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Using short histories of observations from a dynamical system, a workflow for the post-training initialization
of reservoir computing systems is described. This strategy is called cold-starting, and it is based on a map
called the starting map, which is determined by an appropriately short history of observations that maps to
a unique initial condition in the reservoir space. The time series generated by the reservoir system using that
initial state can be used to run the system in autonomous mode in order to produce accurate forecasts of the
time series under consideration immediately. By utilizing this map, the lengthy “washouts” that are necessary
to initialize reservoir systems can be eliminated, enabling the generation of forecasts using any selection of
appropriately short histories of the observations.

1. Introduction

Reservoir computing (RC) [1-4] and in particular echo state networks
(ESNs) [3,5,6] have gained much notoriety in recent years due to their
excellent performance in the forecasting of dynamical systems [3,7—
11] and to the ease of their implementation. RC aims at approximating
nonlinear input/output systems using randomly generated state-space
systems (called reservoirs), in which only a readout map is estimated
depending on the learning task. It has been theoretically established
that this is indeed possible in a variety of deterministic and stochastic
contexts [12-16].

In the context of dynamical systems, it has been shown that this
technique has close ties with classical embedding strategies like Takens’
Theorem [17] and generalized synchronizations [18-22]. See [23-28]
for recent developments in that direction. As we explain in detail later
on, this connection implies, in the presence of certain hypotheses, the
existence of submanifolds of the state space that are preserved by
the reservoir dynamics driven by the observations of the dynamical

system that we intend to model. Learning that invariant manifold
proves to be beneficial in the dimension reduction of the problem
and, more importantly, in the possibility of accurately initializing the
reservoir just by using an initial condition of the dynamical system or,
alternatively, an appropriately short history of some of its observations.

This idea has been used for the first time in [29] in the context
of long-short term memory (LSTM) neural networks, and it is what
we call cold-starting of reservoir systems. Reservoir initialization has
traditionally been carried with long washout time series used in con-
junction with the so-called fading memory property to evaluate the
right initial reservoir state numerically. More specifically, there is a
collection of conditions that one can impose on the reservoir system
to guarantee that when the length of a time series that is fed into a
reservoir tends to infinity, the dependence of the output on the value
that was used to initialize the reservoir fades away; see for instance
the fading memory property [30], the echo state property [1,31,32], or
the input forgetting property [33]. Any of these properties implies that
if the reservoir is fed with an input for a time sufficiently long, the
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output that will be obtained will approximate arbitrarily well the state
value corresponding to the unique solution consistent with an input
defined for all negative times, and all this, we emphasize, regardless
of the value that has been used to initialize the reservoir. This input,
whose only goal is finding an approximating initial state, is what we
call the “washout”. The length of the washout necessary for proper
initialization depends on the dynamic features of the reservoir that fits
the data and may be significant, which leads, in some instances, to
sub-optimal data consumption.

This paper shows that under very general hypotheses, a map can be
constructed (we call it the starting map) that associates with each state
of the dynamical system or, equivalently (by Takens’ Theorem), a short
history of its observations, the unique initial condition in the reservoir
space that is consistent with all their past history (the dynamical system
is assumed to be invertible). The time series produced by the reservoir
system out of that initial condition accurately mimics or path-continues
those of the dynamical system that we intend to learn. The availability
of this map spares the user from long washout reservoir iterations,
which may prove computationally costly and challenging to carry out
in the presence of small datasets and, more importantly, allows for
immediate prediction.

The paper is structured as follows. In Section 2 we introduce the no-
tion of good reservoir and present the reservoir computing forecasting
framework in connection with the notion of generalized synchroniza-
tions. The reservoir cold-starting methodology is presented in Section 3
that, as we shall see, is based on the existence of what we call a starting
map defined using a synchronization manifold that is obtained as the
image of the generalized synchronizations introduced in the previous
section. A forecasting method using the starting map is carefully spelled
out in this section. Section 4 presents two methods for the learning of
the synchronization manifold and the starting map, namely a diffusion
maps-based methodology and a static feedforward neural network, and
contains various numerical illustrations that show the pertinence of our
methodology.

2. Good reservoirs and generalized synchronizations

In this section, we introduce the main tool that will be used in the
construction of the starting map described in the introduction, namely,
the generalized synchronizations (GS) between (the observations of) a
dynamical system and a reservoir system.

2.1. Reservoirs and generalized synchronizations

We introduce reservoir systems as a state-space system (nonlinear
in general) made out of two equations of the form:

x, = F(x,_y,2,), (@D)]
Y = h(x)), (2)

for all t € Z_, where F: R¥Y xR? — Dy and h : RY — R”
are the reservoir (randomly generated) and the readout (trainable),
respectively. The sequences z € (RY)%- and y € (R™)%- stand for
the input and the output (target) of the system, respectively, and
x € (RM)Z- are the associated reservoir states of dimension N €
N+, also referred to as the number of virtual neurons of the system.
In this paper, we are interested in the particular setting where the
reservoir (1) is driven by the (in general, partial) observations of
a given dynamical system. The learning task consists in the path-
continuation of the observations of this dynamical system, or, in a
more general and complicated case, in the forecasting of the original
dynamical system out of its available partial observations. Hence, for
the rest of the paper the inputs and outputs in the system (1)—(2) will
be chosen according to a particular learning task of interest. Moreover,
in both considered learning scenarios only the ability of the reservoir to
produce high-precision autonomous multi-step predictions is assessed.
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Let M be a compact finite-dimensional differentiable manifold and
let ¢ € Diff!(M) be an invertible discrete-time differentiable dynamical
system with differentiable inverse that, for any initial condition m, €
M, produces the trajectories {¢'(my)},.,. Let @ € C'(M,RY), d € N,
be a map that encodes d-dimensional observations of the dynamical
system and define the (¢, w)-delay map S0 M — ¢°®RY9) as
Sipanm) = {@(@ )},

Let a reservoir in (1) be a continuously differentiable state map
F : RN xR?Y — RN and consider the drive-response system associated
to the inputs z, = Sy, (m),, t € Z, that is to the w-observations of ¢
and determined by the recursions:

X, =F (X_1.Sgumm),). €L meM 3)
Definition 2.1. We say that a generalized synchronization (GS) occurs in
this configuration when there exists a map f : M — RY (which we
call a generalized synchronization) such that

x, = f(¢'(m)) for any x,, t € Z, and m € M as in (3). (@]

The existence of a generalized synchronization f means that the
time evolution of the dynamical system in phase space (not just its
observations) drives the response in (3).

