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Tis study introduces a novel statistical model called the modifed Fréchet-exponentiated exponential (MFrEE) distribution. Te
existing exponentiated exponential (EE) distribution, while useful for lifetime and reliability data, has limited fexibility in
capturing diverse hazard shapes and may not adequately model extreme events or tail behavior. To address these limitations, the
MFrEE distribution applies a modifed Fréchet generator to the EE baseline, enhancing the model’s fexibility and robustness. Its
survival and hazard functions, cumulative distribution function, and probability density function are derived, presented, and
illustrated with plots for various parameter values. Te study provides a comprehensive mathematical analysis of the distribution,
deriving its moments, mean, variance, quantiles, and moment-generating function. Methodologically, the model is simulated
using an accept–reject algorithm, and its parameters are estimated via maximum likelihood estimation (MLE). Te performance
of the estimators is assessed throughMonte Carlo simulations using bias, mean squared error, and coverage probability (CP), with
the CP results showing values close to the nominal 95% level across diferent parameter settings. Furthermore, the robustness and
performance of the proposed method are evaluated using AIC, BIC, and AICc, demonstrating superior performance compared to
baseline methods across three publicly available datasets. Te study concludes by proposing this model as a signifcant con-
tribution to probability theory and suggests two avenues for future research: applying the model to more real-world problems and
using machine learning methods for parameter estimation to compare with the MLE approach used in this study.
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1. Introduction

Modeling lifetime and survival data is a cornerstone of
statistical analysis in numerous disciplines, such as reliability
engineering, medical research, actuarial science, and risk
management. Among the foundational models, the expo-
nential distribution has played a pivotal role due to its
mathematical simplicity and the memoryless property,
making it a natural starting point for lifetime modeling [1].

However, the exponential model’s assumption of a constant
hazard rate severely limits its applicability in real-world
scenarios, where hazard functions often vary with time.

To address this limitation, researchers introduced ex-
tensions such as the exponentiated exponential (EE) dis-
tribution (EED) [2], which incorporates an additional shape
parameter to capture monotonic increasing or decreasing
hazard rates.Te EED demonstrated superior fexibility over
the classical exponential model and has been applied
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successfully across various felds [3, 4]. Nevertheless, the EE
and many related models still fall short when confronting
complex hazard shapes frequently observed in empirical
data, including bathtub-shaped and unimodal hazard
functions [5, 6].

Tis challenge has spurred the development of a rich
variety of generalized and compound distributions aimed at
expanding the modeling toolkit. Generator methods, which
systematically transform a baseline distribution by in-
troducing new parameters through functional compositions,
have proven particularly fruitful [7, 8]. Tese methods en-
able the construction of fexible distribution families that
better capture diverse empirical behaviors, including tail
weight variation and skewness adjustment [9, 10].

In recent years, a wide range of felds—such as engi-
neering, economics, biology, environmental sciences, in-
surance, fnance, and lifetime analysis—have increasingly
turned to these innovative families of distributions for
modeling complex data. Notable developments include the
exponentiated generalized-G family [11], the exponentiated
transformed-transformer (T-X) family [12], and the T-X
family [13], which have broadened the fexibility of classical
models. Further research has explored contemporary ex-
tensions and applications across diverse datasets, as illus-
trated by Ahmad et al. [14, 15]; Al-Moisheer et al. [16];
Almarashi and Elgarhy [17]; Almarashi et al. [18]; Alyami,
Babu et al. [19]; Alyami, Elbatal et al. [20]; Benchiha et al.
[21]; and Elbatal, Elgarhy, and Kibria [22].

More recent innovations, such as the general weighted
exponentiated family [23], the inverse unit exponential
probability distribution [24], and the transmuted expo-
nential power distribution [25], have further expanded
modeling capabilities. Studies focusing on parameter esti-
mation and advanced modeling strategies (Ahmadini et al.
[26], Al-Babtain et al. [27], Alabdulhadi et al. [28], Alghamdi
et al. [29], Alotaibi et al. [30], Alyami et al. [20], Eldessouky
et al. [31], Gemeay et al. [32], Hassan et al. [33], Jamal et al.
[34], Ragab et al. [35], Shrahili et al. [36]) have strengthened
the practical applicability of these families. Collectively,
these eforts underscore the rapid evolution of fexible
lifetime models capable of accommodating complex hazard
patterns, heavy tails, and skewed data.

Despite these advancements, several generalized expo-
nential (GE)-type models remain limited in their ability to
simultaneously model heavy tails and nonmonotonic hazard
structures. For example, while the EE and GE distributions
improve monotonic hazard fexibility, they cannot accom-
modate bathtub or unimodal hazards. Te exponentiated
Weibull and exponentiated power distributions provide
more shape control but often fail to capture heavy-tailed
behavior. Other transformer-based families—such as the
exponentiated generalized-G, T-X exponential-based, and
transmuted exponential power models—introduce addi-
tional parameters but still exhibit restricted tail behavior or
lack closed-form expressions for key functions in some
cases. Tus, there is a clear methodological gap for models
that jointly allow: fexible tail behavior, multiple hazard
shapes (increasing, decreasing, bathtub, unimodal), and
mathematical properties enabling practical inference.

One recently proposed technique, the modifed Fréchet
generator, extends baseline distributions by integrating the
Fréchet distribution’s heavy-tail characteristics with a nor-
malization adjustment to ensure a proper distribution
[37, 38]. Tis generator enriches the shape fexibility, par-
ticularly enhancing tail behavior control and enabling the
modeling of intricate hazard rate patterns such as increasing,
decreasing, bathtub, and unimodal forms [39, 40]. Appli-
cations of this generator to classical families such asWeibull,
Lindley, and gamma distributions have demonstrated
marked improvements in ftting lifetime and reliability
data [41].

