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Abstract

Logistic regression is a well-established technique for modeling a discrete response
variable as a function of explanatory variables. The aim of this study is to introduce
nonparametric regression using smoothing splines. Nonparametric regression yields a
more flexible way of estimating curves and provides a larger set of functions to work
from, which is not limited to a family of functions as in the parametric regression
framework.

Nonparametric regression falls into the framework of the general additive model with the
natural cubic spline as the solution to the penalised least square criterion. Models are
fitted using natural cubic splines. B-splines will be implemented due to their
computational advantages gained from their almost orthogonal structure.

Keywords:

Software, PROC IML within SAS, will be written to estimate these models.



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&
e
-

Table of Contents
N 1Y o o [V { o o TP P OO PSP PRPPRPROPIN 7
) =Y o F= o B =Tl Y o LU =Y SRR 9
21 T Ao e [U o1 4 o] o IE PP 9
2.2 R T T = o 1Y o] o (O PP USSP PPPPPPPPP 9
2.3 BiNary lOZISTiC FEEIESSION .....uvvieeiieiieeie ettt e ettt e e e e et e e e e e eetbe e e e e e estabeeeseeesstbaeeeesenanraeeeeeennens 10
2.4 (OIT] o Tl o 1o =T SRR .11
2.5 NALUIAl CUDIC SPIINES ettt et e s e st e e s saba e s sabe e e ssabaeessabaeanans 15
2.6 3 Y ] L TSRS 17
2.7 [\To]a] o1& [a L=y A § (ol T4 =11 (o] o P PP 22
2.7.1 Nonparametric l0giStiC r@GIreSSION .....cuvieiciieecie ettt e e ere e st e e e seae e e sbe e e erntaeesraneean 23
2.8 Penalised SUM Of SQUAIES.....uuiiiiiiieeceee et estee st e s e e str e e e s te e e st e e e sasteeesntaeesnnteeesneeeanns 24
2.9 Nonparametric linear regression by using natural cubic Splines......cccceeeeeeeciveeeieeeciieeee e, 24
2.9.1 AVerage MEan SQUATEM EITON ..ccciuuiiiiiiieiiieeenieee sttt e ssieeessteeesabeessbteesssbeeessseeesnsbeeesnssaessnsenenns 26
2.9.2 Cross Validation ..c...eeeeieiieeieee ettt ettt e e 27
2.9.2.1 Selecting the ValUe Of A.........oi ittt e et te et aae e ae e ere e e 27
2.10 Nonparametric linear regression by USiNg B-SPliNES .......ccceeiviieeiiiiieiiiiee e 31
2.11 Nonparametric logistic regression by Using B-SPliNes .......ccccoccveiiviieieiiee e 34
2.12  Generalized additive MOEIS .......cocueeriiiiiiiie et st 36
Yoo 1 Tor= Y d o o 13 TP USRI 39
3.1 Logistic regression using natural cubic spline transformations on South African heart disease
[0 1 TSP P PR TUUSPRRPRPRN 39
3.2 Typical binary logistic regression on South African heart disease data.........c..ccccevvvveeeeeecnnreennnn. 47

33 Additive logistic regression on South African heart disease data by using the local scoring

F=1 = Lo T 14 o1 o o SRS 48
3.4 Comparing the three different logistic regression models..........ccocooeivcieeeeciiee e 49
3.5 Fitting a smoothing spline by using a linear regression and B-spline transformations............... 51
A PrOOFS ettt et h Rt et s r e e sreesr e e srees 53
4.1 Natural cubic spline basis fuNCtion EXPaNSION ......ccueiiiiiiiiiiii e 53
4.2 Smoothing spline by USING B-SPIINES. .......uuviieiieeee et e e ee e e 59
TR e Tol ] e o [PPSR PO PP PP PRRRPRORIN 75
REFEIEICES ...ttt sttt s e s bt e bt et s bt e s bt e e e e e s Re e s bt e Rt et s saneeneeare e reeaes 76



UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

Appendix A: Data USEd iN @XAMPIES....ccc.uiiiiiiie e et ste e see e sre e e se e e sttee e sseeessateeesnteeesnseeeensteeesseeennns 77
Appendix B: Random component, link function and systematic component........cccecceeeevieeccveeecsvee e, 79
Appendix C: SAS code, B-SPIINE MACIO ......vveeiiiiiiiieeeeecteeee e eeecrreee e e eeerreeeeeeeeatreeeeessasaeeeeeesnsraseeeesenssreneens 79
Appendix D: Logistic regression using natural cubic spline transformations on South African heart

Lo TRy =T Y= o - | - P 89
Appendix E: SAS code, cross validation on a natural cubic spline (example 2.4) .....ccccoveevcieeeccieecvieeeenen, 97
LT U T Y o] 113 YR 7
[H T I €] (o] o - T =Y | RO UPRRRRP 11
FISUIe 3 PieCEWISE CONSTANT ...uuiiiiiiiiiiiieiiiiee e e eeessse et e e e e e e e eae e e s e e s s s s asaasbbbeeeaaeaeeaeeaaeaaaeseesssennnnnen 12
FISUIE 4 PiECEWISE LIN@AT...uuuiiiiiiiiiiiiieiieeiii ettt et e ettt e e e e e e s s s s s s s s e b baeebe e e ereeaeeeeeeeseeessessssnssnnnns 12
Figure 5 Truncated piecewise linear basis FUNCLIONS .......cooviiiiiiiii i 13
Figure 6 Piecewise-linear Basis FUNCLION ........ccviiiiiee i eiiee et erteeeste e e sete e e s tee e e saae e e eeaae s snnaeesnnnaeesnnneas 13
FIBUIE 7 CUDIC SPIINE ceveeeeei ettt e e et e e e e e ettt e e e e e e s aabeeeeeeesabaeeeeeeennsraeeeeeeensreeeeesansns aens 14
Figure 8 Pointwise variance — Cubic spline vs. Natural Cubic spline ........ccccovieeiiicciiiiee e, 15
FIgure 9 Natural CUBIC SPINE ...uiii et e et e e e e e e ttbe e e e e e e s abareeeeeesanbreeeeesennrreees 17
Figure 10 B-Splines Order D10 3 ... .cii i iieeeeitee ettt ettt e st e e s be e e sbbe e e sabaeessabeeessasaesnabeeessaseeesnsees 20
T~ U L= =T 2 R o 11 VSRR 21
Figure 12 Fitted B-spline (EXAamMPIE 2.3) .ouiiiiieiie ettt ettt stee et e s te ettt e e be e sate e aaeebaeenbaeeneas 21
= (UL =3 B T g 0 To Yo 1 o LY o] 1 o SR 33
Figure 14 Systolic blood pressure, Degrees of Freedom ........ccoceeriiriieiieenieeneceiee e 36
Figure 15 f(Systolic blood pressure) VS. SBP ........ccciiiiiiiieeiiie e ccieee e ette e etee e ette e e stra e e s eave s esatae e eaabeeeetaeeennreas 36
Figure 16 Logistic regression using natural cubic spline transformations........cccccovveeeeeieciiveeeeeecciveee e 44
Figure 17 NON-HNEar Variables..........eeei oottt e et e e e e e tae e e e e e s aae e e e e e esnsnaeeeeseennnrnns 50
Figure 18 Male — Cross validation vs. Degrees of Freedom........cccceevveeeiiiieiviiee et 51
Figure 19 Female — Cross validation vs. degrees of Freedom.......ccoovveiiiiiiiinieeiiniie e 52
Figure 20 Relative change in SPINal BIMID .......c.ueiiiiiie ettt e tre e e saee e s s raee s snna e e e sanae e enneeas 52
Table 1 Data POINtS fOr B-SPliNE.....ccccuiiiiciie ettt et e e s re e e st e e st e e e st teeesnteeeentneesnsanes 18
Table 2 B-SPliNe CalCUIATIONS ..ceiii ettt e e et e e e e e strre e e e e e e sababeeeeeesabbaeeeeeennnrreens 20
Table 3 Cross validation, degrees of freedom and lamda (Example 2.4) .....cccoeeeeieieciieecciee e 33
Table 4 Cross validation, degrees of freedom and 1amda (SBP) ......uveveeiieiiieieiiiiiireee e 36
Table 5 South African heart disease data variable abbreviations...........ccceveiiriiiei e, 39
Table 6 South African heart disease data KNOtS ........oceiiieiriiiiiiiee e 40
Table 7 South African heart disease data beta Values.......ccceiiviiiiiiiiiiiiice e 42
Table 8 South African heart disease data variable selection........ccccceeervie i, 43
Table 9 Pointwise standard deviation ... st s s s 46
I o] ST LAY F=d ' F= TRV | LU= SN 46
Table 11 Typical logistic regression variable SEIECLION .........eeeiieciiiieiiiecieee e 48



4
y UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Que# YUNIBESITHI YA PRETORIA

Table 12 Local scoring algorithm variable selection................

Table 13 Variable comparison between three methods used
Table 14 Gini COMPAriSON ....eeveeeeciieeee e



UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

&
&

ﬂ UNIVERSITEIT VAN PRETORIA

A 4

1. Introduction

In earlier days, architects used to draw curves by hand. They made use of a tool called
a spline, also called a flexible curve, that consists of a long strip fixed in a position at a
number of points that relaxes to form and hold a smooth curve passing through those
points. The curve, say f, is then traced to paper.

http://upload.wikimedia.org/wikipedia/commons/f/fd/Spline %28PSF%29.png

Figure 1 Spline

The elasticity of the spline and the control points will cause the spline to take on the
shape that minimises the energy required for bending it between the fixed points; this
being the smoothest possible shape.

One can measure the energy strain applied to the wood by means of the following

b
f {f"(£))2dt. (1.1)

Usually, in a regression setting, the least squared criterion is minimized to solve the
regression. We will now introduce a penalty term to measure curvature when minimising
the least squared criterion. The penalised least squared criterion is

i) + 2 [[F@lan a2
j=1

with 1 a trade-off between the sum of squared criterion and the energy due to the
curvature of the function.

The above mentioned idea will be used together with logistic regression. Logistic
regression is a technique for making predictions where the dependant variable is binary
and the independent variables are continuous or discrete.
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In chapter 2 we will look at some standard techniques that will be used in later chapters.
Linear and logistic regression is revised for completeness. A cubic spline, natural cubic
splines and B-splines are described here and applied to a nonparametric regression
setting.

Chapter 3 focuses on the application of the above mentioned techniques and theory.
SAS IML programs were written to produce the examples given in this chapter from first
principles, except where it was specified otherwise. (SAS Publishers, (2004)) and (SAS
Publishers, (2006)). South African heart disease data will be used to compare Gini
coefficients between different models.

In conclusion Chapter 4 focuses on the proofs within the content of the natural cubic
splines and smoothing spline by using the B-splines.
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2. Standard Techniques

2.1 Introduction

In this chapter we will apply standard techniques that will be used in later chapters.
Linear- and logistic regression is revised for completeness sake. A cubic spline, natural
cubic splines and B-splines are described here and applied to a nonparametric
regression setting. The smoothing spline will be described through nonparametric
regression by using natural cubic splines as well as B-splines and the use of these in
logistic- and linear regression will be demonstrated.

Let

x= (1 xq..x):1%xk+ 1vector with x;;, i =1,..., k a set of k explanatory variables
and

B =By By -.Bi):1xk+1 avector of parameters to be estimated.

For a random sample of size n we have

Y 1 X112 - X1k
Y — E , X e 5 E aee E
Yn 1 Xn1 0 Xnk
with ¥ a column vector of n response and X a matrix with k corresponding explanatory
vectors including an intercept as first column.

It is assumed that E(Y) = Xp.

2.2 Linear regression

The conditional expectation of a response variable is modelled as a linear function in
the parameters as a function of the explanatory variables. This function can be used to
predict the outcome of variable y. The parameters are estimated by using equation
2.2.1.

Let Y is a continuous response variable, the linear regression model is given by
E(y) = Bo+ Prxi+ -+ Brx
The ordinary least square (OLS) estimates for g is given by
B=XX)XY (2.2.1)
(Hastie, Tibshirani and Friedman (2009), p.44 - 45).

9
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2.3 Binary logistic regression

The expected value of a binary response variable is modelled through a set of
explanatory variables. The model can be used to predict the outcome of an event. The
parameters in the binary logistic regression model are estimated using the iterative least
square equations as stated in equation 2.3.1.

Consider the binary variable Y,

Y = { 1if an event of interest happens
B 0 if the event does not happen

with P(Y = 1) = pimplying P(Y =0)= 1—p,p > 0.
The logistic regression model is

p
1-p

log( )= Bo+ Prxy+ -+ Brxy

with B = (B, B, ... B) a vector of regression parameters.

Consider a random sample and let

= O
o o
o o
—_—

p
0
Wom =1+ =~ 1 1]
[0
0

o
o
= O
[ —

0
be a diagonal matrix with p on the diagonal and select the vector p,x, = (p ...p) .
The iterative least square estimator for g is given by the update rule

Brow = XWX)"IXWz

where z = (XBoa + W'Y -p))  (23.1)

(Hastie, Tibshirani and Friedman (2009), p.121).

10
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2.4 Cubic splines

A spline can be expressed as a linear combination of a set of basis functions. The
whole idea behind this builds upon the idea that the set of splines forms a linear space,
which usually has some form of simple base (Grgic (2008), p.13 ).

In this paragraph we will consider global linear functions, global cubic functions,
piecewise constant functions and piecewise linear functions. A cubic spline will also be
considered.

The red line in figure 2 presents the nonlinear function, f(X) = %(X) . For this

discussion, f(X) will be considered as the true model. A random error, that is distributed
normally with a variance of 1 and a mean of 0, was added to the function to obtain data
as indicated by the blue dots. The purple line represents the fitted linear regression
function. The generated data points can be found in Appendix A of this document.

Global Linear

e Global Linear

Figure 2 Global Linear

Clearly the straight line is not a good representation of the data, and therefore also not
of f(X) (Hastie, Tibshirani and Friedman (2009), p.142).

In order to address the nonlinearity, the vector of inputs X will be replaced with
transformations (expansion), h,,(X), m =1,.., M and

M
FE) =) Fubn(0).  (241)

The function f(X) is a linear basis expansion in X transformations (expansions) on X,
while h,,(X) is the m’th transformation (expansion) of X and f,, being the coefficient of

11



h,,(X).The vector of regression parameters can be defined as g = (f; ... Bm)- Typical
transformation selections are power transformations; leading to polynomial solutions.

An improvement may be established by replacing the global fit with a localised fit. This
will be done by selecting knots which divide the definition region of X into sub regions,
representing f(X) by a separate polynomial in each sub region. In figure 3 to figure 7
knots were selected at e; = —5 and ¢, = —1 indicated with vertical green lines.

Polynomials of different degrees will be considered next, starting with a piecewise
constant function, that is h;(X) = 1. This is indicated by the purple lines, piecewise
constants, on figure 3 (Hastie, Tibshirani and Friedman (2009), p.142).

Piecewise Constant

e Piecewise Constant === Knots

Figure 3 Piecewise Constant

A piecewise linear function (Hastie, Tibshirani and Friedman (2009), p.142) is fitted
next. This entails selecting h;(x) =1 and h,(x) = x. The fitted linear lines are
represented in figure 4.

Piecewise Linear

0.7
0.5 -
03 -
0.1 *
-0.1
0.3
oy X e Ol

-7 -6 -5 -4 -3 -2 -1 0 1

e Piecewise Linear === Knots

Figure 4 Piecewise Linear
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The fitted lines in figure 3 and figure 4 are discontinuous at the knots, which is not ideal.

The discontinuities can be removed by introducing truncated piecewise linear basis
function transformations, selecting h,(X) = 1, h,(X) = X, h3(X) = (X — &), and
h,(X) = (X — &), , where t, indicates the positive part of t (Hastie, Tibshirani and
Friedman (2009), p.142). Figure 5 clearly shows that the piecewise linear
transformations are continuous.

Truncated piecewise linear basis functions

= Knots ===truncated piecewise linear basis functions

Figure 5 Truncated piecewise linear basis functions

The transformation h,(X) = (X — &), , is given in figure 6 (Hastie, Tibshirani and
Friedman (2009), p.142).

Piecewise-linear Basis Function

= Piecewise-Linear Basis Function  e==Knots

Figure 6 Piecewise-linear Basis Function

The continuous piecewise linear fit in figure 5 is not a smooth fit, which is not preferable
and can be improved by increasing the order of the local polynomial.

13



A cubic spline with knots at €; and ¢, is suggested (Hastie, Tibshirani and Friedman
(2009), p.143).

This involves using the following transformations (basis functions):
hh(X)=1, h,(X) = X, h3(X):X2,
hy(X) = X3, hs(X) = (X — &), he(X) = (X — &)

The resulting f(X) is indicated by the purple line in figure 7. Note that the function
f(X) is continuous in the second derivative (Hastie, Tibshirani and Friedman (2009),
p.143).

Cubic Spline

e Cubic Spline Knots

Figure 7 Cubic Spline

The fit of polynomial functions to data tends to be erratic near boundaries. This will be
measured by calculating the pointwise variance for different fits to the data.

Let Hx = [hl(X), ey hM(X)]
The pointwise variance was calculated as follows:

The variance matrix of the fitted values with a constant error variance is given by
H (H' H) 1H'o? since

cov(®,9') = cov(hb,b'h’)
= hcov(b,b" )R’
= h (h'h) 102k’
= h (h'h) 'K o2

14
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Let the pointwise variance be HX ((HX\)TH*)=1(H*)T.