2.2. Good reservoirs

The next definition specifies, in terms of the generalized synchro-
nizations that we just introduced when a reservoir is suitable for the
modeling of a given dynamical system. We refer to such systems as
good reservoirs.

Definition 2.2. We say that F : RN x RY — RY is a good reservoir
for the w-observations of the dynamical system ¢ € Diff' (M) when it
induces a generalized synchronization f : M — R that is also an
embedding.

The term embedding in the definition means that f is an injective
immersion, that is, it is a C! map with an injective tangent map and,
additionally, the manifold topology in f(M) induced by f coincides
with the relative topology inherited from the standard topology in R¥.
Equivalently, this means that f(M) is an embedded submanifold of RY.

We emphasize that the existence of generalized synchronizations, in
general, and of good reservoirs in particular, is not something generic,
and it presupposes that various dynamical constraints are satisfied. We
briefly enumerate those constraints and some results in the literature
that characterize situations in which they are satisfied. First of all, the
definition (4) presupposes that for each m € M and the corresponding
orbit of observations S, (m) there exists a sequence x := {x} ez
such that (3) is satisfied. When that existence property holds and,
additionally, the solution sequence x is unique, we say that F has the
(¢, w)-Echo State Property (ESP) (see [1,31,34] for in-depth descriptions
of this property). Moreover, in the presence of the (¢, »)-ESP, the state
map F determines a unique causal and time-invariant filter U¥
Sipay(M) — (RN)Z that associates to each orbit S(p.)(m) the unique
solution sequence x € (RV)Z of (3). It can be shown [25, Lemmas II.2
and I1.3] that if F : RY x R — RY is a continuous reservoir map,
then the map

M — RN
m = Py (UF(S(qg,w)(m)))

is a generalized synchronization, that is, it satisfies the defining relation
(4). In this expression p, : (RV)? — RV is the projection onto the zero
entry of the sequence. More generally, the following relation holds

U (S = Sy (¢'(m)) . (6)

for any + € Z, m € M. Additionally, the state synchronization map
fipw.F) satisfies the identity:

fpop) * (5)

fpo.pym) =F (f(¢,w,p)(¢_l(m)),w(m)) ) )
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for all m e M.

Second, the existence and differentiability of generalized synchro-
nizations need to be addressed. GSs were introduced for the first time
in [18], where it was shown that the asymptotic stability of the system
response is a sufficient condition for the existence of a GS. Nevertheless,
it was quickly noticed in [35,36] that the GS, whose existence is guaran-
teed by this theorem, might have poor regularity properties, rendering
it useless as an attractor representation and reconstruction tool. This
fact motivated the characterization in [36] of a first differentiability
criterion for GSs. This result has been completed in [25] where it was
shown that if F : RYN xR — RY is of class C2, w is of class C!, and

Ly <min{1,1/”T¢_1”m}, ©)

then the map given by (5) is a continuously differentiable GS and it
is the only one that satisfies the recursion (7). The symbol Lp, in
(8) stands for Ly = supy ,erVxoon {||DxF&.2)||} and [[T¢ll, :=
supenr { Tl > with T, ¢ : T, M — TymM the tangent map of ¢ at
m € M. This result is a generalization of the main theorem formulated
in [23] for the echo state networks (ESNs) that we shall introduce later
on in (20). Moreover, due to the result [33, Theorem 19] and the
expression (5), the synchronization f,, r) is necessarily Lipschitz with
aconstant L, that satisfies

Lf(.;s,m.F) s LFX/ (1 - LFx) : ©)

We emphasize that the conditions that we just spelled out in order to
ensure the good functional properties of the GS map are most likely
sufficient but not necessary. There is solid empirical evidence that one
can achieve good approximation properties using reservoirs that are,
for example, non-differentiable.

Finally, there remains the embedding property, which is by far the
most elusive of them all when it comes to the formulation of sufficient
conditions for it to hold, and that are still not available for very popular
reservoir choices like ESNs. To the best of our knowledge, only two
general statements are available in this context, both of them for linear
reservoirs. The first one is Takens’ Theorem [17,37] since, in our lan-
guage, this result shows that in the presence of certain non-resonance
conditions and for generic scalar observations @ € C%(M,R) of a
dynamical system ¢ € Diff'(M), with M compact and g-dimensional,

a (2q + 1)-truncated version S(QZJ") of the (¢, w)-delay map given by

2q+l (m) :=

Sigm (w(m). (™" (m). ..., (>4 (m))) (10)

is a continuously differentiable embedding. This map is in turn the GS
corresponding to the linear state map F(x,z) := Ax + Cz, with A the
lower shift matrix in dimension 2¢ + 1 and C = (1,0,...,0) € R2*!
which, by Takens’ Theorem, constitutes a differentiable GS for the
scalar observations of ¢. This statement has been generalized in [26]
where it has been shown that roughly speaking, randomly generated
linear systems that have the ESP generate GSs that almost surely have
the same properties as Takens’ delay embeddings.

2.3. Good reservoirs are indeed good

The next proposition shows that good reservoirs and their associated
GS embeddings can be used to adequately represent attractor dynamics
in an embedded submanifold of the reservoir space.

Proposition 2.3. Let F : RN x RY — R" be a good reservoir for the
w-observations of the dynamical system ¢ € Diff' (M) with generalized
synchronization f : M — RN, Then:

(i) Theset S := f(M) c RY is an embedded submanifold of the reservoir
space RN,

(ii) There exists a differentiable observation map h : S — RY that
extracts the one-step-ahead prediction of the observations of the
dynamical system out of the reservoir states. That is, with the notation
introduced in (2) and (3):

h(x) = w (¢ (m). an
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(iii) The maps F and h determine a differentiable dynamical system & €
Cl(S, S) given by

@(s) := F(s, h(s)), 12)
which is C'-conjugate to ¢ € Diff'(M) by f, that is,
fodp=Dof. (13)

Proof. (i) is an elementary consequence of the fact that f is an embed-
ding (see, for instance, [38] for details). (ii) Since the GS f is invertible
(on S), we can consider themap h :=wo o f! : f(M)cRN — R4,
Now, using the condition (4), we have that

hx)=w o p(f'(x) =@ o ¢ o ¢'(m) = (¢ (m),

as required. Regarding (iii), it is clear that the map @ defined in (12)
is C'. We now show that it maps into S. Let &(s) with s € § = f(M)
and let m € M such that s = f(m). By the definition of the GS f in (3),
we can write s = x,, where x, € R is the zero term of the sequence
x € (RN)” obtained as the output of the system determined by F with
the sequence S, ,,(m) as input. This implies that

= f(¢(m) € S,

as required. Note that in the second equality, we have used (11) and
that the last equality is, once again, a consequence of (3). This equality
also proves the conjugation (13). [ ]

D(s) = F(xo, h(xy)) = F(xg, o(p(m))) = x,

3. The starting map and cold-starting of reservoir systems

We now show how the tools that we just introduced can be put to
work in the solution of forecasting and path continuation problems for
a dynamical system given its observations. The setup of these problems
is as follows: suppose that a time series {w(m), o(¢p(m)), ..., w(pT 1 (m))}
of length T of w-observations of an invertible dynamical system ¢ €
Diff! (M) is provided. In the following paragraphs, we spell out the
maps that need to be learned in order to solve the following two
problems:

(i) The path-continuation at horizon H € N of the observations.
It consists of determining the values {w(¢”(m)),w(¢?*!(m)),
Lo (m)) ).

