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ABSTRACT
Background:  The development of the permanent dentition provides a reliable substrate to infer 
ontogenetic patterns within and among species. Multivariate methods offer a promising approach to 
compare taxon-specific patterns.
Aim:  This study used multivariate statistical approaches to compare ontogenetic patterns by more 
comprehensively quantifying variation in crypt and tooth formation scores for the permanent dentition 
in five catarrhine primate taxa, Homo sapiens, Pan paniscus, Pan troglodytes, Hylobates lar, and Papio 
anubis.
Subjects and Methods:  Tooth formation was scored according to published standards for each 
specimen. Multivariate relationships between teeth were modelled according to a Bayesian multivariate 
cumulative probit model. Relationships among and between teeth were summarised with correlation 
matrices, variable loadings plots, and the Frobenius norm. Univariate boxplots were used to contextualise 
and check the biological salience of the multivariate results.
Results: H. sapiens results corroborate previous research and show a degree of modularity that separates 
early forming and later-forming teeth. All four other species may show broad correlative patterns, but 
clear biological patterns are masked due to small sample sizes and/or sample composition.
Conclusion:  Even with careful application of statistical procedures, ontogenetic inferences are only as 
good as the data are comprehensive.

Introduction

To begin, we must make an admission. Within these pages, 
you will not find a neat and tidy explication of primate 
ontogeny. Instead, what follows is an honest account of the 
methodological challenges faced as we attempted to quan-
tify multivariate dental development relationships, towards 
unravelling the complexities of hominin ontogeny. While our 
objective in this work may seem rather straightforward – to 
characterise variation in tooth mineralisation among five spe-
cies of catarrhine primates – the results presented show the 
difficulty of going from data to inference in comparative 
studies of primate and hominin ontogeny.

The study of hominin ontogeny has a long if not also 
fraught history across the biological sciences (e.g. Schultz 
1926; Smith BH and Tompkins 1995; Gould 1996; Zollikofer 
and de León 2010; Bolter and Zihlman 2022). The crux of this 
body of work is the use of ontogenetic variables to address 
questions about intra-species variability and inter-species dif-
ferences (e.g. Alemseged et  al. 2006; Cofran and Walker 2017; 
Rosas et  al. 2017; Bolter and Cameron 2020). Recent inertia in 
this field brought together multidisciplinary stakeholders to 

address the evolution of hominin ontogeny using novel 
methodological and analytical solutions (Bolter et  al. 2023). A 
primary theme extending from Bolter and colleagues is the 
need to more comprehensively define and quantify ontoge-
netic variation in extant hominin and adjacent species. In this 
way, it may be possible to more robustly contextualise and 
model the ontogenies of fossil specimens and extinct spe-
cies. Specifically, the publication (Bolter et  al. 2023) and 
related Wenner-Gren workshop entitled, “New approaches to 
studying sub-adult hominins in the fossil record” (Gr. 
CONF-900), recommends that researchers combine data 
sources from living populations of human and non-human 
primates to experiment with and design new analytical tech-
niques that may more accurately define the growth of fossil 
hominin subadults. From this recommendation stem the 
objectives of the present study. We combined data sources 
from living primate populations in a statistical approach 
designed specifically to weigh the (co)variation of dental 
development and capture the multivariate nature of varying 
growth processes. While broad, this objective leads to three 
research questions concerning the study of hominin growth 
and development. First, does examining the covariation 
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between developing teeth permit a better understanding 
between species-specific patterns of tooth mineralisation? 
Second, are there data quality or quantity concerns that may 
impact the outcome of the statistical approach? Lastly, what 
parameters are most important to consider during research 
and study design (i.e. assuring no missing data, gathering an 
ontogenetically diverse assemblage, sample size, etc.). To 
those ends, this study grapples with issues of statistical inter-
pretation, notably the relationship of statistical modelling 
with biological reality, and how researchers may reasonably 
manage such issues in future studies.

We examine the dental development of five extant catar-
rhine species: Homo sapiens, Pan paniscus, Pan troglodytes, 
Hylobates lar, and Papio anubis. This primate sample of five 
species provides a taxonomically diverse assemblage to 
quantify primate ontogenetic variation (Schultz 1926; Smith 
BH and Tompkins 1995). A myriad of valuable studies exam-
ines dental development of one or a few of these groups 
(e.g. Moorrees et  al. 1963a; Demirjian et  al. 1973; Dirks 1998; 
Dean et  al. 2001; Liversidge 2003; Dirks and Bowman 2007; 
Boughner et  al. 2012; Boughner et  al. 2015). As an extension 
of this body of work we believe that a more expansive and 
diverse primate sample representing multiple ages or age 
groups is foundational to fulfil the primary theme 
described above.

The development of the dentition provides a rather reli-
able biological process and subsequent dataset with which 
to infer ontogenetic patterns within and among species. This 
reliability is due to several factors, including preservation bias 
towards teeth as the most heavily mineralised tissue of the 
primate body (Hillson 1996), the connection of teeth to tra-
ditional life history markers across different species (Smith BH 
and Tompkins 1995; Dirks and Bowman 2007), and the over-
all stability of teeth as compared to skeletal tissues (Lewis 
and Garn 1960; Cardoso 2007; Šešelj 2013). Further, analyses 
of dental development are versatile and span years if not 
decades of an individual primate’s life. Datasets can encom-
pass various micro- and macroscopic aspects including early 
tooth morphogenesis and crypt formation, crown and root 
mineralisation, as well as tooth eruption and emergence into 
occlusion. As much as the timing and/or sequence of these 
aspects may vary, the methods needed to study said aspects 
may also vary. Much historical research tends to focus on the 
variation of alveolar eruption patterns among diverse species, 
most likely because this process was readily visible in existing 
skeletal collections and living animals alike (Clements and 
Zuckerman 1953; Holly Smith et  al. 1994; Liversidge and 
Molleson 2004). In recent decades and particularly with the 
advent and routine use of 2D and 3D radiographic imaging, 
more studies have been able to analyse the developmentally 
earlier and biologically less variable mineralisation of the 
crown and root (Liversidge 2003; Liversidge and Molleson 
2004). These earlier phases of tooth initiation and develop-
ment are also the focus of our study. Our datasets are 
founded on conventional methods designed to quantify 
development where a researcher assigns each tooth one dis-
crete, ordinal score that corresponds to a stage of develop-
ment (Schour and Massler 1940; Moorrees et  al. 1963a; 
Moorrees et  al. 1963b; Demirjian et  al. 1973; Dean and Wood 

1981). Scores per tooth are then compared among groups or 
species using a conventional series of descriptive or bivariate 
statistics (Smith BH and Tompkins 1995; Dean et  al. 2022). 
This valuable approach does present some limitations worth 
noting in the context of our study aims. First, there is no sin-
gle standard tooth mineralisation scoring scheme used across 
all primate species. In H. sapiens alone there are a coterie of 
tooth staging systems that are used based on the research 
question, available teeth, and worker preference (Schour and 
Massler 1940; Nolla 1960; Moorrees et  al. 1963a; Demirjian 
et  al. 1973; Anderson et  al. 1976). The lack of standardisation 
makes it difficult to complete inter-species comparisons. A 
second limitation for inter-species studies is the inherent dif-
ficulty that arises when making comparisons using ordinal 
data, such as tooth mineralisation scores (Hannigan and 
Lynch 2013; Konigsberg 2015; Corron et  al. 2021). For exam-
ple, earlier approaches to manage a complex dataset of ordi-
nal dental scores collapsed or obscured relationships among 
developing teeth by summing all tooth development scores 
into a single univariate dental maturity score (DMS) for each 
individual (Demirjian and Goldstein 1976). The rationale is 
that DMS data can be compared between individuals (or 
averaged between species) to make a statement regarding 
the stage of maturation. Towards capturing and characteris-
ing complex ontogenetic patterns, this approach is statisti-
cally fraught (Liversidge 2010; Liversidge 2012; Boughner 
et  al. 2015). The summing of discrete, ordinal values ignores 
the scaling of each dental score relative to another, and 
assumes that all traits (i.e. all 8 permanent teeth) contribute 
equally to the variation present. This assumption is problem-
atic because it does not reflect the biological reality of a con-
tinuous growth process. We need to know specifically about 
individual tooth (univariate) variation and how that variation 
is related (or not) to other components or teeth in the dental 
arcade. Research suggests that conditional dependence is 
non-zero between dental traits in modern humans, as well as 
for correlation between developing teeth after accounting for 
the fact that development is a time-dependent process (Stull 
et  al. 2021; Sgheiza 2022). In other words, relationships 
among developing teeth are typical and thus important to 
capture in ontogenetic studies across primate taxa. In fact, 
correlation among teeth differs according to variables includ-
ing age category, tooth class, and biological sex (Stull et  al. 
2021; Sgheiza 2022). As a result, methods that do not at least 
consider these differing relationships among teeth across 
ontogeny also do not fully capture the variation inherent in 
dental development.