The pointwise variance, for the cubic spline in figure 7, is indicated by the blue line in
figure 8. The variance increases dramatically below the knot e, = —5 and above the
knot e, = —1 . The pointwise variance for the natural cubic spline that is described in
section 2.5, is lower in the boundary areas if compared to that of the cubic spline. The
natural cubic spline will therefore be used instead of the cubic spline (Hastie, Tibshirani
and Friedman (2009), p.145).

Pointwise Variance
Cubic Spline vs. Natural Cubicspline

0.4

W |
R )

Pointwise Variance

0.0 :
7 6 5 4 -3 2 1 0 1
—— Pointwise variance Cubic Spline Pointwise variance Natural Cubic Spline
—— Pointwise variance Global Linear —=— Pointwise Variance Truncated piecewise linear

Figure 8 Pointwise variance — Cubic spline vs. Natural Cubic spline

2.5 Natural cubic splines

The natural cubic spline is a cubic spline which is continuous and has continuous first
and second derivatives, but with the additional boundary constraints. The additional
constraints require that the function is linear beyond the boundary knots.

The basis functions transformation of the natural cubic spline are
hMX)=1, h,X) =X,
for order 1 and 2, and
hies2(X) = dpe(X) — dig_1(X)

for order 3 and higher where

15
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4,00 = - g")j — EX ik (2.5.1)
K k

(Hastie, Tibshirani and Friedman (2009), p.145).

Example 2.1

A multiple regression was fitted on h, (X) to h,(X) in order to obtain the natural cubic
spline fit. These basis functions were applied to a dataset containing 94 observations
(as previously used in figure 2 to figure 5 and figure 7).

The natural cubic spline transformation was applied to the data using the knots ¢; =
—6.8,¢, = =5, = —1,and g, = 0.5 . The knots &, and ¢, are boundary knots.

The basis transformations are:
h1(X) = 1;h2(X)=X
h;(X)  =d;(X) —d3(X)

_ (X—eDi-(X—ep)d _ (X—£3)F-(X-e2)

hy(X) =d,(X) — d3(X)

_ (X-g)3-(X-e4)3 _ (X-e3)3-(X-€4)3

€4—&2 €4—&3

Figure 9 shows the estimated natural cubic spline the purple line and f(X) (red line).
The estimated spline (purple line) is linear beyond the boundary knots (¢; = —6.8 and
84 - 0.5 )

16



Natural Cubic Spline
0.7

0.5

0.3

0.1

-0.1

-0.3

-0.5

-0.7
-8 -6 -4 -2 0 2

Figure 9 Natural Cubic Spline

2.6 B-splines

In this subsection we will introduce a superior and well-conditioned representation
where a spline will be expressed as a linear combination of a set of basis functions,
called B-splines. The whole idea behind this builds upon the fact that the set of splines
with fixed knots ¢1, ..., emforms a linear space, and as such, usually has some sort of
simple base (Grgic (2008), p.13 ).

“The B-splines are the simplest possible splines of each order and as orthogonal as
possible” (Ohlsson and Johannsen (2010) , p.108).

The B-spline transformation of order zero is:

1 ifgg<t< gy fori=1,..,m-2
Bpi(t) =11 ifg<t< gy fori=m-—1 (2.6.1)
0 otherwise

The B-splines of order k + 1 are:

&

—t
Brs1,1(t) = 5 By,1(t) (2.6.2)

82_

t—Emax(i-k-1,1) By () + €min(i+1,m) — ¢ B, ;(t)
Ji— e

€min(i,m)) — €max(i-k—-1,1) E(min(i+1,m)) — €max(i-k,1)

Br+1,:(t) =

i=2.m+k—1  (2.63)

17
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t—¢ -1,1
Brs1m+ () = —maxm—1l Brm+k—1(t) (2.6.4)

m — €m-1
(Grgic (2008), p.14).
Example 2.2: lllustration of B-splines

The B-spline transformation will now be illustrated by choosing the 5 knots (M = 5) as
& =-5¢6,=-3,6=0,e, =3 and g5 = 5 and the data in table 1 will be used.

Table 1 Data points for B-spline

t -5 -4 -3 -2 -1 0 1 2 3 4 5
y -48 -14 2 6 4 2 6 22 56 114 202

B-splines transformation of order O are:

1 [-5,-3)
By (t) = ’
01( { otherwise
1 [-3,0)
By, (t)
02(6) {0 otherwise
1 [0,3)
By (t) =
03() {0 otherwise
1 [3,5]
By4(t) = ’
0, 4(0) {0 otherwise
B-splines of order one are (k = 0):
Bu(t) = 2= By, (1)
1,1\t) = P 0,1
B,,(t) =——Lp () + 2"
L gy — g M &~ &
Bi5(t) = Bo o (t )+
3
By 4(t) = ° Bys(t) + >
4 — &3 €5 — &4
t—&,
B, :(t) = By 4 (t
150 =, Boa(®)

B-splines of order two are (k =

1):

18
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B, (t)=2"Cp 1
210t = o, P
B,, )= ©)+2"1p @)
2201) = g P g, 12
t_gl (“:4_t
B t) = B t) + B t
2(8) = = Bua(0) + e Bus(0)
t_gz Ss_t
B t) = B t) + B t
() = = B (0) 4 S B(©)
B,.(t)=—2p . )+2"tp (1)
2s\t) = P g, 18
t_g4
B t) = B t
2,6(t) &5 — &, 15(t)
B-splines of order 3 are (k = 2):
B, ()=2"tp ()
st = g, e
t_gl 83 _t
B.,(t) = B, (t) + B, (t
32(t) P— 2,1(t) P— 22(t)
B..(t)=—2p )+ "tp (@)
3all) = o ¢, P23 e g, 2

t—e¢
Bs;(t) = o — 2, :4 By6(t)

Table 2 presents numerical B-spline values for the dataset

(where b01 represents the parameter f, ; etc. in table 2)

19
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Table 2 B-spline calculations
t y b01 b02 b03 bo4 b1l b12 b13 b14 b15
-5 -48 1 0 0 0 1 0 0 0 0
-4 -14 1] 0| 0 0 0.5 0.5 0 0 0
-3 2 0 1 0 0 0 1 0 0 0
-2 6 0 1 0 0 0] 0.666667| 0.333333 0 0
-1 4 0 1 0 0 0] 0.333333 0.666667 0 0
0 2 0 0| 1 0 0| 0 1 0 0|
1 6 0 0 1 0 0 0] 0.666667| 0.333333 0
2 22 0 0| 1 0 0| 0] 0.333333| 0.666667 0
3 56 0 0| 0 1] 0| 0 0 1] 0|
4 114 0 0 0 1 0 0 0 0.5 0.5
5 202 0 0| 0 1] 0| 0 0 0 1
b21 b22 b23 b24 b25 b26 b31 b32 b33 b34 b35 b36 b37

1 0 0 0| 0 0 1 0 0 0 0| 0 0

0.25 0.65 0.1 0 0 0 0.125 0.645 0.2175 0.0125 0| 0 0
0 0.6 0.4 0 0 0 0 0.36 0.54 0.1 0 0 0
0| 0.266667| 0.677778| 0.055556 0 0 0] 0.106667| 0.583611]| 0.302778| 0.006944 0 0
0] 0.066667| 0.711111] 0.222222 0 0 0| 0.013333( 0.408889| 0.522222| 0.055556 0 0
0 0 0.5 0.5 0 0 0| 0| 0.1875 0.625] 0.1875 0 0
0 0] 0.222222| 0.711111] 0.066667 0 0 0] 0.055556| 0.522222| 0.408889| 0.013333 0
0 0] 0.055556| 0.677778| 0.266667 0 0| 0| 0.006944| 0.302778| 0.583611| 0.106667 0
0 0 0 0.4 0.6 0 0 0 0 0.1 0.54 0.36 0
0 0 0 0.1 0.65 0.25 0| 0 0] 0.0125] 0.2175 0.645 0.125
0 0 0 0 0 1 0 0 0 0 0 0 1

The calculated B-splines of order 0, 1, 2 and 3 are sketched in figure 10 (Grgic (2008),
p.15).

210rder0
¥ Y
0-8 | —=h12
==h01
=li=h13
& =ll=h02
B b14
b03
=e=bh11
b =104
=H=h15
6 a Py 0 2 " 6 -6 -4 -2 0 2 4 6
“ Order3
=—=h32
b2 =fi=b33
—==]25 b34
=He=h26 b3s
9=b21 =He=h36
—=]22 b37
1
=023 b3
-6 -4 2 0 2 4 6

Figure 10 B-splines order 0 to 3
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Note the following interesting properties that generally characterise B-splines. They are
all positive and locally supported, which means that a k’th order B-spline is strictly
positive only on a part of the domain, (emax(i-k,1) » Emin(i+1,m))- 1he latter may be seen as
some sort of orthogonality and is one of the reasons that makes the B-spline
representation well-conditioned especially for calculations. Also note that the B-splines
transformations are normalized, i.e. they add up to 1 along the domain, for each order.

The B-splines were used to fit the spline in figure 11 to the data in table 1.

-6 -4 -2 0 2 4 6

250 ' ' ' ! ' 250
200 7—- 200
150 150
100 100
50 50

0 0

-50 > -50

-100 -100

Figure 11 Fitted B-spline

Example 2.3 (continuation of example 2.1)

The fitted curve to the B-spline transformed data of example 2.1 is given in figure 12.

B Spline

@B spline ==Knots

Figure 12 Fitted B-spline (Example 2.3)
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This section overviews traditional nonlinear regression, which is defined for a sample of size n
as

vi=fB x)+ ¢, i=1,..,n

with B = (B, ... Bp)" a column vector of regression parameter values and x;" = (x; ... xy) a vector
of predictors (explanatory variables) for the ith of n observations. The ith random component

g; is assumed to be independently normally distributed with mean 0 and constant variance o2,
g~NID(0,0?), (Fox (2002), p.1).

The function f(.) is assumed known and relates the predictors to the average value of the
response Y over the domain X. Multiple linear regression is a specific case of f(B,x;) = x'B.
This clearly identifies the known pre-specified linear structure as well as the fact that it is a linear
function of the parameters. In this case the estimation of (B, x;) only requires the estimation of
the regression parameters, .

The general nonparametric regression model is defined as,
yi  =fx)+ g

= f(xl-l,xiz, ...,xik) + &) i = 1, e, n

with f(x") unspecified; not known as in the case of traditional regression. It assumes
that f(x") is a smooth continuous function with the same assumptions for the errors as
traditional regression, that is £;~NID(0,5?). The estimation of the regression function f(x")
requires direct estimation rather than the estimation of parameters (Fox (2002), p.1).

Since it is difficult to fit general nonparametric regression model, more restrictive
assumptions are usually implemented. Because of the difficulties of the high
dimensional predictor space, the following structure

f(xins Xigy s Xige) = f1(xi1) + fo(xi2) + -+ fie Ceie)

is assumed which simplifies the functional form f(x;") into the linear structure of
univariate smooth functions f;(x), j = 1,..., k. The functions f;(x), j = 1,..., k are
also known as partial regression functions. The model is referred to as the additive
regression model (Fox (2002), p.1).

Variations of the additive regression model includes, for example:
e semi-parametric model y; = a + B, x;; + f2(xi2) + - + fi(xix) + &

e interaction model y; = a + fi,(xi1, Xi2) + f3(xi3) + -+ fre(xi) + &
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(Fox (2002), p.1).

Generalized nonparametric regression is an extension of additive regression models
in a similar way as linear models extend to generalized linear models. The random
component and link functions (described in Appendix B on page 81) are the same as in
generalized linear models, but the linear predictor of the generalized linear model

Ni = a+ Pixig + Paxip + -+ Brxy + & (2.7.1)

is replaced in the most general case by an unspecified smooth function f of the
predictors

N = f (i, Xigy o) Xige) -
We will now consider a more constrained case where f is the sum of smooth functions
fi g =1..k
and
N =a+ fi(xi) + f202) + -+ firl Gee), (2.7.2)

also known as the generalized additive model or generalized regression additive model,
(GAM) (Fox (2002), p.1).

2.7.1 Nonparametric logistic regression

The nonparametric logistic regression model, models the posterior probability of K
classes via linear functions in x. The model is specified in terms of K — 1 logit
transformations

<Pr(G =1|X = x)
log

Pr(G =K|X = x)) =y0+ f1(x)

(Pr(G =2|X=x)
log

Pr(G = K|X = x)) =30+ f2(x)

<Pr(G =K-1|X =x)
0

Pr(G = K|X = x) > =%g-not+ fr-1(x)

or

exp(Kyot+ fi(x)) ~ )
1+ X exp(oge+ i)' L..,K=-1
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1
1+ Y exp(oo+ fi(x))

(Hastie, Tibshirani and Friedman (2009), p.119).

Pr(G=K|X=x) =

It is known that for the case K = 2 the response variable Y has a Bernoulli distribution.
In other words, y; =1 if g;=1 (if an event occurs for the ith observation ) and y; =0 if g;
=2 (if an event does not occur for the ith observation) and let u = p(Y = 1|x;4, --., Xi)»

i = 1,...,n. Inlogistic regression u is linked to the predictors via n; =log(u/(1 — w)) =
a+ Bixi + Paxip + -+ Brxik » Which is a linear predictor.

For nonparametric logistic regression n; =log(u/(1 — u)) = a + fi(x;1) + fo(x;z) + -+
fi(xi) with f;, i =1, ..., k smooth functions, it is clear that this is a special case of the
generalized additive model.

2.8 Penalised sum of squares

Consider a set of co-ordinates (x;,y;),i =1,..., nandlet f be a function such that the
second derivative of f exists.

The penalised sum of squares criteria is defined as

Z[y,- — ()]’ + 2 f [F'odr.  (281)
=1

The first term in equation 2.8.1 is the same as that of the squared error loss function.
The second term is the roughness penalty and will penalise for the curvature of the
function. Remember the second term represents the energy into the parameter A and
can be interpreted as follows:

A = 0: f can be any function that interpolates the data,

A = oo: this is the simplest least square fit since no second order derivative can be
tolerated.

These vary from very rough functions to very smooth functions (Hastie, Tibshirani and
Friedman (2009), p.151).

2.9 Nonparametric linear regression by using natural cubic splines

The function which is the optimal solution of the penalised sum of squares is referred to
as the smoothing spline. The optimal solution is a natural cubic spline with knots at the
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unique observed values of x = x4, ..., x,, (Hastie, Tibshirani and Friedman (2009),
p.151-152).

It is proven in section 4 that the natural cubic spline, with knots at each unique observed
value, minimises the roughness penalty (Hastie and Tibshirani (1990), p.27). The
natural cubic spline can be written as

fit) = XjaaBih(x),  (29.1)

which is the natural basis function expansion. Note that there are n basis functions, h;,
j =1,...,n which correspond to the n knots; a knot at each observation.

The basis functions h, (x), ..., h,,(x) are compiled over the observation into an n x n
matrix,

h1(.x1) hn(.xl)]
hl(.xn) hn(.xn)

where x; represent the i'th observation and h;(x;) represents the j’th basis function
transformation on observation x; .

H,yn = [

V1
Lety = ( 5 ) where y;, j = 1, ...,n to the response for observation j,
Yn

x= (1 x;..x,) with, x;, i =1, ...,k a setof k explanatory variables (notice that k > n
since transformations are doneoneachx;,, i =1, ..,n),

B = (B, B ... Bi) a vector of parameters.

Let Q be an n X n matrix

Q11 Q12 an
Qo = 21 22 2n
in an -an

with Q;; = [hi(X)hj(x)dx,i = 1,...,nandj = 1,...,n

The Penalised sum of squares can be written in the natural cubic spline case in matrix
notation,

Foalyy = FC)I + AT @) dx
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2 "2
=30y = S0 B 0] + A S [E By @) dx
n 2 n ” 144
= Y0y = T B )] + A S (B Xy BiBih; "R (x)) dx
2 n 12}
=Z}l=1[)’j - ?=1ﬁjhj(x)] + AXE X BB [ R i(x) B (x)dx
=(y-HB)" (y — HB) + \B" QB
The penalised sum of square criteria estimator for g is given by
B =HH+1Q) 'HYy (2.9.2)
=HS,y (2.9.3)
with §; known as the smoother matrix (Hastie, Tibshirani and Friedman (2009), p.152).

2.9.1 Average Mean Squared error

A global measure for choosing the smoothing parameter 4 such as the average mean
squared error (MSE) will be used (Hastie and Tibshirani (1990), p.42-43).

The MSE measures the discrepancy between a function and an estimated function and
is defined as

MSE(D) = -3 E{f(x) — f ()Y,
where f; is the estimated function.
The average predicted squared error (PSE) is given by
PSE(1) = S E(Y, = f ()}
Let
Yi=f(x)+eg andY; = f(x) + ¢,

where Y;" is a new observation at x; and not used in the determination of f. Y;" is
independent of Y; since the observations are independent; therefore we have ¢;
independent of ¢;.

MSE differs from PSE by a constant o2 (the residual variance) since
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PSE() =21yn E(yv — F(x))?

_n i=1

=S¥ EQY — f() + f () — f )Y

= 19 [BQ — G — B (Fx) - FG))

+ 2E{Y; — f(x)}E{f(x;) — f(x)}] since f(x;) is independent of ;"

= S E{f () + & — FOY — E{f (x)) — f(x)}?] since E(¢f) = 0 and E(z;) = 0

= 1NN B - EUG) — Fx)Y)

=13 07 4 150 B(f(x) - fG)Y

=02+ MSE(})

2.9.2 Cross validation

Cross validation (CV) is a jackknife type of estimator for PSE. CV is obtained by leaving
observation i out in calculating the estimate f~i(x) for f(x). The estimate f~i(x) is
based on the remaining n — 1 points. Note that f~(x;) is an estimate of y; and f~i(x;)
is obtained by not including (x;, y;).