(ii) The forecasting of the dynamical system at horizon H € N. It con-
sists of determining the values {¢” (m), pT+'(m), ..., "7 ~1(m)}.

If the functional form of the observation w is known, one can obviously
obtain a solution for the first problem out of the solution for the second
one.

The solutions to these problems are spelled out in the following
theorem in which we assume that we have at our disposal a good
reservoir system in the sense of Definition 2.2 with generalized syn-
chronization f M — RN and that, moreover, the pair (¢,®)
satisfies the necessary conditions for the delay map Sz":; in (10) to
be a continuously differentiable embedding via Takens’ Theorem with
g € N the dimension of M. The main ingredient of the following
theorem is what we call the starting map defined as

-1
6i=fo (sf;:,‘)) L2 (M) C R — RV, (14)

This terminology is justified by the fact that the starting map produces
for each short (2¢ + 1)-long history of observations, the unique state
value that is consistent with their entire semi-infinite past. Note that
if the generalized synchronization f is of the type introduced in (5)
and the manifold is compact, then the combination of Takens with the
inverse function theorem, together with (9) imply that the starting map
o is differentiable and globally Lipschitz.

The proof of the following theorem is a straightforward consequence
of Proposition 2.3.
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Theorem 3.1 (Cold-Started Forecasting Methodology). Let F : RN x
R? — RN be a good reservoir for the w-observations of the dynamical
system ¢ € Diff!(M). Let f : M — RN be the corresponding embedding
GS and let h : S —s R? be the predicting readout introduced in (11). Let
{w(m), w(p(m)), ..., w(@" ' (m))} be a sample of w-observations and assume
that T > 2q + 1. Then:

(i) The solution of the forecasting problem is given by the following
iterations

" (my= 7 (F(f (6™ m) b (f (977 (m))))), j=0,...,H-1,

(15)

that can be readily initialized at j = 0 if the state ¢' ~' (m) is known. If

only observations are available, then the starting map o : R*+! —
-1

S defined as o0 1= f o (Sfﬁ)ﬂ) has to be used and applied to a

(2q+1)-long history of observations preceding the instant T — 1, which

yields:

o (w(@™ ' (m), w(@" 2 (m)), ..., (pT 27 (m))) = £ (¢7 " (m))
(16)

and can be used to initialize the iterations (15) at j = 0.

(ii) The solution of the path-continuation problem is given by the follow-
ing iterations

o (67 (m) =h (xpy 1), a7
xpyjo1 = F (X0 0.0 ("7 m))), j=0,...,H-1, (18)

where (17) is initialized by setting

xroa = f (@772 (m) = o (@2 (m), (¢" (m)), ..., (@ 2 (m))) .
19)

3.1. The forecasting method and implementation

The forecasting approach contained in Proposition 2.3 and in Theo-
rem 3.1 requires a few ingredients. More explicitly, first, one needs to
devise a good reservoir F : RY x R? — RN for the w-observations of
the dynamical system ¢ € Diff!(M), dim(M) = ¢, under consideration.
Second, the corresponding GS f M — RN and a starting map
o : R?*!1 _ RN for initializing the states of the reservoir F out of the
short, (2g + 1)-long, histories of the dynamical system’s observations,
need to be obtained. Finally, in order to tackle the forecasting problem
and construct autonomous multi-step predictions, a predicting readout
map 4 : RN — RY introduced in (11) needs to be constructed. In the
following paragraphs, we spell out the details of the choice of the design
for our forecasting experiment in the next section.

The reservoir: We shall be using a leaking echo state network (ESN)
given by

F(x,z) := (1 — a)x + atanh (Ax + Cz), (20)

where « € (0,1] is a prespecified leak rate, A is a square randomly
generated (often from Gaussian distribution) connectivity matrix of di-
mension N € N, and C is a randomly sampled (often from the uniform
distribution) input matrix of dimension N X d that connects the d-
dimensional w-observations of the dynamical system ¢ to the reservoir
given by F. The random parameters are sampled such that the sufficient
condition ||All, < 1 (|| - ||, denotes the matrix 2-norm) for the (¢, w)-
Echo State Property to hold (see Section 2.2) is satisfied (see, for
example, [33]). In practice, since the spectral radius p(A) it holds that
p(A) < ||All,, it suffices to take p(A) < 1, which is the most common
condition used in the reservoir computing literature. The reservoir map
F is parametrized by several hyperparameters such as p(A), a, and, for
example, the support of the uniform distribution of the entries of the
input matrix C. These hyperparameters define the performance of the
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reservoir and have implications on whether it happens to be good or not
in the sense of Definition 2.2. It is customary in the reservoir computing
literature that one needs to find optimal reservoir hyperparameters
for each particular learning task via some type of (cross-) validation
procedure.

The synchronization manifold S and the starting map o. If the
reservoir devised in the previous point is good in the sense of Defi-
nition 2.2, then it has an associated GS map f : M — RM whose
image S = f(M) is an embedded submanifold that is left invariant by
the reservoir dynamics. Further, by Theorem 3.1, there exists a map
6 : R¥*! — §. The map o thus maps short histories of the dynamical
system observations to points in the synchronization manifold .S. Hence
each point in .S corresponds to a unique point in M and also a unique
history entailed by Taken’s theorem. In Sections 4.1-4.2 we adopt two
techniques for the learning of the starting map, namely, (i) a diffusion
maps-based methodology [39] which allows learning together with the
starting map the associated synchronization manifold out of the data,
and (ii) a static feedforward neural network (we refer to it as NN,).
The latter are known to be dense in the set of continuous functions
with respect to the topology of uniform convergence [40], which, in
particular, guarantees the learnability of the starting map o since,
as we already pointed out in the discussion after (14), this map is
differentiable under very general conditions. Section 4.3 contains the
robustness analysis results obtained for two techniques for the learning
of the starting map.

