6?2
A2, A(m ny (1+1)
A _5(9_1+0_2_ ) )g
np 1\ (n2 1 f (n1,m)
+(a—5) (H_Z_E)f(nl’nZ)_T'

5.4 Weighted Type II bivariate Polya-Aeppli distribution Case I

5.4.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 5.4.5 for the WBPAS) distribution. The Newton-Raphson algorithm uses the equation
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in (5.13) for ¢t > 1 and where the MoM estimates in Subsection 5.4.4 are used as initial values of

the parameters 1), 0%0) and 0;0) for the WBPA;})
until a given tolerance level € between the ¢/ and (7 + 1)’ " iterate values is reached or until a

distribution. The iterative process is repeated

specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (5.14)

need to be calculated with respect to each of the parameters: A, ; and 6,.

The results of the calculation of the first and second derivatives of the pmf for the WBPAS)

distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of " (ny,ny) where {n;,n>} € {0, 1, ...} with respect to each of
the parameters: A, 6 and 6, are written in a shorter form to mathematically and programmatically

simplify the expressions.

Results of the derivatives

Let x = —16 and let L (x) be the Laguerre polynomial in (A.3). Then let

_0f" (n1,m)
ol

+
_ 92( ny+ny )9?193%1 (x)e—m—a), (8.5.0.8)

+ " (n1,n2)

ni+ny
na

{l’ll,nz} € {0, 1,.. } .

,_0g
& =01
_ O (n1,ny) L 97 (mma)
2 aa

3 M +ny 2 —A1-0 (5509)
=0( " )97]932Ln1+n2_1<x>e< )

-(1-90)g,
{n1,m} €{0,1,...}.

It then follows that the first and second derivatives of the pmf in (5.14) are

First derivative with respect to A

of n)
a1 &S mm), (S.5.0.10)
{nl,nz} € {0, 1,.. } .
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First derivative with respect to 0

af" (ny, 1 A
i R I CNSE
20, 6 0 0 (S5.5.0.11)
{n1,n2} €{0,1,...}.
First derivative with respect to 0,
af” (ny, 1 A
" ) _ (@ - —) £ (o) — g,
96, 6, 0 0 (5.5.0.12)
{m,m} € {0, 1,...}.
Second derivative with respect to A
2" (m,mg) _
o2 =g —g+ " (n,n),
{n1,n2} €{0,1,...}.
Second derivative with respect to 61 and A
9% fv (ny, A 2 1
oS (m,ma) :__g'+(ﬂ__)g_(ﬂ__)fw (n1,m2),
060104 0 0 0 6 0 (S.5.0.13)
{n1,n2} €{0,1,...}.
Second derivative with respect to 0, and A
9% fv (ny, A 2 1
9 (m,m) :__g'_;_(@__)g_(ﬂ__)fw (n1, 1),
06,04 o 6 0 6 6 (S.5.0.14)

{n1,n} €{0,1,...}.

Second derivative with respect to 8,
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A% f" (ny,np) _ /1_2 ,_/_l(%_ (/l+2))g

06 2% "o\e, "o
2
n 1 n 1
+(9—1—5) fW(nl,nz)—(8—%+ﬁ)fw(n1,n2),

{I’l],l’lz} € {0, 1,. }

Second derivative with respect to 0,

O2f% (ni,m) A%, /l(2n2 (/l+2))g

g2 % el o
no 1\? np, 1
+(9—2—5) fW(nl,nz)—(9—§+ﬁ)fw(n1,n2),

{I’ll,nz} € {O, 1,.. } .

Second derivative with respect to 81 and 6,

?f" (ni,m) A ’—/—l(n—1+2— (/l+2))
0

00,00, 92 0, 6, 6
ng 1\ (np 1\ ., Y (n1,n2)
+(91 0)(92 G)f (n1,n2) PR

{I’L],l’lz} € {0, 1,. }

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (5.14) is given here.
First derivative with respect to A

Let {n,ny} € {0, 1,...}. Substituting from (5.14) and (S.5.0.8) and using (A.13), it follows that

af" (n1,n2)

aa
ny+ny _ _

=6? iy OO Ly oy () e D —(1=0) £ (n1.12)
ny+nyp _ _

=6 . 0100 LY o, () =LY 0 ()] e — (1-6) £ (n1,m0)
ny+np —A(1-

=6? " 0;’10;2@“”2 (x)e A(1-6) _ Y (n1,n)

=g—f"(n,n2).
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First derivative with respect to 0
Let {n,ny} € {0,1,...}. Substituting from (5.14) and (S.5.0.8) and using (A.13), it follows that

of" (ny,n2)
00,

+
_ 0( ny+ny ) (%) 9?19;2L21+n2 (X) 67/1(176‘)
n» 1

. 1
_Ae( Y ) e e
2

ni+ny ni+ny
np

+
=—/w("1 "2)9’1’19;‘2 L) () = L0, ()] €200

+(g—1—/1—%)fw (n1,n2)

ni+n 1
=9 T 9'1“9;'2L:”+n2 (x) e M= 4 o Y (n1,n2)
1 0, 0

(n 1Y) L, A
—(01 G)f (n1,n2) 78

The first derivative with respect to 6, follows similarly.

Second derivative with respect to A

Let {n1,ny} € {0, 1,...}. Substituting from (S.5.0.9) and (S.5.0.10), it follows that

8% v (ny,nz)

02
o3 M2y a2 _a1—gy 0" (n1,m)
_9( " )011922Ln]+n2_1(x)e( )—T—(I—G)g
_ o 9f" (nim)
oA

=g —g+f"(n,n).

Second derivative with respect to 81 and A

Let {n1,ny} € {0, 1,...}. Substituting from (S.5.0.10), it follows that

O f* (n1,ma)

00,04

ni 1 6fw (nl,nz) 1 A ’
=l "5 a3y " 8 78

6, 6 ol 0 0

The second derivative with respect to 6, and A follows similarly.

Second derivative with respect to 91
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Let {n1,ny} € {0, 1,...}. Substituting from (S.5.0.11) and (S.5.0.13), it follows that

9% f" (ny,nz)

067
_ A A (i) Of (mum)
2% 9| 9100, 26,
nyg 1\ of¥(ni,n2) |[np 1Y .,
+(9_1_5)3—91_ 0_%4‘@ [ (n1,n2)
_/12 /_/_l %_(/l+2)
et T 01 60
+(n1 1)2fw(n ns) (n1+ 1)fw(n ny)
. 1. 12) — vy v 1,12).
0, 6 9% 92

The second derivative with respect to 6, follows similarly.
Second derivative with respect to 8 and 6,

Let {ny,ny} € {0, 1,...}. Substituting from (S.5.0.12) and (S.5.0.14), it follows that

9% fv (n,nz)

86,00,
_ A A (uimy) | O (o)
62° 0 9106, 90,
ni 1) of" (ni,nz) [ (n1,m2)
A A (m m (A+2)
"t Ty ) 0
o1y (m2 1Y) [ (n,m2)
+(91 9) (92 Q)f (Vl1,l’l2) 02 :

5.5 Weighted Type II bivariate Polya-Aeppli distribution Case 11

5.5.5 Maximum likelihood estimation

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 5.5.5 for the WBPAﬁ) distribution. The Newton-Raphson algorithm uses the equation
in (5.13) for t > 1 and where the MoM estimates in Subsection 5.5.4 are used as initial values of
the parameters 1(?), GEO) and 950) for the WBPAﬁ) distribution. The iterative process is repeated
until a given tolerance level € between the ¢/ and (1 + 1) " iterate values is reached or until a

specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmyf in (5.15)

need to be calculated with respect to each of the parameters: A, 6, and 6,.
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The results of the calculation of the first and second derivatives of the pmf for the WBPA;

(2)

distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of /™ (0,0), f* (1,0), f* (0,1) and f (n,n,) where {n;,n,} €
{0,1,...}, {n1,n2} # {0,0}, {n1,n2} # {1,0}, {n1,n2} # {0, 1} with respect to each of the
parameters: A, #; and 0, are written in a shorter form to mathematically and programmatically

simplify the expressions.

Results of the derivatives

Letx = —16 and let LY (x) be the Laguerre polynomial in (A.3). Then let
g=W—(%—m)J‘W(m,nz)
120%¢~A(1-6) ( ny+np
(1-—eY) (n1+n2) (n1+ny—1)
{ni,m} €{0,1,...},{n1,n} # {0,0},
{ni,m} #{1,0} ,{n1,no} # {0, 1}.

_ n| on 3
= - )91]622Ln1+n2—2(x)’

,_98
&=
_ M (mm) (2 1 A" (n1,m2)
ar? A (1-e? o1
2 e_’l w
+(ﬁ_m)f (n1,n2)
- A R gt )

2 e
(i ma-o)s

{nlanZ} € {09 1" . -},{l’ll,nz} * {090}7
{I’ll,l’lz} * {1’0}’{711’”2} * {0’ 1}

It then follows that the first and second derivatives of the pmf in (5.15) are

First derivative with respect to A

(S.5.0.15)

(5.5.0.16)
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af"(0,0) B 1 w e~
o (9 (=en)/ OO T
af"(1,0) w B 1 w
T—Qelf (0,0)+ 6 —(l—e—/l))f (1,0)
af"(0,1) w 1 w
of" (mny, 2 1
% = +(§—(1_—e_/l))fw(n1,n2),
{n1,n2} € {0,1,...}, {n1,na} # {0,0},
{nl’HZ} * {1’0}’{’119”2} * {0’ 1} .
First derivative with respect to 61
9™ (0,0) (1 w A e
001 (5_1)][ (0’0)_5(1—e—ﬂ)
af"™ (1,0 1 1
%1) (9+9 )fW(l 0) — A0, (0,0)
af"(0,1) 1 w w
o0, = (5 —/1) f(0,1) =26, (0,0) (5.5.0.18)
af a(zll,nz) - —%g+ (Z—I - é) f(n1,n3),
{nl’n2} € {09 1’ .. } 5 {nlynZ} * {090} s
{nlanZ} * {1’0}’{’117”2} * {O’ 1}
First derivative with respect to 6,
af” (0,00 (1 " A e~
=5 )f 05—
af" (1,0
L = (5 g =) £ .0 =205 00
af(,1) (0,1) w w
00, ( )f (0,1) = 262" (0,0) (5.5.0.19)
af” (ny, A
) e (=g ) 7 .
{nl,nz} € {0, 1,.. .},{nl,nz} * {0,0} s

{nlanZ} * {190}’{’117”2} * {0’ 1} .

