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Abstract	

	

Logistic regression is a well-established technique for modeling a discrete response 
variable as a function of explanatory variables. The aim of this study is to introduce 
nonparametric regression using smoothing splines. Nonparametric regression yields a 
more flexible way of estimating curves and provides a larger set of functions to work 
from, which is not limited to a family of functions as in the parametric regression 
framework.  
 
Nonparametric regression falls into the framework of the general additive model with the 
natural cubic spline as the solution to the penalised least square criterion. Models are 
fitted using natural cubic splines. B-splines will be implemented due to their 
computational advantages gained from their almost orthogonal structure.  
 
 
Keywords:  

Software, PROC IML within SAS, will be written to estimate these models.  
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In chapter 2 we will look at some standard techniques that will be used in later chapters. 
Linear and logistic regression is revised for completeness. A cubic spline, natural cubic 
splines and B-splines are described here and applied to a nonparametric regression 
setting.  

Chapter 3 focuses on the application of the above mentioned techniques and theory. 
SAS IML programs were written to produce the examples given in this chapter from first 
principles, except where it was specified otherwise. (SAS Publishers, (2004)) and (SAS 
Publishers, (2006)). South African heart disease data will be used to compare Gini 
coefficients between different models.  

In conclusion Chapter 4 focuses on the proofs within the content of the natural cubic 
splines and smoothing spline by using the B-splines. 
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2. Standard	Techniques	

2.1 Introduction	
 

In this chapter we will apply standard techniques that will be used in later chapters. 
Linear- and logistic regression is revised for completeness sake. A cubic spline, natural 
cubic splines and B-splines are described here and applied to a nonparametric 
regression setting. The smoothing spline will be described through nonparametric 
regression by using natural cubic splines as well as B-splines and the use of these in 
logistic- and linear regression will be demonstrated.  

Let  

࢞ ൌ 	 ሺ1		ݔଵ … 1	௞ሻ:ݔ	 ൈ ݇ ൅ 1	vector  with 	ݔ௜௝, ݅ ൌ 1, … , ݇ a set of ݇ explanatory variables 

and  

`ࢼ ൌ ሺߚ଴	ߚଵ 1	௞ሻ:ߚ… ൈ ݇ ൅ 1		 a vector of parameters to be estimated. 

For a random sample of size ݊ we have 

ࢅ ൌ 	൭
ଵܻ
⋮
௡ܻ

൱ , ࢄ ൌ 	൭
1
⋮
1
		
ଵଵݔ … ଵ௞ݔ
⋮ … ⋮
௡ଵݔ ⋯ ௡௞ݔ

൱ 

with ࢅ a column vector of ݊ response and ࢄ a matrix with ݇ corresponding explanatory 
vectors including an intercept as first column.  

It is assumed that  ܧሺࢅሻ ൌ  .ࢼࢄ

2.2 Linear	regression		
 
The conditional expectation of a response variable is modelled as a linear function in 
the parameters as a function of the explanatory variables. This function can be used to 
predict the outcome of variable	࢟. The parameters are estimated by using equation 
2.2.1. 
 
Let  ܻ is a continuous response variable, the linear regression model is given by   

Eሺyሻ ൌ ଴ߚ	 ൅		ߚଵ	ݔଵ ൅ ⋯൅  .௞ݔ	௞ߚ

The ordinary least square (OLS) estimates for ߚ is given by 

෡ࢼ ൌ ሺࢄ′ࢄሻିଵࢅ′ࢄ										ሺ2.2.1ሻ 

(Hastie, Tibshirani and Friedman (2009), p.44 - 45). 
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2.3 Binary	logistic	regression	
 

The expected value of a binary response variable is modelled through a set of 
explanatory variables. The model can be used to predict the outcome of an event. The 
parameters in the binary logistic regression model are estimated using the iterative least 
square equations as stated in equation 2.3.1.  

Consider the binary variable	ܻ,   

ܻ ൌ 	 ൜
ݏ݊݁݌݌݄ܽ	interest	݂݋	ݐ݊݁ݒ݁	݊ܽ	݂݅	1			
݊݁݌݌݄ܽ	ݐ݋݊	ݏ݁݋݀	ݐ݊݁ݒ݁	݄݁ݐ	݂݅		0	  

with ܲሺܻ ൌ 1ሻ ൌ implying ܲሺܻ	݌	 ൌ 0ሻ ൌ 	1 െ ,݌ ݌ ൐ 0. 

The logistic regression model is  

log	ሺ
݌

1 െ ݌
ሻ ൌ ଴ߚ	 ൅		ߚଵ	ݔଵ ൅ ⋯൅  ௞ݔ	௞ߚ

with ࢼ` ൌ ሺߚ଴	ߚଵ  .௞ሻ a vector of regression parametersߚ…

 

Consider a random sample and let  

௡ൈ௡ࢃ ൌ

ۏ
ێ
ێ
ێ
ۍ
݌ 0
0 ݌

⋯
…

0 0
0 0

⋮ ⋮ ⋱ ⋮ ⋮
0 0
0 0

⋯
…

݌ 0
0 ے݌

ۑ
ۑ
ۑ
ې

 

be a diagonal matrix with ݌ on the diagonal and select the vector  ࢖ଵൈ௡ ൌ ሺ݌…݌ሻ`.  

The iterative least square estimator for  ࢼ is given by the update rule  

෡௡௘௪ࢼ ൌ 			 ሺࢄࢃ′ࢄሻିଵࢃ′ࢄ	ࢠ  
 

where 	ࢠ ൌ ቀࢼࢄ෡࢕௟ௗ ൅ିࢃ૚ሺࢅ െ  ሺ2.3.1ሻ									ሻቁ࢖

(Hastie, Tibshirani and Friedman (2009), p.121). 
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2.4 Cubic	splines		
 

A spline can be expressed as a linear combination of a set of basis functions. The 
whole idea behind this builds upon the idea that the set of splines forms a linear space, 
which usually has some form of simple base (Grgic (2008), p.13 ). 

In this paragraph we will consider global linear functions, global cubic functions, 
piecewise constant functions and piecewise linear functions. A cubic spline will also be 
considered. 

The red line in figure 2 presents the nonlinear function,	݂ሺܺሻ ൌ ௖௢௦ሺ௑ሻ

ଶ
 . For this 

discussion, ݂ሺܺሻ will be considered as the true model. A random error, that is distributed 
normally with a variance of 1 and a mean of 0, was added to the function to obtain data 
as indicated by the blue dots. The purple line represents the fitted linear regression 
function. The generated data points can be found in Appendix A of this document.  

   

Figure 2 Global Linear 

Clearly the straight line is not a good representation of the data, and therefore also not 
of ݂ሺܺሻ (Hastie, Tibshirani and Friedman (2009), p.142). 

In order to address the nonlinearity, the vector of inputs ࢄ will be replaced with 
transformations (expansion),	݄௠ሺܺሻ, ݉	 ൌ 1,… ,   and ܯ

݂ሺܺሻ ൌ෍ ௠݄௠ሺܺሻߚ
ெ

௠ୀଵ
.										ሺ2.4.1ሻ 

The function ݂ሺܺሻ is a linear basis expansion in ܺ transformations (expansions) on ܺ, 
while ݄௠ሺܺሻ is the ݉’th transformation (expansion) of ܺ and ߚ௠ being the coefficient of 
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݄௠ሺܺ).The vector of regression parameters can be defined as  ߚ ൌ ሺߚଵ … .  ௠ሻ. Typicalߚ
transformation selections are power transformations; leading to polynomial solutions. 

An improvement may be established by replacing the global fit with a localised fit. This 
will be done by selecting knots which divide the definition region of ܺ into sub regions, 
representing ݂ሺܺሻ by a separate polynomial in each sub region. In figure 3 to figure 7 
knots were selected at ߝଵ ൌ 	െ5 and ߝଶ ൌ 	െ1	 indicated with vertical green lines.  

Polynomials of different degrees will be considered next, starting with a piecewise 
constant function, that is	݄ଵሺܺሻ ൌ 1. This is indicated by the purple lines, piecewise 
constants, on figure 3 (Hastie, Tibshirani and Friedman (2009), p.142).  

 

Figure 3 Piecewise Constant 

A piecewise linear function (Hastie, Tibshirani and Friedman (2009), p.142) is fitted 
next. This entails selecting ݄ଵሺݔሻ 	ൌ 1 and ݄ଶሺݔሻ 		ൌ  The fitted linear lines are .ݔ	
represented in figure 4.  

 

Figure 4 Piecewise Linear 
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The fitted lines in figure 3 and figure 4 are discontinuous at the knots, which is not ideal. 

The discontinuities can be removed by introducing truncated piecewise linear basis 
function transformations, selecting	݄ଵሺܺሻ ൌ 1, ݄ଶሺܺሻ ൌ ܺ, ݄ଷሺܺሻ ൌ ሺܺ െ  ଵሻା andߝ
݄ସሺܺሻ ൌ ሺܺ െ  Hastie, Tibshirani and)	ݐ ା indicates the positive part ofݐ  ଶሻା , whereߝ
Friedman (2009), p.142). Figure 5 clearly shows that the piecewise linear 
transformations are continuous. 

  

Figure 5 Truncated piecewise linear basis functions 

The transformation ݄ଵሺܺሻ ൌ ሺܺ െ  ଵሻା , is given in figure 6 (Hastie, Tibshirani andߝ
Friedman (2009), p.142). 

 

Figure 6 Piecewise‐linear Basis Function  

The continuous piecewise linear fit in figure 5 is not a smooth fit, which is not preferable 
and can be improved by increasing the order of the local polynomial.    
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A cubic spline with knots at ߝଵ and ߝଶ  is suggested (Hastie, Tibshirani and Friedman 
(2009), p.143). 

This involves using the following transformations (basis functions): 

݄ଵሺܺሻ ൌ 1 ,  ݄ଶሺܺሻ ൌ ܺ,   ݄ଷሺܺሻ ൌ ܺଶ, 

݄ସሺܺሻ ൌ ܺଷ,  ݄ହሺܺሻ ൌ ሺܺ െ ଵሻାଷߝ  ,  ݄଺ሺܺሻ ൌ ሺܺ െ ଶሻାଷߝ  

The resulting ݂ሺܺሻ is indicated by the purple line in figure 7. Note that the function 
݂ሺܺሻ	is continuous in the second derivative (Hastie, Tibshirani and Friedman (2009), 
p.143). 
 

 

Figure 7 Cubic Spline 

The fit of polynomial functions to data tends to be erratic near boundaries. This will be 
measured by calculating the pointwise variance for different fits to the data.  

Let ࡴ௫ ൌ ሾ	݄ଵሺܺሻ, … , 	݄ெሺܺሻሿ. 

The pointwise variance was calculated as follows: 

The variance matrix of the fitted values with a constant error variance is given by 
 since	૛࢚࣌ࡴሻି૚	ࡴ	࢚ࡴሺ	ࡴ

,ොݕሺݒ݋ܿ ሻ ൌ	ොᇱݕ ൫݄ݒ݋ܿ ෠ܾ, ෠ܾᇱ݄ᇱ൯ 
ൌ ݄ ൫ݒ݋ܿ ෠ܾ, ෠ܾᇱ൯݄ᇱ 
ൌ ݄ ሺ݄ᇱ݄ሻିଵߪଶ݄ᇱ 
ൌ ݄ ሺ݄ᇱ݄ሻିଵ݄ᇱߪଶ. 
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Let the pointwise variance be ࡴ௑ሺሺࡴ௑ሻࡴࢀ௑ሻି૚ሺࡴ௑ሻࢀ. 

The pointwise variance, for the cubic spline in figure 7, is indicated by the blue line in 
figure 8. The variance increases dramatically below the knot ߝଵ ൌ 	െ5 and above the 
knot ߝଶ ൌ 	െ1	. The pointwise variance for the natural cubic spline that is described in 
section 2.5, is lower in the boundary areas if compared to that of the cubic spline. The 
natural cubic spline will therefore be used instead of the cubic spline (Hastie, Tibshirani 
and Friedman (2009), p.145). 

 

Figure 8 Pointwise variance – Cubic spline vs. Natural Cubic spline 

2.5 Natural	cubic	splines	
 
The natural cubic spline is a cubic spline which is continuous and has continuous first 
and second derivatives, but with the additional boundary constraints. The additional 
constraints require that the function is linear beyond the boundary knots.   

The basis functions transformation of the natural cubic spline are  

݄ଵሺܺሻ ൌ 1	,				݄ଶሺܺሻ ൌ ܺ, 

 for order 1 and 2 , and  

݄௞ାଶሺܺሻ ൌ ݀௞ሺܺሻ െ	 ݀௄ିଵሺܺሻ 

for order 3 and higher where  
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݀௞ሺܺሻ ൌ 	
ሺܺ െ ௞ሻାଷߝ െ ሺܺ െ ௄ሻାଷߝ

௄ߝ െ ௞ߝ
									ሺ2.5.1ሻ 

(Hastie, Tibshirani and Friedman (2009), p.145). 

 

Example 2.1 

A multiple regression was fitted on ݄ଵሺܺሻ to ݄ସሺܺሻ  in order to obtain the natural cubic 
spline fit. These basis functions were applied to a dataset containing 94 observations 
(as previously used in figure 2 to figure 5 and figure 7).  

The natural cubic spline transformation was applied to the data using the knots ߝଵ ൌ
	െ6.8, ߝଶ ൌ 	െ5, ߝଷ ൌ 	െ1, and ߝସ ൌ 	0.5	 . The knots ߝଵ and ߝସ  are boundary knots. 

The basis transformations are: 

																																																݄ଵሺܺሻ 					ൌ 1, ݄ଶሺܺሻ ൌ ܺ  

݄ଷሺܺሻ ൌ ݀ଵሺܺሻ െ ݀ଷሺܺሻ  
 

 ൌ
ሺ௑ିఌభሻశ

యିሺ௑ିఌరሻశ
య

ఌరିఌభ
െ

ሺ௑ିఌయሻశ
యିሺ௑ିఌరሻశ

య

ఌరିఌయ
  

  
݄ସሺܺሻ  	ൌ ݀ଶሺܺሻ െ ݀ଷሺܺሻ  

 
 	ൌ ሺ௑ିఌమሻశ

యିሺ௑ିఌరሻశ
య

ఌరିఌమ
െ ሺ௑ିఌయሻశ

యିሺ௑ିఌరሻశ
య

ఌరିఌయ
  

 

Figure 9 shows the estimated natural cubic spline the purple line and ݂ሺܺሻ (red line). 
The estimated spline (purple line) is linear beyond the boundary knots (ߝଵ ൌ 	െ6.8 and 
ସߝ ൌ 	0.5	 ).  
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Figure 9 Natural Cubic Spline 

2.6 B‐splines	
 
In this subsection we will introduce a superior and well-conditioned representation 
where a spline will be expressed as a linear combination of a set of basis functions,  
called B-splines. The whole idea behind this builds upon the fact that the set of splines 
with fixed knots 1ߝ, … ,  forms a linear space, and as such, usually has some sort of	݉ߝ
simple base (Grgic (2008), p.13 ). 

“The B-splines are the simplest possible splines of each order and as orthogonal as 
possible” (Ohlsson and Johannsen (2010) , p.108). 

The B-spline transformation of order zero is: 

Β଴,௜ሺݐሻ ൌ ൝
1 if	ߝ௜ ൑ ݐ ൏ 	 	௜ାଵߝ for	݅ ൌ 1,… ,݉ െ 2
1 if	ߝ௜ ൑ ݐ ൑ 	 	௜ାଵߝ for	݅ ൌ ݉ െ 1										
0 otherwise										 	

									ሺ2.6.1ሻ 

The B-splines of order ݇ ൅ 1 are: 

Β௞ାଵ,ଵሺݐሻ ൌ
ଶߝ െ t
ଶߝ െ ଵߝ

Β௞,ଵሺݐሻ									ሺ2.6.2ሻ 

Β௞ାଵ,௜ሺݐሻ ൌ
ሺ௜ି௞ିଵ,ଵሻ	୫ୟ୶ߝെݐ

ሺ௜,௠ሻሻ	ሺ୫୧୬ߝ െ ሺ௜ି௞ିଵ,ଵሻ	୫ୟ୶ߝ
Β௞,୧ିଵሺtሻ ൅

୫୧୬ሺ௜ାଵ,௠ሻߝ െ ݐ
ሺ௜ାଵ,௠ሻሻ	ሺ୫୧୬ߝ െ ሺ௜ି௞,ଵሻ	୫ୟ୶ߝ

Β௞,௜ሺtሻ, 

݅ ൌ 2,… ,݉ ൅ ݇ െ 1										ሺ2.6.3ሻ 

‐0.7

‐0.5

‐0.3

‐0.1

0.1

0.3

0.5

0.7

‐8 ‐6 ‐4 ‐2 0 2

Natural Cubic Spline

 
 
 



18 
 

Β௞ାଵ,௠ା௞ሺݐሻ ൌ
ሺ௠ିଵ,ଵሻ	୫ୟ୶ߝെݐ

௠ߝ െ ௠ିଵߝ
Β௞,௠ା௞ିଵሺݐሻ										ሺ2.6.4ሻ 

(Grgic (2008), p.14 ). 

Example 2.2: Illustration of B-splines 

The B-spline transformation will now be illustrated by choosing the 5 knots (ܯ ൌ 5) as 
ଵߝ ൌ െ5, ଶߝ ൌ െ3, ଷߝ ൌ 0, ସߝ ൌ 3	and ߝହ ൌ 5 and the data in table 1 will be used.  

Table 1 Data points for B‐spline 

 

 

B-splines transformation of order 0 are: 

ሻݐ଴,ଵሺܤ ൌ 	 ቄ
1 ሾെ5,െ3ሻ
0 otherwise

 

ሻݐ଴,ଶሺܤ ൌ 	 ቄ
1 ሾെ3, 0ሻ
0 otherwise

 

ሻݐ଴,ଷሺܤ ൌ 	 ቄ
1 ሾ0, 3ሻ
0 otherwise

 

ሻݐ଴,ସሺܤ ൌ 	 ቄ
1 ሾ3, 5ሿ
0 otherwise

 

B-splines of order one are (݇ ൌ 0):  

ሻݐଵ,ଵሺܤ ൌ
ଶߝ െ ݐ
ଶߝ െ ଵߝ

 ሻݐ଴,ଵሺܤ

ሻݐଵ,ଶሺܤ ൌ
ݐ െ ଵߝ
ଶߝ െ ଵߝ

ሻݐ଴,ଵሺܤ ൅
ଷߝ െ ݐ
ଷߝ െ ଶߝ

 ሻݐ଴,ଶሺܤ

ሻݐଵ,ଷሺܤ ൌ
ݐ െ ଶߝ
ଷߝ െ ଶߝ

ሻݐ଴,ଶሺܤ ൅
ସߝ െ ݐ
ସߝ െ ଷߝ

 ሻݐ଴,ଷሺܤ

ሻݐଵ,ସሺܤ ൌ
ݐ െ ଷߝ
ସߝ െ ଷߝ

ሻݐ଴,ଷሺܤ ൅
ହߝ െ ݐ
ହߝ െ ସߝ

 ሻݐ଴,ସሺܤ

ሻݐଵ,ହሺܤ ൌ
ݐ െ ସߝ
ହߝ െ ସߝ

 ሻݐ଴,ସሺܤ

B-splines of order two are (݇ ൌ 1): 

t ‐5 ‐4 ‐3 ‐2 ‐1 0 1 2 3 4 5

y ‐48 ‐14 2 6 4 2 6 22 56 114 202
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ሻݐଶ,ଵሺܤ ൌ
ଶߝ െ ݐ
ଶߝ െ ଵߝ

 ሻݐଵ,ଵሺܤ

ሻݐଶ,ଶሺܤ ൌ
ݐ െ ଵߝ
ଶߝ െ ଵߝ

ሻݐଵ,ଵሺܤ ൅
ଷߝ െ ݐ
ଷߝ െ ଵߝ

 ሻݐଵ,ଶሺܤ

ሻݐଶ,ଷሺܤ ൌ
ݐ െ ଵߝ
ଷߝ െ ଵߝ

ሻݐଵ,ଶሺܤ ൅
ସߝ െ ݐ
ସߝ െ ଶߝ

 ሻݐଵ,ଷሺܤ

ሻݐଶ,ସሺܤ ൌ
ݐ െ ଶߝ
ସߝ െ ଶߝ

ሻݐଵ,ଷሺܤ ൅
ହߝ െ ݐ
ହߝ െ ଷߝ

 ሻݐଵ,ସሺܤ

ሻݐଶ,ହሺܤ ൌ
ݐ െ ଷߝ
ହߝ െ ଷߝ

ሻݐଵ,ସሺܤ ൅
ହߝ െ ݐ
ହߝ െ ସߝ

 ሻݐଵ,ହሺܤ

ሻݐଶ,଺ሺܤ ൌ
ݐ െ ସߝ
ହߝ െ ସߝ

 ሻݐଵ,ହሺܤ

B-splines of order 3 are (݇ ൌ 2): 

ሻݐଷ,ଵሺܤ ൌ
ଶߝ െ ݐ
ଶߝ െ ଵߝ

 ሻݐଶ,ଵሺܤ

ሻݐଷ,ଶሺܤ ൌ
ݐ െ ଵߝ
ଶߝ െ ଵߝ

ሻݐଶ,ଵሺܤ ൅
ଷߝ െ ݐ
ଷߝ െ ଵߝ

 ሻݐଶ,ଶሺܤ

. .. 

ሻݐଷ,ସሺܤ ൌ
ݐ െ ଵߝ
ସߝ െ ଵߝ

ሻݐଶ,ଷሺܤ ൅
ହߝ െ ݐ
ହߝ െ ଶߝ

 ሻݐଶ,ସሺܤ

. .. 

ሻݐଷ,଻ሺܤ ൌ
ݐ െ ସߝ
ହߝ െ ସߝ

 ሻݐଶ,଺ሺܤ

Table 2 presents numerical B-spline values for the dataset  

(where b01 represents the parameter ߚ଴,ଵ	 etc. in table 2) 
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Table 2 B‐spline calculations 

 

The calculated B-splines of order 0, 1, 2 and 3 are sketched in figure 10 (Grgic (2008), 
p.15).  

 

Figure 10 B‐splines order 0 to 3 

t y b01 b02 b03 b04 b11 b12 b13 b14 b15

‐5 ‐48 1 0 0 0 1 0 0 0 0

‐4 ‐14 1 0 0 0 0.5 0.5 0 0 0

‐3 2 0 1 0 0 0 1 0 0 0

‐2 6 0 1 0 0 0 0.666667 0.333333 0 0

‐1 4 0 1 0 0 0 0.333333 0.666667 0 0

0 2 0 0 1 0 0 0 1 0 0

1 6 0 0 1 0 0 0 0.666667 0.333333 0

2 22 0 0 1 0 0 0 0.333333 0.666667 0

3 56 0 0 0 1 0 0 0 1 0

4 114 0 0 0 1 0 0 0 0.5 0.5

5 202 0 0 0 1 0 0 0 0 1

b21 b22 b23 b24 b25 b26 b31 b32 b33 b34 b35 b36 b37

1 0 0 0 0 0 1 0 0 0 0 0 0

0.25 0.65 0.1 0 0 0 0.125 0.645 0.2175 0.0125 0 0 0

0 0.6 0.4 0 0 0 0 0.36 0.54 0.1 0 0 0

0 0.266667 0.677778 0.055556 0 0 0 0.106667 0.583611 0.302778 0.006944 0 0

0 0.066667 0.711111 0.222222 0 0 0 0.013333 0.408889 0.522222 0.055556 0 0

0 0 0.5 0.5 0 0 0 0 0.1875 0.625 0.1875 0 0

0 0 0.222222 0.711111 0.066667 0 0 0 0.055556 0.522222 0.408889 0.013333 0

0 0 0.055556 0.677778 0.266667 0 0 0 0.006944 0.302778 0.583611 0.106667 0

0 0 0 0.4 0.6 0 0 0 0 0.1 0.54 0.36 0

0 0 0 0.1 0.65 0.25 0 0 0 0.0125 0.2175 0.645 0.125

0 0 0 0 0 1 0 0 0 0 0 0 1

0

0.2

0.4

0.6

0.8

1

1.2

‐6 ‐4 ‐2 0 2 4 6
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b24
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b21
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0
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0.8

1
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Order 3

b32

b33
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 Note the following interesting properties that generally characterise B-splines. They are 
all positive and locally supported, which means that a ݇’th order B-spline is strictly 
positive only on a part of the domain, (ߝ୫ୟ୶	ሺ௜ି௞,ଵሻ	,  ሺ௜ାଵ,௠ሻ). The latter may be seen as	୫୧୬ߝ

some sort of orthogonality and is one of the reasons that makes the B-spline 
representation well-conditioned especially for calculations. Also note that the B-splines 
transformations are normalized, i.e. they add up to 1 along the domain, for each order.  

The B-splines were used to fit the spline in figure 11 to the data in table 1. 

 

Figure 11 Fitted B‐spline 

Example 2.3 (continuation of example 2.1) 

The fitted curve to the B-spline transformed data of example 2.1 is given in figure 12. 

 

Figure 12 Fitted B‐spline (Example 2.3) 
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2.7 Nonparametric	regression	
 

This section overviews traditional nonlinear regression, which is defined for a sample of size ݊ 
as  

௜ݕ ൌ ݂ሺࢼ, ሻ࢏࢞ ൅	ߝ௜	, ݅ ൌ 	1,… , ݊ 

with ࢼ ൌ ሺߚଵ ᇱ࢏࢞  ௣ሻ′ a column vector of regression parameter values andߚ… ൌ ሺݔଵ  a vector	௞ሻݔ…

of predictors (explanatory variables) for the ݅th of ݊ observations. The ݅th random component 
   ,ଶߪ is assumed to be independently normally distributed with mean 0 and constant variance	௜ߝ
,ሺ0ܦܫܰ~௜ߝ  .ଶሻ, (Fox (2002), p.1)ߪ

The function ݂ሺ. ሻ is assumed known and relates the predictors to the average value of the 
response	ܻ over the domain	ܺ. Multiple linear regression is a specific case of ݂ሺࢼ, ሻ࢏࢞ 	ൌ  .ࢼ′࢞	
This clearly identifies the known pre-specified linear structure as well as the fact that it is a linear 
function of the parameters. In this case the estimation of ݂ሺࢼ,  ሻ only requires the estimation of࢏࢞
the regression parameters, ࢼ.  