The forecasting readout: ESNs have been shown to be universal
input-output approximants with linear readouts [13,15]. This implies
that one can choose the predicting readout 4 to be a linear map, though
any choice of a higher-order polynomial or a neural network function is
also possible. A geometric intuition behind the possibility of achieving
universal approximation using linear readouts in reservoir computing
has been provided in [41,42]. Those references show that some univer-
sal reservoir computing families that use linear readouts (the so-called
state-affine systems (SAS) [12], in this case) are random projections of
Volterra series expansions with semi-infinite inputs. Volterra series is an
infinite-dimensional object whose universality has been proved in [30],
and the Johnson-Lindenstrauss Lemma [43] can be used to show
that universality is preserved under the random projections that yield
(universal) SAS. We emphasize that this argument applies exclusively
to SAS. An analogous result for ESNs remains an open problem.

In Section 4 we shall be presenting results that are obtained for
two choices of readout maps. First, we take the forecasting readout /1
introduced in (11) to be of a linear functional form, that is, A(x) =
WTx, where W is a N X d matrix. Second, we use a feedforward
neural network of relatively simple architecture (referred to as NN,)
as a readout function and denote it by ”NN2 : RN — R, T-long
sample of (partial) d-dimensional observations of a given dynamical
system is used to drive the reservoir F starting from the initial state
X, € RN chosen to be either a zero vector or a randomly sampled
vector. The corresponding T states are collected during this phase,
sometimes called the listening phase in the literature [44]. To eliminate
the influence of the original initialization, the readout map is estimated
after discarding the first T, observations, which is sometimes called
the washout period. This is the most popular approach in the successful
applications of reservoir computing cited in the introduction.

We point out that when working on a path-continuation problem
dealing with low-dimensional observations of the dynamical system,
we shall most likely be agnostic regarding the dimension ¢ of the data-
generating dynamical system ¢. This is a classical and well-studied
problem that appears when using embedding techniques in dynam-
ical systems forecasting; some techniques for the estimation of the
dimension ¢ can be found in [45,46] and references therein.

Section 4.3 contains robustness analysis results obtained for two
choices of the readout map, that is A(x) = W 'x and h(x) = hN\N2(x).
This renders the forecasts to be derived as a function 4 of the iterates of
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2.00
1.75
1.50
1.25

= 1.00 A
0.75 A
0.50 -
0.25 A

Fig. 1. Representative trajectory of the Brusselator system sampled with 67 = 0.2. Initial conditions are drawn uniformly such that u, ~ U°[0,2] and v, ~ U'[0,3]. (a) Trajectory in

phase space of the Brusselator system. (b) u variable evolution of trajectory in (a).

the system in the autonomous run defined by x,,,; = F(x,, A(x,)), where
the starting map o is applied only once to obtain the initial condition
(for instance using x, = ¢ (@(¢"(m)), w(@"~(m)), ..., w(¢"~24(m)))). Con-
sidering two different choices of the readout map, we can more reliably
investigate the potential detrimental effects of an imprecise estimation
of the starting map on the accuracy of ESN predictions.

The forecasted and path-continued values. They are obtained by
using the recursions and the initializations spelled out in (15) and in
(18)—(17), respectively. We note that, unlike in the path-continuation
problem, the solution of the forecasting problem requires the learning
of not only the synchronization map f but also of its inverse f~!. We
hence restrict our empirical analysis in Section 4 to the case of the
path-continuation learning problem.

Importance of the informed cold-starting. The most important dif-
ference between the methodology that we just proposed and the one
used in all the above-cited empirical contributions is in the reservoir
initializations proposed in the Egs. (16) and (19) for the forecasting
and path-continuation problems, respectively. More explicitly, having
obtained the readout map using some chosen loss function and solv-
ing the associated empirical risk minimization (ERM) problem (for
example, for linear readouts and quadratic losses, the solutions of
the corresponding ERM problems are the least squares solutions), one
would traditionally reason as follows: given a history of observations
for the path-continuation and the forecasting problems, one needs
to initialize the reservoir state to construct the predictions. In the
traditional approach, the initialization values x;_; = f (¢”~!(m)) and
xr_y = f(¢72(m)) in (16) and (19), respectively, are obtained by
feeding a sequence of observations {w(¢!~"(m)), ..., w(¢"~!(m))} into
the reservoir that is initialized at an arbitrary state x, € RN. Sub-
sequently, the last state is processed with the trained readout map,
and the output is used to autonomously run the reservoir for the
desired number of future steps of the multi-step path-continuation or
forecasting exercise. It is well known that for a short history sample
of observations used as inputs, this traditional approach would lead
to poor predicting performance of the reservoir since, in this case, the
impact of the initialization of the states is very high. More explicitly,
consider the iterations

X (%) =F (Xf}.ijil(xo),w@T'j")), JE(lumy, Xi_ =x)€RV.

n—1
Systems that are traditionally used in RC have the so-called fading

memory property [30], and, in particular, the input forgetting prop-
erty [33], which implies that:

Jim xp | (%9) = X7y = f (¢""'(m)), for any x, € RV.

We find that our approach offers significant improvements com-
pared to traditional modus operandi. More precisely, initializing the
reservoir with the image of the learned starting map o and hence

“informing” the original state of the reservoir about the commencing
point of our forecasting exercise leads to less data-intensive predic-
tions since no washout periods are needed. Using short histories of
observations of length 2¢ + 2 for the path-continuation problem and
2q + 1 for the forecasting problem, we can immediately work out what
the next time series value is just by using the iterations (15) or (18)-
(17). The cold-starting procedure that we propose in Theorem 3.1 based
on learning the starting map o circumvents the asymptotic traditional
approach that may prove costly both from the computational and the
data consumption points of view and does not allow to produce high-
quality multi-step predictions based on a data of limited length (2¢ + 2
and 2¢ + 1 for the path-continuation and the forecasting problem,
respectively).

4. Empirical results

In this section, we demonstrate the empirical forecasting improve-
ments exhibited by our proposed cold-starting of the reservoir com-
pared to traditional approaches. We shall use two dynamical systems:
the Brusselator and the Lorenz systems. The Brusselator is a two-
dimensional (¢ = 2) system exhibiting oscillatory dynamics [47] given
by

u:a+u21)—(b+1)u,
O = bu — u? v,
and parametrized by ¢ = 1 and b = 2.1. For this set of parameters
a and b, the only stable attractor of the Brusselator is a stable limit
cycle. Fig. 1 provides a representative trajectory in phase space and
the temporal evolution of u over time.