There is strong rationale to invoke more complex multivar-
iate approaches to manage datasets that capture more com-
plex variation in dental development within and across 
species. However, as noted earlier, comparing single teeth 
scored using different scoring systems presents a technical 
obstacle. Another obstacle, rooted in biology, is the inte-
grated multivariate structure of dental development that 
leads to the presumption that such variation is most accu-
rately examined as a whole dentition versus tooth-by-tooth. 
A further challenge is that the dentition is developing along-
side other body systems within a greater organism (Lewis 
and Garn 1960; Demirjian et  al. 1985; González-José et  al. 
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2004; Cardoso 2007; Gómez-Robles and Polly 2012; Šešelj 
2013; Armbruster et  al. 2014). Ideally, analyses of primate 
ontogeny will encompass not only dental scores for the full 
dentition but also scores for skeletal development and 
growth, particularly as bones are the other major line of fos-
sil evidence for ancient hominins. As such, looking to the 
present as well as the future of this field, it is not illogical to 
conclude that multivariate statistical methods are most 
appropriate to define and contrast patterns of tooth forma-
tion and dental development among species. Boughner et  al. 
(2015) provide one approach to assess multivariate variation, 
using principal component analyses (PCA). While their study 
incorporates dependence information in the form of a cova-
riance matrix, PCA is inherently an approach to summarise 
continuous-valued data. While we can numerically label den-
tal scores as “1,” “2,” “3,” …, the numbers only represent an 
order. There is no “magnitude” attached to these scores, as 
they do not contain real or specific biological information 
about the size of the interval between scores, such as months 
between scores that define crown ¼ and crown ½. Therefore, 
the ordinal nature of the tooth scoring system makes inter-
pretation using a method such as PCA difficult due to the 
lack of measurement or magnitude attached to the scoring 
system. This difficulty leads to results that do not have a 
straightforward interpretation related to the variance or cova-
riance among datapoints (Liddell and Kruschke 2018). In 
other words, are there more robust methods to better address 
the covariation and provide for straightforward biological and 
statistical interpretation? Therefore, we modify and test a sta-
tistical method that is better suited for ordinal data in the 
form of multivariate cumulative probit model.

There is a precedent for our approach: the cumulative pro-
bit has been used extensively across biological anthropology 
in applications of ordinal data analysis including dental 
development research (Liversidge and Molleson 2004; 
Konigsberg 2015; Stull and Corron 2022; Stull et  al. 2023). A 
probit model is a form of a latent variable model whereby 
each ordinal score is linked to an underlying latent continu-
ous variable distributed according to a standard normal dis-
tribution. As a result, the relationship of each score to another 
(e.g. the difference between a “1” and a “2”) is defined based 
on score position in the latent continuous space. In other 
words, if we assume dental development is a time-continuous 
process that has historically been measured using discrete 
staging systems, the probit allows us to connect the discrete 
stages to an underlying continuous process. Here we focus 
on the multivariate extension of the cumulative probit model, 
where we analyse correlated multivariate ordinal dental 
development data (Chib and Greenberg 1998; Gueorguieva 
and Agresti 2001; Konigsberg 2015; Stull and Corron 2022; 
Stull et  al. 2023). While traditional probit analyses in biologi-
cal anthropology tend to be concerned with post-hoc predic-
tion based on parameters associated with age estimation, an 
often-overlooked component of the model fit is the correla-
tion structure underlying the relationships between each 
multivariate series of traits (Sgheiza 2022). This correlation 
value represents the parameter of interest when comparing 
dental development among extant primate groups. Further, 
this model offers two guarantees. First, statistical validity, as 

this approach is ubiquitous across the literature. Second, a 
means to make comparisons not at the score level where 
perhaps disparate scoring systems may be used, but instead 
with the correlation matrices learned from the models. This 
point is important, because the correlation matrices repre-
sent the presumed ontogenetic relationships between devel-
oping teeth much like the covariance matrix in the PCA from 
Boughner et  al. (2015). While the use of correlations may be 
trivial to most who study phenotypic integration more 
broadly (e.g. Schlichting 1989), their use in delineating pat-
terns underlying mineralisation of the dentition is less appar-
ent but presents no less of an exciting opportunity to 
advance ontogenetic research. This correlation-focused 
approach is not unlike using the coefficient of variation (stan-
dard deviation/mean) to compare continuously measured 
variables of differing magnitudes. We put forth that the use 
of a more standardised metric such as a correlation allows for 
comparisons between disparate datasets that may have dif-
fering scoring schemes.

Considering the multivariate ordinal data structure and 
the desire to include and parse any correlations among 
developing teeth, we fit a multivariate cumulative probit 
model to dental mineralisation data from Homo sapiens, Pan 
paniscus, Pan troglodytes, Hylobates lar, and Papio anubis. We 
performed a series of visual comparisons between correlation 
matrices, completed eigen decomposition of the correlation 
matrices to summarise variable relationships in multivariate 
space, and quantified the difference between species-specific 
relationships using the Frobenius norm. In line with Bolter 
et  al.’s (2023) stated need to better quantify ontogenetic 
variation, here we strived to provide a methodological tool 
that could be extended by us and others to future work 
comparing extinct and extant species. However, in the pro-
cess of our study, we realised valuable yet frustrating insights 
about the rigour, complexity, and limits of analysing dental 
development score datasets. This work shares our insights 
and offers new ways forward. To help demonstrate such 
insights into the myriad data limitations, we also present uni-
variate summaries to make sense of the multivariate output. 
We then discuss the challenges faced in order to refine the 
methodology needed to effectively parse biological and 
ontogenetic data from the expanding fossil subadult record.

Materials and methods

Extant samples

We evaluated tooth crown and root mineralisation of 1317 
modern human subadults (H. sapiens), 34 free-lived bonobos 
(P. paniscus), 80 free-lived chimpanzees (P. troglodytes), 51 
free-lived olive baboons (P. anubis), and 44 free-lived lar gib-
bons (H. lar). In modern humans, bonobos, chimpanzees, and 
baboons, the left-sided mandibular dentition was sampled 
including the central incisor (I1), lateral incisor (I2), canine 
(C), third [first] premolar (P3), fourth [second] premolar (P4), 
first molar (M1), second molar (M2), and third molar (M3). 
Due to sample size constraints, we sampled only the 
left-sided maxillary dentition for the gibbons. Previous 
research shows the relative similarity in sequence of tooth 
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formation between the upper and lower dental arcade 
(Moorrees et  al. 1963a; Liversidge 2003). Further to scoring 
tooth crown and root mineralisation, the presence and/or 
absence of tooth crypts was noted in the scoring system for 
all non-human primates.

The modern human sample was collected from com-
puted tomography (CT) images of subadults (birth to 
21 years old) derived from the Subadult Virtual Anthropology 
Database (SVAD) (Figure 1) (Stull and Corron 2022). The 
images were generated at the University of New Mexico 
Health Sciences Centre, Office of the Medical Investigator 
(Berry and Edgar 2017; Edgar et  al. 2020). Mineralisation of 
tooth crowns and roots were scored for all oral quadrants 
and all 32 permanent teeth following AlQahtani et  al. 
(2010). The left sided mandibular dentition (eight teeth 
total) was used for the analyses presented here. Data were 
scored on an ordinal scale (1–13) based on a numeric adap-
tation of the original stage names (Table 1). To match the 
non-human primate scoring system defined below, we 
recode all human dental scores from AlQahtani et  al.’s 
(2010) 13-stage system to that of Dean and Wood’s (1981) 
12-stage system (Table 1). While crypt stages (score 1 and 
2) were not originally collected in the SVAD sample, the 
remainder of the scores (3–12) have analogues between 
systems and were recoded accordingly (Table 1). Original 
Scoring protocols for dental development can be found at 
Stull and Corron (2021a).

The Pan dental data were initially collected by Boughner 
et  al. (2012). Chimpanzee dentition was scored based on 
mandibles housed at the Natural History Museum, London, 
UK and the Powell-Cotton Museum, Kent, UK. Bonobo denti-
tion was scored based on mandibles housed at the Royal 
Museum of Central Africa, Tervuren, Belgium. All specimens 

were wild collected. Mandibles were radiographed during 
study at each institution resulting in lateral, occlusal, and lin-
gual intraoral views of the whole developing dentition. Tooth 
mineralisation was scored on the left side of the mandible 
using a 12-stage ordinal scale described in Boughner et  al. 
(2012) and modified from Dean and Wood (1981) (Table 1). 
The mineralisation data collected in Boughner et  al. (2012) 
were used in the present study with author permission. 
Individuals were assigned an estimated age group based on 
previously published radiographic and histological studies 
(Holly Smith et  al. 1994; Reid et  al. 1998). These age groups 
are infant (INF), younger juveniles (J1), older juveniles (J2), 
and adults (AD) (Figure 1). To seriate specimens into individ-
ual age groups, Boughner et  al. (2012) examined dental 

Figure 1.  Age profile for all extant specimens in current study. (a) H. sapiens age distribution with continuous, chronological age on x-axis and count on the 
y-axis. (b) Age distribution of non-human primate samples (Pan, Papio, and Hylobates) filled by each species. Ordinal age category is on the x-axis and count in 
each age category is on the y-axis.