The general nonparametric regression model is defined as,  

௜ ൌݕ ݂ሺ࢞࢏ᇱሻ ൅   ௜ߝ
 

 ൌ ݂ሺݔ௜ଵ, ,௜ଶݔ … , ௜௞ሻݔ ൅ ,௜ߝ ݅ ൌ 1,… , ݊  
 

with ݂ሺ࢞′ሻ  unspecified; not known as in the case of traditional regression. It assumes 
that ݂ሺ࢞′ሻ is a smooth continuous function with the same assumptions for the errors as 
traditional regression, that is ߝ௜~ܰܦܫሺ0,  ଶሻ. The estimation of the regression function ݂ሺ࢞′ሻߪ
requires direct estimation rather than the estimation of parameters (Fox (2002), p.1). 

Since it is difficult to fit general nonparametric regression model, more restrictive 
assumptions are usually implemented. Because of the difficulties of the high 
dimensional predictor space, the following structure  

݂ሺݔ௜ଵ, ,௜ଶݔ … , ௜௞ሻݔ ൌ ଵ݂ሺݔ௜ଵሻ ൅ ଶ݂ሺݔ௜ଶሻ ൅ ⋯൅ ௞݂ሺݔ௜௞ሻ 

is assumed which simplifies the functional form ݂ሺ࢞࢏ᇱሻ into the linear structure of 
univariate smooth functions ௝݂ሺݔሻ, ݆	 ൌ 	1, . . ., ݇. The functions ௝݂ሺݔሻ, ݆	 ൌ 	1, . . ., ݇ are 

also known as partial regression functions. The model is referred to as the additive 
regression model (Fox (2002), p.1). 

Variations of the additive regression model includes, for example: 

 semi-parametric model ݕ௜ ൌ ߙ ൅ ௜ଵݔ1ߚ ൅ ଶ݂ሺݔ௜ଶሻ ൅ ⋯൅ ௞݂ሺݔ௜௞ሻ ൅  ௜ߝ

 interaction model ݕ௜ ൌ ߙ ൅ ଵ݂ଶሺݔ௜ଵ, ௜ଶሻݔ ൅ ଷ݂ሺݔ௜ଷሻ ൅ ⋯൅ ௞݂ሺݔ௜௞ሻ ൅  ௜ߝ
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(Fox (2002), p.1). 

Generalized nonparametric regression is an extension of additive regression models 
in a similar way as linear models extend to generalized linear models. The random 
component and link functions (described in Appendix B on page 81) are the same as in 
generalized linear models, but the linear predictor of the generalized linear model  

௜ߟ ൌ ߙ ൅ ௜ଵݔଵߚ ൅ ௜ଶݔଶߚ ൅ ⋯൅ ௜௞ݔ௞ߚ ൅   ሺ2.7.1ሻ										௜ߝ

is replaced in the most general case by an unspecified smooth function ݂ of the 
predictors  

௜ߟ ൌ ݂ሺݔ௜ଵ, ,௜ଶݔ … ,  . ௜௞ሻݔ

We will now consider a more constrained case where ݂ is the sum of smooth functions  

௝݂	, ݆	 ൌ 	1, . . . , ݇ 

and 

௜ߟ ൌ ߙ ൅ ଵ݂ሺݔ௜ଵሻ ൅ ଶ݂ሺݔ௜ଶሻ ൅ ⋯൅ ௞݂ሺݔ௜௞ሻ,										ሺ2.7.2ሻ 

also known as the generalized additive model or generalized regression additive model, 
(GAM) (Fox (2002), p.1). 

2.7.1	Nonparametric	logistic	regression	
 

The nonparametric logistic regression model, models the posterior probability of ܭ 
classes via linear functions in ݔ. The model is specified in terms of ܭ െ 1 logit 
transformations 

log ቆ
Prሺܩ ൌ 1|ܺ ൌ ሻݔ
Prሺܩ ൌ ܺ|ܭ ൌ ሻݔ

ቇ ൌ∝ଵ଴൅ ଵ݂ሺݔሻ 

log ቆ
Prሺܩ ൌ 2|ܺ ൌ ሻݔ
Prሺܩ ൌ ܺ|ܭ ൌ ሻݔ

ቇ ൌ∝ଶ଴൅ ଶ݂ሺݔሻ 

⋮ 

log ቆ
Prሺܩ ൌ ܭ െ 1|ܺ ൌ ሻݔ
Prሺܩ ൌ ܺ|ܭ ൌ ሻݔ

ቇ ൌ∝ሺ௄ିଵሻ଴൅ ௄݂ିଵሺݔሻ 

or 

Prሺܩ ൌ ݇|ܺ ൌ ሻݔ ൌ
exp	ሺ∝௞଴൅ ௞݂ሺݔሻሻ

1 ൅ ∑ exp	ሺ∝௟଴൅ ௟݂ሺݔሻሻ௄ିଵ
௟ୀଵ

, ݇ ൌ 1,… , ܭ െ 1 

 
 
 



24 
 

Prሺܩ ൌ ܺ|ܭ ൌ ሻݔ ൌ
1

1 ൅ ∑ exp	ሺ∝௟଴൅ ௟݂ሺݔሻሻ௄ିଵ
௟ୀଵ

, 

(Hastie, Tibshirani and Friedman (2009), p.119). 

It is known that for the case ܭ ൌ 2 the response variable ܻ has a Bernoulli distribution.  
In other words, ݕ௜ =1 if ݃௜=1 (if an event occurs for the ݅th observation ) and ݕ௜ = 0 if ݃௜ 
=2 (if an event does not occur for the ݅th observation) and let ߤ ൌ ሺܻ݌ ൌ ,௜ଵݔ|1 … ,  ,௜௞ሻݔ
݅	 ൌ 	1, . . . , ݊. In logistic regression ߤ is linked to the predictors via ߟ௜ ൌlog(ߤ/ሺ1 െ ሻሻߤ ൌ
ߙ ൅ ௜ଵݔଵߚ ൅ ௜ଶݔଶߚ ൅ ⋯൅   ., which is a linear predictor	௜௞ݔ௞ߚ

For nonparametric logistic regression 	ߟ௜ ൌlog(ߤ/ሺ1 െ ሻሻߤ ൌ ߙ ൅ ଵ݂ሺݔ௜ଵሻ ൅ ଶ݂ሺݔ௜ଶሻ ൅ ⋯൅

௞݂ሺݔ௜௞ሻ	with ௜݂ , ݅ ൌ 1,… , ݇	smooth functions, it is clear that this is a special case of the 
generalized additive model. 

2.8 Penalised	sum	of	squares	
 

Consider a set of co-ordinates ሺݔ௜, 	݅ ,௜ሻݕ ൌ 1,… , ݊ and let  ݂ be a function such that the 
second derivative of ݂	exists. 

The penalised sum of squares criteria is defined as 

෍ൣݕ௝ െ ݂൫ݔ௝൯൧
ଶ
൅ නൣ݂ߣ	 ′′ሺݔሻ൧

ଶ
௡

௝ୀଵ

 ሺ2.8.1ሻ								.ݔ݀

The first term in equation 2.8.1 is the same as that of the squared error loss function. 
The second term is the roughness penalty and will penalise for the curvature of the 
function. Remember the second term represents the energy into the parameter ߣ and 
can be interpreted as follows: 

ߣ ൌ 0: ݂ can be any function that interpolates the data, 

ߣ ൌ ∞: this is the simplest least square fit since no second order derivative can be 
tolerated. 

These vary from very rough functions to very smooth functions (Hastie, Tibshirani and 
Friedman (2009), p.151). 

2.9 Nonparametric	linear	regression	by	using	natural	cubic	splines	
 

The function which is the optimal solution of the penalised sum of squares is referred to 
as the smoothing spline. The optimal solution is a natural cubic spline with knots at the 
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unique observed values of ݔ ൌ ,ଵݔ	 … ,  ,௡ (Hastie, Tibshirani and Friedman (2009)ݔ
p.151-152). 

It is proven in section 4 that the natural cubic spline, with knots at each unique observed 
value, minimises the roughness penalty (Hastie and Tibshirani (1990), p.27). The 
natural cubic spline can be written as  

௜݂ሺݔሻ ൌ			∑ ௝ߚ ௝݄ሺݔሻ
௡
௝ୀଵ ,										ሺ2.9.1ሻ  

which is the natural basis function expansion. Note that there are ݊ basis functions, ௝݄ , 

݆ ൌ 1, . . . , ݊ which correspond to the ݊ knots; a knot at each observation.  

The basis functions ݄ଵሺݔሻ, … , ݄௡ሺݔሻ are compiled over the observation into an ݊ ൈ 	݊ 
matrix, 

࢔ൈ࢔ࡴ ൌ ൥
݄ଵሺݔଵሻ ⋯ ݄௡ሺݔଵሻ
⋮ ⋱ ⋮

݄ଵሺݔ௡ሻ ⋯ ݄௡ሺݔ௡ሻ
൩ 

where ݔ௜ represent the ݅’th observation and ௝݄ሺݔ௜ሻ represents the ݆’th basis function 

transformation on observation ݔ௜ . 

Let ࢟ ൌ 	൭
ଵݕ
⋮
௡ݕ
൱ where	ݕ௝, ݆ ൌ 1,… , ݊ to the response for observation	݆, 

࢞ ൌ 	 ሺ1		ݔଵ … ,௞ሻ  withݔ	 ,௜ݔ	 ݅ ൌ 1	, … , ݇ a set of ݇ explanatory variables (notice that ݇ ൐ ݊ 
since transformations are done on each	ݔ௜, ݅ ൌ 1	, … , ݊ ),  

`ࢼ ൌ ሺߚ଴	ߚଵ  .௞ሻ a vector of parametersߚ…

Let ષ be an ݊ ൈ 	݊ matrix  

ષ࢔ൈ࢔ ൌ 	 ൦

Ωଵଵ Ωଵଶ
Ωଶଵ Ωଶଶ

⋯ Ωଵ௡
⋯ Ωଶ௡

⋮ 	
Ω௡ଵ Ω௡ଶ

⋱ ⋮
⋯ Ω௡௡

൪ 

with Ω௜௝ ൌ ׬	 ݄௜
′′ሺݔሻ ௝݄

′′ሺݔሻ݀ݔ , ݅	 ൌ 	1	, . . . , ݊ and ݆	 ൌ 	1, . . . , ݊ 

The Penalised sum of squares can be written in the natural cubic spline case in matrix 
notation, 

∑ ௝ݕൣ െ ݂൫ݔ௝൯൧
ଶ
൅ ߣ	 ݂ൣ׬ ′′ሺݔሻ൧

ଶ௡
௝ୀଵ   ݔ݀
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ൌ ∑ ௝ݕൣ െ ∑ ௝ߚ ௝݄ሺݔሻ
௡
௝ୀଵ ൧

ଶ
൅ ߣ ׬ ቂ∑ ௝ߚ ௝݄ሺݔሻ

௡
௝ୀଵ

′′ቃ
ଶ

௡
௝ୀଵ   ݔ݀

 

ൌ ∑ ௝ݕൣ െ ∑ ௝ߚ ௝݄ሺݔሻ
௡
௝ୀଵ ൧

ଶ
൅ ߣ ∑ሺ׬ ∑ ௝݄௝ߚ௜ߚ ′′ሺݔሻ݄′′௜ሺݔሻሻ

௡
௝ୀଵ

௡
௜ୀଵ ௡ݔ݀

௝ୀଵ   
 

ൌ ∑ ௝ݕൣ െ ∑ ௝ߚ ௝݄ሺݔሻ
௡
௝ୀଵ ൧

ଶ
൅௡

௝ୀଵ ߣ ∑ ∑ ௜ߚ
௡
௝ୀଵ

௡
௜ୀଵ ௝ߚ ׬ ݄′′௜ሺݔሻ ݄′′௝ሺݔሻ݀ݔ  

 
ൌ ሺ࢟ െ ሻ்ሺ࢟ࢼࡴ െ ሻࢼࡴ ൅   ࢼષࢀࢼߣ
 

The penalised sum of square criteria estimator for ࢼ	is given by 

෡ ൌࢼ ሺࡴ′ࡴ൅ ࢟′ࡴષሻିଵߣ ሺ2.9.2ሻ
  

 ൌ ఒ࢟ࡿࡴ ሺ2.9.3ሻ  
 

with ࡿఒ known as the smoother matrix (Hastie, Tibshirani and Friedman (2009), p.152). 

2.9.1 Average Mean Squared error  

 
A global measure for choosing the smoothing parameter ߣ such as the average mean 
squared error (MSE) will be used (Hastie and Tibshirani (1990), p.42-43). 

The MSE measures the discrepancy between a function and an estimated function and 
is defined as 

ሻߣሺܧܵܯ ൌ ଵ

௡
∑ ሼܧ ఒ݂

෡ሺݔ௜ሻ െ ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ ,  

where ఒ݂
෡  is the estimated function. 

The average predicted squared error	ሺܲܵܧሻ is given by 

ሻߣሺܧܵܲ ൌ
ଵ

௡
∑ ሼܧ ௜ܻ

∗ െ መ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ  . 

Let 

௜ܻ
∗ ൌ ݂ሺݔ௜ሻ ൅ ௜ߝ

∗ and ௜ܻ ൌ ݂ሺݔ௜ሻ ൅  ,௜ߝ

where ௜ܻ
∗	is a new observation at ݔ௜ and not used in the determination of መ݂.	 ௜ܻ

∗ is 
independent of ௜ܻ ௜ߝ ince the observations are independent; therefore we haveݏ	

∗ 
independent of ߝ௜.  

MSE differs from PSE by a constant	ߪଶ (the residual variance) since 

 

 
 
 



27 
 

ሻ  ൌߣሺܧܵܲ ଵ

௡
∑ ሼܧ ௜ܻ

∗ െ መ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ   

 
 ൌ

ଵ

௡
∑ ሼܧ ௜ܻ

∗ െ ݂ሺݔ௜ሻ ൅ ݂ሺݔ௜ሻ െ መ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ   

 
 ൌ

ଵ

௡
∑ ሾܧሼ ௜ܻ

∗ െ ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ െ ܧ ቀ݂ሺݔ௜ሻ െ መ݂ሺݔ௜ሻቁ

ଶ
  

 
 ൅	2ܧሼ ௜ܻ

∗ 	െ ݂ሺݔ௜ሻሽܧሼ݂ሺݔ௜ሻ െ መ݂ሺݔ௜ሻሽሿ  since መ݂ሺݔ௜ሻ is independent of ௜ܻ
∗ 

 
 ൌ

ଵ

௡
∑ ሾܧሼ݂ሺݔ௜ሻ ൅ ௜ߝ

∗ െ ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ െ ௜ሻݔሼ݂ሺܧ െ መ݂ሺݔ௜ሻሽଶሿ  since ܧሺߝ௜

∗ሻ ൌ 0 and ܧሺߝ௜ሻ ൌ 0 

 
 ൌ

ଵ

௡
∑ ሾܧሼߝ௜

∗ሽଶ௡
௜ୀଵ െ ௜ሻݔሼ݂ሺܧ െ መ݂ሺݔ௜ሻሽଶሿ  

 
 ൌ 

ଵ

௡
∑ ଶߪ ൅ ଵ

௡
∑ ௜ሻݔሼ݂ሺܧ െ መ݂ሺݔ௜ሻሽଶ
௡
௜ୀଵ

௡
௜ୀଵ  

 
 ൌ ଶߪ ൅ܧܵܯሺߣሻ  
 

2.9.2 Cross validation 

 
Cross validation (CV) is a jackknife type of estimator for PSE. CV is obtained by leaving 

observation ݅ out in calculating the estimate  መ݂ି௜ሺݔሻ for ݂ሺݔሻ. The estimate መ݂ି௜ሺݔሻ is 

based on the remaining ݊ െ 1 points. Note that መ݂ି௜ሺݔ௜ሻ is an estimate of ݕ௜ and መ݂ି௜ሺݔ௜ሻ 
is obtained by not including (ݔ௜,	ݕ௜). 

2.9.2.1 Selecting the value of ࣅ 
 

Let መ݂ఒ be an estimation for ݂ obtained under the penalized sum of squares. Indicate the 
cross validation measure with   

ሻߣሺܸܥ ൌ
1
݊
෍ሼݕ௜ െ መ݂

ఒ
ି௜ሺݔ௜ሻ	ሽଶ

௡

௜ୀଵ

 

which is an estimate for PSE. By considering ܸܥሺߣ) over a range of ߣ values, the ߣ  
minimizing ܸܥሺߣ) should be selected. To see this we note that 

൛ܧ ௜ܻ െ 	 መ݂ఒ
ି௜ሺݔ௜ሻ	ൟ

ଶ
 ൌ ሼܧ ௜ܻ െ ݂ሺݔ௜ሻ ൅ ݂ሺݔ௜ሻ െ መ݂

ఒ
ି௜ሺݔ௜ሻ	ሻሽଶ  

 ൌ ଶߪ ൅ ௜ሻݔሼ݂ሺܧ െ መ݂
ఒ
ି௜ሺݔ௜ሻ ሽଶ  
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The cross product term in ܧሼ ௜ܻ െ ݂ሺݔ௜ሻሽܧሼ݂ሺݔ௜ሻ െ መ݂
ఒ
ି௜ሺݔ௜ሻ	ሽ is zero since መ݂ఒ

ି௜ሺݔ௜ሻ  doesn’t 

involve ௜ܻ. Similarly it can be shown that ܧ൛ ௜ܻ
∗ െ መ݂

ఒ
ି௜ሺݔ௜ሻ	ൟ

ଶ
ൌ ଶߪ ൅ ௜ሻݔሼ݂ሺܧ െ ఒ݂

෡ ሺݔ௜ሻሽଶ. 

Following this we assume that መ݂ఒ
ି௜ሺݔ௜ሻ 	ൎ ఒ݂

෡ሺݔ௜ሻ; leading to ܸܥሺߣሻ ൎ  . ሻߣሺܧܵܲ

It is possible to determine መ݂ఒ
ି௜ሺݔ௜ሻ from መ݂ఒሺݔ௜ሻ by means of a correcting factor. The 

correcting factor depends only on ࡿఒ. 

Since ࡿఒ is constant preserving, that is ࡿఒ૚ ൌ ૚ or ∑ ௜ܵ௝
௡
௜ୀଵ ൌ 1, if ௜ܵ௝ is the	ሺ݅, ݆ሻ element 

of ࡿఒ. The fit, መ݂ఒ
ି௜ሺݔ௜ሻ, is obtained when the weight for the ݅th observation is set to zero 

and the remaining weights are increased such that the sum of these weights equal one 
(Hastie and Tibshirani (1990), p.46). 

Since ∑ ௜ܵ௝ሺఒሻ
௡
௝ୀଵ
௝ஷ௜

ൌ 1 െ ௜ܵ௜ሺఒሻ, the correcting factor (increasing factor) should be defined 

as  
ଵ

ଵିௌ೔೔ሺഊሻ
 , thus ∑

ௌ೔ೕሺഊሻ
ଵିௌ೔೔ሺഊሻ

௡
௝ୀଵ
௝ஷ௜

ൌ 1. 

Since ఒܵ is a smoother we have  

መ݂
ఒ
ି௜ሺݔ௜ሻ 	ൌ෍

௜ܵ௝ሺఒሻ

1 െ ௜ܵ௜ሺఒሻ

௡

௝ୀଵ
௝ஷ௜

 ௝ݕ

from which follows 

መ݂
ఒ
ି௜ሺݔ௜ሻ	ሺ1 െ ௜ܵ௜ሺఒሻሻ ൌ෍ ௜ܵ௝ሺఒሻ

௡

௝ୀଵ
௝ஷ௜

 ௝ݕ

መ݂
ఒ
ି௜ሺݔ௜ሻ 	ൌ ∑ ௜ܵ௝ሺఒሻ

௡
௝ୀଵ
௝ஷ௜

௝ݕ ൅ ௜ܵ௜ሺఒሻ
መ݂
ఒ
ି௜ሺݔ௜ሻ. 

This holds for a cubic smoothing spline as well (Hastie and Tibshirani (1990), 47). To 

see that this holds for a cubic smoothing spline, suppose that  መ݂ఒ
ି௜ minimizes the 

penalised least squares equation  

෍ሼݕ௝ െ ݃ሺݔ௝ሻሽଶ ൅ ሻሽݔනሼ݃′′ሺߣ

௡

௝ୀଵ
௜ஷ௝

 ݔ݀
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for sample size ݊ െ 1 and suppose we add the point {ݔ௜,	 መ݂ఒ
ି௜ሺݔ௜ሻ }. Then መ݂ఒ

ି௜ results in 
the same value and once again minimise   

∑ ሼݕ௝ െ ݃ሺݔ௝ሻሽଶ ൅ ߣ ሻሽ௡ݔሼ݃′′ሺ׬
௝ୀଵ
௜ஷ௝

 .݊ for the sample of size ݔ݀

Combining ఒ݂
෡ ሺݔ௜ሻ ൌ ∑ ௜ܵ௝ሺߣሻ

௡
௝ୀଵ
௝ஷ௜

௝ݕ ൅ ௜ܵ௜ሺߣሻݕ௜ and መ݂ఒ
ି௜ሺݔ௜ሻ 	ൌ ∑ ௜ܵ௝ሺఒሻ

௡
௝ୀଵ
௝ஷ௜

௝ݕ ൅ ௜ܵ௜ሺఒሻ
መ݂
ఒ
ି௜ሺݔ௜ሻ  

we have 

መ݂
ఒ
ି௜ሺݔ௜ሻ  ൌ ∑ ௜ܵ௝ሺߣሻ

௡
௝ୀଵ
௝ஷ௜

௝ݕ ൅ ௜ܵ௜ሺߣሻ መ݂ఒ
ି௜ሺݔ௜ሻ  

 
 ൌ ఒ݂

෡ሺݔ௜ሻ െ ௜ܵ௜ሺߣሻݕ௜ ൅ ௜ܵ௜ሺߣሻ ఒ݂
෡ି௜ሺݔ௜ሻ. 

 

መ݂
ఒ
ି௜ሺݔ௜ሻ 	ൌ ఒ݂

෡ ሺݔ௜ሻ ൅ ௜ܵ௜ሺߣሻ መ݂ఒ
ି௜ሺݔ௜ሻ 	െ ௜ܵ௜ሺߣሻݕ௜ ൅ ௜ݕ െ  ௜ݕ

Adding ݕ௜ on both sides, and we can write 

 

௜ݕ െ መ݂
ఒ
ି௜ሺݔ௜ሻ 	െ ௜ܵ௜ሺߣሻݕ௜ ൅ ௜ܵ௜ሺߣሻ መ݂ఒ

ି௜ሺݔ௜ሻ   ൌ െ ఒ݂
෡ሺݔ௜ሻ ൅   ௜ݕ

 
ሺݕ௜ െ መ݂

ఒ
ି௜ሺݔ௜ሻ	ሻ െ ௜ܵ௜ሺߣሻሺݕ௜ െ መ݂

ఒ
ି௜ሺݔ௜ሻ ሻ  ൌ െ ఒ݂

෡ሺݔ௜ሻ ൅   ௜ݕ
 

ሺݕ௜ െ መ݂
ఒ
ି௜ሺݔ௜ሻ	ሻ െ ௜ܵ௜ሺߣሻሺݕ௜ െ መ݂

ఒ
ି௜ሺݔ௜ሻ ሻ  ൌ ௜ݕ െ ఒ݂

෡ሺݔ௜ሻ  
 

ሺ1 െ ௜ܵ௜ሺߣሻሻሺݕ௜ െ መ݂
ఒ
ି௜ሺݔ௜ሻ ሻ  ൌ ௜ݕ െ ఒ݂

෡ሺݔ௜ሻ  
 

ሺݕ௜ െ መ݂
ఒ
ି௜ሺݔ௜ሻ	ሻ  ൌ ௬೔ି௙ഊ෢ሺ௫೔ሻ

ሺଵିௌ೔೔ሺఒሻሻ
  

 

The fitting statistics for  መ݂ఒ
ି௜ሺݔ௜ሻ  can be computed from the fit  ఒ݂

෡ ሺݔ௜ሻ and ௜ܵ௜ሺߣሻ . We do 

not have to remove the ݅th point and re-compute the fit መ݂ఒ
ି௜ to obtain fitting statistics. 

The cross validation measure can therefore be computed from ఒ݂
෡  by substituting this 

back into the cross validation sum of square to get 

ሻ ൌߣሺܸܥ ଵ

௡
∑ ൛ݕ௜ െ መ݂

ఒ
ି௜ሺݔ௜ሻ ൟ

ଶ௡
௜ୀଵ   

 
 

ൌ
1
݊
෍ቊ

௜ݕ െ ఒ݂
෡ሺݔ௜ሻ

ሺ1 െ ௜ܵ௜ሺߣሻሻ
ቋ
ଶ௡

௜ୀଵ

ሺ2.9.2.1.1ሻ 
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(Hastie and Tibshirani (1990), p.46-48). 

The degrees of freedom is the sum of the eigen values of ࡿఒ, and gives an indication of 
the amount of fitting that ࡿఒ does (Hastie and Tibshirani (1990), p.52). 