Motivated by the need for more fexible and versatile
lifetime models, this study introduces a novel distribution by
applying the modifed Fréchet generator to the EED,
hereafter referred to as the modifed Fréchet-exponentiated
exponential (MFrEE) distribution. Tis newly proposed
family combines the shape fexibility of the EE baseline with
the tail- and hazard-shaping capabilities of the modifed
Fréchet generator, resulting in a model that can capture
a wide variety of hazard rate behaviors—including non-
monotonic and bathtub-shaped hazards—frequently ob-
served in reliability and survival studies.

In contrast to other GE-type models, the MFrEE dis-
tribution simultaneously provides extended tail fexibility via
the Fréchet-based generator, enhanced hazard rate versa-
tility beyond the EE baseline, and mathematical forms for
density, hazard, and quantile functions, enabling straight-
forward inference and application.

Te novelty of the MFrEE distribution lies in combining
the EE baseline distribution with the modifed Fréchet
generator. While the EED already introduces fexibility in
modeling lifetimes through its shape parameter, it has
limitations in capturing complex tail behaviors and diverse
hazard rate shapes that often arise in real-world data. To
overcome these drawbacks, we applied the modifed Fréchet
generator, which introduces an additional parameter (c) that
signifcantly enhances the distribution’s tail fexibility and
allows for increasing, decreasing, bathtub-shaped, and
upside-down bathtub-shaped hazard functions. Tis mod-
ifcation extends the modeling capability of the baseline
distribution, ultimately boosting performance in ftting real
datasets when compared to the state-of-the-art methods,
such as the EED.

Moreover, the practical applicability of the MFrEE
distribution is demonstrated through simulation studies and
analyses of real-world datasets, showing that it outperforms
existing models such as the Weibull, EE, and modifed
Weibull distributions. Tese results highlight the MFrEE
model’s ability to capture complex failure mechanisms more
efectively and to improve inference in survival analysis,
reliability engineering, and related felds.

Tis paper derives the MFrEE distribution’s statistical
properties—including the probability density, cumulative
distribution, hazard rate, quantile function, and
moments—and develops parameter estimation procedures
using maximum likelihood methods while discussing as-
ymptotic behavior and coverage probability (CP). Its per-
formance is evaluated using simulated and real datasets,
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demonstrating superior ft according to AIC, BIC, and AICc
criteria.

Te remainder of this paper is organized as follows:
Section 2 presents the methodology and statistical properties
of the MFrEE distribution. Section 3 provides simulation
studies evaluating estimation performance. Section 3
demonstrates applications using real datasets, and Section 4
ofers concluding remarks and directions for future research.

2. Methods

2.1.TeMFrEEDistribution. Let X be a continuous random
variable. Te MFrEE distribution is constructed by applying
the modifed Fréchet generator to the baseline EED.

2.1.1. EED. Te EED with parameters λ> 0 (scale) and α> 0
(shape) has the cumulative distribution function (CDF) and
probability density function (PDF) given by the following
equations:

F0(x; λ, α) � 1 − e
− λx

􏼐 􏼑
α
, x> 0, (1)

f0(x; λ, α) � αλe
− λx 1 − e

− λx
􏼐 􏼑

α− 1
. (2)

2.1.2. Modifed Fréchet Generator. Te modifed Fréchet
generator modifes any baseline CDF F0(x) by the
transformation:

F(x) �
e

− F0(x)( )
c

− 1
e

− 1
− 1

, c> 0. (3)

Ensuring F(x) is a valid CDF on the support of X.

2.1.3. MFrEE Distribution. Applying the modifed Fréchet
generator to the EE baseline yields the MFrEE CDF:

F(x; λ, α, c) �
e

− 1− e− λx( )
α

( )
c

− 1
e

− 1
− 1

, x> 0, (4)

and the PDF:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
α− 1

1 − e
− λx

􏼐 􏼑
α

􏼐 􏼑
c− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 , (5)

which is simplifed as follows:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
αc− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 . (6)

Theorem 1. Validity of the PDF of the Proposed Distribution Let X> 0, and let the PDF be defned as follows:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
α− 1

1 − e
− λx

􏼐 􏼑
α

􏼐 􏼑
c− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 , (7)

where λ> 0, α> 0, c> 0 are distribution parameters.

Ten, f(x; λ, α, c) is a valid PDF, i.e.:

i. f(x; λ, α, c)≥ 0, for all x

ii. 􏽒
∞
0 f(x; λ, α, c)dx � 1

Proof 1.

i. Non-negativity: All the terms in the expression are
non-negative for x> 0, because

λ> 0, α> 0, c> 0. (8)

So, f(x; λ, α, c)≥ 0, for all x

ii. 􏽒
∞
0 f(x; λ, α, c)dx � 􏽒

∞
0 (cαλe− λx􏼈 (1 − e− λx)α− 1 ((1

− e− λx)α)c− 1e− ((1− e− λx)α)c

)/(1 − e− 1)}dx. □

Make the substitution: u � 1 − e− λx ⟹ x � − (1/λ)

ln (1 − u)

Ten, dx � (1/λ(1 − u))du.
Change of variable in the integral: 􏽒

∞
0 f(x; λ, α, c)dx �

� 􏽒
1
0((cαuαc− 1e− uαc

)/(1 − e− 1)) du � ((cα)/(1 − e− 1))􏽒
1
0

uαc− 1e− uαc

du

Let z � uαc⟹ dz � αcuαc− 1du.
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Rewrite the integral: (cα)/(1 − e− 1)􏽒
1
0u

αc− 1 e− uαc

du �

((cα)/(1 − e− 1)) 􏽒
1
0((e− zdz)/(cα)) � (1/(1 − e− 1)) 􏽒

1
0e

− zdz

� (1 − e− 1)/(1 − e− 1) � 1.
Hence, f(x; λ, α, c) is a valid PDF.

2.2. Survival and Hazard Functions. Te survival function
S(x; λ, α, c) and hazard rate function h(x; λ, α, c) are es-
sential for survival and reliability analysis.

