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Abstract

In this paper, a generalized bivariate Kummer-beta distribution is proposed. The name
derives from the fact that its particular cases include univariate Kummer-beta distributions.
This distribution generalizes a number of existing bivariate beta distributions, including
Nadarajah’s bivariate distributions, Libby and Novick’s bivariate beta distribution and a cen-
tral bivariate Kummer-beta distribution. Various properties associated with this newly intro-
duced distribution are derived. The derived properties include product moments, marginal
densities, marginal moments, conditional densities, conditional moments, Rényi entropy
and Shannon entropy. Motivated by possible applications in economics, genetics, hydrol-
ogy, meteorology, nuclear physics, and reliability, we also derive distributions of the product
and the ratio of the components following the proposed distribution. Parameter estimation
by maximum likelihood method is discussed by deriving expressions for score functions.
Inference based on maximum likelihood estimation supposes that the maximum likelihood
estimators have zero bias and zero mean squared errors. A simulation study is performed to
check this for finite samples.

1 Introduction

The univariate beta distribution and its extensions have been generalized to the bivariate case
and a number of bivariate generalizations of beta distributions are available in the scientific lit-
erature. For a review of commonly known bivariate beta distributions the reader is referred to
Balakrishnan and Lai [1], Arnold, Castillo and Sarabia [2], and Kotz, Balakrishnan and John-
son [3].

The bivariate beta and associated distributions have several fields of applications. For exam-
ple, bivariate beta generated distributions with classical beta marginals are natural choices as
prior distributions for the parameters of correlated binomial random variables in Bayesian
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analysis (see Apostolakis and Moieni [4], Arnold and Ng [5]). Because of the finite range,
bivariate beta distributions have many useful applications in proportions.

Perhaps, the first and the oldest bivariate generalization of the beta (type 1) distribution is
the three-parameter Dirichlet distribution. Another bivariate generalization of the beta distri-
bution is the bivariate Kummer-beta distribution studied at length by Bran-Cardona, Orozco-
Castafieda and Nagar [6] and Nagar, Zarrazola and Serna-Morales [7].

While defining a three-parameter generalized beta distribution, Libby and Novick [8] also
gave its multivariate (bivariate) generalization. The bivariate distributions defined and studied
by Gupta, Orozco-Castafieda and Nagar [9], Jones [10], Manouchehri and Bouguila [11],
Olkin and Liu [12], and Nagar, Orozco-Castafieda and Gupta [13] are particular cases of Libby
and Novick’s bivariate beta distribution. Further generalizations of Libby and Novick’s bivari-
ate beta distribution are given in Gupta and Nagar [14] and Nagar and Orozco-Castafieda
[15]. Sarabia and Castillo [16] proposed several bivariate extensions of Libby and Novick’s
three-parameter generalized beta type 1 distribution. Nadarajah [17, 18] reconstructed Libby
and Novick’s bivariate beta distribution to define a more general bivariate distribution with
generalized beta marginals and illustrated its application to drought data. In a series of papers,
Nadarajah and his co-authors (Nadarajah [19, 20], Nadarajah and Kotz [21] and Nadarajah,
Shih and Nagar [22]) defined four bivariate beta distributions. The normalizing constants of
their pdfs involve Appell’s hypergeometric functions F;, F,, F; and F,. Orozco-Castaéda,
Nagar and Gupta [23] derived generalized bivariate beta distributions with pdfs involving the
Appell function of the second kind and the Gauss hypergeometric function. Nadarajah and
Kotz [24], by using the reproductive property with respect to the distribution of the product of
two independent beta variables (James [25]), proposed three bivariate beta distributions (also
see Gupta and Nagar [26]). By using conditional approach (see Section 5.6 of Balakrishnan
and Lai [1]), Nagar, Nadarajah and Okorie [27] constructed a bivariate distribution whose
marginal laws are beta and extended beta. Recently, Olkin and Trikalinos [28] developed a
bivariate beta distribution which exhibits negative as well as positive correlation.

Although many bivariate beta distributions have been defined and studied in recent years,
there is always a need to develop distributions that are more flexible than existing ones and
suitable for real-life data. In this paper, we define a new bivariate beta distribution with six
parameters generalizing a number of existing bivariate beta distributions. We study its proper-
ties. A unique feature of the proposed distribution is that it has tails behaving polynomially
and exponentially; that is, f(x, y) ~ Cx“exp(—cx) as x — 0 when y is fixed and f(x, y) ~ Dy"exp
(—dy) as y — 0 when x is fixed. Furthermore, the parameters controlling the tail behaviours are
independent for the proposed distribution which is important if data in the tails need to mod-
eled independently. None of the known bivariate beta distributions having polynomial and
exponential tails allow the parameters controlling them to be independent.

