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High-risk population

The term “high-risk population” refers to individuals with an increased likelihood of contracting a severe illness
or disease due to factors such as age, underlying medical conditions, pregnancy, geographical location, or a
combination of these factors. This paper proposes a mathematical model of pneumonia focusing on the high-
risk infected population: children under five years of age and adults over 65 years. A mathematical analysis
is presented, and numerical simulations are conducted to investigate the impact of various model parameters
on infection rates within each subpopulation. We employed Latin hypercube sampling for a global sensitivity

analysis using the number of infectious individuals as a response function to identify the most influential
parameters on the infection dynamics. Numerical results suggest that prompt and effective treatment at the
onset of the disease is essential to control the spread of pneumonia among children under five and adults older

than 65.

1. Introduction

Pneumonia is a contagious disease primarily caused by the bac-
terium Streptococcus pneumoniae (pneumococcus), whereas Myco-
plasma pneumoniae is responsible for the infection in children [1].
It is a lung infection that can result in mild to severe illness in
individuals across all age groups [2]. Pneumococcus spreads through
the microaspiration of oropharyngeal organisms and the inhalation of
aerosols containing bacteria or viruses. It may also spread via airborne
droplets of cough or sneeze from an infected person. Notably, children
can carry the bacteria in their throats without showing any symptoms
of illness. Children can become severely ill with high fever and rapid
breathing, while some may suffer convulsions, unconsciousness, hy-
pothermia, lethargy, and feeding problems [3]. Limited data exists on
the carriage of pneumonia infection among adult populations. Studies
in [4,5] predicted that children remain the primary route of pneumonia
spread to adults, especially in the household setting.

Recent statistics show that pneumonia is one of the most danger-
ous infectious diseases and causes high mortality rates in children
worldwide [6]. Reports indicated that pneumonia was responsible for
the death of about 740,180 children under five years old in 2019,
accounting for 14% of the deaths of children under five years old [6].
Owing to the high mortality associated with pneumonia infection, the
World Health Organization (WHO) and United Nations International
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Children’s Emergency Fund have set the following goals to achieve
by 2025: (i) reduce mortality from pneumonia in children less than
5 years of age to fewer than 3 per 1000 live births, (ii) to accelerate
pneumonia control with a combination of interventions to protect, pre-
vent, and treat pneumonia in children, that is, to protect children from
pneumonia including promoting exclusive breastfeeding and adequate
complementary feeding, (iii) prevent pneumonia with vaccinations,
hand washing with soap, reducing household air pollution, and (iv)
treat pneumonia by focusing on every sick child has access to the right
kind of care, either from a community-based health worker or in a
health facility [7].

The risk factors associated with the spread of pneumonia include
smoking history (including passive smoking), malnutrition, crowded
living conditions, indoor air pollution, heart disease, alcoholism, drug
abuse, acidosis, diabetes, and antecedent viral infection, among other
causes [8,9]. According to [1], pneumonia infections can be classi-
fied into the following categories: community-acquired, healthcare-
associated, hospital-acquired, ventilator-associated, or walking Pneu-
monia, depending on its origin and the mode of transmission. After a
person is infected with the disease and is diagnosed through an x-ray
chest scan or blood tests, such as a complete blood count, appropriate
antibiotics are used to treat bacterial pneumonia if that is the un-
derlying cause of the pneumonia infection [3]. Effective and timely
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treatment, together with better diagnostic tools, can help prevent an-
tibiotic resistance [10] in humans and thus decrease the tendency of
relapse phenomena. According to Wardlaw et al. [11], treatment alone
could save at least 600,000 children’s lives annually at the cost of
US $600 million if antibiotic treatment were universally delivered to
children with pneumonia. Amoxicillin is recommended as a suitable
alternative because of its proven efficacy against pneumococcus.