Survival function: S(x; λ, α, c) � 1 − F(x; λ, α, c, )

S(x; λ, α, c) �
e

− 1− e− λx( )
α

( )
c

− e
− 1

1 − e
− 1 . (9)

Hazard function: h(x; λ, α, c) � f(x; λ, α, c)/S(x; λ, α, c)

h(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
cα− 1

e
− 1− e− λx( )

α
( )

c

e
− 1− e− λx( )

α
( )

c

− e
− 1

. (10)

2.3. Plot of the MFrEE Distribution. To illustrate the fexi-
bility of the MFrEE distribution, we present plots of the PDF
and CDF for selected parameter values. Figures 1, 2, 3, 4, 5, 6,
7, and 8 display the shapes of the PDF, CDF, survival, and
hazard, respectively, under diferent choices of the shape and
scale parameters.

Figure 1 displays plots of the PDF of the new MFrEE
distribution for diferent values of c, with λ � 2 and α � 3 . It
is clear that the PDF of the MFrEE is unimodal and right-
skewed. Te modal value decreases as the values of c in-
crease, and the location of the mode also shifts.

Figure 2 shows the PDF for the same c values as Figure 1,
with λ � 2 and α � 10. Te PDF is unimodal and right-
skewed. As c increases, the modal value decreases, indicating
that a smaller c is better suited for data with a larger mode.
Te distribution’s location also shifts with changes in α.

Figures 3 and 4 show the CDF plots of the MFrEE
distribution. Te CDFs all converge to 1.0. As the value of
the parameter c decreases (with other parameters fxed), the
rate of convergence or growth rate of the CDF increases.

Figures 5 and 6 illustrate the survival function of the
proposed distribution. As expected for lifetime data, the
curves decrease as x increases, indicating the diminishing
probability of survival over time. However, the rate at which
the survival probability declines varies noticeably across
parameter settings. Tis variation refects the fexibility of
the new distribution: It can capture slow, moderate, or rapid
decay in survival probability. Such adaptability is crucial in
practical applications where diferent underlying risk pat-
terns such as early failures, constant risks, or long-tail
survival must be accurately represented.

Figures 7 and 8 demonstrate that the new hazard
function shows very interesting shapes, exhibiting two
distinct behaviors in contrast to the only strictly increasing
property of the base hazard function. Te two fgures il-
lustrate how the shape parameter c (gamma) fundamentally
controls the behavior of the hazard function, which rep-
resents the instantaneous risk of failure over time (x).

For c < 1: Te hazard function is decreasing (DFR). Tis
indicates where the risk of failure is highest initially and
decreases over time as defective items fail early. For c � 1:
Te hazard function is constant (CFR). Tis is the classic
memoryless property of the exponential distribution, where
the risk of failure is random and does not depend on any
variables. For c > 1, the hazard function is increasing (IFR).
Tis models where the risk of failure increases as the item
any variables.

Terefore, MFrEE distribution is highly fexible because
its hazard function can simulate the entire bathtub curve
commonly seen in reliability. Tis makes it a powerful tool
for modeling a wide range of real-world failure processes
and an excellent candidate for analyzing complex time-to-
failure data in felds like engineering, medicine, and fnance.
By estimating the parameter c, the model can be tailored to
specifc failure mechanisms.

2.4. Quantile Function of MFrEE Distribution. To derive the
quantile function of your new distribution, we need to invert
the CDF.

Given CDF

F(x; λ, α, c) �
e

− 1− e− λx( )
α

( )
c

− 1
e

− 1
− 1

, x> 0. (11)

Let u � F(x; λ, α, c). Ten, u � (e− ((1− e− λx)α)c

− 1)/(e− 1 −

1).
Multiply both sides by e− 1 − 1:

u e
− 1

− 1􏼐 􏼑 � e
− 1− e− λx( )

α
( )

c

− 1. (12)

Add 1 to both sides:

u e
− 1

− 1􏼐 􏼑 + 1 � e
− 1− e− λx( )

α
( )

c

. (13)

Take the natural logarithm:

ln u e
− 1

− 1􏼐 􏼑 + 1􏼐 􏼑 � − 1 − e
− λx

􏼐 􏼑
α

􏼐 􏼑
c
. (14)

Finally, solve for x: x � − (1/λ) ln (1 − [− ln (u

(e− 1 − 1) + 1)](1/αc)).
Quantile function:

Q(u) � −
1
λ
ln 1 − − ln u e

− 1
− 1􏼐 􏼑 + 1􏼐 􏼑􏽨 􏽩

(1/(αc))
􏼒 􏼓, 0< u< 1. (15)
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When u � 0.5, the quantile function gives the median of
the MFrEE distribution.

2.5.Mean andMoments of theMFrEEDistribution. Let us go
step by step using the PDF of the MFrEE distribution.

Te PDF is given by

f(; , λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
α− 1

1 − e
− λx

􏼐 􏼑
α

􏼐 􏼑
c− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 . (16)

Tis simplifes to:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
αc− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 . (17)

We want to compute the rth moment: μr
′ � E(Xr)

μr
′ � 􏽚
∞

0
x

r
f(x)dx. (18)

Let us simplify this using the substitution:
Let u � 1 − e− λx⟹ x � − (1/λ) ln (1 − u).
Ten, dx � (1/λ(1 − u))du.
Also, e− λx � 1 − u.
Now rewrite the rth moment:

μr
′ � 􏽚

1

0
−
1
λ
ln (1 − u)􏼒 􏼓

rαcλ(1 − u).u
αc− 1

e
− uαc

1 − e
− 1 ·

1
λ(1 − u)

du

�
αc

1 − e
− 1

􏼐 􏼑λr
􏽚
1

0
ln

1
1 − u

􏼒 􏼓􏼒 􏼓
r

· u
αc− 1

e
− uαc

du.