The paper is organized as follows. In Section 2, the new bivariate beta distribution is
defined. We call it the generalized bivariate Kummer-beta distribution(GBKBD). In Sections
3 and 4, various representations are derived for the product moments, marginal pdfs, mar-
ginal moments, conditional pdfs and conditional moments associated with the proposed
bivariate distribution. In Section 5, exact forms of Rényi and Shannon entropies are derived.
In Section 6, the distributions of XY, and ¥ are derived when X and Y follow the bivariate
beta distribution defined in this paper. In Section 7, parameter estimation by using the
method of maximum likelihood is discussed. A simulation study to check the finite sample
performance of the maximum likelihood estimators by MCMC methods is performed in Sec-
tion 8. Finally, several results used in this paper are listed in S1 Appendix. All R codes used
are given in S2 Appendix.
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2 The generalized bivariate Kummer-beta distribution

Definition 1 Random variables X and Y are said to have a generalized bivariate Kummer-Beta
distribution with parameters a, B, ¥, 0, A and A,, denoted by (X, Y) ~ GBKB(a, £, 7, 0, M, A2),
if their joint pdf is

f(‘x7y; a) ﬁ)’y7 O-’ 7\'17}\’2)

xa—l p—1 1—x y—o—1 1— y—p—1 (1)
= O, 7,0,y 1) —2 ( . —)axy)(“’ y) expl (x4 )],

where 0 < x<1,0<y<1ly>a>0,y>f>0,0<0<1,-00 <Ay, Ay <ooand Cla, B, 7,
0, M1, \y) is the normalizing constant.

By integrating the joint pdf of X and Y over its support set, the normalizing constant can be
derived as

[Cer, B,7, 0,00, 0)]

X 1,,p-1 —x oa—1 B
/ / — 1—)axy)("f1 P expl— (e + 1y)] dx dy (2)

= B(Oﬁ,)/ - OC) (ﬁa Y= ﬁ)FZ(aaﬂay;yay; g, _7\'17 _7\'2)1

where Fy is a hypergeometric function of three variables defined in equation (9) in S1 Appendix.

Several special cases of (1) are worth mentioning. For ¢ = 0, the components X and Y are
independent each having a Kummer-beta distribution, X ~ KB(a,, y — a, ;) and Y ~ KB
(a, 7= B, Ay). The pdf of V. ~ KB(a, b, &) (Nagar and Gupta [29]) is

fKB(V; a, ba é) - K(“? ba é)va71(1 - v)b71 eXp (751/)7 0 <v< 1a a> 07 b > 07 (3)

where [K(a, b, §)]' = B(a, b) \Fy(a; a + b; - §).
For A =4, =0, (1) reduces to a bivariate beta pdf (Nadarajah [17, 18]) given by

a-1pB-1(1 — x ymoa=leg  Ny—=p-1
C(Oﬁ, ﬁayv G) z y/ (1 (1 —) o‘xy)(}!l y) ; (4)
where
[C(a, B,7,0)]
= B(o,y — o)B(B,y — B) *Fy(or, B, 737,73 0) (5)

= B(a,y — a)B(B,y — B) °F,(«, B;7; o).

Further, re-parameterizing (1) by replacing o, fand y by a, b and a + b + ¢, respectively, a
generalized bivariate Kummer-beta pdf is obtained as

xa,lyh,l(l _ x)b+c—1(1 _ y)u+c—1

)u+h+c

Cla,bya+b+c,o,),M\)

exp[—(hx + App)]. (6)
(1 —oxy

This pdf for A; = A, = 0 and 0 = 1 is the well known Libby and Novick’s bivariate beta pdf
(Libby and Novick [8]). For A; = A, = A and 0 = 1, it is the central bivariate Kummer-beta Type
IV pdf introduced by Jacobs, Bekker and Human [30].
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Fig 1 in S1 Appendix shows possible shapes of (1) for selected values of @, 3, 7, 0, Ay, and A;.
Expanding (1 — oxy) ™%, oxy < 1 in power series in (1), we can write

foys0B,7,0,0,%,) = C(a,B,7,0,h, k)

> (7); o
DR —a KB pyy 7

i=0

Sty = o M) (3 B+ 4,7 — B Ay,

where fip(v; a, b, ) is the Kummer-beta pdf. Thus, the GBKB pdf is an infinite mixture of the
product of Kummer-beta pdfs.