2.9.2.1 Selecting the value of A

Let f; be an estimation for f obtained under the penalized sum of squares. Indicate the
cross validation measure with

1% g
V) == i @)
i=1

which is an estimate for PSE. By considering CV (1) over a range of A values, the 4
minimizing CV (1) should be selected. To see this we note that

E{Y,— i) =EMi—fl)+ fe) - fii )Y
=02+ E{f(x) — f'(x) ¥
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The cross product term in E{Y; — f(x)}E{f (x;) — f; ‘(x;) } is zero since fi'(x;) doesn't
involve Y;. Similarly it can be shown that E{Y;" — f;"(x;) }2 =a? + E{f(x)) — fr(x)}>?.

Following this we assume that f'(x;) ~ f;(x;); leading to CV(1) ~ PSE(1) .

It is possible to determine £;(x;) from f;(x;) by means of a correcting factor. The
correcting factor depends only on §;.

Since S, is constant preserving, thatis $31 = 1 or }IL; S;; = 1, if S;; is the (i, j) element
of §,. The fit, f'(x;), is obtained when the weight for the ith observation is set to zero

and the remaining weights are increased such that the sum of these weights equal one
(Hastie and Tibshirani (1990), p.46).

Since X7-1 Sijn) = 1 — Sii(a), the correcting factor (increasing factor) should be defined
JE
1 n S _
Siiay thus 2.1 1-Suay

as

J#i
Since S, is a smoother we have

n

. S;i
Fo )
fitx) = 1-5. _US” Yj
= ii(A)
J#i

from which follows

n
i) (1= Sugy) = z Sij) Vi
=

J#i

i) = XaSiioy i + Suanfi H(x)-

J#i

This holds for a cubic smoothing spline as well (Hastie and Tibshirani (1990), 47). To
see that this holds for a cubic smoothing spline, suppose that £;"* minimizes the
penalised least squares equation

> 05— 9GP+ A [ (g’ @) dx
=1

i#j
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for sample size n — 1 and suppose we add the point {x;, f;'(x;) }. Then £ results in
the same value and once again minimise

Yy — 9(x)}* + A [{g (x)} dx for the sample of size n.

i#j
Combining f3(x;) = X711 S;;(D) y; + Su(y; and f7'(x) = Xie1 Sij ¥; + Suan i (xi)
Jj#i J#i
we have

i) =Xl Sy + S ()

JE

= fx) — Sy + SuWF (x).

i) = A06) + S ) — Suyi + yi — vi

Adding y; on both sides, and we can write

— ) = Sy + SuDT ) = —fl) + i
Oi = it D) = SiD @i = ') ==l +y;
i = i) =S = ') =y~ falxd)
(1 =S = f (=) =y~ f0x)
i — fitx)) = (ylj—lg)))

The fitting statistics for f;‘(x;) can be computed from the fit f;(x;) and S;;(1) . We do
not have to remove the ith point and re-compute the fit £, to obtain fitting statistics.

The cross validation measure can therefore be computed from f; by substituting this
back into the cross validation sum of square to get

VD =iy - fie )

n

1 fo(x)
;z {(1 SLL(A))} (2.9.2.1.1)

i=
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(Hastie and Tibshirani (1990), p.46-48).

The degrees of freedom is the sum of the eigen values of §;, and gives an indication of
the amount of fitting that S, does (Hastie and Tibshirani (1990), p.52).

To find the eigenvalue decomposition of §; we will write S; in Reinch form. The smooth
S;=H(HH+1Q) 'H
where H = UDVT be the singular value decomposition of H.
Since H is a square N x N matrix, U an orthogonal matrix hence invertible with U~ =
U
S =uDV(VD*V' +1Q) VDU’
=UMD 'WVVD*VVD '+ AD-'vQVD )1 U
=U(+AD"'vQVD—H)~'U
= (UU+AUD'VQVD~1U) !
=+ AUD'VQVD~U)!
=+ AK)™! (2.9.2.1.2)
where K does not depend on 4 ,
K is positive semi-definite and we can write
K = UGU’" where = diag(g;, ..., 9n) , g is the corresponding eigenvalues of K.
The value for G is D~'V'QVD™1.
We have
S, =+ WGU )™
=U(I+ AG)™ U’
(Hastie and Tibshirani (1990), p.57).

The eigenvalues of S is p, (1) where

pr(A) = where p, (1) =1,k =1,...,n

1+Agk

and
df, = zn p() = trace(S;)  (2.9.2.13)
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(Hastie, Tibshirani and Friedman (2009), p.154).

2.10 Nonparametric linear regression by using B-splines

The B-spline basis function provides a numerically superior alternative basis to the
natural cubic spline when calculating a smoothing spline. The main feature of B-splines
is that any given basis function is nonzero over a span of at most five distinct knots. In
practise this means that the evaluation rarely gets out of hand, and resulting regression
matrix is banded. We will therefore use B-splines to calculate a smoothing spline.
(Hastie and Tibshirani (1990), p.25).

This is also indicated by (Ohlsson and Johannsen (2010), p.108) stating “The B-splines
are the simplest possible splines of each order and as orthogonal as possible”.

The natural cubic spline transformations is therfore replaced by B-spline
transformations.

The estimator for the parameter j3, is given by 8 = (B'B + 1Q)"'B’y , that is
replacing B with Hin equation 2.9.2 where B is determined as in equation 2.6.1 to
equation 2.6.4.The value for Q can be calculated as follows (Ohlsson and Johannsen
(2010) ).

Let &, ..., &, be the knots at each unique value of xeR, m < N.

Set ¢ = gpfori2m+1 and ¢ = ¢ fori <1 in Q. (These values will occur in
Q and therefore the definition)

Let
ayy=——m;k=1,..,m,
€k+1 — k-1

3
g =——""-—;k=1,....m+1.
Ek+1 — k-2

The values in Q is equal to 0 except for the following cases:

€k+1 — €k-1

k=1,...,m;
3 m

Qlk,k =

Ek+1 — &k
Q1k,k+1 = Q11<+1,k = 6 k=1,..,m—1,

_ .2 2
Qopre = a3 k—1Q1k-1k-1 — 282 k-132xQ1k-1k T a2k Q1kk
k=1,..m+1,
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Qoprr1 = Qakr1ke = a2k-132xQur—16 — a%,kglk,k + azraz k41 Qukk+1
k=1,..m,

Qa2 = Qarszxe = —A282k41Qupkkss K=1,...,m—1,
Qi = a5 -1 Qak—1k-1 — 283 k-133)% Vak—14 + a5 Qo i
k=1,.., m+ 2,

Qa1 = Qarrre = agk-1a3xQ2k-1,6 — A3 k-133k+1 Q2k—1k+1
— a3, Qape e + a3 a3 k41 2k je+1

k=1,... m+1,

Qsp etz = Wrazk = Azp-1 341 Q2k-1k+1 — A3k A3 k412 k41
Fazase+2Qy 1, T A3k Az jer1 Qaiciert
k=1,.. m,
Qkpes = Qakas e = ~A3kA3k42Q,, ,,, k=1, m =1
Example 2.4 (continuation of example 2.3)

The same data as in example 2.3 are used to fit a nonparametric linear regression by
using B-splines on equal distant data (Hastie, Tibshirani and Friedman (2009), p.159).

Note that for this example equal distant knots are used.

Let Y, taking on value 0 or 1, be a binary variable and let X be a set of explanatory
variables. The odds for Y = 1 is then

P(Y =1|X = x)
PY=0|X=x)"

The value of 1 was varied between 0.1 and 1 in intervals of 0.001. The CV, is plotted
against df; in figure 13. The graph shows that the minimum cross validation value
occurs where the degrees of freedom is 6 (when rounded). The resulting f(X) from the
regression is indicated by the purple line. The smoothing spline df = 6 graph in figure
13 shows the smooth purple line where degrees of freedom is 6. The smooth purple line
is close to the actual simulated function (the red line).
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The smoothing spline df = 14 graph in figure 13 shows the fit when the degrees of
freedom is 14. One can see that the purple line starts to follow the data (blue dots) , as

seen by the curvature influenced by local data point. The smoothing spline df = 4 graph

on figure 13 shows the fit when degrees of freedom of 4 was used indicating under

fitting.

The values for CV; and A for df) = 4, df; = 6 and df; = 14 are given in table 3.

Table 3 Cross validation, degrees of freedom and lamda (Example 2.4)

A dfy v,
1.491 4 0.01004
0.318 6 0.00928

0.0115 14 0.01039

Figure 13 shows the fits for the different selections in table 3.

0.00965
0.00960
0.00955

s

2 0.00950

=

5 0.00945

(7]
§ 0.00940

© 0.00935
0.00930
0.00925

Cross validation vs. Degrees of freedom

\
\
\
\

Degrees of Freedom

Smoothing spline, df =6

Smoothing spline, df =14

Figure 13 Smoothing spline

Smoothing spline, df =4
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2.11 Nonparametric logistic regression by using B-splines

In section 2.10 smoothing splines were fitted to continuous data. In this section the
outcome variable will be binary discrete variable. A logistic regression approach will be
followed to fit a smoothing spline.

The nonparametric logistic regression model is given by

Pr(Y =1|X =x)\ _
I\prr=ox=n) = /®
which implies
of @)

PI'(Y = 1|X = X) = m = p(X)

The penalised log likelihood, for a random sample of n observations, is
WD =¥, yilogp(xy) + (1 — y)log(1 —p(x)) — 54 [{f" (D} dt

f(x) f(x) 1 17}
= 2 yilog (i) + (1= ylog(l —(ge)) — 3 A S (O dt

= S, yilog (o) + (1 - y)log((rar)) — 22 S (O} dt

) (14ef@ 1 1 .
= 2 yilog (=) + log((rm)) — 3 A S U (DY dt

= YL, y;log(ef®) —log((1 + e/ @) —~A [{f" ()} dt

= Y1, yif () —log((1 + /@) — A [{f" (O} dt.  (2.11.1)

B-splines were used to represent f(x) in equation 2.11.1. Let Yy, be a vector of
n binary responses and B a matrix containing the values of the B-spline transformations
on X.

As in section 2.10 the matrix Q is calculated.

Due to the way the B-splines are defined, the matrices BWB and Q are banded, which
simplifies the numerical solution of the linear equation system. W is described in section
2.3. We will solve the regression parameters by using

(BWB + 1Q) B = BWy. (2.11.2)
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(Ohlsson and Johannsen (2010) , p.110)
The derivatives I(f, 1) are

d(l(h))
do

=B(y —p) — QB

0B _  prrp
pagt = ~BWB-10.

From which the Newton Rhapson update rule it follows that

Brew = Powa + (BWB +10)"'H (y — p)
= (BWB +2Q) "' BW (BB, + W'y — )
= (BWB +1Q)"'BWz

where z = Bf,,; + W 1(y — p). (2.11.3)

The cross validation is given by
1S yi— f@
CVy = NwiZ(yl—_l,)Z. (2.11.4)
1

The smoother matrix is §; = B(BWB + 1Q)"'B'W with effective degree of freedom
df, = trace(S;) .

The following example from (Hastie and Tibshirani (1987), p.261) show how to fit a
nonparametric binary logistic regression by means of a smoothing spline. B-splines will
be used to fit a smoothing spline on nonequal distant data.

A smoothing spline was fitted to systolic blood pressure (SBP) on the South African
heart disease dataset (This data set is described on page 38). The coronary heart
disease variable is binary and will be used as the response.

The cross validation criteruim was calculated by varying A from 0.0001 to 1 in steps of
0.0001.The region around the minimum of the cross validation is plotted against the
degrees of freedom in figure 14. Table 4 contains the values for the cross validation,
degrees of freedom and A used in the smoothing spline calculation.
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Figure 14 Systolic blood pressure, Degrees of Freedom

Table 4 Cross validation, degrees of freedom and lamda (SBP)

Variable A cv df
sbp 0.89361 | 0.071031 3

The confidence interval band for the smoothing spline fitted is plotted in figure 15 using

CI = f(X) + 2(Diagonal/ (X(X'WX)~1X") ).

Figure 15 shows the resulting smoothing spline and the confidence intervals. SBP is
non linear as we can see in figure 15.

f(sbp)

Figure 15 f(Systolic blood pressure) vs. SBP

2.12 Generalized additive models

Section 2.11 described a nonparametric logistic regression by using B-splines on a
single rating variable, this idea will be extended to more than one rating variable in this
section. The algorithm that we will use for parameter estimation is called the local
scoring algorithm. The main idea behind this algorithm is to reduce the estimation
problem to the one variable case discussed in section 2.11.
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In section 2.7 we have discussed the form of the additive model that is given by
P
y = a+2fj(xj)+s
j=1

(Hastie, Tibshirani and Friedman (2009), p.297).
The minimiser of the penalised sum of squares,

N

14 2 14
PRSS(a, fi, .. fy) = z yi—a— ij(xij) + z,y-ffj" t)2dt,  (2.12.1)
j=1 j=1

=1

is an additive cubic spline model. Each of the functions f; is a cubic spline in the
component X;. Knots will be selected at each of the unique values of x;;, i =1, ..., N.

To solve equation 2.12.1 we will assume that I, fj(x;;) = 0.. In this case

y = average(y;).

The value for y will not change in the iterative process that will follow. Apply a cubic
smoothing spline

Sito{y;—y — Zk:ﬁjﬁc €M)

to obtain a new estimate offj. Do this for each predictor in turn, using the current
estimates of the other functions f, when computing y; —y — Zkijfk (xix)- Repeat this

process until the estimates for f] stabilizes. This process is known as the backfitting
algorithm. (Hastie, Tibshirani and Friedman (2009), p.298).

At every iterative step y;, — y — Zkijf; (xi) is used as the response variable and a
smoothing spline is fitted to estimate a new value for fj for every j. The methodology

described in section 2.10, nonparametric linear regression by using B-spline, is
repeatedly applied here.

This can be extended to the generalized additive logistic model which has the form

Pr(Y =1]X), +Zp: e
%y =ox) = 4T, lff'( j)+e
j:
(Hastie, Tibshirani and Friedman (2009), p.299).
The functions f;, ..., f, are estimated by using the local scoring algorithm:
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Compute starting values @ = log(y(1 —¥))
Define 7, = a + ij; (x;;) and p, = 1/(1 + exp(—1,))
Iterate the following:

D)

o Construct the working target variable z, = 1, + 1)

o Construct weights w; = p,(1 — p,)
o Fit an additive model to the targets z; with weights w;, using the backfitting
algorithm described above.
Continue in this fashion until the estimates for f] stabilizes.

The local scoring algorithm gives us a way to solve nonparametric logistic regression
models with multiple variables (generalized additive logistic model). This is very useful
when practical examples are considered. Example 3.1 shows that the Gini coefficient
can be increased from 56.26% to 63.5% by using “additive logistic regression using
local scoring algorithm” instead of “typical logistic regression”.

The Gini coefficient measures the discrimination between an event occurring or not
occurring. There are two reasons for the increase in Gini coefficiant. Typical logistic
regression divides variables into groups, treating values in the same interval identical.
Nonparametric logistic regression will fit a curve to the data, which causes the curve to
follow the data more closely than when intervals are used. A second reason is that non-
linearities are picked up in variables and therefore more variables are entered into the
model.
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3. Applications

SAS IML programs were written to produce the examples given in this chapter from first
principles, except where it was specified otherwise. (SAS Publishers, (2004)) and (SAS
Publishers, (2006)). Appendix C — E contains some of the macros written in IML.

We will perform a logistic regression using natural cubic spline transformations on South
African heart disease data. Then we will fit a typical logistic regression to South African
heart disease data. An additive logistic regression model will then be fitted by using the
local scoring algorithm (using PROC GAM procedure in SAS). A comparison will be
drawn between the three models (Hastie, Tibshirani and Friedman (2009), p.146-148).

The Relative spinal bone mineral density data were also used in section 3.5 to fit a
smoothing spline by using a linear regression and B-spline transformations.

3.1 Logistic regression using natural cubic spline transformations on South
African heart disease data

We will commence by doing a logistic regression using natural cubic spline
transformations on South African heart disease data.

A retrospective sample of males in a heart-disease high-risk region of the Western
Cape, South Africa were considered. Many of the coronary heart disease (CHD)
positive men have undergone blood pressure reduction treatment and other programs
to reduce their risk factors after their CHD event. In some cases the measurements
were made after these treatments. The variables and a description of the variables used
is in table 5:

Table 5 South African heart disease data variable abbreviations

Variable Description
SBP systolic blood pressure
Tobacco | cumulative tobacco (kg)

Ldl low density lipoprotein cholesterol
family history of heart disease (Present,
Famhist | Absent)

Obesity
Alcohol | current alcohol consumption

Age age at onset

CHD response, coronary heart disease
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X;. The knots used in the final model are indicated in table 6.