Table 1.  Tooth mineralisation scoring protocols.

Scoring codes and definitions for 
all specimensa

Human 
recode

Original H. sapiens scores and 
definitionsb

1 Crypt initiation 3 1 Initial cusp formation
2 Crypt empty 3 2 Coalescence of cusps
3 Crown iniation 4 3 Cusp outline complete
4 Crown 1/4 5 4 Crown 1/2
5 Crown 1/2 6 5 Crown 3/4
6 Crown 3/4 7 6 Crown complete
7 Enamel buccal/cervical cleft 7 7 Initial root formation
8 Root 1/4 8 8 Root length less than 1/2
9 Root 1/2 9 9 Root length = crown length
10 Root 3/4 10 10 Root length 3/4
11 Root complete, apex open 11 11 Root complete with diverge 

ends
12 Root complete, apex closed 12 12 Apex closed, wide PDL

12 13 Apex closed, normal PDL
aAdapted from Boughner et  al. (2012) and Dean and Wood (1981). bAdapted 

from Stull and Corron (2022b) and AlQahtani et  al. (2010). All analyses were 
completed based on scores and definitions adapted from Boughner et  al. 
(2012) and Dean and Wood (1981). H. sapiens was initially adapted from 
Stull and Corron (2022b) and AlQahtani et  al. (2010). Here we demonstrate 
the recode from one system to the next.
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eruption patterns (Holly Smith et  al. 1994) and crown and 
root morphology vis-à-vis incremental analysis of dentine and 
enamel formation (Reid et  al. 1998). Note, while it may be 
more appropriate to delineate age categories independent of 
the tissue under study (i.e. skeletal growth instead of dental 
parameters), previous research across primate samples does 
show the close relationship between dental eruption, miner-
alisation, skeletal maturity, and sexual maturity (Holly Smith 
et  al. 1994; Reid et  al. 1998). Previous research highlights the 
similarity in development between P. paniscus and P. troglo-
dytes (Boughner et  al. 2012), leading us to pool the Pan data 
to increase overall sample size and coverage across Pan 
ontogeny.

The Papio sample was initially collected by Boughner 
et  al. (2015) and used with permission in the current study. 
Baboon dentition was scored based on mandibles housed at 
the Natural History Museum and Royal College of Surgeons, 
London, UK. Similar to the Pan sample, all specimens were 
wild collected, mandibles were radiographed at each institu-
tion resulting in lateral, occlusal, and lingual intraoral views, 
and tooth mineralisation was scored on the left side of the 
mandible on a 12-stage ordinal scale described in Boughner 
et  al. (2012) and modified from Dean and Wood (1981) 
(Table 1). Similar to the Pan data, chronological age was 
unknown for this Papio sample, and individuals were 
assigned an estimated age group based on examination of 
macroscopic dental eruption, microscopic analysis of den-
tine and enamel formation, and their relationship to pat-
terns of somatic and sexual maturity in Papio (Holly Smith 
et  al. 1994; Reid et  al. 1998). These age groups are infant 
(INF), younger juveniles (J1), older juveniles (J2), and adults 
(AD) (Figure 1).

The Hylobates wild collected sample was initially examined 
in Cofran and Boughner (2025). Specifically, we incorporate 
Hylobates lar carpenteri from the Asiatic Primate Expedition 
(APE) from 1937 to 1938 (Carpenter 1941; Coolidge 1937; 
Coolidge et  al. 1940; Schultz 1944). This collection is housed 
at the Museum of Comparative Zoology, Harvard University. 
Craniodental material was subject to x-ray microtomography 
(micro-CT or μCT) resulting in a virtual image capturing 
crypt, crown and root development. Cofran and Boughner 
(2025) each scored the dentition independently and then 
compared sets of scores until consensus was met. The scores 
were used in this study with author permission. Consistent 
with the approach for staging Pan and Papio dental develop-
ment, tooth mineralisation was scored on the left side of the 
jaw with a 12-stage ordinal scale described in Boughner et  al. 
(2012) and modified from Dean and Wood (1981) (Table 1). 
As stated above, only the left maxillary dentition is included 
because of sample size constraints associated with the man-
dibular dentition. Cofran and Boughner assigned five (versus 
four) age groups according to an individual’s stage of dental 
eruption as well as status of basicranial suture closure. These 
groups are infants (INF), younger juveniles (J1), older juve-
niles (J2), oldest juveniles/subadults (SA), and adults (AD) in 
whom at least one tooth had not completed development. 
To match the age categorisation of the non-human primate 
samples described above, we combined J2 and SA into a sin-
gle J2 age category (Figure 1).

Multivariate model specification and model selection

We specified a multivariate probability distribution over den-
tal development variables for each specimen. In total, we fit 
four separate multivariate cumulative probit models – one fit 
per taxon. Specifically, we fit the response vector of dental 
scores to a multivariate cumulative probit model. This model 
assumed that each discrete ordinal value (e.g. a dental score 
of “4”) can be represented as a latent continuous value (i.e. 
because dental development is a continuous biological pro-
cess), augmented via the cumulative distribution function of 
the standard Gaussian distribution. In other words, we 
assume the continuous biological process related to dental 
formation is best modelled as a normal distribution with 
some average value and standard deviation. While the fit of 
this model yields various parameter values, of keenest inter-
est to us is the correlation matrix describing the dependence 
structure between dental scores. Values closer to 1 or −1 rep-
resent stronger correlations between developing teeth; val-
ues closer to 0 represent weaker correlations. Stronger 
correlations imply some level of integration during develop-
ment, where certain teeth develop along a similar pace, mag-
nitude, and direction. Here, we take integration to mean the 
strength of correlations between pairs of teeth, which may 
evince more (or less) concurrent development of both teeth. 
Of note, traditional correlation parameters in a multivariate 
cumulative probit can be interpreted as either the Pearson 
correlation coefficient or as a linear relationship between the 
data. However, the mathematical similarity between a multi-
variate probit model and other multivariate dispersion mod-
els that examine variability among multiple traits or variables 
suggests that Pearson’s r and Spearman’s ρ are nearly iden-
tical and Kendall’s τ is positively related to both terms (Song 
2000). Therefore, the correlation term presented here pro-
vides a robust measure of linear and/or rank association 
among traits.

Parameter estimation was completed in Stan, a probabilis-
tic programming language written in C++ that computes the 
joint log probability density of a set of continuous parame-
ters up to a proportional constant (Stan Development Team 
2024). Bayesian inference was carried out using Stan’s 
dynamic Hamiltonian Monte Carlo algorithm (HMC) to draw 
from the posterior distribution (Betancourt 2017). The model 
was fit in the R programming environment (R Core Team 
2023) using Stan’s lightweight interface to the command line 
cmdstanr (Gabry and Cesnovar 2022). All models were run 
with four chains with 1000 warmup iterations and 1000 sam-
pling iterations resulting in 4000 posterior samples per 
parameter. The tuning parameter associated with the total 
number of simulation steps (max_treedpeth) was adjusted to 
a value of 12 and the target average acceptance probability 
(adapt_delta) was adjusted to 0.99 to capture the complexity 
of the posterior distribution. Parameters across all models 
showed a split R-hat statistic less than 1.01, bulk and tail 
effective samples sizes greater than 400, E-FMI statistics 
greater than 0.2, and no divergent transitions (Gelman et  al. 
2014; Betancourt 2016a, 2016b; Betancourt 2017; Vehtari 
et  al. 2021). As such, all diagnostic features indicated a statis-
tically valid and reliable series of models. For a complete 
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mathematical specification of the model, the parametric 
forms associated with the mean function, and prior choices, 
see Appendix A.

In the present context, an important feature of ontoge-
netic data is the extent to which chronological age or age 
group influences the variation present in the sample popula-
tion. We ask: should age data be included as a predictor or 
as an independent variable related to dental score? Or should 
age not be included at all because age information is intrin-
sic to all ontogenetic data? This interesting quandary is foun-
dational to consider because chronological age is unknown 
in many extant specimens and certainly in most extinct indi-
viduals. Biological age can be deduced in many specimens 
but carries an inescapable margin of error that varies accord-
ing to the data used to calculate age or assign individuals 
among age groups. To compare the predictive performance 
of individual models’ fit with and without including age as 
an independent variable, we completed k-fold cross-validation 
where k = 5 folds. We use k-fold cross validation because it 
allows us to mitigate the impact of data quality issues (e.g. 
imbalanced data among the five species) by incorporating 
larger training datasets through the ability to fit the model k 
times (Yadav and Shukla 2016; Vehtari et  al. 2021). Further, in 
Bayesian statistics, multivariate probit models can often 
prove difficult in likelihood-based model selection approaches 
and therefore we use the advice put forth by Stan develop-
ers to compare models via cross-validation. To measure the 
predictive fit, we used the expected log pointwise predictive 
density (ELPD) (Gelman et  al. 2014; Vehtari et  al. 2017). 
Generally, the larger the ELPD, the better performing the 
model. Ideally, the ELPD difference is 3 to 4 times greater 
than the standard error of the difference to indicate a quan-
tifiable difference in predictive performance. The general 
four-step procedure to compare models is as follows: (1) Fit 
the model to k-1 training data, (2) Estimate the likelihood of 
the held-out test data based on the previous fit, (3) Repeat 
for each held out fold (k = 5) while storing the likelihood 
each time, and; (4) Using the stored likelihood values, quan-
tify the ELPD and compare the fit of the age versus that of 
the no age model. This procedure is repeated for each spe-
cies to determine the best-fitting model per species. Model 
selection was performed using the loo package (Vehtari 
et  al. 2024).