A bivariate distribution with the pdf f{x, y) is said to be totally positive of order 2 (TP,)
(Balakrishnan and Lai [1]) if

FOeuy)f (X9, 90) 2> f(x,90)f (x5, 1) (8)

for x; < x, and y; < y,. In order to prove that the pdf (1) is (TP,), we substitute appropriately
from (1). We observe that f(x;, y1)f(x,, ¥2) > fix1, ¥2)f(x2, y1) if and only if (1 — ox1y,)(1 — oxpy1)
> (1 — ox1y1)(1 — 0x,y,), which always holds, Therefore, the generalized bivariate Kummer-
beta distribution is TP,.

3 Marginal and conditional distributions
By integrating y in (1), we obtain the marginal pdf of X as

fxx) =C(a,B,7,0, A, 7»2)36“71(1 - x)]._x_l exp(—,x)
. / Y= ) exp(—hyy) d
0 (1 —oxy)’ 9)
= C(, B,7,0, M5 1) B(B,y — B (1 = %) exp(—1,x)
’ q)l(ﬁaV7V§ 0X, _)‘2)7

where 0 < x < 1. It is interesting to note that the marginal pdf of X does not belong to the
Kummer-beta family and differs by an additional factor containing the confluent hypergeo-
metric function @, of two variables. Likewise, the marginal pdf of Y, for 0 < y < 1, can be
obtained as

fY(y) = C(OC, ﬁv Y, 0, 7\‘17 7\2)}’/571(1 - )/)T_ﬁ_l eXp(—XQy)

. / =) ep(-hy)
: (1= xyo) (10)

= C(OC, ﬁ» % o, 7\‘1? 7\‘2)3(0(’ ')) - o()}}[1)71(1 _y)"/’/}’l exp(—XQy)
) (D1(057%V§ gy, _}\’1)

Fig 2 in S1 Appendix plots the marginal pdf of X for selected values of the parameters. It
can be checked that the marginal pdf of X is more flexible than existing (for example, Kum-
mer-beta distribution) ones and includes a wide variety of shapes.
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From the joint pdf (1) and the marginal pdf of X given in (9), the conditional pdf of Y given
X = x can be derived as

A=) exp(hy) (1 — o)
f(y|x) a B(ﬁvy_ﬂ)q)l(ﬂv’yvy;axa _>\‘2) . (11)

Also, the conditional pdf of X given Y = y is

11— %) exp(—hx)(1 — axy) !

x|y) = (12)
USER B(o,y — a)®@, (2, 7,750y, =)
4 Moments
By definition, the (r, s)th joint moment can be derived as
1 1xa+r—1y[3+s—1(1 _ x)"«'—“—l(l _ y)}'—ﬂ—l
EX'Y) = AL A -
( ) C(O(,ﬁ,')),d, 1) 2)‘/0 /0 (1 — O'xy)}
- exp[—(Mx + Ayy)] dx dy (13)

= C(“?ﬁay70-77\‘177\‘2)3(a+ T’,y - ot)B(ﬁ—i—s,y _ﬁ)
’Fz(“JFTvﬁJFSv"/;VJF'%VJFS;O',*}‘U*}‘Q)’

where the last line follows by using equation (9) in S1 Appendix. Simplifying the above expres-
sion by using (2), we obtain

Do+ nT(B+)T%(y) Fla+rp+s7y+ry+s0,—k,—L,)

Bt YO R %) ) RN P R S ¥y B

(14)

wherea+r>0and B +s > 0.
Further, substituting appropriately in the above expression, we obtain
F(O( + r)r(’” Fz@C +, ﬁ7 VY 1,750, _7‘*17 _7"2)

E(X") = 15
X) = o+ nT) B fringio,—h iy (15)

F(ﬁ + S)F(]}) FZ(OC, ﬁ +,7;7,7 + 80, _7\‘17 _7\‘2)

E(Y®) = , 16
V=TT 958 B by ot i) (16)
F 1 Ly:y+ 1,9+ 1:0, A, —)A
E(XY)Z@ Z(a+ 7ﬁ+ 7%/"’ a))_+ 7_6’ 1 2)) (17)
Y F (o, B,7:7,7:0, —Ay, —Ay)
oF, (O‘+1aﬁ7’/§y+1aﬁ);07—7¥7—7h
E(X) =--2 T — ), (18)
7 FByiy,vi0, =k, —hy)

