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ABSTRACT
Probability distributions have prominent applications in different sectors. Among these sectors, probability models are mostly used to analyze
datasets in engineering. Among the existing probability distributions, the two-parameter Weibull model plays an important role in providing
the best fit for engineering and other related datasets. This paper introduces a new method called a novel updated-W (denoted by “NU-W”)
family of distributions that is used to develop a new updated form of the Weibull distribution. The proposed updated extension of the Weibull
model is referred to as a novel updated Weibull (denoted as NU-Weibull) distribution. Distributional properties such as identifiability, heavy-
tailed characteristic, and rth moment of the NU-W family are derived. The residual life analysis of the NU-Weibull distribution is provided.
Finally, two physical applications from civil engineering and reliability sectors are analyzed to demonstrate the application and effectiveness
of the NU-Weibull distribution. The data fitting results show that the NU-Weibull distribution is a more suitable and best fit for engineering
datasets.
© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0178555

I. INTRODUCTION
In most real-life scenarios, probability distributions are often

adopted and implemented for data modeling in various situations.
In the middle of them, the Weibull-type distribution is often used to
model engineering-related datasets; see Ref. 1.

The two-parameter Weibull distribution is greatly used in
applied sciences, particularly in engineering-related fields. The fruit-
ful implementations of the Weibull distribution in engineering
include the following engineering fields: (i) wind energy; see Ref. 2,
(ii) civil engineering; see Ref. 3, (iii) reliability engineering; see

Ref. 4, (iv) industrial engineering; see Ref. 5, (v) mechanical
engineering; see Ref. 6, and (vi) electrical engineering; see Ref. 7.

Assume the random variable T has the Weibull distribution
with CDF (cumulative distribution function) W(t;ψ) defined by

W(t;ψ) = 1 − e−σtη , t ≥ 0, σ > 0,η > 0, (1)

where ψ = (η, σ).
Corresponding to W(t;ψ) in Eq. (1), the PDF (probability

density function) symbolized by w(t;ψ), HF (hazard function)
symbolized by h(t;ψ), SF (survival function) symbolized by S(t;ψ),
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and CHF (cumulative hazard function) symbolized by H(t;ψ) are
expressed by

w(t;ψ) = ησtη−1e−σtη ,

h(t;ψ) = ησtη−1,

S(t;ψ) = e−σtη ,

and

H(t;ψ) = − log (1 − e−σtη),

respectively.
From h(t;ψ), it is easily detectable that the HF of the Weibull

distribution has three possible behaviors. The three behaviors of
h(t;ψ) include (a) constant when η = 1, (b) increasing for η > 1, and
(c) decreasing when η < 1.

In many sectors, especially in the engineering sector, the
behavior (or hazard function) of the datasets changes over time
non-monotonically. In such scenarios, the selection of the Weibull
distribution for conducting data analysis is not a sensible choice to
implement; see Ref. 8.

To enhance and improve the fitting power and distribu-
tional flexibility, various updated forms of the Weibull distribution
with different behaviors of h(t;ψ) have been introduced; see, for
instance, the following Weibull-type distributions: (i) new inverse
Weibull (NI-Weibull) distribution; see Ref. 9, (ii) odd lomax-G
inverse Weibull (OLGI-Weibull) distribution; see Ref. 10, (iii) trun-
cated translated Weibull (TTWeibull) distribution; see Ref. 11, (iv)
bimodal Weibull (B-Weibull) distribution; see Ref. 12, (v) Pareto-
Weibull (P-Weibull) distribution; see Ref. 13, (vi) new extended
Weibull (NEx-Weibull) distribution; see Ref. 14, and (vii) discrete
Weibull (D-Weibull) distribution; see Ref. 15, and for more details,
see Refs. 16–27.

In this paper, we provide a new useful, modified, and improved
version of the Weibull distribution. The new improved version of
the Weibull distribution is introduced based on a new probabilis-
tic approach called the novel update-W (NU-W) method or family.
The newly amended version of the Weibull distribution can be called
a novel updated Weibull (NU-Weibull) distribution. With the help
of the NU-W method, new amended versions of other distributions
can also be introduced.28

This paper is subdivided (or structured) into numerous subsec-
tions, for instance, in Sec. II, the NU-W family is introduced and
its CDF, PDF, HF, SF, and CHF are derived. Section III introduces
the NU-Weibull distribution. Section IV provides the distributional
properties (statistical properties) of the NU-W family. Section V
offers a practical demonstration of the NU-Weibull model using
engineering datasets. Finally, Sec. VI provides some final concluding
remarks.