To find the eigenvalue decomposition of ࣅࡿ we will write  ࣅࡿ in Reinch form. The smooth  

ࣅࡿ ൌ ൅ࡴ′ࡴ൫ࡴ ષ൯ߣ
ିଵ
 ′ࡴ

where ࡴ ൌ  .ࡴ be the singular value decomposition of ்ࢂࡰࢁ

Since ࡴ is a square ܰ ൈ ܰ		matrix, ܷ an orthogonal matrix hence invertible with  ିࢁଵ ൌ
 ′ࢁ

ൌ ࣅࡿ ′ࢂଶࡰࢂ൫′ࢂࡰࢁ ൅ ષ൯ߣ
ିଵ
  ′ࢁࡰࢂ

ൌ ଵିࡰࢂ′ࢂଶࡰࢂ′ࢂଵିࡰሺࢁ ൅ ଵሻିଵିࡰࢂષ′ࢂଵିࡰߣ   ′ࢁ
ൌ ࡵሺࢁ ൅   ′ࢁଵሻିଵିࡰࢂΩ′ࢂଵିࡰߣ
ൌ ሺࢁ′ࢁ൅ ሻࢁଵିࡰ܄Ω′ࢂଵିࡰ′ࢁߣ ିଵ  
ൌ ሺࡵ ൅   ሻିଵࢁଵିࡰ܄Ω′ࢂଵିࡰ′ࢁߣ	
ൌ ሺࡵ ൅ ሻିଵࡷߣ	 ሺ2.9.2.1.2ሻ  

 

where ࡷ does not depend on ߣ , 

 is positive semi-definite and we can write ࡷ

ࡷ ൌ where ൌ  ′ࢁࡳࢁ ݀݅ܽ݃ሺ ଵ݃, … , ݃௡ሻ , 	݃௞ is the corresponding eigenvalues of ࡷ. 

The value for ࡳ is ିࡰ૚ࢂᇱΩିࡰࢂ૚. 

We have 

ࣅࡿ ൌ ሺࡵ ൅  ሻିଵ	′ࢁࡳࢁߣ	

ൌ ࡵሺࢁ ൅  ′ࢁሻିଵ	ࡳߣ	

(Hastie and Tibshirani (1990), p.57). 

The eigenvalues of ࣅࡿ is ݌௞ሺߣሻ where  

ሻߣ௞ሺ݌ ൌ
ଵ

ଵାఒ௚ೖ
  where ݌௞ሺߣሻ ൌ 1, ݇ ൌ 1, . . . , ݊ 

and 

݀ ఒ݂ ൌ෍ ሻߣ௞ሺ݌ ൌ ሺ݁ܿܽݎݐ
௡

௜ୀଵ
 ሺ2.9.2.1.3ሻ										ሻࣅࡿ
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(Hastie, Tibshirani and Friedman (2009), p.154). 

2.10 Nonparametric	linear	regression	by	using	B‐splines		
 
The B-spline basis function provides a numerically superior alternative basis to the 
natural cubic spline when calculating a smoothing spline. The main feature of B-splines 
is that any given basis function is nonzero over a span of at most five distinct knots. In 
practise this means that the evaluation rarely gets out of hand, and resulting regression 
matrix is banded. We will therefore use B-splines to calculate a smoothing spline. 
(Hastie and Tibshirani (1990), p.25). 

This is also indicated by (Ohlsson and Johannsen (2010), p.108) stating “The B-splines 
are the simplest possible splines of each order and as orthogonal as possible”.  

The natural cubic spline transformations is therfore replaced by B-spline 
transformations. 

The estimator for the parameter	ߚ, is given by ߚመ ൌ ሺ࡮′࡮ ൅  that is ,	࢟′࡮ષሻିଵߣ
replacing	࡮	with H in equation 2.9.2 where ࡮ is determined as in equation 2.6.1 to 
equation 2.6.4.The value for ષ can be calculated as follows (Ohlsson and Johannsen 
(2010) ). 

Let ߝଵ, … , ݉ ,Թߝݔ be the knots at each unique value of	௠ߝ	 ൑ ܰ. 

Set  	ߝ௜		 ൌ ݅ for	௠ߝ	 ൒ ݉ ൅ 1	 and 	ߝ௜		 ൌ ݅ for	ଵߝ	 ൑ 1	 in ષ. (These values will occur in 
ષ	and therefore the definition) 

Let 

ܽଶ௞ ൌ
2

௞ାଵߝ െ ௞ିଵߝ	
; 	݇ ൌ 1,… ,݉, 

ܽଷ௞ ൌ
3

௞ାଵߝ െ ௞ିଶߝ	
; 	݇ ൌ 1,… ,݉ ൅ 1. 

The values in ષ is equal to 0 except for the following cases: 

Ωଵ௞,௞ ൌ
௞ାଵߝ െ ௞ିଵߝ	

3
	; ݇ ൌ 1,… ,݉; 

Ωଵ௞,௞ାଵ ൌ Ωଵ୩ାଵ,୩ ൌ
௞ାଵߝ െ ௞ߝ	

6
	; ݇ ൌ 1,… ,݉ െ 1, 

Ωଶ௞,௞ ൌ aଶ,୩ିଵ
ଶ Ωଵ୩ିଵ,୩ିଵ െ 2aଶ,୩ିଵaଶ,୩Ωଵ୩ିଵ,୩ ൅ aଶ,୩

ଶ Ωଵ୩,୩ 

݇ ൌ 1,… ,݉ ൅ 1, 
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Ωଶ௞,௞ାଵ ൌ Ωଶ௞ାଵ,௞	 ൌ aଶ,௞ିଵaଶ,௞Ωଵ௞ିଵ,௞ െ aଶ,௞
ଶ Ωଵ௞,௞ ൅ aଶ,௞aଶ,௞ାଵΩଵ௞,௞ାଵ 

݇ ൌ 1,… ,݉, 

Ωଶ௞,௞ାଶ ൌ Ωଶ௞ାଶ,௞	 ൌ 	െaଶ,௞aଶ,௞ାଵΩଵ௞,௞ାଵ; 	݇ ൌ 1,… ,݉ െ 1, 

Ωଷ௞,௞ ൌ aଷ,௞ିଵ
ଶ Ωଶ௞ିଵ,௞ିଵ െ 2aଷ,௞ିଵaଷ,௞	Ωଶ௞ିଵ,௞ ൅ aଷ,௞

ଶ Ωଶ௞,௞ 

݇ ൌ 1,… ,݉ ൅ 2, 

Ωଷ௞,௞ାଵ ൌ Ωଷ௞ାଵ,௞ ൌ 	 aଷ,௞ିଵ	aଷ,௞Ωଶ௞ିଵ,௞ െ aଷ,௞ିଵaଷ,௞ାଵ	Ωଶ௞ିଵ,௞ାଵ 

െ	aଷ,௞
ଶ Ωଶ௞,௞ ൅ aଷ,௞aଷ,௞ାଵΩଶ௞,௞ାଵ 

݇ ൌ 1,… ,݉ ൅ 1, 

 

Ωଷ௞,௞ାଶ ൌ Ωଷ௞ାଶ,௞ ൌ 	 aଷ,௞ିଵ	aଷ,௞ାଵ	Ωଶ௞ିଵ,௞ାଵ െ aଷ,௞	aଷ,௞ାଵΩଶ௞,௞ାଵ 

൅aଷ,௞aଷ,௞ାଶΩଶ௞,௞ାଶ
൅ aଷ,௞	aଷ,௞ାଵ	Ωଶ௞,௞ାଵ 

݇ ൌ 1,… ,݉, 

Ωଷ௞,௞ାଷ ൌ Ωଷ௞ାଷ,௞ ൌ െaଷ,௞aଷ,௞ାଶΩଶ௞,௞ାଶ
	 k ൌ 1,… ,m െ 1. 

Example 2.4 (continuation of example 2.3) 

The same data as in example 2.3 are used to fit a nonparametric linear regression by 
using B-splines on equal distant data  (Hastie, Tibshirani and Friedman (2009), p.159). 

Note that for this example equal distant knots are used.  
 
Let ܻ, taking on value 0 or 1, be a binary variable and let ࢄ  be a set of explanatory 
variables. The odds for ܻ ൌ 1 is then	 
 

ܲሺܻ ൌ ࢄ|1 ൌ ࢞ሻ	
ܲሺܻ ൌ ࢄ|0 ൌ ࢞ሻ	

. 

 
The value of ߣ was varied between 0.1 and 1 in intervals of 0.001. The ܥ ఒܸ is plotted 
against ݀ ఒ݂ in figure 13. The graph shows that the minimum cross validation value 
occurs where the degrees of freedom is 6 (when rounded). The resulting ݂ሺܺሻ  from the 
regression is indicated by the purple line. The smoothing spline ݂݀ ൌ 6 graph in figure 
13 shows the smooth purple line where degrees of freedom is 6. The smooth purple line 
is close to the actual simulated function (the red line). 
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The smoothing spline ݂݀ ൌ 14 graph in figure 13 shows the fit when the degrees of 
freedom is 14. One can see that the purple line starts to follow the data (blue dots) , as 
seen by the curvature influenced by local data point. The smoothing spline ݂݀ ൌ 4 graph 
on figure 13 shows the fit when degrees of freedom of 4 was used indicating under 
fitting.  
 
The values for ܥ ఒܸ and ߣ for ݀ ఒ݂ ൌ 4, ݀ ఒ݂ ൌ 6	 and  ݀ ఒ݂ ൌ 14		are given in table 3. 
 
Table 3 Cross validation, degrees of freedom and lamda (Example 2.4) 

 ߣ ݀ ఒ݂  ܥ ఒܸ 

1.491  4  0.01004 

0.318  6  0.00928 

0.0115  14  0.01039 

 

Figure 13 shows the fits for the different selections in table 3. 

 

Figure 13 Smoothing spline 
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2.11 Nonparametric	logistic	regression	by	using	B‐splines		

In section 2.10 smoothing splines were fitted to continuous data. In this section the 
outcome variable will be binary discrete variable. A logistic regression approach will be 
followed to fit a smoothing spline.   

The nonparametric logistic regression model is given by  

݃݋݈ ቆ
Prሺܻ ൌ 1|ܺ ൌ ሻݔ
Pr	ሺܻ ൌ 0|ܺ ൌ ሻݔ

ቇ ൌ ݂ሺݔሻ 

which implies  

Prሺܻ ൌ 1|ܺ ൌ ሻݔ ൌ
݁௙ሺ௫ሻ

1 ൅ ݁௙ሺ௫ሻ
ൌ  .ሻݔሺ݌

The penalised log likelihood, for a random sample of ݊ observations, is 

݈ሺ݂, ሻ  ൌߣ ∑ ௜ݕ log ௜ሻݔሺ݌ ൅ ሺ1 െ ௜ሻlogሺ1ݕ െpሺݔ௜
௡
௜ୀଵ ሻሻ െ ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬   ݐ݀

 
 ൌ ∑ ௜ݕ log ቀ

௘೑ሺೣሻ

ଵା௘೑ሺೣሻ
ቁ ൅ ሺ1 െ ௜ሻlogሺ1ݕ െሺ

௘೑ሺೣሻ

ଵା௘೑ሺೣሻ
௡
௜ୀଵ ሻሻ െ

ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬   ݐ݀

 
 ൌ ∑ ௜ݕ log ቀ

௘೑ሺೣሻ

ଵା௘೑ሺೣሻ
ቁ ൅ ሺ1 െ ௜ሻlogሺሺݕ

ଵ

ଵା௘೑ሺೣሻ
௡
௜ୀଵ ሻሻ െ

ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬   ݐ݀

 
 ൌ ∑ ௜ݕ log ቀ

௘೑ሺೣሻሺଵା௘೑ሺೣሻሻ

ଵା௘೑ሺೣሻ
ቁ ൅ logሺሺ ଵ

ଵା௘೑ሺೣሻ
௡
௜ୀଵ ሻሻ െ ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬   ݐ݀

 
 ൌ ∑ ௜ݕ log൫݁௙

ሺ௫ሻ൯ െ logሺሺ1 ൅ ݁௙ሺ௫ሻ௡
௜ୀଵ ሻሻ െ

ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬   ݐ݀

 
 ൌ ∑ ሻݔ௜݂ሺݕ െ logሺሺ1 ൅ ݁௙ሺ௫ሻ௡

௜ୀଵ ሻሻ െ
ଵ

ଶ
ߣ ሻሽଶݐሼ݂′′ሺ׬ .ݐ݀ 			ሺ2.11.1ሻ  

 

B-splines were used to represent ݂ሺݔሻ in equation 2.11.1. Let ேܻൈଵ be a vector of 
݊	binary responses and ࡮	 a matrix containing the values of the B-spline transformations 
on ࢄ. 

As in section 2.10 the matrix ષ is calculated. 

Due to the way the B-splines are defined, the matrices ۰′۰܅ and ષ are banded, which 
simplifies the numerical solution of the linear equation system. ܅ is described in section 
2.3. We will solve the regression parameters by using 

ሺ࡮ࢃ′࡮൅ β	ષሻߣ ൌ  ሺ2.11.2ሻ										.࢟ࢃ′࡮
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(Ohlsson and Johannsen (2010) , p.110) 

The derivatives	݈ሺ݂,  ሻ areߣ

݀ሺ݈ሺߚሻሻ
ߠ݀

ൌ ሺ࢟࡮ െ ሻ࢖ െ  ષβߣ

ௗమሺ௟ሺఉሻሻ

ௗఉௗఉ೅
ൌ െ࡮ࢃ′࡮െ  .ષߣ

From which the Newton Rhapson update rule it follows that  

௡௘௪ ൌߚ ௢௟ௗߚ ൅ ሺ࡮ࢃ′࡮൅ ሺ࢟′ࡴષሻିଵߣ െ   ሻ࢖
 ൌ ሺ࡮ࢃ′࡮൅ ௢௟ௗߚ࡮൫ࢃ′࡮ષሻିଵߣ ൅ିࢃଵሺ࢟ െ   ሻ൯࢖
 ൌ ሺ࡮ࢃ′࡮൅   ࢠࢃ′࡮ષሻିଵߣ

 

where ࢠ ൌ ௢௟ௗߚ࡮ ൅ିࢃ૚ሺܡ െ  ሺ2.11.3ሻ										ሻ.ܘ

The cross validation is given by 

ܥ ఒܸ ൌ
1
ܰ
௜෍ሺݓ

௜ݕ െ መ݂ሺݔ௜ሻ
1 െ ఒܵሺ݅, ݅ሻ

ሻଶ.										ሺ2.11.4ሻ

ே

௜ୀଵ

 

The smoother matrix is ࡿఒ ൌ ൅࡮ࢃ′࡮ሺ࡮  with effective degree of freedom		ࢃ′࡮ષሻିଵߣ
݀ ఒ݂ ൌ  . ఒሻࡿሺ݁ܿܽݎݐ

The following example from (Hastie and Tibshirani (1987), p.261) show how to fit  a 
nonparametric binary logistic regression by means of a smoothing spline. B-splines will 
be used to fit a smoothing spline on nonequal distant data.  

A smoothing spline was fitted to systolic blood pressure (SBP) on the South African 
heart disease dataset (This data set is described on page 38). The coronary heart 
disease variable is binary and will be used as the response. 

The cross validation criteruim was calculated by varying ߣ from 0.0001 to 1 in steps of  
0.0001.The region around the minimum of the cross validation is plotted against the 
degrees of freedom in figure 14. Table 4 contains the values for the cross validation, 
degrees of freedom and ߣ used in the smoothing spline calculation. 
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Figure 14 Systolic blood pressure, Degrees of Freedom 

Table 4 Cross validation, degrees of freedom and lamda (SBP) 

Variable   ߣ CV  df 

sbp  0.89361  0.071031  3 
 

The confidence interval band for the smoothing spline fitted is plotted in figure 15 using  

CI ൌ 	fሺXሻ േ 2ሺDiagonalඥሺXሺX ′WXሻିଵX′ሻ ). 

Figure 15 shows the resulting smoothing spline and the confidence intervals. SBP is 
non linear as we can see in figure 15.  

 

Figure 15 f(Systolic blood pressure) vs. SBP 

2.12 Generalized	additive	models	
 

Section 2.11 described a nonparametric logistic regression by using B-splines on a 
single rating variable, this idea will be extended to more than one rating variable in this 
section. The algorithm that we will use for parameter estimation is called the local 
scoring algorithm. The main idea behind this algorithm is to reduce the estimation 
problem to the one variable case discussed in section 2.11.   
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In section 2.7 we have discussed the form of the additive model that is given by 

ܻ ൌ ߙ	 ൅෍ ௝݂ሺ ௝ܺሻ

௣

௝ୀଵ

൅  ߝ

(Hastie, Tibshirani and Friedman (2009), p.297). 

The minimiser of the penalised sum of squares, 

ܴܲܵܵ൫ߙ, ଵ݂, … ௣݂൯ ൌ 	෍ቌݕ௜ െ ߙ െ෍ ௝݂൫ݔ௜௝൯

௣

௝ୀଵ

ቍ

ଶ
ே

௜ୀଵ

൅෍ߣ௝ න ௝݂
ᇱᇱ

௣

௝ୀଵ

ሺݐ௝ሻଶ݀ݐ௝,										ሺ2.12.1ሻ 

is an additive cubic spline model. Each of the functions ௝݂ is a cubic spline in the 

component ௝ܺ. Knots will be selected at each of the unique values of ݔ௜௝, ݅ ൌ 1, … , ܰ.  

To solve equation 2.12.1 we will assume that ∑ ௝݂൫ݔ௜௝൯ ൌ 0	ே
௜ୀଵ . In this case 

ഥ	ݕ ൌ  .௜ሻݕሺ݁݃ܽݎ݁ݒܽ

The value for ݕ	ഥ  will not change in the iterative process that will follow. Apply a cubic 
smoothing spline  

௝ܵ to ሼݕ௜ െ ഥ	ݕ െ ∑ ௞݂
෡

௞ஷ௝ ሺݔ௜௞ሻሽଵே 

to obtain a new estimate of መ݂௝. Do this for each predictor in turn, using the current 

estimates of the other functions  ௞݂
෡  when computing ݕ௜ െ ഥ	ݕ െ ∑ ௞݂

෡
௞ஷ௝ ሺݔ௜௞ሻ. Repeat this 

process until the estimates for መ݂௝ stabilizes. This process is known as the backfitting 

algorithm. (Hastie, Tibshirani and Friedman (2009), p.298).  

At every iterative step ݕ௜ െ ഥ	ݕ െ ∑ ௞݂
෡

௞ஷ௝ ሺݔ௜௞ሻ is used as the response variable and a 

smoothing spline is fitted to estimate a new value for  መ݂௝ for every ݆. The methodology 

described in section 2.10, nonparametric linear regression by using B-spline, is 
repeatedly applied here.  

This can be extended to the generalized additive logistic model which has the form   

log	ሺ
ሺܻݎܲ ൌ 1|ܺሻ
ሺܻݎܲ ൌ 0|ܺ

ሻ ൌ ߙ	 ൅෍ ௝݂ሺ ௝ܺሻ

௣

௝ୀଵ

൅  ߝ

(Hastie, Tibshirani and Friedman (2009), p.299). 

The functions ଵ݂, … , ௣݂ are estimated by using the local scoring algorithm: 
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 Compute starting values ߙො ൌ log൫ݕതሺ1 െ   ഥሻ൯	ݕ

 Define ߟపෝ ൌ ොߙ ൅ ∑ ఫ݂
෡

௝ ሺݔ௜௝ሻ and ݌పෝ ൌ 1/ሺ1 ൅ exp	ሺെߟపෝሻሻ 

 Iterate the following: 

o Construct the working target variable ݖపෝ ൌ పෝߟ ൅
ሺ௬೔ି௣ഢෞሻ

௣ഢෞሺଵି௣ഢෞሻ
 

o Construct weights ݓ௜ ൌ పෝሺ1݌ െ  పෝሻ݌
o Fit an additive model to the targets ݖ௜ with weights ݓ௜, using the backfitting 

algorithm described above. 

 Continue in this fashion until the estimates for መ݂௝ stabilizes. 

The local scoring algorithm gives us a way to solve nonparametric logistic regression 
models with multiple variables (generalized additive logistic model). This is very useful 
when practical examples are considered. Example 3.1 shows that the Gini coefficient 
can be increased from 56.26% to 63.5% by using “additive logistic regression using 
local scoring algorithm” instead of “typical logistic regression”.  

The Gini coefficient measures the discrimination  between an event occurring or not 
occurring. There are two reasons for the increase in Gini coefficiant. Typical logistic 
regression divides variables into groups, treating values in the same interval identical. 
Nonparametric logistic regression will fit a curve to the data, which causes the curve to 
follow the data more closely than when intervals are used. A second reason is that non-
linearities are picked up in variables and therefore more variables are entered into the 
model.     
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3. Applications			
 

SAS IML programs were written to produce the examples given in this chapter from first 
principles, except where it was specified otherwise. (SAS Publishers, (2004)) and (SAS 
Publishers, (2006)).  Appendix C – E contains some of the macros written in IML. 

We will perform a logistic regression using natural cubic spline transformations on South 
African heart disease data. Then we will fit a typical logistic regression to South African 
heart disease data. An additive logistic regression model will then be fitted by using the 
local scoring algorithm (using PROC GAM procedure in SAS). A comparison will be 
drawn between the three models (Hastie, Tibshirani and Friedman (2009), p.146-148). 

The Relative spinal bone mineral density data were also used in section 3.5 to fit a 
smoothing spline by using a linear regression and B-spline transformations. 

3.1 Logistic	regression	using	natural	cubic	spline	transformations	on	South	
African	heart	disease	data		

 

We will commence by doing a logistic regression using natural cubic spline 
transformations on South African heart disease data.  

A retrospective sample of males in a heart-disease high-risk region of the Western 
Cape, South Africa were considered. Many of the coronary heart disease (CHD) 
positive men have undergone blood pressure reduction treatment and other programs 
to reduce their risk factors after their CHD event. In some cases the measurements 
were made after these treatments. The variables and a description of the variables used 
is in table 5: 
 
Table 5  South African heart disease data variable abbreviations 

Variable Description 

SBP systolic blood pressure 
Tobacco cumulative tobacco (kg) 

Ldl low density lipoprotein cholesterol 

Famhist 
family history of heart disease (Present, 
Absent) 

Obesity   

Alcohol current alcohol consumption 
Age age at onset 
CHD response, coronary heart disease 
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Knots were chosen at the minimum value, maximum value and at each quartile for each 

௜ܺ. The knots used in the final model are indicated in table 6. 

 

Table 6 South African heart disease data knots 

 Variable ࢏࢞
࢏૚ࢿ ൌ  
Min 

࢏૛ࢿ ൌ  
Quartile 

1 

࢏૜ࢿ ൌ  
Quartile 

2 

࢏૝ࢿ ൌ  
Quartile  

3 

࢏૞ࢿ ൌ  
Max 

࢞૚ SBP 101 124 134 148 218 
࢞૛ Tobacco 0 0.05 2 5.5 31.2 
࢞૜ Ldl 0.98 3.28 4.34 5.8 15.33 
࢞૝ Obesity 14.7 22.95 25.805 28.5 46.58 
࢞૞ Age 15 31 45 55 64 

 

A binary variable was created from ݔ଺	and was called Famhist:  

ሻݐݏ݄݅݉ܽܨሺݕݎܽ݊݅ܤ ൌ ൜
	ݐ݊݁ݏ݁ݎ݌	value	the	contains	଺ݔ	݂݅	1		
		absent	value	the	଺containsݔ	݂݅	0

 

The transformations done on ௜ܺ for a natural cubic spline with ܭ knots are: 

݄ଵሺ ௜ܺሻ ൌ 1	,			 	݄ଶሺ ௜ܺሻ ൌ ௜ܺ, 

݄௞ାଶሺ ௜ܺሻ ൌ ݀௞ሺ ௜ܺሻ െ	 ݀௄ିଵሺ ௜ܺሻ 

where  

݀௞ሺܺሻ ൌ 	
ሺ௑೔ିఌೖ೔ሻశ

యିሺ௑೔ିఌ಼೔ሻశ
య

ఌ಼೔ିఌೖ೔
  for all ݇ ൌ 1,2,3 and ݅ ൌ 1,… , 5 

Non-linearities are explored in the functions using natural cubic splines. A natural cubic 
spline was fitted to each of the	 ௜ܺ’s by applying the transformations that follow to each 

௜ܺ. The knots,	ߝଵ௜, … ,  .differ for each ௜ܺ as indicated in the above table	ହ௜ߝ

 

݄ଶሺ ௜ܺሻ ൌ 	 ௜ܺ 

݄ଷሺ ௜ܺሻ ൌ 	
ሺ ௜ܺ െ ଵ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ଵ௜ߝ
െ
ሺ ௜ܺ െ ସ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ସ௜ߝ
 

݄ସሺ ௜ܺሻ ൌ 	
ሺ ௜ܺ െ ଶ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ଶ௜ߝ
െ
ሺ ௜ܺ െ ସ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ସ௜ߝ
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݄ହሺ ௜ܺሻ ൌ 	
ሺ ௜ܺ െ ଷ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ଷ௜ߝ
െ
ሺ ௜ܺ െ ସ௜ሻାଷߝ െ ሺ ௜ܺ െ ହ௜ሻାଷߝ

ହ௜ߝ െ ସ௜ߝ
 

The model applied to the South African heart disease data was 

  ሻ൯ࢄ|ࡰࡴ࡯ሺݎ൫ܲݐ݅݃݋݈
ൌ 	଴ߚ ൅ ଵ݂ሺܵܲܤሻ ൅ ଶ݂ሺܱܱܶܥܥܣܤሻ ൅ ଷ݂ሺܮܦܮሻ ൅ ସ݂ሺܱܻܶܫܵܧܤሻ ൅ ହ݂ሺܧܩܣሻ ൅ ଺݂ሺܶܵܫܪܯܣܨሻ  
ൌ	ߚ଴ ൅		ߚଵ	݄ଶሺܵܲܤሻ ൅ ⋯൅ ሻܲܤ݄ହሺܵ	ସߚ ൅ ହߚ ݄ଶሺܱܱܶܥܥܣܤሻ ൅ ⋯൅ ሻܱܥܥܣܤହሺ଼ܱ݄ܶߚ ൅ ⋯ ൅ 
											൅				ߚଽ	݄ଶሺܮܦܮሻ ൅⋯൅ ሻܮܦܮ݄ହሺ	ଵଶߚ ൅ ଵଷߚ ݄ଶሺܱܻܶܫܵܧܤሻ ൅ ⋯൅ ሻܻܶܫܵܧܤଵ଺݄ହሺܱߚ ൅⋯ ൅
											൅ߚଵ଻	݄ଶሺܧܩܣሻ ൅⋯൅ ሻܧܩܣଶ଴݄ହሺߚ ൅   ሻܶܵܫܪܯܣܨሺݕݎܽ݊݅ܤଶଵߚ
ൌ  .ࢼࡴ

 

To estimate the beta values in the above logistic regression we will create a matrix 
  .૝૟૛ൈ૛૛, that is a matrix with 462 rows and 22 columns	ࡴ

Let 

૝૟૛ൈ૝ࡷ
௫೔ ൌ

⋮ 	 ⋮
݄ଶሺݔ௜ሻ … ݄ହሺݔ௜ሻ
⋮ 	 ⋮

	 for ݅ ൌ 1	, … , 5										ሺ3.1.1ሻ 

where the rows consist of the transformations applied to the observations.  