E(XQ) _ OC(OC + 1) Fz(oC + Qvﬁay;y + 27?5 g, _7%7 _}Vg) (19)
V(V—i—l) Fz(a7ﬁ7y;y7y;aa_7\‘17_7\‘2) ’

:ﬁFz(O(a.B+ 17V§V7V+ 1;0-3 _7\'13_7\'2)

E(Y) ;
Y Fz(a,ﬁﬂ/;%“/;a, _}\‘17_7\‘2)
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and

ﬁ(ﬁ+ 1)Fz(a,ﬁ+2,y;y,y+2;0, _7\'17_}\'2)

E(Y?) =
(¥ Yy +1)  Fy(e, 77,750, —A, —),)

The conditional moments are given by

E(X" | Y) =/0 f(x | y) dx

_ B(OC+T7’)) - Oc)(l)l(OC + r,'y,'})‘f’ r;o), 77“1)
B(O!,')) - 0‘)‘1’1(0‘7%%0)’, 77\'1)

and

E(Y* | X) =/0 Y12 dy

_B(B+5,7 = B)O,(B+5s,7,7+ 0%, —),)
B(ﬂ»?‘ﬁ)®1(ﬂa?a?§03€, _7\’2) .

From (1), we can easily see that

XY ! C(OC7 ﬁa V? g, 7\/1, 7\’2>
E g
1—oXY Cla+r,f+ry+rok, k)

which simplifies to
E Xy 1  T+nCB+rr(y)
1 —oXY T+ T ()T(p)
.Fz(“+f7ﬁ+7’a3’+r§y+773’+7’§0’; _)\’1)_}’2)
Fz(“aﬁa??%??“a _7‘]’_7\‘2) .

The joint moment generating function of (X, Y) can be given by

MX,Y(tN t,) = E[exp(t,X +1t,Y)]

1 1x171y/i—1 (1 _ x)”y—z—l(l . y)y,/;,l
= C a, s Y O-, 7\. ; }\,‘ / / :
el vha) o Jo (1 — oxy)’

- exp[tyx +t,y — (M x + Ayy)] dx dy

— C(a’ ﬁ7 ’y7 O-’ 7\‘1’7\‘2)
C(oc,ﬁ,y,o', A= t],7\.2 - tz)

which simplifies to

Fz(“vﬁy%“/ﬂ);@ tl B 7\‘171.2 B 7\‘2)

M, . (t, t,) =
X,Y( v 2> Fz(%ﬁﬂ?%”/;o’v _}\‘17_7\‘2)

5 Entropies

(22)

(23)

(24)

(26)

(27)

In this section, we derive expressions for Rényi and Shannon entropies for the bivariate beta

distribution defined in Section 2.
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Let (X, B, P) be a probability space. Consider a pdf f associated with PP, dominated by a ¢
—finite measure ¢ on X. The well-known Shannon entropy, denoted by Hgy(f), is defined by

Hg(f) = / f(x)Inf(x) (28)

One of the main extensions of Shannon entropy is due to Rényi [31]. Rényi entropy,
denoted by Hg(n, f), is

(29)

for n > 0 and  # 1, where
0= [ du (30)
X

The parameter 7 introduced in Hg(7, f) is used to describe the complex behavior in proba-
bility models and the associated process under study. Rényi entropy is monotonically decreas-
ing in 1, while Shannon entropy (28) is obtained from (29) for 1 T 1. For details, see Nadarajah
and Zografos [32], Zografos and Nadarajah [33]. First, we give the following lemma useful in
deriving these entropies.