Several mathematical models have been developed to analyze the
impact of pneumonia dynamics and possible means of disease eradi-
cation. We refer the interested reader to the following literature [12-
17]. In particular, Idowu et al. [15] analyzed a Susceptible-Infected-
Treatment mathematical model for the transmission dynamics of pneu-
monia among children under the age of 5. Their model suggested that
increasing treatment and boosting children’s immunity could lead to
pneumonia eradication. Otieno et al. [17] presented a deterministic
model for pneumonia dynamics with a carrier population for children
under age 5 and found that reducing the transfer rates between the
carrier and the infected class reduces the prevalence of the disease. In
another study, Mary et al. [18] developed an optimal control model
for managing the transmission dynamics of two strains of pneumonia.
The study aimed to minimize the incidence of infections arising from
drug-sensitive and drug-resistant strains, employing control measures
such as educational campaigns, vaccination, and treatments. Kizito
and Tumwiine [3] studied a Susceptible-Carrier-Infected-Vaccinated-
Recovered compartmental model that incorporated treatment and vac-
cination interventions. The results from numerical simulations indi-
cated that combining these interventions could lead to eradicating
pneumonia. Furthermore, it found that with only treatment as an
intervention, pneumonia infection will persist in the human population.
Additional references on the dynamics of pneumonia in the context of
control measures can be found in articles such as [19-26] among other
published literatures.

Our present model stratifies the human population into the fol-
lowing classes: the elderly above 65, children under the age of 5,
and adults between the ages of 5 and 64. Hence, our objective is
to investigate the potential impact of the disease within these three
sub-populations. This study aims to provide insights that can inform
essential interventions needed to attain WHO 2025 goals and mitigate
the infection dynamics of pneumonia among high-risk populations.
In addition, our model will also study and predict several ways to
lower infection dynamics by reducing high-risk factors causing the
emergence/resurgence of pneumonia. To the best of our knowledge, no
existing literature presents a model that explores the potential impact
of pneumonia transmission pathways within the high-risk population
using a deterministic approach. Therefore, we consider this work to be
novel.

The road map for our work is as follows: In Section 2, we give
the model formulation with the mathematical analysis presented in
Section 3. The model is studied numerically, and the simulation results
are given in Section 4. This paper is concluded in Section 5 with
discussions as well as concluding remarks.

2. The model and its description

We formulate a sub-group population dynamics of pneumonia infec-
tion by considering a closed population consisting of three sub-groups
of humans at high risk of infection. These three sub-groups are cate-
gorized into children under 5 years, individuals between the ages of 5
and 64, and adults above 65 years. Therefore, our model comprises 11
compartments described as follows: The Susceptible populations; over
age 65 (S,), between age 5 and 64 (S,,), and under age 5 (S,), Exposed
populations; over age 65 (E,), between age 5 and 64 (E,,), under age
5 (E,), Infectious populations; over age 65 (I,), between age 5 and 64
(1,,), under age 5 (I,), Treated population (T') and recovered population
(R). Therefore, the total population at any time ¢ is given as
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Table 1

Description of model parameters, where resp. Means respectively.
Parameters Biological interpretation Units
p;, fori=1,...,3 Contact rates for I_,1,, 1, resp. day~!
Y Recovery rate day!
a.,a,,a, Treatment rates day!
d;, i€f{c,ma} Death rates for 1,1, I, resp. day~!
o,(5,) Proportion of recovered who become S,(S,) day™?
H, Natural mortality rate of human day!
Wi, i €fc,m,a} Natural death rates resp. day~!
n Modification parameters for I, unitless

Rate of lost of immunity day!

7, fori=1,...,3 Progression rates for I ,1,,1, resp. day™!
7. Recruitment rate of newborns into S, humans x day~’
e Maturation rate for S, to S, day~!
e Maturation rate for .S,, to S, day~!

Nt =S.0+S,0)+S,O)+E.()+E, )+ E,(t)+ 1.(t)+ 1,(@)+ 1,(t)
+T(1) + R(®).

Let each subpopulation be assigned an indices i for (i € {c,m,a})
representing children under 5 years (c), individuals between the ages
of 5 and 64 (m), and adults above 65 years (a). Newborns are recruited
only in the susceptible S, with a constant recruitment rate z.. These
individuals after 5 years progress into the S,, at a maturation rate 9,
and who in-turn move into the S, class at a maturation rate defined
as 9,,. In contact with infectious individuals in the population, a
susceptible individual can be exposed at a force of infection rates 4;
defined as