The Lorenz system is a dynamical system presenting a simplified
three-dimensional model (¢ = 3) for weather prediction [48] and is
given by

ut=a(—-u,
0= bu—uw-—uo,
w=uv - cw,

where we use the parameters a« = 10, b = 28, and ¢ = 8/3. For this
set of parameters, the dynamics of the Lorenz system exhibits chaotic
motion. In Fig. 2, a projection of the phase space on the u-v plane and
the temporal evolution of u are provided.

For these systems, we assume that only the first coordinate obser-
vations are available for the learning, and we are interested in their
path continuation for H steps into the future based on 2¢ + 1 past
observations. The ESN reservoir systems as in (20) are implemented,
and the forecasting method discussed in Section 3.1 is followed for the
path continuation exercise.



L. Grigoryeva et al.

20 1
10
> 0-
—10 A1
_20- T T T
-10 0 10
u

Physica D: Nonlinear Phenomena 469 (2024) 134325

—10 1

—15

20 21 22 23 24 25

(b)

Fig. 2. Representative trajectory of the Lorenz system sampled with 67 = 0.2. Initial conditions u, ~ N'(10,1), v, ~ N'(1,1), and w, ~ N'(0,1). (a) Projection of this trajectory onto

the u-v plane. (b) u variable evolution of trajectory in (a).

4.1. Diffusion maps-based learning of the synchronization manifold and the
starting map

Reservoir designs. We recall that the reservoir in (20) is parametrized
by several hyperparameters, namely, the spectral radius p(A) of con-
nectivity matrix A that is often chosen to satisfy p(4) < 1, leak rate
a € [0,1), and the scale of the input matrix C. We obtain reservoir
hyperparameters for the path continuation of the Brusselator and the
Lorenz systems with the Optuna optimization framework [49].
Brusselator: We take the reservoir of dimension N = 1024 and leak rate
a = 0.506. The connectivity matrix A entries are randomly sampled as
standard normal, and the matrix is normalized such that its spectral
radius satisfies p(A) = 0.98. The entries of the input matrix C is drawn
from U[-0.5,0.5) distribution and subsequently scaled by 0.128.
Lorenz: We use N = 2048 and « = 0.501. The connectivity matrix A
entries are standard normal, and A is normalized such that p(A) = 0.80.
The entries of the input matrix C is also drawn from U'[-0.5,0.5)
distribution and subsequently scaled by 0.179.
Collecting the reservoir states and setting the path-continuation
task. For each system, for some chosen initial conditions, T input
observations of the first coordinate u (d = 1) discretized at §t are
collected. We discard the first T, -long washout of the states and use
Ty :=T -T, —1 to run the estimation procedure as we explain below.
Brusselator: We choose initial conditions u, ~ U°[0,2) and v, ~ V[0, 3)
and collect 600 trajectories sampled with 6z = 0.2 for 30 dimensionless
time units, which results in T = 150. We discard the first 7,, = 1
washout discretized steps. This results in 600 pairs of T;, = 148-long
training paths. For the testing phase, we create trajectories with initial
conditions drawn from the same uniform distribution but recorded for
40 dimensionless time units (200 discrete steps). One testing trajectory
is depicted in red in Fig. 3(a).
Lorenz: We sample initial conditions u, ~ N'(10,1), vy ~ N'(1,1), and
wy ~ N(0,1). Subsequently, we sample 600 trajectories for training.
For each trajectory, we sample for 2 dimensionless time units between
tmin = 20 and ¢, = 22 steps with §7 = 0.02, which results in T = 100
discrete time observations. Out of those trajectories, we discard the
first T,, = 20 (0.4 in the intrinsic time of the system) discretized
washout steps. This results in M = 600 pairs of T;, = 79 training
paths (1.6 in the characteristic time of the system). For testing, we
use sample trajectories with 7.;, = 20 and 7., = 25 using 6t = 0.02,
resulting in trajectories consisting of 250 time steps (of a duration of
5 dimensionless time units). One such trajectory is shown in red in
Fig. 3(b).

For all M trajectories, we collect the associated states into X :=

@ D LMD (M) NXMT . g

&g il X e Ixg +1(Il) Ix +T(tlr)) e R ( Mtr) usmg( ;\?)e meaned
= T

states, as well as U := (uTw+2| luTw+Ttr+1| l”Tw+2| |uTw+Tu+l) S

RMTi using de-meaned one-step ahead true observations of the first
coordinate.

Training the forecasting readout 4. In this empirical exercise, we
assume the readout map h to be linear, that is A(x) = W'x, for W,x €
RN. The estimated readout is given by the following solution of the
ridge regression:

M T,+Ty

& : 1 ) _ T m)? 2
W..4sc = argmin (u —W'x ) + AW
ridge WeRN { MT, '; tszw:H t+1 t 2

= XX+ L)' XUT, (©19)]

with the ridge regularization penalty 4 > 0. The estimated readout
is hence defined by /ﬁ,idge(x) = W' x, x € RV. We choose the
ridge regularization penalty values 4 = 0.01 and 4 = 0.001 for the
Brusselator and for the Lorenz system, respectively. We notice here
that even though (21) provides a closed-form solution for the linear
readout, still a relatively large number of readout weights needs to be
estimated. Although this estimation takes place once, and the readout
map is subsequently used for all path-continuation exercises for each
dynamical system, one can be interested in reducing the amount of
data used for obtaining W\ridge. Some approaches have been developed
in the literature to that purpose. For example, [50] hypothesize that
W\ridge resides on a submanifold of much lower dimensionality and
propose a feedforward deep autoencoder to learn it. Combining our
proposed framework with techniques that allow reducing the linear
readout dimensionality can be an interesting direction of research.

Once the readout map ﬁridge is available, we compare the per-
formance of the autonomous multi-step path-continuation of the first
coordinate history for each of the systems adopting (i) the traditional
way of initializing the states of the reservoir for the predicting exercise,
(ii) using the starting map proposed in this paper.

Traditional approach of initializing the states of the reservoir. We
showecase the traditional way (i) of initializing the states of the reservoir
for the case of the Brusselator system. The standard modus operandi
consists of initializing the states with any arbitrary starting value, for
example, with a randomly sampled or a zero vector (as in our case),
forcing the reservoir with a warmup trajectory, collecting the last state
corresponding to the last observation of the history of observations that
needs to be continued and thereby autonomously iterating the reservoir
system with the prior trained readout map to produce H forecasts.