Lemma 1 Let g(a, B, ¥, 0, Ay, Ay) = lim,, _, 1h(7), where

h(n) = %Fz(n(fx — D+ LB =1+ Lnpn( —2)+2,00 —2) + 20, —nhy, —nky). - (31)
Then
B S T(a+i+)I(f+i+k)I(y+i)
g(avﬁa%avxlv}\?) - ﬁ UZU V+l+]) ('y+l+k)
i\ j Y k
%U PR -0 - - D)
—(B=D¥(B) = () + (@ — V(2 +i+))
+(B-DY(B+it+k)+(+i)
— =20 i) = (=20 +ir k),
where (z) = % is the digamma function.
Proof Expanding F in series form, we can write
d & ai<_777‘1)j(_'77\'2)k
h(n) = d_ni;]Ai,j,k(n) il kI
“J.d (1) (=) )
a'(— 1/ —Ny
= i;{) |:d17Ai~j‘k(7/):| il j k! )
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where
A;}jjk(”]) — — r [7’(’}) B Z)j_ 2]
[ln(e—1) +1C(B — 1) + 1T (ny) (34)
.I“[n(oc—l)+1+i+j]F[n(ﬁ—1)+1+i+k]F(i1y+i)nj+k
Iin(y =2)+2+i+In(y —2)+2+i+k '
Now, differentiating the logarithm of A; ; «(17) with respect to 77, we obtain
d i+ k
B = B [F 20— 20l ~2) +2) — (2= Dol = 1) +1)
—B=DymB—-1)+1) —ph(ny) + (= Dp(n(e — 1) + 1 +i + ) (35)

+B=1Ym(B—1)+1+i+k)+pb(ny+1i)
(=200 =2)+2+i4j) = (=200 —2) +2+i+k)|.
Finally, substituting (35) into (33) and taking 7 — 1, we obtain the desired result.

Theorem 1 For the generalized bivariate beta distribution defined by the pdf (1), Rényi and
Shannon entropies are given by

HA01.f) =1 (110 €l B 2) + In TG = 1)+ 1)+ I Dly(p = 1) + 1
+InTy —a—1)+1]+ InThGpy —p—1) +1] —2In Ty — 2) + 2] (36)
+ InF,(n(e—1)+1,n(B = 1)+ Lny;n(y —2) +2,n(y — 2) + 2;0, =k, —117»2)}

and
Ho(f) = =InCla, B,7,0, 0, %) = [ (2= () + (B = 1Y (B)
+h—a- DY —a) + G- -G - 20 -2wE)| 37
g(“vﬂv?aaa)"n?\?)
FZ(OQﬁ,'));’y,'));G,—)\,],—)\?)’
respectively.

Proof For nn > 0 and 1 # 1, using (1), we have

1 1
:/ /fn(xeQ;O@ﬁ?Vuavxpkz) dx dy
= [C(e, B, 7,0, M 7»)]

xﬂ7 1) r](/i 1) )’7(3 a—1) 1— n(y—p-1)
I T ealnt ) dx by (a9

= [ (a>ﬁ7%077‘17>‘2)] ( (“—1)+1a’7(7)—0‘— 1)+1)
Bn(B—1)+1Ln(y—p—-1)+1)
“Fy(n(e— 1)+ 1,n(B — 1) + Ly n(y — 2) +2,n(y — 2) + 2,0, =), —nk,),

where the last line follows by equation (9) in S1 Appendix. Now, taking logarithm of G(7) and
using (29), we obtain Hg(n, f). Shannon entropy can be obtained from H(1, f) by taking n T 1
and using L’Hopital’s rule.
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6 Product and quotient

Distributions of products and ratios of correlated random variables are of interest in many
areas of science such as economics, genetics, hydrology, meteorology, nuclear physics, and
reliability (see, for instance, Nadarajah and Choi [34] and Nadarajah and Ruiz-Espejo [35]).
Several distributional results on products and ratios are available for normal, gamma, expo-
nential, Pareto, Rayleigh and Weibull families of bivariate distributions. However, there is rela-
tively little work of the this kind when the joint distribution is bivariate beta.

In this section, we derive distributions of XY and ¥ when X and Y follow the distribution
defined in (1).

Theorem 3 Let (X, Y) ~ GBKB(e, 3,7, 0, A, and P = X, X,. Then, the pdf of P is

o—1 1 _ 2y—o—fi-1 oo _7\‘ j
Clo, B,7,0,h, \y) exp(_)%)p ((1 _po?p)'f Z ( j|1p) .
I

'B(V_a?V_ﬁ)(I)l(y_ﬁay_ﬂ+jv2y_a_ﬁ;1_p7x2(]‘_p))ﬂ 0<p< 1.

Proof Transforming P = XY, Y = Y with the Jacobian J(x,y — z,y) = i in (1), we obtain
the joint pdf of P and Y as

Py =p) A=y [ (p 10
C(avﬁa’yvav 7"177%) y},_ﬂ(l _ O_p)",' exp }Lly—’_}\?y ’ ( )

where 0 < p < y < 1. Integrating this expression with respect to y, we can write the pdf of P as

P & (=hp)
Ca?ﬁ?’y’a’x’k‘ y .
( 1 2) (1 _ O_p)) J:ZO ]l (41)
ey
) = exp(—A,y) dy
Now, substitute w = i%; and rewrite

=101 — 2y—o—f-1 oo -2 J

C(aaﬁa’%Gv;\’l?)\’Z) exp(77\’2)p ( p) i Z( -|1p)
(1—o0p) ! )

L —w)
. /0 [(1 - (1>_ p)w]}_/}ﬂ_ exp[A, (1 — p)w] dw.