A, = ~ s A ~ .
ﬁa(lc +’71m +1(1)
= ——— =
N

and thus become infectious at a rate of z;. Here, the parameters §; are
the infection contact rates while 5 is the modification parameter for
the I,, class only as they are assumed to be at low risk of contracting
infectious comparable to I, and I,. Infectious individuals from I;
progress into T class at treatment rates ¢; or die due to pneumonia
at the rates of d;. Once treated (those in T), they recover at rate y, and

move into R class. The individuals in R may also lose their immunity
after a certain time é, and become susceptible again by moving back

into S; classes with the probabilities ¢}, o, and (1 -0, —0,) respectively.
Susceptible, exposed, and infectious individuals in each sub-population
may die naturally at a rate of y; respectively, and treated and recovered
individuals in the population die at a constant rate of yu,. Further-
more, we assume that all Pneumonia-infected individuals are treated
at different rates a; for each subpopulation respectively. The biological
interpretation of the model parameters is explained in Table 1 while
the model diagram is depicted in Fig. 1.

The deterministic system governing pneumonia transmission with
the interaction between subpopulations and including our model as-
sumptions yields:

S; = 7w, +0ER—(u. +9.,+1)S,,
S = 9,,S.(1 =0 —0)ER = Uy + 90 + 4,0
S = 8, Sy + 02ER — (Hy + 25)S,
E = 1.S8.-(u.+71)E,
E = 4,8, -, +7,)E,.
SE! = 3,S,— (, +1)E,, (@))]
I = ¢E - +d. +a)l,
I' = 1,E,—(uy,+d,+a,)l,,
I = t,E,—(u,+d,+a)l,
T = ald, +a,l,+a,I,—u,+71)T,
R = 3T —(u+9R,
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Fig. 1. Model diagram for pneumonia transmission with three age sub-populations.

with positive initial conditions

S,(0) > 0, E;(0) > 0, I,(0) > 0, T(0) > 0, R(0) > 0.
3. Mathematical analysis
3.1. Invariant region, well-posedness and boundedness of solutions

The invariant region, well-posedness, non-negativity, and bound-
edness of solutions of the proposed model can be shown using the
basic theory of dynamical systems as described in [27-29]. The solu-
tions with non-negative initial conditions remain in a neighborhood of
the closed positive hyperspace, R}, over the modeling time, that is,
(Si. E;, 1,,T,R) € Rl since

T |y = (@1, + a1, +a,1,) >0, R'|pg_g=7,T >0,

Ellg—0= 24820, Eplp 9= 4,5, 20, El|p o= 2,5, 20,
I;|IC=0 = TcEc b O’ I,;,l],n:() = TmEm > O’ I(/lll,J:O = TaEa b 0’ (2)
S£|SC=0 =n,+01ER>0, S,,n|sm=0 =9yt —-0;—0)6R2>0,
S,/;|S,1=0 =8, +0,6R>0.

Adding all the equations of the system, we obtain the following
dynamic of the total population N’ =z, —u. N, — p,, N, — N, — (T +
R)y-d.I . —d,I,—d,I, where N, =S, + E; +1;, i € {c,m,a}. Knowing
that u, is less than u,, u,, and p,. We obtain the following differential
inequality, N'(t) < x, — u. N, whose solutions is

”C ’r{,‘ -
NtH<—+ <N(O)— —> e M,

Hp He
Thus, it follows using the theory of differential inequalities, the biolog-
ically feasible region for Model (1) is defined as £, satisfies

T,
Q= {(Sl-,E,-,I,-,T,R) ERI N, < ”—”}
c

and is positively invariant and attracting in the defined feasible re-
gion, ©,. Note that the inequalities in (2) implies the region £, is
positively invariant for system (1). Thus, for any initial conditions in
£,,; the solution trajectories will remain in £ for all time, 7. Using a
standard method (See, for instance, [27]), we can show that for any
initial conditions in £, there exists a unique solution of system (1)
in Q;, for + € [0, ). Therefore, Model (1) is epidemiologically and
mathematically well-posed.

3.2. Disease-free equilibrium and the basic reproduction number

Theorem 1. The disease-free equilibrium (DFE) of Model (1) is given by

&0

0 0 70 770 RO
(S;. E, 1, T°, RY),
”c&cm ”cgcm&ma

— e
( (Mc + '9“'") ' (”C + 190'")(””! + 19ma) ' Ha(”c + 19cm)(/‘m + 19ma) ’
0,0,0,0,0,0,0,0).

