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Summary

The generalised gamma distribution has received much attention due to its flexibility and
also for having some well-known distributions as special cases. This study originates from
a statistic defined as the ratio of products of independent generalised gamma random
variables and shows that it can be represented as the product of independent generalised
gamma random variables with some re-parametrisation. By decomposing the character-
istic function of the negative logarithm of the statistic and then using the distribution of
the difference of two independent generalized integer gamma random variables as a basis,
accurate and computationally appealing near-exact distributions are derived for the statis-
tic. In the process, a new flexible parameter is introduced in the near-exact distributions
which allows to control the degree of precision of these approximations. Furthermore, the
performance of the near-exact distributions is assessed using a measure of proximity be-
tween cumulative distribution functions; also, by comparison with the exact distribution,
empirical distribution and with an approximation developed using a different method and

which can only be applied in some particular cases.
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Chapter 0

Abbreviations and notation

cdf Cumulative distribution function

pdf Probability density function

2 Approximately equal in distribution
GIG Generalised integer gamma distribution

DGIG  Distrubution of difference of two independent GG random variables
SDGIG Shifted DGIG distribution

~2 Approximately equal to

N A set of natural numbers

R A set of real numbers

R A set of positive real numbers

€ An element of a given set of numbers

A set of complex numbers

exp (*) Exponential function, ()

I (a) Gamma function
() e
J:

v (a,z) and I'™* (v, )  Incomplete gamma functions

ox (1) Characteristic function of the random variable X, ¢ (t) = E [exp (itX)]
() Combination function

(a), Pochhammer coefficient

1F1 () Confluent hypergeometric function

G () Meijer’s G-function

H™ () Fox’s H-function

M;(+) Mellin transform
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Chapter 1

Introduction

1.1 Background and motivation

The distribution of the product or ratio of independent random variables have played
an important role in many areas of research. Of particular interest in this study is the
distribution of the product of independent generalised gamma distributed random vari-
ables. Subsection 1.1.1 provides an overview of substantial contributions to the current
theoretical and application understanding of the distribution of product and ratio of gen-
eralised gamma random variables. In Subsection 1.1.2, the probability density function
(pdf) of the generalised gamma distributed random variable considered in this study is
given. Furthermore, it is shown that the inverse of the generalised gamma distributed
random variable also follows a generalised gamma distribution. Subsection 1.1.2 ends off

by formally defining the statistic of interest for this study.

1.1.1 Literature review

The generalised gamma distribution was introduced by Stacy (see [24]). It is a general-
isation of well-known distributions such as gamma, chi-squared, exponential, Rayleigh,
Weibull and Nakagami-m. Either in this generalised form or one of its special cases, the
generalised gamma distribution has received much interest and wide applications in areas
such as hydrological processes, wireless communication, reliability analysis, economics and
life testing. This is largely due to its flexibility. In a hydrological application, [1] used the
generalised gamma distribution to characterise the duration of a drought, its intensity and
successive non-drought duration respectively. In wireless systems, [4] described respec-
tively the fading coefficient of a hop and a channel gain of a hop by using a generalised
gamma random variable. A similar application of the generalised gamma distribution

can be found in [20] where the performance of multi-hop wireless communication sys-
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1. INTRODUCTION
1.1 Background and motivation

tems in different transmission environments is analysed. [26] unknowingly reintroduced
the generalised gamma distribution as a general fading distribution, the so-called o — p
distribution. In [17], the effects and measurement errors are analysed using the Poisson-
gamma hierachical generalised linear model. The authors then use the generalised gamma

distribution to model exponents of each these effects.

In many of the applications mentioned above, the product or ratio of independent
generalised gamma random variables appears naturally. For instance, [1] considered both
the product and ratio of independent generalised gamma random variables to model the
magnitude of a drought and relative duration of a drought events respectively. In multi-
hop wireless relaying systems, the end-to-end signal-to-noise ratio (SNR) and the rate
offset can be modelled as a function of the product of independent generalised gamma,
Rayleigh or Nakagami-m random variables (see [4]). Signal-to-interference ratio (SIR) can
be modelled as the ratio of either independent generalised gamma, independent Rayleigh
or independent Nakagami-m random variables (see [20]). In [17] the authors modelled
the intensity of the Poison process in the Poisson-gamma hierarchical generalized linear
model as product of independent gamma random variables. In [16], the authors show
many applications of the linear combination of independent Gumbel distributed random
variables in biology and risk management. Using a rather simple transformation, the
distribution of a linear combination of independent Gumbel distributed random variables
can be obtained from a product or ratio of independent generalised gamma distributed

random variables.

The product and ratio of independent generalised gamma distributed random variables
also appear fundamental in the basic statistical theory. Well known distributions such
as the beta type I and the Snedecor’s F' are particular cases of the ratio of independent
generalised gamma distributed random variables. The generalised variance is the product
of particular independent chi-squared random variables (see [7]). A large number of
hypothesis test statistics are distributed as the product or ratio of independent generalised
gamma random variables. Examples include equality of two generalised variances, details
and some other examples can be found in [8]. In [7], the authors detail a number of
applications in statistical theory of the product of independent generalised gamma random

variables.

In addition to numerous studies done on independent generalised gamma distributed
random variables, some authors (see for example [2] and [3]) have studied the product

and sum of correlated generalised gamma distributed random variables.

© University of Pretoria
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1. INTRODUCTION
1.1 Background and motivation

1.1.2 Statistic of interest

As shown in Subsection 1.1.1, the ratio and product of independent generalised gamma
distributed random variables have been widely used to model problems arising in many
areas. It is for this reason that a deeper knowledge of the distribution of the ratio and

product of independent generalised gamma distributed random variables is necessary.

Let X be a random variable with the pdf given by

/\57’x<5r71
fx (z;r, A, ) = |0] Ty

o exp (— ()\x)‘S) (1.1)

for x > 0, r > 0, A > 0 and any non-zero quantity . r, A and ¢ are called shape, rate
and power parameters respectively. X is said to follow a generalised gamma distribution
denoted by X ~ GT (r, A, 0) ([25], p.73).

Figure 1.1: Plots of the pdf of generalised gamma distribution

(see (1.1)) for various sets of parameter values.

The flexibility of the generalised gamma distribution, as noted in Subsection 1.1.1, can
be observed in Figure 1.1. It should be noted that the pdf in (1.1) is an alternative

representation of the generalised gamma distribution than that introduced by [24] where

p d-1 AN
a'T (d/p)" e (~7)

the pdf is given as
fX (m;a,d,p) =

for x > 0, a > 0, d > 0 and restricted p > 0. Thus the following re-parametrisation is
implied

© University of Pretoria
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1.1 Background and motivation

d = or

_1
“T A
p = 9.