Second derivative with respect to A
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9?7 (0,00 (-1 ., 2 af" (0,0)
o (-en’ (O’O)+(9_(1_e—ﬂ)) o
?fv (1,00 et " af" (0,0)
P _(l—e‘/l)zf (1,0) +66) ——==—
1 af” (1,0)
+(‘9—(1—e"1)) o1
2,1y et af" (0,0)
PYe _(1—e—ﬂ)zf (0-1)+ 60230
1 af"(0,1)
+(9_(1—e"l)) a1
O*f* (mi,ma) _ ,+(2_ 1 )3fw(n1,n2)
o 1 (1-e) B
2 -4 "
_(/?_(I_ETA)Z)JC (n1,n2),

{I’l],l’lz} € {0, 1,.. .},{m,nz} * {0,0},
{nlan} * {1,0},{]’11,}’12} * {03 1}

Second derivative with respect to 01 and A

0 _fW(O’O)

‘5 ((1 _ﬂe—ﬂ) - 1) ((1 i_:—ﬂ))

821" (0,0) (1 —/1) a1 (0,0)
80,01 FR

?fv (1,00 (1 1 afv(1,0) .,
30,9 _(5+9_1_A) g (L0
—Aelwa—;()’())—elfw(o,O)
?fv(0,1) (1 afvo,1) .,
86,64 _(5_’1) g /0D
- /1926][8—(10’0) —6,1" (0,0)
P Y (muma) A, 1 m 1 af" (n1,ny)
00,04 6% "8 \e, "o oL

{nlan} € {0’ 17 .. } ) {l’ll, n2} F {0’0}9
{nlanZ} # {1,0},{1’!1,7’[2} * {O’ 1}

Second derivative with respect to 0, and A

(S.5.0.20)
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7 f"(0,0)

“ ((1 _ﬂe—ﬂ) - 1) ((1 i_:—ﬂ))

9’1" (0,0) _ (1_4) 91" (0,0)
80,01 R

?fv (1,00 (1 1 afv(1,0) .,
90,9 _(5+9_1_ﬂ) FYREREARCL
_ ﬂ@l—af Wa(lo’ 0 _ 01" (0,0)
BZfW (0,1)_ 1 afw (0,1) " (5.5‘0.21)
86,04 _(5_’1) g /0D
41" (0,0) W
A== = 02" (0,0)
P Y (mma) A, 1 m 1 af" (n1,ny)
06,04 6% "8 \e, "o o

{nlan} € {0’ 17 .. } ) {l’ll, n2} * {0’0}9
{nlanZ} # {1,0},{1’!1,7’[2} * {O’ 1}

Second derivative with respect to 8,

82 (0,0) 1 1 Afv (0,00 A e
2 T = f(0,0)+ =21 -=
iz gl “(9 ) 90, @ (l—e)
8™ (1,0) 11 11 af” (1,0) af” (0,0)
- J AR w 1 - - _ _ w
96? A S (,0)+(0+91 /1) 76, 16, 76, A7 (0,0)
a2V (,1) 1 1 af”(0,1) af” (0,0)
O, D)+ |- - -
96° gl O )+(9 A) g0, 50,
P (o) _ 2 ,_i(%_ié)
967 2% “ole -/
+(”1 1)2fW<n n) (’“+ 1)fW(n n)
- — 7 1,102) = | 75 T 5 1,712)
6, 0 9% 62

{nl,nZ} € {09 1" . '}’{nlsHZ} * {0’0}’
{nl,nz} * {190}’{’117”2} * {07 1} .

Second derivative with respect to 0,
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asz(o,O) 1 1 of" (0,00 A et

967 gl 00+ (__’1) 06, 62 (1—e )
f(L0) (1 1], 1 1 A" (1,0) ™ (0,0) "
a—%_(ﬁ_g_%)f (1,0)+(5+0—1— ) 891 /10] 891 —/lf (0,0)
0,1 1, 1 A (0,1) ™ (0,0)
—69% ——2f (0, 1)+(5—/l) 691 — A0, 601
L mm) L, A (2 A1

o = 5 e

+(Z—i——) Y (ni,ng) - (01 %)fw(nl,nz),

{n17n2} € {09 1’ .. '}7{’11’”2} * {090} s
{nl,nz} * {1,0},{711,]12} * {O, 1}.

Second derivative with respect to 0, and 6,

62fw(0,0)_fw(0 0)+(1 )6fw(0,0)_i e
00100, 00, 62 (1 - e—/l)
2 fY (1,0) fw(l 0) ( 1 )afW(1 ,0) w]afw (0,0)
891892 1 392 392
3?7 (0,1 w (0,1 af* (0,1 af* (0,0
5916(92 ) B f ( ) ( ) faéz ) 92 faéz ) _Afw (0’0)
O?f" (ni,m) A%,
e = —a(m—z— )

ni 1 no 1 w fw (nl’HZ)
(9—1—5) (0—2——)f (n1,m2) = ——,

{nlanZ} € {O’ 1’ .. } P {nl,l’lz} * {0’0}7
{n1,n2} # {1,0}, {n1,n2} # {0, 1}.

Calculation of the derivatives

The calculation of the first and second derivatives of the pmf in (5.15) is given here.

First derivative with respect to A
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Let {n,ny} = {0,0}. Substituting from (5.15), it follows that

91" (0.0
oA
_ et get? (e_’l)2 (e’w - 1) w
= (l_e_/l) 0 - (1—6_/1)2 0 _f (0,0)
1 W et
(=) 00 ey

Let {ny,n2} = {1,0}. Substituting from (5.15), it follows that

af™(1,0)
o
-1 -1
S (6e1) + " rge-1)et]

(1-e1) 6
[ et +1] - £ (1,0)

1 -1

= 16%0, f* (0,0) — £7(1,0) + 106,

w 1 w
= 901f (0,0)+ (0— m)‘f (1,0)

Let {n1,ny} = {0, 1}. It follows that

9™ (0,1)
04

1

= 00, " (0,0)+(9— )fw 0,1).

(1—e) (1-e1)
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Let {ni,ny} € {0, 1,...}, {n1,n2} # {0,0},{n1,n2} # {1,0},{n1,n2} # {0, 1}. Substituting from
(5.15) and (S.5.0.15) and using (A.14), it follows that

9f" (n1,n)

ol
21202e-A(1-6) ny+np niono 73
_ _ 01 0,2, L, 5 (%)
(1—e=) (m+m) (m+m-1)\ n
/1296—/1(1—9)6—/1 ny+ny
— 2 9?1 9;2Li1+n2—2 (x)
(1=e )" (m+np) (m+ny-1)\ m
2
+ flfw (n1,m2) = (1=6) f (n1,m2)
12926_/1(1_9) np+np
= 0,6y [L3 x)-L X
(1—e1) (n +n2) (m+n2—1) ny PO 2 00 B2 (9
2 et
+=-(1-6)-——=]|f" (n,n
(/1 ( ) (1—e"‘))f (n1,n2)
/12028_/1(1_0) ny+np n a2y 3
S— - 01'6,°L), 5 (%)
(1-e) (nm+n) (m+m-1)\ m
2 1
+|E=—— | ™ (n,n
(/1 (l—e‘/l))f (r1.12)

2 1 W
=g+(z—m)f (n1,n7) .

First derivative with respect to 0,

Let {n1,ny} = {0,0}. Substituting from (5.15), it follows that

af™ (0,0)

06,
_fW(O,O)_ et pet?
0 (1-e=1) 0

1 w 1 et
=(5—/l)f (0,0)—5—(1_6_/1).

Let {n,ny} = {1,0}. Substituting from (5.15), it follows that

af" (1,0)

90,
_ e_/l 91 210 e_/l 6] 210 1 1 w
‘(1_e—1)?(” )‘—(1_6_1)3[4(49—06 ]+(5+9—1)f (1,0

1 1 w W
:(5'{'9—1—/1)_]( (1,0)_/191‘]“ (0,0)
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Let {n,ny} = {0, 1}. Substituting from (5.15), it follows that

ar™ (0,1)

001
_ e () 10 et ) 10 i 0,1)
ey L vy R R

- (% —/1) 7 (0,1) =262 ™ (0,0) .

Let {ni,n2} € {0,1,...}, {n1,n2} # {0,0},{n1,n2} # {1,0},{n1,n2} # {0, 1}. Substituting from
(5.15) and (S.5.0.15) and using (A.14), it follows that

af" (n1,n2)
00,

_ A%~ A(1-9) ni+ny | n
T (1=e) (ny +ny) (ny +np— 1) 0,

ny 9n19n2L21+n2 2 (x)

_ /1398—/1(1—9) ny+np 9”10n2L3 (x)
(1 - e"l) (n1 +l’l2) (n1 +ny — 1) ny m+ny =3

- (ﬂ+§)fw (1, m2)

_ A M g (L2 0 (0 = L2 (@)
1-—e" ) (n1 +n2) (n1 +ny — 1) ny m+n2=2 n+n =2

(
1 s
+( o, 0 )f (n1,n2)

B 130e-A(1-0) ( ni+ny )

oy ¢9”2Lf”+n2 5 (%)

(1 )("1+n2) (n1+ny—1) ns

(Z—i - —) fY (ny,ma).

The first derivative with respect to 6, follows similarly.

Second derivative with respect to A

Let {ny,n2} = {0,0}. Substituting from (S.5.0.17), it follows that

82 ™ (0,0)

012

et 1 \arr @00 e (e=)?
_((l_e_ﬂ)z)f (0,0)+(0—(1_e_ﬂ)) TRl e e
-1

~ 2\ a4f(0,0)
e )f (00)+( (l—e‘/l)) i
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Let {n,ny} = {1, 0}. It follows that

9?fv (1,00 et " af” (0,0) 1 af" (1,0)
YO (l_e_l)zf (1.0)+ 00 =5 +(9_ (1 —e‘/l)) oL

Let {ni,ny} = {0, 1}. It follows that
2,1 et af" (0,0) 1 afv (0,1)
or (1 _e—/l)zf (0.1) +66, o (9_ (1 —e"l)) o1

Let {n1,n2} € {0,1,...}, {n1,n2} # {0,0},{n1,na} # {1,0},{n,nz} # {0, 1}. Substituting from
(S.5.0.16), it follows that

9*f* (n1,m2)
022

A203e=11-0) ny+ny i oan
T . _ 011922L:111+n2—3 (x)
(1 e ) (I’l] +n2) (n1 +ny 1) ny
2 e~
+[-——-(1-0
(/l (1-e1) ( ))g
2 1L\ af (mm) |2 et w
¥ (/l (1 —e‘/l)) a2 (12 (1—e 1) f* g, ma)
(2 1 af" (n,m) |2 et "
_g +(/1 (1—6’_/1)) 8/1 (/12 (1_8—/1)2 f (l’l],n2)
Second derivative with respect to 8| and A
Let {n1,ny} = {0, 0}. It follows that
9™ (0,0)
00104
1 ar™ (0,0
=|--A]| —————=-7"(0,0
1200 ey
_l e—/l +/_l e—/l +/_1 (e—,l)Z
O(1—-e) O(1—e?) 6 (1- e—/l)z

(1 afro.0 1 a0 e~
=51 (O’O”e((l—e—ﬂ) 1)((1_6_1))-

Let {n,ny} = {1,0}. It follows that

- (1,0) —M%&O’O) — 6,1 (0,0).

2" (1,00 _ (1 1 )afr(1,0)
00104 \o o aA
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1

0

Let {n,ny} = {0, 1}. It follows that
°fv 0.1 _

= A
o= (5-1)

Let {n1,n2} € {0, 1,...}, {n1,n2} # {0,0},{n1,n2} # {1,0},{n1,na} # {0, 1}. It follows that

{5-3)

The second derivative with respect to 8, and A follows similarly.

9™ (0,1)
04

9™ (0,0)

- (0,1) -6
(0.1 =26, —

- 621" (0,0).