II. A NU-W FAMILY
Now, assume T has the NU-W family with CDF symbolized by

K(t;α,ϕ,ψ) and defined by

K(t;α,ϕ,ψ) = 1 − (S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α}), t ∈ R, (2)

where ϕ(∣ϕ∣ >= 1) and α(α > 0). S(t;ψ) = 1 −W(t;ψ) represents
the baseline SF, and ψ is the parameter vector attached with the
baseline CDF W(t;ψ). It is important to note that

(i) when ϕ ≥ 1, then α can be greater than zero, i.e., α > 0, and
(ii) when ϕ ≤ −1, then α should be greater than one, i.e., α > 1.

Propositions 1 and 2 provide a detailed mathematical descrip-
tion ensuring that K(t;α,ϕ,ψ) in Eq. (2) is a valid CDF.

Proposition 1. For K(t;α,ϕ,ψ) in Eq. (2), we need to prove

lim
t→−∞

K(t;α,ϕ,ψ) = 0,

and

lim
t→∞

K(t;α,ϕ,ψ) = 1.

Proof. From Eq. (2), we have

K(t;α,ϕ,ψ) = 1 − (S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α}). (3)

Applying limt→−∞ to both sides of Eq. (3), we get

lim
t→−∞

K(t;α,ϕ,ψ) = (1 − (S(−∞;ψ)
ϕ

{ϕ − [W(−∞;ψ)]α})). (4)

Since W(t;ψ) is a valid CDF and S(t;ψ) is a valid SF. So, we have

lim
t→−∞

W(t;ψ) = 0,

and

lim
t→−∞

S(t;ψ) = S(−∞;ψ) = 1.

Thus, from Eq. (4), we have

lim
t→−∞

K(t;α,ϕ,ψ) = 1 − ( 1
ϕ
{ϕ − 0}),

lim
t→−∞

K(t;α,ϕ,ψ) = 0.

From Eq. (2), we also obtain

lim
t→∞

K(t;α,ϕ,ψ) = 1 − (S(∞;ψ)
ϕ

{ϕ − [W(∞;ψ)]α}). (5)

As we have already mentioned that W(t;ψ) is a valid CDF and
S(t;ψ) is a valid SF. Then, we have

lim
t→∞

W(t;ψ) = 1,

and

lim
t→∞

S(t;ψ) = S(∞;ψ) = 0.

Using Eq. (5), we have
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lim
t→∞

K(t;α,ϕ,ψ) = 1 − ( 0
ϕ
{ϕ − 1}),

lim
t→∞

K(t;α,ϕ,ψ) = 1.

Proposition 2. The CDF K(t;α,ϕ,ψ) is differentiable.

Proof.

d
dt

K(t;α,ϕ,ψ) = k(t;α,ϕ,ψ).

The proof of Proposition 2 is very straightforward and the derivative
of K(t;α,ϕ,ψ) (which is the PDF) is given as follows:

k(t;α,ϕ,ψ) = w(t;ψ)
ϕ
(ϕ + α[W(t;ψ)]α−1 − (α + 1)[W(t;ψ)]α).

(6)

Corresponding to Eqs. (2) and (3), the SF indicated by
S(t;α,ϕ,ψ) = 1 − K(t;α,ϕ,ψ), HF indicated by h(t;α,ϕ,ψ)
= k(t;α,ϕ,ψ)

S (t;α,ϕ,ψ)) , and CHF indicated by H(t;α,ϕ,ψ) = − log
[S(t;α,ϕ,ψ)] of the NU-W distributions can be, respectively,
simplify as follows:

S(t;α,ϕ,ψ) = (S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α}),

h(v; λ,Ξ) =
w(t;ψ)(ϕ + α[W(t;ψ)]α−1 − (α + 1)[W(t;ψ)]α)

S(t;ψ){ϕ − [W(t;ψ)]α} ,

and

H(t;α,ϕ,ψ) = − log(S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α}).

By using W(t;ψ) = 1 − e−σtη in Eq. (2), we get the CDF of the
NU-Weibull distribution.

III. A NU-WEIBULL DISTRIBUTION
This section presents the mathematical backgrounds of the

proposed NU-Weibull distribution. Assume T has the NU-Weibull
distribution with CDF K(t;α,ϕ,ψ) and PDF k(t;α,ϕ,ψ) defined by

K(t;α,ϕ,ψ) = 1 − ( e−σtη

ϕ
{ϕ − [1 − e−σtη]

α
}), t ∈ R, (7)

and SF k(t;α,ϕ,ψ) given by

S(t;α,ϕ,ψ) = e−σtη

ϕ
{ϕ − [1 − e−σtη]

α
}.

Figures 1 and 2 display the plots of K(t;α,ϕ,ψ) and S(t;α,ϕ,ψ) of
the NU-Weibull distribution, respectively.