Statistical inference: how we examined the models

All analyses described in this section were performed on the 
best fitting multivariate probit model. To compare the simi-
larity in patterns of dental scores among all eight developing 
permanent teeth of an oral quadrant, between extant speci-
mens, we completed posterior inference on the samples of 
each correlation matrix. Specifically, we used the Frobenius 
norm to calculate the similarity between posterior correlation 
matrices (Balgopal 1996; Ramirez et  al. 2013). The Frobenius 
norm is the square root of the sum of the squared difference 
between two matrices and is a computationally efficient 
means to compare matrices. The smaller the norm or closer 
the norm is to zero, the more similar the matrices; the further 

the norm is from zero, the more dissimilar the matrices. We 
compute the norm across all posterior samples among all 
species resulting in a distribution of values per pairwise com-
parison where the user can perform any number of summary 
statistics (i.e. mean, mean, mode, range, etc.).

To visualise within-species patterns we present correlation 
matrices and a loadings plot resulting from eigen decompo-
sition of the posterior mean correlations. For brevity, in 
eigen decomposition, only the first two dimensions are pre-
sented as these capture the greatest amounts of variation. 
In the loadings plot, the longer the arrow, the more influen-
tial that variable to said dimension and the more acute the 
angle between variables, the stronger the correlation. A 
point of clarification: in the present analysis, “influential” 
relates to how strongly correlated variables may or may not 
be. A lack of correlation implies that the data-generating 
process cannot be subsumed into a simple mapping from 
one variable to the next, but instead other information that 
is external to this study may have to be accounted for. In 
other words, if the correlations are weak, then perhaps more 
data are needed to parse any connection between pairs of 
individual developing teeth. A strong correlative relationship 
suggests that knowing about one variable tells you a lot of 
information about the other. A caveat is that our study here 
assumes a linear (or at minimum, rank) dependence struc-
ture, where smaller values equate to smaller values and 
larger values equate to larger values. It is important to note 
that other statistical models and copula-based approaches 
(Song 2000; Danaher and Smith 2011; Joe 2014) can model 
dependence in other ways and would be an additional ave-
nue for future research. As a last but vital step, to most 
accurately interpret and contextualise the multivariate anal-
yses, we provide boxplots for each tooth score per species. 
Using the information stemming from the initial Bayesian 
model fitting, model selection, and downstream multivariate 
and univariate interpretations, we aim to describe as com-
prehensively and as accurately as possible the dental devel-
opment variation present in a diverse sample of catarrhine 
primates.

Reproducibility

All code is published at https://github.com/ChristopherAWolfe/
WolfeBoughnerStull_AHB and is available in the open access 
repository on Zenodo (Wolfe et  al. 2024). The human dataset 
is available at Stull and Corron (2021b). The non-human pri-
mate data are available in the original publications reporting 
these studies (Boughner et  al. 2012; Boughner et  al. 2015; 
Cofran and Boughner 2025). All analyses were completed in 
the R programming environment (v. 4.3.1) (R Core Team 
2023). The following packages are necessary to complete the 
analyses exactly as described in the paper: tidyverse (Wickham 
et  al. 2019), magrittr (Bache and Wickham 2022), ggpubr 
(Kassambara 2023), reshape2 (Wickham 2007), posterior 
(Bürkner 2022), loo (Vehtari et  al. 2024), and cmdstanr (Gabry 
and Cesnovar 2022). Users will also need a working version 
of CmdStan – the command line interface to Stan that can 
be installed through cmdstanr.

https://github.com/ChristopherAWolfe/WolfeBoughnerStull_AHB
https://github.com/ChristopherAWolfe/WolfeBoughnerStull_AHB
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Results

In all five species, the best fitting Bayesian multivariate cumu-
lative probit model incorporated age as a predictor (Table 2). 
All results stem from this series of best performing models. 
Pairwise comparisons among species show a nonzero differ-
ence between posterior correlation matrices, suggesting 
species-specific multivariate relationships among the denti-
tion (Figure 2). In the remainder of this results section, we 
analyse the dependence structure separately by species and 
provide boxplots to contextualise the output in the multivar-
iate results.

Homo sapiens

Figure 3 visualises the posterior mean correlations among  
H. sapiens mandibular tooth mineralisation and presents the 
loadings plot to further illustrate relationships among and 
between teeth. All correlations are positive. The strongest 

correlations occur between teeth that generally mineralise 
along similar trajectories. In other words, the dental scores of 
these teeth are more similar when compared to the scores of 
other teeth. Pairwise comparisons between I1, I2, C, and M1 
return the strongest positive correlations. While reduced, a 
moderately strong positive relationship was found between 
P3 and P4. The loadings plot corroborates the patterns. The 
first two dimensions explain approximately 74% of the varia-
tion in the matrix. Specifically, the second dimension rep-
resents a probable ontogenetic trajectory where the earliest 
forming dentition has more positive values and the later 
forming dentition has more negative values.

Boxplots of mineralisation scores for each tooth by an 
individual’s age further clarify the patterns described above 
(Figure 4). The distribution of scores shows that I1, I2, C, and 
M1 all begin mineralisation (stage 3, initial cusp formation) 
early in infancy and finish development (stage 12) at the out-
set of the adolescence period. In contrast, P3 and P4, which 
develop about concurrently, do not begin mineralisation until 
later in infancy to early childhood (3–4 years old). Both M2 
and M3 begin development late(r) in childhood and com-
plete development long into adolescence. This later develop-
ment is particularly acute for M3, which may not complete 
formation until early adulthood.

Pan

Correlations among all variables (i.e. dental scores for all 
eight teeth per specimen) are stronger in Pan as compared 
to Homo (Figure 5). That said, no clear pattern arises to indi-
cate any module(s) related to ontogeny, function, or tooth 
class. For instance, M1 has weaker correlations among and 
between all other teeth. This outcome is interesting because 
in primates M1 typically begins development first, and often 
spans pre- and postnatal parts of ontogeny, including dental 
ontogeny when other teeth such as incisors are forming. 
Similar to M1 as the first-forming tooth, M3 as the last form-
ing tooth shows weak correlations with most other teeth. An 
examination of each tooth by itself further illuminates possi-
ble explanations for any perceived discrepancies suggested 
in Figure 6. Specifically, in the M1 boxplot, given that M1 
development starts around birth, we would expect the bulk 
of scores in the infant age category to be lower. Yet, on aver-
age most scores are around a stage 6 (crown ¾), with a large 
degree of variation around the median. Further, M1 scores in 
the J1 age category are rather high as compared to scores of 
other developing teeth – even the later forming M3. However, 
these outcomes reflect the composition of our Pan sample, 
with fewer infants overall. Altogether, the distribution of den-
tal scores for all teeth show the expected increase in scores 
as an individual ages, but the bias in the sample caused by 
a lack of very young infants is reflected in relatively few teeth 
demonstrating the earliest (stages 1–3) developmental stage.

Papio anubis

Compared to Pan and H. sapiens, the P. anubis dentition is 
overall less strongly correlated (Figure 7). The strongest 

Table 2. M odel comparison between multivariate probit models run with and 
without including an “age” variable as a predictor in the model.

Sample
Age model 

ELPD
Intercept-only 

ELPD
ELPD 

difference
SE of 

difference

Homo −1290.468 −3924.612 −2634.1 142.5
Pan −912.2736 −1753.946 −841.7 93.9
Papio −429.2444 −511.7192 −82.5 61.8
Hylobates −473.4557 −957.4855 −484 43.2

The larger the expected log predictive density (ELPD), the better performing 
the model. The model(s) incorporating an estimate of age performed best 
across all taxa. The ELPD Difference is the difference between the best per-
forming model and the worst performing model (comparing 2 models), and 
the SE difference is the standard error of this difference. Ideally, the ELPD 
difference is 3–4 times greater than the SE difference to indicate a quantifi-
able difference in predictive performance.