Sf ) A, 1
96,01 A

ng 1

ny 9f" (n1,m)
6, 6 '

04

Second derivative with respect to 0

Let {n1,ny} = {0, 0}. It follows that

9%fv (0,0) 1 1 Afv (0,00 1 e A
—————=—f"(0,00+|=-21 -— .
067 a2l )+(9 ) 96, 0% (1-e1)
Let {n,ny} = {1,0}. It follows that
o2 (1.0)
967
o1y, 1 1 ar” (1,0)
_(92 Hf)f (1,0)+(9+91 /l) 36,
a1 (0,0)
-0, —————=—-1/"(0,0).
T 7 (0,0)
Let {ni,ny} = {0, 1}. It follows that
2/ (0,1 1 1 af™(0,1) 41" (0,0)
ZJ AR w1 - _
] (0,>+(9 a) L) 20,200

Let {n1,n} € {0,1,...}, {n1,n2} # {0,0},{n1,na} # {1,0},{n1,n2} # {0, 1}. Substituting from
(S.5.0.18) and (S.5.0.20), it follows that

8% v (ny,nz)

063
A, AP ) (2 1Yo )
92g 0 0100, A (1 _ e‘/l) 00,
np 1\ af" (n,n) ni 1 ”
+(01 9) 00, 9%+92 f (1’11,]’12)
_B A A1
“ 2% "ol 0 (1—e1) g

0

2
) f (nl,nz)—(

ni

2
01

+%)fw (n1,m2).
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The second derivative with respect to 6, follows similarly.
Second derivative with respect to 6| and 6,

Let {n1,ny} = {0, 0}. It follows that

1
-——-A .
892 92 (l—e"l)

0

02" (0.0) _ £ (0.0) +(

af (0,00 2 e~
96,00, @2

Let {ni,ny} = {1, 0}. It follows that

8% £ (1,0)

00100,

_Ma0 (1o ) of (1,0>_w]af (0,0)
62 6 0 00, 00,

Let {n,ny} = {0, 1}. It follows that

— A" (0,0).

9>/ (0,1) _ fr(,1) (1 af"(0,1) af" (0,0)
80,00, 02 +(5_1) 50, " g,

Let {n1,n2} € {0,1,...}, {n1,n2} # {0,0},{n1,na} # {1,0},{n,nz} # {0, 1}. Substituting from
(5.5.0.19) and (S.5.0.21), it follows that

O f* (n1,ma)

00100,
__ A 4 af (ni,my) (2 1 of" (ny,n2)
= gzg 0 0100, A (1 _ e—/l) 00,
ny 1\ of" (n,n2) f" (n1,n2)
+ _— e — —
04 0 892 02
A2 ng ny A 1

, 2
~ et 9(1+92 9(1—6‘”))8

n 1\ (n 1\ .., YV (ny,ny)
B0 (20 - 0
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Chapter 6

Multivariate extension of Type II
bivariate Polya-Aeppli distributions

This supplementary material for Chapter 6 provides the derivations and calculations for the follow-
ing results: the pgf's, moments, and moment-based functions in Section 6.2; the pmf's and selected
results for the conditional distributions and expected values; and the MoM estimators and MLEs

for the BPAy, WBPA;}), and WBPA;? distributions, as discussed in Sections 6.3, 6.4, and 6.5,

respectively.

6.2 Properties

6.2.1 Probability generating functions

Theorem 6.2.1. Let (Ny,...,Ni) ~ MPA;; (A4,04,...,0)). From Minkova and Balakrishnan [2],
the joint pgf of the MPA [ distribution is

—1(1—%)
UNy...N, (S1,...,8k) = e (-2 ) ,
where0 < 0; <1,0=1-Y% 6, #0andi e {1,...,k}.

Proof. Using the pgf of the Poisson random variable ¥ ~ Poi(1) in Table 2.1 and the pgf of the
multivariate geometric distribution, it follows from (A.39) that the joint pgf of (Ny,...,Ng) ~
MPA;; (4,61, ...,60;) is

—A(l—%)
UNpo N (510 s 58) =02 (U1 (515 0y 50)) = @ AT G1si) = P00 (2 i) ]
O

Theorem 6.2.2. Let (N;V, - ,N,;v) ~ WMPA'Y (1,61,...,05). The joint pgf of the WMPA'D

distribution is

| I -
;e /l(l (1-zk, (’iSi))
l - fozl Qisi)

bl
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where0 < 6; <1,0=1-Y% 6; #0andi e {1,... k}.

Proof. Using the pgf of the weighted Poisson random variable Y" ~ WPoi'" (1) in Table 2.1
and the pgf of the multivariate geometric distribution, it follows from (A.39) and similar to
Theorem 6.2.1, that the joint pgf of (NIW el N,:V) ~ WMPA%) (4,04,...,0)is

_ -6
==y (s1,ee8k)) — ;e /1(1 (1-zk, 9,-.:,-))'
(1 - Zle 9iSi)

Unp Ny (S1sk) =Y (s, sk) e

O

Theorem 6.2.3. Let (le, . ,N,;V) ~ WMPAY (1,61,...,6x). The joint pgf of the WMPA'?

distribution is
e—/l (1 - Zf:l 0,-5,-)
1-e 1) 0

A0
(e (k) 1) ,

where 0 < 0; < 1,0:I—Z{.‘:lei;thndie{l,...,k}.

Proof. Using the pgf of the weighted Poisson random variable Y* ~ WPoi (A) in Table 2.1 and
the pgf of the multivariate geometric distribution, it follows from (A.39) in the same way as in
Theorem 6.2.2, that the joint pgf of (N;V, . ,N,;V) ~ WMPAP (1,64,...,0,) is

2 (eawsl ..... s) 1)

1—8_/") l/’l (Sl,...,Sk)

~ 1- ].(_ 0; i) T15k 0.0
- ( 2y Ois e(l-zgﬂi-ﬁ) -1].
(1-e?) o

6.2.2 Moments and moment-based functions

The moments of the multivariate distributions can be obtained in a similar way to the bivariate case
presented in Section 5.2.2. This involves calculating the first, second, and joint partial derivatives
of the pgfs in (6.1), (6.2), and (6.3) with respect to s; and s, where i, j € {1,...,k},i # j.
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For (Ny,..

,Nk) ~ MPAI[ (/1,9],. .

., 0x) the derivatives of Yy, . n, (S1,...,5k) in (6.1) with

respect to s; and s;, where i, j € {1,...,k},i # j are

OUN,,.. N (S15...,8K)  A0;
: kay 271% (515 s S1) 2 Ny N (STo s SE)
OUN,...N. (S1,...,8¢) A6,6;
1 a;as_ - 912-/¢1 (sl,...,Sk)3 [2+ Ay (S],...,Sk)](pN] _____ Ne (s1, ,SK)
105
N, N (1o s S5k) 2
i 5S2 = 9—2’% (515 o s8) S [24 201 (51ae ey SOTUN g (STo e e s 5K)
For (le’ = -’N;?) ~ WMPA;}) (4,01,...,0y) the derivatives of Yy, N, (S1,...,5k) in (4.2)

with respect to s; and s;, where i, j € {1,...,k},i # Jare

oUnNw, . Nw (S1,...,8) @,
l kas. :é‘rl/l(sl,---,sk)[1+/l§01(51,---,sk)]l,01vlw _____ Ny (515005 8%)
13
al,l/]vl“ _____ Ny (Sl,...,sk) 3 gig.

]1/11 (S],...,Sk)z [2+4/1901 (S],...,Sk)+/lzl,01 (S],...,Sk)z]

8Si(9sj

2
YNy Ny (S,

02
XYnw,. Ny (S50 Sk)

L 8k) 62

05>

4

and for (Nf“,...

= 0—;% (S1o s sk) 2 [24 4201 (51, usi) + 2200 (51,0507

XYnw, Ny (S, 8K)

,N,;V) ~ WMPA'? (1,6, ..., 6;) the derivatives of ¢, __n, (s1,. . .,s%) in (4.3)

with respect to s; and s;, where i, j € {1,...,k},i # j are

OYny... Ny (S, 5k) Ay (s 0;
1 oseees A _ 1 1,...,Sk) i
aSi - |:(1—e/lllll(sl,---ssk)) _1 ;lrlll (sl"--ask)Wle ..... NZV (Sl,...,Sk)
O*Ynw N (S1. .. 5k) A2 0,0
1o k _ 7] 4
95:9s, = (1 —e Wit 62 Yi(st, .., s6) YNy Ny (S, 8k)
0 l//NW NY (Slv "’Sk) /12 92
| k _ s 4 w w
65‘2 - (1—8_/11/11(S1 ’’’’ Sk)) 02(//1 (SI,...,Sk) ¢’Nl ""’Nk (Sl,...,Sk).
l

6.3 Type I multivariate Polya-Aeppli distribution

6.3.1 Joint probability mass function

Theorem 6.3.1. The pmf of (Ny,...,Nr) ~ MPA;; (1,04,...,0¢) is

£(0,...,0) =119

k k 0”1
f(n1y. o) = A9 (;n—1)'(]:1[ n;i!)leﬁlni_l(x)f(o,...,O),
{ni,...,n .} €{0,1,...}, {ny,...,ne} #{0,...,0},



Chapter 6. Multivariate extension of Type Il bivariate Pélya-Aeppli distributions 211

where 0 = 1 — lele 0;, x = =160 and L{ (x) is the Laguerre polynomial in (A.3).

Proof. For the first part of the proof, {ny,...,ni} = {0,...0}. It follows from (A.17) and (6.1)
that

F0,...,0) =¥n,...n (0,...,0) = 1170

The second part of the proof is derived for the case where {ni,...,n;} € {0,1,...} and
{ny,...,nx} # {0,...,0}. Letx = —16 and z; = 0;s; for i € {1,...,k}, then the pgf in

(6.1) can be written as

XZZ.‘;IZ[
o~ A(1-0) \TE =

Differentiating ¥/ n,,... N, (S1,. .., k) with respect to z; and using results (A.1) and (A.2), it can be

seen that
oUnN,,...Np (51,...,5k)
071
ka zi
/19 - i=1
= 6(2?_141)]((0, ,0)
(1 - Zle Zl)

o) k nj

=16 Z L} (x) (Zz,) £(0,...,0)
n|= i=1
(o) ni njy

S (T i M=y ke Tk Nk
:/lQZZ... ( (ni+1 )) (%) 2 R e f(0,...,0)

o k-1 k )
= H( Zi:jn;.) b G (0,0)
k

_nl’i:k:o A@%L‘Zfl W () L0, 0| 22
(Z{'{:1 n; — 1)!

Li, () f(0,...,0)| 2 25 gk

ni=l1 ny,...nx=0 (l’l] - 1)' (Hf'{=2 I’l,') =1 1

Furthermore, from (A.16),

ale,...,Nk (sla-"ask) = - f(nl’--- ”lk) n]—l ny nk
5 = Z Z I’l]—k o Zl Z2 -..Zk .
< n1=1 ny,...n=0 (Hizl 0~1)



Chapter 6. Multivariate extension of Type Il bivariate Pélya-Aeppli distributions

212

Similar results can be derived by differentiating with respect to z; for i € {2,...,k}. From
these results it follows that for {n,...,nx} € {0,1,...} and {ny,...,n} # {0,...,0} where

i€{2,... k) that

k k 9”1
f(n,...,ng) =80 (Zni—l)! (]_[ ﬁ)leg;lni—l (x) £(0,...,0).

i=1 i=1

6.3.4 Method of moments estimates

Let (Ny,...,Ng) ~ MPA;(4,6y,...,0;) and consider a random sample of size m from this

distribution. The observed values are then (n1¢, ..., nge) where € € {1, ..., m}. Furthermore, for

i,je{l,... k},i#j, let

_ 1
n; = EZ”M
=1

1 m
AT Z (nic =) (nje =71;) -
=1

The MoM estimators can be derived using these sample moments along with the corresponding

population moments for E (le) and Cov (NiW,N]YV), where i,j € {1,...,k} as presented in

Table 6.1 in Section 6.2.2.