The generalised gamma distribution has, as special cases, some of the well-known

distributions.

Table 1.1: Some of the special cases of the generalised

gamma distribution (see (1.1)).

Distribution | r | A |0
gamma ri A |1
exponential | 1| A |1
Rayleigh 1 % 2
Nakagami-m | r g1

Table 1.1 shows some distributions as well as their relationship with the generalised
gamma distribution. Further information on these distributions can be found in Appendix
B. and [25]. Included in [7] is another detailed list of distributions having particular
relationships with the generalised gamma distribution.

The next remark considers the distribution of the inverse of the generalised gamma

distributed random variable with pdf given by (1.1).
Remark 1.1 Let X ~ GI'(r, \,d). Define

1
V=—.
X
Then the pdf of V' is given by

fr@) = fx (o) |07
A ()" —1)\8Y , —2
D exp (— (/\v ) > v
()\71) (=0 (=8)r—1
' (r)

It follows from (1.2) that V' ~ GT' (T, A —5) i.e. the inverse of a random variable with a

generalised gamma distribution is also a generalised gamma distributed random variable.

= [9]

~ |9

exp (— (A1) _5> : (1.2)

© University of Pretoria
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1. INTRODUCTION
1.1 Background and motivation

The following notation will be useful for the remainder of this study. For a power
parameter, 6, in a generalised gamma distribution, denote § by 6~ if § < 0 and 67 if
0 > 0. Suppose that

le ~ GF(le,Alj,(SE) j:1,2,...,n1
th ~ GF(?"Qt,)\Qt,5;) t:1,2,...,n2,

where n; + ny = n, n; > 0 and ny > 0. Consider the following statistic

ni n9 -1
G = (HXU) (HX2t> . (1.3)
j=1 t=1
In (1.3), G is the ratio of the product of independent generalised gamma distributed

ny
G1 = H le
j=1

random variables. Let

and
ne -1
Gy = (Hth)

t=1

Clearly (&1 is a product of independent generalised gamma distributed random variables.
Using Remark 1.1, each of X5,' ~ GT (r, )\2_t1,52_t) where 85, = —03;. Therefore Gy is
simply a product of independent generalised gamma random variables itself. Thus another

representation of statistic (1.3) is

G = G1Gs. (1.4)

This implies that G is a product of independent generalised gamma distributed random
variables such that in at least two of these random variables, one has a positive power
parameter and the other has negative power parameter. In effect, one can view the ratio of
independent generalised gamma distributed random variables in (1.3) also as the product
of independent generalised gamma distributed random variables (1.4).

Next, the statistic of interest for this study is defined. Let X, Xs,..., X, where
X; ~GI'(rj,\;,0;) such that §; < 0 and &5 > 0 for some ¢,k € {1,2,3,...,n}. Define

n

v =1 (1.5)

Jj=1

© University of Pretoria
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1.2 Methodology

[15] and [17] considered statistics similar to (1.5). In fact, due to the closeness of the titles
and methodologies in these articles and this study, a reader may incorrectly conclude that
the content of this study have been considered in the aforementioned articles. [15] and
[17] only considered a case where all power parameters are either 6~ or 7. Therefore,
this study can be view as a generalisation of studies in [15] and [17] since the power
parameters are not restricted to be of the same sign (either negative or positive). In fact,
this is the first study in literature that the statistic as defined in (1.5) is studied and its
distribution evaluated. Noting that a generalised gamma distribution is a special case of
the H-function distribution (see (A.35)), [22] studied a more general case of Y where Y is
a product of independent H-function distributed random variables. However, the result is
of no practical application since Fox’s H-function are not computable. In [7], the statistic
Y is only noted but never studied. The authors then limit their attention to cases where

the power parameters are all either positive or negative.

1.2 Methodology

In the introduction of the generalised gamma distribution, [24] defined and considered
the distribution of a ratio of two independent generalised gamma random variables with
equal power parameters. However, [24] only went as far as expressing the distribution of
Y (see 1.5) for n = 2 in terms of a beta distribution by making use of the relationship
between the beta random variable and the ratio of two independent generalised gamma
random variables. In particular, [24] noted that if X; and X, are independent generalised

gamma random variables with same power parameters i.e. X; ~ GI'(r;, \;,6) for j =1,2

and %
Y = Y:
then v
W = —/\25 ~ beta (r1,rs),
v (32

where beta (r1,r2) denote the beta distribution with parameters r; and 5. Then [24]

expressed the cumulative distribution of Y as

PY<y=P|W< (1.6)

A\’
s (22
. <>\1>
Subsequently, literature on the distribution of Y both exact (see [1], [8], [13], [14],

© University of Pretoria
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[18], [21] and [23]) and approximations (see [4], [8], [12] and [17]) has been published.
With an exception of few authors, most of the theory on the distribution, or distribution
function specifically, of Y is in terms of either special functions or infinite series. [4] also
commented on this issue.

To obtain the exact distribution of Y some authors have used the Mellin transforma-
tion (see (A.37)) and inverse Mellin transformation (see (A.38)). Subsection 1.2.1 gives a
brief comment of results from this methodology. Subsections 1.2.2 and 1.2.3 comment on

methodologies used to obtain the approximate distribution of Y.

1.2.1 Exact distribution of the statistic in terms of Meijer’s G-

function and Fox’s H-function

Authors in [18], [22] and [23] used the Mellin and inverse Mellin transformation to derive
the exact distribution of Y (see (1.5)) for any value of n. To obtain the computational form
of the exact distribution of Y, authors in [23] limited their study exclusively to the product
of independent gamma distributed random variables with rate parameter equal to 1 and
authors in [18] only considered a product of a random sample from a generalised gamma
distribution. Under these special conditions the exact distribution of Y could be expressed
in terms of Meijer’s G- function (see (A.36)). [11] studied the ratio of generalised gamma
distributed random variables. By forcing power parameters of various random various
to have some numerical relationship, the authors obtained the pdf of Y in tems of the
Meijer’s G- function. According to [22], the pdf of Y can be expressed in terms of Fox’s
H-function (see (A.35)). However Fox’s H-functions are not readily computable "even
nowadays when good softwares for symbolic and numeric computations are available"
[8]. [7] and [8] derived the exact distribution of Y is in terms of infinite series. Though
distributions that are in terms of infinite series can be approximated to a high degree of
accuracy, this would require a large number of terms in a series to be evaluated in order
to get the required accuracy. Therefore, even approximate distributions of Y that are in
terms of infinite series are both time and computationally demanding and costly. With
reference to the infinite structure of the pdf and the cumulative distribution function (cdf)
of Y in [7], the authors commented that the structure is somewhat complicated and a

simpler structure is a worthwhile goal.