The PDF k(t;α,ϕ,ψ) of the NU-Weibull distribution is

k(t;α,ϕ,ψ) = ησtη−1e−σtη

ϕ
(ϕ + α[1 − e−σtη]

α−1

− (α + 1)[1 − e−σtη]
α
). (8)

The graphical display of k(t;α,ϕ,ψ) is provided in Fig. 3.
The plots of k(t;α,ϕ,ψ) in Fig. 3 are provided for (a) η = 0.5,
σ = 1.0,α = 0.5,ϕ = 1.2, (b) η = 1.2, σ = 2.0,α = 1.5,ϕ = −1.2, (c)
η = 2.1, σ = 1.0,α = 0.2,ϕ = 4.8, (d) η = 1.1, σ = 1.0,α = 3.2,ϕ = 5.4,
(e) η = 4.9, σ = 0.01,α = 3.2,ϕ = 5.4, and (f ) η = 5.9, σ = 0.009,
α = 0.5,ϕ = 4.2.

From Fig. 3, it is very noticeable that the NU-Weibull
distribution has six different patterns of k(t;α,ϕ,ψ) such as
(i) decreasing shaped, (ii) bimodal, (iii) decreasing-increasing-
decreasing, (iv) right-skewed, (v) left-skewed, and (vi) symmetri-
cal. These plots show the flexibility of the proposed NU-Weibull
distribution.

FIG. 1. Plots of K(t;α,ϕ,ψ) of the NU-Weibull model.
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FIG. 2. Plots of S(t;α,ϕ,ψ) of the NU-Weibull model.

In addition, the HF of the NU-Weibull distribution is

h(t;α,ϕ,ψ) = σ

{ϕ − [1 − e−σtη]
α
}
(ϕ + α[1 − e−σtη]

α−1

− (α + 1)[1 − e−σtη]
α
),

and the CHF is

H(t;α,ϕ,ψ) = − log( e−σtη

ϕ
{ϕ − [1 − e−σtη]

α
}).

IV. DISTRIBUTIONAL PROPERTIES
In this section, we derive some useful distributional properties

of the NU-W distributions such as the identifiability property (IP),
quantile function (QF), heavy-tailed (HT) property, rth moment,
and MGF (moment generating function).

A. The identifiability property
In distribution theory and model analysis, identifiability is a

fundamental concept in the estimation of the parameters of a model
(or distribution). IP helps to assess whether it is theoretically possi-
ble to find unique parameter values from a dataset given the model
structure, properties of errors in the model, and so on. Note that
using non-identifiable models can considerably affect the outcomes
in real-world applications. This section provides the derivation of
the IP of NU-W distributions using both the additional parameters
α and ϕ.

1. The derivation of the IP of α
The parameter α is said to follow the IP, if α1 = α2.
Suppose α1 and α2 are two parameters with CDFs K(t;α1,ϕ,ψ)

and K(t;α2,ϕ,ψ), respectively. Using the mathematical definition of
the IP, we have

K(t;α1,ϕ,ψ) = K(t;α2,ϕ,ψ). (9)

Using Eq. (2) in Eq. (9), we get

1 − (S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α1})

= 1 − (S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α2}),

(S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α1}) = (S(t;ψ)

ϕ
{ϕ − [W(t;ψ)]α2}),

ϕ − [W(t;ψ)]α1 = ϕ − [W(t;ψ)]α2 ,

[W(t;ψ)]α1 = [W(t;ψ)]α2 ,

α1 log [W(t;ψ)] = α2 log [W(t;ψ)],

α1 = α2.

2. The derivation of the IP of ϕ
The parameter ϕ is said to follow the IP, if we prove ϕ1 = ϕ2.
Suppose ϕ1 and ϕ2 have the CDFs K(t;α,ϕ1,ψ) and

K(t;α,ϕ2,ψ), respectively. Again, by implementing the mathemat-
ical definition of the IP, we have

K(t;α,ϕ1,ψ) = K(t;α,ϕ2,ψ). (10)

Using Eq. (2) in Eq. (10), we get

1 − (S(t;ψ)
ϕ1
{ϕ1 − [W(t;ψ)]α})

= 1 − (S(t;ψ)
ϕ2
{ϕ2 − [W(t;ψ)]α}),
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FIG. 3. Plots of k(t;α,ϕ,ψ) of the NU-Weibull model.
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S(t;ψ)
ϕ1
{ϕ1 − [W(t;ψ)]α} =

S(t;ψ)
ϕ2
{ϕ2 − [W(t;ψ)]α},

1
ϕ1
{ϕ1 − [W(t;ψ)]α} =

1
ϕ2
{ϕ2 − [W(t;ψ)]α},

ϕ2{ϕ1 − [W(t;ψ)]α} = ϕ1{ϕ2 − [W(t;ψ)]α},

ϕ1ϕ2 − ϕ2[W(t;ψ)]α = ϕ1ϕ2 − ϕ1[W(t;ψ)]α,

ϕ2[W(t;ψ)]α = ϕ1[W(t;ψ)]α,

ϕ1 = ϕ2.