Therefore, if A is the MoM estimator for A, then

and an MoM estimator for 0;,i € {1,...,k}is

A (Zf:l éi) Zk:_
(1-3zk,6) &
—  aA k
n; — A0; Z_
A = n;
i i=1
R
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In order to obtain A, the sample moment s;; 1s equated with the population moment Cov (NI.W, NJW)
It follows that

k YW k
1 2/19,'91 1
2 Z ko K 2\ 2 Z St
Lj=li#j (1—21-:1 0; (1—Zj:1 91) Lj=1li#j
Kk k
3 > ommp= Y sy
i,j=1i#j i,j=1i#j
k - —
1=2 —
ij=lizj Y

6.3.5 Maximum likelihood estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 6.3.5 for the WMPA; distribution. The Newton-Raphson algorithm uses the equation
in (6.9) for t > 1 and the MoM estimates in Subsection 6.3.4 are used as initial values of the

(0) 0](60) for the MPA; distribution. The iterative process is repeated until

parameters 1(9), 0,
a given tolerance level € between the /" and (7 + 1)’ " jterate values is reached or until a specified

maximum number of iterations is reached.

In order to calculate the gradient vector VF in (6.7) and the Hessian matrix in (6.8), such that
the Newton-Raphson algorithm in (6.9) can be utilized, the first and second derivatives for each
element of the pmf in (6.5) need to be calculated with respect to each of the parameters: A and
01,....0k.

The results of the calculation of the first and second derivatives of the pmf in (6.5) for the WMPA ;
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f (0,...,0)and f (ny,...,ng) where {ny,...,n;} € {0,1,...},
{ni,....n;} # {0,...,0} with respect to each of the parameters: A,6y,...,60; are written in a

shorter form in order to mathematically and programmatically simplify the expressions.

Results of the derivatives

Letx =-160,i,j,£ €{l,...,k} and let Ly (x;) be the Laguerre polynomial in (A.3). Then let

afw (nl,..-,nk) _(%_l)fw (nl,...,nk)

87 a1
— 10? (Z(;k”—l)) (1—[9”,) 2 0700, (S.6.0.1)
L ni! i=1

{ny,...,ni } €{0,1,...},{n1,....,ne} #{0,...,0}.



Chapter 6. Multivariate extension of Type Il bivariate Pélya-Aeppli distributions 214

0g ,_52fw(n1,...,nk) 1 1 ofY (ny,...,n) f¥(ni,....nx)
—= -|=- +
A oA A2

Py (Zfﬂli _.'))! (ﬁ 91"’) L3 - (x) £ (0, ...,0)

( kon; i (5.6.0.2)
+ ! (1-90)
1 8
{nl,...,nk} S {0,1,...},{n1,...,nk} * {0,...,0}.
It then follows that the first and second derivatives of the pmf in (6.5) are
First derivative with respect to A
af(,...,0)
—_— ~=—(1-6 0,...,0
- (1-6) £ (0.....0)
ofY (ny,...,nx) 1
= Z 1) o (5.6.0.3)
£y 8+(7 [ (),

{nl,...,nk}e{0,1,...},{n1,...,nk};é{O,...,O}.

First derivative with respect to 0

ar(0,...,0)
— ~ =-1f(0,...,0
i £(0,....0
6fw(n1,...,nk) _ A n; 1 W

{nl,...,nk}e{0,1,...},{n1,...,nk};t{O,...,O},je{l,...,k}.
(8.6.0.4)

Second derivative with respect to A

92
%:(1_9)2]‘(0,...,0)

62fw(n1,,,.,l’lk): - l—] afw(nl,...,}’lk)_fW(nl,...,nk)
o2 &7\ a2 22 ’

{nl,...,nk}€{O,1,...},{n1,...,nk}¢{O,...,O}.

Second derivative with respect to 0 j and A
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*f(0,...,
%#ﬁ(l—e)—l)f(o,...,o)
J

%" (ny,...,ng) A nj 2 nj 1)1
=-Zg+[L-2 LoV ==1) (s,
96,02 0% "\%; 9)g+ o, g \x 1)/ ()
{nl,...,l’lk}E{0,1,...},{]’11,...,nk}i{O,...,O},jE{l,...,k}.
(5.6.0.5)

Second derivative with respect to 0

% f(0,...,0)
22 221 (0,...,0
o0 A )
82fw(n1,...,nk)_/l_2,_il %_(/1+1)
962 2% T\, T e

nj 1

2 . nol y
"‘(9—]_—5) SV, ng) - H_§+E Y (ny,...,ne),
{ny,...omey €40, 1, 3 {ng, . omi} £4{0,...,0 , j e {1,... . k}.

Second derivative with respect to 6 jand 0,

*f(0,...,0) .,
Lo 2(0,...,0
06,06, f(0.....0)
asz(nl,...,nk)_/l_2 ;A ﬁ_i_@_(/“‘l)
00,00  62° 6|0, o, 0
nj 1 I’l{ 1 w fw(nl""ank)
R [ e

{ny,...,n} €{0,1,...} , {ng,...,ne} #{0,...,0},j,€ € {1,...,k}.

Calculation of the derivatives

The calculation of the first and second derivatives of the pmf in (6.5) is given here.

First derivative with respect to A

Let {ny,...,n;} ={0,...,0}. Substituting from (6.5), it follows that

af(0,...,0)
0a
=—(1-9)e =9

=—(1-6)f(0,...,0).



Chapter 6. Multivariate extension of Type Il bivariate Pélya-Aeppli distributions 216

Let {ny,...,nx} € {0,1,...}, {n1,...,nx} # {0,...,0}. Substituting from (6.5), (S.6.0.1) and
(5.6.0.3) and using (A.12), it follows that

ofY (ny,...,ng)

9
(st
=162 (H{‘lnl) (Ue) C o (0 F(0...,0)
+fwf(i(1(1),...,)nk) Bf(((;,/l...,O) +fW (m,/l...,nk)
(Zklnl )' : n; 1
= 102 (H{‘lnl) (Ue)[ o Ly @] F0.0

S =0) Y (ny, . omg) 4 L )

A
(zhan
= 2 i ey
o
+(/l1—l)fW (n1,...,nx)

=g+(%—1)fw(n1,...,nk).

First derivative with respect to 6 ;

Let {ny,...,nxg} ={0,...,0} and let j € {1, ..., k}. Substituting from (6.5), it follows that

af (0,...,0)
a6,
Qe A1-0)

= -Af(0,...,0).
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Let{n,...,nx} €{0,1,...},{n1,...,ng} #{0,...,0}andlet j € {1,..., k}. Substituting from
(6.5), (S5.6.0.1) and (S.6.0.4) and using (A.12), it follows that

of" (ny,...,ng)

20,
k
=aeM (ﬂ : ef'i)le () £(0,....,0)
(Hle ni!) Oy i ") E=m!
Zl n; —
_129( : )(]—[9") (0,10
i) :
fW(nl,.. l’lk)af(o,...,())_fw(nl,...,l’lk)
7(0,...,0) 96, 0
(251”1 )! k
S L A—— | | P LWLy @] 0.0
(Hklnl) (D )[ Z Z
+%fw(n1,...,nk)—/lfw(nl,...,nk)—M
j
Zf L_l k
=—/129( 7 )(]—lefl)ﬁ (0 f(0,...,0)
(Htlnl) i=1 "
(Z—J:—é)fw(”l, J1k)
J
——g8+(g—j—%)fw(n1, k)

Second derivative with respect to A

Let {ny,...,nx} ={0,...,0}. Substituting from (S.6.0.3), it follows that

3’1 (0,...,0)
02
:_(1_9)6f(0,...,0)

aA
=(1-6)%7(0,...,0).
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Let{ny,...,nx} € {0,1,...},{n1,...,n} #{0,...,0}. Substituting from (S.6.0.2) and (S.6.0.3),
it follows that

82]”" (n1,y...,n)
012

(S )!(

k
l_[@ ) T e L, f(0,...,0)

i=

1700 aa 1
N l—l E)fw(nl,...,nk)_fw(nl,...,nk)
A R 22
et 11
S V. A orL, L, f(0,...,0)
(Hklnl) D Zee 1

1 1 ofY (ny,...,nx) f¥(n,...,nx)
T

— /+ l_l afw(nly-..ynk)_fw(nl,...,nk)
§ A 0 12 .

1 6f(0,...,0)+1]g

Second derivative with respect to 6 ; and A

Let {ny,...,nx} ={0,...,0}and let j € {1,..., k}. Substituting from (S.6.0.3), it follows that

92f (0,...,0)
80,01

:—f(O,...,O)—AW
= (1-6)-1)f(0,...,0).

Let{ni,...,nx} €{0,1,...},{n1,...,n} #4{0,...,0}andlet j € {1,..., k}. Substituting from
(S.6.0.3), it follows that

O*fY (i, ..., ng)

860,02
_ A Lo (1ot (. me)
7% Te% T\, e o1

=——o' | Lo+ |==-=][==1]F" N .
9% (9]- G)g (91 9) (/l )f i "

Second derivative with respect to 0 ;
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Let{ny,...,nxg} ={0,...,0} and let j € {1, ..., k}. Substituting from (S.6.0.4), it follows that

3’1 (0,...,0)
693

_ . 0f(0,...,0)

__AT

=2%£(0,...,0).

Let{n,...,nx} €{0,1,...}, {n1,...,ng} #{0,...,0}andlet j € {1,..., k}. Substituting from
(S.6.0.4) and (S.6.0.5), it follows that

62fw (n1,...,ng)

2
56’j
[y 1\ of™ (ny,...,nk) nj 1 W
_(Qj 0) 59‘,- 95+92 f (l’l],...,nk)
_/_l Bsz(nl,...,nk)_ 1_1 of” (ny,...,ng) _i
0 9100, 1 90, 028
_A A2y (D
2 Tole, T e )¢

Second derivative with respect to 0 jand 6,

Let{ny,...,nx} ={0,...,0}andlet j,£ € {1,..., k}. Substituting from (S.6.0.4), it follows that

3%f(0,...,0)
36,06,
=_Aaf(o,...,O)
A0,
=22f(0,...,0).
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Let {ny,...,nx} € {0,1,...}, {n1,...,nx} # {0,...,0} and let j,£ € {1,...,k}. Substituting
from (S.6.0.4) and (S.6.0.5), it follows that

82fw (n1,...,ng)

99,96,
:(2_1)3fw("1,---,ﬂk)_ig
9, 0 20, 2
4 Bsz(nl,...,nk)_ 1_1 of"” (ny,...,nr) _fw(nl,...,nk)
0 0100, A 00, 62
_/1_2 ’_/_l Q.FE_M
% Tale; e e
nj 1\ (ne 1) ., £ (ny, . ng)
+(0j 9) (0{ Q)f (nl,...,nk) 92 .