Table 6 South African heart disease data knots

. €41 = €20 = €31 = €41 = £5; =
X; Variable Min Qua1rt|Ie Quazrtlle Qua3rtlle Max
X4 SBP 101 124 134 148 218
X, Tobacco 0 0.05 2 5.5 31.2
X3 Ldl 0.98 3.28 4.34 5.8 15.33
X4 Obesity 14.7 22.95 25.805 28.5 46.58
X5 Age 15 31 45 55 64

A binary variable was created from x, and was called Famhist:

minary(Ramnise = { Yoot e e

The transformations done on X; for a natural cubic spline with K knots are:
hi(X) =1, h(X) =X,

hiep2 (X)) = di(Xp) — dg_1 (X))

where

d,(X) = Kizer)i = Kimeds g0 o)) | = 1,23andi=1,..,5
EKi—€ki
Non-linearities are explored in the functions using natural cubic splines. A natural cubic
spline was fitted to each of the X;’s by applying the transformations that follow to each
X;. The knots, ¢, ..., &5; differ for each X; as indicated in the above table.

ho (X)) = X;
ha(X,) = Xi —e1)i — (X — &) (M — &) — (X — &)
> €i — &1 €si ~ &4i
h (X)) = Ki—&)i — X —&)i (X — &) — (G —&)d
o €51~ &2i €51 T &4y
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Ki—&)i — Ki— &) (X —en)i — (X — &)
€i — &0 €s5i — &ai

hs(Xi) =

The model applied to the South African heart disease data was

logit(Pr(CHD|X))

= Bo + f1(SBP) + f,(TOBACCO) + f5(LDL) + f,(OBESITY) + f5(AGE) + fs(FAMHIST)

= Bo+ P1hy(SPB) + -+ + By hs(SBP) + s h,(TOBACCO) + -+ + Bghs(TOBACCO) + -+ +
+ PBohy(LDL) + -+ iy hs(LDL) + By3 hy (OBESITY) + -+ + Byghs (OBESITY) + -+ +
+B17 ho(AGE) + -+ + Boohs(AGE) + Byy Binary(FAMHIST)

= Hp.

To estimate the beta values in the above logistic regression we will create a matrix
H 462422, that is a matrix with 462 rows and 22 columns.

Let
K:ézm =hy(x;) .. hs(x) fori=1,..,5 (3.1.1)

where the rows consist of the transformations applied to the observations.

The values in the columns of the matrices K5, , ,i = 1, ..., 5 were standardised by

subtracting the mean of the column and dividing by the standard deviation of that
column.

Now
(H 462x21) =
sbp tobacco ldl obesity age ,
(La62x1  Kaeaxa Kaszxa® Kicoxa Kiezxs Kagaxa Binary(FAMHIST)462x1)

Let Y4 6241 be the observed values of CHD. CHD is a binary response variable.

Let pysax1 = exp(HB) /(1 + exp(HB)) be the vector of fitted probabilities Pr(Y|X ) for
each observation and p; be the elements of p and y; the elements of Y 46,44 for j =
1to462. Let W4e,4462 be a diagonal weight matrix with diagonal elements

Pr(Y|X) (1—-Pr(Y|X)).

The original variables were transformed and used in a standard logistic content.
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Estimate the beta values using a logistic regression with matrix H by applying iterative
least squares, using the following formulas:

Brew = (H'WH)_lH'WZ
with
z=(HByq + Wy —p).

The estimated beta values from the logistic regression is presented in table 7.

Table 7 South African heart disease data beta values

Bo -1.504
B -3.204
B2 17.395
B3 -28.701
Ba 14.476
Bs 6.063
Be -4361.516
B7 4421.662
Bs -65.107
Bo 1.660
Bio -4.186
Bi1 3.715
Biz -0.597
Bis -1.908
Bia 3.695
Bis -3.387
Pis 1.353
Bi7 4.012
Bis -9.791
Bio 8.719
Bao -1.896
P21 1.078

The Akaike information criterion (AIC) gives an indication of the amount of information
that is lost when a model is used to describe reality. The AIC decreases as the number
of parameters increase. This will discourage the model to overfit. The ideal is the model
with the minimum AIC. The technique to utilise is to remove variables one by one and
record the AIC. If the variable causes an increase in AIC the variable should be
removed from the model.
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Table 8 South African heart disease data variable selection

AIC = 2 X number of rows in beta — 2 X Log Likelihood
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The AIC statistic was used to select the variables in the table 7. All the remaining terms
in the model will cause the AIC to increase if any variable is removed from the model.
One variable at a time was removed from the full mode. The information indicated in
Table 8 shows how the AIC will increase if the variable in the model is excluded. A point
to note is that if a variable is dropped then all its transformations are excluded.

. Lik(?"hOOd Log Standard

DF | Deviance AlIC Ratlo_ T(_est Likelihood BIC error
Statistic

Full model 458.090 | 502.090 -229.045 |593.072 | 0.247
SBP 4 | 467.166 | 503.166 9.076 -233.583 | 577.606 | 0.253
P Tobacco 4 | 470477 |506.477 12.386 -235.238 |580.917 | 0.253
T—Q\, § Ldl 4 | 472.395 | 508.395 14.304 -236.197 |582.835| 0.275
& O Famhist 1 479.444 | 521.444 21.354 -239.722 | 608.291 0.288
>3 Obesity 4 | 466.237 | 502.237 8.148 -233.119 | 576.678 | 0.251
Age 4 | 481.857 | 517.857 23.768 -240.929 |592.297 | 0.271

Alcohol will be excluded if considered in table 8 since the AIC will increase if the
variable is included in the model.

For completeness the following formulas were used in the above table:

462

Log Likelihood = log{n [pj(yi) 1- pj)(l‘yf)] }

AIC = 2 X number of rows in beta — 2 X Log Likelihood

Jj=1

BIC = number of rows in beta X log(N) — 2 X Log Likelihood

The functions

Deviance = —2 X Log Likelihood

f.(SBP)

= B, h,(SPB) + -+ + B, hs(SBP)

£,(TOBACCO) = PBsh,(TOBACCO) + -+ Bghs(TOBACCO)

f3(LDL)

£, (OBESITY)

= Poh,(LDL) + -+ + By, hs(LDL)
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f:(AGE)

= B17 hy(AGE) + -+ Boohs(AGE)

fo(FAMHIST) = B,,Binary(FAMHIST)

were calculate and are displayed separately in figure 16 using a blue line against the

corresponding X value.
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Figure 16 Logistic regression using natural cubic spline transformations
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The variables obesity and SBP are nonlinear as we can see from figure 16.

The further you move from the mean the greater the variance. The red line in figure 16
moves further from the fitted function when moving away from the mean.
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The values for £ = (H WH)~! is displayed in table 9 where (B) is equal to X.

Table 9 Pointwise standard deviation

Interce pt -0.28 -0.22 -0.12 95.99 -97.43 -0.04 016 -0.18 0.05 -0.11 -005 -0.15 -0.28 -0.03
h2_sbp 0.05 1.89 -9.92 15.67 -7.51 0.50 -482.00 489.99 -844 -019 075 -083 023 0.10 -0.24 017 -002 -0.24 0.58 -046 007 -0.05
h3_sbp -0.28| -9.92 56.62 -94.79 4742 -2.12 2153.40 -2190.84 3936 075 -2.58 245 -039 -029 0.50 0.07 -0.31 0.99 -2.37 197 032 027
h4_sbp 045 1567 -9479 166.09 -86.02 2.86 -3127.61 3184.56 -59.57  -0.84 209 -095 -068 005 0.48 -1.75 122 117 272 -2.37 043 -043
h5_sbp -0220  -7.51 4742 -86.02 4571 -1.19 1405.67 -1432.36 2779 025 -012 -0.86 0.91 0.16 -0.78 155 -0.90 0.41 -0.90 083 -0.17 021
h2_tobacco -0.12 0.50 -2.12 2.86 -1.19 16.76 -14488.17 14711.59 -23834 019 -0.74 0.37 0.18 -0.31 124 -1.83 089 -0.81 220 -1.89 038 007
h3_tobacco 95.99 -482.00 2153.40 -3127.61 1405.67 -14488.17 13057566.00 -13264139.00 219520.25 -196.05 899.43 -882.19 173.54 310.67 -1137.75 1636.86 -785.28 519.03 -1498.88 134144 -288.91 -64.28
h4_tobacco -97.43 489.99 -2190.84 3184.56 -1432.36 14711.59 -13264139.00 13474032.00 -223041.80 199.41 -916.14 901.93 -179.82 -315.81 1155.81 -1662.35 797.33 -525.35 1517.84 -1359.13 293.06 65.25
h5_tobacco 154 -844 39.36 -59.57 27.79| -238.34 21952025 -223041.80 373520 -352 17.34 -2000 607 542 -19.18 2715 -12.86 7.03 -2091 1937 -448 -1.03
h2_IdlI -0.04 -0.19 0.75 -0.84 0.25 0.19 -196.05 199.41 -352/ 380 -1931 2877 -1284 -0.03 -0.04 023 -0.17 0.00 -0.11 022 -011 0.02
h3_IdlI 0.16 0.75 -2.58 2.09 -0.12 -0.74 899.43 -916.14 17.34 -19.31 10412 -161.78 7502 0.18 -0.11 -0.59 058 -0.02 0.39 -0.87 050 -0.10
h4_IdlI -0.18  -0.83 245 -0.95 -0.86 0.37 -882.19 901.93 -20.00° 28.77 -161.78 260.26 -124.50 -0.27 0.20 067 -0.69 0.16 -0.81 141 074 0.10
h5_IdlI 0.05 023 -0.39 -0.68 0.91 0.18 173.54 -179.82 6.07 -1284 75.02 -12450 6115 0.11 -0.08 -0.23 024 -0.12 047 -0.70 0.34 -0.02
h2_obesity 0.04 0.10 -0.29 0.05 0.16 -0.31 310.67 -315.81 542 -0.03 018 027 01 215 -6.30 809 -373 -043 0.90 -0.60 0.05 -0.02
h3_obesity -0.11 024 0.50 0.48 -0.78 1.24 -1137.75 1155.81 -19.18  -004 -0.11 020 -008 -6.30 1965 -26.90 13.02 0.97 -2.04 131 -008 0.06
h4_obesity 0.12 0.17 0.07 -1.75 1.55 -1.83 1636.86 -1662.35 2715 023 -0.59 067 -023 809 -2690 4001 -2064 -1.04 2.30 -1.51 0.07 -0.06
h5_obesity -0.05 -0.02 -0.31 122 -0.90 0.89 -785.28 797.33 -1286 -017 058 -0.69 024 -3.73 13.02 -2064 11.15 0.44 -1.06 073 -0.04 0.03
h2_age -0.15 024 0.99 -1.17 0.41 -0.81 519.03 -525.35 703 000 -0.02 016 -0.12 -043 0.97 -1.04 044 252 -6.68 556 -1.03 0.02
h3_age 035 058 -2.37 272 -0.90 220 -1498.88 1517.84 -2091  -0.11 039 -0.81 047  0.90 -2.04 230 -1.06 -6.68 1943 -17.18 355 -0.06
h4_age -0.28 -0.46 197 -2.37 0.83 -1.89 1341.44 -1359.13 1937 022 -0.87 141 070 -0.60 1.31 -1.51 073 556 -17.18 1692 -362 005
h5_age 0.05 007 -0.32 0.43 -0.17 0.38 -288.91 293.06 448 -0.11 050 -074 034 0.05 -0.08 007 -004 -1.03 3.55 -3.62 100 -0.01
Binary(famhist) -0.03  -0.05 0.27 -0.43 0.21 0.07 -64.28 65.25 -1.03 002 -0.10 010 -0.02 -0.02 0.06 -0.06 0.03 0.02 -0.06 0.05 -0.01 0.06

Table 10 Sigma values

The sub matrices are selected from the above matrix using the corresponding colour:

S sbp
Zyxa
o tobacco
Zyxa
a 1dl
Laxa
S obesity
Laxa
PN age
Zyxa
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The matrices K*i, i =1,...,5 were created in equation 3.1.1. The column vectors
containing the pointwise variance for the functions f, i = 1,..,5 are calculated using

covar (fl(xi)) = K*izXi(K*)T

462x1

The pointwise standard deviation is calculated using

fi(x) + 2\/covar (fl(xi)) ,i=1,..,5.
3.2 Typical binary logistic regression on South African heart disease data

We will now be fitting a typical logistic regression to South African heart disease data.

Natural cubic splines transformations were applied to each variable and the newly
created variables were entered into a logistic regression. We would like to make a
comparison to a typical logistic regression where the variables are not transformed and
a global linear fit is used.

A matrix X was created using all the x;’s on the South African heart disease data set as
colums.

Xs62x8 =

(L462x1 tobacco 46241 ldlygr1 Binary(FAMHIST) 6251 Ag€s62x1)-
Let

* B=(Bo-PBs)

o Y,62x1 be the observed values of CHD. CHD is a Binary response variable

o DPas2x1 = exp(HB) /(1 + exp(HP)) is the vector of fitted probabilities Pr(Y|X ) for
each observation

e Letp; be the elements of p and y; the elements of ¥ 465, for j = 1to 462

o Wye2xa62 be a diagonal weight matrix with diagonal elements Pr(Y|X ) (1 -
Pr(Y|X))

We will now solve the beta’s in the logistic regression by applying the following formulas
iteratively:

Lnew) = (X'WX)'XWz

with
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z = (XB(old) + Wi(y — p).
The form of the model is
logit(Pr(Chle)).

The standard error, Z-score and probability of the Z-score in table 11 are calculated
using

standard errorgy,; = \/diagonla((X‘WX)‘l)

Zg.1 = Bgx1/standard errorg,,
PZgy,1 = 2 X (1 — probnorm(abs(Z))).

The final model is
logit(Pr(Chd| X))
= By + pByitobacco + fyldl + B3 Binary(FAMHIST) + ,age
= Hp.

The fitted coefficients are shown in table 11.

Table 11 Typical logistic regression variable selection

Variable Coefficient StIaEndard Z-Score Hitelar oMl
rror of Z-score
intercept -4.204 0.498 -8.436 0.000
tobacco 0.081 0.026 3.163 0.002
Idl 0.168 0.054 3.093 0.002
Binary(FAMHIST) 0.924 0.223 4.141 0.000
age 0.044 0.010 4.520 0.000

The probability of the Z-score to be nonsignificant is high for SBP, obesity and alcohol if
entered into the above model. These variables were dropped from the model and the
new model is shown.

3.3 Additive logistic regression on South African heart disease data by using
the local scoring algorithm

We will fit an additive logistic model to the South African heart disease data by using the
local scoring algorithm described in section 2.12.
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Proc GAM in SAS was used to fit the additive logistic regression model. The AIC
statistic was used to select the variables in the model. All the remaining terms in the
model will cause the AIC to increase, if any one of the variable is removed from the
model. One variable at a time was removed from the full model and the below table
shows how the AIC will increase if the variable in the model is excluded.

Table 12 Local scoring algorithm variable selection

Likelihood

Ratio Test Log
DF Deviance AlC Statistic Likelihood BIC N
Full Model 449.24 493.235388 -224.62 566.479635 462
Sbhp 4 457.48 493.48212 8.25 -228.74 553.409231 462
Tobacco 4 468.08 504.083967 18.85 -234.04 564.011078 462
o Ldl 4 466.39 502.38521 17.15 -233.19 562.312321 462
% 3 Famhist 1 468.42 510.417761 19.18 -234.21 580.332724 462
8 % Obesity 4 457.90 493.903797 8.67 -228.95 553.830908 462
S5 Age 4 473.95 509.95001 24.71 -236.98 569.877121 462

The Gini coefficient for the above model is 63.5%.

3.4 Comparing the three different logistic regression models

A comparison will be drawn between the logistic regression using natural cubic spline
transformations, the normal logistic regression model and the additive model using the
natural scoring algorithm.

The variables included in the logistic regression model using the different approaches
are displayed in table 13.

Table 13 Variable comparison between three methods used

Variables included when using:

Global linear fit | Natural cubic splines | Local scoring algorithm
binary famhist binary famhist binary famhist
[o] Ldl Ldl
age Age Age
tobacco tobacco tobacco
obesity obesity
SBP SBP

Obesity and SBP were not included when using a Global linear fit, but included when
natural cubic splines and local scoring algorithm were fitted. The graphs for SBP and
obsesity when using natural cubic splines are given in figure 17 below
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Figure 17 Non-linear variables

We can see that their contributions are nonlinear . This explains why they were not
included when a linear fit was used.

The Gini’s coefficients were calculated for each model and compared in the below table.

Table 14 Gini comparison

Model Gini
Typical Logistic regression 56.26%
Logistic regression using Natural cubic 62.04%
splines

Additive logistic regression using local 63.5%
scoring algorithm

There is a substantial increase in the Gini coefficient when the nonparametric models
are used. This means that we will discriminate better between chd = 1 and chd =0
with the logistic regression using nonparametric models.
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3.5 Fitting a smoothing spline by using a linear regression and B-spline
transformations.

Relative spinal bone mineral density measurements on 261 North American
adolescents were considered for this analysis. Each value is the difference in relative
spinal bone mineral density measurement taken on two consecutive visits, divided by
the average. The age is the average age over the two visits. (Hastie, Tibshirani and
Friedman (2009), p.152).

The following variables are on the relative spinal bone mineral density measurements
data set and a description will follow:

idnum: identifies the child, and hence the repeat measurements
age: average age of child when measurements were taken
gender: male or female

spnbmd: relative spinal bone mineral density measurement

The cross validation was calculated and plotted against the degrees of freedom for
males and females separately.

The CV, for males is plotted against df; in figure 18. The graph shows that the minimum
CV; is equal to 0.00173986, where df; is equal to 19.29. This leads to a 4 of 0.0339 at
this point and will be used for the smoothing spline calculation for males.

Male
Cross Validation vs. Degrees of Freedom
0.001742
L 4
’0
0.0017415 g
s L 4
2 0 4
B o*
§ 0.001741 g
® *®
2 0.0017405 ;0"
£~ ol
(9]
0.00174 -
0.0017395
19 19.2 19.4 19.6 19.8 20
Degrees of Freedom

Figure 18 Male — Cross validation vs. Degrees of Freedom

The CV, for females is plotted against df; in the figure 19. The graph shows that the
minimum CV; is equal to 0.001412, where df; is equal to 20.75. This leads to a 1 of
0.0238 at this point and will be used for the smoothing spline calculation for females.
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Figure 19 Female — Cross validation vs. degrees of Freedom

A nonparametric linear regression was applied to male and female on the relative spinal
bone mineral density data to calculate smoothing splines. The smoothing splines and
data points for males and female are indicated in figure 20.