Finally, the desired result is obtained by evaluating the integral by using equation (7) in
S1 Appendix.
Theorem 4 Let (X, Y) ~ GBKB(a, 3, 7, 0, A, and R = . Then, the pdf of R is

C(a, B,7,0, My, xz)r“ji;("/)j (aj!r)j Bla+ B +2j,y— ) (3)

'(Dl(o‘+ﬁ+2jul“"0‘_%“"‘?4‘2]'?777“2"‘7‘1”)
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for0<r<1Forr>1,

00 o .
C(a, By, 0, 7\'177‘2)7'7/;712(”/)1‘7]-'13(“ +B+2,7—a)

j=0

1 A,

Proof Consider the transformation R = 4, Y = Y whose Jacobian is J(x, y — r, y) = . Using
(1), we obtain the joint pdf of R and Y as

ra—l o+p—1 1—r y—o—1 1_— y—p—1
ot i) =BT L el ur eyl (49

where 0 <y < 1for0<r<1,and0 < y <!forr>1.For0 <r <1, the marginal pdf of R
can be obtained by integrating (45) over 0 < y < 1, yielding

s L I

C(a7ﬁ7'yvo—a }\’17)\’2)7&‘7 exp[_(xlr_k)\’?)y] dy

0 (1 —ory?)
0 (O'r)j 1yx+/ﬁ+2j—1 (1 _ y)yfﬂfl (46)
= C(OC, ﬁv 7,0, }\’17 }\’Q)rOHl Z (V)] H / o+1—y CXP[*(KII’ + 7\’2))/] dy7
=0 J: 0 (1—ry)

where the last line follows by expanding (1 — ory*) 7 in power series. Now, evaluating the inte-
gral using equation (7) in S1 Appendix gives the desired result. For r > 1, the pdf of R can be
written as

% o+f—1 1—7 y—a—1 1— y—p—1
C(a’ﬂ’y’a’kl’mrm/ e L exp[— (A7 +A,)y] dy

0 (1—on?)
= C(OC, ﬁa 7,0, 7“17 7“2)

N y—p-1
LW (1 — w) ! (1 - %V) A
o / = ex {— (7» + —2> W] dw
: (== L “)
= C(O(, ﬁa 7,0, 9\’17 9\’2)7’7/3712(?)]. 1’-’_]'
=0 '
a—1

1 W9<+/5+2j—1(1 _ W)"«'* - [ ( x{)) }
. — exp|—| A +—=|w|dw.
A G

Now, evaluating this integral using equation (7) in S1 Appendix yields the desired result.
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7 Estimation

Let (X}, Yy), ..., (X,, Y,) be a random sample from GBKB(«, f3, 7, 0, A, A, ). The log-likelihood
function, denoted by I(a, 8, 7, 0, A1, Ay), is

(o, B,y,0, A, N) =nlnC(a, B,y,0, A, Ay) + (2 — 1) Zlnx + ( fl)Zlnyi
i=1
+(V—°<—1)Zln(1—x,-)+(v—ﬁ—1)zln(1—yi) (48)
i=1 i=1

- klzxi - 7“22)’;‘ - VZ In (1 - oxy,).
i1 -1 -1

By differentiating I(a, §, ¥, 0, Ay, X,) with respect to @, f3, 7, 0, A1, A, and equating the result-
ing expressions to zero, six likelihood equations can be derived as

81(“ ﬁ?/?o- klvk Zlnx 72111 alnc(a>ﬁ7%67>\'1>x2):07 (49)

oo

((Z ﬁa%a 7\’177L Zln)/, Zln 1_)/1 all‘l C(avﬁé;aaaklaXZ) — 0, (50)

o, ﬁ’/"’k A) zn:ln 1-x) +Zln 1-y) Zln xy,0)

(51)

8lnC(ocﬂy,a AyAy) 0

oy ’