6.4 Weighted Type II multivariate Polya-Aeppli distribution Case I

6.4.1 Joint probability mass function

Theorem 6.4.1. The pmf of (NIW, . ,N,;V) ~WMPAD (4,6y,....6,) is

k k n;
0.1
fw (nl’“"nk) :0( ni)! ( [n;,') L%:‘;ln- ()C) e_/l(l_g)’

v
i=1 i=1

{nl,...,nk}e{O,l,...},

where 6 = 1 — fozl 0;, x = =160 and LY (x) is the Laguerre polynomial in (A.3).
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Proof. Suppose {ny,...,nx} € {0,1,...} andlet x = —20 and z; = ;s; fori € {1,...,k}. Using
results (A.1) and (A.2), the pgf in (6.2) can be written as
YNy Ny (ST k)
fo.‘: Zi
__ ¢ e(z,ﬁli—l) ~A(1-0)
)
00 k m
=0 > LY (x) (Z z,) ~4(1-6)
n;=0 i=1
00 00 00 k-1 n:
=0 Z Z Z (1_[( .l )) (x)znl ny sz 11 "kZZk —/l(l 9)
ni=np ny=nj nE=0 \i=1 Ni+1
i k-1 k n:
=0 = ) ECORAEE e~ A(1-6)
k
Alyenns ni=0\ j=1 Zi:j“’] ni Z
= (Z{'(—l ”i)!
- 0 n . ng,-A(1-6)
- Z ( k ') LZ{‘—I i (X) 4 Zk
Nyyenns n=0 Hl=1 n;.
oo k k gni
_ _ Zi |q0 A(1-6) o
= Z 0 an)!(l_[ nl.')L £ (x)e” ] s spE.
ni,...,nx=0 i=1 i=1 v =
Furthermore, from (A.16),
YNy Ny (515, 8k) = Z Y (i, .ong) s SR
Ni,e..y ni=0
The result for the proof follows from this. O

6.4.3 Conditional distributions and expected values

Theorem 6.4.4. The pgf of N, ..., N}’ conditioned on N{" for (N
WMPA Y (2,61,...,6¢) is

1
) 1_25:2 Qi ni+
NElvpem) (20 cos) = | oo
i=
i (m+n1)/lm9m 1
| m
m=0 m m: (1 - Z{-czz Gl-sl-)

i (m+n1)/lm9m 1

| m
m= n: (1—2{-(:2 91)

NN~

(=]

np E{O,l,...},

where 6 = 1 — fozl ;.
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Proof. Using (A.1) the pgf in (6.2) can be written in the following form

m
] +1
=e€ Z _'lrlll (Sl, ask)m
m

m=0

0 mpm+l1
S 1

€ | m+1
m: k
m=0 (1 DI 9iSi)

It then follows using (A.37) for {ni,...,n;} € {0,1,...} that

.....

Amgm (m+1)Y(m+2)---(m+n)) (m+n+1)-

. (m + Zf‘zl nl-)

)m+2f=1 ni+l ’

m+2f:1 n;+1

m=0 . (1 -2 9iSi)
k 0 + 35 )t
. /1m9m+1 (m i=1 l)
=e 1—[ 9; Z m!
i=1 m=0 m' (1 - Zf:l 0,'.5‘,'
Therefore, from (A.36), the pgf of N, ..., N]VCV conditioned on N 1W is
¢N;’ ..... NY|(NY=ny) (s2,...,5k)
w(n\/lt”o """ 0\/)V (07 s2a AR sk)
N ....N}
= 0,..0
U (0.1 1)
e gl & ampm (m+ny)!
1 1 m+n+1
nip. =0 m. m! (1 _ Zfzz Qisi) 1

—Aon
e0] O A (m+ny)!

| | m+n1+1
ni. =0 m: m! (1 _ {.(:2 01)

i m+ny\ A"
m

' m
: (1 -3, QiSi)

1
_( -3, 6 )nl+ m=0
L

1-3K, 6:s i (m+n1)/lm9m
m

m=0

| m
" (1 -3 91‘)
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6.4.4 Method of moments estimates

Let (NYV, R N;{V) ~ WMPAﬁ) (4,61, ...,0;) and consider a random sample of size m from this

distribution. The observed values are then (nj¢, ..., nge) where € € {1,...,m}.

Let n; and s;; be the sample moments given in (6.6), where i, j € {1,...,k}, i # j. The MoM
estimators can be derived using these sample moments along with the corresponding population
moments for E (le) and Cov (NLW NJYV), as presented in Table 6.1 in Section 6.2.2.

Therefore, if A is the MoM estimator for A, then

~

é,‘ (1+/i _
:ni
k ~

(1-2E, 6

S~——

k — A ~

~ i—0; (1+4

NG
n;

i=1

and an MoM estimator for 81,7 € {1,...,k}is

(Zk,6:) (1+7) Zk:
=N
(1—2{“19) i=1
1+/l k _
=7
0i i=1
—
=

43k mi+1

In order to obtain A, the sample moment s; j 1s equated with the population moment Cov (NI.W, NJW)
It follows that

i (21+1) 6,6, : 1 Zk: o

i (1-35,0) (1-25,0)) 20 Fe

2
(/l + 1) i=1,j=1,i#j i=1,j=1,i#j
5 k k
(A1) Y sy=(Pe20e1-2) Y
i=1,j=1,i#j i=1,j=1,i#j
(1+1)° k i
2 i=1,j=1,i#j (7 = sij)
A 1
A=
k nlnj
+\/Zl 1,j=Li#j (n:’lj SU) -1
A 1
A=

X __mny
\/Zizl,jzl,iij (ﬁiﬁj—sij) !
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6.4.5 Maximum likelihood estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 6.4.5 for the WMPA;}) distribution. The Newton-Raphson algorithm uses the equation
in (6.9) for t+ > 1 and the MoM estimates in Subsection 6.4.4) are used as initial values of the
parameters 1(%), 950), cees 9;{0) for the WMPA;}) distribution. The iterative process is repeated
until a given tolerance level € between the ' and (7 + 1)”’ iterate values is reached or until a

specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (6.10)
need to be calculated with respect to each of the parameters: A and 61, ..., 0.

The results of the calculation of the first and second derivatives of the pmf for the WMPA;})
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f* (ny,...,nr) where {ny,...,n;} € {0,1,...} with respect
to each of the parameters: A, 8y,..., 60 are written in a shorter form in order to mathematically

and programmatically simplify the expressions.

Results of the derivatives

Letx =-260,i,j,¢ € {1,...,k} and let L; (x;) be the Laguerre polynomial in (A.3). Then let

_Of" )
0

k k n;

=0 (Z ”i)’ (l_l %) Ly, (e =0, (S.6.0.6)

i=1 i=1 i i=1 U
{ni,....nk} €{0,1,...}.

+ " (n1,...,nk)

~ a1
_ 82fw (n1,...,nK) +8fw (ny,...,nx)
02 01

k k n;
8.1
- (Z) (ﬂ —) Ly @0 = (1-0)g,

i=1 i=1

(5.6.0.7)

{l’l],...,nk}E{O,l,...}.

It then follows that the first and second derivatives of the pmf in (6.10) are

First derivative with respect to A
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of (ni,...ome)
2 =8 =" (o) (S.6.0.8)
{nl,...,nk}E{O,l,...}.

First derivative with respect to 6 ;

(‘)fw(nl,...,”lk)_ /_1 (ﬁ_l)fw(m,...,nk),

= g+
99, 6° \6; ¢ (5.6.0.9)
{ni,....,n} €{0,1,...},je{l,...,k}.
Second derivative with respect to A
(92fw (m,...,nk) ,
FYe =g —g+f"V(n,...,n),
{ni,...,n} €{0,1,...}.
Second derivative with respect to 0 ; and A
A2fY (ny,...,n A, (n; 2 n; 1
S7 k)=——g +(—]——)g—(—J——)fW(n1, STk s
96,04 Y 6; @ 6; @ (5.6.0.10)

1y oy € 0,1, ), e{l,... k).

Second derivative with respect to 0 ;

Of (ni,....m) A%, /1(271_/ (/1+2))

= =8
967 62° 0\ 0; 0
2
I’lj 1 flj 1
+(9—j—5) fw(”ll’---’”k)_(9_?+E)fw(nl,---,nk),

1y oy € 0,1, ), e{l,... k).

Second derivative with respect to 0 ; and 6,
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%Y (ny,...,nx) :/12 , /_l(@_l_%_ (/l+2))

00,00, % "g\o; e, 0
nj 1\ (ne w SV (i)
N yeany) = R
(Gj 9)(95 )f (n nk) 7

(.. om ) €{0,1,..), 7, 0e{l,... k}.

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (6.10) is given here.

First derivative with respect to A

Let {ny,...,nr} € {0,1,...}. Substituting from (6.10) and (S.6.0.6) and using (A.13), it follows
that

k n;
i —) Lo o e 0 —(1=0) £ (n,...omp)

i=1 T4

k

i 0 -A(1-0)
1_[ 1)[sz1 w )~ Lok, ()] e
l

- S

—(1-9) 1" (nl,...,
( nl) ;,) Sk n (x)e—/l(l—e) - [ (ny, ..., nk)
_g f (l’l],...,

First derivative with respect to 0
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Let {ny,...,nr} € {0,1,...} and let j = {1,...,k}. Substituting from (6.10) and (S.6.0.6) and
using (A.13), it follows that

of" (ny,...,ng)
00

£ nj Lo 0 (1-6)
) (=L i -A(1-9
D IETI F EAEE
S o' (1-0) !
i 1 —A(1-0 w
—AH(Zni !(HT)LZflni—l(x)e —(/1+5)f (n1,...,nx)

+(z—;—/1—%)fw(n1, 1K)
k k  pni
_ , i) 1 A1-6)
= AG(;H,) (!:1[ .) Ko (x)e” (91 )f (n1,...,n
A |
=% (Z—;—g)fw(nl, 8

Second derivative with respect to A
Let {ny,...,nx} € {0,1,...}. Substituting from (S.6.0.7) and (S.6.0.8), it follows that

O*fY (1, ..., ng)

012
k k n;
0" o af” (ny,...,ng)
(S ([T et - 2L )
_ , OfY (ny,. . )
oA

:g’—g+fw(n1,...,nk).

Second derivative with respect to 6 ; and A
Let{ny,...,nx} €{0,1,...} andlet j € {1,..., k}. Substituting from (S.6.0.8), it follows that

O*fY (n1, ..., ng)

90,01
_ n_]_l 6fw(n1,...,nk)_l _/_1 ,
~|o; "o oA 9% 0%

1, nj 2 njp 1Y)
- __ +|— - - - — - - e e ay .
68 (9]‘ 9)g (91' 9)f s "

Second derivative with respect to 0
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Let{n,...,nx} €{0,1,...} andlet j € {1, ..., k}. Substituting from (5.6.0.9) and (S.6.0.10), it
follows that

82]”" (n1,y...,n)

96’
ni: w n;
=(é‘é) aof (naléj ,nk)_(e_é_,_%)fw(nl,...,nk)
_4[asz(nl,...,nk)+afW(n1,---,nk>]_ig
9 9106, 90, 62
A2, A(2n; (A+2)
:ﬁg‘é(e_ﬁ 0 )

() I AL )
—_ - — n,....nx)—|—=+—= ny,...,ng).
6, 8 1 k 03 0”2 1 k
Second derivative with respect to 6 ; and 6,

Let{n,...,ng} €{0,1,...}andlet j,£ € {1, ..., k}. Substituting from (S.6.0.9) and (S.6.0.10),
it follows that

82fW (m, e ,nk)

00,00,
z(l’l_]_l) 8fw(n1,...,nk)_fw(nl,...,nk)
0, 0 06, 62
_/_1 asz(nl,...,nk)+6fw(n1,...,nk) _i
9 8206, 06, 028
A2, A(n; ne (A+2)
:—g - — 4 — -
2° 6\6; 6, 6

nj 1\ (ne 1\ ., Y, ..ong)
e
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6.5 Weighted Type II multivariate P6lya-Aeppli distribution Case 11

6.5.1 Joint probability mass function

Theorem 6.5.1. The pmf of (le, o ,N,;V) ~WMPA® (1,64,....0) is

7 (0,...,0) =

(1-e) 0

e
(1-e?)
{ni,...,n .y =A{ng,....np,...,n.}=40,...,1,...,0},
a<b<c,a+c

Pge-11-0) (& b g
Y (ng,....np,nc,...,nq) = m Zni—(b—a+l) ! l_ln%' L2Zf’=uni—(b—a+l) (x)

i=a i=a

0
fW(na,...,nb,...,nC): ?b[(/lg—l)e/w+1],

{ni,...,ng} ={ng,....0p,nc,...,nqr={1,...,1,0,...,0},
a<b<c<d

N 220e-101-0) [ K k 9:_%'
f (”1,---,nk)=m Zni_k! l_ln_l' Lzz{.‘:lnifk(x)’

i=1 i=1
{nls"'ank}G{0315"'}’{]/113"'7”](};6{07'*-90}’
{ni,....,n} ={ng,....np,0¢,...,ngt #{1,...,1,0,...,0},

a<b<c<d,
where 6 = 1 — fozl 0;, x = —A6 and L (x) is the Laguerre polynomial in (A.3).