The values in the columns of the matrices ࡷ૝૟૛ൈ૝
௫೔  , ݅ ൌ 1,… , 5	were standardised by 

subtracting the mean of the column and dividing by the standard deviation of that 
column. 

 

Now 

ሺࡴ	૝૟૛ൈ૛૚ሻ ൌ 

ሺ૚૝૟૛ൈ૚					ࡷ૝૟૛ൈ૝
࢖࢈࢙ ૝૟૛ൈ૝ࡷ					

૝૟૛ൈ૝ࡷ					࢕ࢉࢉࢇ࢈࢕࢚
࢒ࢊ࢒ ૝૟૛ൈ૝ࡷ					

૝૟૛ൈ૝ࡷ				࢚࢟࢏࢙ࢋ࢈࢕
ࢋࢍࢇ  ሻ૝૟૛ൈ૚ሻࢀࡿࡵࡴࡹ࡭ࡲሺ࢟࢘ࢇ࢔࢏࡮		

Let ࢅ૝૟૛ൈ૚ be the observed values of CHD. CHD is a binary response variable. 

Let ࢖૝૟૛ൈ૚ ൌ exp൫ࢼࡴ෡൯ /ሺ1 ൅ exp	ሺࢼࡴ෡ሻሻ	 be the vector of fitted probabilities ܲݎ෢ሺࢄ|ࢅ	ሻ for 

each observation and ݌௝ be the elements of ࢖  and ݕ௝ the elements of ࢅ૝૟૛ൈ૚ fݎ݋	݆ ൌ

1	to	462. Let ࢃ૝૟૛ൈ૝૟૛  be a diagonal weight matrix with diagonal elements 

൫1	ሻ	ࢄ|ࢅ෢ሺݎܲ െ  .൯	ሻ	ࢄ|ࢅ෢ሺݎܲ

The original variables were transformed and used in a standard logistic content. 
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Estimate the beta values using a logistic regression with matrix ࡴ by applying iterative 
least squares, using the following formulas: 

௡௘௪ߚ ൌ 			 ሺࡴᇱࡴࢃሻିଵࡴᇱࢃ	ࢠ 

with 	 

ࢠ ൌ ሺߚࡴ௢௟ௗ ൅ିࢃ૚ሺ࢟ െ  .ሻ࢖

The estimated beta values from the logistic regression is presented in table 7. 

Table 7 South African heart disease data beta values 

Variable Natural Cubic Spline ࢼ Beta value 

Intercept   ߚ଴ -1.504 

SBP h2 ߚଵ -3.204 

SBP h3 ߚଶ 17.395 

SBP h4 ߚଷ -28.701 

SBP h5 ߚସ 14.476 

Tobacco h2 ߚହ 6.063 

Tobacco h3 ߚ଺ -4361.516 

Tobacco h4 ߚ଻ 4421.662 

Tobacco h5 65.107- ଼ߚ 

Ldl h2 ߚଽ 1.660 

Ldl h3 ߚଵ଴ -4.186 
Ldl h4 ߚଵଵ 3.715 
Ldl h5 ߚଵଶ -0.597 

Obesity h2 ߚଵଷ -1.908 
Obesity h3 ߚଵସ 3.695 
Obesity h4 ߚଵହ -3.387 
Obesity h5 ߚଵ଺ 1.353 

Age h2 ߚଵ଻ 4.012 
Age h3 ߚଵ଼ -9.791 
Age h4 ߚଵଽ 8.719 
Age h5 ߚଶ଴ -1.896 

Binary(Famhist) ߚଶଵ 1.078 

 

The Akaike information criterion (AIC) gives an indication of the amount of information 
that is lost when a model is used to describe reality. The AIC decreases as the number 
of parameters increase. This will discourage the model to overfit. The ideal is the model 
with the minimum AIC. The technique to utilise is to remove variables one by one and 
record the AIC. If the variable causes an increase in AIC the variable should be 
removed from the model. 
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ܥܫܣ ൌ 2 ൈ ܽݐܾ݁	݊݅	ݏݓ݋ݎ	݂݋	ݎܾ݁݉ݑ݊ െ 2 ൈ Log	Likelihood 

The AIC statistic was used to select the variables in the table 7. All the remaining terms 
in the model will cause the AIC to increase if any variable is removed from the model. 
One variable at a time was removed from the full mode. The information indicated in 
Table 8 shows how the AIC will increase if the variable in the model is excluded. A point 
to note is that if a variable is dropped then all its transformations are excluded. 

             Table 8 South African heart disease data variable selection 

    DF Deviance AIC 
Likelihood 
Ratio Test 
Statistic 

Log 
Likelihood 

BIC 
Standard 

error 

  Full model   458.090 502.090   -229.045 593.072 0.247 

V
ar

ia
b

le
 

ex
cl

u
d

ed
: 

SBP 4 467.166 503.166 9.076 -233.583 577.606 0.253 
Tobacco 4 470.477 506.477 12.386 -235.238 580.917 0.253 

Ldl 4 472.395 508.395 14.304 -236.197 582.835 0.275 
Famhist 1 479.444 521.444 21.354 -239.722 608.291 0.288 
Obesity 4 466.237 502.237 8.148 -233.119 576.678 0.251 

Age 4 481.857 517.857 23.768 -240.929 592.297 0.271 
      

Alcohol will be excluded if considered in table 8 since the AIC will increase if the 
variable is included in the model. 

For completeness the following formulas were used in the above table:  

Log	Likelihood ൌ log	ሼෑ	ሾ݌௝
൫௬ೕ൯	

ସ଺ଶ

௝ୀଵ

	ሺ1 െ ௝ሻ݌
൫ଵି௬ೕ൯ሿ	ሽ 

ܥܫܣ ൌ 2 ൈ ܽݐܾ݁	݊݅	ݏݓ݋ݎ	݂݋	ݎܾ݁݉ݑ݊ െ 2 ൈ Log	Likelihood 

ܥܫܤ ൌ ܽݐܾ݁	݊݅	ݏݓ݋ݎ	݂݋	ݎܾ݁݉ݑ݊ ൈ log	ሺܰሻ െ 2 ൈ Log	Likelihood 

݁ܿ݊ܽ݅ݒ݁ܦ ൌ െ2 ൈ Log	Likelihood 

The functions  
 

ଵ݂
෡ ሺܵܲܤሻ 														ൌ ሻܤ݄ଶሺܵܲ	መଵߚ	 ൅ ⋯൅  ሻܲܤ݄ହሺܵ	መସߚ

 

ଶ݂
෡ ሺܱܱܶܥܥܣܤሻ 	ൌ ෢	ହߚ	 ݄ଶሺܱܱܶܥܥܣܤሻ ൅ ⋯൅  ሻܱܥܥܣܤ෢଼݄ହሺܱܶߚ

 

ଷ݂
෡ ሺܮܦܮሻ 														ൌ ሻܮܦܮ݄ଶሺ	መଽߚ	 ൅ ⋯൅ ෢	ଵଶߚ ݄ହሺܮܦܮሻ 

 

ସ݂
෡ ሺܱܻܶܫܵܧܤሻ 				ൌ ෢	ଵଷߚ	 ݄ଶሺܱܻܶܫܵܧܤሻ ൅⋯൅ ଵ଺෢ߚ ݄ହሺܱܻܶܫܵܧܤሻ 
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ହ݂
෡ ሺܧܩܣሻ 														ൌ ෢	ଵ଻ߚ	 ݄ଶሺܧܩܣሻ ൅ ⋯൅ ଶ଴෢ߚ ݄ହሺܧܩܣሻ 

 

଺݂
෡ ሺܶܵܫܪܯܣܨሻ 			ൌ ଶଵ෢ߚ	  ሻܶܵܫܪܯܣܨሺݕݎܽ݊݅ܤ

 
were calculate and are displayed separately in figure 16 using a blue line against the 
corresponding ܺ value. 
 

 
Figure 16 Logistic regression using natural cubic spline transformations 
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The variables obesity and SBP are nonlinear as we can see from figure 16.  

The further you move from the mean the greater the variance. The red line in figure 16 
moves further from the fitted function when moving away from the mean.
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The values for	઱෡ ൌ ሺࡴࢃ`ࡴሻି૚ is displayed in table 9 where ൫ࢼ෡൯	is equal to ઱. 
Table 9 Pointwise standard deviation  

 
 
 Table 10 Sigma values 

The sub matrices are selected from the above matrix using the corresponding colour: 
… … … … … … … 

... ઱෡૝ൈ૝
ܘ܊ܛ         ... 

...   ઱෡૝ൈ૝
ܗ܋܋܉܊ܗܜ

       ... 

...     ઱෡૝ൈ૝
ܔ܌ܔ     ... 

...     ઱෡૝ൈ૝
ܡܜܑܛ܍܊ܗ   ... 

...         ઱෡૝ൈ૝
܍܏܉ ... 

... ... ... ... ... ... ... 

Inte rcept 0.04 0.05 -0.28 0.45 -0.22 -0.12 95.99 -97.43 1.54 -0.04 0.16 -0.18 0.05 0.04 -0.11 0.12 -0.05 -0.15 0.35 -0.28 0.05 -0.03

h2_sbp 0.05 1.89 -9.92 15.67 -7.51 0.50 -482.00 489.99 -8.44 -0.19 0.75 -0.83 0.23 0.10 -0.24 0.17 -0.02 -0.24 0.58 -0.46 0.07 -0.05

h3_sbp -0.28 -9.92 56.62 -94.79 47.42 -2.12 2153.40 -2190.84 39.36 0.75 -2.58 2.45 -0.39 -0.29 0.50 0.07 -0.31 0.99 -2.37 1.97 -0.32 0.27

h4_sbp 0.45 15.67 -94.79 166.09 -86.02 2.86 -3127.61 3184.56 -59.57 -0.84 2.09 -0.95 -0.68 0.05 0.48 -1.75 1.22 -1.17 2.72 -2.37 0.43 -0.43

h5_sbp -0.22 -7.51 47.42 -86.02 45.71 -1.19 1405.67 -1432.36 27.79 0.25 -0.12 -0.86 0.91 0.16 -0.78 1.55 -0.90 0.41 -0.90 0.83 -0.17 0.21

h2_tobacco -0.12 0.50 -2.12 2.86 -1.19 16.76 -14488.17 14711.59 -238.34 0.19 -0.74 0.37 0.18 -0.31 1.24 -1.83 0.89 -0.81 2.20 -1.89 0.38 0.07

h3_tobacco 95.99 -482.00 2153.40 -3127.61 1405.67 -14488.17 13057566.00 -13264139.00 219520.25 -196.05 899.43 -882.19 173.54 310.67 -1137.75 1636.86 -785.28 519.03 -1498.88 1341.44 -288.91 -64.28

h4_tobacco -97.43 489.99 -2190.84 3184.56 -1432.36 14711.59 -13264139.00 13474032.00 -223041.80 199.41 -916.14 901.93 -179.82 -315.81 1155.81 -1662.35 797.33 -525.35 1517.84 -1359.13 293.06 65.25
h5_tobacco 1.54 -8.44 39.36 -59.57 27.79 -238.34 219520.25 -223041.80 3735.20 -3.52 17.34 -20.00 6.07 5.42 -19.18 27.15 -12.86 7.03 -20.91 19.37 -4.48 -1.03
h2_ldl -0.04 -0.19 0.75 -0.84 0.25 0.19 -196.05 199.41 -3.52 3.80 -19.31 28.77 -12.84 -0.03 -0.04 0.23 -0.17 0.00 -0.11 0.22 -0.11 0.02
h3_ldl 0.16 0.75 -2.58 2.09 -0.12 -0.74 899.43 -916.14 17.34 -19.31 104.12 -161.78 75.02 0.18 -0.11 -0.59 0.58 -0.02 0.39 -0.87 0.50 -0.10
h4_ldl -0.18 -0.83 2.45 -0.95 -0.86 0.37 -882.19 901.93 -20.00 28.77 -161.78 260.26 -124.50 -0.27 0.20 0.67 -0.69 0.16 -0.81 1.41 -0.74 0.10
h5_ldl 0.05 0.23 -0.39 -0.68 0.91 0.18 173.54 -179.82 6.07 -12.84 75.02 -124.50 61.15 0.11 -0.08 -0.23 0.24 -0.12 0.47 -0.70 0.34 -0.02
h2_obe sity 0.04 0.10 -0.29 0.05 0.16 -0.31 310.67 -315.81 5.42 -0.03 0.18 -0.27 0.11 2.15 -6.30 8.09 -3.73 -0.43 0.90 -0.60 0.05 -0.02
h3_obe sity -0.11 -0.24 0.50 0.48 -0.78 1.24 -1137.75 1155.81 -19.18 -0.04 -0.11 0.20 -0.08 -6.30 19.65 -26.90 13.02 0.97 -2.04 1.31 -0.08 0.06
h4_obe sity 0.12 0.17 0.07 -1.75 1.55 -1.83 1636.86 -1662.35 27.15 0.23 -0.59 0.67 -0.23 8.09 -26.90 40.01 -20.64 -1.04 2.30 -1.51 0.07 -0.06

h5_obe sity -0.05 -0.02 -0.31 1.22 -0.90 0.89 -785.28 797.33 -12.86 -0.17 0.58 -0.69 0.24 -3.73 13.02 -20.64 11.15 0.44 -1.06 0.73 -0.04 0.03

h2_age -0.15 -0.24 0.99 -1.17 0.41 -0.81 519.03 -525.35 7.03 0.00 -0.02 0.16 -0.12 -0.43 0.97 -1.04 0.44 2.52 -6.68 5.56 -1.03 0.02

h3_age 0.35 0.58 -2.37 2.72 -0.90 2.20 -1498.88 1517.84 -20.91 -0.11 0.39 -0.81 0.47 0.90 -2.04 2.30 -1.06 -6.68 19.43 -17.18 3.55 -0.06

h4_age -0.28 -0.46 1.97 -2.37 0.83 -1.89 1341.44 -1359.13 19.37 0.22 -0.87 1.41 -0.70 -0.60 1.31 -1.51 0.73 5.56 -17.18 15.92 -3.62 0.05

h5_age 0.05 0.07 -0.32 0.43 -0.17 0.38 -288.91 293.06 -4.48 -0.11 0.50 -0.74 0.34 0.05 -0.08 0.07 -0.04 -1.03 3.55 -3.62 1.00 -0.01

Binary(famhist) -0.03 -0.05 0.27 -0.43 0.21 0.07 -64.28 65.25 -1.03 0.02 -0.10 0.10 -0.02 -0.02 0.06 -0.06 0.03 0.02 -0.06 0.05 -0.01 0.06
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The matrices ࡷ௫೔	,			݅ ൌ 1	, … , 5  were created in equation 3.1.1. The column vectors 
containing the pointwise variance for the functions			 ప݂෡, ݅ ൌ 1	, . . , 5 are calculated using 
 

ݎܽݒ݋ܿ	 ቀ ଵ݂
෡ ሺݔ௜ሻቁ

ସ଺ଶൈଵ
														ൌ  ࢀ௫೔ሻࡷ௫೔઱௫೔ሺࡷ	

 
The pointwise standard deviation is calculated using 
 
  

ప݂
෡ሺݔ௜ሻ േ 2ටܿݎܽݒ݋ ቀ ప݂

෡ሺݔ௜ሻቁ	 , ݅ ൌ 1	, … , 5. 

3.2 Typical	binary	logistic	regression	on	South	African	heart	disease	data		
 
We will now be fitting a typical logistic regression to South African heart disease data. 

Natural cubic splines transformations were applied to each variable and the newly 
created variables were entered into a logistic regression. We would like to make a 
comparison to a typical logistic regression where the variables are not transformed and 
a global linear fit is used. 

A matrix ࢄ was created using all the	ݔ௜’s on the South African heart disease data set as 
colums.  

૝૟૛ൈૡࢄ ൌ 

ሺ૚ସ଺ଶൈଵ		࢚࢕ࢉࢉࢇ࢈࢕	૝૟૛ൈ૚			࢒ࢊ࢒૝૟૛ൈ૚			࢟࢘ࢇ࢔࢏࡮ሺࢀࡿࡵࡴࡹ࡭ࡲሻ૝૟૛ൈ૚	ࢋࢍ࡭૝૟૛ൈ૚ሻ. 

Let 

 ࢼ ൌ ሺߚ଴  ସሻߚ…
 ࢅ૝૟૛ൈ૚ be the observed values of CHD. CHD is a Binary response variable 

 ࢖૝૟૛ൈ૚ ൌ exp൫ࢼࡴ෡൯ /ሺ1 ൅ exp	ሺࢼࡴ෡ሻሻ	 is the vector of fitted probabilities ܲݎ෢ሺࢄ|ࢅ	ሻ for 

each observation 
 Let ݌௝ be the elements of ࢖  and ݕ௝ the elements of ࢅ૝૟૛ൈ૚ for 	݆ ൌ    462	݋ݐ	1

 ࢃ૝૟૛ൈ૝૟૛  be a diagonal weight matrix with diagonal elements ܲݎ෢ሺࢄ|ࢅ	ሻ	൫1 െ

 ൯	ሻ	ࢄ|ࢅ෢ሺݎܲ

We will now solve the beta’s in the logistic regression by applying the following formulas 
iteratively: 

ሻݓሺ݊݁ߚ ൌ 			 ሺࢄᇱࢄࢃሻିଵࢃ`ࢄ	ࢠ 

with 	 
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ࢠ ൌ ሺߚࢄሺ݈݀݋ሻ ൅ିࢃ૚ሺ࢟ െ  .ሻ࢖

The form of the model is  

 .ሻ൯ܺ|݄݀ܥሺݎ൫ܲݐ݅݃݋݈

The standard error, Z-score and probability of the Z-score in table 11 are calculated 
using 
 

ૡൈ૚࢘࢕࢘࢘ࢋ	ࢊ࢘ࢇࢊ࢔ࢇ࢚࢙ ൌ 	ට݈݀݅ܽ݃ܽ݊݋ሺሺࢄࢃ`ࢄሻିଵሻ 

ૡൈ૚ࢆ ൌ  ૡൈ૚࢘࢕࢘࢘ࢋ	ࢊ࢘ࢇࢊ࢔ࢇ࢚࢙/ૡൈ૚ࢼ
ૡൈ૚ࢆࡼ ൌ 	2 ൈ ሺ1 െ probnormሺabsሺ܈ሻሻሻ. 

The final model is  

  ሻ	ሻܺ│݄݀ܥሺݎሺܲݐ݅݃݋݈
 
ൌ	ߚ଴ ൅		ߚଵ݋ܾܿܿܽ݋ݐ	 ൅		ߚଶ݈݈݀ ൅ ଷߚ ሻܶܵܫܪܯܣܨሺݕݎܽ݊݅ܤ ൅   ݁݃ܽ	ସߚ
 
ൌ   .ࢼࡴ
 

The fitted coefficients are shown in table 11. 

Table 11 Typical logistic regression variable selection 

Variable Coefficient 
Standard 

Error 
Z-Score

Probability 
of Z-score 

intercept -4.204 0.498 -8.436 0.000 
tobacco 0.081 0.026 3.163 0.002 
ldl 0.168 0.054 3.093 0.002 
ሻࢀࡿࡵࡴࡹ࡭ࡲሺ࢟࢘ࢇ࢔࢏࡮ 0.924 0.223 4.141 0.000 
age 0.044 0.010 4.520 0.000 

 

The probability of the Z-score to be nonsignificant is high for SBP, obesity and alcohol if 
entered into the above model. These variables were dropped from the model and the 
new model is shown. 

3.3 Additive	logistic	regression	on	South	African	heart	disease	data	by	using	
the	local	scoring	algorithm		

 

We will fit an additive logistic model to the South African heart disease data by using the 
local scoring algorithm described in section 2.12. 
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Proc GAM in SAS was used to fit the additive logistic regression model. The AIC 
statistic was used to select the variables in the model. All the remaining terms in the 
model will cause the AIC to increase, if any one of the variable is removed from the 
model. One variable at a time was removed from the full model and the below table 
shows how the AIC will increase if the variable in the model is excluded. 

Table 12 Local scoring algorithm variable selection  

 

The Gini coefficient for the above model is 63.5%. 

3.4 Comparing	the	three	different	logistic	regression	models		
 
A comparison will be drawn between the logistic regression using natural cubic spline 
transformations, the normal logistic regression model and the additive model using the 
natural scoring algorithm. 

The variables included in the logistic regression model using the different approaches 
are displayed in table 13. 

Table 13  Variable comparison between three methods used  

Variables included when using: 
  Global linear fit  Natural cubic splines Local scoring algorithm 

binary_famhist binary_famhist binary_famhist 

ldl Ldl Ldl 

age Age Age 

tobacco tobacco tobacco 

  obesity obesity 

  SBP SBP 
 

Obesity and SBP were not included when using a Global linear fit, but included when 
natural cubic splines and local scoring algorithm were fitted. The graphs for SBP and 
obsesity when using natural cubic splines are given in figure 17 below 

DF Deviance AIC

Likelihood 
Ratio Test 
Statistic

Log 
Likelihood BIC N

Full Model 449.24 493.235388 -224.62 566.479635 462

Sbp 4 457.48 493.48212 8.25 -228.74 553.409231 462

Tobacco 4 468.08 504.083967 18.85 -234.04 564.011078 462

Ldl 4 466.39 502.38521 17.15 -233.19 562.312321 462

Famhist 1 468.42 510.417761 19.18 -234.21 580.332724 462

Obesity 4 457.90 493.903797 8.67 -228.95 553.830908 462

Age 4 473.95 509.95001 24.71 -236.98 569.877121 462V
a
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Figure 17 Non‐linear variables 

We can see that their contributions are nonlinear . This explains why they were not 
included when a linear fit was used.  

The Gini’s coefficients were calculated for each model and compared in the below table. 

Table 14 Gini comparison 

Model Gini 
Typical Logistic regression 56.26% 
Logistic regression using Natural cubic 
splines 

62.04% 

Additive logistic regression using local 
scoring algorithm 

63.5% 

 

There is a substantial increase in the Gini coefficient when the nonparametric models 
are used. This means that we will discriminate better between ݄ܿ݀ ൌ 	1 and ݄ܿ݀	 ൌ 0 
with the logistic regression using nonparametric models.  
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3.5 Fitting	a	smoothing	spline	by	using	a	linear	regression	and	B‐spline	
transformations.	

 
Relative spinal bone mineral density measurements on 261 North American 
adolescents were considered for this analysis.  Each value is the difference in relative 
spinal bone mineral density measurement taken on two consecutive visits, divided by 
the average. The age is the average age over the two visits. (Hastie, Tibshirani and 
Friedman (2009), p.152). 
 
The following variables are on the relative spinal bone mineral density measurements 
data set and a description will follow: 
 
idnum:  identifies the child, and hence the repeat measurements 
age:  average age of child when measurements were taken 
gender:  male or female 
spnbmd: relative spinal bone mineral density measurement 
 
The cross validation was calculated and plotted against the degrees of freedom for 
males and females separately. 

The ܥ ఒܸ for males is plotted against ݀ ఒ݂ in figure 18. The graph shows that the minimum 
ܥ	 ఒܸ	 is equal to 0.00173986, where ݀ ఒ݂ is equal to 19.29. This leads to a ߣ of 0.0339 at 
this point and will be used for the smoothing spline calculation for males. 

 

Figure 18 Male – Cross validation vs. Degrees of Freedom 

The ܥ ఒܸ for females is plotted against ݀ ఒ݂ in the figure 19. The graph shows that the 
minimum ܥ ఒܸ is equal to 0.001412, where ݀ ఒ݂ is equal to 20.75. This leads to a ߣ of 
0.0238 at this point and will be used for the smoothing spline calculation for females. 
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Figure 19 Female – Cross validation vs. degrees of Freedom 

A nonparametric linear regression was applied to male and female on the relative spinal 
bone mineral density data to calculate smoothing splines. The smoothing splines and 
data points for males and female are indicated in figure 20. 

 

Figure 20 Relative change in Spinal BMD 

The graphs shows that the growth spurt for females precedes that of males by about 
two years (Hastie, Tibshirani and Friedman (2009), p.152-p.153). 
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4. 	Proofs	
This chapter is for completeness sake. Some of the proofs are shown here as 
referenced.  

4.1 Natural cubic spline basis function expansion 

 
The natural cubic spline was described in chapter 2 and used in chapter 3. In this 
section we proof certain result regarding natural cubic splines. 

Polynomial functions behave erratic near the boundaries. The variance of the cubic 
spline is reduced near the boundaries knots by constraining the model to be linear 
beyond the boundary knots. 

A cubic spline has a 4th order polynomial basis function with ܭ interior knots and will be 
restricted by placing boundary constraints through linear restrictions on some of the 
parameters. 

Lemma 4.1.1  Linear boundary conditions for the natural cubic spline 

(Coetzee, J. (2009), p.63) 

The cubic Spline’s basis function expansion is given by 

݃ሺߝሻ ൌ ∑ ௜ߝ௜ߚ ൅ ∑ ߝ௜ሺߠ െ ௜ሻାଷߝ
௄
௜ୀଵ

ଷ
௜ୀ଴ 	for ߝ	 ∈ ሾܽ, ܾሿ. 