We attempt to path-continue the testing trajectories of the first
coordinate observations of the Brusselator system for H = 150 steps into
the future (this corresponds to the 30 steps in the system’s time) and il-
lustrate it in Fig. 3(a). The trained reservoir is warmed up by providing
an initial warmup u trajectory of length 50 steps (10 dimensionless time
units) as input to the model, indicated by the gray-shaded region. We
take the warmup long enough to approximately washout the influence
of the initialization. The ESN is then used in an autoregressive fashion
for H = 150 steps (30 dimensionless time units), producing forecasts
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for the initial input time series. The produced forecasts (dashed green
curve) are shown together with the actual dynamics of u (solid red
curve). The figure thus illustrates that the trained reservoir model is
able to accurately continue the dynamics. In addition, a warmup length
of only 50 time steps (10 dimensionless time units) is sufficient to
synchronize the internal reservoir states to the input trajectory.

We repeat the same procedure for the Lorenz system. Given a
testing trajectory consisting of 250 time steps (of a duration of 5
dimensionless time units) of the first coordinate, first, we use trained
reservoir using a warmup length of 50 steps. This warmup period is
shown in Fig. 3(b) (1 dimensionless time units) with a shaded gray area.
Again, we choose a long warmup length to washout the effect of the
reservoir initialization. Similarly to the case of the Brusselator system,
the ESN is used autonomously for H = 200 steps (4 dimensionless time
units) to yield the forecasts (dashed green curve) of the actual dynamics
of u (solid red curve).

We emphasize that, in general, our goal is to be able to produce
accurate path-continuation using only a minimally short history of
these observations, for example, 2¢g + 1 (which corresponds to 5 for the
Brusselator system and to 7 for the Lorenz one), which is possible with
our cold-starting technique. For the traditional approach, though, this
number of observations is insufficient to remove the influence of the
arbitrary starting initialization. Fig. 5(a) and Fig. 5(b) demonstrate this
scenario for the Brusselator and the Lorenz system, respectively.

Initializing the reservoir states with the diffusion maps-learned
starting map. We now refer to our cold-starting technique using our
proposed starting map o. In this empirical exercise, we follow the same
approach as suggested for LSTM networks in [29]. More specifically,
we apply diffusion maps to input time series windows of length 24 + 1
(5 for the Brusselator system and 7 for the Lorenz case), sampled from
the training trajectories to learn the data manifold as a first step [51].
We compute independent diffusion modes that span the data manifold
(see Appendix A for the detailed calculation of these modes). More
precisely, for the Brusselator system the data manifold is spanned by
two independent diffusion modes, which is in agreement with the
dimension of the original dynamical system. We hence compute modes
v(D and v® that are depicted in Fig. 4(a), where each dot corresponds
to a time series window of u of length 5. Similarly, for the Lorenz
system, three independent diffusion modes span the data manifold. A
projection on the first two independent modes v and v is shown
in Fig. 4(b), with each dot associated to 7 subsequent observations of
u. For each of the training trajectories, we also produce trajectories
of forced internal reservoir states. We thus obtain for each time series
window also corresponding (approximately warmed-up) internal states
x;. In Figs. 4(a)-4(b), we color each window with one hidden state
variable x, that corresponds to the last time step of this window.

Next, we learn a mapping from the ¢g-dimensional data manifold to
warmed-up internal states of the reservoir using geometric harmonics
as it is done for the case of LSTM recurrent neural networks in [29].

Finally, we create a mapping from the ¢-dimensional data manifold
to the corresponding internal states of the reservoir. The states are
thereby obtained by forcing the reservoir with the training time series,
whereas the mapping is again created by fitting geometric harmonics.

We can now use the diffusion maps-learned starting map to find the
initialization of the reservoir states for any new short input time series
window of length 2¢ + 1.

Autonomous forecasting with a diffusion maps cold-started reser-
voir. We notice in Fig. 5 that H steps ahead autonomous predictions
produced by the reservoir, which is cold-started with our proposed
starting map, are much more accurate than the one produced by the
traditionally initialized one. Indeed, We can now compare the efficacy
of our initialization approach versus the traditional warmup approach.
For a short warmup period of just 2¢ + 1 steps, the prediction results
are depicted in Fig. 5(a) and in Fig. 5(b), respectively. Note that
the classical initialization approach leads to a fast divergence of the
predicted and true dynamics since this number of steps seems to be
insufficient to properly warm up the reservoir. In contrast, using our
initialization approach, we obtain forecasts that stay true to the actual
dynamics for a long time horizon. Note that due to the approximation
errors of the trained reservoir and the starting map, as well as the
chaotic nature of the dynamics, predictions will eventually diverge.

4.2. Neural network learning of the synchronization manifold and the
starting map

As opposed to the previous section, where the diffusion maps pro-
cedure was used to obtain the starting map o and the linear readout
was trained using a ridge regression that admits a closed-form solution,
here, instead, we consider other techniques for these steps. In partic-
ular, neural network models are employed for approximating o and
the reservoir readout 4. In order to distinguish between the two neural
networks used for these two different purposes, we will call them the
cold-starting and the readout neural networks and will refer to them as
NN, and NN,, respectively.

Reservoir design. For both examples of dynamical systems, we con-
sider the same echo state network defined in (20) with the state
dimension N = 900, and the connectivity (reservoir) matrix A and
the input matrix C randomly sampled from U°[0,1) distribution. We
normalize C such that ||C||, = 1 and, to satisfy the sufficient condition
for the echo state property, we also normalize A such that its spectral
radius p(A) = 0.99. We choose the leak rate to be a = 0.7.

Collecting the reservoir states and setting the path-continuation
task. To collect the training set for the readout neural network NN,,
analogously to the case of the linear readout in Section 4.1, we use a
random initial condition for the given discretized dynamical system.
One trajectory of length T = 5000 of the first coordinate is used
as the input of the reservoir system {u},c(; 1) and to collect the
corresponding T states of dimension 900. The washout period of the
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(GH) method.

length T,, = 1000 is discarded, and only T, = T — T,, — 1 pairs of the
states and their corresponding one-step ahead values of the trajectory
are used to construct the training set of the length 7.

Training the forecasting readout A. The neural network weights 6
are estimated via minimizing the quadratic loss empirical risk on this
training set, that is:

2 }

In the following we use simply ANN2 to refer to the trained neural
network readout map thz.