Figure 2.  Pairwise comparisons among posterior mean correlation matrices 
between species. The values are representative of the Frobenius norm or the 
square root of the sum of the squared differences between the matrices. The 
smaller the norm or closer to zero, the more similar the matrices and the fur-
ther from zero, the more dissimilar the matrices. The diagonal is left blank 
because it represents the comparison of each matrix with itself.
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positive correlations are between I1 and I2, and P3 and P4, 
suggesting ontogenetic modules related to tooth class. 
However, the positive correlation strength is weaker among 
the rest of the pairwise tooth comparisons. Only 61% of the 
total variation is captured in the first and second dimensions, 
corroborating reduced correlations between most Papio teeth 

compared to the other four species. The reduced arrow size 
in the loadings plots suggests that the C, M1, M2, and M3 all 
play a smaller role in describing the variation present as 
compared to the higher strength of positive correlation 
between pairs of incisors and of premolars. An examination 
of the boxplots shows that C, M1, M2, and M3 are more 

Figure 4.  Boxplots visualising tooth mineralisation in H. sapiens. Scores adapted from protocols in Stull and Corron (2022b) and modified from AlQahtani et  al. 
(2010). Black circles are outliers, the horizontal line is the median, and the whiskers encompass the minimum and maximum values excluding any outliers. For 
comparison to other species, I have included the age categories from other groups. INF = 0–3 years old, J1 = 3–7 years old, J2 = 7–12 years old, and AD = >12 years 
old. These stages roughly follow similar stages defined in Bogin (2020).

Figure 3. M ultivariate comparisons of H. sapiens tooth formation. (a) Correlation plot of the posterior mean correlation values between the mandibular dentition. 
Values closer to 1 are strongly positive and darker red in colour. (b) Loadings plot of the eigendecomposition of the posterior mean correlation matrix. Dimension 
1 and Dimension 2 explain approximately 73% of the variation in the data. The more acute the angle between variables, the more strongly correlated. The longer 
the arrows, the more influential in dimensions 1 and 2.
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disjointed in their data distributions, with a gap between 
scores indicating the youngest age group versus the older 
age groups (Figure 8). In comparison, there appears to be 
slightly more variability in the I1, I2, P3, and P4 scores, with 
more coverage across all possible tooth scores from 1 (crypt 
initiation) to 12 (apical root closure) at a given age. Similar to 
Pan, the Papio age distribution (Figure 1) shows far more 
older individuals, which may help explain the dependency 
structure, and imbalanced nature, of the data distributions 
across teeth.

Hylobates lar

The overall strength of correlations among variables in H. 
lar is intermediate to Pan and H. sapiens (Figure 9). That is, 
development among all 8 permanent teeth is on average 
less strongly correlated as compared to Pan, but more 
strongly correlated as compared to H. sapiens. The stron-
gest developmental relationship appears to be between 
P3 and P4. Their similar ontogenetic trajectory (i.e. pattern 
of dental scores) indicates a module within this tooth 
class. With relative homogeneity across mean correlation 
values, no additional evidence of patterning according to 
tooth class ontogeny is present. Relatedly, while the load-
ings plot does suggest distinct groupings according to [I1, 
I2, M1], [P3, P4, M3], and [C, M2], this result may reflect 
imbalanced ages that bias the resulting distribution of 
dental development scores (Figure 10). Specifically, the 
gibbon sample has very few individuals in the youngest 
age category and even these infants are towards the older 
end of the age group. This sample composition issue is 

reflected in M1 and I1 data, where we would expect the 
youngest individuals to have the smallest scores, but 
instead these older infants have M1 and I1 scores that are 
more on par with later forming teeth such as P3, P4, and 
M2. Therefore, the sample is missing infants of younger/
est ages. The absence of the earliest scores for I1 and M1 
and the concomitant absent ontogenetic variance intro-
duces sampling bias that makes it difficult to parse fully 
the strengths and directions of relationships among all 
teeth as they develop.

In summary, the four datasets (Homo, Pan, Papio, Hylobates) 
present differences in the underlying dependence structure 
among the five species. In H. sapiens, the largest sample, a 
clear ontogenetic trajectory is shown across the univariate 
and the multivariate analyses. This clear trajectory is also evi-
denced by stronger correlations among groups of early form-
ing versus later forming teeth. However, the remainder of the 
specimens/species in this study do not share a similar “Homo” 
pattern.

Discussion

The results present a broad view of multivariate tooth miner-
alisation in five catarrhine species. In alignment with themes 
in Bolter et al. (2023), this study put forth a multivariate sta-
tistical method that expands upon previous multivariate 
work (e.g. Boughner et  al. 2015). The intention of this work 
was to test the applicability of a multivariate method more 
appropriate for the ordinal data presented in dental develop-
ment and to address the ability of this method to quantify 
covariation between the dentition in each taxon. However, 

Figure 5. M ultivariate comparisons of Pan tooth formation. (a) Correlation plot of the posterior mean correlation values between the mandibular dentition. Values 
closer to 1 are strongly positive and darker red in colour. (b) Loadings plot of the eigendecomposition of the posterior mean correlation matrix. Dimension 1 and 
Dimension 2 explain approximately 80% of the variation in the data. The more acute the angle between variables, the more strongly correlated. The longer the 
arrows, the more influential in dimensions 1 and 2.



10 C. A. WOLFE ET AL.

the approach explored here could provide only broad correl-
ative patterns that may or may not relate clearly to pub-
lished information about tooth development pattern of each 
species. We explore this discrepancy in this section, including 
sample composition artefacts and variation in developmental 
processes.

Regardless of the primate taxon, all permanent teeth run 
in the same sequence along the dental arcade (i.e. I1, I2, C, 
P3, P4, M1, M2, M3). Yet primate permanent dentition typi-
cally mineralises in the following sequence: M1, I1, I2, C, P3, 
P4, M2, M3 (Swindler and Meekins 1991; Smith BH and 
Tompkins 1995; Boughner and Dean 2004). In general, this 
sequence is demonstrative of the relative timing of tooth for-
mation with M1 tending to initiate earliest and M3 latest. As 
such, and interestingly, the order of tooth initiation is decou-
pled from the order of tooth position, because the perma-
nent dentition tends to initiate in the “middle” of the 
presumptive permanent dental row, starting with M1. 
Importantly, there is species-specific variability to this pat-
tern, such as early I1 initiation in H. lar at about the same 
time as M1 initiation (Cofran and Boughner 2025). Yet, the 
general expectation is that the multivariate patterns described 

here correspond to an ontogenetic pattern where teeth that 
develop at the same time (e.g. early forming or late forming) 
will correlate most strongly. In this study, only H. sapiens 
shows clear evidence of this pattern that is expected based 
on published literature. Specifically, the results presented 
above (Figure 3) corroborate work by Liversidge (2003) and 
Moorrees et  al. (1963a) where the pattern of multivariate 
development in human teeth reflects two modules associ-
ated with early-forming teeth and later-forming teeth: [M1, 
I1, I2, C] and [P3, P4, M2, M3], respectively.

The correlative patterns described in Pan (Figure 5) do not 
fit the expectation described in previously published research. 
Boughner et  al. (2012) show that between-tooth relationships 
are related to both tooth class and when during ontogeny 
individual teeth may develop. Further, previous multivariate 
analyses suggest that variation reflects ontogenetic sequence, 
supported by strong correlations with known ages of individ-
ual specimens (Boughner et  al. 2015). However, in our study, 
the Pan results visualised in Figure 5 do not corroborate this 
expectation. At best, there is a small degree of similarity in 
the multivariate analyses between Boughner et  al.’s (2015) 
and those presented here. Specifically, both studies highlight 

Figure 6.  Boxplots visualising tooth mineralisation in Pan. Scores adapted from protocols in Boughner et  al. (2012) and modified from Dean and Wood (1981). 
Black circles are outliers, the horizontal line is the median, and the whiskers encompass the minimum and maximum values excluding any outliers.
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the outsized influence of C, M1, and M3 development in the 
second dimension from the principal component analyses/
eigen decomposition. Furthermore, in general, Pan results in 
this study do not fit the same pattern seen in H. sapiens 
where earlier-forming dentition and later-forming dentition 
are most strongly correlated. While there is some agreement 
between our results and the literature, the match is not 
exact. Our results here indicate that testing the validity of a 
multivariate approach against published studies as well as 
against knowledge of the dental score data/biology of the 
system is a vital part of this (and any) exploratory multivari-
ate statistical process.

The picture is even more muddled in both P. anubis and 
H. lar. Previous research shows a relative similarity between 
the sequences of Papio and Pan tooth mineralisation, with 
most differences tied to variation in later-forming teeth 
(Boughner et  al. 2015). Further, work by Cofran and 
Boughner (2025) suggests a similar mineralisation pattern 
that matches the expectation above with the strongest rela-
tionships among developing teeth patterned according to 
an ontogenetic sequence defined as [M1, I1], [I2, P3, P4, 
M2], [C, M3]. The results in our study corroborate neither 
information in Boughner et  al. (2015) related to Papio nor 
information in Cofran and Boughner (2025) related to 
Hylobates. Instead, Papio dentition in the current study 
shows overall weaker correlations among developing teeth 
with no notable patterns apparent in early forming or later 
forming teeth (Figure 7). Further, Hylobates tooth formation 
as described in this study corroborates in a limited capacity 
the results in Cofran and Boughner (2025). The main differ-
ence appears to be one of kind if not also one of degree, 

where patterns arising from our analysis are less well defined 
or simply undetected compared to patterns reported in 
published work. This outcome suggests that either past 
studies were less sensitive to variation in sample composi-
tion and size, or that the current multivariate approach is 
more sensitive to such sample biases.