(19)
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Figure 1: Plots of the probability density function (PDF) of the
MFrEE distribution for diferent values of the shape parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ } while keeping λ � 2, and α � 3 fxed. Te
fgure highlights how changes in the shape parameter afect the
skewness and peak behavior of the density function.
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Figure 2: Plots of the probability density function (PDF) of the
MFrEE distribution for diferent values of the shape parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ }while keeping λ � 2, α � 10 fxed.
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Now, to evaluate the moment, expand (ln(1/(1 − u)))r

using a power series.
Power series of ln(1/(1 − u)) � 􏽐

∞
n�1u

n/n
So, ln

1
1 − u

􏼒 􏼓
r

� 􏽘
∞

n�1

un

n
⎛⎝ ⎞⎠

r

� 􏽘
∞

n�r

An,ru
n
, (20)

1.0

0.8

0.6

CD
F

0.4

0.2

0.0

0 1 2
x

MFrEE CDF for diferent values of gamma

3 4 5

γ = 0.4
γ = 0.5
γ = 0.8

γ = 1
γ = 2
γ = 3

Figure 3: Plots of CDF with diferent values of parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ } while keeping λ � 2, α � 3 fxed.
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Figure 4: Plots of CDF with diferent values of parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ } while keeping λ � 2, α � 10 fxed.
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Figure 5: Plots of survival function with c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ }

while keeping λ � 2, α � 3 fxed.
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Figure 6: Plots of survival function with parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ } while keeping λ � 2, α � 10 fxed.
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where An,r are coefcients from the rth power of the series.
Tey can be expressed using multinomial expansions, or
more simply for small r using the convolution of the series.

So, we get the following equation:

μr
′ �

αc

1 − e
− 1

􏼐 􏼑λr
􏽚
1

0
􏽘

∞

n�r

An,ru
n⎛⎝ ⎞⎠.u

αc− 1
e

− uαc

du

�
αc

1 − e
− 1

􏼐 􏼑λr
􏽘

∞

n�r

An,r􏽚
1

0
u

n+αc− 1
e

− uαc

du.

(21)

Now substitute z � uαc⟹ u � z(1/αc)⟹ du �

(1/(αc))z1/(αc)− 1dz.
Te integral becomes 􏽒

1
0 un+αc− 1 e− uαc

du � (1/(αc))

􏽒
1
0z

(n/αc)e− zdz � (1/(αc))Γ(1 + (n/(αc)), 1).
Hence, the fnal rth moment is given by the following

equation:

μr
′ �

1
1 − e

− 1
􏼐 􏼑λr

􏽘

∞

n�r

An,rΓ 1 +
n

αc
, 1􏼠 􏼡. (22)

Final expression for the mean is as follows:

μ1′ �
1

1 − e
− 1

􏼐 􏼑λ1
􏽘

∞

n�1

1
n

Γ 1 +
n

αc
, 1􏼠 􏼡. (23)

Now, for the second moment, r � 2:

μ2′ �
1

1 − e
− 1

􏼐 􏼑λ2
􏽘

∞

n�2
An,2 Γ 1 +

n

αc
, 1􏼠 􏼡. (24)

Variance: Te variance of the MFrEE distribution using
frst and second moments is as follows:

Var(x) � μ2′ − μ1′( 􏼁
2
. (25)

2.6. Moment-Generating Function (MGF). To derive the
MGF of the distribution with the simplifed PDF:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
αc− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 . (26)

We defne MGF as follows: MX(t) � E(etX) �

􏽒
∞
0 etXf(x)dx.
Using the Taylor expansion for the exponential in the

defnition of MGF as follows:

MX(t) � E e
tX

􏼐 􏼑 � 􏽘
∞

r�0

t
r

r!
μr
′, (27)

MX(t) � 􏽘

∞

r�0

t
r

r! 1 − e
− 1

􏼐 􏼑λr
􏽘

∞

n�r

An,rΓ 1 +
n

αc
, 1􏼠 􏼡. (28)

2.7. Maximum Likelihood Estimation (MLE) Method. To
estimate the parameters of the MFrEE distribution using the
MLE method, we follow a standard procedure.

We are given the PDF as follows:

f(x; λ, α, c) �
cαλe

− λx 1 − e
− λx

􏼐 􏼑
αc− 1

e
− 1− e− λx( )

α
( )

c

1 − e
− 1 . (29)
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Figure 7: Plots of hazard function with parameter
c ∈ 0.4, 0.5, 0.8, 1, 2, 3{ } while keeping λ � 2, α � 3 fxed.
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Suppose you have a random sample x1, x2, . . . , x n from
this distribution. Te likelihood function is as follows:

L(λ, α, c) � 􏽙

n

i�1
f xi; λ, α, c( 􏼁,

So, L(λ, α, c) �
cαλ

1 − e− 1􏼠 􏼡

n

􏽙

n

i�1
1 − e

− λxi􏼐 􏼑
αc− 1

e
− λxi − 1− e− λxi( )

α
( )

c

.

(30)

Take the log of the likelihood as follows:

l(λ, α, c) � nlog(cαλ) − nlog 1 − e
− 1

􏼐 􏼑 + (αc − 1)􏽘
n

i�1
log 1 − e

− λxi􏼐 􏼑 − λ􏽘
n

i�1
xi − 􏽘

n

i�1
1 − e

− λxi􏼐 􏼑
αc

. (31)

We obtain the MLEs by solving the system:
(zl)/(zα) � 0, ((zl)/(zc)) � 0, ((zl)/(zλ)) � 0.

Hence,

zl

zα
�

n

α
+ c 􏽘

n

i�1
log 1 − e

− λxi􏼐 􏼑 − c 􏽘

n

i�1
1 − e

− λxi􏼐 􏼑
αc
log 1 − e

− λxi􏼐 􏼑, (32)

zl

zc
�

n

c
+ α􏽘

n

i�1
log 1 − e

− λxi􏼐 􏼑 − α􏽘
n

i�1
1 − e

− λxi􏼐 􏼑
αc
log 1 − e

− λxi􏼐 􏼑, (33)

zl

zλ
�

n

λ
− 􏽘

n

i�1
xi + (αc − 1)􏽘

n

i�1

xie
− λxi

1 − e
− λxi

− 􏽘
n

i�1
1 − e

− λxi􏼐 􏼑
αc− 1

· αcxie
− λxi . (34)

TeMLEs of the parameters of the proposed distribution
do not have closed-form (analytical) solutions due to the
complexity of the likelihood equations. Terefore, the MLEs
must be obtained using numerical optimization techniques,
such as the Newton–Raphson method, expectation–
maximization (EM) algorithm, or other iterative numerical
procedures.