1.2.2 Approximate distribution of the statistic in terms of ele-

mentary functions

Approximate distributions in [4] and [12] are in manageable forms. However [4] and [12]

considered only the case where Y (see (1.5)) is a product of independent generalised

© University of Pretoria
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gamma random variables also with positive power parameters. In [12], YV is specifically
a product of n randomly sampled Rayleigh distributed random variables. A new ran-
dom variable, say Z, which is the n* root of Y divided by the Rayleigh parameter is
defined. Using 10° simulated values of Z and distributional fitting tool in MATLAB, they
determine the distribution of Z and then transform back to Y to obtain the approximate
distribution of Y. In [4], the authors noted a relationship between a Rayleigh distributed
random variable and an exponentially distributed random variable i.e. if X ~ Ra (1) (see
(B.4)), then X? ~ EXP (1) (see (B.1)). Using this relationship and a transformation
to allow for exponential parameters other than 1, an approximation of the distribution
of product of independent exponentially distributed random variable is obtained. An
approximate distribution of the product of independent gamma distributed random vari-
ables and product of independent generalised gamma distributed random variables can be
obtained respectively in a similar fashion. This approach will be investigated in Section

3.2 and will be referred to as Chen’s approximation.

1.2.3 Distribution of the statistic using a characteristic function
based method

In [15], [16] and[17], near-exact distributions are derived by using characteristic function
based techniques. In this study, a similar approach is also followed to derive near-exact
distributions of Y (see (1.5)). Since the characteristic function of the generalised gamma
distributed random variable (and hence the characteristic function of Y') is not readily
available, the characteristic function of Z = —logY will be considered. By decomposing
the characteristic function Z, it is shown that Z can be represented as a sum of two
independent random variables. To develop near-exact distribution, one random variable
in the representation on 7 is approximated while the other is left unchanged. In [7] and
[8], the characteristic function of Z is decomposed using Result 31 and the derived exact
pdf of Z is in terms of infinite sums. Where the exact distribution is represented in terms
of infinite series, an approximate distribution is obtained by truncating some of the terms.
However, to obtain the required accuracy, a large number of terms need to be evaluated.
In reference to this point, authors in [8] commented that "the development of near-exact

distribution seems to be much a much desirable goal".

© University of Pretoria
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1.3 Aims and outline of this dissertation

1.3.1 Aims

e To develop near-exact distributions for statistic Y (see (1.5)). These near-exact

distributions are novel approximations of the exact distribution of Y.

e Assess the quality of near-exact distributions relative to other approximate distrib-

ution.

e Recommend the most efficient approximate distribution given the problem being
modelled.

1.3.2 Outline

e In Chapter 2, the exact distribution of Y (see (1.5)) in terms of Fox’s H-function is
presented and the characteristic function of Z7 = —logY is derived. Furthermore,
it will be shown that Z can be decomposed into a sum of two independent random

variables.

e Chapter 3 uses the representation of Z as a sum of two independent random variables
to develop near-exact distributions for Z. By applying a transformation from Z to Y’
(see(1.5)), near-exact distributions of Y are developed. The chapter end by deriving
approximate distribution functions, presented in [4], of Y when the power parameter

is positive and fixed.

e Chapter 4 assesses the quality of near-exact distributions relative to approximate
distribution in terms of elementary functions, empirical distribution and exact dis-

tribution.
e Conclusion and future research opportunities are in Chapter 5.

e For the convenience of the reader, an Appendix with notation and abbreviation (in
Appendix 0), useful mathematical results (in Appendix A.) and statistical distrib-
utions (in Appendix B.) is included.

e Proposed computational modules for near-exact distributions developed in this study
are discussed in Appendix C. Link to Mathematica code for all computational mod-

ules implemented in this study is also included

Figure 1.2 summarises graphically the outline of this mini-dissertation

© University of Pretoria
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1. INTRODUCTION
1.4 Contributions

Chapter 2 Exact distributions

_F

Chapter 3 Approximate distributions

(1) Approximation based on
Jixed value
(2) Approximation based on

mixture randoem variable

Chapter 4 Computational studies

Chapter 5 Conclusion

Figure 1.2: Outline of the study.

1.4 Contributions

e Present more detailed and alternative proofs (e.g Results 20 and 37) to some of the

popular results in near-exact distribution theory (see Appendix B.).

e Show that the ratio of independent generalised gamma distributed random variables
can be represented as the product of independent generalised gamma distributed

random variables (see (1.5)).
e Derive and evaluate the near-exact distribution functions for Y as defined in (1.5).

© University of Pretoria
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Contrast exact distribution and classical approximate distributions of Y (see (1.5))

against near-exact distributions.

Assess the quality and usability of two approximate methods (i.e. near-exact distri-

bution and approximate method presented in [4]) against each other.

Recommend the most efficient approximate distribution to employ under various

conditions given the problem being modelled.

Develop computational modules for calculating the pdf and cdf of Y (see (1.5)).

© University of Pretoria
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Chapter 2
Exact distribution

A number of authors have studied the exact and approximate distributions of the product
of independent generalised gamma distributed random variables. In all of such studies,
power parameters were all either positive or negative (see [7], [15] and [17]). Fewer authors
have consider the ratio of independent generalised gamma distributed random variables.
With an exception of [18] and [22] where an arbitrary number of variables is considered,
every other study limited their study to a ratio of only two random variables (see for
example [1], [13] and [23]). Since a generalised gamma distribution is a special case of the
H-function distribution, pdf of the product of independent H-function distributed random
variables derived in [22] can be used to obtain the pdf of Y (see (1.5)) in terms of the Fox’s
H-function. [18] and [23] also derived the pdf of Y in terms of Fox’s H-function. However,
Fox’s H-functions are not readily computable. To obtain the computable form of the pdf
of Y, [23] considered only gamma distributed random variables with rate parameter equal
to 1 while [18] considered the special case where all the generalised gamma distributed
random variables have the same power parameter. In both special cases, Y has an exact
pdf that is in terms of the Meijer’s-G function which is easily computable using most
mathematical softwares. [20] also derived the exact distribution of Y in terms of the
Meijer’s-G function.

[13] derived the exact distribution of the logarithm of Y (for n = 2) and used trans-
formation techniques to obtain the exact distribution of Y. [8] and [17] adopted a newer
methodology using characteristic functions to derive the exact distribution and near-exact
distributions of Z = —logY . Via some necessary transformations, near-exact distribu-
tions of Y are obtainable from near-exact distribution of Z.

Section 2.1 presents the exact distribution of Y in terms of Fox’s H-function. In
addition, the pdf of special cases of Y (i.e. as a product of independent exponentially
and gamma distributed random variables respectively) in terms of Meijer’s-G functions

is investigated. Starting from the characteristic function Z, Section 2.2 shows that Z can

© University of Pretoria
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2. EXACT DISTRIBUTION
2.1 Meijer’s-G' and Fox’s H-functions based method

be decomposed into a sum of two independent random variables. This decomposition will
be used in Chapter 3 to obtain near-exact distribution of Z and ultimately near-exact
distributions of Y.