Relative Change in Spinal BMD

0.15

0.1

0.05

-0.05

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Age
male - cubic smooting spline female - cubic smoothing spline * male - data points e female - data points

Figure 20 Relative change in Spinal BMD

The graphs shows that the growth spurt for females precedes that of males by about
two years (Hastie, Tibshirani and Friedman (2009), p.152-p.153).
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4. Proofs

This chapter is for completeness sake. Some of the proofs are shown here as
referenced.

4.1 Natural cubic spline basis function expansion

The natural cubic spline was described in chapter 2 and used in chapter 3. In this
section we proof certain result regarding natural cubic splines.

Polynomial functions behave erratic near the boundaries. The variance of the cubic
spline is reduced near the boundaries knots by constraining the model to be linear
beyond the boundary knots.

A cubic spline has a 4" order polynomial basis function with K interior knots and will be
restricted by placing boundary constraints through linear restrictions on some of the
parameters.

Lemma 4.1.1 Linear boundary conditions for the natural cubic spline
(Coetzee, J. (2009), p.63)
The cubic Spline’s basis function expansion is given by

g(&) =XioBie + X, 0,(e — &)} for e € [a,b].

The boundary restrictions imposed on the Cubic Spline basis function are two linear
restrictions that ensure that the second and third derivates are zero at the boundaries
and these restrictions are

9i=0

K
=1

and

K
Z QiEi = 0.
i=1

We will now show that the second and third derivatives are zero at the boundaries.

Ensure that the second and third derivatives are equal to zero in the interval [gy, £;] by
having the following boundary conditions

B, =p3=0.
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We then have
g(©) =By + fre + XK, 6,(e —g)3 fore € [a,b].
We will now apply the boundary condition in the interval [eg, €x41]-

We see that for ¢ > & it follows that (e — )3 = (e — ¢)3.

Therefore
K
9(&) = o+ rz + ) 0i(e — &)
i=1
K
g(S) = ﬁ() + ,815 + Z 91'(5 - E'l')(é'z - ZSSi + 812)
i=1
K
g(€) =Po + e+ z 0;(e3 — 3e?%¢; + 3ee?; + €).
i=1
The terms
e3yK 6, and —3e2 YK | 0;; must equal zero.
This implies

K. 8;=0and XX, 6,c; =0whene #0.

If e = 0 we have

K
g&) =PBo+ pre+ ) 6;e2.  (4.1.1)
M)

Equation 4.1.1 has a second and third derivative equal to zero in the upper bound.
Lemma 4.1.2 Expressions for 6; and 6,_;
(Coetzee, J. (2009), p.64)

Within the context of Lemma 4.1.1.

. 01(ex-1 — &1) | O2(ek-1— &) 4. Ok-3(Ex—1 — €k—3) | Ok—2(Ex—1 — Ek—2)

0., =
K (ex — €x-1) (ex — €x-1) (ex — €k-1) (ex — €k-1)

and
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—01(ex — &1) _ 0,(ex — &2) L Ox_3(ex — €x—3) _ Ox—2(ex — €x—2)
(ex — &k-1) (ex — &k-1) (e — €k-1) (ex — &k-1)

91(—1 -

which are two expressions in terms of all the other 8's.

The above Lemma will now be proofed.

From the previous lemma YX , 6, = 0 and writing it in another form gives
Ok-1= =601 -0, —+— O3 — 0Ok, — Ok

Substitute this into ¥¥ , 6;; = 0,

01(e; —eg_1) +05(e3 —eg_q) + -+ Og_3(eg_3 — €x—1) + O (k-2 — €x—1)
+ BK(SK - gK—l) = 0

By simplifying and finding an expression for 6, we obtain

. 01(ex-1—&1) | 02(eg-1 — &) 4. Ok-—3(ex—1— €k-3) | Ok—2(Ex—1 — €x-2)

O = (ék — €x-1) (ex — €k-1) (éx — €k-1) (ék — €k-1)

In a similar way we can find and expression for 8y_;.
From X, 6, = 0 we obtain
Ok = =0, -0, —+— Og3 =05 — Ok
Substitute this into YK, 6,&; = 0 to get
01(ey — &x) + 05(e; — &x) + -+ O _3(eg—3 — &) + Og_2(ex—2 — &) + Ok (eg—1 — &¢) = 0.
By simplifying and finding an expression for 8, _,we obtain

—01(ex — &1) _ 0,(ex — &3) o Ox_3(ex — €x—3) _ Ox_2(ex — €xk—2)
(ex — &k-1) (ex — &k-1) (ex — &k-1) (ex — &k-1) .

Og-1 =

Theorem 4.1.1 The basis function expansion for the natural cubic spline
(Coetzee, J. (2009), p.66)
The cubic spline has basis function expansion

g(e) = TP o Biel + XK, 6, — £)3 for e € [a,b].

If the restrictions from Lemma 4.1.1 and Lemma 4.1.2 is imposed, this can be written as
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K-2
9(&) = BoHs (&) + BoHa(@) + ) Oty (&)
k=1

with k =1,..., K — 2 and where
Hi(e) =1, H,(e) = eand Hyy,(e) = di(e) — dg_1(€)

(e —&)i — (e — &3

€k — &

dg(e) =

Proof
The cubic spline has basis function expansion
g@©) =3 Biet + XK, 0,(e — &)3 for e € [a,b].

It is known that the natural cubic splines second and third derivative must be zero at the
boundaries to ensure the function is linear for e < &, and € > ¢

By imposing the linear restrictions and using 8, = 3 = 0 on the coefficient we obtain

g€ =Po+Pre+ O1(e =€)} +0,(e— )3 +03(e —€3)3 + -+ Ox_1(e —ex-1)} +

Ok (e — e)%.
This shows that
H () =1, H,(¢e) ==«.

Now by substituting the expression for 6,_; and 6 obtained in Lemma 4.1.2 into
g (&) we obtain

g(&) =Po+ Pre+ 01(e — &) +0,(e — )3 + 03(e —€3)3 + - Og_p (e — e _5)3

—0,(ex — &)  O,(ex — &2) Ok_3(ex — ex—3) Ox_p(ex — €x—2) 3
- - - (e — eg-1)3+
(ex —ex-1) (& — &x-1) (ex — &k-1) (ex — &k-1)
01(ex-1 — €1) | 02(€k—1 — &) Ok—3(ex-1 — €k-3) | Ox—2(Ex-1 — 51(—2)]((S P
(ex — €x-1) (ex — €x-1) (ex — €x-1) (ex — €k-1) o

— (ex—&1)(e—eg_1)3 (ex—1—€1)(e—€g)}
=By + Bre + 04[(e — €)% — +
Bo + 1€ 1[(e —e)3 Cex—tr1) Cex—tr) ]

o3 _ (ek—ep)(e—eg-1)i | (ek—1-&2)(e—ex)}
*0,[(e — £2)% (ex—€Kk-1) (ex—€K-1) ]

3 3
+0 _ 3 _ (ex—ex—2)(e—ex-1)% | (k-1—8k—2)(E—€K)}
k-2l(& — k-2)% (ex—eK-1) + (ex—€k-1) ]
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which is equivalent to

_ 3 _ 3 _ _ 3
,30 +Blg+6ik[(£ 1)y (e—eg-1)3 + (eg—1—€1)(e £K)+]

(ex—€1) (exk—¢ek-1)  (ex—€1)(ek—€K-1)

*[(5—82)1 _ (e-ex-1)} (ex-1—82)(e—ex)} ]
2lex—e;)  (ex—ex-1) = (ex—e1)(ek—ek-1)

(e—ex—2)i _ (e—ex-1)i | (ex—1—ex—2)(e—eg)3
(ek—ek—2) (ek—ek-1)  (ek—€k—2)(Ek—€K-1) "

+0k—al

or
9(&) = BoHy1(e) + BHa(e) + O1H3(e) + -+ + O Hy (€)

with k = 1,...,K — 2 and where
Hi(e) =1, Hy(¢) =¢eand Hyy,(e) = di(e) —dg_1(€)

dK(E') — (s_sk)j-__(s_sK)i.
K—¢k

Theorem 4.1.2 The basis function representation of the natural cubic spline
(Coetzee, J. (2009), p.69)
Hyy2(e) = dy(e) — dg_1(¢) and

(e —&)i — (e — &)

€k — &

dg(e) =

ensures that the second and third order derivatives of the functions is equal to zero for
£ 2 &g.

Proof
Let
1 ife>¢
I(e > = ko
(&> &) {O otherwise
Hyio(e) (e} (a0} | (ek—1—e)(E—e)

EK—Ek EK—EK-1 (ek—&r)(ek—€K-1)

(“5—‘9k)3 (E—Ek—1)3 (EK—1—€k)(5—€K)3
=—[(e>¢g,) ———I1(e> &,_ I(e > ¢
EK—Ek ( k) EK—EK-1 ( k 1) + (ex—€x)(ex—€K-1) ( k)
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. 3(e —€,)? 3(e — g,_1)>
Hona(e) = 28— o5 gy 32l o0y
€k — & Ex — €k

3(ek—1 — &) (€ — &x)?

I1(e > &)
(ex — &) (ek — €k-1) k
“ 6(s— 6(s—¢,_
H y2(e) = Ml(g > &) —MI(E > &x_1)
Ex — & €k — €k-1

6(ex—1—&k)(E—¢€Kk)
I(e > .
(ex—€x)(ex—€k-1) (e gk)

Ife > ¢, thent = ¢ + mwherem >0

H ii2(€) _ 6(ex + m — &) B 6(e +m—¢r_q)  6(eg_1 — &)(e + M — &)
€ — &k € — €k-1 (ex — &) (ex — €k-1)
_ 6[(ex — &) + m](ex — ex—1) — 6[(ex — ex—1) + m](ex — &) 6(ex—1 — &M
(ex — &) (e — €x—1) (ex — &) (e — €x-1)
_ 6m(ex — eg—1) — bm(ex — &) 6m(ex-1 — &)
(ex — &) (ex — €k-1) (ex — &x)(ex — €k-1)
= 0.

Therefore any of the basis functions of the form Hy,,,(¢) = dj(g) — dgx_,(¢) will have a
second order derivative equal to zero for ¢ > ¢.

Similarly

H\“k+2 (8) _ 6 _ 6 n 6(eg—1—¢€k)
(exk—er) (ex—¢€k-1) (ex—€r)(ek—ek-1)

— —6(eg—1—¢k) 6(Eg—1—€k)
(ex—er)(ex—€ek-1)  (ex—er)(Ex—€K-1)

= 0.

The third order derivative for these basis functions is zero for any «.
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4.2 Smoothing spline by using B-splines.

We will prove that (B WB + AQ)B = B Wy for a smoothing spline using a B-spline. Then
we will prove how to obtain the values inside the matrix omega for the smoothing spline
when a B-spline is used.

The proof of certain lemmas and theorems will be followed by the proof of the main
result.

Lemma 4.2 1
(Ohlsson and Johannsen (2010) , p.139).

Let

o u <--<u, beasetof points

* vy, ..,Yn be real numbers

e X be a set of twice continuously differentiable functions f such that f(u;) =
Viok=1,..,m

Let s € X have the property

b
f s (Xh (X)dx=0, a< uy, b> u, (4.2.1)
a

h is a twice continuous differentiable function,
we have h(uy) =0,k =1,..,m.

Then forany f € X

b b
f (s )2 < f 2, a<w,  b> un

Proof

Let h(x) = f(x) — s(x).

We have h(u,) =0,k =1,...,m and so
f b(f T0)Pdx T [ (G570 + 25" (OR" (@) + (A" ())?)dx

= [0(s"()2dx + [, (R (x))2dx > [ (s (x))?dx .

We will now look at property 4.2.1.
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Let h be twice continuously differentiable and it does not satisfy h(u,) =0,k =1..m.

Let the new notation be u, = a and u,,,,; = b. Then

f; s ()R (x)dx = lime_o X0, IZ("::E s (x)h (x)dx.Let s be four time continuous

differentiable for x # uy,..., uy,.
Use integration by parts. Do this twice to get
uk+1_e AN AN AN ~ AN ~
[ 75 R @dx = " e =R =€) = 57 Cuy+ O )
Ug+e
—5 (Ur1=€)h(Uugs1—€) =5 (ux+E)h(uy+€)

+ J.ukﬂ_e—:s(x)h(x)dx.

ug+e dx

d*s(x)_
If o

We will assume this, it will apply that s~ (x) is constant between the knots, and let €- 0.
We can now see that

0 for x #u,, ..., u, then the last integral in the above equation will disappear.

75 0OR (0)dx = TPols (wer)h (iar) — 5~ wh (uy)]
+ 7 ols (iers () = 5™ (e Hhu)]
= 5" (Ums)h (Ums) = 5" (o)A (ttg)
+ (5 e ) = 57 (e =)h(w).

If s (x) =0 for x <u; and x > u,, then equation 4.2.1 will hold when h(u,) = 0,k =
1,..,m.

Summarize the above in the following lemma:
Lemma 4.2.2
(Ohlsson and Johannsen (2010), p.140)

Let s be four times continuous differentiable, except at the points ug, ..., u,,, where it is
twice continuously differentiable. Let s satisfies the following conditions

. a*
(i) @s(x) =0forx #uy, .., Uy
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and
(i) s (x)=0forx < u; and x = u,,.

Then for any twice continuously differentiable function h and forany a < u,, b > u,,
b m
f s GOh () dx = Z deh(u)  (42.2)
a k=1

whered, = s (up +) —s (ug —).

From (i) we can see that s must be a cubic polynomial on each of the intervals (u;,

, Ur4+1) and if s is twice continuously differentiable, we can see that s must be a cubic
spline. Condition (ii) says it is natural cubic spline. Using condition (i) and (ii) we can
construct an expression for a natural cubic spline.

Use the fact that s is twice differentiable and that it satisfies (i) and (ii) in lemma 4.2.2.
From (i) it follows that s (x) is a piecewise constant between any two points u; and
U4 Using (ii), s (x) must be identically zero for x < u, and x > u,,. Now, if x #

Uq, ooy Uy

m
ST = ) ddyey (423)
k=1

with d;, as in Lemma 4.2.2.

We can see that

m m
Z d, =0, Z doug = 0.  (42.4)
k=1 kl

The first equality follows from the fact that
Z d,=s"(b) —s (a) = 0
K

where

a< u;,b> uy,.
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The second holds from ¥, d,u;, = — f; s (x)dx=s (a)—s (b) =0.

We now derive and expression from s (x) , starting from 4.2.3. The primitive function of

t = dilp<xy 18, Ifx # Uy, x = bl <y + (diX + by)ljxsy,y . For some constant by
and c. Thus, if x #uy,..,u,

m
S“(x) = Z ka{uk<x} + (dkx + Ck)I{x>uk] + a)'
k=1

for some constant a. By letting x - u; from above and below, we have, due to the
continuity of s~ (x), that b, = d,uy + c,. From this we get

m
s“(x) = z dkukl{uk<x} + (dkx)l{x>uk} + b)
k=1

where b = Y™ ¢, + a. Since for x > u,,, s (x) = Y7, d,x + b, we conclude from 4.2.4
we have

S“(X) = Z;cn=1 dkukl{uk<x} + Z;cn=1 dkxl{x>uk}
= Z;cnzl dkukl{uk<x} + X(Z’z?ﬂ dk - Z;cnzl de{x<uk})
= k=1 die(Ue — ) Iecnyy -

On the other hand

m m
s (x) = Z Al <xy + Z x>,y
k=1 k=1

m m m
= Z diuy — Z Ay sy + z X Ty
k=1 k=1 k=1

= Z;(nzl dk (X - uk) I{x>uk} .

We thus have

25“(95) = Yo di(uy — x)l{x<uk} + Ye1 die(x — uy) I{x>uk}
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m
= Z dklx — Uk
k=1

and so

m
1
s () = EZ delx —ue| . (4.2.5)
k=1

From 4.2.5 the following lemma is easily shown, using 4.2.4 again.
Lemma 4.2.3
(Ohlsson and Johannsen (2010), p.142)

Assume that the twice continuously differential functions satisfies (i) and (ii) in Lemma
4.2.2. Then

m
1
s(x) = EZ dilx —ug|®> + ag + arx (4.2.6)
k=1

for some constant a, and a,.

We have a natural cubic spline since it is twice continuously differentiable and between
the knots it is a cubic polynomial. The condition 4.2.4 implies that it is natural. The next
lemma, that uses this representation, a simple expression for the integrated squared
second derivative can be easily derived.

Lemma 4.2.4
(Ohlsson and Johannsen (2010), p.142)

With s(x) asin4.2.6
b, ~ 1
fa (s (x))*dx = 2 4j=1 Yk=1 djdkluj —u)?
Proof

Taking h =sin 4.2.2 we get
b m
f (s (x)?dx = Zd]- s()
a =
1
= 1z ;-n=1 d] E;(nzl dklu]' - uk|3 + ay E;n=1 d] + a4 Z;Zl d]u] (427)
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Thus 4.2.7 follows from 4.2.4.

We are now ready to prove the following basic result.
Theorem 4.2.1

(Ohlsson and Johannsen (2010), p.143)

For any uy, ...,u,, withu; <--- <u, and any real numbers y,, ..., y,, there exists a
unique natural cubic spline s(x), such that s(uj) =y,j=1..,m

Proof

- 3
Put e; = % By Lemma 4.2.3 we may represent natural cubic splines as in 4.2.6.