Ty+Ty

0= arg;nin { TL 2 (um — thz(X,)>

=T, +1

(22)

Initializing the reservoir states with the neural network-learned
starting map. In the case of the cold-starting neural network NN,
we proceed as follows. We first observe that the co-domain of the
starting map o has a large Euclidean dimension (for example, N =
900 in our experiment). We hence approximate its image using the
K leading principal components (K is arbitrarily chosen; for example,
we use K 100 in our study) obtained by the principal compo-
nent analysis (PCA). We define a map Py R2+1 — RK, so
that Py (w(¢p'™1(m)), w(¢p2(m)), ... ,w(¢p'29"1(m))) contains the K leading
principal component values of f(¢'~!(m)). To construct the training set
for NN, that approximates Py, we collect the states of the reservoir and
discard the first 7,, observations (washout) in the same manner as in
Section 4.1. We compute the projection of the collected data onto the
K leading principal components and denote them as xX € RX for all
t in the training set (we emphasize that the states are collected after
a long enough washout). We use the same notation as above and for
every state x, denote by @, := (0(¢'"1(m)), w(¢'"2(m)), ..., w($' 2971 (m)))

its corresponding history of the inputs-observations. The pairs (w,,xtK )
for all ¢ in the training set are used for the cold-starting neural network
NN, optimization. Once NN, is trained, for any new short history of
observations, the projection of the corresponding reservoir state onto its
K leading principal components is obtained with the neural network.
Thus, we derive an approximation ¢"\N! to the image of ¢ to be the
inverse of the PCA transform acting on this vector in RX and producing
the corresponding vector of N initialized states.

Neural network architectures for the learning of ¢ and 4. Through-
out our experiments, we use a feedforward neural network used to
approximate map P, — the network is constructed with 4 hidden layers
with 500 neurons each. The activation function on the input and hidden
layers is the ReLU function built into Keras, whereas the output layer
has no activation function. Training is accomplished using the Adam
optimizer, minimizing the mean square error as the loss function. The
network is trained using the ReduceLROnPlateau callback function of
Keras, which monitors the value of the loss function on the validation
set and reduces the learning rate when that loss reaches a plateau. The
initial learning rate is set to 0.001, which is halved whenever a plateau
of at least 50 epochs is reached. While learning P, with NN,, we use
500 training epochs and a batch size of 500. The readout 2NN2 was also
obtained by training the feedforward network of the same architecture
(modulo the dimensions of the inputs and outputs). While training NN,
for P,y and NN, for h"NN2, 20% of the training length was used for
validation.

Autonomous forecasting with a neural networks colds-tarted reser-
voir. Fig. 7 reports the H steps ahead autonomous predictions pro-
duced by the reservoir which is cold-started with the neural network-
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learned starting map. Again, we notice that these predictions are much
more accurate than the ones produced by the traditionally initialized
reservoir. For a short warmup period of 2¢g + 1 steps, the predictions
are plotted in Fig. 6(a)- Fig. 6(b). Similarly to the case of Fig. 5,
the classical initialization approach leads to a fast divergence of the
predicted dynamics with respect to the true one. At the same time,
the cold-started reservoir produces accurate forecasts for the considered
forecasting horizon.

4.3. Robustness of learning the starting map

In this section, we empirically study the robustness of our proposed
approach with respect to the initialization of the reservoir states using
the starting map o. More specifically, we explore the sensitivity of the
forecasts produced by the reservoir systems to potential imprecision in
the learning of the starting map. In the following paragraphs, we show
that the results obtained with the help of cold-starting initialization of
the reservoir systems do not depend much on the particular choice of
the learning method and its high precision. To exemplify this claim, we
conduct a series of empirical exercises for the Lorenz dynamical system.
We perform the following steps:

1. Learning the starting map o: (a) with a neural network of a given
architecture and denote it 6NN1; (b) with a diffusion maps-based
method and denote it ¢PM.

2. Choosing the reservoir readout map h: (a) via learning with another
neural network trained as in (22) and denoted ANN2; (b) as a
linear map in (21) and denoted hygge-

3. Cold-starting (initializing) the reservoir with the short past history
of observations. Take a set of 10 arbitrary chosen 2¢g + 1 = 7
partial subsequent observations @, € R**!, k = 1,...,10, of
the Lorenz system to construct the initial reservoir states either
with the help of the neural network-learned starting map XZT)NI =
o™i (w,), or via taking the image of the diffusion maps-leérned
starting map x7 * = ®M@,), k=1,...,10.

4. Constructing perturbation terms. Construct a set of 100 equally
distanced values 0'2 € [0,0.03]. For each o‘,é ,Jj = 1,...,100,
a sample of K = 10 random innovations {ﬂi}ke{l _____ K}» ’Ii ~
U{0,v/126}), is drawn.

5. Perturbing the initial states. Each of the cold-started states is
perturbed by the additive noise in (5), that is, XZENI = xZ;NI +ni,

Ml k=1,...,10,j = 1,...,100.

6. Autonomous run of the cold-started reservoir. The corresponding
learned readout map is applied to the perturbed initial states,
and the reservoir system is run autonomously to produce H = 50
future steps of the path-continued trajectory. More precisely,
following (18)—(17), for the case of the diffusion maps method
the autonomous path-continuation is conducted as

O (P (M) = hygee &) =

~~DM
(o} p— o
and X0 =X)

wT oM
ridgexk, Jj

~eDM DM il .
Ry = F (R o (@), j=0. H -1,
while for the neural networks instance via
. ~ NN
o (¢t m) = A&,
~oNNI ~oNN| il .
W= F (x;j Lo (¢ (m))), =0, H-1

7. Performance assessment. The mean squared error of the H = 50
autonomous predictions is computed per each perturbed state
and the corresponding innovation, which results in 1000 mea-
surements which are subsequently plotted using the scatter plot
versus the corresponding values of 64, j=1,...,100.

Fig. 7 shows that the dependence of the mean squared forecasting
errors as a function of the variance of the perturbing innovations for
all the chosen sets of partial subsequent observations o, € R?*1, k =
1,...,10, is 0(03) for both the techniques for the learning of the starting
map proposed in the paper. We emphasize that when the readout is
chosen as a neural network function, the additive perturbation of the
initial cold-started states is nonlinearly transformed by the readout.
Hence, one expects that the perturbations introduced with respect to
the true images of the starting maps get nonlinearly amplified by
the neural network readout at the time of autonomous forecasting.
However, this is not observed to have detrimental consequences for
the autonomous path continuation, as seen in Fig. 7(b). These empir-
ical observations serve as evidence of the robustness of our proposed
technique of reservoir initialization.