Decision Analytics Journal 10 (2024) 100423

For simplicity sake, we shall let g; = (u, + 7.), & = (U, + 7)),
83 =g+ 7,84 = +d, + ), g =, +d,+ay,),
8 = (H,+d, +a,), g = (u,+vy,) and gg = (u, + &) throughout the
rest of the paper.

To compute the basic reproduction number (RS"”‘), we use the
method in [30], which entails determining the transition/transfer ma-
trices F and V as well as the spectral radius of FV~!'. Grouping the
compartments of the infected individuals of System (1) and decom-
posing the right-hand-side as 7 — V, where F is the transmission part,
we then express the generation of new infections and V the transition
matrix. Therefore, we obtain

}‘cSc 81 Ec
imSm gZEm
A, $HE
F=|""| and v = “
0 an T Ec + g4Ic
0 _TmEm +8s Im
0 —-1,E, + g¢l,
Thus,
S BenSY eSO
00 0 NO NO NO
buSp PunSp PuSh
0O 0 0 N N N
BaSq BanSy BaSy
F=|0 0 O O N0 N
0O 0 0 0 0 0
0O 0 0 0 0 0
0O 0 0 0 0 0
&1 0 0 0 0 0
0 2 0 0 0 0
0 0 g3 0 0 0
d V= R .
an 2, 0 0 g 0 0
0 -1, 0 0 g O
0 0 -, 0 0 g
SO SO 0
Re-defining A, = —%, A, = =%, A; = —= and computing FV'~! we
NO NO . NO
have that and
B.A T, B ATy, AT, B Ay B.An B Ay
8184 8285 8386 84 85 86
ﬂmAZTc ﬂm‘AZTmrl ﬁmAZTa ﬁmAZ ﬁmA27I ﬁmAZ
8184 8285 8386 84 85 86
FV_I = ﬁaASTc ﬂaA3Tm'7 ﬂa‘A3Ta ﬂaAS ﬂa‘A37] ﬂaAS
8184 8285 8386 &4 &5 &6
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

3

The eigenvalues of the Matrix (3) yields an eigenvalues whose spectral
radius is the pneumonia basic reproduction number is given by

basic I, Iy Iy
R, Ry+R"+R),
where
T.A 7, nA 7, A
7{(l)czﬂcc 1’ Rém=ﬂm ‘m!l 2’ and R([)a=ﬂaa 3. 4
8184 8285 8386

Remark 1. We have the following remarks:

(a) The terms contained in RS’”“ represent the direct and indirect
transmission pathways between the three subgroups.

(b) The term R’”, Ré’" and Ré‘l in (4) is the contribution that
results from the interactions among the sub-populations when
an infectious individual is introduced into the human population
for the I.,1, and I, the infectious classes for those above 65,

between 5 and 64, and children under the age of 5, respectively.
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Fig. 2. Model diagram for pneumonia transmission for high-risk sub-population only.

3.3. Model for high-risk group only

Setting the transmission rates (that is, 4,, = 9., = n = 7, =
a,, = 0) for those in the sub-group between 5 and 64 and adults over
65 years yields a sub-model for those at high risk of infection. Model
diagram 1 reduces to Fig. 2 with the forces of infections for the high-risk
subpopulation being 4. and 4,.

High-risk basic reproduction number: The basic reproduction
number for the high-risk population, R(’)"‘"‘, is also computed by using
the methodology in we use the method in [30] and found to be

Rrisk — {ﬂaA.?Ta + ﬁcAITc } )
0 8386 8184

effect of high-risk transmission

Remark 2. Clearly, RS’S" c Rg‘”ic, but one cannot predict if it increases
the numerical value of RG’*‘" which drives the infection in the whole
population.

3.4. Global stability of the disease-free equilibrium

To prove the global asymptotically stability (GAS) of the DFE, we
use the approach as described in [31]. We then re-write the pneumonia
model (1) as follows:

ax F(X,1I),
dt

(5)
‘Z—f = G(x.1I), 6(x,0)=0,

in which X = (S,.S,.5,.T.R) € R’ and I = (E_,E,.E,.I.1,.1,) €
RC. Note that X and I represent the classes of the un-infectious and
infectious individuals, respectively. For the model to be GAS at £°, it
needs to satisfy the following conditions as adopted from [31], which
are

(C,) Local stability is guaranteed at £° whenever R, < 1.

(Cy) At T F(X,,0) the DFE is globally asymptotically stable.