B. The HT property
Among the classes of probability distributions, those that pos-

sess the HT properties are very useful for dealing with real phenom-
ena (or real-life data) extreme value data. A probability model is
termed an HT model, if its SF S(t;α,ϕ,ψ) satisfies the following:

lim
t→∞

eqtS(t;α,ϕ,ψ) =∞,

where q > 0.
The HT probability distributions possess a very useful charac-

teristic called the RVar (regular variational) property. A statistical
model is said to be an RVar model, if it satisfies

lim
t→∞

S(zt;α,ϕ,ψ)
S(t;α,ϕ,ψ) = zλ, λ > 0, z > 0.

For more details on HT distributions, see Refs. 29–31.
This section provides the proof of the RVar characteristic of the

NU-W distributions. Following the approach of Ref. 32, using the SF
S(.), we have

Theorem. If S(t;ψ) = 1 −W(t;ψ) is a RVar model, then
S(t;α,ϕ,ψ) = 1 − K(t;α,ϕ,ψ) is also a RVar model.

Proof. Assume that limt→∞
S(zt;ψ)
S(t;ψ) = g(z) is finite but nonzero

∀ z > 0. Using Eq. (2), we have

lim
t→∞

S(zt;α,ϕ,ψ)
S(t;α,ϕ,ψ) = lim

t→∞

( S(zt;ψ)
ϕ {ϕ − [W(zt;ψ)]α})

( S(t;ψ)
ϕ {ϕ − [W(t;ψ)]

α})

= lim
t→∞

S(zt;ψ)
S(t;ψ) × lim

t→∞

{ϕ − [W(zt;ψ)]α}
{ϕ − [W(t;ψ)]α}

= lim
t→∞

S(zt;ψ)
S(t;ψ) × lim

t→∞

{ϕ − [W(zt;ψ)]α}
{ϕ − [W(t;ψ)]α} . (11)

Using W(t;ψ) = 1 − e−σtη and W(zt;ψ) = 1 − e−σ(zt)η in Eq. (11), we
get

lim
t→∞

S(zt;α,ϕ,ψ)
S(t;α,ϕ,ψ) = lim

t→∞

S(zt;ψ)
S(t;ψ) × lim

t→∞

{ϕ − [1 − e−σ(zt)η]
α
}

{ϕ − [1 − e−σtη]
α
}

= lim
t→∞

S(zt;ψ)
S(t;ψ) ×

{ϕ − [1 − e−σ(z×∞)
η
]
α
}

{ϕ − [1 − e−σ(∞)
η
]
α
}

= lim
t→∞

S(zt;ψ)
S(t;ψ) ×

{ϕ − [1 − e−∞]α}
{ϕ − [1 − e−∞]α}

= lim
t→∞

S(zt;ψ)
S(t;ψ) ×

{ϕ − [1 − 0]α}
{ϕ − [1 − 0]α}

= lim
t→∞

S(zt;ψ)
S(t;ψ) ×

ϕ
ϕ

= lim
t→∞

S(zt;ψ)
S(t;ψ)

= g(z).

C. A practical application
Consider the probability distribution of T assumes the power-

law (PL) characteristic, then

S(t,ψ) = P(T > t) ≈ t−μ. (12)

The term S(t,ψ) can also be expressed as

S(t;α,ϕ,ψ) = t−μξ(t;α,ϕ,ψ),

where ξ(t;ψ) represents the slowly varying (SVar) function. Using
Eq. (2), we observe

S(t;α,ϕ,ψ) = S(t;ψ)
ϕ
{ϕ − [W(t;ψ)]α}. (13)

As we have, S(t,ψ) ≈ t−μ. Therefore, Eq. (13) becomes

S(t;α,ϕ,ψ) = t−μ

ϕ
{ϕ − [1 − t−μ]α}.

Let

S(t;α,ϕ,ψ) = t−μξ(t;α,ϕ,ψ),

where

ξ(t;α,ϕ,ψ) = 1
ϕ
{ϕ − [1 − t−μ]α}. (14)

To prove that the NU-Weibull distribution is an RVar model,
then, we must show that ξ(t;α,ϕ,ψ) is an SVar function. The
expression ξ(t;α,ϕ,ψ) is an SVar function, if and only if, we have

lim
t→∞

ξ(ψt;α,ϕ,ψ)
ξ(t;α,ϕ,ψ) = 1.

Using Eq. (14), we get
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ξ(ψt;α,ϕ,ψ)
ξ(t;α,ϕ,ψ) =

ϕ − [1 − (ψt)−μ]α

ϕ − [1 − t−μ]α
.

Thus,

ξ(ψt;α,ϕ,ψ)
ξ(t;α,ϕ,ψ) =

ϕ − [1 − 1
(ψt)μ ]

α

ϕ − [1 − 1
tμ ]

α . (15)

By applying limt→∞ to Eq. (15), we get

lim
t→∞

ξ(ψt;α,ϕ,ψ)
ξ(t;α,ϕ,ψ) = lim

t→∞

ϕ − [1 − 1
(ψt)μ ]

α

ϕ − [1 − 1
tμ ]

α

= ϕ − [1 − 0]α

ϕ − [1 − 0]α

= ϕ − 1
ϕ − 1

.