The boundary restrictions imposed on the Cubic Spline basis function are two linear 
restrictions that ensure that the second and third derivates are zero at the boundaries 
and these restrictions are 

෍ߠ௜ ൌ 0

௄

௜ୀଵ

 

and  

෍ߠ௜ߝ௜ ൌ 0.

௄

௜ୀଵ

 

We will now show that the second and third derivatives are zero at the boundaries.  

Ensure that the second and third derivatives are equal to zero in the interval [ߝ଴,  ଵ] byߝ
having the following boundary conditions 

ଶߚ ൌ ଷߚ ൌ 0. 
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We then have  

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅ ∑ ߝ௜ሺߠ െ ௜ሻାଷߝ
௄
௜ୀଵ 	for ߝ	 ∈ ሾܽ, ܾሿ. 

We will now apply the boundary condition in the interval [ߝ௄,  .[௄ାଵߝ

We see that for ߝ ൒ ߝ௄ it follows that ሺߝ െ ௜ሻାଷߝ ൌ 	 ሺߝ െ ௜ሻ௜ߝ
ଷ. 

Therefore  

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅෍ߠ௜ሺߝ െ ௜ሻଷߝ
௄

௜ୀଵ

 

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅෍ߠ௜ሺߝ െ ଶߝ௜ሻሺߝ െ ௜ߝߝ2 ൅ ௜ߝ
ଶሻ

௄

௜ୀଵ

 

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅෍ߠ௜ሺߝଷ െ ௜ߝଶߝ3 ൅ ଶ௜ߝߝ3 ൅ ௜ߝ
ଷሻ

௄

௜ୀଵ

. 

The terms  

ଷߝ ∑ ௜ߠ
௄
௜ୀଵ   and െ3ߝଶ ∑ ௜ߝ௜ߠ

௄
௜ୀଵ  must equal zero. 

This implies  

∑ ௜ߠ
௄
௜ୀଵ ൌ 0 and ∑ ௜ߝ௜ߠ

௄
௜ୀଵ ൌ 0	when ߝ	 ് 0. 

If ߝ ൌ 0 we have  

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅෍ߠ௜ߝ௜
ଷ.

௄

௜ୀଵ

								ሺ4.1.1ሻ 

Equation 4.1.1 has a second and third derivative equal to zero in the upper bound. 

Lemma 4.1.2 Expressions for ߠ௄ and ߠ௄ିଵ 

(Coetzee, J. (2009), p.64) 

Within the context of Lemma 4.1.1. 

௄ߠ ൌ
௄ିଵߝଵሺߠ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅
௄ିଵߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅ ⋯൅
௄ିଵߝ௄ିଷሺߠ െ ௄ିଷሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
൅
௄ିଵߝ௄ିଶሺߠ െ ௄ିଶሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
 

and 
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௄ିଵߠ ൌ
െߠଵሺߝ௄ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ ⋯െ
௄ߝ௄ିଷሺߠ െ ௄ିଷሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝ௄ିଶሺߠ െ ௄ିଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

 

which are two expressions in terms of all the other ߠ′s. 

The above Lemma will now be proofed. 

From the previous lemma ∑ ௜ߠ
௄
௜ୀଵ ൌ 0  and writing it in another form gives 

௄ିଵߠ ൌ 	െߠଵ െ ଶߠ െ⋯െ	ߠ௄ିଷ െ ௄ିଶߠ െ  .௄ߠ

Substitute this into ∑ ௜ߝ௜ߠ
௄
௜ୀଵ ൌ 0, 

ଵߝଵሺߠ െ ௄ିଵሻߝ ൅ ଶߝଶሺߠ െ ௄ିଵሻߝ ൅ ⋯൅ ௄ିଷߝ௄ିଷሺߠ െ ௄ିଵሻߝ ൅ ௄ିଶߝ௄ିଶሺߠ െ ௄ିଵሻߝ
൅ ௄ߝ௄ሺߠ െ ௄ିଵሻߝ ൌ 0. 

 By simplifying and finding an expression for ߠ௄ we obtain 

௄ߠ ൌ
௄ିଵߝଵሺߠ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅
௄ିଵߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅ ⋯൅
௄ିଵߝ௄ିଷሺߠ െ ௄ିଷሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
൅
௄ିଵߝ௄ିଶሺߠ െ ௄ିଶሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
. 

In a similar way we can find and expression for ߠ௄ିଵ. 

From ∑ ௜ߠ
௄
௜ୀଵ ൌ 0 we obtain  

௄ߠ ൌ 	െߠଵ െ ଶߠ െ⋯െ	ߠ௄ିଷ െ ௄ିଶߠ െ  .௄ିଵߠ

Substitute this into ∑ ௜ߝ௜ߠ
௄
௜ୀଵ ൌ 0 to get 

ଵߝଵሺߠ െ ௄ሻߝ ൅ ଶߝଶሺߠ െ ௄ሻߝ ൅ ⋯൅ ௄ିଷߝ௄ିଷሺߠ െ ௄ሻߝ ൅ ௄ିଶߝ௄ିଶሺߠ െ ௄ሻߝ ൅ ௄ିଵߝ௄ሺߠ െ ௄ሻߝ ൌ 0. 

By simplifying and finding an expression for ߠ௄ିଵwe obtain  

௄ିଵߠ ൌ
െߠଵሺߝ௄ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ ⋯െ
௄ߝ௄ିଷሺߠ െ ௄ିଷሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝ௄ିଶሺߠ െ ௄ିଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

. 

Theorem 4.1.1 The basis function expansion for the natural cubic spline  

(Coetzee, J. (2009), p.66) 

The cubic spline has basis function expansion  

݃ሺߝሻ ൌ ∑ ௜ߝ௜ߚ ൅ ∑ ߝ௜ሺߠ െ ௜ሻାଷߝ
௄
௜ୀଵ

ଷ
௜ୀ଴ 	for ߝ	 ∈ ሾܽ, ܾሿ. 

If the restrictions from Lemma 4.1.1 and Lemma 4.1.2 is imposed, this can be written as 
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݃ሺߝሻ ൌ ሻߝଵሺܪ଴ߚ ൅ ሻߝଶሺܪଶߚ ൅෍ ௞ାଶܪ௞ߠ

௄ିଶ

௞ୀଵ

ሺߝሻ 

with ݇ ൌ 1, . . ., ܭ െ 2 and where 

ሻߝଵሺܪ ൌ ሻߝଶሺܪ				,1 ൌ ሻߝ௞ାଶሺܪ and	ߝ ൌ ݀௞ሺߝሻ െ ݀௄ିଵሺߝሻ 

݀௄ሺߝሻ ൌ
ሺߝ െ ௞ሻାଷߝ െ ሺߝ െ ௄ሻାଷߝ

௄ߝ െ ௞ߝ
. 

Proof 

The cubic spline has basis function expansion  

݃ሺߝሻ ൌ ∑ ௜ߝ௜ߚ ൅ ∑ ߝ௜ሺߠ െ ௜ሻାଷߝ
௄
௜ୀଵ

ଷ
௜ୀ଴ 	for ߝ	 ∈ ሾܽ, ܾሿ. 

It is known that the natural cubic splines second and third derivative must be zero at the 
boundaries to ensure the function is linear for ߝ ൑ ߝ ଵ andߝ ൒  .௄ߝ

By imposing the linear restrictions and using ߚଶ ൌ ଷߚ ൌ 0 on the coefficient we obtain 

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅	ߠଵሺߝ െ ଵሻାଷߝ ൅ ߝଶሺߠ െ ଶሻାଷߝ ൅ ߝଷሺߠ െ ଷሻାଷߝ ൅ ⋯൅ ߝ௄ିଵሺߠ െ ௄ିଵሻାଷߝ ൅
ߝ௄ሺߠ	 െ ௄ሻାଷߝ . 

This shows that  

ሻߝଵሺܪ ൌ ሻߝଶሺܪ				,1 ൌ  .ߝ

Now by substituting the expression for ߠ௄ିଵ and ߠ௄ obtained in Lemma 4.1.2 into 
݃ሺߝሻ	we obtain 

݃ሺߝሻ ൌ ଴ߚ ൅ ߝଵߚ ൅	ߠଵሺߝ െ ଵሻାଷߝ ൅ ߝଶሺߠ െ ଶሻାଷߝ ൅ ߝଷሺߠ െ ଷሻାଷߝ ൅ ߝ௄ିଶሺߠ⋯ െ ௄ିଶሻାଷߝ  

൅ቈ
െߠଵሺߝ௄ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ ⋯െ
௄ߝ௄ିଷሺߠ െ ௄ିଷሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

െ
௄ߝ௄ିଶሺߠ െ ௄ିଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

቉ ሺߝ െ ௄ିଵሻାଷߝ  

൅	ሾ
௄ିଵߝଵሺߠ െ ଵሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅
௄ିଵߝଶሺߠ െ ଶሻߝ
ሺߝ௄ െ ௄ିଵሻߝ

൅ ⋯൅
௄ିଵߝ௄ିଷሺߠ െ ௄ିଷሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
൅
௄ିଵߝ௄ିଶሺߠ െ ௄ିଶሻߝ

ሺߝ௄ െ ௄ିଵሻߝ
ሿሺߝ െ ௄ሻାଷߝ  

଴ߚ	=                 ൅ ߝଵߚ ൅ ߝଵ[ሺߠ െ ଵሻାଷߝ െ
ሺఌ಼ିఌభሻሺఌିఌ಼షభሻశ

య

ሺఌ಼ିఌ಼షభሻ
൅	

ሺఌ಼షభିఌభሻሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌ಼షభሻ
	] 

ߝଶ[ሺߠ+ െ ଶሻାଷߝ െ
ሺఌ಼ିఌమሻሺఌିఌ಼షభሻశ

య

ሺఌ಼ିఌ಼షభሻ
൅	

ሺఌ಼షభିఌమሻሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌ಼షభሻ
	] 

ߝ௄ିଶ[ሺߠ+ െ ௄ିଶሻାଷߝ െ
ሺఌ಼ିఌ಼షమሻሺఌିఌ಼షభሻశ

య

ሺఌ಼ିఌ಼షభሻ
൅	 ሺఌ಼షభିఌ಼షమሻ

ሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌ಼షభሻ
	] 
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which is equivalent to 

଴ߚ ൅ ߝଵߚ ൅ ]∗ଵߠ
ሺఌିఌభሻశ

య

ሺఌ಼ିఌభሻ
െ

ሺఌିఌ಼షభሻశ
య

ሺఌ಼ିఌ಼షభሻ
൅	

ሺఌ಼షభିఌభሻሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌభሻሺఌ಼ିఌ಼షభሻ
	] 

ଶߠ+
∗[
ሺఌିఌమሻశ

య

ሺఌ಼ିఌమሻ
െ

ሺఌିఌ಼షభሻశ
య

ሺఌ಼ିఌ಼షభሻ
൅ 	

ሺఌ಼షభିఌమሻሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌభሻሺఌ಼ିఌ಼షభሻ
	] 

௄ିଶߠ+
∗ [

ሺఌିఌ಼షమሻశ
య

ሺఌ಼ିఌ಼షమሻ
െ

ሺఌିఌ಼షభሻశ
య

ሺఌ಼ିఌ಼షభሻ
൅	

ሺఌ಼షభିఌ಼షమሻሺఌିఌ಼ሻశ
య

ሺఌ಼ିఌ಼షమሻሺఌ಼ିఌ಼షభሻ
	]. 

or  

݃ሺߝሻ ൌ ሻߝଵሺܪ଴ߚ ൅ ሻߝଶሺܪଶߚ ൅ ଵߠ
ሻߝଷሺܪ∗ ൅ ⋯൅ ௄ିଶߠ

∗  ሻߝ௄ሺܪ

with ݇ ൌ 1, . . . , ܭ െ 2 and where 

ሻߝଵሺܪ ൌ ሻߝଶሺܪ				,1 ൌ ሻߝ௞ାଶሺܪ and	ߝ ൌ ݀௞ሺߝሻ െ ݀௄ିଵሺߝሻ 

݀௄ሺߝሻ ൌ
ሺఌିఌೖሻశ

యିሺఌିఌ಼ሻశ
య

ఌ಼ିఌೖ
. 

Theorem 4.1.2 The basis function representation of the natural cubic spline   

(Coetzee, J. (2009), p.69) 

ሻߝ௞ାଶሺܪ ൌ ݀௞ሺߝሻ െ ݀௄ିଵሺߝሻ  and 

݀௄ሺߝሻ ൌ
ሺߝ െ ௞ሻାଷߝ െ ሺߝ െ ௄ሻାଷߝ

௄ߝ െ ௞ߝ
 

ensures that the second and third order derivatives  of the functions is equal to zero for 
ߝ ൒  .௄ߝ

Proof 

Let  

ߝሺܫ ൐ ௞ሻߝ ൌ 	 ቄ
1				if	ߝ ൐ 			௞ߝ

	݁ݏ݅ݓݎ݄݁ݐ݋					0			
. 

	ሻ ൌߝ௞ାଶሺܪ ሺఌିఌೖሻశ
య

ఌ಼ିఌೖ
െ ሺఌିఌೖషభሻశ

య

ఌ಼ିఌ಼షభ
൅ ሺఌ಼షభିఌೖሻሺఌିఌ಼ሻశ

య

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
  

 
 ൌ

ሺఌିఌೖሻయ

ఌ಼ିఌೖ
ߝሺܫ ൐ ௞ሻߝ െ

ሺఌିఌೖషభሻయ

ఌ಼ିఌ಼షభ
ߝሺܫ ൐ ௞ିଵሻߝ ൅

ሺఌ಼షభିఌೖሻሺఌିఌ಼ሻయ

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
ߝሺܫ ൐   ௞ሻߝ
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`ܪ
௞ାଶሺߝሻ ൌ

3ሺߝ െ ௞ሻଶߝ

௄ߝ െ ௞ߝ
ߝሺܫ ൐ ௞ሻߝ െ

3ሺߝ െ ௞ିଵሻଶߝ

௄ߝ െ ௄ିଵߝ
ߝሺܫ ൐  ௞ିଵሻߝ

൅
3ሺߝ௄ିଵ െ ߝ௞ሻሺߝ െ ௄ሻଶߝ

ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ
ߝሺܫ ൐  ௞ሻߝ

``ܪ
௞ାଶሺߝሻ ൌ

6ሺߝ െ ௞ሻߝ
௄ߝ െ ௞ߝ

ߝሺܫ ൐ ௞ሻߝ െ
6ሺߝ െ ௞ିଵሻߝ
௄ߝ െ ௄ିଵߝ

ߝሺܫ ൐  ௞ିଵሻߝ

൅
଺ሺఌ಼షభିఌೖሻሺఌିఌ಼ሻ

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
ߝሺܫ ൐  .௞ሻߝ

If ߝ ൒ 	௞ then tߝ ൌ 	 ௞ߝ ൅ ݉ where ݉ ൒ 0 

``ܪ
௞ାଶሺߝሻ ൌ

6ሺߝ௄ ൅ ݉ െ ௞ሻߝ
௄ߝ െ ௞ߝ

െ
6ሺߝ௞ ൅ ݉ െ ௞ିଵሻߝ

௄ߝ െ ௄ିଵߝ
൅
6ሺߝ௄ିଵ െ ௞ߝ௞ሻሺߝ ൅݉ െ ௄ሻߝ

ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ
 

 
 

ൌ
6ሾሺߝ௄ െ ௞ሻߝ ൅ ݉ሿሺߝ௄ െ ௄ିଵሻߝ െ 6ሾሺߝ௄ െ ௄ିଵሻߝ ൅ ݉ሿሺߝ௄ െ ௞ሻߝ

ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ
൅

6ሺߝ௄ିଵ െ ௞ሻ݉ߝ
ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ

 

 
 

ൌ
6݉ሺߝ௄ െ ௄ିଵሻߝ െ 6݉ሺߝ௄ െ ௞ሻߝ

ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ
൅

6݉ሺߝ௄ିଵ െ ௞ሻߝ
ሺߝ௄ െ ௄ߝ௞ሻሺߝ െ ௄ିଵሻߝ

 

 
 ൌ 	0. 

 
 
 

Therefore any of the basis functions of the form ܪ௞ାଶሺߝሻ ൌ ݀௞ሺߝሻ െ ݀௄ିଵሺߝሻ will have a 
second order derivative equal to zero for ߝ ൒  .௞ߝ