The condition s(u;) = y;, j = 1,..,m then becomes

elldl + elzdz + -+ elmdm + aO + alul == yl

6’21d1 + ezzdz + -+ ezmdm + ao + a1u2 == yz

emidy + epady + o+ emmdm + ag + AUy, = Y-

These are m equations with m + 2 unknowns, but if we add those in 4.2.4 , we get m + 2
equations. We introduce the matrix

€11 "t €1p
E = : : (4.2.8)
€n1 " Enn

dq 1 Up Y1
dm 1 Umn Ym
We may then write 4.2.8 plus 4.2.4 as
E 1 w/d y
<1‘ 0 0) (ao) = <0> . (429
u 0 0/ \q 0

If we can show that these equations have a unique solution, then the natural cubic
spline 4.2.6 with parameters d,, ..., d,,, ay, a; corresponding to the solution will be a

and the vectors
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(unigue) interpolating natural cubic spline. It suffices to show that the matrix on the left
in 4.2.9 has full rank. To do this, we show that (Using 0 to denote a vector of m zeroes)

E 1 u\/d 0
(1‘ 0 0) <a0> = (o) (4.2.10)
u 0 0/\q 0
d 0
(ao) = (0). (4.2.11)
aq 0
If 4.2.10 holds, we have

E 1 u\ /d
d a, a1)<1‘ 0 0>(a0)=0, (4.2.12)

u 0 0/ \q

implies

but if s(x)is the natural cubic spline with the parameters d,, ..., d,,,, ay, a; in 4.2.12, then
by lemma 4.2.4 and 4.2. 4

E 1 u\ /d
d a, a1)<1‘ 0 0><a0>
u 0 0/ \qy

m m m m
= z Z djdkejk + 2a0 Z d] + 2a1 Z d]u]
j Jj=1 j=1

j=1k=1
= [(s(x))%dx . (4.2.13)

But 4.2.12 and 4.2.13 put together implies that s(x) must be linear, which means that the
jumps in the third derivative, i.e. the d;, are all zero. Furthermore, using this in 4.2.8 we

get
Qo + au, = 0

ao +a1u2 == 0

ap + a;uy, = 0.

Since the points v, ...u,,are distinct, this implies that a; = a5 = 0.
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Finally, we have the results stating that among all twice differentiable functions with
given values at certain points, the interpolating natural cubic spline minimize the
integrated squared second derivative.

Theorem 4.2.2
(Ohlsson and Johannsen (2010), p.145)

Letu; < - <u,, let f(.) be any twice continuously differentiable function and let s(.)
be the natural cubic spline satisfying s(v;) = f(;), j = 1, ...,m. Then, for any a < u,
and b = uy,

b b
f (s"(x))%dx < f (F )2 dx.  (4.2.14)

Proof

It follows from Lemma 4.2.2 that s satisfies 4.2.1 for any twice differentiable h with
h(u,) = 0,k = 1, ..., m. Thus the result follows from Lemma 4.2.1.

We will proof that (B WB + 1Q) = B Wy.

We are looking for a B-splines that minimizing the penalised deviance, which is given by
b AN
A =D+ [ (F G,
a
In the normal case this is
b AR
AE) = Y W= sG) + 4 [ 5 @y,
T a
l
For a natural cubic spline, which is linear outside [z, z,,]we have
b AN Zm AN
f (s (x))%dx = J (s (x))?dx.
a Zq

Therefore only s(x), z; < x < z,,is used in the Penalised deviance. On the interval
[z1, z] We can write s(x) as

m+2

0= ) BB
=1

66



UNIVERSI
YUNIBESIT H YA PRET ORM

&
&
ﬂ UN\VERS!TEII VAN PRETORIA
. OF PRETOR
A 4

where B, (x) ... B,,4,(x) are cubic B-splines with knots z;, ..., z,,,. Using this, the
penalised deviance may be considered as a function of the parameters g4, ..., Bm4+2 and
becomes

ap = Zwl(yl Tfﬁ,B(x))ZHmmeﬁ,ﬁk 0
J=1 k=

where
Zm AN ASY
ij: J B ](.X')B k(x)dx.
Z1

The number Q;will be calculated in a later section.

To find the minimizing B4, ..., Bm+2 We calculate the partial derivative

dA

g, = ~2Zowiy: — X752 B;B; () By(x) + 2 X727 By

Letting I, denote the set of ifor which x; = z; we get

_Zzwi )’i—mzﬂﬁij(xi) B, (x;) _—ZZZWL Yi— szrZﬁ]B (zi) | Bi(zx)
i j=1 =1 i€ely
= -2 Z W ﬁ_nizﬁij(Zk) B, (z)
k=1.m j=1

— —_— 1
where Wy, = ¥, w; and ¥ = W:kziezk w; Y.

Setting the partial derivatives equal to zero we obtain the equations

m m+2 m+2

Z B (2)B(2) + A Z By
=1j

=1
= Yk=1 Wi VikBi(z), L =1,...,m + 2.
The m X (m + 2) matrix B

<B1(Zl) Bm+2(21))
B = : :
Bl(zm) Bm+2(zm)
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is introduced.

Let Wdenote the m x m diagonal matrix with w; on the main diagonal and let Q denote
the symmetric (m + 2) x (m + 2) matrix with elements Q;;. Furthermore let g and y
denote the column vectors with elements §; and yj respectively. The above may then
be written as

(BWB + 1Q)B = BWy.

Due to the way the B-splines are defined, the matrix B WB and Q are banded which
simplifies the numerical solution of the linear equation system.

We will now be defining certain ideas and then firstly proof that the B-spline is
continuous differentiable. We will then prove that the B-spline of a certain order form a
base for the spline of that order. We then compute the values in Q for the B-spline.

The start is to define a base for the step function with jumps at the knots. For k =
1,..,m—2, put

_ 1, upx <x < upyq
Box(x) = { 0, otherwise (4.2.15)
and furthermore
_ 1, uUp1<x=<uy
Bom-1(c) = { 0, otherwise (4.2.16)

The step function can be written as a linear combination of the functions B j (x).

For j = 0 we define the B-splines recursively by

X — Up_i_ Upaq1 — X
LBy () ——— B () (42.17)
k—j—1 Ug+1 — Uk+j

Bj+1,k(x) =
and4.217isequalto Oifk <Oorifk >m+j.
Let u, = yyfork < 0and u, = u,fork >m+ 1.
We can see that B; ; (x) is positive on (uy_;, u;,1) and 0 otherwise

It follows from the next proposition that B; , (x) is continuously differentiable.

Proposition 4.2.1.
Forj>1and x #uy, ..., u, that
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[+ 1 [+ 1
]—Bj,k_l(x) - ]—Bj,k(x). (4.2.18)

B\'+1 k(x) =
I k—j—1 U1 — Up—j

Uy
Proof
Forj = 0 we can seed it from the differentiating in 4.2.17.
Now assuming that 4.2.18 holds for j, we shall prove that it also holds for j + 1.

Differentiating 4.2.17 we get

— Ug—j-1

. 1 X . 1
Bjk(x) = TBj,k—l(x) + B jg-1(x) —=———— B, (x)

Up — Ug—j-1 Up — Ug—j-1 Ug+1 — Ug—j

U1 — X s
" p(x). (42.19)
U1 — Ug—j sk

By doing mathematical induction and also 4.2.17 this becomes

1 ( X — Ug_j_q

Up — X
Bj_qx—2(x) + —qu—l,k—l(x) )

U — Ug—j—1 \Uk-1 — Ug—j-1 U — Up—j
X = Up—j1 J J
+ Bj_yx—2(x) ————Bj_1x-1(x))
Upg = Ug—j—1 Ug—1 — Ug—j-1 g Ug — Ug—j !
1 X — Ug—j U1 —
- ( Bi_1k-1(x) + B;_1(x))
U1 = Ug—j Ug — Ug—j Ug+1 — Up—j+1
Up+1-x j j
. Bj_1k-1(x) = ————B;_1,(x)) .

Ug+1—Up—j =~ Ug—Uk—j Ug+1~Uk—j+1

This is simplified to become

t1 X = Ug—j-1 U — X
. . Bj_1x-2(x) + £ Bij_1x-1(x))
Uk = Upe—j-1 Uk-1 7 Uk—j-1 U — Ug—j
j+1 X — Up_; Upyq —
B L Bj_ip-1() + LB-_lk(x))
-1, i1,
U1 = Ug—j Uk = Uk Uk+1 — Ug—j+1
j+1 j+1
= ————Bj1(%) = ———B;,(x). 4.2.20
Up—Ug—j-1 )ik 1(0) Upy1—Uk—j JJ"( ) ( )

Thus 4.2.18 holds forany j > 0
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From the following proposition we will see that the cubic B-spline are twice continuous
differentiable and that the quadratic B-spline are continuous differentiable follows from
the next proposition.

Proposition 4.2.2 For j > 0 and x # uy, ..., Uy,
j+1

. j+1
B j,k—1(x) -

E ) + ("‘)
] 1,k

Bix(x). (4.221)

Proof
This follows directly from Proposition 4.2.1.

We prove the following important property before proving that the B-spline of a certain
order form a base for the spline of that order.

Proposition 4.2.3

Forany j >0
Z Bj()=1,u; Sx< up.  (4222)
k

Proof
Make use of induction. For j = 0 it is true.

Let it hold for a certain j 4.2.17 gives

_ X — Up_ i Upyp — X
Yk Biri(x)  _ Z$ Bjr—1(x) + ZL Bj . (x)
K

o Uk — Uk—j-1 Up+1 — Ug—j

X — Up_; Uprq — X
= Z# B; i (x) + ZL B; (%)
X

= Uper1 — U~ Ug+1 — Ug—j

- Z B()=1  (4223)
k

The proof of the basis theorem uses the following lemma.
Lemma 4.2.5

Suppose s(x) is a linear combination of B-splines of order j + 1,
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$G) = ) e By (¥)

k
then
. oy —OC
s(x) = Z(j + 1)k+1—k B; j (x).
= uk —Uu .

Proof
This is a consequence of Proposition 4.2.1.
Theorem 4.2.3

For a given set of knots, a spline of order j may be written as

m=j+1
SCO= ) BB
k=1
for unique constants B, ..., Bmyj-1-
Proof

Forj = 1 we may write

GO =) BBial)  (4224)
k=1

with Bk = S(uk).

The two sides of 4.2.24 coincides since they are both linear splines and agree at the
knots.

Let it hold for j > 1 and consider a spline s of order j + 1. Since s" is a spline of order j,
we can write it as

s (x) = ZﬁkBj,k-
X

Now let oc;= 0 and define ,, ..., X, j_; recursively by

Ug+1—Uk—j

Xy = &G+ e,

If we define
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m+j-1

S(x) = Z K Bjp1,1 (%),

k=1

then by lemma 4.2.5 we have S*(x) = s'(x) and S(u;) = 0. Thus, using Proposition
4.2.3.

s(x) = s(uy) + flfl s (V)dy = s(uy) + S(x)

+j-1 +j-1
= Yre?l  s(u)Bjyrr(X) + Xpei & Bipq ()

= Yl (s () + o) By e (%) -

Given that «;= 0 the coefficients «,, ..., «,,; ; are determined by the values of

B, s Pm+j—2- If we set &, to anything else it would still hold that S(x) — S(u,;) would be
determined by B, ..., Bm+j-2- Thus uniqueness for splines of degree j implies
uniqueness for splines of degree j + 1.

Computation of the Q matrix follow. Utilizing the recursion formulae derived above. Put

Ouia = [ BuicG0B G,
O = [ BB,

00 = | BaBa(d

Let uq, ..., u,, denote the knots. Recall the convention u;, = u; for k < 0 and u;, = u,,
for k = m + 1. With these in mind put

a,. _ 2 Jk=1,...,m
T U1~ Uk—1

Ay _ 3 Jk=1,...,m+ 1.

TUpgp1—Ug—2

The following proposition describes how to compute the Q matrix. Note that, due to the
convention Bj, =0 for k < 0and k = m + 1, certain Q4 occurring in the formulae

below are zero.
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Proposition 4.2.4
(Ohlsson and Johannsen (2010), p.151)

The numbers Q;;; can be computed successfully as follows
The values in Q is equal to 0 except for the following cases
Ug+1 — Ug-1

Q =— k=1,..,
1k k 3 m

Ug+1 — Ug
Qi1 = D1k = — 6 k=1,.. m—-1

Qokk = a5 k-1 Mk-1k-1 — 282k-132kQ1k-1k + 851 Qi
k=1...m+1
Qokxr1 = Qokrik = Azk-132kQ1k-1k — A5 Q1kk + A2 kA2 k+1 D1k k1
k=1,..,m

Q2k,k+2 = Qokt2k = —az,kaz,k+191k,k+1i k=1,..,m-1

Qaxk = a5 k-1 Mok-1k-1 — 283k-133% Lok-1k + a5k D2k k
k=1,..m+2
Qa1 = Qakr1k = Azk—1 A3kQok-1k — A3k-133k+1 Lok—1,k+1
- ag,kﬂzk,k + azrazk+12kk+1
k=1,...m+1
Qa2 = Q3kazk = Azk—1 A3k+1 Lok—1,ke1 — A3k Az kr1dokkr1

+agxasks2Qokkez T Ask A3 ke1 Lokks1

k=1,..,m

Qakk+s = Qakrak = —AzkAzk+zflokksz K=1,...,m—1.
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Proof
As the computation in the various cases are similar, we do some of them.

Using the basic recursion formula we have

Q1xx = f By x (x)Byx(x)dx

Ug— Ug—

= [ G Bog-1 (1) + 55 By (1)) dxc

X—Uu 2 u —-X
= f[(¢) Boy—1(x) + (ﬁ)z By (x)] dx

U= Uk—1

= [ (w) x + f”k+1 (Let1=X 2 g

Ue—1 \ up—ug-1 U1~ Uk

Ug—Ug—1 Ug+1— Uk
+
3 3

Uk+1—Uk-1
3

Using proposition 4.2.1 we get

Qokke1  _ fB‘ZJk(x)B‘Z,kH(x)dx

= J-(az,k—1 Bl,k—l(x) - aZ,kBl,k(x)) (az,kBl,k(x) - a2,k+lBl,k+1(x)) dx

_ 2
= a2 k-132k k-1 — A3 kLK T A2 kA2 k+1 Q1K k+1 -

Using proposition 4.2.2 we get

Q3xkiz  _ JB“S'k(x)B“S’kH(x)dx

= f(aB,k—l B\Z,k—l(x) - a3,kB\2,k(x)) (a3,k+1B\2,k+1(x) - a3,k+ZB\2,k+2 (x)) dx

= azk—1 Azk+1 Qok—1k+1 — A3k A3 k+1Q2kk+1 T AzkAzk+2Q2kk+2 T A3k Az k41 Lokke1-
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5. Conclusion

B splines, cubic splines and natural cubic splines were compared and it was concluded
that B splines is the most orthogonal splines. B splines were therefore used in the
computation of the natural cubic spline. The optimal solution of the penalized sum of
square is a smoothing spline or a natural cubic spline with knots at unique X values.

Nonparametric linear regression and nonparametric logistic regression were computed
by solving the smoothing spline. The optimal smoothing value is selected by using cross
validation. Nonparametric regression was solved for a single explanatory variable.. The
nonparametric regression, for multiple explanatory values, was solved using the local
scoring algorithm.

A comparison was drawn between the logistic regression, logistic regression using
natural cubic splines and nonparametric logistic regression using the local scoring
algorithm. The use of the nonparametric logistic regression model increased the Gini
coefficient when applied to the South African heart disease data set. The improved Gini
coefficient points to the better discrimination ability of the nonparametric approach.

SAS software was developed to obtain estimates for these models. The software gives
further insight into the techniques described and resolves some implementation issues.

Generalized additive models, GAM, with smooth functions specially structured were
also considered. These models were structured as logistic regression models. The
optimum solution of the GAM was achieved by applying the B-spline as preferred choice
deducted from theoretical considerations. The estimated model parameters were
obtained by using the local scoring algorithm.