Since the score function defned in equations (13)–(15)
cannot be solved in closed form, numerical methods can be
employed to estimate the parameters. Now, the Hessian
matrix is the 3 × 3matrix of second-order partial derivatives:

H(θ) �

z
2
l

zα2
z
2
l

zαzc

z
2
l

zαzλ

z
2
l

zczα
z
2
l

zc
2

z
2
l

zczλ

z
2
l

zλzα
z
2
l

zλzc

z
2
l

zλ2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (35)

Te observed information matrix is as follows:
I(θ) � − H(θ), where θ � (λ, α, c)T.

Te variance–covariance matrix of the MLEs is given by
the inverse as follows:

􏽣Var(􏽢θ) � I(θ)
− 1

. (36)

Tis matrix provides the standard errors (SEs) for 􏽢α, 􏽢c, 􏽢λ,

which are crucial for inference.

2.7.1. Asymptotic Distribution of MLEs. Te MLEs are
random variables that depend on the sample. Under stan-
dard regularity conditions, MLEs are consistent, asymptoti-
cally normal, and asymptotically efcient [42–44].

Tus, the MLEs satisfy
�
nn

√
(􏽢θ − θ)⟶d N 0, I(θ)

− 1
􏼐 􏼑, (37)

where 􏽢θ � (􏽢α, 􏽢c, 􏽢λ)T denotes the vector of MLEs and I(θ) is
the Fisher information matrix. Tis result implies that, for
large samples, the MLEs are approximately normally dis-
tributed with mean equal to the true parameter values and
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covariance matrix given by the inverse of the Fisher
information.

Hence, the asymptotic confdence interval (CI) for each
parameter θi can be constructed as follows:

􏽢θi ± Z(β/2)SE 􏽢θi􏼐 􏼑, i � λ, α, c, (38)

where Z(β/2) is the standard normal quantile corresponding

to the signifcance level β and SE( 􏽢θi) �

�������

􏽣var( 􏽢θi)

􏽱

is the SE
obtained from the inverse of the observed information
matrix.

3. Results

3.1. Simulation Studies. To investigate the performance of
the MLEs of the parameters of the proposed distribution, we
conducted a simulation study. Te simulation focused on
assessing the estimators’ accuracy and consistency by ex-
amining their bias, mean squared error (MSE), and vari-
ability under varying sample sizes and parameter settings.

3.1.1. Inverse Transform Method. In this method, random
samples were generated using the inverse of the CDF,
provided the quantile function is available or can be ap-
proximated numerically.

Random samples from the MFrEE distribution were
generated using the inverse transform method, based on the
derived quantile function.Tis approach is appropriate because
the quantile function is available in closed form (or can be
evaluated numerically with high accuracy), allowing efcient
generation of random observations. Te simulation study was
conducted for several sample sizes, specifcally: n� 10, 50, 100,
150, 500, and 1000 to examine the performance of the esti-
mators under both small- and large-sample conditions. Tese
sample sizes are commonly used in simulation studies in re-
liability and survival modeling and represent realistic data
situations encountered in practice. Each scenariowas replicated
a sufciently large number of times to ensure stable estimates of
bias, MSE, and CP; this number also balances precision with
computational efciency.

Te simulation study was organized into two parts. First,
we investigated the consistency of the MLEs of the pa-
rameters c, α, λ. According to the defnition of consistency,
an estimator should converge to the true parameter value as
the sample size increases, and the MSE should tend toward
zero as n⟶∞. To verify this, datasets were generated
under the parameter settings specifed in Tables 1 and 2, with
sample size up to n� 1000. For each parameter confgura-
tion, we computed the sequence of MSE values as n in-
creased. A decreasing trend in MSE indicates that the MLEs
exhibit the desired consistency. Coverage probabilities were
also examined, and they approached the nominal 95% level
for large samples, demonstrating that the CIs are well-
calibrated asymptotically. A 95% coverage level is adopted
because it provides a widely accepted balance between
precision and reliability (Tables 1 and 2).

All simulations were performed in R Version 4.2.1, using
a fxed random seed to ensure reproducibility. Parameter

estimation relied on numerical maximization of the log-
likelihood function using the optim() function with the
BFGS algorithm and computation times remained efcient
across all parameter scenarios.

3.1.2. Acceptance–Rejection (AR) Method. Te AR method
was employed to generate random samples from the MFrEE
distribution. Using the EED as the proposal allowed efcient
sampling while preserving the key characteristics of the
MFrEE distribution.

TeAR algorithmwas applied to conduct two simulation
studies to investigate the efects of varying parameter values
and sample sizes on the distribution’s behavior. Te results
of these simulations are presented below in Figures 9 and 10.

Figure 9 confrms that the AR method efectively gen-
erates samples that refect the theoretical sensitivity of the
MFrEE distribution to changes in the shape parameter c.
Tis highlights the model’s adaptability for applications
where tail behavior plays a critical role.

When c � 0.5, the simulated data show a concentration
around smaller values, with the histogram aligning closely
with the lighter-tailed theoretical PDF. Te distribution
exhibits reduced variability, confrming that smaller c values
produce lighter tails and a more concentrated failure-time
pattern.Tis implies a relatively lower probability of extreme
or unusually large observations.