2.1 Meijer’s-G' and Fox’s H-functions based method

This section follows the approach in [18] and derives the exact distribution of Y (see
(1.5)). Using (A.39) and (B.13), the Mellin transformation of Y is given by

PRI Ll Chw JES
s - = 7\
: o T) ’
n (S—l)) n - n )\j
= F(T’j‘i‘ )\-S .
[T (52 Tt

)\. n
Let B = 2 and C' = [[ \; so that
jl;[l L (r;) jl;[l !

My (s) = Cst[F (rj + <55_j 1)) . (2.1)

From the relationship between the statistics defined in (1.4) and Y, (2.1) can be decom-
posed into two parts with one part associated with d; < 0 and the other with ¢; > 0.

Then (2.1) becomes

s $
My (s) = B H r (le 5+ 6+ ) H r <7"2t + 5 5—2) ; (2.2)

where n; is the number of random variables with positive power parameters, ns is the
number of random variables with negative power parameters and n = n; 4+ ns. The pdf

of Y is obtained by using (2.2) in the inverse Mellin transformation (see (A.38)) as

fr(y) = L y My (s)ds

2
C

= y=c=BT[T T -
g [y n (o ) I (e - )
C
B
e HF(“J i I (e ) e
C
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2. EXACT DISTRIBUTION
2.1 Meijer’s-G' and Fox’s H-functions based method

where C indicates the complex contour. Using (A.35), (2.3) can be represented in terms

of Fox’s H-function as

_ (1_ ((5217'21—1) L) (1_ (5227’22—1) i) -
A A
X,y (1— ( 2n2;2n2_1) 751 )
ni,n2 2ng 2n9
fY (y) = BHng,rn Cy | <(51~_1T11 —1 L)
0fy o1
y <51+2r12— 1 L) <51+n1r1m -1 1 >
L 51‘_2 7 6?2 7 , 51511 ’ 6121 .

(2.4)

for y > 0. Therefore according to (B.16), Y is an H-function distributed random variable

with parameters

+ + -
-+ ) —+ AR + )
511 512 51111

1 1 1) q
- —/...,—/ | an
O Oty Ot

_ _]_> 1— (52_27”22—1) 1— <52n27"2n2—1>)
| b ) 5o )

2.1.1 Special cases

In this subsection, useful forms of (2.4) when Y (see (1.5)) is a product of some of the
special cases of the independent generalised gamma random variables are derived. See

Table 1.1 for special cases of the generalised gamma distribution.

2.1.1.1 Product of independent exponential random variables

Suppose X ~ EXP (\) (see (B.1)). The Mellin transformation of X is given by (B.3).

Let X1, Xs,..., X, be a set of independent random variables such that X; ~ EXP ()
for j=1,2,...,n.
Define

Yoo = [ [ X5 (2.5)
j=1
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2. EXACT DISTRIBUTION
2.1 Meijer’s-G' and Fox’s H-functions based method

Using (A.39) and (B.3), the Mellin transformation of Y, is given by

n

My, () =] (AT (s (2.6)

7j=1
Using the inverse Mellin transformation of Yo, and (2.6), the exact pdf of Yy, is

1
fow W) = 5= [ ¥y "My, (s)ds

21
C

ﬁ)‘j n S n
_ J:21m /<yHA]> T (s)ds, (2.7)

C j=1

such that
o ) = [ G2 [ym | o]. 28
j:l j:l

where G (+) is given in (A.36).

2.1.1.2 Product of independent gamma variables

Suppose X ~ I'(r, A) (see (B.6)). The Mellin transformation of X is given by (B.10). Let
X1, Xs,..., X, be a set of independent gamma random variables with the same shape
parameter such that X; ~I'(r,\;) for j =1,2,...,n

Define
vr=]]X; (2.9)

Using (A.39) and (B.10) the Mellin transformation of Yr is

u —1)
MYF(S) _ H 7"+S

A0 (r)
_m <T+8—1) s
= o j]:[lAj : (2.10)

where ' (1) = J[ ' () . By using the inverse Mellin transformation, the exact pdf of Yr
=1
is
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2. EXACT DISTRIBUTION
2.2 Characteristic functions based method

1 —s
fYI‘ (y) = 2_7” ) MYF (S)dS
C
1 ST r—i—s 1—s
© 2mi v H)\ ds

[
- W/@HA) I (r — 1+ s)ds.

—S

Let s =r — 1+ s, then

()
frey) = - HAJ / ( ) " (s')ds'

C(2m) T (r) -

.

) e
= - HAG [yHAjyo]. (2.11)

By using (2.8), (2.11) can be represented as

1)
oo ty) =~ L

") Few (¥) 5 (2.12)

where fy,,, (+) is given in (2.8) and is the pdf of the product of n independent exponential
random variables with parameters \; for j =1,2,3,...,n

Remark 2.1 Representation (2.12) of the exact pdf of the product of n independent
gamma distributed random variables will be useful in Section 3.2 when results from [4]

are derived.

2.2 Characteristic functions based method

In this section; the exact distribution of the random variable Z = —log Y, with Y defined
n (1.5), is derived by making use of characteristic functions. Furthermore, it will be
shown that Z can be decomposed into a sum of two independent random variables. The
decomposition of the characteristic function of Z will be useful in Chapter 3 where only

one of the two independent random variables representing Z will be approximated in order
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2. EXACT DISTRIBUTION
2.2 Characteristic functions based method

to obtain the near-exact distributions of Z. Through suitable transformations from Z,

near-exact distributions of Y will be obtained.

Let

Z = — ilong.
j=1

By using independence between X s, the characteristic function of Z can be derived as
¢z(t) = Elexp(itZ)]

= FE |exp <—itZlong>]

j=1

= F Hexp(long_it)]
Lj=1

= [[E[Xx;"]. (2.13)
j=1
Using (B.12) to evaluate the moment of X, (2.13) becomes

by(t) = ﬁ WW (2.14)

Jj=1

Another representation of (2.14) can be derived as follows

oAl = jlﬂ[lpgrj+7”>r(rg+7) [ (ry) ]
r

and (2.15) has a new parameter vy that is not present in (2.14). The impact of this
parameter will be investigated in Chapter 4. For reasons which will become apparent

later, v will be called a precision parameter. Applying result (A.5) in (2.15), the form of
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2.2 Characteristic functions based method

¢,(t) becomes

N
Eod
Il

o

= 07,(0)dz(1). (2.16)

Therefore Z can be expressed as a sum of two independent random variables i.e. Z =

Zy + Zy. Zy has characteristic functions ¢, (¢) given by

L ) o

From (B.14); it follows that (2.17) is a characteristic function of a random variable Z;
which is a linear combination of n independent log-gamma distributed random variables

with parameters r; + v and 1, where 5 (for j =1, 2, 3,...,n) are multipliers.

