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ABSTRACT 
This article is concerned with the modeling of the gas output of a commercial chemical 
plant using the coal sources as predictor variables. We consider the use of two models to 
incorporate these predictors; the Cox proportional hazards and accelerated failure time 
regression models. These models are chosen for their simplicity and for the ease with which 
the effects of explanatory variables can be interpreted. The contribution of this article lies 
therein that these models are used in the current context for the first time. We show, using 
both graphical and formal hypothesis testing procedures that these models (with a Weibull 
baseline distribution) fit observed gas production data well. We provide a discussion of the 
interpretation of the estimated model parameters and we comment on how these estimates 
can be of substantial practical value. The large scale of production from the chemical plant 
in question ensures that potential cost savings and increases in production associated with 
more accurate models are of great practical importance.
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1. Introduction

Due to the internet of things and the drive for digital
ization, large amounts of data are generated every 
second across value chains of complex processing and 
manufacturing plants; i.e., more online sensors, meas
urements, scanners etc. are being employed. In a 
commercial process, equipment is subjected to cir
cumstances and extraneous variables which were not 
factored into the design, making the real-time and 
historical data across value chains critical assets for 
decision making in safe and efficient operations. Qin 
(2014) motivated that process operations can benefit a 
great deal from statistical and data-driven methods 
due to the complexity of process operations. The large 
data sets from operations becoming available must be 
utilized for real-time process monitoring and predict
ive analytics to ensure longer term performance 
sustainability, process health and conformance to 
increasing environmental compliance. The coal to gas 
operating facility at the Sasol South Africa operations 

is a very complex facility, where the amount and qual
ity of the gas produced depend crucially on the qual
ity of the coal used in the process, see Coetzer, 
Rossouw, and Lin (2008). The coal used is a blend of 
six different coal sources which are delivered to the 
factory via overland conveyors. The quality of each 
coal source is different, and blending is done by stack
ing and reclaiming to improve the homogeneity of the 
coal used in the factory. Rossouw, Coetzer, and Le 
Roux (2018) provided a detailed description of the 
coal stacking-reclaiming process.

Since the mentioned plant provides roughly 29% of 
the fuel and gas demand in South Africa, it is critical 
to develop accurate predictive models for the raw gas 
produced to conform to specified product quality and 
volumes. In addition, accurate predictive models are 
required for real time performance monitoring, 
detecting performance deviations and diagnostic ana
lysis to ensure process improvement and longer term 
sustainability. Previous efforts to model the gas 
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production were mainly focused on applying response 
surface modeling and classification approaches.

Coetzer and Keyser (2003) discussed the factorial 
experimental design employed in 1998 to test the effect 
of various coal parameters on the performance of the 
gasification plant. They showed that the stone content 
in the coal (higher stone content typically reflects in 
higher ash yield in the coal) has a significant effect on 
the gas production from the commercial plant. The ash 
content negatively effects the gasification process 
through limiting the transfer of heat and mass in the 
reactor. Coetzer and Keyser (2004) applied response 
surface modeling and robustness analysis to show that 
the operability region for higher pure gas production is 
significantly expanded by changing and controlling the 
particle size distribution of the coal.

Coetzer, Rossouw, and Lin (2008) developed response 
surface models for the gas produced as a function of the 
coal feed and other process variables, and applied dual 
response optimization to specify optimum operating con
ditions for maximum production at sustainable rates. 
Specifically, the authors showed that the effect of the vary
ing coal quality can be minimized by optimizing and con
trolling the particle size distribution of the coal. de Waal, 
Coetzer, and van der Merwe (2016b) used a multivariate 
gamma model for the particle size distribution of the coal 
feed to classify the gas produced into three distinct classes, 
while de Waal, Coetzer, and van der Merwe (2016a) pre
sented a new classification scheme using the Dirichlet dis
tribution for a similar classification of the gas produced as 
a function of the size distribution and chemical analysis of 
the coal. Recently, the application of machine learning 
models was communicated in the literature. Ceylan and 
Ceylan (2021) discussed the application of various 
machine learning models for predicting the gas yield and 
product gas heating value as a function of three coal 
parameters, including mineral matter, and three process 
variables. They found that a random forest model yielded 
the best predictive performance for the responses. 
However, they only focused on prediction and did not 
provide interpretations of the effect of the input variables 
on the responses. Chavan et al. (2012) found that an 
Artificial Neural Network provided better predictions 
compared to a multivariate regression approach for pre
dicting the gas yield from fluidized-bed coal gasification. 
They used three coal parameters, including ash yield, and 
three process variables for prediction, but did not provide 
any interpretations of the variables’ effects.