The advantage of fitting GAM models were demonstrated in the applications through
increased Gini indices. It was also demonstrated that the GAM models followed the data
more closely.
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Appendix A: Data used in examples

X

Y

-6.78319

0.200187

-6.70319

0.420399

-6.62319

0.462835

-6.54319

0.593302

-6.46319

0.501491

-6.38319

0.426591

-6.30319

0.510364

-6.22319

0.496568

-6.14319

0.473283

-6.06319

0.424294

-5.98319

0.4251

-5.90319

0.323516

-5.82319

0.432165

-5.74319

0.490004

-5.66319

0.576899

-5.58319

0.393625

-5.50319

0.315579

-5.42319

0.430061

-5.34319

0.356185

-5.26319

0.299021

-5.18319

0.265149

-5.10319

0.084859

-5.02319

0.078071

-4.94319

-0.07473

-4.86319

0.056993

-4.78319

0.120655

-4.70319

0.011055

-4.62319

-0.05375

-4.54319

-0.17615

-4.46319

-0.31095

-4.38319

-0.21262

-4.30319

-0.31589

-4.22319

-0.31708

-4.14319

-0.33089

-4.06319

-0.24326

-3.98319

-0.16606

-3.90319

-0.31108

-3.82319

-0.39706
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-3.74319 | -0.5528
-3.66319 | -0.37371
-3.58319 | -0.39473
-3.50319 | -0.40378
-3.42319 | -0.40497
-3.34319 | -0.51036
-3.26319 | -0.33094
-3.18319 | -0.52791
-3.10319 | -0.55727
-3.02319 | -0.41842
-2.94319 | -0.5023
-2.86319 | -0.49542
-2.78319 | -0.67924
-2.70319 | -0.40497
-2.62319 | -0.42123
-2.54319 | -0.4481
-2.46319 | -0.38957
-2.38319 | -0.24392
-2.30319 | -0.39468
-2.22319 | -0.27361
-2.14319 | -0.33393
-2.06319 | -0.26542
-1.98319 | -0.08777
-1.90319 | -0.37744
-1.82319 | -0.01643
-1.74319 | -0.05473
-1.66319 | 0.008861
-1.58319 | -0.09968
-1.50319 | 0.090492
-1.42319 | -0.04426
-1.34319 | 0.005322
-1.26319 | 0.340338
-1.18319 | -0.00228
-1.10319 | 0.218881
-1.02319 | 0.174486
-0.94319 | 0.254025
-0.86319 | 0.314767
-0.78319 | 0.346958
-0.70319 | 0.499408
-0.62319 | 0.406023
-0.54319 | 0.494836
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-0.46319

0.330517

-0.38319

0.531323

-0.30319

0.274598

-0.22319

0.513126

-0.14319

0.509466

-0.06319

0.439689

0.016815

0.39868

0.096815

0.347559

0.176815

0.573732

0.256815

0.641722

0.336815

0.545771

0.416815

0.531407

0.496815

0.395529

IVERSITEIT VAN PRETORIA
IVERSITY OF PRETORIA

NIBESITHI

YA PRETORIA

Appendix B: Random component, link function and systematic component

The generalized linear model consists of a random component, systematic component
and link function. The link function links the random component and the systematic
component. The response Y is assumed to have exponential density

p y0—b(0)

vol6lg)=expf g Pre.9)).

The random component consists of 8, the natural parameter, and ¢, the dispersion
parameter. The mean of the response E(Y) = u is related to the covariates X, ... X, by
g(u) = n the systematic component. Ifn = a + B;x; + Byx, + -+ + Lrxi the systematic
component is called the linear predictor. The function g is known as the link function.

Appendix C: SAS code, B-spline macro

/*calculate the B-spline*/
%macro b_splines(data =.,var=.,y=.);
/*knots*/

proc sql;

create table original _data as
select

row,

&var. ,

&y .

from &data.;
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quit;

data original_data_knot;
set original_data;

/*quantiles*/
if row in ( ;

/*0.98 3.28 4.34 5.8 15.33*/
run ;

proc sqgl;
select count(&var.)
into :num_knots
from original_data knot;
quit;

proc sqgl;
select count(&var.)-1
into :n_knots _min_one
from original_data knot;
quit;

proc sqgl;
select count(&var.)+1
into :n_knots_plus_one
from original_data knot;
quit;

%0 k = 1 %TO &num_knots. ;

data original_data &k.;
set original_data_knot;
if N = ¢&k.;

run;

proc sql;
select &var.
into : knot_value
from original_data &k.;
quit;

proc datasets nolist nowarn nodetails;
delete original_data_é&k.;
run;

data original_data;
set original_data;
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/* if <= &var. < &knot_value. then h_é&k. = (&var. -
&knot_value.)**3;*/
/* else h &k. = 0;*/
e&k. = &knot_value.;
run;
%end;
proc iml;

use original _data;

read all into xdat;

X = xdat[,2];

knots = xdat[1,4:ncol(xdat)] ;

/*b zero*/

b _zero = j(nrow(x),nrow(knots)-1,0);

do j 1 to nrow(x);

do i 1 to nrow(knots)-1;
if x[j,] >= knots[i,] then do;
if x[j,] < knots[i+1,] then b_zero[j,i]=1;
end;

end;

end;

/*print b_zero;*/

/*b_one*/
k=0;

3

nrow(knots);
J nrow(x);
b one = j(G,m+k,0);

do j = 1 to nrow(X);
b one[j,1] = (knots[2,]1-x[}J,11)/(knots[2,]-
knots[1,])#b_zero[j,1] ;

end;

do j = 1 to nrow(X);
do i = 2 to m+k-1;

b _one[},i] =

((X[j,1] - knots[max(i-k-1,1),1)/(knots[min(i,m),]-knots[max(i-k-
1,1),1D)#b_zero[j,i-1]+

(C knots[minCi+1,m),] -x[j,1] )/ (knots[min(i+1,m),]-knots[max(i-
k,1),1D)#b_zero[j,i]

end;
end;

do j = 1 to nrow(x);
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b _one[j,m+tk] = [J,1l]-knots[max(m-1,1),])7(knots[m,]-knots[(m-
1), D#b_zero[j,m+k-17] ;
end;

/*print b_one;*/

/*b_two*/
k=1;

m nrow(knots);
nrow(x) ;

3
b_two = j(§,m+k,0);

do j to nrow(x);

=1
b two[j,1] = (knots[2,]-x[],1]1)/(knots[2,]-knots[1,])#b one[j,1]
énd;

1 to nrow(x);
2 to m+k-1;

-

do
do
b_two[],i] =

((X[j,1] - knots[max(i-k-1,1),1)/(knots[min(i,m),]-knots[max(i-k-
1,1),1D)#b_one[j,i-1]+

(C knots[minCi+1,m),]1 -x[j,1] )/ (knots[min(i+1,m),]-knots[max(i-
k,1),1))#b_one[j,i]

end;
end;

do j = 1 to nrow(X);

b_two[j,m+k] = []j,1l]-knots[max(m-1,1),])7(knots[m,]-knots[(m-
1), D#b_one[j,m+k-17 ;
end;

/*print b_two;*/

/*b_three*/
k=2;

m = nrow(knots);
nrow(x) ;

]
b_three = j(§,m+k,0);

do j = 1 to nrow(X);

b _three[j,1] = (knots[2,]-x[],1])/(knots[2,]-
knots[1, D#b_two[j,1] ;
end;

1 to nrow(x);

do
do 2 to m+k-1;

-
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b_three[j,i] =

((X[1,1] - knots[max(i-k-1,1),1)/(knots[min(i,m),]-knots[max(i-k-
1,1),1))#b_two[j,i-1]+

(( knots[min(i+1,m),] -x[jJ,1] )Y/ (knots[min(i+1,m),]-knots[max(i-
k,1),1))#b_twolj,i]

end;
end;

do j = 1 to nrow(X);

b_three[j,m+k] = X[J.,1]-knots[max(m-1,1),]1)/(knots[m,]-
knots[(m-1),DD#b_two[j,m+k-1] ;
end;

a = inv(b_three *b_three);
print a;

print b_three;

/*call svd(U,Q,V,b_three);*/

/*do i1 = 1 to nrow(q);*/
/*if q[i,]< 0.01 then q[i,] = 0.01;*/
/*end;*/

/*New_b_three = U*diag(Q)*V ;*/
/*S = inv( I(nrow(xstd)) +

lamda#(u~*inv(diag(Q))*v *omega_ ridge*V*inv(diag(Q))*U));*/
/*a = inv(New_b_three *New_b_three);*/

create b _three from b_three; append from b_three;
quit;
%mend ;

/**/
/*omega*/
/*B-spline omega*/

%macro omega bspline(data =.,var=.,y=. );
proc iml;

use ORIGINAL_DATA ;

read all into xdat;

knots = xdat[1,4:ncol(xdat)] ;

m = nrow(knots);

/*a_twee - bl 151 Olshon*/
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a_twee = j(m,1,0);

a_twee[l,]
a_twee[m,]

2/(knots[2,] knots[1,]);
2/(knots[m,] - knots[m-1,]);

do k = 2 to m-1;
a_twee[k,] = 2/(knots[K+1,] - knots[K-1,1);
end;

/*a _drie*/

a drie = j(m+1,1,0);

a_drie[l,] 3/(knots[2,] knots[1,]);
a_drie[2,] 3/(knots[3,] - knots[K-2,1);
a_drie[m,] 3/(knots[m,] - knots[m-2,7);
a drie[m+1,] = 3/(knots[m,] - knots[m-1,1);

do k = 3 to m-1;
a_drie[k,] = 3/(knots[K+1,] - knots[K-2,]);
end;

/*print a_twee a drie;*/
omega_een= j(m,m,0);

omega _een[1,1]
omega_een[m,m]
do k = 2 to m-1;

omega_een[k,k] = (knots[K+1,] - knots[K-1,])7/3;
end;

(knots[2,] - knots[1,]1)/3;
(knots[m,] - knots[m-1,1)7/3;

do k =1 to m-1;

omega_een[k,k+1] = (knots[K+1,] - knots[K,])/6;
/*is the following correct - not as in text book*/
omega_een[k+1,k] = (knots[K+1,] - knots[K,])/6;
end;

/*print omega_een;*/

/*omega_twee*/
omega_twee = j(m+1l,m+1,0);

omega_twee[l,1] =
(a_twee[l,]##2)#(omega_een[1,1])
-2#(a_twee[l, D#(a_twee[l,]D#(omega_een[1,1])
+(a_twee[l,]##2)#(omega_een[1,1])

6mega_twee[m+1,m+1] =

(a_twee[m, ]##2)#(omega_een[m,m])
-2#(a_twee[m, D#(a_twee[m, ]D#(omega_een[m,m])
+(a_twee[m, |##2)#(omega_een[m,m])

ao k =2 to m;
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omega_twee[k,k] =
(a_twee[k-1,]##2)#(omega_een[k-1,k-1])
-2#(a_twee[k-1,D#(a_twee[k,])#(omega_een[k-1,k])
+(a_twee[k, J##2)#(omega_een[k,k])

énd;

omega_twee[1,2]=
(a_twee[l,D#(a_twee[l,D#(omega_een[1,1])
-((a_twee[l,D##2)#(omega_een[1,1])

+(a_twee[l, D#(a_twee[2,]D#(omega_een[1,2])

6mega_twee[2,1]=omega_twee[l,2];

omega_twee[m,m+1]=
(a_twee[m-1,]D#(a_twee[m,])#(omega_een[m-1,m])

-((a_twee[m, D##2)#(omega_een[m,m])

+(a_twee[m, D#(a_twee[m, ])#(omega_een[m,m])

omega_twee[m+1,m]=omega_twee[m,m+1];

do k = 2 to m-1 ;

omega_twee[k,k+1]=
(a_twee[k-1,D#(a_twee[k,]D#(omega_een[k-1,k])
-((a_twee[k, D##2)#(omega_een[k,k])

+(a_tweel[k, D#(a_twee[k+1,])#(omega_een[k,k+1])

6mega_twee[k+1,k]:omega_twee[k,k+l];
end;

do k = 1 to m-1;

omega_twee[k,k+2]= -(a_twee[k, D#(a_twee[k+1,])#(omega_een[k,k+1]);
omega_twee[k+2,k]=omega_twee[k,k+2];

end;

/*print omega_twee a twee;*/

omega _drie = j(m+2,m+2,0);

/*1 m+1 m+2*/

omega_drie[l,1] =
((a_drie[1,]D##2)#(omega_twee[l1l,1])
-2#(a_drie[l,D#(a_drie[l,])D#(omega_twee[l,1])
+((a_drie[l, D##2)#(omega_twee[1,1])
6mega_drie[m+1,m+1] =

((a_drie[m, D##2)#(omega_twee[m,m])
-2#(a_drie[m, D#(a_drie[m, D#(omega_twee[m,m])
+((a_drie[m, D##2)#(omega_twee[m,m])
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omega_drie[m+2,m+2] =

((a_drie[m, D##2)#(omega_twee[m,m])
-2#(a_drie[m, D#(a_drie[m, D#(omega_twee[m,m])
+((a_drie[m, D##2)#(omega_twee[m,m])

do k = 2 to m;

omega_drie[k,k] =
((a_drie[k-1,]DD##2)#(omega_twee[k-1,k-1])
-2#(a_drie[k-1,D#(a_drie[k, ]D#(omega_twee[k-1,k])
+((a_drie[k, D##2)#(omega_twee[k,k])

énd;

omega _drie[l,2] =
(a_drie[l,D#(a_drie[l,])#(omega_twee[1,1])
-(a_drie[l,D#(a_drie[2,])#(omega_twee[l,2])
-((a_drie[l,D##2)#(omega_twee[1l,1])
+(a_drie[l,D#(a_drie[2,])#(omega_twee[1,2])

omega_drie[m+1,m+2] =

(a_drie[m, D#(a_drie[m,]D#(omega_twee[m,m])
-(a_drie[m, D#(a_drie[m, ]D#(omega_twee[m,m])
-((a_drie[m, D##2)#(omega_twee[m,m])
+(a_drie[m, D#(a_drie[m,])#(omega_twee[m,m])

omega _drie[m,m+1] =
(a_drie[m-1,]PD#(a_drie[m,])#(omega_twee[m-1,m])
-(a_drie[m-1,D#(a_drie[m+1,]D#(omega_twee[m-1,m])
-((a_drie[m-1,]##2)#(omega_twee[m,m])

+(a_drie[m, D#(a_drie[m, D#(omega_twee[m,m])

do k = 2 to m-1;

omega_drie[k,k+1] =
(a_drie[k-1,D#(a_drie[k,]D#(omega_twee[k-1,Kk])
-(a_drie[k-1,]D#(a_drie[k+1,]D#(omega_twee[k-1,k+1])
-((a_drie[k-1,]DD##2)#(omega_twee[k,k])
+(a_drielk,D#(a_drie[k+1,])#(omega_twee[k,k+1])

omega_drie[k+1,k] = omega_drie[k,k+1]:
end;

omega_drie[l,3]=
(a_drie[l,D#(a_drie[2,])#(omega_twee[2,2])
-(a_drie[l,D#(a_drie[2,])#(omega_twee[1,2])
+(a_drie[l,D#(a _drie[3,]D#(omega_twee[l1l,3])
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omega_drie[m,m+2]=
(a_drie[m-1,]D#(a_drie[m,])#(omega_twee[m-1,m])
-(a_drie[m,]DD#(a_drie[m,])#(omega_twee[m,m])

+(a_drie[m, D#(a_drie[m,])#(omega_twee[m,m])

omega_drie[m-1,m+1]=

(a_drie[m-2,]D#(a_drie[m,])#(omega_twee[m-2,m])
-(a_drie[m-1,D#(a_drie[m,]D#(omega_twee[m-1,m])
+(a_drie[m-1,D#(a_drie[m,]D#(omega_twee[m-1,m])

do k = 2 to m-2;

omega_drie[k,k+2]=
(a_drie[k-1,D#(a_drie[k+1,])#(omega_twee[k-1,k+1])
-(a_drie[k,]D#(a_drie[k+1,])#(omega_twee[k,k+1])
+(a_drie[k, D#(a_drie[k+2,]D#(omega_twee[k,k+2])

6mega_drie[k+2,k]:omega_drie[k,k+2];
end;

omega_drie[m-1,m+2] =
-(a_drie[m-1,D#(a_drie[m,]D#(omega_twee[m-1,m]);

do k = 1 to m-2;
omega_drie[k,k+3] =
-(a_drie[k,D#(a_drie[k+2,]D#(omega_twee[k,k+2])

6mega_drie[k+3,k] = omega_drie[k,k+3];
end;

create omega _drie from omega_drie; append from omega_drie;
quit;

data omega _drie;
set omega_drie;

if coll = . then coll = 0;

if col2 = . then col2 = 0;

if col3 = . then col3 = 0;

if col4 = . then col4 = 0;

if col5 = . then col5 = 0;

if col6 = . then col6 = 0;

if col7 = then col7 = 0;

/*if col8 = . then col8 = 0;*/
/*if col9 = . then col9 = 0;*/
/*1f coll0 = . then coll0 = 0;*/
/=it colll = . then colll = 0;*/
/*1f coll2 = . then coll2 = 0;*/
/*if coll3 = . then coll3 = 0;*/
/*1f coll4 = . then coll4 = 0;*/
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/*1if coll5 = . then coll5 = 0;*/
/*if coll6 = . then coll6 = 0;*/
/*=if coll7 = . then coll7 = 0;*/
/*if coll8 = . then coll8 = 0;*/
/*1f coll9 = . then coll9 = 0;*/
/=it col20 = . then col20 = 0;*/
run;

%mend ;

/*standardize variables */
%macro standardize variable(data=.,y=.,var=.);

data b;

set &data.;
keep &var.;
run;

proc iml ;
use b;
read all into A;

use &data;
read all into all _data;

Standerdize_var = (A - A[:D/sart((((A -A[:D##2) [+, 1D/ ((nrow(A))-1))

f = all_data[,1]]|Standerdize_var;

create standard from f [ colname = { "row" , "standard_&var." } ];
append from F ;

proc sort data = standard;
by row;
run ;

proc sort data
by row;
run;

&data. ;

data &data.;

merge &data. standard;
by row;

run;

data &data. (drop = standard_&var.) ;

set &data.;

&var. = standard &var.;
run;

quit;

%mend ;
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Appendix D: Logistic regression using natural cubic spline transformations on South African
heart disease data

libname examples "C:\Documents and
Settings\al38617\Desktop\Nonparametric logistic regression";

data EXAMPLES.SAHEARTDIS;

set EXAMPLES.SAHEARTDIS original;
wt=1;

row = _n_;

run;

%macro natural _cubic _spline(data =, var = , weight = , groups = ,
output = ,y=);

data _tmpl(keep = &var &weight);
set &data;
run;

/*create quantiles*/

proc univariate data = &data noprint;
var &var;
weight &weight;
output out = _tmp2

pctlpre = decile_
pctlpts = 0 to 100 by %sysevalf(100 / &groups);
run;
proc contents data = _tmp2 out = _tmp3;
run ;
proc sqgl;
select count(NAME)
into :num
from _tmp3;
quit;