Importantly, while there does appear to be a difference 
between previously published works and the results pre-
sented in this study, there are consistent correlative relation-
ships among the dentitions that emerge in each taxon. 
Perhaps most consistent is the moderate to strong positive 
correlations between incisors (I1 and I2) and between premo-
lars (P3 and P4) among all species studied here. Thus, maybe 
the most interesting question is not “why do certain teeth 
develop at different times?,” but “why do certain teeth 
develop concurrently?” This topic is particularly interesting 
from a systemic perspective of ontogeny, such as hormones 
and concomitant growth spurts, and what variable(s) catalyse 
the initiation of a given tooth (Boughner and Hallgrímsson 
2008; Gómez-Robles and Polly 2012). Not all permanent teeth 
initiate at once and when each tooth initiates can differ 
among species. For instance, in H. lar, I1 development is con-
current with M1 and thus much earlier than other primate 
taxa including Papio and Pan (Cofran and Boughner 2025). 
Also, in H. sapiens, M3 tends to initiate much later as com-
pared to other taxa (Dean and Lucas 2009). Meanwhile, 
across all species, development of both C and M2 can be 
highly variable (Schwartz and Dean 2001).

A possible scenario to explain why we would expect a 
particular developmental timing of anterior versus posterior 
teeth is the distinction between the successional dental 

Figure 7. M ultivariate comparisons of P. anubis tooth formation. (a) Correlation plot of the posterior mean correlation values between the mandibular dentition. 
Values closer to 1 are strongly positive and darker red in colour. (b) Loadings plot of the eigendecomposition of the posterior mean correlation matrix. Dimension 
1 and Dimension 2 explain approximately 60% of the variation in the data. The more acute the angle between variables, the more strongly correlated. The longer 
the arrows, the more influential in dimensions 1 and 2.
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lamina (DL), which gives rise to the permanent teeth that 
“succeed” their deciduous precursors, and the additional DL, 
which gives rise to all three molars (Berkovitz et  al. 2009; 
Jernvall and Thesleff 2012; Square et  al. 2021; and reviewed 
in Appelt et  al. 2021). Posteriorly, M1 is the first tooth to ini-
tiate within the additional DL, where there are no deciduous 
teeth to replace. Anteriorly, I1 is the first replacement tooth 
to initiate within the successional DL. By the time that both 
permanent incisors and the permanent canine initiate, the 
successional DL has extended sufficiently for both premolars 
to start forming – which they tend to do concurrently in all 
five species. Also, around this time, the additional DL has 
extended posteriorly and catalysed somehow, the M2 starts 
forming. The last stage is the continued backward extension 
of the additional DL and, catalysed by something at some 
point, the initiation of M3. Thus, while the beginning of this 
discussion highlights the intrinsic differences between previ-
ously published work and that presented here, perhaps the 
presence of even the smallest correlative statistical relation-
ship (e.g. I1/I2 or P3/P4) foreshadows the underlying devel-
opmental mechanisms at play and their relation to the 
sequence and timing of tooth initiation, development, and 
completion.

Even with the optimism brought forth by similar correla-
tions between the incisors or the premolars, and the possible 
scenario inspired by growth of the dental lamina, the fact 
remains that the results presented here do not completely 
match the expectation set forth in previous literature. This 
mismatch is especially true in Pan, Papio, and Hylobates. Thus, 
the discussion above precipitates a series of questions, with 
perhaps the most obvious being: are the results presented 
here biologically informative and statistically valid? Related, 
why do the results not necessarily corroborate what is previ-
ously published? And, perhaps most unsettling: are the anal-
yses appropriate to the questions at hand?

Methodological challenges in primate dental 
development

Grounded in the recommendations of Bolter et  al. (2023), the 
present study applied a Bayesian multivariate probit model 
to tooth mineralisation scores of five extant primate species. 
This specific statistical approach was chosen to account for 
the complexity of ordinal data in a multivariate setting. While 
the initial intent following Bolter et  al. (2023) is to apply the 

Figure 8.  Boxplots visualising tooth mineralisation in P. anubis. Scores adapted from protocols in Boughner et  al. (2012) and modified from Dean and Wood 
(1981). Black circles are outliers, the horizontal line is the median, and the whiskers encompass the minimum and maximum values excluding any outliers.
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method to extinct hominin data, we must first ensure the 
results are valid. Validity in this work can be defined in two 
ways. First, statistical validity relates to the ability of the sta-
tistical model to be appropriate to the research question and 
the observed data, and accurately recover the structure of 
the observed data. Second, biological validity relates to the 
ability of the results to reflect accurately what previous 
research suggests the biology should show. For example, if 
the results were to predict that M3 (the latest forming tooth) 
is beginning development first, then one could question the 
biological validity of the results. During data analysis, we 
were faced with several challenges that may bring into ques-
tion the statistical and/or biological validity of the results. In 
this section, we discuss specifically the limitations and chal-
lenges related to checking the validity of our study, and in 
this light, we offer our interpretation of the way forward in 
future studies.

We first contextualise the results in relation to validity of 
the multivariate probit model. In 1972, CJ Kowalski lamented 
the improper usage of multivariate statistics in biological 
anthropology. This work is one of many over the last few 
decades that has cautioned against perceived overuse of 
“complex,” “uninterpretable” methods in the field (Kowalski 
1972; Corruccini 1975; Vark and Howells 1984). Yet recent 
technological advances matched with a long history of robust 
research demonstrates the necessity of using multivariate sta-
tistics to screen for and identify patterns of human variation 
important to the evolution, development, and behaviour of 
extant modern primates (Lande 1979; Boughner et  al. 2015; 
Konigsberg 2015; Adams and Collyer 2019; Stull et  al. 2023). 
However, it remains valid to ask if multivariate analyses could 

illuminate the types of variation we might be interested in, 
relative to dental development. Previous work suggests that, 
yes, multivariate analyses are important to studying dental 
development (Braga and Heuze 2007; Boughner et  al. 2015). 
In fact, the impetus behind this study was to improve upon 
such previous work in order to more stringently account for 
the complex, ordinal nature of dental development scores. 
The multivariate probit model is a valid statistical representa-
tion of the data analysed here. Figure 11 shows the posterior 
predictive fit of P3 scores in Pan. We used the parameters 
from the best fitting Pan model to predict the data to be 
expected. If the statistical model is a good representation of 
the data-generating process, then the predicted and observed 
data will be similar. Indeed, there is clear agreement between 
the observed data and the model predictions. In other words, 
the model is recovering what we initially inputted. This state-
ment agrees with a myriad of research studies demonstrating 
the validity of probit models in biological anthropology 
(Liversidge and Molleson 2004; Konigsberg 2015; Stull et al. 
2022, 2023).

In this discussion of statistical challenges, another import-
ant component is the degree to which our univariate analy-
ses would necessarily predict any multivariate relationships 
present in the data. We began this discussion by highlighting 
the general expectation of relative tooth formation timing 
across primate species. This expectation led to another pre-
sumption that any multivariate relationships we see (i.e. 
stronger correlations between teeth), will in some way reflect 
this pattern. Certainly in H. sapiens this is the case, with 
earlier-forming teeth and later-forming teeth displaying a 
degree of modularity. But this expectation does not hold in 

Figure 9. M ultivariate comparisons of H. lar tooth formation. (a) Correlation plot of the posterior mean correlation values between the mandibular dentition. 
Values closer to 1 are strongly positive and darker red in colour. (b) Loadings plot of the eigendecomposition of the posterior mean correlation matrix. Dimension 
1 and Dimension 2 explain approximately 77% of the variation in the data. The more acute the angle between variables, the more strongly correlated. The longer 
the arrows, the more influential in dimensions 1 and 2.
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the remaining specimens in this study. Thus, it may be inap-
propriate to assume that the univariate dental scores would 
predict the exact characterisation of the multivariate struc-
ture. For example, it may be possible that multivariate meth-
ods highlight the differential effect of age (or age group) on 
characterising the variation present in dental scores. This vari-
ation may be missed in traditional single-tooth approaches 
(see discussion below). Altogether, we suggest that further 
multivariate analyses appropriate to ordinal dental scores be 
done, in order to more comprehensively define the variation 
that may be present beyond that highlighted in traditional 
single-tooth and/or univariate approaches. In such studies we 
also suggest continued exploration of both uni- and multi-
variate analyses, towards building a body of evidence about 
whether and under what conditions these approaches may 
and may not return comparable results.These insights will be 
valuable in terms of directing the field towards the most 
powerful statistical approaches to characterising and compar-
ing primate dental development data, particularly if sample 
sizes are small and/or homogenous.