(C) GX, 1) = AI = §X,I), &X,I) > 0 for (X,I) € 2, where
X, = &°,
A = D;G(E°) is a Metzler matrix, and 2 is the model biologically
feasible region defined earlier.

Theorem 2. Lett >0, ifS,pN(f) > S, ()N for all i € {a,c,m}, then The
disease-free equilibrium &° is GAS stable when R} < 1.

Decision Analytics Journal 10 (2024) 100423

Proof. To prove that the DFE is GAS when R)“ < 1, we have to
verify the conditions C; to C;. Using the result in [30], we obtain that
the DFE &° is LAS when Ry < 1, so the condition C, is verified. Next,
we re-write the model system (1) in the form given in (5) as

e + O-lfR - (Mc + Scm + AE)SC
OemSe +026R = (pyy + 9,0 + 4,)S,

dx cmPe
L F(X, D) =9, + (1 — 0 — 62)ER — (4, + 44)S, (6)
dt
ad. +a,l, +a,l,—(u, +7)T
yT = (uyp + OR

and

AcSc_glEc

}'mSm_gZEm
dl AaS, — & E
— =GX,I)= aa @ 7
dt ( ) . E. —g41. @

TcEm_gSIm

TaEa_g6Ia

We have that
Sé =x.+0ER— (. + 9. + A1.)S,,
dx S,:n =19£mSL' +O'2§R—(/Jm+19ma)sm,
s F(Xy,0) & S[; =85, + (1 =01 —062)ER— (u, + 1,)S,, 8)
T =—(up + 1T,
R =yT — (u, + &R,

This equation has a unique equilibrium point:
. ”c‘gcm ”c’gcm&ma 0.0
e+ 9em)” e + )ty + ) Malbe + Oen) by +90a)” )

which is globally asymptotically stable. Therefore, the condition C, is
satisfied. Linearizing the second matrix in Egs. (6) and (7) gives the
Metzler Matrix

BSY Bns?  B.S?

NO NO NO

BuSS  BunSS  uSY

0 —p 0 A B

_ 0y _ aSO BanSO £SO
A=DzGE) =] 0 0 -g e o Mg
T, 0 0 -84 0 0

0 Ty 0 0 -85 0

0 0 T, 0 0 -8

Computing G(X, Z) and after some algebraic simplifications, we
have

[ g0
P, +nl,+1,) i—&
c c m a NO N
[ 0
B, +nl, +1,) i—ﬁ
m c m a NO N
X, D= Al -G(X,T) = © 0
bl 41, | 2o - S
ax'c m a NO N
0
0
0
Thus,
[ NSO - 5N
B, +nly, +1,) —NNO
[ SON -5, NO
Bulde 4l + 1) | =5
g(X7I)= _S‘(I)N_SGNO_
Bale +nly +1,) NN
0
0
0
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Table 2 Table 3
Parameters values for the population under 5 years. Parameters values for the population between the ages of 5 and 64 years.
Parameters Range Baseline value Ref. Parameters Range Baseline value Ref.
T, 1-10,687 100 [35] 1 1 1
. \ _t 1 1 A d
s, 0.12675 Assumed Hon ( TAx 365  15%365 ) 555% 365 ssume
. [1 _1 ] 0.2 [36] B, 0.1028 Assumed
6 4 T, (0,1) 0.5 [24]
a [l __ 1 [37] oy, o, 0.03 Assumed
¢ 7 4x7 3x7 d, 0.001-0.002 0.002 [38]
d, 0.00121-0.00363 0.00360 [38] o, (0-1) 0.35 Assumed
5. 0,1) 0.895 Varied
He - 54 __ [34] K
1000 x 365 9 _ ! Estimated
o 0,1) 0.55 Assumed o 5 X% 365
Table 4
L. Parameters values for adult population above 65 years.
Because S°N —S,N°, SON—5,N? and SON —5,N? are all positives pop Y -
a " 4 . A @ ... . Parameters Range Baseline value Ref.
due to our assumption, we obtain G(X,I) > 0. The condition C; is
ol : 0 0 . 1 _ 1 1 A d
satisfied. We can conclude thabzs:cf SN > S§;N° for all i € {a,c,m} Uy (725><365 714><365> 036 ssume
then, the DFE is C?AS .when R, .< 1. The proof ends here, and the s, 0.1379 Assumed
numerical simulation is presented in the next section. [] z, ©,1 0.590313 [21,24]
a, 0,1) 0.025 Assumed
4. Numerical simulations dq 0.1 0.00264 [38]
e - _ L Estimated
58 x 365
In this section, we present some numerical simulation, which in- u ~ 1 [32]
volves solving our model numerically using Matlab software. This helps " 1 761-4 X365
. . . . . 1
to simulate inherent dynamics and the influence of certain parameters Th [m-, %7 7 [33]
on Model (1). First, we parametrize our model using available parame- P ©.1) 0.07 [24]