%O k = 1 %TO &num. ;
data _tmp3 &k.;
set _tmp3;
if _N_ = 8&k.;
run;

proc sql;
select NAME
into :dec_name
from _tmp3 &k.;
quit;

proc sql;
select &dec name.
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into :dec value
from _tmp2;
quit;
/*create cubic splines*/

data &data;
set &data;

X = &var.;

if X > &dec_value. then h&k. = (X- &dec value.)**3;
else h&k. = 0;

e&k. = &dec value.;
run;

%end;
/*create natural cubic splines*/

data &data;

set &data;

n2 = X;

n3 = (h1l-h5)/(e5-el) - (h4-h5)/(e5-¢e4);
n4 = (h2-h5)/(e5-e2) - (h4-h5)/(e5-e4);
n5 = (h3-h5)/(e5-e3) - (h4-h5)/(e5-¢e4);
run;

/*regression for natural cubic splines*/
data regression_data;

set &data;

keep row &y. n2 n3 n4 n5;

run;

proc sql;

create table regression_data as
select row, &y., n2, n3, n4, n5
from regression_data;

quit;

proc iml ;

use regression_data ;
read all into xdat;

n=nrow(xdat) ;

= ncol(xdat);
x = xdat[,3:1];
y = xdat[,2] ;
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/*print x y;*/

*Start the algorithm by choosing betas to be zero;
bhi = J(hcol(x),1,0);

print bhi;

bhold = bhi;

diff = 99999 ;

do i =1 to 10 until (diff < 0.000001);

prl = exp(x*bhold);*Get all the entries for the Newton Raphson
method - y X p W;

pr2 = 1/(1+exp(x*bhold)) ;

p = prl#pr2 ;

/*print p ;*/
wl = p#(1-p) ;
w = diag(wl) ;

/*print w ;*/

z = x*bhold + inv(wW)*(y-p);
bhnew = Inv(X~*W*xX)*x *w*z ;

print i bhold bhnew;

diff=abs(max(bhnew-bhold));
bhold=bhnew;
end;

/*print bh ;*/
yhp = x*bhnew ;
h = x#bhnew™ ;
/*print h;*/
/*print yhp;*/
/*print x;*/
/*print bh; */

data p = xdat[,1] |l yhp ;

nm = { "row" "yh_&var."} ;

create data_y &var. from data_p [ colname = nm ];
append from data p ;

bk = { "1_bh1"™ "n2_bh2" "n3_bh3" ""n4_bh4"™ "n5_bh5" } ;
create h_&var. from h [colname = bk];
append from h;

quit;
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proc sort data &data. ;
by row;

run;

proc sort data
by row;

run;

data_y &var.;

data &data.;

merge &data. (in=a) data y &var. (in=b);
by row;

run;

/*clean up data set */
data &data.;

set &data.;

drop

X

hl h2 h3 h4 h5

el e2 e3 e4 e5

n2 n3 n4 n5

run;

proc gplot data = &data.;
plot
yh _&var. * &var.;

run;

%mend;

%natural _cubic_spline(data = EXAMPLES.SAHEARTDIS,var
weight = wt , groups = 4 ,output = test,y=chd);
%natural _cubic_spline(data = EXAMPLES.SAHEARTDIS,var
wt , groups = 4 ,output = test,y=chd);

%natural _cubic_spline(data = EXAMPLES.SAHEARTDIS,var
weight = wt , groups = 4 ,output = test,y=chd);
%natural _cubic_spline(data = EXAMPLES.SAHEARTDIS,var
wt , groups = 4 ,output = test,y=chd);
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var
weight = wt , groups = 4 ,output = test,y=chd);
%natural _cubic_spline(data = EXAMPLES.SAHEARTDIS,var
wt , groups = 4 ,output = test,y=chd);
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var
weight = wt , groups = 4 ,output = test,y=chd);
%natural_cubic_spline(data = EXAMPLES.SAHEARTDIS,var
= wt , groups = 4 ,output = test,y=chd);

adiposity ,

age , weight

alcohol ,

Idl , weight

obesity ,

sbp , weight
tobacco ,

typea , weight

/*create Dbinary variables with naming convension: yh &var.*/
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data EXAMPLES.SAHEARTDIS;
set EXAMPLES.SAHEARTDIS;

it famhist
else if famhist

"Absent" then yh_famhist= 0
"Present" then yh famhist= 1

run;

/*logistic regression*/

%macro logistic _regression_spline(y=.,data=. );
/*proc contents data = &data. out= logistic _data list;*/
/*run;*/

/*data logistic _data list;*/
/*set logistic_data list; */

/*if substrn(name,1,3) = "yh " or name = "row"™ or name = "&y." ;

/*keep name;*/

/*run ;*/

/**/

/* proc sql;*/

/* select NAME*/

/* into :logistic list*/
/* from logistic_data_list; */
/= quit;*/

proc sql;

create table logistic_data as
select

row, &y.,

yh_sbp,

yh_tobacco,

vh_1dl,

yh_famhist,

yh_obesity,

yh_age

/*yh_alcohol ,*/
/*yh_adiposity,*/
/*yh_typea*/
/*&logistic_list.*/
/*change this*/
from &data. ;

quit;

proc iml;

use logistic_data ;
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read all into xdat;

n=nrow(xdat);

I = ncol(xdat);
x = J(n,1,1) || xdat[,3:1];
y = xdat[,2] ;

/*print x y;*/

*Start the algorithm by choosing betas to be zero;
bhi = J(hcol(x),1,0);

print bhi;

bhold = bhi;

diff = 99999 ;

do i =1 to 10 wuntil (diff < 0.000001);

prl = exp(x*bhold);*Get all the entries for the Newton Raphson
method - y X p W;

pr2 = 1/(1+exp(x*bhold)) ;

p = prl#pr2 ;

/*print p ;*/

wl = p#(1-p) ;
w = diag(wl) ;
/*print w ;*/

z = x*bhold + inv(wW)*(y-p);
bhnew = Inv(X~*wW*xX)*x *w*z ;

print i bhold bhnew;

diff=abs(max(bhnew-bhold));
bhold=bhnew;
end;

*Calculate the standard error with Maximum likelihood estimators;
eq = exp(xX*bhnew);

prob = eq/(l+eq);

compare = round(prob) |] v;

accurate= compare|[,1] = compare[,2];

std_error= 1 - (accurate[+,]/nrow(accurate));

print std_error;

/*aic and bic*/

p = exp(x * bhnew) /7 (1 + exp(X * bhnew));

I = log(((p # y) # ((1L - p) # (1 - YIDI[#, D:
aic = 2 * nrow(bhnew) - 2 * 11;

bic = nrow(bhnew) * log(nrow(y)) - 2 * I1;
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print (11]]aic]|bic)

[colname = {"Log Likelihood"™, "AlIC", "BIC"}
format = 8.3];
/*aicc*/

n = nrow(y);
aicc = aic + (2*(nrow(bhnew))*(nrow(bhnew)+1))/(n-nrow(bhnew)-1);
print aicc n ;

/*get correlation matrix*/

/*get vit*/

/*quashi aic*/

[F————— */

/*create f =h*beta and draw it , create confidance intervals*/
T = x#tbhnew™;

predict = X * bhnew;

/*print bhnew;*/

/*print x y f;*/

/*create for final model selested*/
data_f = xdat[,1]]||fllpredict;

nk = { "row" "beta_intercept” "yhbeta sbp yhbeta_ tobacco
"yhbeta_IdI" "yhbeta famhist"™ "yhbeta obesity" "yhbeta age"
"predict'};

create data T from data_f [ colname = nk ];
append from data_¥T ;

quit;
%mend;

%logistic_regression_spline(y=chd , data=EXAMPLES.SAHEARTDIS);

/*draw the final graphs*/
%macro draw(data);

proc sort data = data_T;
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by row;

run;

proc sort data = &data.;
by row;

run;

data &data.;

merge &data.(in=a) data_Tf;
by row;

if a;

run;

proc contents data = &data. out = temp noprint;
run;

data temp;

set temp;

if substrn(name,1,7) in (yhbeta_");
keep name;

run;

proc sqgl;
select count(NAME)
into :num
from temp;
quit;

%O k = 1 %TO &num. ;
data temp &k.;
set temp;
if _N_ = 8&k.;
run;
proc sql;
select NAME
into :fbeta name
from temp_&Kk.;
quit;

%let lente = %sysfunc(length(&fbeta _name.))- 7;
%let var = %sysfunc(substrn(&fbeta _name.,8,&lente.));

proc gplot data = &data.;
plot &fbeta name. * &var.;
run;

%end;

%mend ;
%draw(EXAMPLES.SAHEARTDIS);
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Appendix E: SAS code, cross validation on a natural cubic spline (example 2.4)

data examples.cos data;

set a;

run;

proc sort data = examples.cos_data nodupkey;
by x;

run;

data examples.cos_data;
set examples.cos_data;
row = _n_;

run;

%macro natural_cubic_spline_no_knots(data =, var = , output = ,y=);

proc sql;

create table original _data as
select

row,

&var. ,

&y .

from &data.;

quit;

proc sql;
select count(&var.)
into :num_knots
from original_data;
quit;

proc sql;
select count(&var.)-1
into :n_knots_min_one
from original_data;
quit;

proc sqgl;
select count(&var.)+1
into :n_knots _plus_one
from original _data;
quit;

%0 k = 1 %TO &num_knots. ;

data original_data &k.;
set original_data;
if _N_ = &k.;

run;
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proc sql;
select &var.
into : knot_value
from original_data_&k.;
quit;

proc datasets nolist nowarn nodetails;
delete original _data &k.;
run;

data &data;
set &data;
if &var. > &knot value. then h_&k. = (&var. -
&knot_value.)**3;
else h &k. = 0;
e&k. = &knot _value.;
run;
%end;
%0 J =1 %TO &num_knots.-2;

data &data;

set &data;

n_&j- = (h_&j--
%sysfunc(compress(h_&num_knots.)))/ (%sysfunc(compress(e&num_knots.))-
e&j-)

-(%sysfunc(compress(h_&n _knots min_one.))-
%sysfunc(compress(h_&num_knots.)))/ (%sysfunc(compress(e&num_knots.))

-%sysfunc(compress(e&n_knots min_one.)));

run;
%END ;

data &data;

set &data;

%sysfunc(compress(n_&n_knots min_one.)) = &var.;
run;

%mend;

%natural _cubic_spline_no_knots(data =examples.cos data,var = x ,output
= test,y=y);

/*new omega*/

%macro omega(data =.,var=.,y=. );

proc contents data = &data. out = knot_names noprint;

runj;

data knot_names (keep = name);
set knot_names;
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if substrn(name,1,1) eq "e";
run;

proc sql;
select name
into :knotname separated by
from knot names;
quit;

data knot_val;
set &data.;
keep
&knotname.

if n = 1;
run;

proc iml;

use knot val;
read all into knot val;

/*print knot val;*/
omega = j(ncol(knot_val)-2,ncol(knot_val)-2,0);

do x= 1 to ncol(knot_val)-2;
do y= 1 to ncol(knot_val)-2;

mx = (knot_val[,y]<>knot_val[,x]);
mi = min(knot_val[,y]><knot_val[,x]);
omegal[x,y] =

((18#(knot_val[,ncol (knot_val)-1]-mx)#(knot_val[,ncol (knot_val)-1]-
mi)##2

+ 6#(MX-mi)##3

- 6#(knot_val[,ncol(knot_val)-1]-mi)##3)

+ 12#(knot_val[,ncol(knot_val)-1]-
knot_val[,yD#(knot_val[,ncol(knot_val)-1]-
knot_val[,x])#(knot_val[,ncol(knot_val)]-knot val[,ncol(knot_val)-1]))
/((knot_val[,ncol(knot_val)]-knot val[,y]D#(knot_val[,ncol(knot_val)]-
knot_val[,x]))

end;
end;

/**/
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/*do x= 1 to ncol(knot_val);*/

/*do y= 1 to ncol(knot_val);*/

/*if omega[x,y] = . then omega[x,y]=0;*/
/*end;*/

/*end;*/

/*put O "s on inside - for the transformations 1 and x */

omega = j(nrow(omega),2,0)]|omega;
omega = jJ(2,ncol(omega),0)//omega;

create EXAMPLES.omega_male_new from omega; append from omega;
quit;

%mend ;

%omega(data =examples.cos_data,var=x,y=y);

%macro iml_regression_data(data =.,var=.,y=.);

proc contents data = &data. out = logistic_nhames noprint;
run ;

proc sort data = logistic_hames ;
by varnum;
run;

data logistic_names;

set logistic_names;

where substrn(name,1,2) in ('n_" );
f _name = ""f_"]|name;

run;

proc sqgl;
select name into :logitic_list separated by
quit;

., From logistic_names;

proc sqgl;

select T name into :logitic_f _list separated by "',"" from
logistic_names;

quit;

proc sql;

create table logistic_data as
select

row, &y.,

&logitic_list.

from &data.;

quit;

quit;
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%mend;
%iml_regression_data(data =examples.cos_data,var=x,y=y);

/*linear regresion */

%macro ncs_lamda_omega(lamda=.);
proc iml;

use examples.omega _male_new ;
read all into omega;

use logistic_data ;

read all into xdat;

/*ridge regression:*/

n=nrow(xdat) ;
I = ncol(xdat);

/*een x die res van die splines*/
/*no interceprt x Is the first value then the transformations follow*/

x = xdat[,1]]|xdat[,3:1-1];
y = xdat[,2]
/*x_leaveone

X[1:nrow(x)-1,];*/

one = j(nrow(x),1,1);
mean_xX = one *x/n;

/*x_centred = x_leaveone-one*mean_x;*/
m = nrow(x);

one = j(nrow(x),1,1);
mean X = one *x/m;

sigma = (X-one*mean_x) *(x-one*mean_x)/(m-1);
std_x = sqrt(vecdiag(sigma));

d = diag(std _x);

std_x = repeat(std_x",m,1);

xstd = j(n,1,1) ]| (x-one*mean_x)/std_x;

omega_ridge = omega[l:nrow(omega),l:ncol(omega)];
lamda = &lamda. ;

beta = inv(xstd *xstd + lamda#omega_ridge)*xstd *y;

/*print beta;*/

T st = xstd*beta;

fitted SF= f_sf]|xdat[l:nrow(xdat),l];

create fitted SF from fitted SF [ colname = {"f sf" "x"}]; append from
fitted SF;

print f_sf;
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call svd(U,Q,V,xstd);

S = inv( I(nrow(xstd)) +
lamda#(u~*inv(diag(Q))*v *omega_ridge*V*inv(diag(Q))*U));

f = S*y[1l:nrow(y).,];
fitted= f|]|xdat[l:nrow(xdat),l];
create fitted from fitted [ colname = {"f" "Xx"}]; append from fitted;

/*BL 155*/

df = trace(S);

eigenval_s = eigval(S);

eigenvec_s = EIGVEC(S);

/*print df eigenval_s eigenvEC_s;*/

/*cv bl 161*/

do j = 1 to ncol(s);

CVatemp = CV_templI((yd .1 - fL.D/-s.iD)##2 ;
end;

CV = CV_temp[,+]/ncol(CV_temp);

/* gcv - bl 244*/

do j = 1 to ncol(s);

GCV_temp = GCV_temp| 1 (v .1 - fL.D/(1-(trace(s)/ncol(s))))##2 ;
end;

GCV = GCV_temp[,+]/ncol (GCV_temp);

crosval= cv]]gcv] |df]]lamda;

create crosval from crosval [ colname = {"cv'" *gcv" "df" "lamda"}];
append from crosval;

var= inv(x *x);
ci_x = 2#((vecdiag(x*var*x™ ))##(1/2));

pointwise_variance _css = vecdiag(x*var*x~);
print pointwise_variance_css ci_X;

fitted= f_sf||xdat[1l:nrow(xdat),l]]|pointwise_variance_css]|ci_x;;
create fitted ci from fitted [ colname = {"f" "x" "pv" "ci"}]; append
from Fitted;

quit;

/*proc gplot data = fitted;*/
/*plot F*x;*/
/*run;*/

/*proc gplot data = fitted_SF;*/

/*plot T _sft*x;*/
/*run;*/
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/*create confidance intervals*/

%mend;

%macro loop_ncs_lamda_omega();

data all_crosval;
run;

data L val;
do L = to ;
output;

end;

run;

proc sqgl;
select count(L)
into :num
from L_val;
quit;
%O k = 1 %TO &num. ;

data L _val &k.;
set L _val;
if N = ¢&k.;

run;
proc sql;
select L
into :lamda value
from L val &k.;
quit;

proc datasets nolist nowarn nodetails;
delete L val _&k.;
run;
%ncs_lamda_omega(lamda=&lamda value.);

data all _crosval;

set all_crosval crosval;
run;

%end;

%mend;
%loop_ncs_lamda_omega();
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proc gplot data = all_crosval;
plot cv*df;
run;

/*hier*/

proc sort data = all_crosval;
by df;
run;

data all _crosval 24;
set all_crosval;
run ;

data mornej.all_crosval_all;

set all_crosval_24 all_crosval_23 all_crosval_22 all_crosval_21

all _crosval 20 all _crosval 19 all _crosval 18 all _crosval 17
all_crosval _16 all _crosval _15 all _crosval_14 all _crosval 13

all _crosval 12 all _crosval 11 all _crosval 10 all crosval 9
all_crosval _8 all _crosval _7 all_crosval 6 all_crosval 5 all _crosval 4
all crosval 3 all _crosval 2 all _crosval 1 ;

run ;

/*Data Source: EXAMPLES.ALL_CROSVAL_COS NCS */

proc gplot data = EXAMPLES.ALL CROSVAL_COS NCS;
plot cv*df;
run;
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