Figure 11 demonstrates the validity of the statistical model 
to the observed data. However, statistical validity does not 

guarantee biological validity. We argue that the results pre-
sented in this study may differ from other published works 
because of issues associated with the underlying data that 
are used to fit the statistical models. Put simply, the model is 
simply outputting that which it is input. While we can recover 
the structure of said input (Figure 11), there is no guarantee 
that this structure is generalisable to the biology as a whole 
– especially when dealing with convenience samples, which 
are effectively all that we have access to as biological anthro-
pologists, primatologists, and paleoanthropologists. The pres-
ent study suffers from data quality issues that plague much 
cross-sectional growth and development research – particu-
larly in studies of (extinct and extant) non-human primates. 
These data quality issues relate to sample size, sample com-
position, response data structure, and predictor data struc-
ture. It is no surprise that the most interpretable sample in 
our study is H. sapiens. This group contains the largest sam-
ple size, is a fairly robust representation across all of ontog-
eny, and uses a continuous predictor in chronological age. In 
comparison, none of the four non-human primate samples 
has relatively equal representation across ontogeny; thus, 
individual age categories may be biased. For example, M1 

Figure 10.  Boxplots visualising tooth mineralisation in H. lar. Scores adapted from protocols in Boughner et  al. (2012) and modified from Dean and Wood (1981). 
Black circles are outliers, the horizontal line is the median, and the whiskers encompass the minimum and maximum values excluding any outliers.
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development in gibbons (Figure 10) has the lowest score of 
6 for an infant specimen. With the expectation that M1 
begins development earliest (sometimes beginning prena-
tally), then in this sample we are missing an entire portion of 
ontogeny captured by scores less than 6 for the M1. In effect, 
our sample has “older” infants, but not “younger” infants. This 
type of bias is present across each non-human primate sam-
ple in our study and is likely to be found in samples more 
broadly due to underrepresentation of very young animals in 
institutional skeletal collections of wild-shot primates col-
lected decades if not centuries ago. Conversely, similar bias 
arises when a specimen has scores that represent only the 
completion of development (stage 12, root apex closed). 
Effectively, a dataset that is only made up of older individuals 
will also generate a skewed picture of biological relation-
ships. Aside from the problem of absent data, this skew 
occurs because we often characterise the relationship 
between teeth based on a shared trajectory (i.e. I1 and I2 
both develop at the same time). The problem with this 
approach is two-fold. First, if development is complete, we 
can no longer track how dental scores may change over 
time. This lack of tracking includes not knowing whether a 
tooth completed mineralisation/root closure recently or a 
while ago. Second, in the absence of data (e.g. a missing 
tooth), we may be tempted to assume a relationship between, 
say, I1 and I2, or P3 and P4, that may be common among 
species but not hold true for the species under investigation 
(e.g. the early-forming I1 in H. lar). Regardless of whether the 
sample is skewed older or younger, the multivariate model is 
objectively picking up on this lack of variability in sample 
composition and as a result, is displaying a biased view of 
ontogenetic and biological relationships.

This error is compounded by the fact that our age predic-
tor is ordinal in the non-human primate groups. Previous 
work suggests that ordinal categories are far less informative 
as compared to continuous-valued data (Wolfe et  al. 2022). 
It is possible that if more nuanced information were present 
about age, such as knowing continuous, true chronological 
age (e.g. 10 years and 8 months old), then perhaps a clearer 
picture of the multivariate relationships is possible to achieve. 
The obvious challenge here is that for many collections or 
specimens, chronological age is not known and cannot be 
reconstructed precisely and/or reliably. For this reason, we 
tested the applicability of the model by not including age a 
priori. There is compelling rationale for methods that do not 
require age data exactly because the true or precise chrono-
logical age may not be known or knowable for historical 
human populations, non-human primate populations, and, 
particularly, extinct hominin or even extinct non-hominin 
primate individuals. However, in every case that we ran in 
our study, we found that model performance was worse in 
models that excluded age as a predictor (Table 2). In these 
cases, model performance was quantified based on k-fold 
cross validation and the expected log posterior density 
(ELPD). The larger the ELPD, the better fitting the statistical 
model to the observed data. The simple fact is that dental 
development, like many traits associated with ontogeny, is 
function valued. This means that individual tooth scores 
depend upon some continuous index (Gomulkiewicz et  al. 
2018). Normally, we would incorporate a measure of time 
(continuous or ordinal) to account for said change in scores 
across an individual’s childhood; or perhaps more to the 
point, when studying cross-sectional samples, to account for 
differences in scores across individuals of various ages. As 
previous work has adumbrated, perhaps it is better to set 
the timing of stages in relation to other biological and/or 
skeletal variables, but not focus on an estimated age vari-
able that may be fraught with error (Roksandic and 
Armstrong 2011; Liversidge 2015). Plainly, more information 
is necessary to highlight the complex ontogenetic relation-
ships between disparate developmental processes (i.e. skele-
tal maturation and dental development) and the degree to 
which these processes could be used to delineate the timing 
or determine the age categories and model the 
time-dependence of growth processes. This requires not only 
increasing data coverage across the full period of dental 
development, but also a large, quality sample of other 
matched variables across each species related to skeletal 
growth, maturation, and development (Stull and Corron 
2021a). Vis-à-vis rare and fragmented fossil primate materials, 
this recommendation becomes a large ask. We appreciate 
that this methodological ideal may not be realistic at this 
time. However, we raise this point such that workers may 
remain well informed about all the caveats and conditions of 
studying ontogeny of extinct species, towards tempering 
conclusions appropriate to the level of uncertainty involved 
in the analysis.

Importantly, we stress that notwithstanding the inclusion 
of some sort of “age” variable, a large and ontogenetically 
diverse sample size is paramount to accurate comparative 
studies. As a secondary set of analyses to further explore and 

Figure 11.  Posterior predictive bars demonstrating the fit of P3 development 
according to the Pan model. The bars y are the counts of observed data by 
score and the error bars yrep are the 95% predicted values from the model. 
Note the overlap between y and yrep indicating the model does recover the 
true data and hence, is a good fit to the observed data.
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highlight the importance of an “age” variable, we collapsed 
the continuous human age values to match the age catego-
ries in Pan, Papio, and Hylobates. Even after collapsing the 
continuous-valued ages, human dental scores were still far 
more all-encompassing of the range of values (scores 1–12) 
as compared to species with smaller sample sizes (Figure 12). 
This outcome highlights even further that it is important to 
consider sample size and composition when drawing valid 
biological inferences from our statistical models. To show the 
importance of sample composition, in another set of second-
ary analyses we randomly sampled the Homo sample at dif-
ferent sizes (n = 50, 200, 500, 1317), and on each random 
sample re-ran the analyses. The loadings plots show the rela-
tionships with varying amounts of data and one can appreci-
ate the varying relationships based on sample size (Figure 
13). The point of this exercise is to explore why the human 
pattern may have matched our expectations, and why the 
other samples did not match our expectations. As we 
increased total sample size, the variable relationships more 
similarly matched what we would expect biologically. 
Therefore, regardless of the validity of the underlying statisti-
cal approach, biologically meaningful results are only 

obtainable with biologically meaningful samples that are 
large and/or diverse enough to capture the full range of 
variation.

Of note, these secondary analyses are exploratory in 
nature and meant to further demonstrate the importance of 
thinking about one’s data when designing statistical models 
and interpreting biological relationships. There is not a single 
sample size that we could offer as “best” across all studies. In 
fact, given a series of constraints, it may be impossible to 
imagine a scenario where we could even get 500+ Pan spec-
imens from the same group, during the same time period, 
covering all of ontogeny. Instead, we suggest effort be made 
to consider data quality as much as data quantity. For the 
current research question, an ontogenetically diverse assem-
blage of each species is likely superior. For example, 10 indi-
viduals from 5 different age groups (e.g. 2 infants, 2 children, 
2 juveniles, 2 adolescences, and 2 adults) as compared to 100 
individuals from 2 age groups (50 infants and 50 adoles-
cences). The ideal situation is samples that are large and 
diverse.

The multivariate probit is an appropriate statistical 
approach to model primate dental development. We 

Figure 12.  Boxplots visualising tooth mineralisation across all species. The continuous age values in the H. sapiens data were collapsed to match the non-human 
primate data: INF = 0–3 years old, J1 = 3–7 years old, J2 = 7–12 years old, and AD = >12 years old.



Annals of Human Biology 17

suggest the probit be used in other research projects to 
characterise variation in extant and extinct populations. 
Given this statistical validity, it is likely that with a diverse 
enough sample, biological validity is also possible. The 
Homo results (Figure 3 and 4) are an example of this as they 
agree with previously published works (e.g. Liversidge 2003 
and Moorrees et  al. 1963a). Yet, even with the data biases 
described above, the results do pick out patterns with rele-
vance to all species, such as the strong correlations between 
paired incisors (I1, I2) and premolars (P3, P4). Given the 
embryological and anatomical relationship within each tooth 
pair, this result is unsurprising. That said, unexpected out-
comes such as the strong correlation between I1 and M1 in 
H. lar are also revealed using this approach. Altogether, 
biases aside, valid biological information can still be 

obtained. Therefore, the present study is statistically valid 
with valid biological information that can be further 
expounded upon with an even more ontogenetically diverse 
assemblage in future studies.