J
Zy has characteristic function ¢, (t) given by

on(t) =]] j EEGELI (2.18)

ont) = ] <”+k).>exp (log (A1)

t
j=1k=0 (Tj +k—5

= T es+0 (=5 ) emtiop(v)

=1 k=0

By using (B.2), (2.19) is a product of n X 7 characteristic functions of independent

exponentially distributed random variables. Therefore Z; can be viewed as a shifted
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2.2 Characteristic functions based method

sum of n x 7 independent exponentially distributed random variables with parameter
1

05 (rj +F)

by ¢ = > log(};) . By summing the exponentially distributed random variables with
j=1

for j =1,2,3,...,n and k£ =0,1,2,...,7 — 1 respectively where the shift is given

the same parameters, the characteristic function of Z, can be represented as

Y4
05, (t) =[] 877 (8; — it) "™ exp (ityp), (2:20)

where ¢ is the number of distinct exponentially distributed random variables, 5; =

d; (r; + k) and m; is the number of exponentially distributed random variables with pa-
1

rameter —.

J
By definition of the statistic Y in (1.5), there is at least one §; < 0 and at least one
d; > 0 for j =1,2,...,n. This implies that there is at least one §; < 0 and at least one
B; >0 for j =1,2,3,...,n. (2.20) can therefore be decompose as follows

Gz, (1) = {H(ﬁj)’”a‘+ (B — it) " } {H (B7)™ (87 —it) ™ } exp (ity), (2.21)

j=1 j=1
where /T and ﬂj are associated with 8; > 0 and ¢~ and (3] are associated with 3; < 0.

Remark 2.2 It is possible to consider cases where either 6, >0 ord; < 0,57 =1,2,...,n.
These two cases are considered and studied in [15] and [17] where it is shown that Zs is

a generalised integer gamma distributed random variable.

Since 3; < 0, the following mathematical manipulation yield a different representation
of (2.21)

g+
5u(0) = {mem? (5 —z’t)mﬂ}

=1

X {H<—1)mj (=87)™ ((-1) (-@*Ht))_mf}exp (it)

Jj=1

= {H< (s }

j=1

x {H (=B7)™ ()™ (=)™ (=57 +it) ™ }exp (itp).  (2.22)

j=1
Let 8; = —f; (so that 87 > 0) and 7 = —t, then (2.22) can be represented as

© Universidy of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
Qe YUNIBESITHI YA PRETORIA

2. EXACT DISTRIBUTION
2.2 Characteristic functions based method

o s B
5u(0) = {memf (55— i)™ } {H (5" (5= ir) ™ }exp (tg)

Jj=1 Jj=1j
= 0z, (1) 2,, (1) exp (itp) . (2.23)
Consider o
b () = T1B0)™ (5] —it) ™ .
j=1

Using (B.9), ¢, (t) is a characteristic function of the sum of ¢* independent gamma

+

random variables with parameters 6}’ and mj where m;

(B.38) that Zy ~ GIG (¢*,m™, 37) with parameters

are integers. It follows from

t o= (mf,mi,. . mb)

Bt = (B7.85....85)"
Similarly, Zyy ~ GIG (ﬁ’, m’,_*) where
m = (mf,m;,...,mz_)/
B = (81,05, 0,-)

Furthermore, from (2.23) Z3; and Z,; are independent. Note that since 7 = —t, then

2y ()P 2, (T)
= Oz, (t>¢222 (—1)
= FElexp (itZs)] E [exp (—it Zss)]
= FElexp (it (Za1 — Z2))] - (2.24)

It follows from Result 38 that (2.24) is the characteristic function of the random variable
Z21 — ZQQ such that

Loy — Lyg ~ DGIG (m+7m77£>ﬁ_*7€+7€7) :

From (2.23)
Ly = Loy — Zagy + ¢,
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2. EXACT DISTRIBUTION
2.3 Chapter summary

therefore
Zy ~ SDGIG (m*,m~, B+, 5", (", 07, ),

where SDGIG denoted the shifted version of the DGIG distribution.

2.3 Chapter summary
Contributions in this chapter are summarised as follows:

e In Section 2.1, the exact distribution of Y (see 1.5) is presented in terms of Fox’s

H-functions by using the inverse Mellin transformation.

e Furthermore, in section 2.1 the exact distribution of special cases of Y (where Y is
a product of independent exponentially- and gamma distributed random variables
respectively) is given in terms of Meijer’s-G functions. Furthermore, the exact pdf
of the product of independent gamma distributed random variables is represented
in terms of the exact pdf of the product of independent exponentially distributed

random variables (see (2.12)).

e In Section 2.2, the characteristic function of Z = —logY is derived for the first
time. By decomposing its characteristic function, Z is represented as a sum of
two independent random variables i.e. Z = Z; + Z5. Furthermore, Z; is a linear

combination of n independent log-gamma distributed random variables.

e The process of decomposing the characteristic function of Z introduces a new pa-
rameter, vy, called the precision parameter. The effect of the precision parameter is

investigated in Chapter 4 Subsection 4.3.1.
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Chapter 3
Approximate distributions

Near-exact distributions are approximate distributions for the exact distribution of the
statistic of interest. By decomposing the statistic of interest into a sum of independent
random variables and approximating a small part of the decomposition while leaving the
rest unchanged, near-exact distributions are obtained. In this chapter, near-exact distri-
butions for Z are developed and from a suitable transformation, near-exact distribution
for Y will be obtained.

In Chapter 2, a new representation of the exact characteristic function of Z = —logV,
with Y defined in (1.5), was developed (see (2.23)). In Subsections 3.1.1 and 3.1.2 respec-
tively, the first and the second near-exact distributions are developed by approximating
one part of (2.23) and leaving the other part unchanged. Section 3.2 considers the product
of independent generalised gamma distributed random variables with equal positive power
parameters and confirms results proposed in [4]. These results are useful in Chapter 4
when assessing the relative advantage of near-exact distributions in approximating the

exact distribution.