For c � 2, the histogram displays a much wider spread,
and the overlay reveals that the sample more frequently
generates large values, corresponding to a heavier right tail.
Tis demonstrates that increasing c signifcantly enhances
the tail thickness and alters the distribution’s skewness. As
a result, the MFrEE distribution becomes more capable of
modeling extreme lifetimes and high-variability failure
mechanisms.

Te close agreement between the histograms and the
theoretical PDFs in both panels confrms the accuracy of the
AR sampling method. Moreover, these plots highlight the
essential role of the parameter c in shaping the dis-
tribution—from light-tailed to heavy-tailed behav-
ior—thereby illustrating the fexibility of the MFrEE model
for reliability and survival applications (Figure 10).

3.2. Application to Real Data. Te performance of the new
proposed MFrEE which has three parameters is compared
with three current models using three real-world datasets:
EED [2], alpha power transformed exponentiated expo-
nential distribution (APTEE) [33], two-parameter Weibull
distribution, and exponential distribution. EED is the base
distribution from which we derived the new model and is
used as a reference for performance comparisons of
the model.

Te other models are well known in literature, and we
need to ft them for comparison. Akaike information cri-
terion (AIC), Bayesian information criterion (BIC), cor-
rected Akaike information criterion (AICc), and
Kolmogorov–Smirnov goodness-of-ft test (KS) are the
criteria used to compare the performance of our model with
the other models. As far as the given data are concerned, the

Journal of Probability and Statistics 9



best model is the distribution with the lowest values of AIC,
BIC, and AICc, or the maximum p-value for the KS test.
Results of analysis are displayed in Tables 1, 2, 3, 4, 5, and 6.

Datasets. Tree real-world datasets were employed in
this study to illustrate the applicability and ftting perfor-
mance of the proposed distributions.

3.2.1. Dataset 1: Pharmacokinetics of Indomethacin. Te frst
dataset is the Pharmacokinetics of Indomethacin (the
Indometh data frame has 66 rows and 3 columns of data on

the pharmacokinetics of Indomethacin), and data are taken
from a website (https://mtweb.cs.ucl.ac.uk/mus/bin/install_
R/R-3.1.1/src/library/datasets/man/Indometh.Rd).

Histogram of the data is given in Figure 11. Results of
data ftting are given in Tables 3 and 4. Te new model has
got lower values for the goodness-of-ft statistics. Table 4
presents the values of several model selection and goodness-
of-ft criteria for the competing lifetime distributions ftted
to the indomethacin dataset. Across the diferent in-
formation criteria (AIC, CAIC, BIC, and HQIC), the MFrEE
distribution consistently attains the smallest values
(AIC� 66.81, CAIC� 66.99, BIC� 71.18, HQIC� 68.53).

Table 1: Summary of MSE for diferent samples for true parameters (λ � 2, α � 1.5, c � 1.3).

n
MLE Bias MSE Coverage probability

(CP)
􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ

10 3.8726 1.959 1.5676 0.8553 0.1889 0.1162 2.9208 0.1587 0.0601 0.9120 0.906 0.924
50 2.1799 1.6552 1.3241 0.1005 0.0198 0.0122 0.1872 0.0116 0.0044 0.9253 0.911 0.938
100 2.597 1.800 1.4406 0.0443 0.0148 0.0091 0.0971 0.0080 0.0030 0.9452 0.953 0.942
150 2.2732 1.6616 1.3292 0.0231 0.0088 0.0054 0.0561 0.0043 0.0016 0.9492 0.956 0.952
300 2.407 1.6608 1.3287 0.0112 0.0039 0.0024 0.0300 0.0020 0.0007 0.9501 0.955 0.957
500 1.9167 1.5162 1.2129 0.0005 0.0002 0.0009 0.0185 0.0012 0.0005 0.9502 0.955 0.958
1000 1.9527 1.4331 1.2865 0.0012 0.0005 0.0003 0.0069 0.0006 0.0002 0.9501 0.955 0.958

Table 2: Summary of MSE for diferent samples for true parameters (λ � 2, α � 3, c � 3).

n
MLE Bias MSE Coverage probability (CP)

􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ 􏽢λ 􏽢α 􏽢γ
10 1.8939 3.6513 3.5631 0.8553 0.1889 0.1162 2.9208 0.1587 0.0601 0.9354 0.921 0.915
50 2.1051 3.3546 3.4642 0.1005 0.0198 0.0122 0.1872 0.0116 0.0044 0.9391 0.93 0.928
100 2.3103 3.6947 3.3798 0.0443 0.0148 0.0091 0.0971 0.0080 0.0030 0.945 0.945 0.942
150 2.2131 3.4808 3.3834 0.0232 0.0088 0.0054 0.0561 0.0043 0.0016 0.9483 0.956 0.951
300 2.3327 3.5856 3.2564 0.0112 0.0039 0.0024 0.0300 0.0020 0.0007 0.9512 0.9503 0.952
500 2.1369 3.2462 3.1952 0.0005 0.0002 0.0009 0.0185 0.0012 0.0005 0.9503 0.953 0.955
1000 2.0116 3.0316 3.0572 0.0012 0.0005 0.0003 0.0069 0.0006 0.0002 0.9510 0.961 0.957

Simulation of MFrEE (N = 10,0000, α = 3, λ = 2, γ = 0.5)

Simulation of MFrEE (N = 10,0000, α = 3, λ = 2, γ = 2)
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Figure 9: Two realizations of the simulation from the new distribution given values of the parameters α � 3, λ � 2 with c � 0.5 (top plot)
and c � 2 (bottom plot).
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Lower values of these criteria indicate better model per-
formance by balancing goodness of ft with model com-
plexity. Terefore, the MFrEE model provides the most
efcient and parsimonious representation of the data among
all models considered.

Regarding the KS goodness-of-ft statistics, the MFrEE
model also yields the smallest KS value (31.40) and the largest
p-value (0.125) compared with the competing models. A larger
KS p-value (greater than the signifcance level α� 0.05) in-
dicates that there is no statistical evidence to reject the hy-
pothesis that the MFrEE model fts the data well. Although all
models have p-values above 0.10 and therefore provide ac-
ceptable fts, the MFrEE distribution demonstrates compara-
tively better agreement with the empirical data.