Conclusion and future directions

There has been a flourish of renewed interest in subadult 
individuals in both extant and extinct primates. This interest 
culminated in the Wenner-Gren workshop entitled, “New 
approaches to studying sub-adult hominins in the fossil 
record,” which assembled a multi-disciplinary group of schol-
ars to discuss and define a new paradigm for studying imma-
ture fossil specimens in human evolution (Bolter et  al. 2023). 
An omnipresent theme of this workshop and the resulting 

Figure 13. L oadings plot adapted from matrices output from individual multivariate probit models on random subsets of n = 50, n = 200, n = 500, and n = 1316 
(full dataset) individuals. Note the overall difference in location of variables in multivariate space according to sample size. The more acute the angle between 
variables, the more strongly correlated. The longer the arrows, the more influential in dimensions 1 and 2.
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outcome of this paper is that neither biology, the data 
describing the biology, nor the statistical procedures sum-
marising the data, produce a neat and tidy result. Instead, 
using an analytical method specifically tailored to data types 
used in dental development, we demonstrate that even the 
most statistically valid approach may not always guarantee 
the biological reality we see in our specimens and species for 
which we have relatively sound datasets and robust litera-
ture. The initial intent of this study was to provide a “novel” 
analytical approach to hominin and/or primate dental devel-
opment (Bolter et  al. 2023). What followed was an introspec-
tive analysis of the results, how valid they may or may not be 
in relation to previous work, and how the diversity of 
approaching subadult research in humans and non-human 
primate combines the limitations of all approaches. The mul-
tivariate probit is a statistically valid model and given the 
previously cited work and the results herein, should be an 
important component of future studies in dental develop-
ment. The Homo results corroborate previous research and 
can be taken as biologically valid. The Pan, Papio, and 
Hylobates results are invalid insomuch as the underlying data 
must be expanded to represent the entire ontogenetic 
period. Even still, there are biological relationships between 
certain teeth that do fit expected patterns that can be fur-
ther explored. Therefore, we suggest with an appropriate 
accounting of error and limitations, the results here can be 
interpreted and expounded upon in later studies of primate 
dental development.

More data for Pan, Papio and Hylobates (and other primate 
taxa) will help illuminate the patterns described here to a 
similar effect of the Homo data. However, unless the data are 
available to quantify in sum, then our analyses truly are only 
as good as the data we are able to access. Thus, more than 
anything else, the workshop and this present work signifies 
the absolute importance of diverse, multi-disciplinary research 
teams and an open-science initiative where multivariate-literate 
teams of people can not only put forth their individual 
expertise concerning primate biology, but also bring together 
diverse multivariate data sources and critical minds to inter-
pret these data. Importantly, such an interpretation requires 
that we be transparent about the challenges we face in data 
collection, data cleaning, data analysis, and presentation of 
the results. Only with this type of approach can we truly 
make headway in quantifying a complex, multivariate, 
function-valued process that not only describes how or why 
extant species may have evolved to grow up in particular 
ways, but perhaps more importantly to our own species, how 
and why a uniquely human life history evolved in the 
first place.
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Appendix A:  Statistical model specification

This section describes in detail the multivariate cumulative probit model 
implemented in the current study. We start by defining the exact statis-
tical model. Then, we describe the Bayesian inference used to estimate 
the posterior density of desired parameters. This includes the specifica-
tion of prior probabilities and how we handled missing response data in 
the analyses. All code, datasets, and specific procedures are cited in the 
main text.

Multivariate cumulative probit model

Let yij be the observed polychotomous ordinal outcome of dental devel-
opment scores for individual i where (i N= …1, , ) and outcome j where 
( j J= …1, , ). The observed yij is associated with the latent variable yij

∗ 
where the relationship can be defined as:

	 y k yij j k ij j k= < ≤−if γ γ∗
, ,

,
1

	 (1)

for k K j= …1, , , where K j is the number of categories [mineralisation 
scores] for the j-th outcome, and γ j k,  are the threshold parameters with 
γ j ,0 = −∞ and γ j Kj, = ∞.

The probability that the observed outcome yij equals k is:

	 P y k Xij j j i j k ij j k ij( | , , ) ,
, ,

= = −( ) − −( )−θ γ γ µ γ µΦ Φ
1

	 (2)

where Φ( )⋅  is the cumulative distribution function of the univariate stan-
dard normal distribution, θ j is some series of parameters of the j-th out-
come that parametrises the latent variable yij

∗, and µij is the mean of the 
latent variable distribution parameterised by θ j and, depending on the 
context, some predictor Xi. In this work we parameterise the latent vari-
able in one of three ways:

	 if is areal continuous valueX Xi ij i b ij, ,µ β ε= + 	 (3)

if is amonotonically ordered ordinal valueX mo Xi ij j i jµ α ζ β ε= + ( ) +, iij	(4)

	 if is not incorporated in a threshold-only modelXi ij ijµ ε= +0 	 (5)

Above, β αj j, , and ζ  are parameters learned in the statistical model. In 
H. sapiens, we specify the continuous mean functions. In all other speci-
mens we specify the monotonic mean function. During model selection 
we specify the threshold-only model. In (4), Xi can take on any value 
X D

I
∈ …{ }0, ,  where D is the number of age categories. Further, 

X mo X Di i i

X

i→ ( ) =
=∑,ζ ζ
1

 where mo( )⋅  is a monotonic transform and ζ  
is a vector defined as a simplex. Specification of this transform is adapt-
ed from (Bürkner and Charpentier 2020). The error terms εi i iJ= …( , , )ε ε

1
 

follow a multivariate normal distribution with a mean vector zero and 
J J×  positive definite correlation matrix Σ where the diagonal is set to 1 

for identifiability and the off diagonals are the correlation coefficient ρ 
between pairs of response variables.

The joint distribution of the multiple outcomes requires that we inte-
grate over the multivariate normal distribution such that:

	 P y y dyi i
A

j i i i
i

( | , , ) ( | , ) ,µ γ φ µ∗ ∗Σ Σ= ∫ 	 (6)

where φ
J
 is the J-dimensional multivariate normal density function and 

Ai is defined by the thresholds γ . There is no closed form solution to the 
integral defined above. Instead, we adapt a Markov Chain Monte Carlo 
approach to the Geweke, Hajivassiliou, and Keane (GHK) algorithm to 
simulate probabilities in the multivariate probit model (Hajivassiliou and 
Ruud 1994). The GHK algorithm takes advantage of the of the fact that 
the latent data model yij

∗ can be simplified using Cholesky factorisation 
where the correlation matrix Σ = ′LL  or the product of the lower trian-
gular matrix and its transpose. We can rewrite the latent variable as 
y Lzij ij i

∗ = +µ  where zi is distributed N( , )0 1 . Effectively, this approach sim-
plifies the process and allows us to draw from a truncated multivariate 
normal distribution using draws from a univariate normal distribution. 
Truncation results from the threshold parameters described above rep-
resenting the transition from one ordinal stage to the next.

Parameter estimation

Parameter estimation is completed in Stan, a probabilistic programming 
language written in C++ that computes the joint log probability density 
of a set of continuous parameters up to a proportional constant (Stan 
Development Team 2024). Bayesian inference is carried out using Stan’s 
dynamic Hamiltonian Monte Carlo algorithm (HMC) to draw from the 
posterior distribution (Betancourt 2017). Specification of the multivariate 
probit model in Stan using an adaptation of the GHK algorithm is de-
scribed at (Goodrich 2017). The general form for any set of Bayesian 
analyses is posterior ∝ likelihood × prior. The likelihood is described in 
Equation 6 and is parameterised according to the Cholesky factorisation.

All random variables were given weakly informative priors related to 
the scale of the data. In Equation 3, β ∼ normal( , )0 5 . In Equation 4, 
β ∼ normal( , )0 5  and α ∼ normal( , )0 5 . Further, in Equation 4, 
ζ ∼ [ ]dirichlet( , , )111 . In all models, the Cholesky factor is distributed ac-
cording to L LKJ∼ ( )4  (Lewandowski et  al. 2009). Lastly, in all models, the 
threshold parameters are distributed γ ∼ +normal k( , )11  where k is the 
k-th category – this construction just ensures that the thresholds are an 
ordered vector such that the value of k = 12 is larger than that at k = 1. 
The GHK approach in Goodrich (2017) requires we introduce a parameter 
uij to absorb inequality constraints. This is implied u uniform∼ ( , )0 1 .

The model does allow for missing data in the response variable yij. 
We take the approach most commonly employed across Bayesian analy-
ses and treat a missing value as a parameter to be learned as part of the 
joint distribution in the model (Gelman et  al. 2014). While there is slight 
complexity due to the ordinal nature of the observed data, we assume 
that missing values ymissij has no constraint and thus has a density of 1 
or log density of 0 (Goodrich 2017).
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