3.1 Near-Exact Distributions

3.1.1 First near-exact distribution

This approach was introduced in [16] on the study of the linear combination of independent
Gumbel random distributions.
Consider the following (2.16)
Z =71+ Zs, (3.1)

where Z; and Z, are independent random variables (see (2.16)). (2.17) shows that 7,

is a linear combination of n independent log-gamma distributed random variables with
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3.1 Near-Exact Distributions

parameters r; + vy and 1. To obtain the first near-exact distribution of Z, Z; will be
approximated by its own expected value while 7 is left unchanged. Consequently, Z will

be approximated by

Z* = E|Z\] + Z». (3.2)
with F [Z;] is obtained by
100y, (t
Bz =220, (33)

where ¢, is given by (2.17). In (3.2) a shift is effectively being added in Z, where

Zg ~ SDGIG (m+7m77£75_*7€+7€77§0) :

Therefore
Z% ~ SDGIG (m*,m=, B, 8", 04,07, ¢%),
where
mt = (ml,mQ,...,m;)/,
gt o= (B85, 85)
m = (ml,mQ,...,m;,)l,
ﬂ_* = ( 1a62a---762—)/7
o = Zlog A;) and
" = @+ EZ]. (3.4)
The cdf of Y is
P(Y <y)
= P(Z = —log(y))
= 1-P(Z < -1log(y))- (3.5)

The first near-exact cdf of Y is obtained by replacing Z in (3.5) by its approximate random

variable Z% so that

PY <y)=1-P(2" < —log(y)). (3.6)
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3.1 Near-Exact Distributions

Therefore by considering the shifted version of (B.68), the first near-exact cdf of Y is

given by
( 0t mt k-1
L—=>2 > > piukbz, (—log(y — ¢))
=1k=1i=0
= m~ h—1
—ZMZ z%p;kz y<1l+g"
= =1 1=
FY (y) ~ ! ¢~ m— h—1 (37)
L4+ 3230 > Piulz,, (—log(y —¢*))
j=1h=1i=0
{~ m~ h—1
=22 2 Piu y>1+¢%,
L j=1 h=1i=0

pjr and pjy,, are defined as in (B.59) and (B.60) respectively. From (3.5), the pdf of Y is
given by

frly) = d%P(YSy)
~ d;'lyu_p(zag—log@)»
- %P(Z“g—log(y)) %(—bg(y))
= fza(—log(y)); (3.8)

Therefore the first near-exact pdf of Y is obtained by applying shifted version of (B.58)
in (3.8) as

o omt , N
lek:1§pjklr(k_i) (—log (y — ¢*))
e (o8 (=) ) y<1tg
fr (y) = ™ oho Yy o
J;hzl i=0 ;“P(h ) (log (y — o))"
| exe (- loely =) f)i y > 1+ "

As noted in the introductory chapter; many other methods to approximate the distrib-
ution of Y are either in terms of infinite series or special functions, therefore difficult to
evaluate. The near-exact distribution developed in this section is not only easy to evaluate
computationally, but also far more accurate and efficient in terms of computer run-time

and resources than most other methods in literature. This will be illustrated in Chapter
4.
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3.1 Near-Exact Distributions

3.1.2 Second near-exact distribution

In Subsection 3.1.1, the first near-exact distribution for ¥ was developed. In this Section,
the second near-exact distribution is developed using a similar methodology. However,
instead of approximating the random variable Z; with its fixed expected value, it will be
approximated by a suitable random variable. As noted before, Z; is a linear combination
of n independent log-gamma distributed random variables. Using Result 31, each of these
log-gamma distributed random variables can be represented as a sum of infinite indepen-
dent exponential random variables. [17] advocates that Z; can therefore be represented
by a sum of infinite independent gamma random variables. From the infinite gamma
distributed random variables representing Z;, a single random variable (denoted by W)
will be selected to approximate Z;. W will be selected such that it is independent of Z

and satisfies the following system of equations

Doz (), _ Pow()

at] ‘t:() = 8t] |t=0 .] - 17 27 37 (310)

where ¢, is given by (2.17) and

(1) = <1 - g)

(3.10) will be solved numerically to obtain values of ¢, p and 6. The second near-exact

approximation of Z is therefore given by

7 = Zy + sign(p) x W,

where the function sign(-) is defined as follows

1 ifz>0
sign(z) = 0 ifz=0
-1 itz <0

Z% is either a sum or difference of a shifted gamma random variable and an independent
SDGIG (m*,m*,ﬁ, B, go) distributed random variable. m*,m*,ﬂ, EAR AN
and ¢ defined on page 24. For sign(¢) = 1, using (3.5) and (B.70) the second near exact
cdf of YV is

© Universidf of Pretoria



&
&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA
W YUNIBESITHI YA PRETORIA
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3.2 Chen’s approximation

( Vs mj k—1 0~ m; h—1
L= > > pimFa, (=log(y—0—¢)) + > > Pin
j=1k=1i=0 J=1h=11=0
Fy (y) = ><FDG(— og (y — 0 =) y<1+60+¢
IS h—
1_ZZZPJMFDG1( log (y — 0 — ¢)) y>1+0+ ¢,
\ Jj=1h=1 1=

(3.11)

pjr and pjy,, are defined as in (B.59) and (B.60). Fg, (-) is given by (B.52) with parameters
(k—1i,p,8],¢) and Fpg, (-) is given by (B.18) with gamma distribution’s parameters
(p, 1) and Erlang distribution’s parameters (h — i, 3;). For sign(y) = —1, using (3.5)
and (B.76) the second near-exact cdf of YV is

pisFpa, (log (y — 0 — ¢)) y<1l+0+¢
> PiwFa, (log(y — 0 — ) (3.12)

n
> > PirEpe, (log (y — 0 —¢)) y>14+6+¢.

3.2 Chen’s approximation

In this section, the methodology used by [4] will be described and applied to obtain
an approximation for the distribution of the product of independent generalised gamma
distributed random variables with equal positive parameters. Firstly, an exponential dis-
tribution can be represented in terms of a Rayleigh distribution (see (B.4)) with parameter
equal to 1. Therefore, the exact distribution of Yo, (see (2.5)) can be represented in terms
of the product of n independent Rayleigh distributed random variables, denoted by Yg,.
[12] derived the approximation of the exact pdf of {/Yx, in terms of a Nakagami-m dis-
tribution. Subsequently, by using necessary transformations, the approximate pdf of Yoy,
is obtained from the approximate pdf of {/Yg,. Using (2.12), the approximate pdf of Yz,
and necessary transformations, the approximate distribution of Yr (see (2.9)) can be ob-
tained. Similarly, the approximate distribution of the product of independent generalised

gamma variables all with equal shape and equal power parameters can be obtained.
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3. APPROXIMATE DISTRIBUTIONS
3.2 Chen’s approximation

Figure 3.1 shows a step-by-step outline of this approximation method.

Let ¥z, = HIK} where X; ~ Ra(l) .
j=1

Approximate distribution of § Yra by Nakagami-m.

Let X; = X;/,/2 and Yz, = QX;. )
J=

Approximate distribution of § T, by a transformation in the above step.