In this article, we model gas production as a function of 
the coal sources using parametric proportional hazard 
regression and accelerated failure time models. The appli
cation of these models to commercial observational data is 

new in the process modeling and engineering literature. 
The proportional hazard regression and accelerated failure 
time models provide a probability of achieving a certain 
performance (e.g. gas production) or higher given explana
tory variables, which is different from just predicting the 
response variable itself. We specifically consider the sour
ces of the coal for various reasons. First, the various coal 
sources have different coal quality, such as ash yield, which 
varies widely between the different coal sources. As alluded 
to above, previous studies have shown that coal quality has 
a significant effect on the gas production (Coetzer and 
Keyser 2004; Coetzer, Rossouw, and Lin 2008), which can 
be modeled by considering the coal sources as predictor 
variables in the model. Second, coal sources are considered 
as controllable variables since the sources are blended to 
specific ratios through stacking and reclaiming (Rossouw, 
Coetzer, and Le Roux 2018). Therefore, gas production 
can be improved through manipulating the coal sources 
blends, which is illustrated in Section 3. Thirdly, since the 
application of survival analysis models to modeling gas 
production from a commercial process is new in the litera
ture, we only include the coal sources as predictor variables 
in order to simplify the models and to demonstrate the 
interpretation of the variables’ effects for process improve
ment. The importance of coal source as a predictor is 
underscored by the numerical results shown in Section 3. 
Note that there are many process variables and extraneous 
factors that may affect the amount of gas produced, which 
this article does not aim to investigate extensively. 
However, a more detailed discussion regarding these fac
tors is provided in the conclusions.

The Cox proportional hazards (CPH) model (Cox 
1972) and the accelerated failure time (AFT) model are 
prominent models in survival analysis which have 
received considerable attention in the literature for mod
eling time-to-event data. Smuts and Allison (2020) pro
vided an overview of survival analysis with specific 
application to credit risk. Majeed (2020) gave an intro
duction to AFT models with specific application to 
insurance attrition. Survival analysis is well established 
in the medical sciences (see e.g., Wei (1992), Ma and 
Krings (2008), Tolley, Barnes, and Freeman (2016)) and 
more recently gained traction in reliability studies in 
engineering; Equeter et al. (2020) used the CPH model 
to estimate the lifespan of cutting tools whereas 
Thijssens and Verhagen (2020) investigated factors that 
affect airline component reliability in order to optimize 
their fleet utilization. Furthermore, Chen et al. (2020) 
considered the use of the CPH model in the context of 
predictive maintenance. However, the use of survival 
analysis in the modeling of a fully observed continuous 
response, as a function of predictors, has not received 
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much attention in the literature. The relevant models 
are almost exclusively used to predict or explain the 
time to a specified event. In this article, we use the CPH 
and AFT as models for the output of a commercial 
chemical plant using coal sources as predictor variables. 
The CPH and AFT models were chosen due to their 
simple interpretations. The CPH model affords the mod
eler the opportunity to compare the hazard rates associ
ated with different covariate settings, while the AFT 
model considers the “rate at which time passes” as a 
function of the covariates (both of these interpretations 
are discussed in detail later in the article). Importantly, 
the chosen models allow us to interpret the individual 
parameter estimates separately, meaning that specific 
courses of action can be recommended in practical sit
uations. Therefore, this article fills a gap in the literature 
by providing an alternative approach for modeling pro
cess output variables together with interpretations of 
variable contributions.

In this setup, censoring is not present and the out
put is fully observed (since the amount of gas pro
duced is fully observed and not censored). We 
illustrate how the estimated distribution functions 
(obtained from fitting either the CPH or AFT regres
sion models) can be used to quantify the effect of dif
ferent coal sources blends on the predicted output.

Being able to accurately model and predict the output 
from a coal gasification process could be beneficial to 
the production company. For example, improved coal 
blends can be determined and used to produce the 
same or greater volumes of gas at lower feed rates, 
which will reduce the company’s dependence on coal. In 
addition, improved blends can lead to greater environ
mental compliance in terms of carbon dioxide produc
tion and particulate matter emissions. In Section 3.3 we 
demonstrate and discuss how the models can be used in 
order to realize these objectives and potential benefits.

The remainder of the article is structured as fol
lows. Section 2 introduces the survival models used. 
Section 3 shows the numerical results obtained when 
fitting the proposed models to observed production 
data; here we demonstrate that the proposed models 
provide an acceptable fit to the observed data and we 
provide interpretations of the fitted regression coeffi
cients. Section 4 provides some concluding remarks as 
well as directions for further research.

2. Survival models

Survival analysis is commonly employed to model 
data for which the time until a specified event occurs 
is of interest. In this article, the response is a fully 

observed continuous random variable; the amount of 
gas produced by a commercial facility. Typically, in 
survival analysis, some censoring mechanism is pre
sent. This means that we only observe the exact value 
of the response in the case where this value is uncen
sored. In the current context, no censoring is present. 
As a result, all of the observations are treated as 
uncensored. Although extending the results to the 
censored case would be a simple matter, it is not con
sidered here as it is unlikely that the observed gasifica
tion output would be censored in practice.