Therefore,

lim
t→∞

ξ(ψt;α,ϕ,ψ)
ξ(t;α,ϕ,ψ) = 1.

D. The quantile function
The QF of the NU-W distributions with DF K(t;α,ϕ,ψ) is

t = Q(u) = K−1(u) =W−1(y), (16)

where u ∈ (0, 1) and y is the solution of (1 − y)[ϕ − yα] − ϕ(1 − u).
The QF in Eq. (16) can be used to generate RNs (random numbers)
or RSs (random samples) from any special case of the NU-W family.

E. The r th moment
Here, we derive the rth moment of the NU-W family. Assume

T have the NU-W family of distributions with PDF k(t;α,ϕ,ψ) in
Eq. (3), its rth moment is derived as

μ′r = ∫
Ω

tr k(t;α,ϕ,ψ)dt. (17)

Using Eq. (3) in Eq. (17), we get

μ′r = ∫
Ω

tr w(t;ψ)
ϕ
(ϕ + α[W(t;ψ)]α−1 − (α + 1)[W(t;ψ)]α)dt,

μ′r =
α
ϕ∫Ω

trw(t;ψ)[W(t;ψ)]α−1dt − (α + 1)
ϕ

× ∫
Ω

trw(t;ψ)[W(t;ψ)]αdt + ∫
Ω

trw(t;ψ)dt,

μ′r =
α
ϕ∫Ω

trw(t;ψ)[W(t;ψ)]α−1dt − (α + 1)
ϕ

× ∫
Ω

trw(t;ψ)[W(t;ψ)](α+1)−1dt + ∫
Ω

trw(t;ψ)dt,

μ′r = ∫
Ω

tr( 1
ϕ

g1(t;ψ) −
1
ϕ

g2(t;ψ) + w(t;ψ))dt,

where

g1(t;ψ) = αw(t;ψ)[W(t;ψ)]α−1,

and

g2(t;ψ) = (α + 1)w(t;ψ)[W(t;ψ)](α+1)−1.

V. RESIDUAL LIFE ANALYSIS OF THE NU-WEIBULL
DISTRIBUTION

In Ref. 33, the authors devolved a class of aging distributions
having decreasing variance residual life. In Ref. 34, it is shown that
the variance and coefficient of variation of residual life are closely
related to the mean residual life’s behavior of the induced distribu-
tion. The mean of the random residual life is also termed the mean
residual life at age t. Thus, the mean residual life (MRL) is a function
of age t. Therefore, it is also referred to as the MRL function (MRLF).
Many researchers have advocated that residual life properties are
very important in the analysis of lifetime data and failure time of
electronic devices in reliability studies; see, for instance, Ref. 35. In
this section, we discuss the properties of the residual life function
(RLF) of the proposed NU-Weibull distribution.

Let assume that T is a continuous positive random vari-
able with absolutely continuous distribution function K(t;α,ϕ,ψ)
with the corresponding SF K̄(t;α,ϕ,ψ) = 1 − K(t;α,ϕ,ψ), where
K(0;α,ϕ,ψ) = 1. Then, the MRLF is given by

μK(t;α,ϕ,ψ) = E(X − t∣X > t) = 1
K̄(t;α,ϕ,ψ)

× ∫
∞

t
K̄(x;α,ϕ,ψ)dx, t ≥ 0.

(18)

The variance RLF (VRLF) is

σ2
K(t;α,ϕ,ψ) = 2

K̄(t;α,ϕ,ψ)∫
∞

t
∫
∞

x
K̄(y;α,ϕ,ψ)dy dx

− μ2
K(t;α,ϕ,ψ). (19)

The coefficient of variation of the RLF (CVRLF) is

ϚK =
σK(t;α,ϕ,ψ)
μK(t;α,ϕ,ψ) ,

where μK(0;α,ϕ,ψ) = 0.
Figure 4 displays the MRLF of the proposed NU-Weibull

distribution using the parameters introduced in Sec. III. From
Fig. 4(a), it can be seen that the MRLF is an increasing func-
tion when (η, σ,α,ϕ,ψ) = (0.5, 1.0, 0.5, 1.2). In Figs. 4(b) and 4(c),
it can be seen that when (η, σ,α,ϕ,ψ) = (1.2, 2.0, 1.5,−1.2) and
(η, σ,α,ϕ,ψ) = (2.1, 1.0, 0.2, 4.8), the MRLF is asymptotic to the
x-axis and an oblique line, respectively. Figure 4(d) shows that
the MRLF is decreasing when t < 18 and increasing when t > 18
for (η, σ,α,ϕ,ψ) = (1.1, 1.0, 3.2, 5.4). From Fig. 4(e), it can be
seen that the MRLF is a decreasing function when (η, σ,α,ϕ,ψ)
= (4.9, 0.01, 3.2, 5.4). Figure 4(f) shows that the MRLF is decreas-
ing when t < 25 and asymptotic to the x-axis when t > 25 for
(η, σ,α,ϕ,ψ) = (5.9, 0.009, 0.5, 4.24).
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FIG. 4. Mean residual life function (MRLF) for six different shapes of the NU-Weibull function.
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FIG. 5. VRLF and CVRLF for two different shapes of the NU-Weibull function.