Let E; = (X} ) /A; then Ej ~ EXP(4;). Let

Approximate distribution of Fexp by a transformation in the above step

Let It = HX where X; ~ I'(r4;).

The exacf distribution of It is J'"r—'f}il- Q} th T=(r)
(see (2.9)), which can be approximated by £ approxima tmn of the
distribution of Y.y in the above step.

" 1

Let X; ~ GT(r.4.6) and Yor = [ [X; Define ¥or = (¥7)@
Approximate distribution of ¥Ygr /! by using a transformation in the
above step.

Figure 3.1: Outlines of steps in derivation of Chen’s approximation.

3.2.1 Product of independent exponential variables

Let X1, X5, ..., X, be a set of independent random variables such that X; ~ Ra (1) (see
(BA4))for j =1,2,...,n. Let

Yrae = [ [ X5-
=1
According to [12] the pdf of {/Yg,, denoted by fuy— (y), can be approximated accurately
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3.2 Chen’s approximation

by using the Nakagami-m distribution with pdf

mo\"° 1 B m
fm( )~ 2 (Qz) ﬁy%@ Lexp (—Q—:ij) y > 0. (3.13)

mo

where mg = 0.6102n+0.4263 and Q, = 0.8808n 799661 1-1.12. Let Xj’- denote a normalised*

X.
Rayleigh distributed random variable such that X7 = ~ZL for j =1,2,...,n. The pdf of

V2
X is
@) = fx (Vo) V2
= V2zexp ( )
= 2wexp (—z° z > 0. (3.14)
Let a normalised version of Yg, be
Vi, = [[ X (3.15)

From (3.13) pdf of {/Y},, denoted by f Vi (y), can be approximated as
Ra

2mo\ " 1 2mo—1 2mo o
; ~ 2 mo e : . d
Fopr () ( o ) NEBL exp (=g 7Y y>0 (3.16)

N2

Let E; = ( )\]) for j =1,2,3,...,n. Through a suitable transformation in (3.14), the pdf
J

of E; is given by

2 )\jl’
N /N
= 2y/\jzexp <— (\//\jx) ) 5 /\J-a:
j
= Ajexp (—\x); x> 0. (3.17)

Therefore E; ~ EXP ();) (see (B.1)). Let

Yop = H E;. (3.18)

*To make the rate parameter equal to 1
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3.2 Chen’s approximation

From (3.15), (3.18) can alternatively be represented as

— \V Ra) (3.19)

By using the transformation in (3.19) the pdf of Y, can be derived from the pdf of {/Y},

1 1
— —1
i 2n | 1 " 2n
Fow W) = F o (yH )‘j> — (yH AJ) : y > 0.
Ra i 277/ i
(3.20)
By using (3.16), the pdf of Y., can be approximated as
1 2mo—1
2me\™ 1 "\ 2n
~ 2 A
fY—exp (y) < QO ) F (m()) (y H ])
7=1
1 2 1
—1
2m - 1 " 2n
j=1
mo 1

——1
QmO)mO 1 u n 2m0
= A ex —_ A (3.21)
(%) s (H )" e S (I)

Furthermore; to recognise (3.21) as the pdf of a known distribution, it is adjusted so that
the approximation of fy,  (y) is
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3. APPROXIMATE DISTRIBUTIONS
3.2 Chen’s approximation

mo m
n n — 0
2m0 n 1 — 1
N W) = ((Q_o) H%) oY "
j=1
1
2m0 - ﬁ
exp 0 (yjl_[l)\j) ; y>0 (3.22)

Therefore; from (B.11)
d 2m0 " 1
Yexp >~ GT N\ N, — |-
P <mo < Q ) o J n)

3.2.2 Product of independent gamma variables

Suppose X; ~ I'(r, );) (see (B.6)) for j =1,2,3,...,n. Let
vr =[] (3.23)
j=1
From (2.12), the exact pdf of Yr is given by

(it

fre (y) = Fn—mfyexp (y) (3.24)

where fy,,, (y) is given by (3.20) and approximated by (3.22). By substituting (3.22) in
(3.24), the approximate pdf of Yr is given by

j=1
|
2 " n
X exp —Qﬂo" (yH/\]) .y >0. (3.25)
j=1

Furthermore, to recognise (3.25) as the pdf of a known distribution, it is adjusted so that

the approximation of fy. (y) is
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3.2 Chen’s approximation

mo
n n +r
2mp n 1 —+r—1
P () (jl:[l J ( Qo ) ) nI (mo + nr)
1
2m0 u n
X exp 0 (yjl_[l/\j) ; oy > 0. (3.26)

Therefore; from (B.11)
d 2mo\ " 1 1
YF ~ GF (mg + nr, (Q_O) };[)\j’ g) .

3.2.3 Product of independent generalised gamma variables

Suppose X; ~ GI'(r, \;,0) (see (B.11)) for j =1,2,3,...,n. Let U; = Xj‘?

O

5 o1 1\ ¢ 1
5] 2 LR Y S 3 I R
r(r) P !
A7 5
J r—1 )9
T (T)u exp (—Aju) u>0 (3.27)

It follows from (3.27) that U; ~ T (r, /\j-). Define now

Yor = [ X5, (3.28)
=1
then (3.28) can be re-written as

. 1

Yar = [JU2

i

j=1

1

= (Y1), (3.29)
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3.2 Chen’s approximation

With Yr defined in (3.23) and each component in Yr is a gamma distributed random
variables with shape parameter r and rate parameter )\;5». By using a transformation from

Yr to Ygr, the exact pdf of Ygr is given by

fYGF (y) = fYr (y5) {dyé_ll . (330)

The approximate pdf of Yr can be derived by substituting fy;. (y‘s) by its approximate
form as given by (3.26)

mo

o\ T (M)
mo "~
~ A== 0y "
fYGr (y) (};[1 J ( O ) ) nl’ (mo +n7«)y
1
2m & n
Xexp [ == 0 <y6 H Aj) ‘5?/5_1|
)
n —mo+nr
o (2me\ g 9] p (ot
fd )\ - "
;'Hl J(Qo) n (g + nr = n)”
)
2 - n
X exp __g(b)o (yH Aj) Y’ y>0. (3:31)
j=1

Furthermore, to recognise (3.31) as the pdf of a known distribution, it is adjusted so that

the approximation of fy,. (v) is

‘
mo \ §
~ | (52 A
fYGr (y) < QO ) Jl;[l J nl (m0+n(r_1))
)
O (motnr—1)-1 p " \n
—(mo+n(r—1))—
Xymn 0 exp _Qﬂoo (yH)\j> ;oy > 0. (3.32)
j=1
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Therefore; from (B.11)
n
d 5

Yor ~GL | mg+n(r—1), <—)

3.3 Chapter summary
The contribution in this chapter are summarised as follows:

e The decomposition (see (2.16)) of Z into Z; + Zs is used to derive near-exact distri-
bution in Section 3.1. Near-exact distributions are obtained by approximating 7

while Z is left unchanged.

e For the first near-exact distribution, Z; is approximated by its own fixed expected

value.

e For the second near-exact distribution, Z; is approximated by a gamma distributed

random variable.

e Section 3.2 presents results introduced in [4]. This results also approximate the
product of independent generalised gamma distributed random variables when the

power and shape parameter are fixed.
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Chapter 4
Computational studies

This chapter assesses the performance of each of the approximation methods that were
proposed in Chapter 3. The performance of the approximate distribution will be measured

in terms of
e the accuracy of the distribution in approximating the exact distribution,
e the required computer run-time of the approximate distribution and

e performance of an approximation method relative to other methods.