Throughout this article, we limit our analyses to 
fully parametric versions of the specified models as 
this substantially simplifies both the implementation 
and interpretation when compared to their semi and 
non-parametric counterparts. Although the semi and 
non-parametric alternatives are more general in the 
sense that they are not limited to specified parametric 
forms, our analyses indicate that the parametric mod
els used fit the observed data well and are therefore fit 
for use. In fact, both graphical and formal goodness- 
of-fit techniques indicate that the observed data very 
closely resemble what we would expect if these data 
originated from the specified models. As a result, we 
believe that the assumptions made are justified, at 
least for the data under consideration. Furthermore, 
as our aim is to provide a method which will be of 
practical use, we endeavor to provide practitioners 
with as simple a model as possible. However, since 
the models advocated for in this article can be used in 
a much wider context, it is possible that situations exist 
where these assumptions would not serve the modeler 
well. In these cases, we would advise using the good
ness-of-fit tests outlined below in order to test the 
parametric assumptions. If these assumptions prove 
detrimental, then the use of semi or non-parametric 
models will be required.

We now introduce some notation. Let Y> 0 denote 
the response variable, in our case this is the total 
gas production, and let X ¼ ðX1, :::, XpÞ

> denote a p- 
variate column vector of predictors or explanatory 
variables; specifically in this case each row of X repre
sents the log-transformed ratios of the coal sources 
used, see (3) below. The models used below specify 
both the unconditional and conditional distributions 
of Y. Consider first the unconditional distribution 
function denoted by Fh, indexed by a, typically vector 
valued, parameter h: This function is known as the 
baseline distribution and does not depend on the val
ues of the predictors, X. When the values of the pre
dictors are taken into account, we are able to specify 
the conditional distribution function of Y given X; 
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~Fh, /, where / is a p-variate vector of coefficients cor
responding to the values of X. We use the notation ~�
throughout to indicate a function conditional on the 
predictors. Denote the conditional density function of 
Y by ~f h, /ðyjXÞ: In the analyses to follow, the survival 
function of Y plays an important role since it represents 
the probability of exceeding a given production level, 
say y. Denote the unconditional and conditional survival 
functions by ShðyÞ ¼ 1 − FhðyÞ and ~Sh, /ðyjXÞ ¼
1 − ~Fh, /ðyjXÞ, respectively. Let hhðyÞ ¼ fhðyÞ=ShðyÞ and 
~hðyjXÞ ¼ ~f h, /ðyjXÞ=~Sh, /ðyjXÞ denote the unconditional 
and conditional hazard rates, respectively. These hazards 
are very useful when specifying the survival models used 
below. Note that ~hðyjXÞ provides an intuitive interpret
ation; it is the instantaneous rate at which the increase 
in production level will cease, given the predictors X, 
when y units have already been produced.

Below we discuss two survival models; the CPH and 
the AFT models. Both of the models considered specify 
the conditional hazard rate as a function of the baseline 
hazard as well as some parametric regression function.

2.1. The Cox proportional hazards (CPH) model

The CPH model specifies the conditional hazard rate 
of Y given the observed predictors X to be

~hh, bðyjXÞ ¼ hhðyÞeb>X, 

with b ¼ ðb1, :::, bpÞ
> indicating the regression coeffi

cients associated with the CPH model. As the name 
suggests, given two realizations of the predictors, say 
X1 and X2, the resulting conditional hazard functions 
are proportional to one another;

~hh, bðyjX1Þ

~hh, bðyjX2Þ
¼

hhðyÞeb>X1

hhðyÞeb>X2
¼ eb>ðX1−X2Þ, 

which is constant for all y> 0. The survival function 
of the CPH model can be expressed as

~Sh, bðyjXÞ ¼ ShðyÞe
b>X
:

2.2. The accelerated failure time (AFT) model

The hazard function of the AFT model can, once 
again, be expressed as a function of the baseline haz
ard and a regression component;

~hh, cðyjXÞ ¼ e−cT Xhhðye−cT XÞ, 

where we use c ¼ ðc1, :::, cpÞ
> to indicate the regres

sion coefficients of the model. The resulting survival 
function can be expressed as

~Sh, cðyjXÞ ¼ Shðye−c>XÞ: (1) 

The AFT model lends itself to simple interpreta
tions. As can be observed from (1), if c>X > 0, then 
the inclusion of the regression component increases 
the value of the conditional survival function for every 
value of y. The reverse implication holds if c>X < 0:
In fact, we may think of the factor e−c>X as a constant 
rate at which “time is accelerated” in the model. As a 
result, values of X resulting in larger values of e−c>X 

tend to be associated with smaller values of Y.
We now turn our attention to three distributions 

commonly used as baseline distributions for the CPH 
and AFT models.

2.3. Baseline distributions

Below, we provide the details of the Weibull, lognor
mal and extreme value distributions in the context of 
the CPH and AFT models. Note that additional details 
related to the Weibull distribution are provided; this 
is done since the Weibull baseline will be used exten
sively in the next section.