The reader may note that we have not used Lyapunov exponents
of the autonomous system resulting from a cold-start to ascertain the
robustness of the starting map. This is because the Lyapunov exponents,
while reflecting on the magnitude of the exponent reflecting the time
scale on which system dynamics become unpredictable, would depend
on the error that would have incurred while learning the readout rather
than the error that would have incurred in the cold-start. This contrasts
the error in the short-term prediction of the learned reservoir with
the long (and even infinite) time accuracy of its approximation of the
original problem. Given the sensitivity to initial conditions and the lack
of guarantees for the smooth dependence of the Lyapunov exponents
to small system identification errors, asking for accurate Lyapunov
exponent approximation lies beyond the scope of the present work.

5. Conclusion

While observing a solution of an initial value problem with an
ordinary differential equation or while iterating a map on an initial
condition, one can start observing the solution right away. The afore-
mentioned amenity was not accessible for forecasting with an echo
state network model since, even in their autonomous mode, they had
to be driven by a not-so-short history of the very trajectory that one
wanted the model to forecast. We have overcome this challenge with
the notion of a cold start. By employing a small segment of the partial
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Fig. 7. Lorenz system results: mean squared error (MSE) calculated over H = 50 (10 dimensionless units) versus the variance ‘75 of the perturbation of the state initialization
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observations (enough to determine a unique state of the underlying
dynamical system) as the initial condition, and using a starting map,
we show that it is theoretically possible to initialize the internal state of
the reservoir, enabling forecasting by iteration from that internal state
when the network is run in autonomous mode. We have also pointed
out the natural conditions that entail that the starting map is well-
behaved in the sense that it is a Lipschitz function which also justifies
the numerically observed robustness of its learning.

From the larger perspective of modeling differential equations, the
“well-trained, well-initialized” reservoir is a numerical approximation
of the actual dynamical system. Therefore, the notion of shadowing
property would be needed to compare the trajectories of dynamical
systems with their numerical approximations [52-55]. Some of the
authors are currently researching this topic.
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Appendix A. Diffusion maps
The diffusion maps parametrization technique provides a strategy

for the dimensionality reduction of a finite dataset, X = {x; Y where
each x; € R” is a sample from a manifold M [39]. The first step in
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the diffusion maps method involves establishing a random walk across
the dataset. This is facilitated by the creation of an affinity matrix
K € R"™" which represents the connections among the points in X.
The elements of this matrix, K; j» are calculated using a kernel, here a
Gaussian kernel, according to:

X lIx; = x; 1%

.o=ex _— ),

i p e

where || - || denotes the chosen norm for the data, in this case, the L,

norm. The hyperparameter ¢ > 0 controls the decay rate of the kernel:
for smaller values of ¢, only proximal points are considered connected
in K, as K;; approaches 0 for distant points.

The diffusion maps algorithm hinges on the normalized graph Lapla-
cian of the data converging to the Laplace-Beltrami operator on the
manifold M as the number of points » - o« and ¢ — 0. However, a
specific normalization is required for data obtained from non-uniformly
sampled points to accurately recover the Laplace-Beltrami operator.
This involves defining a diagonal matrix D € R™", with D;; = Z;zl Kij
and then calculating the normalized affinity matrix, given by

K =D*KD,

where x modulates the density effect. For x = 0, the density’s influence
is maximal, suitable only for uniformly sampled data, whereas « = 1 re-
moves the density effect, enabling the recovery of the Laplace-Beltrami
operator [56]. Another normalization step yields S, a Markovian ma-
trix, by dividing each entry of K by the sum of its rows. The eigende-
composition of S reveals a complete set of real eigenvectors v and
eigenvalues 4;, facilitating a nonlinear parametrization of the dataset
X in terms of these eigenvectors. Selecting the leading eigenvectors
that are independent/non-harmonic generates a set of latent variables
@ = (v, .., v} that encapsulate the intrinsic geometry of the
manifold from which the dataset was sampled. If the number of these
selected eigenvectors d is less than the original variable dimensions m,
the process effectively reduces dimensionality by presenting a more
simplified representation of the dataset. For a dataset X comprising
short time series windows u,, diffusion maps enable the extraction of
reduced latent variables in a data-driven manner, with « = 0 and ¢
chosen as the median of all pairwise distances, ensuring that the choice
of a does not qualitatively alter the diffusion map results.

Appendix B. Geometric harmonics

Geometric harmonics is utilized to extend a function 7, potentially
vector-valued, sampled at certain points X = {x;} on a manifold M,
to a new point X, € X [39]. In this context, a modified approach of
geometric harmonics is employed to interpolate 7 using the reduced
coordinates @ identified through diffusion maps. Specifically, after
the dimensionality reduction phase yields non-harmonic eigenvectors,
the goal is to express F in terms of these reduced coordinates B =
@D ... |vD) € R™ with v¥) € R". Despite the exclusion of har-
monic eigenvectors, a subsequent application of diffusion maps to the
coordinates @ facilitates the creation of a functional basis connecting
@ to any function F defined on the original space.

Similar to the initial diffusion maps process, the first step involves

l1b;—b; 12
-—a ) where

b; € R denotes the ith row of the matrix B. Being symmetric and pos-
itive semidefinite, C possesses orthonormal vectors y",y® ... y®
and non-negative eigenvalues o, > 6, > --- > o, > 0. These eigenvectors
serve as a projection basis for extending a function F. Selecting a
threshold 6 > 0, the set of significant eigenvalues S5 = {a : o, > 0,}
is determined, where § is chosen such that d < Card(S;) < n.

Projecting the image of F onto this truncated eigenvector set yields
an approximation F ~ P,F = F = Y S5 Y OFT y@)T,

calculating an affinity matrix C; ; = C(b;,b;) = exp

which is not one of the rows

aESs W;QW(PTV’(‘Z))T» with

To extend 7 to a new coordinate by,
of B, the extension is given by F, ey (bpew) = 2,
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(a

Wy = 0t X Clbyey. b)) - w'™ and where ' is the ith component

of the eigenvector w'®. This approach, employing a truncated set Sj,
addresses numerical instabilities that occur when ¢, — 0.

By applying geometric harmonics in this manner, it is possible to
predict the values of F = x, at unseen points b, € R?, for d = 2
for the Brusselator system, d = 3 for the Lorenz system, is derived via
Nystrom extension [57] on time series windows of u,.

Appendix C. Supplementary information

All code necessary to reproduce the numerical results presented
in the paper are publicly available at https://github.com/Learning-of-
Dynamic-Processes/coldstart.
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