ters from the literature that modeled or portray infection rates for pneu-
monia in the human population following available epidemiological
data on the disease.

4.1. Parametrization

We parametrize our model by using the available parameter values
from published literature reflecting the actual transmission rates as
we defined in our model formulation. In the event parameters are
not found in the literature, it was assumed as indicated. In particular,
Table 4 gives the parameter values for adults over 65, Table 3 shows
parameter values for the population between the ages of 5 and 64, and
Table 2 shows that of the population under the ages of 5. The parameter
values in commons for the three sub-populations, which are g, 7, and
& were parametrized as follows; we assumed a general mortality rate

of u, = YIVET? day‘1 for all populations taken from [32] and used
a recovery 'peribds of Pneumonia, which is between 2 to 4 weeks hence,
we set y, = ﬁ ﬁ] day‘1 [33]. Additionally, we assign the loose

immunity rate, ¢ = 0.07, implied from [24]. Knowing that the respective
time spent in days in the population aged under 5 and in the population
aged between 5 and 64 is 5 x 365 and 58 x 365, respectively, we set the
maturation parameters from the population under 5 to the population
aged 5 to 64 and from the latter to the population aged over 65 to

1 -1
9., = d a9 =1
Yem = 55365 A9 ¥ma = 555365

the different natural mortality, the one of the population under 5 years
. 1 -1
is p, =

day~!. Regarding the values of

day~'[34], we assumed that ,, = day

55.5 % 365
day~'. The remaining parameters are taken from

1000 x 365

dp, = —1
¢ Ha = 30%365

published literature, taking into account the epidemiological character-
istics/features of Pneumonia infection as referenced and summarized in
Tables 2, 3 and 4.

4.2. Convergence of endemic equilibrium

The existence of an endemic equilibrium which reflects an endemic-
ity of infection or persistence of the disease is graphically presented in
Fig. 3 by numerically simulating Model (1) for given initial conditions
in Table 5 given in the Appendix. Fig. 3 depicts the existence of an

endemic equilibrium when R%%¢ is above one (R!%i¢ = 1.94). It can
be observed from Fig. 3 that starting with any different sets of initial
conditions (number of individuals) the model solution will always
converge to a stable equilibrium point for compartments: S, versus E,,
E, versus I, S, versus I, S,, versus I,, in Figs. 3(a), 3(b), 3(c) and 3(d)
respectively. Similarly, the results shown in Figure can be obtained for
the combination of the rest state variables 7, R, E,, and E.. Thus, we
have numerically shown that our model will exhibit a unique endemic
equilibrium.

4.3. Global sensitivity analysis

In general, mathematical models have some uncertainties that could
result from the inherent dynamics of the model or from parametriza-
tion, which adopts its numerical values from available epidemiological
or demographic parameters. Additionally, the parameter values are
based on simplifying assumptions representing real-life scenarios and
cannot completely replicate the inherent complexity of the entire sys-
tem. Consequently, there are usually errors in data collection and
presumed parameter values [39]. For this reason, sensitivity analysis is
commonly used to determine the robustness of the model predictions
to parameter values [39]. We employ the Partial Rank Correlation
Coefficients (PRCC’s) and the Latin Hypercube Sampling (LHS) [39], to
identify model parameters that have a high impact on the initial disease
prevalence using the high-risk infectious state variables as a response
function. Model (1) is simulated in Matlab with 1000 runs, unit step size
of 1, and for over 60 days with a uniform distribution while sampling
the parameters and the results are presented in Figs. 4(a) and 4(b) using
(I, +1.)and (I, + I, + I,,) as response functions respectively. We aim
to use all the model parameters besides recruitment and death rates
to determine their variability in the transmissibility rate of pneumonia
infections considering the subject under investigation while focusing
on the population at high risk of infection. The magnitude, as well
as the direction of the PRCC values for distinct parameters, are of
primary importance in determining the contribution of a respective
parameter to the model prediction and level of accuracy. Thus, PRCC
values higher than 0.5 (closer to 1) and lower than —0.5 (closer to
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Fig. 3. Plots showing the existence of endemic equilibrium using parameters defined in Tables 2—4 and different sets of initial conditions in Table 5 for: (a) S, versus E,, (b) E,