Proof. For the first part of the proof {ni,...,nx} = {0,...,0}. It follows from (A.17) and (6.3)
that

fW(O,...,O):l//le ..... NW(Oa---’O)z

: (l—e?) 0
The second part of the proof is derived for the case where one of the {ny,...,ng} is equal to
one and the rest are zero. Therefore, {ni,...,nx} = {ng,...,0p,...,n:3=40,...,1,...,0} and

a <b <c,a#c. The pgf in (6.3) can be written as
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It then follows from (A.18) that

Ny (Sas-vsShyevesSc)

.....

Ny ....Ny N (Sase s Shy s Sc)

asp
e i Op (m — 1) Amem-1

(1 —e—/l) - m! (1 - e gisi)m
and
fW (na,. ,Np, ,nc)
_ ,(0,...,1,...,0)
N NN (sa’ b SC) 5a=0,...,5p=0,...,5.=0
- e i Oy (m—1) Amem-1
(1-e) o m!
_ e 4 0y i Amgm Z 1o
S (l-e ) 6 | (m-1! L om!
3 e—/l Gb Vi /lm+19m+l i e N
(1-et) 0 |5 m! P
-1 [ o mom
€ Op mg
“=eno (0-1) > o+l
L m=0
-2
=_¢ O 20
ST o (WD
The third part of the proof is derived for the case where more than one of the {ni,...,n;} are

equal to one and the rest are zero, or where all of the {ni,...,n;} are equal to one. Therefore
{ni,...,nk} ={ng,...,np,n¢,...,ngt =41,...,1,0,...,0anda < b <c <d. Letx = -10
and z; = 6;s;, then the pgf in (6.3) can then be written as

YNy Ny (ST, Sk)

=SYNY NP NN (Sase oo SbySe, -5 Sa)

(o8] [ee)

— w n np _n, nqg
= Z Z f (na,...,nb,nc,...,nd)sa‘”---sb 5SSy

=30, 0050 — Bk 0isi) [ _afi-
:( Zl—a iSi Zz_c iSi . (1 (1-2?:a9i:—2icgié‘i) o
0(1-e 1)

(1 ->b s34, 9isi) [ —,1(1—0+9—
e

2]
(172?=a yisi’zf'l:C Hisl-)) _ e—/l
6(1-e1)

(1-2ka2 -2 =) ((zz))
_ ma = e A1=0) \ (2 2ol zi) | _ p-2|
0(1-e 1)
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Finding the derivative of Yy . NP N ...NY (Sas--+s8bsScy .., 8q) with respect to zq4,...,2p
and using results (A.1) and (A.2), it can be seen that
A"~ Ny Ny NN (Sase -y SbySes -5 5a)
0za -+ 02p
2 1@£ﬁﬁéﬁl)
— /l 0 e—/l(l-@)e((ZfzazﬁZl‘-l:Cz,»—l)
3
(1 - e_/l) (1 - Z?:a <i— Z:id=c Zi)
i i 220e-A(1-0) (Zf’za ni+y4, ni)! ) ( :
= L X
_-A b ; d
P =0 ngrnn =0 (1 e ) (Hlb a ) (Hl L. n;! ) Zz a i +Zl. =c
X z2gd 7,0 -ZZ” 2
i i 120e-A(1-0) (Zf’:a i+ ni—(b-a+ 1))!
- _ A
Na,....np=1 nec,...,ng=0 (1 € ) (nt%):a (l’li - 1)’) (H:-l:c n,-!)
2 a=l. . om=1_ _n.. .. .n
X LZ?un[+Zldcn, (b- a+l)(x)] AR S R
and from (A.16)
5b_a+llﬁN(;V,...,NI;V,Ng“’,...,Ny (Sar- s 8bsScs-v-554)
0Z2q - 07p
gy s Ay Hey ... 1 _
Z Z (l_l ) (a b ¢ d) nul...zzbl ..ZZC...ZZd‘
Ng,....np=1ne,....ng=0 \i=a (Hf)ag?') (l_[idzc an‘)
From these results, it follows thatfor {n, ...,n;} = {ng, ..., np,n¢, ..., 0ngy =4{1,...,1,0,...,0}
anda < b < ¢ < d that
Y (ng,...,np,ne,y ..., 0q)
/1296—/1(1—9) d b o d o
= —(b- ! _* _t )72
(=) ;nl+;n, b-a+1)|! 1:1[ T E[ " LZf’an+Zf’:cni—(b—a+l) (x)
120e-201-0) (& b_ gni
S (b - ! i )72
= ggin (b—a+1)|! 1:11“! Ly o tpasry @
In the case where {ny,...,ni} ={1,...,1},then k = b = ¢ = d and a = 1, such that
A20e=A01-0) [& kg
w i A 172
(g, ng) = (—e ) Z;n, k! H”i! LZ{-‘:,ni—k(x)'
i= i=
The fourth and final part of the proof is derived for the case where {n|,...,ng} € {0,1,...},

{ni,...,n} #40,...,0},and {ny,...,nx} = {ng,...,0p,ne, . ..

g} #{1,...,1,0,

,0} and
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a<b<c<d Letx=-A460 and z; = 0;s;, then the pgf in (6.3) can then be written as

= Z Y, ng) ST sk
=1 ViSi “Al1-—~2
= " |e ( (1—2{?:1 gisi)) — e_/l

(1 -3k, 9isi) [ _/1(1—0+9—
—_— | e

[
(I—Z{.(:l gisi)) _ e—/l

(1 Ik Zi) oA1-0), ((Z(Zl zl,Zln)))
6(1-e1)

Finding the k'" derivative of Ny
(A.2), it can be seen that

.....

/129e—/l(1—0) e

k-1
= — .
(1 € ) ny=n; np=nj ni=0 | i=1 i+

A2he—1(1-6) = =T Z,kn=i Nm
- (1-e1) Z [ﬂ )

k
i=1 Z:m i+1 Nm

ni—ny Ap—1—Nk Nk
Lm (x) 7} k-1 Lk

XZ
Zkll()

0 220e-A(1-0) (Zle n,-)'
12
k

i n1’~§k= (1 - e_/l) (nle nl~) e (X) nk.

If{n,....ne} €{0,1,.. L {n,....n} #{0,...,0, {n1,....,nc} = {na,....,np,0¢, . ..

{1,...,1,0,...,0}anda < b < ¢ < d then

U v (S1s-y5k)

/1296—/1(1—9) (25'21 ni — k)'
_e—A !
k. <0 (1 e ) (nl — k)' (Hf:Z n;! ) Zl | ni—

n1 k nz ni
(0| z 7

N (s1,-..,Sx) with respect to z; and using results (A.1) and

g} #
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and from (A.16)

k
0 Wle ----- Ny (S15- -5 Sk Z Z S nk)znl kz”Z gk
k - n k ! k gn ! 2 ke

9z M=k M.t = o( = ) (Hi=1 6;"

Similar results can be derived by differentiating with respect to z; fori € {2,...,k}. From these
results it follows that for {n,...,n;} € {0,1,.. .}, {n1,...,n .} #{0,...,0},and {ny,...,ni} =
{ng,...,np,n¢e,...,ngt #{1,...,1,0,...,0}anda < b < ¢ < d that

/1296—/1(1—9) k k gnl
w _ . | _t 2
Y (ny,...,ng) = (1 —e‘/l) an k! ]_l " LZ,-k=, p—k (x).

i=1 i=1

6.5.3 Conditional distributions and expected values

Theorem 6.5.4. The pgf of Ny, ... N’ conditioned on N} for (NY',.... . N}') ~
WMPA 2 (2,01,...,6%) is

Uy | (N=0) (525 -5 5k)

(1 _ZI.{_ Hl-si) (e(lZlk:M - 1)

1_2 ((12 9,)_1)

WNW NY|(NY=1) (52, ..55k)

.....

1—g, vk 0‘s-) a6 D VRN
( ! Z,_z m (e (1-z%, 0i51) _ 1) + Le (1-zf, oisi)
0 (1 _3k, Qis,-)

(1 -3k ) a0 a0
+ (e (-5, 0:) _ 1) " Le(l—zfﬁzzei)
(1-25, )
wNZW ..... N]:vl(NIWZnI) (s27-~-7sk)

i(m+n1 )/l’"@m 1

(l‘zwf ) - " (1-zhs)

1= 55, 0:s i(mm )A’"em I ’
m
m=2 mt (1 - 25:2 9,-)

ni 6{2,3,...},

where 6 = 1 — Zle ;.
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Proof. For the first part of the proof n; = 0. It follows from (A.36) that the conditional pgf of
NEV,.. .,N,VC" giveanw is

Uny.., NW|(NW—0) (2, .., 5k)

lﬁ N” (0 Sz,...,sk)
¢ ----- L (0,1,...,1)
k

o)
1-%,0isi) _
(1Zf<29ﬂi)(e ’ 1)

n .
- Z’ 2 0 (e (l_zlézgi) - 1)

For the second part of the proof, n; = 1 and by calculating the first derivative of the pgf in (6.3)

with respect to s

oy (o1t (1203t e
65‘1 (1_6—/1) 0
T a0
N e A0, e (1735 osi)

(1 - e_/l) (1 - ZZ'(:I 9,’51')
it follows from (A.36) that the conditional pgf of Ny, ..., N;" given N|" is

lﬂNw NW|(NW_1) (s2,...,8¢)

.....

W(IO N w (0,52,...,5¢)

.....

1-6,-3% 0; i) A0 T3k _a.5)
( 1= Qi bis (e(n—zgeisi) _ 1) +Le(l—zgém)
1- Zl 5 0isi

(1 _Zfzz 91‘)
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For the third and final part of the proof n; € {2,3,...}. The pgf in (6.3) can be written in the

following form

e o A™M _ _
= mZmlﬁl (Sl,--.,Sk)m l—llfl (815 .-, 5k) !
m=0 '
e ©mgm-1 1 (1 _Zle eisi)
T 1 m—1
(I-et) &4 m (1_2 91S1) 6
e i Amem-! 1
T (1 _ A ! m-1"
(1-—e)  m! (1 _ Zf-;l 9i5i)

It then follows that for {ny,...,n;} € {2,3,...}

w““ "“ ) (S1ae k)

.....