Figure 5 displays the VRLF and CVRLF of the proposed
NU-Weibull distribution when (η, σ,α,ϕ,ψ) = (1.1, 1.0, 3.2, 5.4) and
(η, σ,α,ϕ,ψ) = (0.5, 1.0, 1.2, 0.5). This figure depicts the connection
between the VRLF and CVRLF. It can be seen that as the CRLF
decreases (increases), the VRLF increases (decreases).

VI. DATA ANALYSES
We present two real-world engineering datasets on account

to illustrate the application and effectiveness of the NU-Weibull
model. The first illustration of the NU-Weibull model is performed
using a dataset from civil engineering. The second illustration of the

NU-Weibull model is carried out using lifetime data taken from the
reliability sector.

We apply the NU-Weibull model to both the civil engineering
and reliability engineering data and compare its fitting power (or
numerical results) with the ones of the existing Weibull model, the
Kumaraswamy Weibull (K-Weibull), and the exponentiated Weibull
(E-Weibull) models. The CDFs of the E-Weibull and K-Weibull
models are given by

K(t; θ1,ψ) = (1 − e−σtη)
θ1

, t ≥ 0,
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FIG. 6. Descriptive plots of the carbon fibers data.

and

K(t; θ1, θ2,ψ) = 1 − [1 − (1 − e−σtη)
θ1]

θ2

, t ≥ 0,

respectively, where θ1 > 0, θ2 > 0, σ > 0,η > 0.
After choosing two different variants of the Weibull model

as competing distributions, now, we go for certain analytical/

evaluation measures to identify the more suitable model among
the NU-Weibull and other different variants of the Weibull model.
These analytical quantities include the (a) Cramér-von Mises (CM)
test, (b) Anderson Darling (AD) test, (c) Kolmogorov–Smirnov (KS)
test, and a p-value associated with the KS test. The values of these
above-mentioned tests are, respectively, obtained as

− 1
m

m

∑
v=1
(2v − 1)[log K(tv) + log{1 − K(tm−v+1)}] −m,

m

∑
v=1
[2v − 1

2m
− K(tv)]

2
+ 1

12m
,

and

sup
v
[Kv(t) − K(t)],

respectively.

A. Illustrative example using civil engineering dataset
In this section, we provide the first illustration of the implemen-

tation of the NU-Weibull model using a civil engineering dataset.
This dataset represents the breaking stress of carbon fibers. It can be
found in Refs. 35 and 36. This dataset is also given by 5.56, 5.08, 4.91,
4.90, 4.70, 4.42, 4.38, 4.20, 3.75, 3.70, 3.68, 3.68, 3.68, 3.65, 3.60, 3.56,
3.51, 3.39, 3.39, 3.33, 3.31, 3.31, 3.28, 3.27, 3.22, 3.22, 3.19, 3.19, 3.15,
3.15, 3.11, 3.11, 3.09, 2.97, 2.97, 2.96, 2.95, 2.93, 2.88, 2.87, 2.85, 2.83,
2.82, 2.81, 2.81, 2.79, 2.77, 2.76, 2.74, 2.73, 2.67, 2.59, 2.56, 2.55, 2.55,
2.53, 2.50, 2.48, 2.48, 2.43, 2.41, 2.38, 2.35, 2.17, 2.17, 2.17, 2.12, 2.05,
2.03, 2.03, 2.00, 1.92, 1.89, 1.87, 1.84, 1.84, 1.80, 1.73, 1.71, 1.69, 1.69,
1.61, 1.61, 1.59, 1.59, 1.57, 1.57, 1.47, 1.41, 1.36, 1.25, 1.22, 1.18, 1.17,
1.12, 1.08, 0.98, 0.85, 0.81, 0.39.

The key measures of the carbon fiber data are kurtosis = 3.104
939, maximum = 5.560, median = 2.700, minimum = 0.390, first
quartile = 1.840, third quartile = 3.220, variance = 1.027 964, skew-
ness = 0.368 154 1, mean (or t̄) = 2.621, and range = 5.17. Using the
carbon fiber data, the known basic plots are put on view in Fig. 6.