81(0(7'3,]),0’, %‘1’7\‘2) _ - _xiyi aln C(avﬂv’y70—77\‘]’7\‘2) _
do B y; 1—xy0 o do =0 (52)
61(0(7[;)’}}’0)7\‘1’7\‘2) _ - aln C(oc,ﬁ,y,a, 7\‘1’7\‘2) _

., = ;xi +n ., =0, (53)
al<a7ﬁ7’y7077\‘177\‘2) _ _iy + naln C(O{7ﬁ7'})7017\‘157\‘2) — 0 (54)

on, o0,

i=1

The derivatives of the normalizing constant C(e, f, ¥, 0, A1, A,) with respect to the six
parameters appear difficult. Thereby, usable solutions of the set of equations can not be
obtained and numerical solutions for the maximum likelihood estimates appear to be the only
plausible alternatives.

8 Simulation study

According to large sample theory, the maximum likelihood estimators of &, B, , 0, A1, A2
should have zero biases and zero mean squared errors as the sample size approaches infinity.
In this section, we perform a simulation study to check the finite sample performance of the
maximum likelihood estimators.

Samples of size n = 30, 250, 500, 1000 were generated from (1) for selected values of param-
eters. MCMC methods (Gibbs Metropolis, Markov Chain Monte Carlo Metropolis,
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Metropolis, Metropolis Gaussian, random walk Metropolis and Metropolis-Hastings) were
used with the aid of R packages MCMC, MCMCpack, gibbs.met, LearnBayes, MHadaptive,

MetroHastings and walkMetropolis.
We considered three sets of parameter values for simulation as follows:

and

0=2,=2,9=4,0=05r =11 =1,

0=2p=27y=4,0=05Ax =150 = L5.

(57)

The results were similar for other choices of parameters. The maximum likelihood esti-
mates of &, f3, 7, 0, A1, A, were computed based on numerical procedures. These procedures
were repeated one hundred times to give the average of biases (Ab) and the average of mean
squared errors (MSE). By comparing these results, we observed that the Gibbs sampling
method provided better results. Therefore, the output of the Gibbs method is presented in
Tables 1-6 and Figs 3 to 7 in S1 Appendix. The maximum likelihood estimates and correlation
coefficients are reported in Tables 1-3. The average of biases and the mean squared errors of
all estimators are reported in Tables 4-6. The biases always appear close enough to 0 and the
mean squared errors of all estimators always decrease with increasing n. Figs 3 and 4 in
S1 Appendix show scatter plots of the simulated data for n = 30 and »n = 1000. Fig 5 in

Table 1. Maximum likelihood estimates based on simulated data fora=2,8=2,7y=4,6=0.5,A;=1,A,=1.

n a ﬂ 7 o xl )“2
30 1.973836 2.015562 4.045190 0.491698 1.275161 1.473856
250 1.973836 2.015562 4.045190 0.491698 1.275161 1.473856
500 2.001270 1.980189 4.016316 0.489125 0.958321 0.844904
1000 1.989758 1.979811 4.001838 0.492810 0.926023 0.879106
https://doi.org/10.1371/journal.pone.0311888.t001
Table 2. Maximum likelihood estimates based on simulated data fora =2,=2,7=6,06=0.5,1;, =2,4, = 2.
n a B 7 4 A, A,
30 1.973836 2.015562 4.045110 0.491698 1.275161 1.473856
250 1.975575 2.011879 6.465107 0.460187 1.2218307 1.260903
500 1.985697 2.028305 6.1880215 0.466124 1.644022 1.785429
1000 2.006863 2.024450 6.094308 0.486453 1.893386 1.940943
https://doi.org/10.1371/journal.pone.0311888.t002
Table 3. Maximum likelihood estimates based on simulated data fora=2,8=2,y=4,06=0.5, 1, = 1.5, 1, = 1.5.
n a B 7 4 » A,
30 2.006863 2.024449 6.094308 0.486453 1.893386 1.940942
250 1.988866 2.001390 4.061478 0.490607 1.370597 1.373026
500 1.973836 2.015562 4.045190 0.491698 1.275161 1.473856
1000 1.973836 2.015562 4.045190 0.491698 1.275161 1.473856

https://doi.org/10.1371/journal.pone.0311888.t003
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Table 4. Biases and MSEs of maximum likelihood estimates based on simulated data fora=2,8=2,y=4,6=0.5,1,=1,, = 1.