3"“ +""l//le ..... Ny (815 k)

ds)' - a5t
oA [k oo Amgm Lm—1)(m) - (m+n; —2) - (m+zllnl )
n;
1-e 1—[ Qi Z k M3 ni=1
i=1 m=1 (1 _ Zi:l Hisi)
e k 2, ymgm-1 (m—l)(m)---(m+n]—2)---(m+2f:]n,-—2)
- n;
T (1 — - 1_[ 0; Z m! m+yk ni-1
(1 € ) i=1 =2 k i=1
= "= (1 — iz 9i5i)
e—/l k el Amem—l (m+2f:1 n; —2)'
— ni
T (1—e?) ﬂgi Z m! . m+yk ni—1
i=1 m=2 (m - 2)' (1 - Zi:l 9,‘5‘[)
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Therefore, from (A.36) the conditional pgf of N;V Y ,N,V(” given N YV is

Uy (N =ny) (525 5K)
,0,...,0
0 (0,52, sk)

e g i Amgm-1 (m+n;—2)!
(1 _ e—/l) 1 - m! | & m+n;—1
= (m —2)! (1 —¥k, Hl-si)
- e o i Amgm-1 (m+n;—2)!
(1 _ e—/l) 1 - m! | & m+n;—1
= (m=2)!(1-25,6)
i(m+n1—2)/lm0m 1
— ! m
m—2 - (1 -3k, 9iSi)

i m+n;—2 | Amem 1
m-—2

| m
m! (1 _ Z{;z 9i)

6.5.4 Method of moments estimates

Let (NIW . N,ZV) ~ WMPAS) (4,61, ...,0;) and consider a random sample of size m from this

distribution. The observed values are then (nie,...,nge) where € € {1,...,m}.

Letn; and s;;, where i, j € {1, ..., k}, be the sample moments given in (6.8). The MoM estimators

can be derived using these sample moments along with the corresponding population moments for

E (N}) and Cov (NIW NJW) as presented in Table 6.1 in Section 6.2.2.

Therefore, if A is the MoM estimator for A, then
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and an MoM estimator for 6;,7 € {1,...,k}is

m(1-3h4) 5k 3

Hi I—Zfle) i=1

..

D S
|
M*

="
|

m

-

Il

—_

l - k .

Z S (1 = 1) -1

As in Section 5.5.4, an explicit expression for the MoM estimator of A is unavailable, therefore,
the Newton-Raphson method is employed to estimate A (Press et al. [3]). This involves iteratively
refining the estimate by evaluating the function and its derivative at each step, updating A until

convergence is achieved.

Therefore, the Newton-Raphson algorithm can be employed to derive the MoM estimator for A,
such that

f (gm

7 (1)

S~—

A+ Z 40

fort > 1.

In order to obtain A, the sample moments s; j+mn;n; is equated with the population moments
E(NPNY) = Cov (N, NY) +E (N) B (N ). Tt follows that

k A2/\ A
1 16,0 ; 1 _
5 Z W:E.: Z .(Sij+nii’lj)

i=1,j=1,i#j (1 —e 4

\2
i=1,j=Li#j (/1 -1 +e—/l) i=1,j=Li#j

k A2 (1 - e_;l) ﬁ,’ﬁj k
2 =

The expressions for the function f (4) and it’s derivative f’ (1) are

) £ 2 (1-e ) a
S (/l) = Z - —Eij —ﬁiﬁj

" 2
i=1,j=Li#] (/l -1+ e"l)

N 5 1\2
k 2/1(1—6_/1)1111 + 2e 1 nn —2/12(1—6 ) nin;j

n N\ 2
i=1,j=Li#] (/1 -1+ e—ﬂ)

The MoM estimator from the MPA,; distribution in Section 6.3.4 is used as an initial value for

A1) In cases where the MoM estimator in Section 5.3.4 is unavailable, a grid search method, as
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suggested by Woodford and Phillips [4], can be used as an alternative to determine the starting

value. However, this approach will not be discussed further in this thesis.

The iterative process is repeated until a given tolerance level € between the ' and (¢ + 1) iterate

value is reached or until a specified maximum number of iterations is reached.

6.5.5 Maximum likelihood estimates

The results derived in this section are used in the Newton-Raphson algorithm to obtain the MLEs in
Subsection 6.5.5 for the WMPA;? distribution. The Newton-Raphson algorithm uses the equation

in (6.9) for ¢t > 1 and the MoM estimates in Subsection 6.5.4 are used as initial values of the

) 4(0)
o

until a given tolerance level € between the ¢/ and (1 + 1) " iterate values is reached or until a

parameters 19, 6 . 91(<0) for the WMPAﬁ) distribution. The iterative process is repeated

specified maximum number of iterations is reached.

In order to calculate the gradient vector VF and the Hessian matrix, such that the Newton-Raphson
algorithm can be utilized, the first and second derivatives for each element of the pmf in (6.11)

need to be calculated with respect to each of the parameters: A and 61, ..., 0.

The results of the calculation of the first and second derivatives of the pmf for the WMPA;?
distribution are given here. Following this, the calculations for how each result was obtained will

be given.

The first and second derivatives of f* (0,...,0), f*(0,...,1), and f" (ny,...,nx) where
{ny,...,nx} € {0,1,...}, {n,...,nx} # {0,...,0}, {ng,...,n} # {0,...,1} with respect
to each of the parameters A, 04, . . ., 6 are written in a shorter form in order to mathematically and

programmatically simplify the expressions.

Results of the derivatives

Letx =-40,i,j,¢ € {1,...,k} and let Ly (x;) be the Laguerre polynomial in (A.3). Then let

_6fw(n1a---’nk)_ 2_ 1 fW(n n)
g_ a/l /l (1—6_/1) 15---50k
202 -a1-0) (S ni—k|! [ k
_Lre — ( ) (ﬂ@“)fk o () (S.6.0.11)
= () )2t
{ni,...,ni e} ={ng,...,np,nct #4{0,...,0,1},a < b,
{nl,...,nk}E{O,l,...},{m,...,nk}¢{0,...,0}.
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- 98

A

:32fw(n1,---,nk)_ 21 AfY (ny,...,ng)

042 1 (1-e 01
2 e w

(-]

/1293 —A(1-6) | 2= i — k .

 (1-e) ( Kk ) (I_IOL)L;kln, ko )

() )

2 1 8f (I’l],...,nk)
+(Z_ (1-e1) +9) oA ’

{ni,...,ni} ={ng,...,np,nct #4{0,...,0,1},a < b,
{ni,...,n} €{0,1,...},{n1,...,nx} #{0,...,0}.

It then follows that the first and second derivatives of the pmf in (6.11) are;

First derivative with respect to A

afvO,...,00 _(, 1 " e~
T_(e —(l—e—ﬂ))f (0""’0)+—(1—e—ﬂ)
af"(0....0n0) 1 .
o =00, f (0,...,0)+(9 —(l_e_/l))f 0...,0,n),
{ny,...,ni} ={ng,...,np,ncy=40,...,0,1},a<b,j=c (S.6.0.13)
afw(l’l],...,nk)_ 2 1 w
a1 —8+(Z—m)f (ni,....nK),

{ni,...,ni g} ={ng,...,np,nct #4{0,...,0,1},a < b,
{I’l],...,nk}E{O,l,...},{nl,...,flk}¢{0,...,0}.

First derivative with respect to 6 ;

(S.6.0.12)
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af7(0.....0) (1 . e

T _(E—A)f (0,.--,0)—5m
afw(o...,o,nc) _ l 1 _ W — . w

a0, _(9+9j /l)f 0...,0,nc) =20, " (0,...,0),

{I’ll,..
af"(0...,0,nc) _

09
{I’ll,...,
af” (ny,...,nk) 4
=——g+
00 6

L)

(%-a)fw (0...,0,n) — A6, (0, . .

ngy =A{ng,...,np,n.} =1{0,...,0,1},a<b,j=c

-90)3

ney =A{nag,...,np,n.} ={0,...,0,1},a<b,j+c,{=c

" 1)fW<n1,...,nk),

6, 6

{ni,...,ni}={ng,...,np,n.}t #{0,...,0,1},a < b,
{ny,....,n .} €{0,1,...},{n1,...,ne} #{0,...,0}.
(S.6.0.14)
Second derivative with respect to A
%" (0,...,0) @-1) 2 )8fw(0,...,0)
= v (0,...,0)+|0-
FYE T AR R A TRy Ry
w(0... c -4 w(0,...,0
0f"©....0n) __ e fW(o...,o,nc)+09jM
0 (1_6—1)2 01
1 ofY(0...,0,n.)
+(0 - ,
=)
{ny,...,nx} ={ng,...,np,nct=40,...,0,1},a< b, j=c
62fw(n1,...,nk)_ , (2 1 af” (ny,...,nk)
=g +[=--
012 1 (1-e 01
2 et w
_(ﬁ_m)f (nl,...,nk),
{ni,...,ni} ={ng,...,np,n.} #{0,...,0,1},a < b,
{nl,...,nk}e{0,1,...},{n1,...,nk}¢{O,...,O}.

Second derivative with respect to 6 j and A
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?fv(0,...,00 (1 afv(0,...,0) .,
—60j6/l _(5_,1)—6/1 -f(0,...,0)

‘5 ((1 —Ae‘/l) - 1) ((1 i_:—ﬂ))

BZfW((),_,,O,nC) 1 1 afW(O...,O,I’lc) .
69j6/l _(5+Q_j_/l) o1 - fY(0...,0,n)
af(0....0)
_/lg.ia—l—é’jf 0,...,0),

{ny,...,n} ={ng,...,np,ncy=40,...,0,1},a<b,j=c

Qf(0....0n) (1 \Of(0....0,n.)
=== - fY(...,0,n,
90,01 (9 ) oA f0....0.nc)
af (0.....0)
a0, g0,
I a1 O™ (0,...,0),

{n1,....nx} ={ng,...,np,n.}=40,...,0,1},a<b,j£c,{=c

0% fY (ny,...,nk) :_/_l , 1 N nj 1\ OfY (my,...m)
96,01 9% "9\, o a1 ’
{ni,...,ni} ={ng,...,np,nct #4{0,...,0,1},a < b,

{ni,...,n} €{0,1,...},{n1,...,nx} #{0,...,0}.

(S.6.0.15)
Second derivative with respect to 0
9?fv(0,...,0) 1 1 afv(0,...,00 1 e*
L - f(0,...,0)+|=—21 R R
a6’ a2l ) (0 ) 80, 62 (1-e1)
A2 (0...,0,n, 11 1 1 w(0...,0,n.
P te) | e )17 0 0m (o -] 2O
063 s 0 6; 3
af”(0,...,0)
—A0;———" 7 _1f%(0,...,0),
j 26, 7o )

{n1,....ni} ={ng,...,np,n.}=40,...,0,1},a<b,j=c

9?7 (0...,0,n) _ /v (0....0.n.) s af”(0...,0,nc) Y afv(0,...,0)
96 62 6, e,

1
—-2
0

{n1,....n .} =A{ng,...,np,n.}=40,...,0,1},a<b,j£c,{=c
asz(”l,---,nk)_/lz , /1(2nj 1 1

962 T 2% Ty

2
+ _]__ fw(nl,...,l’lk)— _£+_2 fw(nl,...,nk),
9,. 6
{ni,...,ni} ={ng,...,np,ncr #1{0,...,0,1},a < b,
{l’l],...,nk}E{0,1,...},{711,...,7lk}¢{0,...,0}.
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Second derivative with respect to 0 jand 0¢

82 (0,...,0) :fW(O,...,O)+(1_/1) A (0....00 A e

(99]'695 92 0 69[ 92 (1 — e‘/l)

2 rw w w w

O£ (0....0m) _ f*(0....0m0) (1 1 _\of (O...,O,nc)_/wjﬁf (0.....0)
86,00, 62 66, 86, 86,

{ni,...,n} ={ng,...,np,nct=40,...,0,1},a<b,j=c
2 (0., 0me) _ f7(0..0m) (L) OfrO....0m)
691'(995 62 0 00,
af (0,...,0)
00,
{n,....n .} ={ng,...,np,n.} =40,...,0,1},a<b,j £c,{=c

awa (nl,...,nk) _ /12 , A (Ylj ne A 1 )g

— 16, —AfY(0,...,0),

== +
96,00, 02 “o\e; "o 01—

nj 1 I’l{ 1 w fw(nl""ank)
+|— - - _— = = 9e e ey - T 5 >
(91‘ 9)(95 9)f 1m0 02

{ni,...,ni}={ng,...,np,n.} #{0,...,0,1},a < b,
{ni,...,ni} €{0,1,...},{n1,...,nx} # {0,...,0}.