TABLE I. The values of η̂MLE , σ̂MLE , α̂MLE , ϕ̂MLE , θ̂1MLE , and θ̂2MLE for the carbon
fibers data.

Models η̂MLE σ̂MLE α̂MLE ϕ̂MLE θ̂1MLE θ̂2MLE

NU-Weibull 2.7214 0.0485 2.8996 2.4785 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
Weibull 2.7962 0.0485 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
E-Weibull 2.2918 0.1125 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1.4147 ⋅ ⋅ ⋅
K-Weibull 2.1270 0.0973 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1.5284 1.5894

TABLE II. The empirical results of the fitted models for the carbon fibers data.

Models CM AD KS p-value

NU-Weibull 0.0532 0.3576 0.0546 0.9265
Weibull 0.0623 0.4160 0.0623 0.8264
E-Weibull 0.0746 0.4236 0.0733 0.6553
K-Weibull 0.0760 0.4260 0.0719 0.6801
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The MLEs η̂MLE, σ̂MLE, α̂MLE, ϕ̂MLE, θ̂1MLE, and θ̂2MLE of the NU-
Weibull model and other probability models using the carbon fibers
data are presumed in Table I.

The numerical results of the diagnostic performances of the fit-
ted distributions are accorded in Table II. The numerical findings of
this study confirm the suitability (close-fitting) of the NU-Weibull
model for the carbon fibers data (see Table II).

After showing the suitability of the NU-Weibull model numer-
ically, we also consider a graphical approach for proving the
suitability of the NU-Weibull model; see Fig. 7. For the pur-
pose of the graphical illustration of the NU-Weibull model, we
consider the estimated plots along with the PP, and QQ func-
tions; see Fig. 7. These plots are obtained using the following
expressions:

k(t;α,ϕ,ψ) = 2.721 378 × 0.048 408t1.721 378e−0.048 408t2.721 378

2.478 453 × (2.478 453 + 2.899 581[1 − e−0.048 408t2.721 378
]

1.899 581
− 3.899 581[1 − e−0.048 408t2.721 378

]
2.899 581

)
,

K(t; α̂, ϕ̂, ψ̂) = 1 − e−0.048 408t2.721 378

2.478 453
{2.478 453 − [1 − e−0.048 408t2.721 378

]
2.899 581

},

S(t; α̂, ϕ̂, ψ̂) = e−0.048 408t2.721 378

2.478 453 × {2.478 453 − [1 − e−0.048 408t2.721 378
]

2.899 581
}

,

h(t;α,ϕ,ψ) = 0.048 408

{2.478 453 − [1 − e−0.048 408t2.721 378
]

1.899 581
}
(2.478 453 + 2.899 581[1 − e−0.048 408t2.721 378

]
1.899 581

− 3.899 581[1 − e−0.048 408t2.721 378

]
2.899 581

),

and

H(t; α̂, ϕ̂, ψ̂) = − log
⎛
⎝

e−0.048 408t2.721 378

2.478 453
⎞
⎠
{2.478 453 − [1 − e−0.048 408t2.721 378

]
2.899 581

}.

B. Illustrative example using engineering dataset

This section is reserved for the second illustration of the
NU-Weibull distribution. We provide the second illustration of the
NU-Weibull model through a dataset from reliability engineering.
This dataset represents the failure time of electronic devices and can
be found in Refs. 37 and 38. For interested readers, this dataset is
also provided by 7.89, 4.69, 4.20, 3.34, 3.03, 3.03, 2.33, 2.17, 2.14,
2.05, 2.02, 1.81, 1.80, 1.80, 1.64, 1.63, 1.60, 1.58, 1.55, 1.54, 1.54, 1.53,
1.52, 1.51, 1.50, 1.45, 1.43, 1.40, 1.34, 1.33, 1.31, 1.29, 1.20, 1.18, 1.15,
1.11, 1.10, 1.10, 1.05, 1.03, 1.02, 1.01, 1.00, 0.99, 0.95, 0.92, 0.90, 0.85,
0.83, 0.80, 0.80, 0.79, 0.79, 0.73, 0.72, 0.72, 0.72, 0.68, 0.67, 0.65, 0.63,
0.60, 0.60, 0.56, 0.54, 0.52, 0.43, 0.42, 0.40, 0.38, 0.36, 0.35, 0.34, 0.29,
0.24, 0.24, 0.23, 0.20, 0.19, 0.18, 0.13, 0.12, 0.11, 0.11, 0.10, 0.10, 0.09,
0.09, 0.08, 0.07, 0.07, 0.06, 0.05, 0.04, 0.03, 0.03, 0.02, 0.02, 0.02, 0.01,
0.01.

The key measures of the reliability data are kurtosis = 16.708 99,
maximum = 7.890 00, median = 0.800 00, minimum = 0.010 00, first

quartile = 0.240 00, third quartile = 1.450 00, variance = 1.252 985,
skewness = 3.001 719, mean (or t̄) = 1.025 00, and range = 7.880 00.
Using the reliability engineering data, some plots are put on view in
Fig. 8.