Similarly  

```ܪ
௞ାଶሺߝሻ ൌ ଺

ሺఌ಼ିఌೖሻ
െ

଺

ሺఌ಼ିఌ಼షభሻ
൅

଺ሺఌ಼షభିఌೖሻ

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
  

 
 ൌ

ି଺ሺఌ಼షభିఌೖሻ

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
൅

଺ሺఌ಼షభିఌೖሻ

ሺఌ಼ିఌೖሻሺఌ಼ିఌ಼షభሻ
  

 
 ൌ 0.  

 
The third order derivative for these basis functions is zero for any ߝ. 
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4.2  Smoothing spline by using B‐splines. 

 
We will prove that ሺ࡮ࢃ`࡮ ൅ ࢼΩሻߣ ൌ  for a smoothing spline using a B-spline. Then ࢟ࢃ`࡮
we will prove how to obtain the values inside the matrix omega for the smoothing spline 
when a B-spline is used.  

The proof of certain lemmas and theorems will be followed by the proof of the main 
result. 

Lemma 4.2 1 
(Ohlsson and Johannsen (2010) , p.139). 

Let 

 ݑଵ ൏ ⋯ ൏    ௠ be a set of pointsݑ

 ݕଵ, … ,  be real numbers	௠ݕ

 ॒ be a set of twice continuously differentiable functions ݂ such that  ݂ሺݑ௞ሻ ൌ
,௞ݕ ݇ ൌ 1,… ,݉ 

Let ݏ ∈ ॒ have the property 

න ሻݔሺ``ݏ
௕

௔
݄``ሺݔሻ݀ݔ ൌ 0	,			ܽ ൏ ,ଵݑ	 ܾ ൐  ሺ4.2.1ሻ										௠ݑ	

	݄ is a twice continuous differentiable function,  

we have  ݄ሺݑ௞ሻ ൌ 0, ݇ ൌ 1,… ,݉. 

Then for any ݂ ∈ ॒ 

න ሺݏ``ሺݔሻሻ૛ ൑
࢈

ࢇ
න ሺ݂``ሺݔሻሻ૛
࢈

ࢇ
,			ܽ ൏ ,ଵݑ	 ܾ ൐  ௠ݑ	

  ܎ܗܗܚ۾

Let ݄ሺݔሻ ൌ ݂ሺݔሻ െ   .ሻݔሺݏ

We have ݄ሺݑ௞ሻ ൌ 0, ݇ ൌ 1,… ,݉ and so  

න ሺ݂``ሺݔሻሻ૛
࢈

ࢇ
ൌ ݔ݀ ׬ ൫ሺݏ``ሺݔሻሻ૛ ൅ ሻݔሻ݄``ሺݔሺ``ݏ2 ൅ ሺ݄``ሺݔሻሻ૛൯݀ݔ

௕
௔

  

 ൌ ׬ ሺݏ``ሺݔሻሻ૛݀ݔ ൅
௕
௔ ׬ ሺ݄``ሺݔሻሻ૛݀ݔ ൒

௕
௔ ׬ ሺݏ``ሺݔሻሻ૛݀ݔ

௕
௔

 . 
 

We will now look at property 4.2.1. 
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Let ݄ be twice continuously differentiable and it does not satisfy		݄ሺݑ௞ሻ ൌ 0, ݇ ൌ 1…݉. 

Let the new notation be ݑ଴ ൌ ܽ and ݑ௠ାଵ ൌ ܾ. Then  

׬ ሻݔሻ݄``ሺݔሺ``ݏ
௕
௔

ݔ݀ ൌ 	 lim∈→଴ ∑ ׬ ݔሻ݀ݔሻ݄``ሺݔሺ``ݏ
௨ೖశభି∈
௨ೖା∈

௠
௞ୀଵ .Let ݏ be four time continuous 

differentiable for ݔ	 ് ,ଵݑ . . . ,  .௠ݑ

Use integration by parts. Do this twice to get 

න ݔሻ݀ݔሻ݄``ሺݔሺ``ݏ ൌ	
௨ೖశభି∈

௨ೖା∈
௞ାଵെ∈ሻݑ௞ାଵെ∈ሻ݄`ሺݑሺ``ݏ െ  ௞൅∈ሻݑ௞൅∈ሻ݄`ሺݑሺ``ݏ

െݏ```ሺݑ௞ାଵെ∈ሻ݄ሺݑ௞ାଵെ∈ሻ െ  ௞൅∈ሻݑ௞൅∈ሻ݄ሺݑሺ```ݏ

൅න
݀ସ

ସݔ݀
ݔሻ݀ݔሻ݄ሺݔሺݏ

௨ೖశభି∈

௨ೖା∈
. 

 

If  
ௗర௦ሺ௫ሻ

ௗ௫ర
=0 for ݔ	 ് ,ଵݑ … ,   .௠ then the last integral in the above equation will disappearݑ	

We will assume this, it will apply that ݏ```ሺݔሻ is constant between the knots, and let ∈→ 0. 
We can now see that 

׬ ݔሻ݀ݔሻ݄``ሺݔሺ``ݏ ൌ ∑ ሾݏ``ሺݑ௞ାଵሻ݄`ሺݑ௞ାଵሻ 	െ ௞ሻሿݑ௞ሻ݄`ሺݑሺ``ݏ	
௠
௞ୀ଴ 	

௕
௔

  

																																		൅∑ ሾݏ```ሺݑ௞ାଵ െሻ݄ሺݑ௞ାଵሻ 	െ	ݏ```ሺݑ௞ ൅ሻ݄ሺݑ௞ሻሿ
௠
௞ୀ଴   

																																	ൌ ௠ାଵሻݑ௠ାଵሻ݄`ሺݑሺ``ݏ െ	ݏ``ሺݑ଴ሻ݄`ሺݑ଴ሻ	  

																																				൅∑ ሺݏ```ሺݑ௞ ൅ሻ
௠
௞ୀଵ െ	ݏ```ሺݑ௞ െሻሻ݄ሺݑ௞ሻ. 

If ݏ``ሺݔሻ = 0 for ݔ ൑ ݔ ଵ andݑ ൒ ௞ሻݑ௠ then equation 4.2.1 will hold when ݄ሺݑ ൌ 0, ݇ ൌ
1,… ,݉. 

Summarize the above in the following lemma: 

Lemma 4.2.2 

(Ohlsson and Johannsen (2010), p.140) 

Let  ݏ be four times continuous differentiable, except at the points	ݑଵ, … ,  ௠, where it isݑ
twice continuously differentiable. Let ݏ  satisfies the following conditions  

(i) 
ௗర

ௗ௫ర
ሻݔሺݏ ൌ 	ݔ	ݎ݋݂	0 ് ,ଵݑ … ,  ௠ݑ
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and  

ሺ݅݅ሻ									ݏ``ሺݔሻ ൌ ݔ	ݎ݋݂	0 ൑ ݔ	݀݊ܽ	ଵݑ	 ൒  .௠ݑ

Then for any twice continuously differentiable function ݄	and for any ܽ ൏ ܾ ,ଵݑ	 ൐    ௠ݑ

න ሻݔሻ݄``ሺݔሺ``ݏ
௕

௔
ݔ݀ ൌ ෍݀௞݄ሺݑ௞ሻ										ሺ4.2.2ሻ

௠

௞ୀଵ

 

where ݀௞ ൌ 	 ௞ݑሺ```ݏ ൅ሻ െ ௞ݑሺ```ݏ െሻ. 

From (i) we can see that  ݏ must be a cubic polynomial on each of the intervals (ݑ௞  
 must be a cubic ݏ	 is twice continuously differentiable, we can see that ݏ ௞ାଵሻ and ifݑ	,
spline. Condition (ii) says it is natural cubic spline. Using condition (i) and (ii) we can 
construct an expression for a natural cubic spline.  

Use the fact that ݏ is twice differentiable and that it satisfies (i) and (ii) in lemma 4.2.2. 

From (i) it follows that  ݏ```ሺݔሻ is a piecewise constant between any two points ݑ௞ and 

ݔ ሻ must be identically zero forݔሺ```ݏ	,௞ାଵ. Using (ii)ݑ ൏ ݔ	݀݊ܽ	ଵݑ	 ൐ 	ݔ ௠. Now, ifݑ ്
…,ଵݑ ,  ௠ݑ

 

ሻݔሺ```ݏ ൌ 	෍݀௞ܫሼ௨ೖழ௫ሽ.												ሺ4.2.3ሻ

௠

௞ୀଵ

 

with ݀௞ as in Lemma 4.2.2. 

 

We can see that  

෍݀௞ ൌ 0,				

௠

௞ୀଵ

෍݀௞ݑ௞ ൌ 0	.									ሺ4.2.4ሻ	

௠

௞భ

 

The first equality follows from the fact that  

෍݀௞ ൌ ሺܾሻ```ݏ െ ሺܽሻ``ݏ ൌ 0
௞

 

where  

ܽ ൏ ,ଵݑ	 ܾ ൐  .௠ݑ	
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The second holds from ∑ ݀௞ݑ௞௞ ൌ െ׬ ݔሻ݀ݔሺ```ݏ ൌ ሺܽሻ``ݏ
௕
௔

െ ሺܾሻ``ݏ ൌ 0. 

 We now derive and expression from ݏ``ሺݔሻ , starting from 4.2.3. The primitive function of   

ݐ → ݀௞ܫሼ௨ೖழ௫ሽ						 is, if ݔ	 ് ݔ ,௞ݑ → ܾ௞ܫሼ௨ೖழ௫ሽ	 ൅ ሺ݀௞ݔ ൅ ܾ௞ሻܫሼ௫வ௨ೖሽ		.				 For some constant ܾ௞ 

and ܿ௞. Thus, if   ݔ	 ് …,ଵݑ ,   ௠ݑ

ሻݔሺ``ݏ ൌ 	෍ܾ௞ܫሼ௨ೖழ௫ሽ	 ൅ ሺ݀௞ݔ ൅ ܿ௞ሻܫሼ௫வ௨ೖሽ	 ൅ ܽሻ

௠

௞ୀଵ

, 

for some constant ܽ. By letting ݔ →  ௞ from above and below, we have, due to theݑ

continuity of ݏ``ሺݔሻ, that ܾ௞ ൌ ݀௞ݑ௞ ൅ ܿ௞. From this we get 

ሻݔሺ``ݏ ൌ 	෍݀௞ݑ௞ܫሼ௨ೖழ௫ሽ	 ൅ ሺ݀௞ݔሻܫሼ௫வ௨ೖሽ	 ൅ ܾሻ

௠

௞ୀଵ

 

where ܾ ൌ 	∑ ܿ௞ ൅ ܽ௠
௞ୀଵ . Since for ݔ ൐ ሻݔሺ``ݏ ,௠ݑ ൌ 	∑ ݀௞ݔ

௠
௞ୀଵ ൅ ܾ, we conclude from 4.2.4 

we have  

  ሻݔሺ``ݏ
 

ൌ ∑ ݀௞ݑ௞ܫሼ௨ೖழ௫ሽ
௠
௞ୀଵ ൅ ∑ ݀௞ܫݔሼ௫வ௨ೖሽ

௠
௞ୀଵ   

 ൌ	∑ ݀௞ݑ௞ܫሼ௨ೖழ௫ሽ
௠
௞ୀଵ ൅ ∑ሺݔ ݀௞ െ ∑ ݀௞ܫሼ௫ழ௨ೖሽ	

௠
௞ୀଵ ሻ௠

௞ୀଵ   
 

 ൌ	∑ ݀௞ሺݑ௞ െ ሼ௫ழ௨ೖሽܫሻݔ
௠
௞ୀଵ . 

 
On the other hand  

 
ሼ௨ೖழ௫ሽܫ௞ݑሻ ൌ෍݀௞ݔሺ``ݏ

௠

௞ୀଵ

൅෍݀௞ܫݔሼ௫வ௨ೖሽ

௠

௞ୀଵ

 

 
 

ൌ෍݀௞ݑ௞

௠

௞ୀଵ

െ ෍݀௞ݑ௞

௠

௞ୀଵ

ሼ௫வ௨ೖሽܫ ൅෍݀௞ݔ

௠

௞ୀଵ

 	ሼ௫வ௨ೖሽܫ

 
 ൌ ∑ ݀௞ሺݔ െ ௞ሻݑ

௠
௞ୀଵ ሼ௫வ௨ೖሽܫ  . 

 
We thus have  

 

ሻݔሺ``ݏ2 ൌ  		∑ ݀௞ሺݑ௞ െ 	ሼ௫ழ௨ೖሽܫሻݔ
௠
௞ୀଵ 	൅ ∑ ݀௞ሺݔ െ ௞ሻݑ

௠
௞ୀଵ  	ሼ௫வ௨ೖሽܫ 
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ൌ෍݀௞|ݔ െ |௞ݑ

௠

௞ୀଵ

 

 and so 

ሻݔሺ``ݏ ൌ
1
2
෍݀௞|ݔ െ |௞ݑ

௠

௞ୀଵ

	.								ሺ4.2.5ሻ 

From  4.2.5  the following lemma is easily shown, using 4.2.4 again. 

Lemma 4.2.3  

(Ohlsson and Johannsen (2010), p.142) 

Assume that the twice continuously differential functions satisfies (i) and (ii) in Lemma 
4.2.2. Then  

ሻݔሺݏ ൌ 	
1
12

෍݀௞|ݔ െ ௞|ଷݑ
௠

௞ୀଵ

൅ ܽ଴ ൅ ܽଵݔ										ሺ4.2.6ሻ 

for some constant ܽ଴ and ܽଵ. 

We have a natural cubic spline since it is twice continuously differentiable and between 
the knots it is a cubic polynomial.  The condition 4.2.4  implies that it is natural. The next 
lemma, that uses this representation, a simple expression for the integrated squared 
second derivative can be easily derived. 

Lemma 4.2.4  

(Ohlsson and Johannsen (2010), p.142) 

With ݏሺݔሻ as in 4.2. 6   

׬ ሺݏ``ሺݔሻሻଶ
௕
௔

ݔ݀ ൌ 	 ଵ
ଵଶ
∑ ∑ ௝݀݀௞|ݑ௝ െ ௞|ଷݑ

௠
௞ୀଵ

௠
௝ୀଵ . 

  ܎ܗܗܚ۾

Taking  ݄ ൌ   in 4.2.2  we get	ݏ

න ሺݏ``ሺݔሻሻଶ
௕

௔
ݔ݀ ൌ 	෍ ௝݀

௠

௝ୀଵ

 ௝൯ݑ൫ݏ

ൌ	
ଵ

ଵଶ
∑ ௝݀ ∑ ݀௞|ݑ௝ െ ௞|ଷݑ ൅ ܽ଴ ∑ ௝݀ ൅ ܽଵ ∑ ௝݀ݑ௝

௠
௝ୀଵ

௠
௝ୀଵ

௠
௞ୀଵ

௠
௝ୀଵ .  ሺ4.2.7ሻ 
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Thus 4.2.7  follows from 4.2.4. 

We are now ready to prove the following basic result. 

Theorem 4.2.1  

(Ohlsson and Johannsen (2010), p.143) 

 For any ݑଵ, … , ଵݑ ௠  withݑ ൏ ⋯ ൏ ,ଵݕ ௠  and any real numbersݑ … ,  ௠ there exists aݕ

unique natural cubic spline ݏሺݔሻ, such that  ݏ൫ݑ௝൯ ൌ ݆ ,௝ݕ	 ൌ 1, … ,݉. 

  ܎ܗܗܚ۾

Put ௝݁௞ ൌ
|௨ೕି௨ೖ|య

ଵଶ
. By Lemma 4.2.3 we may represent natural cubic splines as in 4.2.6. 

The condition    ݏ൫ݑ௝൯ ൌ ݆ ,௝ݕ	 ൌ 1,… ,݉ then becomes  

 

݁ଵଵ݀ଵ ൅ ݁ଵଶ݀ଶ ൅⋯൅	݁ଵ௠݀௠ ൅ ܽ଴ ൅ ܽଵݑଵ ൌ  ଵݕ

݁ଶଵ݀ଵ ൅ ݁ଶଶ݀ଶ ൅ ⋯൅	݁ଶ௠݀௠ ൅ ܽ଴ ൅ ܽଵݑଶ ൌ  ଶݕ

… 

݁௠ଵ݀ଵ ൅ ݁௠ଶ݀ଶ ൅ ⋯൅	݁௠௠݀௠ ൅ ܽ଴ ൅ ܽଵݑ௠ ൌ  .௠ݕ

These are ݉	equations with ݉ ൅ 2 unknowns, but if we add those in 4.2.4	, we get ݉൅ 2 
equations. We introduce the matrix 

ࡱ ൌ ൭
݁ଵଵ ⋯ ݁ଵ௡
⋮ ⋱ ⋮
݁௡ଵ ⋯ ݁௡௡

൱     ሺ4.2.8ሻ 

and the vectors  

ࢊ ൌ ൭
݀ଵ
⋮
݀௠

൱  ,        ૚ ൌ ൭
1
⋮
1
൱ ,     ࢛ ൌ ൭

ଵݑ
⋮
௠ݑ

൱  ,        ࢟ ൌ ൭
ଵݕ
⋮
௠ݕ
൱. 

We may then write 4.2.8 plus 4.2.4 as  

൭
ࡱ ૚ ࢛
૚` 0 0
࢛` 0 0

൱൭
ࢊ
ܽ଴
ܽଵ
൱ ൌ ቆ

࢟
0
0
ቇ	.								ሺ4.2.9ሻ 

If we can show that these equations have a unique solution, then the natural cubic 
spline 4.2.6 with parameters ݀ଵ, … , ݀௠, ܽ଴, ܽଵ corresponding to the solution will be a 
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(unique) interpolating natural cubic spline. It suffices to show that the matrix on the left 
in 4.2.9 has full rank. To do this, we show that (Using 0 to denote a vector of ݉ zeroes)   

൭
ࡱ ૚ ࢛
૚` 0 0
࢛` 0 0

൱൭
ࢊ
ܽ଴
ܽଵ
൱ ൌ ൭

૙
0
0
൱										ሺ4.2.10ሻ 

implies 

൭
ࢊ
ܽ଴
ܽଵ
൱ ൌ ൭

૙
0
0
൱.										ሺ4.2.11ሻ 

If  4.2.10 holds, we have  

ሺࢊ` ܽ଴ ܽଵሻ ൭
ࡱ ૚ ࢛
૚` 0 0
࢛` 0 0

൱൭
ࢊ
ܽ଴
ܽଵ
൱ ൌ 0,										ሺ4.2.12ሻ 

but if ݏሺݔሻis the natural cubic spline with the parameters ݀ଵ,… , ݀௠, ܽ଴, ܽଵ in	4.2.12, then 
by lemma 4.2.4 and 4.2. 4		 

ሺࢊ` ܽ଴ ܽଵሻ ൭
ࡱ ૚ ࢛
૚` 0 0
࢛` 0 0

൱൭
ࢊ
ܽ଴
ܽଵ
൱ 

 

ൌ෍෍ ௝݀݀௞ ௝݁௞

௠

௞ୀଵ

൅

௠

௝ୀଵ

2ܽ଴෍ ௝݀

௠

௝ୀଵ

൅ 2ܽଵ෍ ௝݀ݑ௝

௠

௝ୀଵ

 

 
ൌ	׬ሺݏሺݔሻሻଶ݀ݔ . ሺ4.2.13) 
 

But 4.2.12 and 4.2.13 put together implies that ݏሺݔሻ must be linear, which means that the 
jumps in the third derivative, i.e. the ௝݀, are all zero. Furthermore, using this in  4.2.8 we 

get 

ܽ଴ ൅ ܽଵݑଵ ൌ 0 

ܽ଴ ൅ ܽଵݑଶ ൌ 0 

… 

ܽ଴ ൅ ܽଵݑ௠ ൌ 0. 

Since the points ݑଵ ௠are distinct, this implies that ܽଵݑ… ൌ ܽ଴ ൌ 0. 
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Finally, we have the results stating that among all twice differentiable functions with 
given values at certain points, the interpolating natural cubic spline minimize the 
integrated squared second derivative.  

Theorem 4.2.2  

(Ohlsson and Johannsen (2010), p.145) 

Let ݑଵ ൏ ⋯ ൏ .௠, let ݂ሺݑ ሻ be any twice continuously differentiable function and let ݏሺ. ሻ 
be the natural cubic spline satisfying ݏ൫ݑ௝൯ ൌ ݂൫ݑ௝൯, ݆ ൌ 1,… ,݉. Then, for any ܽ ൑  ଵݑ

and ܾ ൒  ௠ݑ

න ሺݏ``ሺݔሻሻଶ݀ݔ
௕

௔
൑ න ሺ݂``ሺݔሻሻଶ

௕

௔
 ሺ4.2.14ሻ									.ݔ݀

  ࢌ࢕࢕࢘ࡼ

 It follows from Lemma 4.2.2 that ݏ satisfies 4.2. 1 for any twice differentiable ݄ with 
݄ሺݑ௞ሻ ൌ 0, ݇ ൌ 1,… ,݉. Thus the result follows from Lemma 4.2.1. 

We will proof that ሺ࡮ࢃ`࡮൅ ࢼΩሻߣ ൌ  .࢟ࢃ`࡮

We are looking for a B-splines that minimizing the penalised deviance, which is given by 

∆ሺ݂ሻ ൌ ,ݕሺܦ ሻݑ ൅ නߣ ሺ݂``ሺݔሻሻଶ
௕

௔
 .ݔ݀

In the normal case this is  

∆ሺݏሻ ൌ෍ݓ௜ሺݕ௜ െ ௜ሻଶሻݔሺݏ
௜

൅ නߣ ሺݏ``ሺݔሻሻଶ݀ݔ
௕

௔
. 

For a natural cubic spline, which is linear outside ሾݖଵ,   ௠ሿwe haveݖ

න ሺݏ``ሺݔሻሻଶ݀ݔ
௕

௔
ൌ න ሺݏ``ሺݔሻሻଶ݀ݔ

௭೘

௭భ

. 

Therefore only ݏሺݔሻ, ݖଵ ൑ ݔ ൑  ௠is used in the Penalised deviance. On the intervalݖ
ሾݖଵ,   ሻ asݔሺݏ ௠ሿ we can writeݖ

ሻݔሺݏ ൌ 	 ෍ ሻݔ௝ሺܤ௝ߚ

௠ାଶ

௝ୀଵ
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where ܤଵሺݔሻ…ܤ௠ାଶሺݔሻ are cubic B-splines with knots ݖଵ, … ,  ௠. Using this, theݖ
penalised deviance may be considered as a function of the parameters ߚଵ, … ,  ௠ାଶ andߚ
becomes 

ߚ∆ ൌ෍ݓ௜ሺݕ௜ െ ෍ ሻݔ௝ሺܤ௝ߚ

௠ାଶ

௝ୀଵ

ሻଶ

௜

൅ ߣ ෍ ෍ ௞ߚ௝ߚ

௠ାଶ

௞ୀଵ

௠ାଶ

௝ୀଵ

Ω୨,୩ 

where  

Ω୨୩ ൌ 	න ݔሻ݀ݔ௞ሺ``ܤሻݔ௝ሺ``ܤ
௭೘

௭భ

. 

The number Ω୨୩will be calculated in a later section. 

To find the minimizing ߚଵ, … ,  ௠ାଶ we calculate the partial derivativeߚ

ௗ∆

ௗఉ೗
ൌ െ2∑ ௜ݕ௜൫ݓ െ ∑ ሻݔ௝ሺܤ௝ߚ

௠ାଶ
௝ୀଵ ൯௜ ௜ሻݔ௟ሺܤ ൅ ∑ߣ2 ௝Ω୨୪ߚ

௠ାଶ
௝ୀଵ .  

Letting ܫ௞denote the set of ݅for which ݔ௜ ൌ 	  ௜ we getݖ

െ2෍ݓ௜ ቌݕ௜ െ ෍ ௜ሻݔ௝ሺܤ௝ߚ
௠ାଶ

௝ୀଵ

ቍ
௜

௜ሻ ൌݔ௟ሺܤ െ2෍෍ݓ௜ ቌݕ௜ െ ෍ ௞ሻݖ௝ሺܤ௝ߚ
௠ାଶ

௝ୀଵ

ቍ
௜ఢூೖ

௞ሻݖ௟ሺܤ
௠

௞ୀଵ

 

 
 

ൌ െ2 ෍ ௞෦ݓ ቌݕ௞෦ െ ෍ ௞ሻݖ௝ሺܤ௝ߚ
௠ାଶ

௝ୀଵ

ቍ
௞ୀଵ..௠

 ௞ሻݖ௟ሺܤ

 
where ݓ௞෦ ൌ ∑ ௜௜ఢூೖݓ 	and ݕ௞෦ ൌ	 ଵ

௪ೖ෦
∑ ௜௜ఢூೖݓ  .௜ݕ

Setting the partial derivatives equal to zero we obtain the equations 

෍ ෍ݓ௞෦

௠ାଶ

௝ୀଵ

௠

௞ୀଵ

௞ሻݖ௟ሺܤ௞ሻݖ௝ሺܤ௝ߚ ൅ ߣ	 ෍ ௝Ω୨୪ߚ

௠ାଶ

௝ୀଵ

 

ൌ ∑ ௞෦ݓ
௠
௞ୀଵ ,௞ሻݖ௟ሺܤ௞෦ݕ ݈ ൌ 1, … ,݉ ൅ 2. 

The ݉ ൈ ሺm ൅ 2ሻ matrix ࡮ 

࡮ ൌ ൭
ଵሻݖଵሺܤ ⋯ ଵሻݖ௠ାଶሺܤ
⋮ ⋱ ⋮

௠ሻݖଵሺܤ ⋯ ௠ሻݖ௠ାଶሺܤ
൱ 
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is introduced. 

Let ࢃdenote the ݉ ൈ݉	diagonal matrix with ݓఫ෦	on the main diagonal and let Ω denote 

the symmetric ሺ݉ ൅ 2ሻ ൈ ሺ݉ ൅ 2ሻ matrix with elements	Ω୧୨. Furthermore let ࢼ and ࢟ 

denote the column vectors with elements ߚ௝ and ݕ௞෦	respectively. The above may then 

be written as 

൅࡮ࢃ`࡮) ࢼષሻߣ ൌ  .࢟ࢃ`࡮

Due to the way the B-splines are defined, the matrix ࡮ࢃ`࡮ and ષ are banded which 
simplifies the numerical solution of the linear equation system. 

We will now be defining certain ideas and then firstly proof that the B-spline is 
continuous differentiable. We will then prove that the B-spline of a certain order form a 
base for the spline of that order. We then compute the values in ષ for the B-spline. 

The start is to define a base for the step function with jumps at the knots. For ݇ ൌ
1,… ,݉ െ 2, put 

ሻݔ଴,௞ሺܤ ൌ ൜
							1, ௞ݑ					 ൑ ݔ ൑ 	௞ାଵݑ

0, otherwise
										ሺ4.2.15ሻ 

and furthermore 

ሻݔ଴,௠ିଵሺܤ ൌ ൜
										1, ௠ିଵݑ							 ൑ ݔ ൑ 	௠ݑ

0, otherwise
		.							ሺ4.2.16ሻ 

The step function can be written as a linear combination of the functions ܤ଴,௞ሺݔሻ. 

For ݆ ൒ 0 we define the B-splines recursively by  

ሻݔ௝ାଵ,௞ሺܤ ൌ 	
ݔ െ ௞ି௝ିଵݑ
௞ݑ െ ௞ି௝ିଵݑ

ሻݔ௝,௞ିଵሺܤ ൅
௞ାଵݑ െ ݔ

௞ାଵݑ െ ௞ା௝ݑ
 ሺ4.2.17ሻ											ሻݔ௝,௞ሺܤ

and 4.2.17 is equal to  0 if ݇ ൑ 0 or if ݇ ൒ ݉ ൅ ݆.  

Let ݑ௞ ൌ ݇ ଵforݑ ൑ 0 and  ݑ௞ ൌ ݇ ௠forݑ ൒ ݉ ൅ 1. 

We can see that ܤ௝,௞ሺݔሻ is positive on (ݑ௞ି௝,  ௝ାଵሻ and 0 otherwiseݑ

It follows from the next proposition that ܤ௝,௞ሺݔሻ is continuously differentiable. 

 

Proposition 4.2.1. 

For ݆ ൒ 1 and ݔ	 ് ,ଵݑ . . .,  ௠ thatݑ
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ሻݔ௝ାଵ,௞ሺ`ܤ ൌ 	
݆ ൅ 1

௞ݑ െ ௞ି௝ିଵݑ
ሻݔ௝,௞ିଵሺܤ െ	

݆ ൅ 1
௞ାଵݑ െ ௞ି௝ݑ

 ሺ4.2.18ሻ													ሻ.ݔ௝,௞ሺܤ

  ࢌ࢕࢕࢘ࡼ

For ݆	 ൌ 	0 we can seed it from the differentiating in 4.2.17.  

Now assuming that 4.2.18 holds for ݆, we shall prove that it also holds for ݆ ൅ 1. 

Differentiating 4.2. 17  we get 

 

ሻݔ௝ାଵ,௞ሺ`ܤ ൌ 	
1

௞ݑ െ ௞ି௝ିଵݑ
ሻݔ௝,௞ିଵሺܤ ൅

ݔ െ 	௞ି௝ିଵݑ
௞ݑ െ ௞ି௝ିଵݑ

ሻݔ௝,௞ିଵሺ`ܤ െ
1

௞ାଵݑ െ ௞ି௝ݑ
ሻݔ௝,௞ሺܤ

൅
௞ାଵݑ െ 	ݔ
௞ାଵݑ െ ௞ି௝ݑ

 ሺ4.2.19ሻ										.	ሻݔ௝,௞ሺ`ܤ

By doing mathematical induction and also 4.2.17 this becomes 

1
௞ݑ െ ௞ି௝ିଵݑ

ቆ
ݔ െ 	௞ି௝ିଵݑ
௞ିଵݑ െ ௞ି௝ିଵݑ

ሻݔ௝ିଵ,௞ିଶሺܤ ൅
௞ݑ െ 	ݔ
௞ݑ െ ௞ି௝ݑ

 ቇ		ሻݔ௝ିଵ,௞ିଵሺܤ

൅			
ݔ െ 	௞ି௝ିଵݑ
௞ݑ െ ௞ି௝ିଵݑ

ሺ
݆

௞ିଵݑ െ ௞ି௝ିଵݑ
ሻݔ௝ିଵ,௞ିଶሺܤ െ

݆
௞ݑ െ ௞ି௝ݑ

 ሻ	ሻݔ௝ିଵ,௞ିଵሺܤ

െ
1

௞ାଵݑ െ ௞ି௝ݑ
ሺ
ݔ െ 	௞ି௝ݑ
௞ݑ െ ௞ି௝ݑ

ሻݔ௝ିଵ,௞ିଵሺܤ	 		൅		
௞ାଵݑ െ 	ݔ

௞ାଵݑ െ ௞ି௝ାଵݑ
 ሻሻݔ௝ିଵ,௞ሺܤ

൅	 ௨ೖାଵି௫	

௨ೖାଵି௨ೖషೕ
ሺ	

௝

௨ೖି௨ೖషೕ
ሻݔ௝ିଵ,௞ିଵሺܤ െ

௝

௨ೖశభି௨ೖషೕశభ
 . ሻ	ሻݔ௝ିଵ,௞ሺܤ

This is simplified to become 

݆ ൅ 1
௞ݑ െ ௞ି௝ିଵݑ

ሺ
ݔ െ 	௞ି௝ିଵݑ
௞ିଵݑ െ ௞ି௝ିଵݑ

ሻݔ௝ିଵ,௞ିଶሺܤ 	൅
௞ݑ െ 	ݔ
௞ݑ െ ௞ି௝ݑ

 ሻ	ሻݔ௝ିଵ,௞ିଵሺܤ

െ	
݆ ൅ 1

௞ାଵݑ െ ௞ି௝ݑ
ሺ
ݔ െ 	௞ି௝ݑ
௞ݑ െ ௞ି௝ݑ

ሻݔ௝ିଵ,௞ିଵሺܤ	 		൅		
௞ାଵݑ െ 	ݔ

௞ାଵݑ െ ௞ି௝ାଵݑ
 ሻሻݔ௝ିଵ,௞ሺܤ

ൌ	 ௝ାଵ

௨ೖି௨ೖషೕషభ
ሻݔ௝,௞ିଵሺܤ െ	

௝ାଵ

௨ೖశభି௨ೖషೕ
 ሺ4.2.20ሻ									.	ሻݔ௝,௞ሺܤ

Thus 4.2.18	holds for any ݆ ൒ 0 
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From the following proposition we will see that the cubic B-spline are twice continuous 
differentiable and that the quadratic B-spline are continuous differentiable follows from 
the next proposition. 

Proposition 4.2.2 For  ݆ ൒ 0 and ݔ ് ,ଵݑ … ,  ௠ݑ

ሻݔ௝ାଵ,௞ሺ``ܤ ൌ 	
݆ ൅ 1

௞ݑ െ ௞ି௝ିଵݑ
ሻݔ௝,௞ିଵሺ`ܤ	 െ

݆ ൅ 1
௞ାଵݑ െ ௞ି௝ݑ

 ሺ4.2.21ሻ									.	ሻݔ௝,௞ሺ`ܤ	

  ࢌ࢕࢕࢘ࡼ

This follows directly from Proposition 4.2.1. 

We prove the following important property before proving that the B-spline of a certain 
order form a base for the spline of that order.  

Proposition 4.2.3 

For any  ݆ ൒ 0 

෍ܤ௝,௞ሺݔሻ ൌ 1	,
௞

ଵݑ	 ൑ ݔ ൑  ሺ4.2.22ሻ											.	௠ݑ	

		ࢌ࢕࢕࢘ࡼ

Make use of induction. For ݆ ൌ 0	it is true. 

Let it hold for a certain ݆ 4.2.17 gives  

∑ ሻ௞ݔ௝ାଵ,௞ሺܤ  
 
 

ൌ෍
ݔ െ ௞ି௝ିଵݑ
௞ݑ െ ௞ି௝ିଵ௞ݑ

ሻݔ௝,௞ିଵሺܤ ൅ ෍
௞ାଵݑ െ ݔ

௞ାଵݑ െ ௞ି௝௞ݑ

 ሻݔ௝,௞ሺܤ	

 
 ൌ෍

ݔ െ ௞ି௝ݑ
௞ାଵݑ െ ௞ି௝௞ݑ

ሻݔ௝,௞ሺܤ ൅ ෍
௞ାଵݑ െ ݔ

௞ାଵݑ െ ௞ି௝௞ݑ

 ሻݔ௝,௞ሺܤ

 
 

 ൌ෍ܤ௝,௞ሺݔሻ
௞

ൌ 1. ሺ4.2.23ሻ 

 
The proof of the basis theorem uses the following lemma. 

Lemma 4.2.5 

Suppose ݏሺݔሻ is a linear combination of B-splines of order ݆ ൅ 1,  
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ሻݔሺݏ ൌ෍ ∝௞
௞

 ሻݔ௝ାଵ,௞ሺܤ

 then  

ሻݔሺ`ݏ ൌ෍ሺ݆ ൅ 1ሻ
∝௞ାଵെ∝௞
௞ାଵݑ െ ௞ି௝௞ݑ

 .ሻݔ௝,௞ሺܤ

  ࢌ࢕࢕࢘ࡼ

This is a consequence of Proposition 4.2.1. 

Theorem 4.2.3 

For a given set of knots, a spline of order ݆ may be written as  

ሻݔሺݏ ൌ ෍ ௝,௞ܤ௞ߚ

௠ୀ௝ାଵ

௞ୀଵ

 

for unique constants  ߚଵ, . . .,  .௠ା௝ିଵߚ

  	ࢌ࢕࢕࢘ࡼ

For ݆	 ൌ 	1 we may write  

ሻݔሺݏ ൌ ෍ߚ௞ܤଵ,௞ሺݔሻ

௠

௞ୀଵ

										ሺ4.2.24ሻ 

 with ߚ௞ ൌ  .௞ሻݑሺݏ

The two sides of 4.2.24 coincides since they are both linear splines and agree at the 
knots.  

Let it hold for ݆ ൒ 1 and consider a spline ݏ of order ݆ ൅ 1. Since ݏ` is a spline of order ݆, 
we can write it as 

ሻݔሺ`ݏ ൌ෍ߚ௞ܤ௝,௞
௞

. 

Now let ∝ଵൌ 0 and define ∝ଶ,… , ∝௠ା௝ିଵ	recursively by  

∝௝ାଵ	ൌ 	∝௝൅ ௝ߚ
௨ೖశభି௨ೖషೕ

௝ାଵ
. 

If we define  
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ܵሺݔሻ ൌ 	 ෍ ∝௞

௠ା௝ିଵ

௞ୀଵ

 ,ሻݔ௝ାଵ,௞ሺܤ

then by lemma 4.2.5 we have	ܵ`ሺݔሻ 	ൌ ଵሻݑ and ܵሺ	ሻݔሺ`ݏ	 ൌ 0. Thus, using Proposition 
4.2.3.  

ሻ ൌݔሺݏ ଵሻݑሺݏ	 ൅ ׬ ݕሻ݀ݕሺ`ݏ ൌ ଵሻݑሺݏ ൅ ܵሺݔሻ
௫
௨భ

  

 
 ൌ ∑ ሻݔ௝ାଵ,௞ሺܤଵሻݑሺݏ

௠ା௝ିଵ
௞ୀଵ ൅ ∑ ∝௞ ሻݔ௝ାଵ,௞ሺܤ

௠ା௝ିଵ
௞ୀଵ   

 
 ൌ ∑ ሺݏሺݑଵሻ൅∝௞ሻܤ௝ାଵ,௞ሺݔሻ

௠ା௝ିଵ
௞ୀଵ  . 

 
 

Given that  ∝ଵൌ 0 the coefficients ∝ଶ	, … , ∝௠ା௝ିଵ are determined by the values of 

,ଵߚ … , ሻݔto anything else it would still hold that ܵሺ	௠ା௝ିଶ. If we set ∝ଵߚ െ 	ܵሺݑଵሻ would be 