2.3.1. The Weibull distribution
The Weibullðk, kÞ distribution has hazard and survival 
functions

hhðyÞ ¼ kyk−1k−k, ShðyÞ ¼ e− y=kð Þ
k

, 

for y> 0, h ¼ ðk, kÞ
>
:

For the CPH model, the hazard and survival func
tions are

~hh, bðyjXÞ ¼ ebT Xkyk−1k−k,

~Sh, bðyjXÞ ¼ e− y=kð Þ
k

exp ðb>XÞ:

In the case of the AFT model, the hazard and sur
vival functions can be expressed as

~hh, cðyjXÞ ¼ e−kcT Xkyk−1k−k,

~Sh, cðyjXÞ ¼ e− yk−1e−c>Xð Þ
k

:

Note that, in the case of the Weibull distribution, if 
we set c ¼ −b=k, the CPH and AFT models coincide. 
In general, the CPH and AFT models do not coincide; 
this property is unique to the Weibull distribution.

2.3.2. The extreme value distribution
Denote the extreme value distribution with parame
ters h ¼ ðl, r2Þ

>, such that l 2 R and r2 > 0, by 
EVðl, r2Þ: The corresponding hazard and survival, 
for y> 0, are
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hhðyÞ ¼
tðzÞe−tðzÞ

rð1 − e−tðzÞÞ
, ShðyÞ ¼ 1 − e−tðzÞ, 

with z ¼ ðx − lÞ=r and tðzÞ ¼ e−z:

2.3.3. The log-normal distribution
The hazard and survival functions of the 
lognormalðl, r2Þ distribution, for y> 0 and h ¼

ðl, r2Þ
>, are

hhðyÞ ¼ ðyrÞ−1
/ðzÞU−1 −zð Þ, ShðyÞ ¼ 1 − UðzÞ, 

where z ¼ r−1 log ðy − lÞ, and / and U are the dens
ity and distribution functions of the standard normal 
distribution, respectively.

2.3.4. Parameter estimation
The numerical results in Section 3 are obtained by fit
ting the proposed models to observed data using the 
method of maximum likelihood. All calculations are 
performed in the statistical computer software R; see 
R Core Team (2019).

Given a data set, ðY1, X1Þ, :::, ðYn, XnÞ, consisting of 
n observations on the response and predictors, we 
may estimate the parameters of the models by maxi
mizing the likelihood functions. In general, the likeli
hood function of the models considered can be 
expressed as

Lðh, /jðY1, X1Þ, :::, ðYn, XnÞÞ

¼
Yn

j¼1

~Sh, /ðYjjXjÞ~hh, /ðYjjXjÞ:

The maximum likelihood estimators of ðh, /Þ are

ðĥ, /̂Þ ¼ argmax Lðh, /jðY1, X1Þ, :::, ðYn, XnÞÞ: (2) 

Due to the unavailability of explicit expressions for 
ðĥ, /̂Þ in (2), we use a non-linear optimization routine 
in order to arrive at parameter estimates. When fitting 
the AFT model using the various baseline distribu
tions described above, we use the aftreg function in 
the eha package in R; see Brostr€om (2020) and 
Brostr€om (2012). However, the mentioned package is 
not used when fitting the CPH model; the parameter 
estimation procedure employed in this case is 
explained below.

When fitting the CPH model to the observed data, 
we use the optim function and we specify the opti
mization method to be “BFGS”; see Broyden (1970), 
Fletcher (1970), Goldfarb (1970) and Shanno (1970). 
This optimization algorithm is a quasi-Newton 
method which uses gradients in order to perform the 
required optimization. The procedure requires the 

specification of starting values for the optimizer. In 
order to arrive at parameter estimates we use techni
ques similar to those described in Visagie (2018). The 
procedure is sketched below; for more details, see 
Visagie (2018).

We begin by fitting the baseline distribution using 
maximum likelihood. In order to provide starting val
ues for the algorithm, we specify a range of values 
that we believe to be likely to include the optimal par
ameter values. Admittedly, this specification is subject
ive. However, we emphasize that this step is merely to 
obtain starting values for the optimizer. Given the 
chosen range for the parameters, we simulate a large 
number of possible values for each of the parameters 
to be estimated from independent uniform distribu
tions. Thereafter, we evaluate the likelihood function 
for each of the resulting parameter combinations and 
simply choose the parameter set resulting in the larg
est likelihood as starting values for the optimization 
procedure.

After fitting the baseline distribution to the data, 
we are required to estimate the parameters of the 
regression component of the CPH model (note that 
the parameter values which maximize the likelihood 
of the baseline models will not necessarily maximize 
the likelihood of the CPH model). Again, we require 
starting values for the parameters associated with the 
baseline as well as those associated with the regression 
coefficients. For the parameters associated with the 
baseline distribution, we use the estimates obtained 
when fitting the baseline distribution. For the regres
sion coefficients we randomly simulate possible values 
from independent uniform distributions as before. 
The parameter combination resulting in the largest 
likelihood function value is used as starting values in 
the optimization process.

Although this article is not concerned with inferen
tial techniques for variable selection, we realize that 
this is an important aspect of modeling in the current 
context, especially in the case where additional 
explanatory variables are included in the model. For 
the sake of completeness, we include an algorithm for 
the construction of confidence intervals for the model 
parameters (which can be used for model selection) in 
Appendix B.