Calculation of the derivatives
The calculation of the first and second derivatives of the pmf in (6.11) is given here.
First derivative with respect to A

Let {ny,...,nx} ={0,...,0}. Substituting from (6.11), it follows that

8f" (0,...,0)
o1
et fet? (e_’l)2 (et? - 1)

T(1-e ) 0 (1—e? 6 -f10,...0
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Let {ny,...,ng} = {ng,...,np,ncy =40,...,0,1}, a < b, j = c. Substituting from (6.11), it
follows that

afv(0...,0,n.)
a
l—e‘/l gJ( ) ) % 1o a0-1) et
_,12
- (1(;—)4) Y61 1] -7 0,01
:wzeij(o,...,O)—ﬁf(o,...,o,l)meejﬁ
:99ij(0,...,0)+(9—m)f(o,...,o,l).

Let {n1,...,nx} € {0,1,...}, {n,...,nx} #40,...,0}, {n1,...,nx} = {nag,...,0p,...,0c} #
{0,...,1,...,0}, a £ b < c¢,a # c. Substituting from (6.11) and (S.6.0.11) and using (A.14), it
follows that

ofY (ny,...,ng)
oA

/1262 —A(1-9) (Zl | i — k)!
S (1= (]_[l 1n,) (

20e-A1-0) =2 (Zl | i —k)' "
B (1—e1)? (H, 1711) (]_[9 ) Sk ni—k ()

+sz(nl,...,nk)—(l—Q)fw(nl,...,nk)

202,-A(1-6) (Zl n; — k) i}
_ /1 (61 B e_/l) (n}:l l’li!) (D " l) [L3 51 i~k (X) - Léf:l ni—k (X)

e—/l

2 w
+(/—1—(1—9)—m)f (n1,...,ng)

/1282 -A(1-90) ( =1 i — ) ;
B (1-e) l_[g" LZk ni—
(Hl 1”1 ) i=1

2 1 .
+(z_m)f (ny,...,nk)

2 1 »
:g+(/—l—m)f (nl,...,l’lk).

k
9,’-”) Lis ey @
=1

: Doy i

4

()

First derivative with respect to 0 ;
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Let{ny,...,nxg} ={0,...,0}and let j € {1, ..., k}. Substituting from (6.11), it follows that

af”(o,...,0)
I
MO0 et et
= 9 (1—6_’1) g
| " 1_e’
:(g_ﬁ)f (o,...,o)—gm'

Let {ni,...,nx} = {ng,...,np,ncy ={0,...,0,1}, a < b, j = ¢. Substituting from (6.11), it
follows that

af” (0...,0,nc)

00,

-2 6 -A 9

=T ) oy oD e

11

+(5+E)f(0,,0,1)
11

=(5+57—ﬂ)fmw.wOJ)—ﬂ@fwwp.ww.

Let{ni,...,nx} ={na,....,np,n.} ={0,...,0,1},a < b, j # ¢, € = c. Substituting from (6.11),
it follows that

afv(0...,0,nc)
00;

— e_/l 9[ 10 e—/l 9[ My f (0, N ’0’ 1)

e ) oy oD et e

=(é—/l)f(O,...,O,1)—/16’gfw(0,...,0).

Let {ny,...,nx} € {0,1,...}, {n,...,nx} #40,...,0}, {ny,...,nx} = {ng,...,0p,...,Nc} #
{0,...,1,...,0},a<b <c,a#candletj € {1,...,k}. Substituting from (6.11) and (S.6.0.11)
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and using (A.14), it follows that

of” (ny,...,ng)
00

/129e A(1-6) (Zl Vi = k)! (nj

(1-e) (Hle ni!)

/ﬁée A(1-0) (Zl 1n,—k)
= (M) (

—(/l+é)fw (m,...,nk)

~ he—1(1-0) (Z i — k)!
S (1= (I, m4t) (

nj 1
— —— =] f" ey
+(0j 7 )f (n1 ni)

—~
=
3
~
~
Mw
~
=
N
™~
—_
=
SN

Bhe-11-0) (Zl (i — k)!

k
T (] )30

(H]-(:I’l' i=1
+(g—j——)fw(1,..., 0
A (L)
= eg (0] )f (I’l],..., )

Second derivative with respect to A

Let {ny,...,nx} ={0,...,0}. Substituting from (S.6.0.13), it follows that

3’ (0,...,0)

A2
B e~ " ~ 1 afv(o,...,0)
_(—(1—e"l)2)f (O,...,0)+(6 (l—e—ﬂ)) a1
Lt e

(I-e™) (1-e-1)?

@-1 ., 2 arv(o,...,0)
e TN G e B
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Let {n1,...,nx} = {ng,...,np,n:y=1{0,...,0,1}, a < b, j = c. It follows that
af"v(0...,0,n.)
ol
et afv(o,...,0)
= fw O,...,1)+0 ————————
(1-e2)? T
1
+o- af (o, ,(),1).
(1-e"Y) X
Let {ny,...,nx} € {0,1,...}, {n1,....ne} #{0,...,0}, {n1,...,nx} = {nag,...,np,..., 0.} #

{0,...,1,...,0},a < b < c,a # c. Substituting from (S.6.0.12), it follows that
62fw (l’l], .. ,nk)
012
12030-4(1-0) ( flnl —k)

=T () [IEIEE

2 1 af” (ny,...,nk)
+(Z_ (1-e1) +0) aA

2 1 af” (ny,...,ng) 2 e~ "
+(z‘(1_e_1)) a1 ‘(ﬁ‘—(l _A)z)f (1t
(2 1 af” (ni,...,nx) |2 e~
—g+(5‘(1_e—4)) o1 ‘(ﬁ‘m)f o)

Second derivative with respect to 6 ; and A

Let {ny,...,nx} ={0,...,0} and let j € {1,..., k}. It follows that

%" (0,...,0)
86,04

_(L_,)\9fv0,....00 .,

_(0 /l) - 7 (0,...,0)
1 et 1 et a4 (e

0 (1-e1) T (1-e1) 6 (1 —e4)?
(1N ,...,0) 1 A e~
(i) G0 ey )

Let{ny,...,nx} ={ng,...,np,ncy=40,...,0,1},a < b, j = c. It follows that

2% (0...,0,n.)

86,02
1 1 af(0,...,0,1)

= -+ — 2| LT ...,0,1
(Lo d 8000
Ag.w_gﬂvw(o’_”’o).

J o1
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Let {ny,...,ni} = {ng,...,np,nct =40,...,0,1},a < b, j # ¢, { = c. It follows that

82f% (0...,0,n.)

90,01
(1 \ar@....01

_(0 ﬁ)—(u £(0,...,0,1)
—AQZW—QW(O,...,O).

Let {ny,...,nx} € {0,1,...}, {n1,....ne} #{0,...,0}, {n1,...,nx} = {ng,...,np,...,nc.} #
{0,...,1,...,0},a<b<c,a#candletj € {l,...,k}. It follows that

awa (nl,...,nk) A 1 (n_]_l) afw (nl,...,nk)‘

= —— g—— +
00,0 0% "9\, o o4

Second derivative with respect to 0

Let {ny,...,n;} ={0,...,0}tand let j € {1,..., k}. It follows that

% fv (0,...,0)
593

afv(0,...,00 A e

1, 1
:ﬁf (0,,0)+(5—/1) (99] —Em

Let {ny,...,nx} = {ng,...,np,nct =40,...,0,1},a < b, j = c. It follows that

82 % (0...,0,n.)

2
002
Lo 11 af(0,....0,1
- _2__2 f(07,0,1)+(—+__A)M
arv(o,...,0) .
— 0= A (0, 0).
Ty 0,0

Let {ny,...,ni} ={ng,...,np,nct=40,...,0,1},a < b, j # ¢, { = c. It follows that

A?fv(...,0,n.) 1 1 af(0,...,0,1) af(o,...,0)
=—f(0,...,0,1)+|{=—-2 -6 .
o6 2 )+(9 ) 96, TS
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Let {ny,...,nx} € {0,1,...}, {n,...,nx} #40,...,0}, {ny,...,nx} = {nag,...,0p,...,0c} #
{0,...,1,...,0},a < b < c,a # c. Substituting from (S.6.0.14) and (S.6.0.15), it follows that

O*fY (1, ..., ng)

a6
A AP ) (20 af" (m,...,ng)
2% 0 9490, 1 (1= 26,
nj 1 ﬁfw(nl,...,nk) nj 1 W
+(9j 9) aej 9§+02 f (nl,...,nk)
A, A2y a1
2% "o\, Ta(i-en))®

. 2 .
+(n—]—$) fw(m,...,nk)—(n +%)fw(”1’---’”k)-

e
2

0.1'

Second derivative with respect to 6 jand 0,

Let {ny,...,n;} ={0,...,0}and let j, € € {1,...,k}. It follows that

21 (0,...,0) _f¥0,...,0) (1 Naf*0...,0) A e
80,00, 62 0 90, 6% (1-e 1)’

Let {ny,...,ni} ={ng,...,np,nct =40,...,0,1},a < b, j = c. It follows that

p 0F"(0.....0)

1
+— -2 -2
J 90,

6" 6,

97 (0...,0,nc) _ f(0,...,0,1) s 1
8606, 62

af(0,...,0,1)
e

Let {ni,...,n} ={ng,....np,nc}=4{0,...,0,1},a < b, j # ¢, £ = c. It follows that

9?7 (0...,0,ne)

96,06¢
SO0 (1 )3F0..,01)
62 0 00,
af" (0,....0)
-9, ——"= _2f"(0,...,0).
i 96, 7 (,...,0)

Let {ny,...,n} € {0,1,...}, {n,...,nx} #40,...,0}, {n,...,nx} = {ng,...,0p,...,Nc} #
{0,...,1,...,0},a < b <c,a #candlet j,£ € {1,...,k}. Substituting from (S.6.0.14) and
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(S.6.0.15), it follows that

asz (n1,...,ng)

agjagg
__i _/_l asz(nl,...,nk)_ z_ 1 af” (ny,...,nk)
T 9406, 17 (1-e) 96,
+ n_]_l Bfw(nl,...,nk)_fw(nl,...,nk)
0, 0 00, 62

0,
+(”_J_é) (n_f_l) v (nl,...,nk)——fw (nlé;"nk).
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