n Ab(a) Ab(B) Ab(7) Ab(o) Ab(L,) Ab(L,) MSE(é) | MSE(B) | MSE(y) | MSE(G) | MSE(L,) | MSE(L,)
30 | -0.026164 | 0.015562 | 0.045190 | -0.008302 | -0.224839 | -0.026144 | 0.057689 | 0.054870 | 0.025016 | 0.014351 | 1.634038 | 1.653448
250 | -0.026164 | 0.015562 | 0.045190 | -0.008302 | -0.224839 | -0.026144 | 0.057689 | 0.054870 | 0.025016 | 0.014351 | 1.634038 | 1.653448
500 0.001270 -0.019812 0.016316 -0.010875 -0.041680 -0.155096 0.052173 0.047800 0.026537 0.011502 1.395474 1.150310
1000 -0.010242 -0.020189 0.001838 -0.007191 -0.073977 -0.120894 0.0263411 0.028684 0.012473 0.006967 0.586353 0.747648

https://doi.org/10.1371/journal.pone.0311888.t1004

Table 5. Biases and MSEs of maximum likelihood estimates based on simulated data fora=2,=2,7=6,0=0.5,A; =2, A, =2.

n Ab(a) Ab(B) Ab(7) Ab(6) Ab(L,) Ab(L,) | MSE(a&) | MSE(p) | MSE(7) | MSE(G) | MSE(L,) | MSE(L,)
30 -0.026164 0.015562 0.045190 -0.008302 -0.224839 -0.026144 0.057689 0.054870 3.844256 0.014351 2.083716 1.705735
250 -0.024425 0.011879 0.465107 -0.039813 -0.778170 -0.739097 0.067049 0.0788361 1.323920 0.068091 8.123404 7.477096
500 -0.014303 0.028304 0.188021 -0.033876 -0.355978 -0.214571 0.030900 0.035499 0.369252 0.0360234 2.975318 3.152226
1000 0.006863 0.024449 0.094308 -0.013547 -0.106614 -0.059057 0.018835 0.024330 0.176120 0.018613 1.248495 1.769518

https://doi.org/10.1371/journal.pone.0311888.t005

Table 6. Biases and MSEs of maximum likelihood estimates based on simulated data for¢=2,8=2,y=4,0=0.5,A; = 1.5, 1, = 1.5.

n Ab(a) Ab(B) Ab(7) Ab(o) Ab(&,) Ab(L,) | MSE(a) | MSE(B) | MSE(7) | MSE(6) | MSE(x,) | MSE(L,)
30 0.006863 0.024449 0.094308 -0.013547 -0.106614 -0.059057 0.018835 0.024330 4.553353 0.018613 1.391882 1.960461
250 -0.011134 0.001390 0.061478 -0.009392 -0.129403 -0.126974 0.080879 0.100175 0.053638 0.021369 2.148867 2.632752
500 -0.026164 0.015562 0.045190 -0.008302 -0.224839 -0.026144 0.057689 0.054870 0.025016 0.014351 1.608877 1.429591
1000 -0.026164 0.015562 0.045190 -0.008302 -0.224839 -0.026144 0.057689 0.054870 0.025016 0.014351 1.608877 1.429591

https://doi.org/10.1371/journal.pone.0311888.t006

S1 Appendix shows pairs style of Gibbs sampling method fora=2,8=2,y=4,0=0.5, A =1,
A =1, n=1000. Fig 6 in S1 Appendix shows histogram of the simulated data and marginal pdf
fora=2,f=2,y=4,0=0.5M1 =1, =1, n=1000. Fig 7 in S1 Appendix shows the correla-
tion between Xand Yfora=2,8=2,y=4,0=0.5A; =1, 1, = 1, n = 1000. All figures and
tables demonstrate that the simulation is satisfactory.

9 Conclusions

In this paper, we have proposed a new form of bivariate Kummer-beta distribution with six
parameters extending several widely known bivariate beta distributions. The proposed distri-
bution is more flexible than existing ones and includes a wide variety of shapes. Several proper-
ties of this distribution have been studied. Since bivariate beta distributions occur frequently
in many practical situations, the generalized model presented in this paper will certainly attract
attention of users for its applications in different disciplines.

The limitations of the proposed distribution include the normalizing constant (1) not being
elementary, the marginal distributions corresponding to (1) not belonging to the Kummer-
beta family and maximum likelihood estimation involving solving of six highly non-liner
equations. Future work is to consider other means of estimation, including Bayesian estima-
tion, minimum distance estimation, probability weighted moments estimation, least squares
estimation, weighted least squares estimation, percentiles estimation, moments estimation, L
moments estimation and trimmed L moments estimation.
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