3. Application

In this section, we discuss the operational data avail
able. We then proceed to fit the various models dis
cussed above and we consider the goodness-of-fit of 
each. Finally, interpretations of the results are 
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provided together with comments on the practical 
implementation of the proposed models.

3.1. Operational data

We apply the CPH and AFT survival functions to model 
the raw gas production from a commercial chemical 
facility as a function of the blend from six coal sources. 
Note that the production data are scaled to between 0 
and 1 due to confidentiality restrictions. Furthermore, 
the actual names of the coal sources cannot be men
tioned. The coal quality of each source is different, and 
therefore quantifying and understanding the effect of the 
coal blend on the gas produced is critically important 
for continuous improvement and sustainable operation. 
The operational data are 12-h averages for just over one 
year, giving a total of n¼ 784 observations of produc
tion data as well as the corresponding coal sources 
blends. The production data are plotted in Figure 1. We 
will illustrate that the CPH and AFT models, incorporat
ing the coal sources blends as predictors, provide an 
excellent fit to the data.

The proportions associated with the various coal 
sources constitute a compositional variable (also referred 
to as a mixture variable in the current context), the 
components of which sum to 1. Denote the proportion 
from source j by Zj; the predictors are ðZ1, :::, Z6Þ, with 
P6

j¼1 Zj ¼ 1: Cornell (1981) provided a detailed treat
ment of how to specify regression models in the pres
ence of compositional variables. However, in this article 
we use the additive log ratio transformation for the 

compositional variables (Aitchison 1986). That is, the 
compositional variables are transformed to log ratios rela
tive to one specific component. We use coal source 6 as 
the denominator in the log ratio transform because it is 
the source with the highest average proportion in the 
blends. In order to avoid numerical difficulties, we replace 
all values in Zj, j ¼ 1, :::, 6 which are smaller than 0.01 
by 0.01. The resulting transformed predictors are

Xj ¼ log ðZj=Z6Þ, j ¼ 1, :::, 5: (3) 

Using log ratios is advantageous since the effect of 
each variable on the output is interpreted relative to 
one compositional component, see Aitchison (1986). 
Note that it is not really necessary to use a log-trans
formation of the coal sources for specifying the model 
since Scheff�e or K-polynomials may also be used for 
the mixture variables (Cornell 2002). However, using 
log-ratios is advantageous since the effect of each vari
able on the output is interpreted relative to a fixed 
compositional component (Aitchison 1986). In add
ition, the recommendation of improved coal sources 
blends is simplified using log-ratios, as will be illus
trated below. Figure 2 shows boxplots of the empirical 
distributions of the different sources on the trans
formed scale. It is clear that there are substantial dif
ferences in both the averages and ranges of the 
proportions associated with the various coal sources.

3.2. Model fitting and validation

The models discussed in Section 2 are fitted to the 
production data, using the proportions associated with 
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Figure 1. Production data, scaled between 0 and 1, plotted 
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the various coal sources as predictors. In order to 
compare the fit of the various models, we use the cal
culated log-likelihood functions (together with the 
estimated parameters). Since all of the models consid
ered contain the same number of parameters, no cor
rection terms, such as those employed in the Akaike 
information criterion are required in order to com
pare the levels of fit of the various models. The 
achieved log-likelihood function values are reported 
for each of the fitted models in Table 1. The Weibull 
baseline distribution yielded the highest log-likelihood 
for both the CPH and AFT models. Furthermore, both 
the log-likelihood values reported for the CPH and AFT 
models with this baseline distribution are approximately 
equal in this case, confirming that the CPH and AFT 
models are equivalent when using the Weibull distribu
tion and that one can be obtained from the other. The 
small observed differences can be ascribed to the differ
ence in the numerical optimizers used.

A comparison of the calculated values of the log-like
lihoods indicates that the models with the Weibull base
line provide the best fit of the models considered. 
Additionally, the light tails of the Weibull distribution, 
compared to the lognormal and extreme value distribu
tions, makes for a conservative model for gas production. 
In the context of predicting gas production, we believe 
that under-predicting gas production would likely be a 
preferable outcome compared to over-predicting. This 
provides a second motivation for choosing the Weibull 
distribution as baseline. A third reason supporting this 
choice is the high level of mathematical tractibility which 
this choice affords the modeler; see the simple closed 
form expressions provided in Section 2.3.1.

Following the discussion above, we select the mod
els with the Weibull baseline (we specifically use the 
fitted CPH model to arrive at the numerical results 
below). In order to assess the fit of this model, we 
consider a graphical test before turning our attention 
to a formal goodness-of-fit test. Figure 3 illustrates the 
fitted Weibull baseline distribution function, obtained 
using the averaged log-ratios as predictors, as well as 
the empirical distribution function of the data. The 
figure indicates that the proposed model fits the 
observed data well. This claim is made more precise 
below using formal techniques.