Overall, based on both the information criteria and the KS
goodness-of-ft results, the MFrEE distribution is identifed as
the best-ftting model for the indomethacin dataset.

3.2.2. Dataset 2: Data on Kidney Infection of 38 Patients.
Te second datasets were obtained from McGilchrist C. and
Aisbett C. [45], which reports frailty values estimated from
a study investigating the recurrence times of infections in 38
patients undergoing kidney dialysis. Te dataset captures
individual-specifc unobserved heterogeneity (frailty terms)
that infuence the recurrence process, making it particularly
suitable for evaluating fexible lifetime models. Te second
dataset used in this study is the repair time dataset, which
comprises 30 observations representing the time between
failures (measured in hours or a consistent time unit) of a set
of repairable units. Tis dataset was originally reported by
Murthy et al. [46] and is widely used in reliability analysis
literature as a benchmark for evaluating lifetime
distributions:

0.2, 0.2, 0.4, 0.4, 0.4, 0.4, 0.4, 0.4, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.6, 0.6, 0.7, 0.7, 0.7, 0.7, 0.7, 0.7, 0.7, 0.7,

0.8, 0.8, 0.8, 0.8, 1.0, 1.0, 1.1, 1.1, 1.1, 1.1, 1.1, 1.1, 1.2, 1.2, 1.2, 1.2, 1.2, 1.2, 1.3, 1.3, 1.3, 1.3, 1.4, 1.4, 1.5, 1.5, 1.5, 1.5,

1.5, 1.5, 1.7, 1.7, 1.7, 1.7, 1.8, 1.8, 1.9, 1.9, 2.1, 2.1, 2.2, 2.2, 2.3, 2.3, 2.9, 2.9, 3.0, 3.0.

(39)
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Figure 10: Histograms of the new distribution given values of the parameters α � 3, λ � 2 with c � 0.5 (top plot) and c � 2 (bottom plot).
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Te parameter estimations are displayed in Table 5.
Based on the goodness-of-ft statistics of the patients un-
dergoing kidney data, the histogram and plots of the pre-
dicted densities for the four most competitive probability
distributions are displayed in Figure 12. Tese graphs match
the results shown in Table 6.

Table 6 provides the results of several model selection and
goodness-of-ft criteria used to compare candidate lifetime

distributions for the kidney dataset. Across all information
criteria—AIC, CAIC, BIC, andHQIC—theMFrEE distribution
achieves the lowest values (AIC� 143.97, CAIC� 144.14,
BIC� 148.63, HQIC� 145.83). Tese lower values indicate that
the MFrEE model ofers the best balance between goodness of
ft and model complexity. Tus, based on information criteria
alone, the MFrEE distribution is the most efcient and par-
simonious model for this dataset.

Te KS goodness-of-ft results further reinforce this
conclusion. Te MFrEE model yields the smallest KS statistic
(69.98) and the highest p-value (0.4038) among all competing
distributions. Importantly, this p-value is substantially higher
than the conventional signifcance level (α� 0.05), indicating
strong evidence that the MFrEE model fts the empirical data
well. In contrast, the baseline EED and exponential models
exhibit very small p-values (0.0059 and 0.000), implying poor
ft and clear rejection at α� 0.05. Te APTEE model shows
marginal adequacy (p� 0.057), but still performs notably
worse than the proposed MFrEE distribution.

Overall, both the information criteria and KS statistics
consistently identify the MFrEE distribution as the best-
ftting model for the kidney dataset, ofering substantially
improved ft relative to the existing alternatives.

3.2.3. Dataset 3: Fatality Rates of 106 Patients. Te third
datasets were used to evaluate the applicability of the pro-
posed model. According to Cordero-Franco et al. [47], the
dataset includes the fatality rates of 106 patients in Mexico
during the COVID-19 pandemic, which lasted from March
4, 2020, to July 20, 2020. For convenience, the rates have
been scaled by dividing them by fve:

1.7652, 1.2210, 1.8782, 2.9942, 2.0766, 1.4534, 2.6440, 3.2996, 2.3330, 1.2030, 2.1710, 1.2244,

1.3312, 0.6880, 1.1708, 2.1370, 2.0070,

1.0484, 0.8668, 1.0286, 1.5260, 2.9208, 1.5806, 1.2740, 0.7074, 1.2654, 0.9460, 0.6430,

1.8568, 2.5756, 1.7626, 2.0086, 1.4520, 1.1970,

1.2824, 0.6790, 0.8848, 1.9870, 1.5680, 1.9100, 0.6998, 0.7502, 1.3936, 0.6572, 2.0316, 1.6216, 1.3394,

1.4302, 1.3120, 0.4154, 0.7556, 0.5976, 0.6672, 1.3628, 1.5708, 1.6650, 1.7120, 0.6456,

1.4972, 1.3250, 1.2280, 0.9818, 0.9322, 1.0784, 2.4084,

1.7392, 0.3630, 0.6654, 1.0812, 1.2364, 0.2082, 0.3600, 0.9898, 0.8178, 0.6718, 0.4140, 0.6596, 1.0634, 1.0884,

0.9114, 0.8584, 0.5000, 1.3070, 0.9296, 0.9394, 1.0918, 0.8240, 0.7884, 0.6438, 0.2804,

0.4876, 0.6514, 0.7264, 0.6466, 0.6054, 0.4704, 0.2410, 0.6436, 0.5852, 0.5202,

0.4130, 0.6058, 0.4116, 0.4652, 0.5052, 0.3846.

(40)

Like the frst and second datasets, MFrEE results show
a better ft than other distributions that were taken into
consideration in the third data sets. In all three datasets
ftting cases, the new model performs better (Tables 7 and 8
and Figure 13).