determined by  ߚଵ,… ,  ௠ା௝ିଶ. Thus uniqueness for splines of degree ݆ impliesߚ

uniqueness for splines of degree ݆ ൅ 1. 

Computation of the ષ matrix follow. Utilizing the recursion formulae derived  above. Put 

Ωଵ୩୪ ൌ නܤଵ,௞ሺݔሻܤଵ,௟ሺݔሻ݀ݔ, 

Ωଶ୩୪ ൌ නܤଶ௞
` ሺݔሻܤଶ௟

` ሺݔሻ݀ݔ, 

Ωଷ୩୪ ൌ නܤଷ௞
`` ሺݔሻܤଷ௟

`` ሺݔሻ݀ݔ. 

Let ݑଵ,… , ௞ݑ ௠ denote the knots. Recall the conventionݑ ൌ ݇ ଵ forݑ ൑ 0 and ݑ௞ ൌ  ௠ݑ
for ݇ ൒ ݉ ൅ 1. With these in mind put 

ܽ
ଶ௞	ୀ ଶ

௨ೖశభି௨ೖషభ
	, ݇ ൌ 1,… ,݉ 

ܽଷ௞	ୀ య
ೠೖశభషೠೖషమ

	, ݇ ൌ 1,… ,݉ ൅ 1. 

The following proposition describes how to compute the ષ matrix. Note that, due to the 
convention ܤ௝௞ ൌ 0  for ݇ ൑ 0 and ݇ ൒ ݉ ൅ 1, certain Ω୨୩୪ occurring in the formulae 

below are zero. 
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Proposition 4.2.4  

(Ohlsson and Johannsen (2010), p.151) 

The numbers Ω୨୩୪ can be computed successfully as follows 

 The values in Ω is equal to 0 except for the following cases 

Ωଵ୩,୩ ൌ
௞ାଵݑ െ ௞ିଵݑ	

3
	, k ൌ 1,… ,m 

Ωଵ୩,୩ାଵ ൌ Ωଵ୩ାଵ,୩ ൌ
௞ାଵݑ െ ௞ݑ	

6
	, k ൌ 1,… ,m െ 1 

 

Ωଶ୩,୩ ൌ aଶ,୩ିଵ
ଶ Ωଵ୩ିଵ,୩ିଵ െ 2aଶ,୩ିଵaଶ,୩Ωଵ୩ିଵ,୩ ൅ aଶ,୩

ଶ Ωଵ୩,୩ 

݇ ൌ 1,… ,݉ ൅ 1 

Ωଶ୩,୩ାଵ ൌ Ωଶ୩ାଵ,୩	 ൌ aଶ,୩ିଵaଶ,୩Ωଵ୩ିଵ,୩ െ aଶ,୩
ଶ Ωଵ୩,୩ ൅ aଶ,୩aଶ,୩ାଵΩଵ୩,୩ାଵ 

݇ ൌ 1,… ,݉ 

Ωଶ୩,୩ାଶ ൌ Ωଶ୩ାଶ,୩	 ൌ 	െaଶ,୩aଶ,୩ାଵΩଵ୩,୩ାଵ; 	݇ ൌ 1,… ,݉ െ 1 

  

Ωଷ୩,୩ ൌ aଷ,୩ିଵ
ଶ Ωଶ୩ିଵ,୩ିଵ െ 2aଷ,୩ିଵaଷ,୩	Ωଶ୩ିଵ,୩ ൅ aଷ,୩

ଶ Ωଶ୩,୩ 

݇ ൌ 1,… ,݉ ൅ 2 

Ωଷ୩,୩ାଵ ൌ Ωଷ୩ାଵ,୩ ൌ 	 aଷ,୩ିଵ	aଷ,୩Ωଶ୩ିଵ,୩ െ aଷ,୩ିଵaଷ,୩ାଵ	Ωଶ୩ିଵ,୩ାଵ 

െ	aଷ,୩
ଶ Ωଶ୩,୩ ൅ aଷ,୩aଷ,୩ାଵΩଶ୩,୩ାଵ 

݇ ൌ 1,… ,݉ ൅ 1 

Ωଷ୩,୩ାଶ ൌ Ωଷ୩ାଶ,୩ ൌ 	 aଷ,୩ିଵ	aଷ,୩ାଵ	Ωଶ୩ିଵ,୩ାଵ െ aଷ,୩	aଷ,୩ାଵΩଶ୩,୩ାଵ 

൅aଷ,୩aଷ,୩ାଶΩଶ୩,୩ାଶ ൅ aଷ,୩	aଷ,୩ାଵ	Ωଶ୩,୩ାଵ 

݇ ൌ 1,… ,݉ 

Ωଷ୩,୩ାଷ ൌ Ωଷ୩ାଷ,୩ ൌ െaଷ,୩aଷ,୩ାଶΩଶ୩,୩ାଶ	 k ൌ 1,… ,m െ 1. 
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  ܎ܗܗܚ۾

As the computation in the various cases are similar, we do some of them. 

Using the basic recursion formula we have 

Ωଵ୩୩ ൌ   ݔሻ݀ݔଵ,௞ሺܤሻݔଵ,௞ሺܤ׬
 

 ൌ ሺ׬
௫ି		௨ೖషభ
	௨ೖି	௨ೖషభ

ሻݔ଴,௞ିଵሺܤ ൅
௨ೖశభି௫

௨ೖశభି ௨ೖ
  ݔሻሻଶ݀ݔ଴,௞ሺܤ

 
 ൌ ሾቀ׬

௫ି		௨ೖషభ
	௨ೖି	௨ೖషభ

ቁ
ଶ
ሻݔ଴,௞ିଵሺܤ ൅ ሺ ௨ೖశభି௫

௨ೖశభି ௨ೖ
ሻଶ ሻሿݔ଴,௞ሺܤ   ݔ݀

 
 ൌ ׬ ቀ

௫ି ௨ೖషభ
	௨ೖି ௨ೖషభ

ቁ
ଶ
ݔ݀ ൅ ׬ ሺ

௨ೖశభି௫

௨ೖశభି ௨ೖ
ሻଶ݀ݔ

௨ೖశభ
௨ೖ

	௨ೖ
	௨ೖିଵ

  

 
 ൌ

		௨ೖି௨ೖషభ
ଷ

൅
௨ೖశభି௨ೖ

ଷ
  

 
 ൌ

		௨ೖశభି௨ೖషభ
ଷ

 . 

 
Using proposition 4.2.1 we get 

Ωଶ,୩,୩ାଵ  ൌ	නܤ`ଶ,௞ሺݔሻܤ`ଶ,௞ାଵሺݔሻ݀ݔ 

 
 ൌ නሺܽଶ,௞ିଵ ሻݔଵ,௞ିଵሺܤ െ ܽଶ,௞ܤଵ,௞ሺݔሻሻ ቀܽଶ,௞ܤଵ,௞ሺݔሻ െ ܽଶ,௞ାଵܤଵ,௞ାଵሺݔሻቁ  ݔ݀

 
 ൌ aଶ,୩ିଵaଶ,୩Ωଵ୩ିଵ,୩ െ aଶ,୩

ଶ Ωଵ୩,୩ ൅ aଶ,୩aଶ,୩ାଵΩଵ୩,୩ାଵ . 
 

 

Using proposition 4.2.2 we get 

Ωଷ,୩,୩ାଶ ൌ	නܤ``ଷ,௞ሺݔሻܤ``ଷ,௞ାଶሺݔሻ݀ݔ 

 
 ൌ නሺܽଷ,௞ିଵ ሻݔଶ,௞ିଵሺ`ܤ െ	ܽଷ,௞ܤ`ଶ,௞ሺݔሻሻ ቀܽଷ,௞ାଵܤ`ଶ,௞ାଵሺݔሻ െ ܽଷ,௞ାଶܤ`ଶ,௞ାଶሺݔሻቁ  ݔ݀

 
 ൌ aଷ,୩ିଵ	aଷ,୩ାଵ	Ωଶ୩ିଵ,୩ାଵ െ aଷ,୩ aଷ,୩ାଵΩଶ୩,୩ାଵ ൅ aଷ,୩aଷ,୩ାଶΩଶ୩,୩ାଶ ൅ aଷ,୩	aଷ,୩ାଵ Ωଶ୩,୩ାଵ. 
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5. Conclusion	
 

B splines, cubic splines and natural cubic splines were compared and it was concluded 
that B splines is the most orthogonal splines. B splines were therefore used in the 
computation of the natural cubic spline. The optimal solution of the penalized sum of 
square is a smoothing spline or a natural cubic spline with knots at unique ܺ values. 

Nonparametric linear regression and nonparametric logistic regression were computed 
by solving the smoothing spline. The optimal smoothing value is selected by using cross 
validation. Nonparametric regression was solved for a single explanatory variable.. The 
nonparametric regression, for multiple explanatory values, was solved using the local 
scoring algorithm.  

A comparison was drawn between the logistic regression, logistic regression using 
natural cubic splines and nonparametric logistic regression using the local scoring 
algorithm. The use of the nonparametric logistic regression model increased the Gini 
coefficient when applied to the South African heart disease data set. The improved Gini 
coefficient points to the better discrimination ability of the nonparametric approach.  

SAS software was developed to obtain estimates for these models. The software gives 
further insight into the techniques described and resolves some implementation issues. 

Generalized additive models, GAM, with smooth functions specially structured were 
also considered. These models were structured as logistic regression models. The 
optimum solution of the GAM was achieved by applying the B-spline as preferred choice 
deducted from theoretical considerations. The estimated model parameters were 
obtained by using the local scoring algorithm. 

The advantage of fitting GAM models were demonstrated in the applications through 
increased Gini indices. It was also demonstrated that the GAM models followed the data 
more closely. 
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Appendix A: Data used in examples 

 

X Y 
-6.78319 0.200187
-6.70319 0.420399
-6.62319 0.462835
-6.54319 0.593302
-6.46319 0.501491
-6.38319 0.426591
-6.30319 0.510364
-6.22319 0.496568
-6.14319 0.473283
-6.06319 0.424294
-5.98319 0.4251
-5.90319 0.323516
-5.82319 0.432165
-5.74319 0.490004
-5.66319 0.576899
-5.58319 0.393625
-5.50319 0.315579
-5.42319 0.430061
-5.34319 0.356185
-5.26319 0.299021
-5.18319 0.265149
-5.10319 0.084859
-5.02319 0.078071
-4.94319 -0.07473
-4.86319 0.056993
-4.78319 0.120655
-4.70319 0.011055
-4.62319 -0.05375
-4.54319 -0.17615
-4.46319 -0.31095
-4.38319 -0.21262
-4.30319 -0.31589
-4.22319 -0.31708
-4.14319 -0.33089
-4.06319 -0.24326
-3.98319 -0.16606
-3.90319 -0.31108
-3.82319 -0.39706
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-3.74319 -0.5528
-3.66319 -0.37371
-3.58319 -0.39473
-3.50319 -0.40378
-3.42319 -0.40497
-3.34319 -0.51036
-3.26319 -0.33094
-3.18319 -0.52791
-3.10319 -0.55727
-3.02319 -0.41842
-2.94319 -0.5023
-2.86319 -0.49542
-2.78319 -0.67924
-2.70319 -0.40497
-2.62319 -0.42123
-2.54319 -0.4481
-2.46319 -0.38957
-2.38319 -0.24392
-2.30319 -0.39468
-2.22319 -0.27361
-2.14319 -0.33393
-2.06319 -0.26542
-1.98319 -0.08777
-1.90319 -0.37744
-1.82319 -0.01643
-1.74319 -0.05473
-1.66319 0.008861
-1.58319 -0.09968
-1.50319 0.090492
-1.42319 -0.04426
-1.34319 0.005322
-1.26319 0.340338
-1.18319 -0.00228
-1.10319 0.218881
-1.02319 0.174486
-0.94319 0.254025
-0.86319 0.314767
-0.78319 0.346958
-0.70319 0.499408
-0.62319 0.406023
-0.54319 0.494836
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-0.46319 0.330517
-0.38319 0.531323
-0.30319 0.274598
-0.22319 0.513126
-0.14319 0.509466
-0.06319 0.439689
0.016815 0.39868
0.096815 0.347559
0.176815 0.573732
0.256815 0.641722
0.336815 0.545771
0.416815 0.531407
0.496815 0.395529

Appendix B: Random component, link function and systematic component 

 
The generalized linear model consists of a random component, systematic component 
and link function. The link function links the random component and the systematic 
component. The response ܻ is assumed to have exponential density  

ߩ
௒ሺ௬|ఏ|థሻୀୣ୶୮൜

௬ఏି௕ሺఏሻ
௔ሺథሻ ା௖ሺ௬,థሻൠ.

 

The random component consists of	ߠ, the natural parameter, and ߶, the dispersion 
parameter. The mean of the response  ܧሺܻሻ ൌ is related to the covariates ଵܺ ߤ	 …ܺ௣ by 

݃ሺߤሻ ൌ ߟ	the systematic component. If ߟ ൌ ߙ	 ൅ ଵݔଵߚ ൅ ଶݔଶߚ ൅ ⋯൅  ௞ the systematicݔ௞ߚ
component is called the linear predictor. The function ݃ is known as the link function. 

Appendix C: SAS code, B‐spline macro  

 

/*calculate the B-spline*/ 
 
%macro b_splines(data =.,var=.,y=.); 
 
/*knots*/ 
 
proc sql; 
create table original_data as  
select  
row,  
&var. , 
&y.  
from &data.;  
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quit; 
 
data original_data_knot; 
set original_data; 
 
/*quantiles*/ 
if row in ( ; 
 
/*0.98 3.28 4.34 5.8 15.33*/ 
 
run ;  
 
proc sql; 
 select count(&var.)  
  into :num_knots 
 from original_data_knot; 
quit; 
 
proc sql; 
 select count(&var.)-1  
  into :n_knots_min_one 
 from original_data_knot; 
quit; 
 
proc sql; 
 select count(&var.)+1 
  into :n_knots_plus_one 
 from original_data_knot; 
quit; 
 
 
%DO k = 1 %TO &num_knots.;  
 
 data original_data_&k.; 
  set  original_data_knot;  
  if _N_ = &k.; 
 run; 
 
 proc sql; 
  select &var. 
   into : knot_value 
  from original_data_&k.; 
 quit; 
 
 
    proc datasets nolist nowarn nodetails; 
 delete original_data_&k.; 
 run; 
 
  data original_data; 
        set  original_data; 
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/*  if  <= &var. < &knot_value. then h_&k. = (&var. - 
&knot_value.)**3;*/ 
/*        else  h_&k. = 0;*/ 
  e&k. = &knot_value.; 
  run;  
 
%end; 
 
proc iml; 
use original_data; 
read all into xdat; 
x = xdat[,2]; 
knots = xdat[1,4:ncol(xdat)]`; 
 
/*b zero*/ 
b_zero = j(nrow(x),nrow(knots)-1,0);  
do j = 1 to nrow(x); 
do i = 1 to nrow(knots)-1; 
 if x[j,] >= knots[i,] then do; 
 if x[j,] < knots[i+1,] then b_zero[j,i]=1; 
 end; 
end; 
end; 
 
/*print b_zero;*/ 
 
/*b_one*/ 
k=0; 
m = nrow(knots); 
j = nrow(x); 
b_one = j(j,m+k,0);  
 
do j = 1 to nrow(x); 
 b_one[j,1] =  (knots[2,]-x[j,1])/(knots[2,]-
knots[1,])#b_zero[j,1] ; 
end; 
 
do j = 1 to nrow(x); 
do i = 2 to m+k-1; 
 
b_one[j,i] = 
((x[j,1] - knots[max(i-k-1,1),])/(knots[min(i,m),]-knots[max(i-k-
1,1),]))#b_zero[j,i-1]+ 
(( knots[min(i+1,m),] -x[j,1] )/(knots[min(i+1,m),]-knots[max(i-
k,1),]))#b_zero[j,i] 
;  
 
end; 
end; 
 
do j = 1 to nrow(x); 
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 b_one[j,m+k] =  (x[j,1]-knots[max(m-1,1),])/(knots[m,]-knots[(m-
1),])#b_zero[j,m+k-1] ; 
end; 
 
/*print b_one;*/ 
 
/*b_two*/ 
k=1; 
m = nrow(knots); 
j = nrow(x); 
b_two = j(j,m+k,0);  
 
do j = 1 to nrow(x); 
 b_two[j,1] =  (knots[2,]-x[j,1])/(knots[2,]-knots[1,])#b_one[j,1] 
; 
end; 
 
do j = 1 to nrow(x); 
do i = 2 to m+k-1; 
 
b_two[j,i] = 
((x[j,1] - knots[max(i-k-1,1),])/(knots[min(i,m),]-knots[max(i-k-
1,1),]))#b_one[j,i-1]+ 
(( knots[min(i+1,m),] -x[j,1] )/(knots[min(i+1,m),]-knots[max(i-
k,1),]))#b_one[j,i] 
;  
 
end; 
end; 
 
do j = 1 to nrow(x); 
 b_two[j,m+k] =  (x[j,1]-knots[max(m-1,1),])/(knots[m,]-knots[(m-
1),])#b_one[j,m+k-1] ; 
end; 
 
/*print b_two;*/ 
 
 
/*b_three*/ 
k=2; 
m = nrow(knots); 
j = nrow(x); 
b_three = j(j,m+k,0);  
 
do j = 1 to nrow(x); 
 b_three[j,1] =  (knots[2,]-x[j,1])/(knots[2,]-
knots[1,])#b_two[j,1] ; 
end; 
 
do j = 1 to nrow(x); 
do i = 2 to m+k-1; 
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b_three[j,i] = 
((x[j,1] - knots[max(i-k-1,1),])/(knots[min(i,m),]-knots[max(i-k-
1,1),]))#b_two[j,i-1]+ 
(( knots[min(i+1,m),] -x[j,1] )/(knots[min(i+1,m),]-knots[max(i-
k,1),]))#b_two[j,i] 
;  
 
end; 
end; 
 
do j = 1 to nrow(x); 
 b_three[j,m+k] =  (x[j,1]-knots[max(m-1,1),])/(knots[m,]-
knots[(m-1),])#b_two[j,m+k-1] ; 
end; 
 
/*---try ---------*/ 
 
a = inv(b_three`*b_three); 
print a; 
print b_three; 
/*call svd(U,Q,V,b_three);*/ 
 
/*do i = 1 to nrow(q);*/ 
/*if q[i,]< 0.01 then q[i,] = 0.01;*/ 
/*end;*/ 
 
/*New_b_three = U*diag(Q)*V`;*/ 
/*S = inv( I(nrow(xstd)) +  
lamda#(u`*inv(diag(Q))*v`*omega_ridge*V*inv(diag(Q))*U));*/ 
/*a  = inv(New_b_three`*New_b_three);*/ 
 
/*--------------*/ 
 
 create b_three from b_three; append from b_three;  
 
quit; 
 
%mend; 
 
/**/ 
/*omega*/ 
/*B-spline omega*/ 
 
%macro omega_bspline(data =.,var=.,y=. ); 
  
proc iml;  
use ORIGINAL_DATA ;  
read all into xdat; 
knots = xdat[1,4:ncol(xdat)]`; 
m = nrow(knots); 
 
/*a_twee - bl 151 Olshon*/ 
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a_twee = j(m,1,0); 
 
a_twee[1,] = 2/(knots[2,] - knots[1,]); 
a_twee[m,] = 2/(knots[m,] - knots[m-1,]); 
 
do k = 2 to m-1; 
a_twee[k,] = 2/(knots[K+1,] - knots[K-1,]); 
end; 
 
/*a_drie*/ 
a_drie = j(m+1,1,0); 
a_drie[1,] = 3/(knots[2,] - knots[1,]); 
a_drie[2,] = 3/(knots[3,] - knots[K-2,]); 
a_drie[m,] = 3/(knots[m,] - knots[m-2,]); 
a_drie[m+1,] = 3/(knots[m,] - knots[m-1,]); 
 
do k = 3 to m-1; 
a_drie[k,] = 3/(knots[K+1,] - knots[K-2,]); 
end; 
 
/*print a_twee a_drie;*/ 
omega_een= j(m,m,0); 
 
omega_een[1,1] = (knots[2,] - knots[1,])/3; 
omega_een[m,m] = (knots[m,] - knots[m-1,])/3; 
do k = 2 to m-1; 
 omega_een[k,k] = (knots[K+1,] - knots[K-1,])/3; 
end; 
 
do k = 1 to m-1; 
omega_een[k,k+1] = (knots[K+1,] - knots[K,])/6; 
/*is the following correct - not as in text book*/ 
omega_een[k+1,k] = (knots[K+1,] - knots[K,])/6; 
end; 
 
/*print omega_een;*/ 
 
/*omega_twee*/ 
omega_twee = j(m+1,m+1,0); 
 
 
omega_twee[1,1] =  
(a_twee[1,]##2)#(omega_een[1,1]) 
-2#(a_twee[1,])#(a_twee[1,])#(omega_een[1,1]) 
+(a_twee[1,]##2)#(omega_een[1,1]) 
; 
omega_twee[m+1,m+1] =  
(a_twee[m,]##2)#(omega_een[m,m]) 
-2#(a_twee[m,])#(a_twee[m,])#(omega_een[m,m]) 
+(a_twee[m,]##2)#(omega_een[m,m]) 
; 
do k = 2 to m; 
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omega_twee[k,k] =  
(a_twee[k-1,]##2)#(omega_een[k-1,k-1]) 
-2#(a_twee[k-1,])#(a_twee[k,])#(omega_een[k-1,k]) 
+(a_twee[k,]##2)#(omega_een[k,k]) 
; 
end; 
 
 
omega_twee[1,2]= 
 (a_twee[1,])#(a_twee[1,])#(omega_een[1,1]) 
-((a_twee[1,])##2)#(omega_een[1,1]) 
+(a_twee[1,])#(a_twee[2,])#(omega_een[1,2]) 
; 
omega_twee[2,1]=omega_twee[1,2]; 
 
omega_twee[m,m+1]= 
 (a_twee[m-1,])#(a_twee[m,])#(omega_een[m-1,m]) 
-((a_twee[m,])##2)#(omega_een[m,m]) 
+(a_twee[m,])#(a_twee[m,])#(omega_een[m,m]) 
; 
omega_twee[m+1,m]=omega_twee[m,m+1]; 
 
 
do k = 2 to m-1 ; 
omega_twee[k,k+1]= 
 (a_twee[k-1,])#(a_twee[k,])#(omega_een[k-1,k]) 
-((a_twee[k,])##2)#(omega_een[k,k]) 
+(a_twee[k,])#(a_twee[k+1,])#(omega_een[k,k+1]) 
; 
omega_twee[k+1,k]=omega_twee[k,k+1]; 
end; 
 
do k = 1 to m-1; 
omega_twee[k,k+2]= -(a_twee[k,])#(a_twee[k+1,])#(omega_een[k,k+1]); 
omega_twee[k+2,k]=omega_twee[k,k+2]; 
end; 
 
/*print omega_twee a_twee;*/ 
 
omega_drie = j(m+2,m+2,0);  
 
/*1 m+1 m+2*/ 
 
omega_drie[1,1] =  
((a_drie[1,])##2)#(omega_twee[1,1]) 
-2#(a_drie[1,])#(a_drie[1,])#(omega_twee[1,1]) 
+((a_drie[1,])##2)#(omega_twee[1,1]) 
; 
omega_drie[m+1,m+1] =  
((a_drie[m,])##2)#(omega_twee[m,m]) 
-2#(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
+((a_drie[m,])##2)#(omega_twee[m,m]) 
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; 
omega_drie[m+2,m+2] =  
((a_drie[m,])##2)#(omega_twee[m,m]) 
-2#(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
+((a_drie[m,])##2)#(omega_twee[m,m]) 
; 
 
do k = 2 to m; 
omega_drie[k,k] =  
((a_drie[k-1,])##2)#(omega_twee[k-1,k-1]) 
-2#(a_drie[k-1,])#(a_drie[k,])#(omega_twee[k-1,k]) 
+((a_drie[k,])##2)#(omega_twee[k,k]) 
; 
end; 
 
omega_drie[1,2] =  
(a_drie[1,])#(a_drie[1,])#(omega_twee[1,1]) 
-(a_drie[1,])#(a_drie[2,])#(omega_twee[1,2]) 
-((a_drie[1,])##2)#(omega_twee[1,1]) 
+(a_drie[1,])#(a_drie[2,])#(omega_twee[1,2]) 
; 
 
omega_drie[m+1,m+2] =  
(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
-(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
-((a_drie[m,])##2)#(omega_twee[m,m]) 
+(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
; 
 
omega_drie[m,m+1] =  
(a_drie[m-1,])#(a_drie[m,])#(omega_twee[m-1,m]) 
-(a_drie[m-1,])#(a_drie[m+1,])#(omega_twee[m-1,m]) 
-((a_drie[m-1,])##2)#(omega_twee[m,m]) 
+(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
; 
 
 
do k = 2 to m-1; 
omega_drie[k,k+1] =  
(a_drie[k-1,])#(a_drie[k,])#(omega_twee[k-1,k]) 
-(a_drie[k-1,])#(a_drie[k+1,])#(omega_twee[k-1,k+1]) 
-((a_drie[k-1,])##2)#(omega_twee[k,k]) 
+(a_drie[k,])#(a_drie[k+1,])#(omega_twee[k,k+1]) 
; 
omega_drie[k+1,k] = omega_drie[k,k+1]; 
end; 
 
 omega_drie[1,3]= 
 (a_drie[1,])#(a_drie[2,])#(omega_twee[2,2]) 
-(a_drie[1,])#(a_drie[2,])#(omega_twee[1,2]) 
+(a_drie[1,])#(a_drie[3,])#(omega_twee[1,3]) 
; 
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omega_drie[m,m+2]= 
 (a_drie[m-1,])#(a_drie[m,])#(omega_twee[m-1,m]) 
-(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
+(a_drie[m,])#(a_drie[m,])#(omega_twee[m,m]) 
; 
 
 omega_drie[m-1,m+1]= 
 (a_drie[m-2,])#(a_drie[m,])#(omega_twee[m-2,m]) 
-(a_drie[m-1,])#(a_drie[m,])#(omega_twee[m-1,m]) 
+(a_drie[m-1,])#(a_drie[m,])#(omega_twee[m-1,m]) 
; 
 
do k = 2 to m-2; 
 omega_drie[k,k+2]= 
 (a_drie[k-1,])#(a_drie[k+1,])#(omega_twee[k-1,k+1]) 
-(a_drie[k,])#(a_drie[k+1,])#(omega_twee[k,k+1]) 
+(a_drie[k,])#(a_drie[k+2,])#(omega_twee[k,k+2]) 
; 
omega_drie[k+2,k]=omega_drie[k,k+2]; 
end; 
 
omega_drie[m-1,m+2] =  
-(a_drie[m-1,])#(a_drie[m,])#(omega_twee[m-1,m]); 
 
do k = 1 to m-2; 
omega_drie[k,k+3] =  
-(a_drie[k,])#(a_drie[k+2,])#(omega_twee[k,k+2]) 
; 
omega_drie[k+3,k] = omega_drie[k,k+3];  
end; 
 
create omega_drie from omega_drie; append from omega_drie; 
 
quit; 
 
data omega_drie; 
set omega_drie; 
if  col1 = . then col1 = 0; 
if  col2 = . then col2 = 0; 
if  col3 = . then col3 = 0; 
if  col4 = . then col4 = 0; 
if  col5 = . then col5 = 0; 
if  col6 = . then col6 = 0; 
if  col7 = . then col7 = 0; 
/*if  col8 = . then col8 = 0;*/ 
/*if  col9 = . then col9 = 0;*/ 