In order to proceed with more formal techniques, we 
introduce the composite goodness-of-fit hypothesis that 

we wish to test; given the predictors X, Y has the distri
bution specified by ~Fh, /: This hypothesis is to be tested 
against general alternatives. An application of the prob
ability integral transform specifies that, if the null 
hypothesis is true, then ~Sh, /ðYjXÞ follows the standard 
uniform distribution. In order to obtain a graphical 
goodness-of-fit test, we compare the quantiles of

Û j ¼ ~S
ĥ , /̂ðYjjXjÞ, j ¼ 1, :::, n, 

to those of the standard uniform distribution. From 
the consistency of the maximum likelihood estimators 
used and the fact that the sample under consideration 
is relatively large, we infer that Û 1, :::, Û n should 
approximately follow a standard uniform distribution 
if the null hypothesis holds. Figure 4 shows a quan
tile-quantile plot for Û 1, :::, Û n against the uniform 
quantiles (the line of perfect fit is superimposed as a 
dashed line). The figure indicates that the empirical 
quantiles correspond closely to those of the standard 
uniform distribution. Furthermore, the mean and 
standard deviation of Û 1, :::, Û n are calculated to be 
0.502 and 0.277, compared to the corresponding 0.5 
and 1=

ffiffiffiffiffi
12
p

� 0:289 of the uniform distribution. 
Taking all of the above into account, the graphical 
goodness-of-fit test indicates that the CPH model with 
Weibull baseline fits the data well (and the same con
clusion holds for the AFT model, since these models 
are the same).

We now turn our attention to a formal goodness- 
of-fit test. Again, our test will be based on the idea 
that the realized values of Û 1, :::, Û n should approxi
mately follow a uniform distribution under the null 

Table 1. Log-likelihood results of models.
CPH AFT

Weibull 1064.226 1064.819
EV 960.594 1017.674
Log-normal 784.718 1033.740
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Figure 3. Empirical and fitted distribution functions.
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hypothesis. As above, we present only the results for 
the CPH model with Weibull baseline, since the 
results for the AFT model are nearly identical.

We calculate the Kolmogorov-Smirnov test statistic, 
measuring the supremum distance between the empir
ical distribution function of Û 1, :::, Û n and the distri
bution function of the standard uniform distribution;

KSn ¼ sup0�u�1fjFnðuÞ − ujg, (4) 

where FnðuÞ ¼ 1
n
Pn

j¼1 IðÛ j < uÞ with Ið�Þ the indica
tor function. The test statistic in (4) can be expressed 
in the following easy calculable form:

KSn ¼ maxðDþn , D−
n Þ,

Dþn ¼ max
j2f1, :::, ng

j
n

− ~F
ĥ, /̂ðYjjXjÞ

� �

,

D−
n ¼ max

j2f1, :::, ng
~F

ĥ, /̂ðYjjXjÞ −
j − 1

n

� �

:

In order to test the goodness-of-fit hypothesis, we 
are required to approximate the null distribution of 
KSn. To this end, we simulate a single observation 
from the fitted conditional distribution of Y given Xj, 
for each of j ¼ 1, :::, n: Denote the resulting values by 
Y�1 , :::, Y�n : Based on these data, fit the model once 
more and calculate the values of Û �1, :::, Û �n as well as 
the corresponding value of KS�n: Repeating this process 
a large number of times, we simulate from the null dis
tribution of KSn. The algorithm required for this proced
ure is included in more detail in Appendix A. For the 
CPH model with Weibull baseline, the pvalue is calcu
lated to be approximately 0.035 and we do not reject 

the hypothesis that the CPH model with Weibull base
line is appropriate at a significance level of 1%. It should 
be noted that, given the large sample, using a signifi
cance level of 1% is quite conservative as a small devi
ation from the null model is likely to result in the 
rejection of the goodness-of-fit hypothesis.

3.3. Interpretation and implementation

In this section we consider the fitted CPH and AFT 
models with the Weibull distribution as baseline. 
Recall that the CPH and AFT models are equivalent 
when used with this baseline distribution. As a result, 
the predicted values associated with these models are 
nearly identical and can be ascribed to small differen
ces due to variations in the optimization procedures 
used. We report the estimated parameters obtained 
for both models and we comment on both sets of esti
mated parameters. However, in an attempt to avoid 
repetition, we arbitrarily use the CPH model when 
constructing graphs and when predicting outcomes.

In the remainder of this section we:

� discuss the interpretation of the regression parame
ters and the impact of the variables on the level of 
production,

� illustrate how the estimated conditional cumulative 
distribution function is used to show the impact of 
different blends on the level of production, and for 
recommending blends for process improvement.