versus I, (c) S, versus I, and S,, versus I, when R}™" =194 > 1.
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Fig. 4. Tornado plot showing PRCC’s values for model parameters excluding 9., 9,, and u; for i = h,a,c,m against (a) (I, +1,) and (b) (I, + I, + I.) as a response functions.

—1) are quite important, as this implies a stronger influence of the
LHS parameter on the outcome measure. In Figs. 4(a) and 4(b), we
clearly notice that the parameters g,,. 8, 7., T, .. @, d. and d,, have a
stronger influence on the infected populations considered. It is clearly
observed that the contact rate (f,,) has PRCC values very close to 1
for the two populations of infected considered and the contact rate
B, has PRCC values very close to 1 for (I, + I,, + I,) (Fig. 4(b)),
which means a higher level of uncertainties or variations of the infected
population (I, + I, + I,,) (Fig. 4(b)) and (I, + I,) (Fig. 4(a)) with a
change of its values. The fact that the PRCC is closer to 1 which means a
strong positive correlation. We observe that the rates z,,, a. and «,, have
negative PRCC values, thus signifying the crucial role of the treatments.
Thus, for public health concerns, the leaders should seek to implement
control strategies that target reducing the effective transmission rates
among adults over 65, modification parameters for infectious humans
under 5, and progression rates for those between 5 and 64. See [40-46]

Response function (I, +1_+1,)

(b)

for similar analyses on other epidemic modeling works in literature and
their findings.

4.4. Impact of treatment rates and n on infected populations

We carried out a numerical simulation to investigate the impact
of treatment rates («,, @, and «,,) on pneumonia-infected total popu-
lations by using the same treatment rates, that is, a, = a«, = a, =
0.025,0.035,0.045,0.055 over a long duration of 3000 days. The sim-
ulation results are presented in Fig. 5. It is observed in Figs. 5(a)
and 5(c) that with the same rate of treatments, we have a greater
reduction in infected humans when varying a, and «, or implementing
different rate of treatments as time progress. In contrast, using the same
equation amount of treatment rates yields fewer effects on reducing the
total number of infectious individuals, as shown in Fig. 5(b) over the
modeling time. Also, we varied the 7,, modification parameter (1) on
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Fig. 5. Varying treatment rates on the total infected population (I, + I, + I,,) for: (a) a,, (b) a,, (¢) @, and (d) 5. The rest parameters are kept constant as defined in Tables 2-4.

the total infectious populations, and results show that increasing the
parameter leads to more individuals getting infected with pneumonia
and the numerical value of the basic reproduction number. Therefore,
we state that individuals above and below years also play a crucial role
in driving the infections even though we have children under 5 and
the elderly above 64 are the high-risk population mostly affected with
Pneumonia. Note that, Rg“”" is represented by R, in our simulation
results.

4.5. Effects of parameters on subgroup pneumonia Rg‘”"c dynamics

Here, we simulate the impact of the following parameters; high-risk
infection rates (,, f. and f,), and the I,, modification parameter z
on the basic reproduction number (Ré‘”“’). The numerical results as 2d
plots contour plots with our chosen parameters as a function of Rg“m
obtained are presented in Fig. 6. From Figs. 6(a) and 6(b), we observe
that for each of these simulations, the increase in the transmission
rates f, and g, increases the basic reproduction number for the 2d
plot (see Fig. 6(a)). In similar manner, increasing the » and p,,, also
leads to increase in the numerical value of R(b)‘”"" as seen in the 2d plot
Fig. 6(b). A biological implication of these results signifies that efforts
need to be implemented, which should drive effective preventative
measures (such as humans practicing proper hygiene and public health
educational campaigns, etc.) to reduce transmission rates that cause
pneumonia infections in these high-risk groups. At the same time,
reducing infection in those individuals above 5 years and younger than
64 years even though they are not termed as high risk of contracting
pneumonia infection.