Table 8 summarizes the performance of four competing
lifetime distributions applied to the fatality rate dataset.
Across all reported information criteria—AIC, CAIC, BIC,
and HQIC—the MFrEE distribution consistently achieves
the lowest values (AIC� 186.25, CAIC� 186.36,

Table 3: Estimates of ftted distributions for indomethacin data.

Model 􏽢α 􏽢λ 􏽢γ
EED (base) 0.9547063 1.6085653
MFrEE 2.4704280 3.2697413 0.5497995
APTEE 0.9990543 0.1760800 4.1498528
Weibull 1.249307 3.735040
Exponential 1.689705

Table 4: Model comparison criteria for indomethacin data.

Model AIC CAIC BIC HQIC KS value p-value
EED 70.89 71.28 77.46 73.49 32.45 0.103
MFrEE 66.81 66.99 71.18 68.53 31.40 0.125
APTEE 76.42 76.81 82.98 79.01 35.2 0.106
Weibull 76.61 76.79 80.98 88.34 41.30 0.109
Exponential 69.76 69.82 69.95 69.63 41.38 0.108

Table 5: Estimates of ftted distributions for kidney data.

Model 􏽢α 􏽢λ 􏽢γ
EED (base) 1.663843 3.539909
MFrEE 1.150866 2.623059 4.816219
APTEE 0.9996383 0.3377899 5.7879719
Exponential 0.844444
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Table 6: Model comparison criteria for kidney data.

Model AIC CAIC BIC HQIC KS value p-value
EED (base) 155.64 155.97 162.63 158.43 74.82 0.0059
MFrEE 143.97 144.14 148.63 145.83 69.98 0.4038
APTEE 160.26 160.59 167.25 163.05 77.13 0.057
Exponential 179.69 179.75 182.03 180.63 88.85 0.000
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Figure 11: Plots for the ftted MFrEE pdf and other models to the Indomethacin data.
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Figure 12: Plots for the ftted MFrEE pdf and other models to the fatality rate patient data.
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BIC� 191.57, HQIC� 188.41). Tese lower scores indicate
that, compared with the baseline EED, APTEE, and expo-
nential models, the MFrEE model provides a more accurate
and parsimonious representation of the underlying data.

Regarding goodness-of-ft, the KS statistic and its cor-
responding p-value also support the superior performance of
MFrEE. Although the KS statistic for MFrEE (91.13) is equal
to that of the baseline EED model, the p-value for MFrEE is
substantially higher (0.7710). Tis value is far above the
conventional signifcance threshold (α� 0.05), indicating no
evidence against the null hypothesis that the data follow the
MFrEE distribution. In contrast, the p-values for APTEE
(0.0023) and Exponential (0.000) are extremely small,
showing a clear lack of ft.

Te high p-value (0.7710) suggests excellent agreement
between the empirical and ftted MFrEE distribution, con-
frming its suitability for the fatality rate data. It refects
a very small distance between the empirical and theoretical
distributions in the KS test.

Overall, both the information criteria and KS goodness-
of-ft results clearly demonstrate that the MFrEE model
provides the best ft for the fatality rate dataset, out-
performing all competing models in terms of accuracy,
efciency, and goodness-of-ft.

Te proposed MFrEE distribution is fully defned and
thoroughly described in this study. Both simulation studies
and real-data applications demonstrate the model’s fexi-
bility and promising performance. Based on these results, we
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Figure 13: Plots for the ftted MFrEE pdf and other models to the kidney data.

Table 7: Estimates of ftted distributions for fatality rate data.

Model 􏽢α 􏽢λ 􏽢γ
EED (base) 4.028373 1.797765
MFrEE 1.759827 3.814093 3.328963
APTEE 0.9984518 0.9474172 2.2988713
Exponential 0.8587129

Table 8: Model comparison criteria for fatality rate data.

Model AIC CAIC BIC HQIC KS value p-value
EED (basic) 195.64 195.87 203.63 198.88 91.13 0.0510
MFrEE 186.25 186.36 191.57 188.41 91.13 0.7710
APTEE 216.77 217.00 224.76 220 105.39 0.0023
Exponential 246.29 246.33 248.96 247.38 122.15 0.000
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recommend applying the MFrEE distribution to real-world
datasets in felds such as health, engineering, and economics
to further validate its practical utility.

4. Conclusions

Tis paper introduces a novel probability model, the
MFrEE distribution, and provides a comprehensive study
of its properties. We derive the PDF, CDF, survival
function, and hazard function and illustrate these func-
tions across diferent parameter values. Key distributional
characteristics, including moments, mean, variance,
mode, quantiles, skewness, kurtosis, and the MGF, were
also derived and examined. Random samples from the
MFrEE distribution were generated using the AR method,
and parameters were estimated via MLE.Te performance
of the estimators was further assessed through Monte
Carlo simulations based on bias, MSE, and CP, with CP
values remaining close to the nominal 95% level across
scenarios.

Te model’s empirical applicability was demonstrated
using three real-world datasets, where it achieved superior ft
compared to existing models, as indicated by consistently
lower values of AIC, BIC, and AICc. Notably, the MFrEE
distribution exhibits a fexible hazard function capable of
modeling monotonic, bathtub, and unimodal shapes,
making it highly suitable for applications in health, engi-
neering, science, and economics, particularly for lifetime and
reliability data.

In conclusion, the MFrEE distribution represents a sig-
nifcant contribution to probability theory and statistical
modeling. Future research may focus on applying the model
to additional real-world datasets and exploring machine
learning–based approaches for parameter estimation,
comparing their performance against the MLE approach
used in this study.

Moreover, future research could examine application
areas where fexible hazard rate structures provide sub-
stantial practical beneft. Potential domains include bio-
medical and clinical survival analysis, engineering reliability
assessments, environmental risk and extreme-event mod-
eling, actuarial science, and fnancial duration analysis.
Investigating these areas would deepen understanding of the
model’s versatility and highlight its advantages over com-
peting lifetime distributions in complex real-data settings.
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