Consider the CPH model with Weibull baseline. 
Using maximum likelihood, the estimated parameters 
of the Weibull distribution are k̂ ¼ 7:147 and k̂ ¼

0:392 for the shape and scale parameters respectively, 
and the estimated regression parameters are

b̂ ¼ ð0:394, 0:090, − 0:141, − 0:136, 0:268Þ, 

based on the log-ratios of the proportions of the coal 
sources relative to the last component (source 6). For 
the CPH model, the exponentiated coefficients can be 
interpreted as multiplicative effects on the hazard. The 
exponentiated coefficients are:

eb̂ ¼ ð1:483, 1:094, 0:869, 0:873, 1:307Þ:

Therefore, for example, increasing the proportion 
of coal source 2 relative to coal source 6 in the blend 
increases the hazard rate by a factor of approximately 
1.09 or 9%, which is substantial given the large vol
umes of gas produced (Coetzer, Rossouw, and Lin 
2008). Similarly, increasing the proportion of coal 
source 3 relative to coal source 6 in the blend reduces 
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Figure 4. Comparison of the quantiles of Û1, :::, Ûn and the 
quantiles of the standard uniform distribution.
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the hazard rate by a factor of approximately 13%. 
Therefore, the composition of the blend has an 
important effect on the production of the factory. 
This indicates that the CPH model can be used to 
perform diagnostic analysis on the coal sources for 
understanding the reasons of an increase or decrease 
in production. The interpretations afforded by the 
coefficients provide the modeler with valuable infor
mation regarding the effect of the coal source used. 
This information can be used in the decision making 
process when preparing blends for optimal produc
tion. More specifically, improved coal blends can be 
specified for higher production at sustainable rates. 
This will reduce the company’s dependence on coal, 
and should improve environmental compliance.

When turning our attention to the AFT model, the 
fitted baseline distribution is Weibullð7:127, 0:393Þ
while the estimated regression coefficients are

/̂ ¼ ð−0:055, − 0:013, 0:02, 0:02, − 0:037Þ:

For interpreting the coefficients above, it is simplest 
to consider the effect of a given coefficient on the sur
vival function. The effect of a unit increase in the log- 
ratio of source j ¼ 1, :::, 5, relative to source 6 results in 
an estimated acceleration of e−/j on the scale on which 
the survival function is measured. As a result, we are 
again interested in the exponentiated coefficients; how
ever, this time around, we consider

e−/̂ ¼ ð1:057, 1:013, 0:98, 0:98, 1:038Þ:

A unit increase in the log-ratio of source 1 relative to 
source 6, for example, results in an acceleration of time 
(as measured by the fitted survival function) of 5.7%. 
This means that an increase in the proportion of coal 
source 1 is likely to substantially reduce production as 
compared to the source 6. Again, the fitted regression 
coefficients provide the modeler with directly interpret
able results, which may influence the choice of coal 
source as well as the production achieved.

To illustrate the effect of the blends on production, 
we selected two blends from historical data which 
yielded a low and a high production, respectively. We 
selected actual blends from historical data to ensure 
that the blends are realistic. The two blends are 
referred to as a low production scenario and a high 
production scenario, respectively. The proportions of 
the two blends from the 6 sources are:

Low scenario : ð0:163, 0:047, 0:010, 0:117, 0:151, 0:513Þ,
High scenario : ð0:241, 0:010, 0:010, 0:174, 0:002, 0:563Þ:

Note that the proportion of coal source 6 in the 
blend is increased by about 6% and the proportion of 

coal source 2 in the blend is reduced by about 4.8% 
from the low to the high production scenario, which 
is in agreement with the effect of the variables corre
sponding to the estimated coefficients. The log-ratios 
used in the models are

Low scenario : ð−1:149, − 2:381, − 3:947, − 1:479, − 1:225Þ,
High scenario : ð−0:847, − 4:050, − 4:050, − 1:172, − 5:812Þ:

The fitted cumulative distribution functions can 
now be calculated for the two scenarios to illustrate 
the effect of the blends on the production. Figure 5
shows the fitted cumulative distribution functions for 
the two scenarios, together with the fitted distribution 
achieved when averaging over the log ratios. Figure 5
shows that the probability of obtaining greater pro
duction is appreciably higher for the high scenario 
compared to the mean and low scenarios. The esti
mated cumulative distribution function from the fitted 
CPH model can be used to determine the predicted 
probability of obtaining at least a targeted production 
for any specified coal sources blend.

Predicted quantiles can be obtained for a specified 
probability; inverting the survival function, the ð1 − 
dÞ% quantile of the fitted distribution is

qð1 − dÞ ¼ k̂ − log e log ð1−dÞe−b̂
>X

� �� �1=k̂

: (5) 

Specifically, if we are interested in the quantile 
such that there is a 5% probability of exceedence of 
production; i.e., a 95% chance of observing a level of 
production less than or equal to this quantile. This is 
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Figure 5. Fitted distribution functions for the mean coal sour
ces, the low scenario and the high scenario.
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obtained by setting d ¼ 0:95 in (5). The predicted 
quantiles for the two blend scenarios are:

� Low scenario: 0.47,
� High scenario: 0.62.

The difference in the quantiles for the two scen
arios is illustrated in Figure 6. For the high produc
tion scenario, a production of at most 0.62 (scaled 
units) can be expected, compared to a production of 
only 0.42 (scaled units) for the low production scen
ario. This is an improvement in production of roughly 
32% for the high blend scenario compared to the low 
blend scenario. Given that the plant delivers approxi
mately 29% of the fuel demand in South Africa, there 
is a strong incentive for identifying and specifying 
improved coal sources blends. Furthermore, given suf
ficient supply of coal from the different coal sources, 
the CPH and AFT models can be used to specify opti
mum coal sources blends subject to constraints such 
as the available coal supply, coal quality requirements 
of the blends and factory demand.