4.6. Varying effective contact rates on infected population

In Fig. 7, we investigated the effect of varying contact rates f,, f.
and g, on the sum of the total infectious population (I, + I, + I,,). It is
observed in Figs. 7(a), 7(b) and 7(c) that increasing the respective con-
tact rates on infected population increases both the basic reproduction
number (Rg‘”"‘ ) and the number of infected individual’s (I, + I, + I,,)
over time. A comparison of the results seen in Figs. 7(a), 7(b) and 7(c)
shows that varying the contact rates §, and g, have more significant
impact (see Figs. 7(a) and 7(b)) than when compared to g,, on (I, +
1. + I,,) respectively (see Fig. 7(c)). This implies that more infectious
humans with pneumonia can lead to a high spread of the disease since it
reaches its endemicity. Efforts to mitigate the spread of pneumonia and
reduce disease transmission by implementing possible control measures
to inhibit the spread of Streptococcus pneumonia, focusing more on
the high-risk population, that is children under 5 and the elderly over
64 years.

5. Discussion and conclusion
5.1. Strengths, limitations, and comparison with existing studies

One of the strengths of our model is that it subdivides the human
population into three high-risk groups, unlike in existing literature,
where pneumonia dynamics are generalized across all age groups. Also,
our results predict that an effective control strategy, such as treatment
at the onset of infection, is vital for mitigating the spread and control
of pneumonia within the population.
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parameter which gives the endemic equilibrium. However, to encom-
pass this complexity, we carried out a sensitivity analysis that allows
for identifying model parameters driving the variability of an epidemic
model within a specified range. Last, we assume all individuals in each
sup-population progress into the treatment class at different rates.

We acknowledge that our model has some shortfalls. First, our
model was not fitted to any epidemiological data, and hence, the model
parameter values were obtained from literature on pneumonia dynam-
ics reflecting its transmission rates within the human population. In
addition, where parameter values were unavailable, we estimated the
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Notwithstanding these shortfalls, we maintain that our modeling
framework remains applicable in controlling and the fight against the
elimination of pneumonia, especially among the high-risk population.
Our model is comparable to a few existing modeling frameworks in
literature for pneumonia infection, such as [3,15,17]. These models
analyzed the dynamics of pneumonia among children under the age
of 5 years and incorporated treatment and vaccination.

5.2. Concluding remarks

Mathematical modeling helps to improve the understanding of dis-
ease evolution and predict effective control strategies required to mit-
igate the spread of infectious and non-infectious diseases. This pa-
per analyzed a deterministic model for the transmission dynamics of
pneumonia among high-risk groups.

Our model categorized humans into three subgroups: children under
the age of 5, those between the ages of 5 and 64, and individuals above
65. Mathematical analyses were carried out, and numerical simulations
were presented. Simulation results suggest that early treatment could
reduce the burden caused by pneumonia infection. As illustrated in
Figs. 5 and 7, we recommend that interventions introduced within the
community to mitigate the spread of pneumonia should be targeted
at reducing the contact rates (f,,.) while increasing the treatment
rates (a, and «,) of those under 5 and population over age 64 years.
Implementing such a strategy could potentially lead to eliminating
pneumonia within the community. Complete eradication of the disease
will require greater global and concerted efforts to achieve the WHO
2025 target.

Future work can look into developing an aged-structured model
that includes time-dependent controls to establish the control measures
and cost of implementing controls to help eliminate pneumonia within
high-risk groups. Also, we intend to study a multi-scale dynamics of
pneumonia-coronavirus disease (COVID-19) co-dynamics to investigate
the impact of COVID-19 on the spread of pneumonia infection.
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Appendix

The calculation for the high-risk basic reproduction number is pre-
sented in Section 3.3.
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Table 5

Various initial conditions (IC) used to obtain the numerical simulation showing model

convergence for endemic equilibrium.
Ic SO 5,0 S0 E© EN0) E0) I.(0) 1,0 I,0) T©O RO
1st 2000 300 2000 200 50 200 100 100 100 100 100
2nd 1500 200 1500 150 40 200 80 80 80 80 80
3rd 1000 100 1000 100 30 200 60 60 60 60 60
4th 3500 150 1200 750 10 170 5 15 25 35 50

Thus,
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