/*if  col10 = . then col10 = 0;*/ 
/*if  col11 = . then col11 = 0;*/ 
/*if  col12 = . then col12 = 0;*/ 
/*if  col13 = . then col13 = 0;*/ 
/*if  col14 = . then col14 = 0;*/ 
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/*if  col15 = . then col15 = 0;*/ 
/*if  col16 = . then col16 = 0;*/ 
/*if  col17 = . then col17 = 0;*/ 
/*if  col18 = . then col18 = 0;*/ 
/*if  col19 = . then col19 = 0;*/ 
/*if  col20 = . then col20 = 0;*/ 
run; 
 
%mend; 
 
/*standardize variables */ 
%macro standardize_variable(data=.,y=.,var=.); 
 
data b; 
set &data.; 
keep &var.; 
run; 
 
proc iml ; 
use b; 
read all into A; 
 
use &data; 
read all into all_data; 
 
Standerdize_var = (A - A[:])/sqrt((((A -A[:])##2)[+,])/((nrow(A))-1)) 
;  
 
f = all_data[,1]||Standerdize_var; 
 
create standard from f [ colname = { "row" , "standard_&var." } ];  
append from f ; 
 
proc sort data =  standard; 
by row; 
run ; 
  
proc sort data = &data.; 
by row; 
run; 
 
data &data.; 
merge &data. standard; 
by row; 
run; 
 
data &data. (drop = standard_&var.) ; 
set &data.; 
&var. = standard_&var.; 
run; 
quit; 
%mend; 
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Appendix D: Logistic regression using natural cubic spline transformations on South African 

heart disease data  

 

libname examples "C:\Documents and 
Settings\a138617\Desktop\Nonparametric logistic regression"; 
 
data EXAMPLES.SAHEARTDIS; 
set EXAMPLES.SAHEARTDIS_original; 
wt=1; 
row = _n_; 
run; 
 
%macro natural_cubic_spline(data =, var = , weight = , groups = , 
output = ,y=); 
 
data _tmp1(keep = &var &weight); 
  set &data; 
run; 
 
/*create quantiles*/ 
 
proc univariate data = &data noprint; 
  var &var; 
  weight &weight; 
  output out = _tmp2 
  pctlpre = decile_ 
  pctlpts = 0 to 100 by %sysevalf(100 / &groups); 
run; 
proc contents data = _tmp2 out = _tmp3; 
run ;  
 
proc sql; 
 select count(NAME)  
  into :num 
 from _tmp3; 
quit; 
 
%DO k = 1 %TO &num.;  
 data _tmp3_&k.; 
  set  _tmp3;  
  if _N_ = &k.; 
 run; 
 
 proc sql; 
  select NAME 
   into :dec_name 
  from _tmp3_&k.; 
 quit; 
 
   proc sql; 
  select &dec_name. 
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   into :dec_value 
  from _tmp2; 
 quit; 
 
/*create cubic splines*/ 
 
data &data; 
set  &data; 
 
x = &var.; 
 
if X > &dec_value. then h&k. = (X- &dec_value.)**3; 
else h&k. = 0; 
 
e&k. = &dec_value.; 
run; 
 
%end; 
 
/*create natural cubic splines*/ 
 
data &data; 
set  &data; 
n2 = X; 
n3 = (h1-h5)/(e5-e1) - (h4-h5)/(e5-e4); 
n4 = (h2-h5)/(e5-e2) - (h4-h5)/(e5-e4); 
n5 = (h3-h5)/(e5-e3) - (h4-h5)/(e5-e4); 
run; 
 
/*regression for natural cubic splines*/ 
data regression_data; 
set &data; 
keep row &y.  n2 n3 n4 n5; 
run; 
 
proc sql; 
create table regression_data as  
select row, &y.,  n2, n3, n4, n5 
from regression_data; 
quit; 
 
proc iml ; 
 
use regression_data ; 
read all into xdat; 
 
n=nrow(xdat); 
l = ncol(xdat); 
 
x = xdat[,3:l]; 
y = xdat[,2] ; 
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/*print x y;*/ 
 
*Start the algorithm by choosing betas to be zero; 
bhi = J(ncol(x),1,0); 
print bhi; 
bhold = bhi; 
diff = 99999 ; 
 
do i = 1 to 10  until (diff < 0.000001); 
  pr1 = exp(x*bhold);*Get all the entries for the Newton Raphson 
method - y X p W; 
  pr2 = 1/(1+exp(x*bhold)) ; 
  p = pr1#pr2 ; 
 
/*print p ;*/ 
 
  w1 = p#(1-p) ; 
  w = diag(w1) ; 
/*print w ;*/ 
 
z  = x*bhold + inv(w)*(y-p); 
bhnew = inv(x`*w*x)*x`*w*z ; 
 
print i bhold bhnew; 
 
diff=abs(max(bhnew-bhold)); 
bhold=bhnew; 
end; 
 
 
/*print bh ;*/ 
yhp = x*bhnew ; 
 
h = x#bhnew`; 
/*print h;*/ 
/*print yhp;*/ 
/*print x;*/ 
/*print bh; */ 
 
 
data_p = xdat[,1] || yhp ; 
 
nm = { "row"  "yh_&var."} ; 
 
create data_y_&var. from data_p [ colname = nm ];  
append from data_p ; 
 
bk = { "1_bh1" "n2_bh2" "n3_bh3" "n4_bh4" "n5_bh5"  } ; 
create h_&var. from h [colname = bk]; 
append from h; 
 
quit; 
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proc sort data = &data.; 
by row; 
run;  
proc sort data = data_y_&var.; 
by row; 
run;  
 
data &data.; 
merge &data. (in=a) data_y_&var. (in=b); 
by row; 
run; 
 
/*clean up data set */ 
data &data.; 
set &data.; 
drop  
x 
h1 h2 h3 h4 h5 
e1 e2 e3 e4 e5 
n2 n3 n4 n5  
 
; 
run; 
 
proc gplot data = &data.; 
 plot   
   yh_&var. * &var.; 
   
run;  
 
 
%mend; 
 
 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = adiposity , 
weight = wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = age , weight = 
wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = alcohol , 
weight = wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = ldl , weight = 
wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = obesity , 
weight = wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = sbp , weight = 
wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = tobacco , 
weight = wt , groups = 4 ,output = test,y=chd); 
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var = typea , weight 
= wt , groups = 4 ,output = test,y=chd); 
/*create  binary variables with naming convension: yh_&var.*/ 
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data EXAMPLES.SAHEARTDIS; 
set EXAMPLES.SAHEARTDIS; 
 
     if famhist = "Absent"  then yh_famhist= 0; 
else if famhist = "Present" then yh_famhist= 1; 
 
run; 
 
 
 
/*logistic regression*/ 
 
%macro logistic_regression_spline(y=.,data=. ); 
/*proc contents data = &data. out= logistic_data_list;*/ 
/*run;*/ 
 
/*data logistic_data_list;*/ 
/*set logistic_data_list; */ 
/*if substrn(name,1,3) = "yh_" or name = "row" or name = "&y." ; */ 
/*keep name;*/ 
/*run ;*/ 
/**/ 
/* proc sql;*/ 
/*  select NAME*/ 
/*   into :logistic_list*/ 
/*  from logistic_data_list; */ 
/* quit;*/ 
 
proc sql; 
create table logistic_data as  
select  
row, &y., 
yh_sbp, 
yh_tobacco, 
yh_ldl, 
yh_famhist, 
yh_obesity, 
yh_age 
 
/*yh_alcohol,*/ 
/*yh_adiposity,*/ 
/*yh_typea*/ 
 
/*&logistic_list.*/ 
/*change this*/ 
from &data.;  
quit; 
 
proc iml; 
 
use logistic_data ; 
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read all into xdat; 
 
n=nrow(xdat); 
l = ncol(xdat); 
 
x = J(n,1,1) || xdat[,3:l]; 
y = xdat[,2] ; 
 
/*print x y;*/ 
 
*Start the algorithm by choosing betas to be zero; 
bhi = J(ncol(x),1,0); 
print bhi; 
bhold = bhi; 
diff = 99999 ; 
 
do i = 1 to 10  until (diff < 0.000001); 
  pr1 = exp(x*bhold);*Get all the entries for the Newton Raphson 
method - y X p W; 
  pr2 = 1/(1+exp(x*bhold)) ; 
  p = pr1#pr2 ; 
 
/*print p ;*/ 
 
  w1 = p#(1-p) ; 
  w = diag(w1) ; 
/*print w ;*/ 
 
z  = x*bhold + inv(w)*(y-p); 
bhnew = inv(x`*w*x)*x`*w*z ; 
 
print i bhold bhnew; 
 
diff=abs(max(bhnew-bhold)); 
bhold=bhnew; 
end; 
 
*Calculate the standard error with Maximum likelihood estimators; 
eq = exp(x*bhnew); 
prob = eq/(1+eq); 
compare = round(prob) || y; 
accurate= compare[,1] = compare[,2]; 
std_error= 1 - (accurate[+,]/nrow(accurate)); 
print std_error;   
 
 
/*aic and bic*/ 
 
  p   = exp(x * bhnew) / (1 + exp(x * bhnew)); 
  ll  = log(((p ## y) # ((1 - p) ## (1 - y)))[#, ]); 
  aic = 2 * nrow(bhnew) - 2 * ll; 
  bic = nrow(bhnew) * log(nrow(y)) - 2 * ll; 
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  print (ll||aic||bic) 
        [colname = {"Log Likelihood", "AIC", "BIC"} 
         format  = 8.3]; 
  
 
  /*aicc*/ 
n = nrow(y); 
aicc = aic + (2*(nrow(bhnew))*(nrow(bhnew)+1))/(n-nrow(bhnew)-1); 
print aicc n ;  
 
 
/*get correlation matrix*/ 
 
 
/*get vif*/ 
 
 
/*quashi aic*/ 
 
 
/*---------*/ 
/*create f =h*beta and draw it , create confidance intervals*/ 
f = x#bhnew`; 
predict = x * bhnew; 
/*print  bhnew;*/ 
/*print x y f;*/ 
 
 
/*create for final model selested*/ 
data_f = xdat[,1]||f||predict; 
 
nk = { "row" "beta_intercept" "yhbeta_sbp" "yhbeta_tobacco" 
"yhbeta_ldl" "yhbeta_famhist" "yhbeta_obesity" "yhbeta_age" 
"predict"}; 
 
create data_f from data_f [ colname = nk ];  
append from data_f ; 
 
quit; 
 
%mend; 
 
%logistic_regression_spline(y=chd , data=EXAMPLES.SAHEARTDIS); 
 
 
 
 
/*draw the final graphs*/ 
 
%macro draw(data); 
 
proc sort data = data_f; 
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by row; 
run; 
proc sort data = &data.; 
by row; 
run; 
data &data.; 
merge &data.(in=a) data_f; 
by row; 
if a; 
run;  
 
proc contents data = &data. out = temp noprint; 
run; 
 
data temp; 
set temp;  
if substrn(name,1,7) in ("yhbeta_"); 
keep name; 
run; 
 
proc sql; 
 select count(NAME)  
  into :num 
 from temp; 
quit; 
 
%DO k = 1 %TO &num.;  
 data temp_&k.; 
  set  temp;  
  if _N_ = &k.; 
 run; 
 proc sql; 
  select NAME 
   into :fbeta_name 
  from temp_&k.; 
 quit; 
 
%let lente = %sysfunc(length(&fbeta_name.))- 7; 
%let var = %sysfunc(substrn(&fbeta_name.,8,&lente.)); 
 
proc gplot data = &data.; 
 plot &fbeta_name. * &var.; 
run;    
 
%end; 
%mend; 
%draw(EXAMPLES.SAHEARTDIS); 
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Appendix E: SAS code, cross validation on a natural cubic spline (example 2.4) 
 
data examples.cos_data; 
set a; 
run; 
proc sort data = examples.cos_data nodupkey; 
by x; 
run; 
 
data examples.cos_data; 
set examples.cos_data; 
row = _n_; 
run; 
 
%macro natural_cubic_spline_no_knots(data =, var =  , output = ,y=); 
 
proc sql; 
create table original_data as  
select  
row,  
&var. , 
&y.  
from &data.;  
quit; 
 
proc sql; 
 select count(&var.)  
  into :num_knots 
 from original_data; 
quit; 
 
proc sql; 
 select count(&var.)-1  
  into :n_knots_min_one 
 from original_data; 
quit; 
 
proc sql; 
 select count(&var.)+1 
  into :n_knots_plus_one 
 from original_data; 
quit; 
 
 
%DO k = 1 %TO &num_knots.;  
 
 data original_data_&k.; 
  set  original_data;  
  if _N_ = &k.; 
 run; 
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 proc sql; 
  select &var. 
   into : knot_value 
  from original_data_&k.; 
 quit; 
 
 
    proc datasets nolist nowarn nodetails; 
 delete original_data_&k.; 
 run; 
 
  data &data; 
        set  &data; 
  if &var. > &knot_value. then h_&k. = (&var. - 
&knot_value.)**3; 
        else  h_&k. = 0; 
  e&k. = &knot_value.; 
  run;  
%end; 
%DO  J = 1 %TO  &num_knots.-2;  
 
 data &data; 
 set  &data; 
 n_&j. = (h_&j.- 
%sysfunc(compress(h_&num_knots.)))/(%sysfunc(compress(e&num_knots.))- 
e&j.) 
 -(%sysfunc(compress(h_&n_knots_min_one.))-
%sysfunc(compress(h_&num_knots.)))/(%sysfunc(compress(e&num_knots.)) 
 -%sysfunc(compress(e&n_knots_min_one.))); 
 run; 
%END; 
 
data &data; 
set  &data; 
%sysfunc(compress(n_&n_knots_min_one.)) = &var.; 
run; 
 
%mend; 
 
%natural_cubic_spline_no_knots(data =examples.cos_data,var = x ,output 
= test,y=y); 
 
 
/*new omega*/ 
 
%macro omega(data =.,var=.,y=. ); 
proc contents data = &data. out  = knot_names noprint; 
run; 
 
data knot_names (keep = name); 
set knot_names; 
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if substrn(name,1,1) eq "e";  
run; 
 
 proc sql; 
  select name 
   into :knotname separated by " "  
  from knot_names; 
 quit; 
 
data knot_val; 
set &data.; 
keep 
&knotname. 
; 
if _n_ = 1; 
run; 
 
 
proc iml; 
 
use knot_val; 
read all into knot_val; 
 
/*print knot_val;*/ 
 
omega = j(ncol(knot_val)-2,ncol(knot_val)-2,0); 
 
  do x= 1 to ncol(knot_val)-2; 
  do y= 1 to ncol(knot_val)-2; 
 
mx = (knot_val[,y]<>knot_val[,x]); 
mi = min(knot_val[,y]><knot_val[,x]); 
 
omega[x,y] = 
((18#(knot_val[,ncol(knot_val)-1]-mx)#(knot_val[,ncol(knot_val)-1]-
mi)##2  
+ 6#(mx-mi)##3  
- 6#(knot_val[,ncol(knot_val)-1]-mi)##3)  
+ 12#(knot_val[,ncol(knot_val)-1]-
knot_val[,y])#(knot_val[,ncol(knot_val)-1]-
knot_val[,x])#(knot_val[,ncol(knot_val)]-knot_val[,ncol(knot_val)-1])) 
/((knot_val[,ncol(knot_val)]-knot_val[,y])#(knot_val[,ncol(knot_val)]-
knot_val[,x])) 
; 
  
  end; 
  end; 
 
 
 
 
/**/ 
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/*do x= 1 to ncol(knot_val);*/ 
/*do y= 1 to ncol(knot_val);*/ 
/*if omega[x,y] = . then omega[x,y]=0;*/ 
/*end;*/ 
/*end;*/ 
 
/*put 0 's on inside - for the transformations 1 and x  */ 
 
omega = j(nrow(omega),2,0)||omega; 
omega = j(2,ncol(omega),0)//omega; 
 
create EXAMPLES.omega_male_new from omega; append from omega; 
quit; 
 
%mend; 
 
%omega(data =examples.cos_data,var=x,y=y); 
 
 
%macro iml_regression_data(data =.,var=.,y=.); 
  
proc contents data = &data. out = logistic_names  noprint;  
run ; 
 
proc sort data = logistic_names ; 
by varnum; 
run; 
 
data logistic_names; 
set logistic_names; 
where substrn(name,1,2) in ("n_" ); 
f_name = "f_"||name;  
run; 
 
proc sql; 
select name into :logitic_list separated by ',' from logistic_names;  
quit; 
 
proc sql; 
select f_name into :logitic_f_list separated by '","' from 
logistic_names;  
quit; 
 
proc sql; 
create table logistic_data as  
select  
row, &y., 
&logitic_list. 
from &data.;  
quit; 
quit; 
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%mend; 
%iml_regression_data(data =examples.cos_data,var=x,y=y); 
 
 
 
/*linear regresion */ 
%macro ncs_lamda_omega(lamda=.); 
proc iml; 
use examples.omega_male_new ; 
read all into omega; 
use logistic_data ; 
read all into xdat; 
 
/*ridge regression:*/ 
 
n=nrow(xdat); 
l = ncol(xdat); 
 
/*een x die res van die splines*/ 
/*no interceprt x is the first value then the transformations follow*/ 
 
x =   xdat[,l]||xdat[,3:l-1]; 
y = xdat[,2] ; 
/*x_leaveone = x[1:nrow(x)-1,];*/ 
 
one = j(nrow(x),1,1); 
mean_x = one`*x/n; 
 
/*x_centred = x_leaveone-one*mean_x;*/ 
 
m = nrow(x); 
one = j(nrow(x),1,1); 
mean_x = one`*x/m; 
sigma = (x-one*mean_x)`*(x-one*mean_x)/(m-1); 
std_x = sqrt(vecdiag(sigma)); 
d = diag(std_x); 
std_x = repeat(std_x`,m,1); 
xstd = j(n,1,1)||(x-one*mean_x)/std_x; 
 
omega_ridge = omega[1:nrow(omega),1:ncol(omega)];  
lamda = &lamda.; 
 
beta = inv(xstd`*xstd + lamda#omega_ridge)*xstd`*y; 
 
/*print beta;*/ 
f_sf = xstd*beta; 
fitted_SF= f_sf||xdat[1:nrow(xdat),l]; 
create fitted_SF from fitted_SF [ colname = {"f_sf" "x"}]; append from 
fitted_SF; 
 
print f_sf; 
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call svd(U,Q,V,xstd); 
 
S = inv( I(nrow(xstd)) +  
lamda#(u`*inv(diag(Q))*v`*omega_ridge*V*inv(diag(Q))*U)); 
 
f = S*y[1:nrow(y),]; 
fitted= f||xdat[1:nrow(xdat),l]; 
create fitted from fitted [ colname = {"f" "x"}]; append from fitted; 
 
/*BL 155*/ 
df = trace(S); 
eigenval_s = eigval(S); 
eigenvec_s = EIGVEC(S); 
/*print df eigenval_s eigenvEC_s;*/ 
  
/*cv bl 161*/ 
do j = 1 to ncol(s); 
CV_temp = CV_temp||((y[j,] - f[j,])/(1-s[j,j]))##2 ;   
end; 
CV = CV_temp[,+]/ncol(CV_temp); 
 
 
/* gcv - bl 244*/ 
 
do j = 1 to ncol(s); 
GCV_temp = GCV_temp||((y[j,] - f[j,])/(1-(trace(s)/ncol(s))))##2 ;   
end; 
GCV = GCV_temp[,+]/ncol(GCV_temp); 
crosval= cv||gcv||df||lamda; 
create crosval from crosval [ colname = {"cv" "gcv" "df" "lamda"}]; 
append from crosval; 
 
var= inv(x`*x); 
ci_x = 2#((vecdiag(x*var*x`))##(1/2)); 
pointwise_variance_css = vecdiag(x*var*x`); 
print pointwise_variance_css ci_x; 
  
fitted= f_sf||xdat[1:nrow(xdat),l]||pointwise_variance_css||ci_x;; 
create fitted_ci from fitted [ colname = {"f" "x" "pv" "ci"}]; append 
from fitted; 
 
quit; 
 
/*proc gplot data = fitted;*/ 
/*plot f*x;*/ 
/*run;*/ 
 
/*proc gplot data = fitted_SF;*/ 
/*plot f_sf*x;*/ 
/*run;*/ 
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/*create confidance intervals*/ 
 
%mend; 
 
 
 
 
%macro loop_ncs_lamda_omega(); 
 
data all_crosval; 
run; 
 
data L_val; 
do L =  to ; 
output; 
end; 
run; 
 
proc sql; 
 select count(L)  
  into :num 
 from L_val; 
quit; 
%DO k = 1 %TO &num.;  
 
 data L_val_&k.; 
  set  L_val; 
  if _N_ = &k.; 
 run; 
 
 proc sql; 
  select L 
   into :lamda_value 
  from L_val_&k.; 
 quit; 
 
  proc datasets nolist nowarn nodetails; 
 delete L_val_&k.; 
 run; 
 
%ncs_lamda_omega(lamda=&lamda_value.); 
 
data  all_crosval; 
set all_crosval crosval; 
run; 
 
%end; 
 
%mend; 
%loop_ncs_lamda_omega(); 
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proc gplot data = all_crosval; 
plot cv*df; 
run; 
 
/*hier*/ 
 
proc sort data =  all_crosval; 
by df; 
run; 
 
data all_crosval_24; 
set all_crosval; 
run ; 
  
data mornej.all_crosval_all; 
set all_crosval_24 all_crosval_23 all_crosval_22 all_crosval_21 
all_crosval_20 all_crosval_19 all_crosval_18 all_crosval_17 
all_crosval_16 all_crosval_15 all_crosval_14 all_crosval_13 
all_crosval_12 all_crosval_11 all_crosval_10 all_crosval_9 
all_crosval_8 all_crosval_7 all_crosval_6 all_crosval_5 all_crosval_4 
all_crosval_3  all_crosval_2 all_crosval_1 ; 
run ; 
 /*Data Source:  EXAMPLES.ALL_CROSVAL_COS_NCS */ 
 
 
proc gplot data = EXAMPLES.ALL_CROSVAL_COS_NCS; 
plot cv*df; 
run; 

 

 

 
 
 