4. Conclusions and directions for future 
research

The results discussed in Section 3 show that gas pro
duction can be accurately modeled using parametric 
CPH and AFT models using the Weibull as the base
line distribution. These models were developed in the 
survival analysis literature and, to date, we have been 
unable to find other applications of these models in 
the context considered in this article.

At present, gas production is typically modeled 
without considering the presence of heterogeneity due 
to the coal sources blend used. We demonstrated that 
the CPH and AFT models can substantially increase 
the accuracy with which this process is modeled by 
taking the dependence on the blend used into 
account. Specifically, these models allow us to make 
predictions regarding the achievable levels of produc
tion given the source of the coal. The potential value 
added to the business is substantial in terms of vol
umes produced at sustainable rates, as well as savings 
on coal and improvements in carbon efficiency.

The current study is concerned with a single set of 
compositional variables as predictors. However, in 
practice, coal gasification is a very complex process. 
Process performance can be affected by many other 
operational variables and extraneous factors, such as 
utility consumption, feed availability, unplanned shut
downs and downstream upsets. Furthermore, in add
ition to coal sources blends, variables such as the 
quality of the coal sources, particle size distribution 
and feed availability have substantial effects on gas 
production. Therefore, future research is necessary in 
order to expand the models presented to those with 
additional predictor variables. The aim is to improve 
the prediction accuracy of the models in the hope of 
adding value to the business.

At present, we model only a single output. It is 
envisaged to extend the proposed models to the joint 
modeling of several output variables simultaneously, 
such as gas composition, gas outlet temperature and 
the variability thereof. Predictions from the CPH and 
AFT models can also be used to implement a statis
tical process monitoring methodology, which is 
another avenue for future research.
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Appendix A. Bootstrap algorithm

The algorithm below can be used to approximate the critical 
value of the Kolmogorov-Smirnov test statistic used in 
Section 3.2.

1. Estimate the parameters of the model based on 
ðY1, :::, YnÞ: Denote the resulting vector of estimates 
by ð/̂, b̂Þ:

2. For each value of Xj and using ð/̂, b̂Þ, calculate the 
conditional distribution function ~Fj:

3. From every ~Fj, simulate a single observation. Denote 
the result by Y�j :

4. Estimate the parameters of the model based on 
ðY�1 , :::, Y�nÞ: Denote the resulting vector of estimates 
by ð/̂

�
, b̂
�
Þ:

5. Calculate Û�j ¼ ~S
/̂
�
, b̂
� ðY�j Þ, j ¼ 1, :::, n:

6. Based on Û �j , j ¼ 1, :::, n, calculate the Kolmogorov- 
Smirnov test statistic; KS�:

7. Repeat steps 3 to 5 B times.
8. Denote the order statistic of the calculated test statistics 

by KSð1Þ, :::, KSðBÞ: The empirical critical value at sig
nificance level a is KSðcÞ, where c ¼ ðbBð1 − aÞcÞ:

Appendix B. Algorithm for the construction of 
confidence intervals

In this appendix, we provide an algorithm which can be 
used for the construction of bootstrap confidence intervals 
for the parameters in the model. This is of interest since, if 

the confidence interval for a specific regression coefficient 
includes 0, then the associated explanatory variable may be 
removed from the model. Below we use the notation that 
was introduced in the body of the article. The required 
algorithm is as follows.

1. Based on the responses, Y, and predictors, X, fit the 
model using maximum likelihood. That is, calculate

ðĥ, b̂Þ ¼ arg max Lðh, bjðY1, X1Þ, :::, ðYn, XnÞÞ:

2. Generate n independent standard uniform random var
iables. Denote the resulting random variates by U�j , 
for j 2 f1, :::, ng:

3. For j 2 f1, :::, ng, calculate the fitted distribution 
function:

~F
ĥ , b̂ðyjXjÞ ¼ 1 − ~S

ĥ , b̂ðyjXjÞ:

4. For j 2 f1, :::, ng, calculate of the fitted quantile 
function:

~F−1
ĥ , b̂ðyjXjÞ:

5. For j 2 f1, :::, ng, calculate

Y�j ¼ ~F−1
ĥ , b̂ðUjjXjÞ:

6. Based on the simulated responses, ðY�1 , :::, Y�nÞ
>, and 

observed predictors, X, fit the model using maximum 
likelihood. That is, calculate

ðĥ� , b̂�Þ ¼ arg max Lðh, bjðY�1 , X1Þ, :::, ðY�n , XnÞÞ:

7. Repeat steps (2) to (6) B times and denote the jth real
ization of b�k by b�k, j:

Let b�k, ðjÞ denote the jth order statistic of b�k, j: A 100ð1 − 
aÞ% confidence interval for bj is given by

b�k, ðlÞ, b
�
k, ðuÞ

h i
, 

with l ¼ bBa=2c and u ¼ bBð1 − a=2Þc, where b�c denotes 
the floor function.
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