Using the engineering data, the values of η̂MLE, σ̂MLE, α̂MLE,
ϕ̂MLE, θ̂1MLE, and θ̂2MLE of the fitted models are presumed numer-
ically in Table III. The numerical results of the diagnostic per-
formances of the fitted distributions are accorded in Table IV.
The numerical findings of this study disclose the suitability of
the NU-Weibull model for the reliability engineering data (see
Table IV).

After performing the numerical illustration of the NU-Weibull
model in Table IV, now, we show its best-fitting capability by consid-
ering the fitted plots along with the PP and QQ functions; see Fig. 9.
These plots visually confirm the suitability of the NU-Weibull model
for the reliability engineering data. For the visual illustration of the
NU-Weibull model, the plots of the above quantities are sketched
using the following expressions:
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FIG. 7. The fitted and empirical plots of the NU-Weibull distribution for the carbon
fibers data.

FIG. 8. Descriptive plots of the reliability data.
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TABLE III. The values of η̂MLE , σ̂MLE , α̂MLE , ϕ̂MLE , θ̂1MLE , and θ̂2MLE for the reliability
data.

Models η̂MLE σ̂MLE α̂MLE ϕ̂MLE θ̂1MLE θ̂2MLE

NU-Weibull 0.8613 0.9043 4.3492 1.2865 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
Weibull 0.9256 1.0096 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
E-Weibull 1.0349 0.8432 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0.8144 ⋅ ⋅ ⋅
K-Weibull 1.0978 0.0995 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0.8012 6.2696

TABLE IV. The empirical results of the fitted models for the reliability data.

Models CM AD KS p-value

NU-Weibull 0.130 60930 0.768 6836 0.077 615 0.577 000
Weibull 0.198 71740 1.111 3870 0.090 769 0.376 100
E-Weibull 0.170 12410 0.980 1112 0.089 807 0.389 200
K-Weibull 0.187 18780 1.058 5110 0.100 870 0.255 600

k(t; α̂, ϕ̂, ψ̂) = 0.861 281 6 × 0.904 306 6t0.861 281 6−1e−0.904 306 6t0.861 281 6

1.286 529 4

× (1.286 529 4 + 4.349 211 7

× [1 − e−0.904 306 6t0.861 281 6

]
3.349 211 7

− 5.349 211 7[1 − e−0.904 306 6t0.861 281 6

]
4.349 211 7

),

S(t; α̂, ϕ̂, ψ̂) = e−0.904 306 6t0.861 281 6

1.286 529 4

× {1.286 529 4 − [1 − e−0.904 306 6t0.861 281 6

]
4.349 211 7

},

h(t; α̂, ϕ̂, ψ̂) = 0.904 306 6

{1.286 529 4 − [1 − e−0.904 306 6t0.861 281 6
]

4.349 211 7
}

× (1.286 529 4 + 4.349 211 7

× [1 − e−0.904 306 6t0.861 281 6

]
3.349 211 7

− 5.349 211 7[1 − e−0.904 306 6t0.861 281 6

]
4.349 211 7

),

and

H(t; α̂, ϕ̂, ψ̂) = − log
⎛
⎝

e−0.904 306 6t0.861 281 6

1.286 529 4
⎞
⎠

× {1.286 529 4 − [1 − e−0.904 306 6t0.861 281 6

]
4.349 211 7

}.

FIG. 9. The fitted and empirical plots of the NU-Weibull distribution for the reliability
data.

VII. CONCLUSION
Probability models are widely used to provide the best fit to

real phenomena in applied sectors. Among the applied sectors, the
probability models are useful for modeling the datasets in differ-
ent engineering sectors, for instance, civil, mechanical, aerospace,
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electrical, chemical engineering, and agricultural engineering. We
proposed a novel statistical approach to generate new probability
distributions for data modeling with applications in engineering
sectors. The presented approach was termed a novel updated-W
(NU-W) family of distributions. Corresponding to the NU-W
method, a useful/fruitful probabilistic model, namely, a novel
updated Weibull (NU-Weibull) distribution was studied. Distribu-
tional properties of NU-W distributions were derived. After study-
ing the PDF of the proposed NU-Weibull distribution, it was shown
that the new distribution is flexible and can take various shapes
from symmetric to asymmetric distributions, and from unimodal to
bimodal distribution. The residual life analysis of the NU-Weibull
distribution was also provided. Finally, two data examples were
considered from civil and reliability engineering to illustrate the
NU-Weibull distribution. First, the NU-Weibull was applied to the
civil engineering dataset, whereas the second illustration of the
NU-Weibull model was carried out using a lifetime dataset. Using
certain decisive criteria, it was concluded that the NU-Weibull
distribution was the more suitable probability model.
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