4.1 Exact distribution

In Section (2.1) of Chapter 2, the exact distribution of Y (see (1.5)) is derived in terms of
Fox’s H-function. Even with today’s powerful computers, Fox’s H-functions are still not
computable. Instead of the exact distribution of Y, the exact distribution of Z = —logV

is evaluated using the inversion method in [9] and is given by (4.1)

Fy(2) =

[\.’)I»—

17 t)exp (itz) — ¢, (t) exp (—itz)
— 2—/ m dt, (4.1)
0

where ¢,(+) is given by (2.14).

4.2 Empirical distribution

Near-exact distribution as the focus of the study will also be assessed relative to this
empirical distribution. This method is outlined below.
To obtain an empirical value z of Z, simulate random variates from each of the given

independent generalised gamma distributions. In this study, Mathematica function is used
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4.3 Near-exact distributions

simulate a random variate from a generalised gamma distribution. Re-parametrisation
of the Mathematica function is necessary in order ensure similarity with the generalised
gamma distribution defined (1.1). Where the power parameter is negative, simulate from
an equivalent distribution with a positive parameter by using Remark 1.1. Multiply
random variates from distribution with power parameters of the same sign with each
other. Ome product (associated with random variates with positive power parameter)
is then divided by the remaining product. The quotient is an empirical variate of the
statistic G (see (1.3)) and is denoted by g. Obtain z as z = —logg. 10° of 2 values were
simulated to obtain the empirical distribution of Z.

To study the accuracy of the approximate distribution, a measure of proximity given

below (see [16] for details of the measure) is calculated.

s
2

—0o0

where ¢,(t) and ¢*(t) are respectively the exact and the approximate characteristic func-
tions of the random variable Z = —log Y with Y defined in (1.5). According to [15]

sup [Fz (2) — F* (2)] < A,

z€R
where F (z) and F*(z) are the exact and approximate cdf of the random variable Z

respectively. Therefore, A provides an upper bound on the proximity between F (z) and

4.3 Near-exact distributions

For computational purposes, three cases of a set of independent gamma distributed ran-
dom variables will be considered. Similar to the statistic of interest Y (see (1.5)), in each
of the three cases there will be at least 6~ and 6 in order to ensure that the ratio of
generalised gamma distributed random variables is considered. Note that in [4], [17] and
[15] only cases where power parameters are either all negative or positive are considered.

The three cases studies are summarised in Table 4.1.

Table 4.1: Sets of parameters of independent generalised gamma distribution.

Case r A 1)

I %72_72 {274 {4 _2}

I | {235} | {3.2,10} | {i2-1}
I | {2,3,5,1) | {3,2,10,2} | {i,2, -1 -1}
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4.3 Near-exact distributions

4.3.1 Proximity of the near-exact distribution

Table 4.2: Proximity measures for first near-exact distribution of Z.

Precision Case

parameter I 11 I1I
4 1.6x1072 | 5.2x1072 | 1.7x1072
5) 1.3x1072 | 4.4x1072 | 1.4x1072
10 6.9x1073 | 2.5x1072 | 7.8x1073
15 4.8x107% | 1.7x1072 | 5.4x1073
20 3.6x1073 | 1.3x1072 | 4.1x1073
50 1.5x1073 | 5.5x1073 | 1.7x1073
100 7.5x107* | 2.8x1073 | 8.7x1074
200 3.8x107% | 1.4x1073 | 4.4x10~*

Table 4.3: Proximity measures for second near-exact distribution of Z.

Precision Case

parameter I 11 111
4 9.4x107° | 3.4x107* | 5.3x107°
) 5.6x107° | 2.3x107% | 3.1x107°
10 1.0x1075 | 5.8x107° | 5.4x10°¢
15 3.4x107% | 2.3x107° | 1.9x10°¢
20 1.6x107% | 1.1x107° | 8.9x10°"
50 1.2x1077 | 9.4x10°7 | 7.1x10°8
100 1.5x107% | 1.3x1077 | 9.6x107°
200 2.0x1077 | 1.7x107® | 1.4x107°

Tables 4.2 and 4.3 presents values of the proximity measure (A, see (4.2)) for each of
the cases and for various precision parameter values for the first and second near-exact
distribution of Z = —logY respectively. It is evident in both these tables that in all the
cases when the precision parameter increases, values of the proximity measure decreases
i.e. the accuracy increases with an increase in the precision parameter. It is for this reason

that this parameter is called the precision parameter.

Since all proximity measures in Table 4.2 are far less than their corresponding values
in Table 4.3, the second near-exact distribution is considerably more accurate than the

first near-exact distribution.
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4.3 Near-exact distributions

4.3.2 Cumulative probabilities

Tables 4.4, 4.5 and 4.6 further assesses the accuracy of near-exact distributions by con-
sidering their cumulative probabilities relative to cumulative probabilities from the exact

and empirical distribution. For near-exact distributions, the precision parameter is set at

20.

Table 4.4: Case I cumulative probabilities from each distribution.

Case |
z | Empirical | First near-exact | Second near-exact Exact
-2 | 0.0293930 0.0259231 0.0295135 0.0295136
—%1 0.7967345 0.8005724 0.7981589 0.7981587
0 | 0.8551040 0.8568766 0.8550986 0.8550984
}1 0.8954174 0.8973874 0.8961004 0.8961003
2 | 0.9898200 0.9900461 0.9899205 0.9899205

Table 4.5: Case II cumulative probabilities from each distribution.

Case 11
z | Empirical | First near-exact | Second near-exact | Exact
g 0.007883 0.004827 0.007190 0.007193
5 | 0.061867 0.049257 0.061869 0.061867
% 0.297308 0.276796 0.292912 0.292895
10 | 0.689083 0.704776 0.689083 0.689101
15| 0.991684 0.994032 0.991647 0.991644

Table 4.6: Case III cumulative probabilities from each distribution.

Case 111
zZ Empirical | First near-exact | Second near-exact Exact
—15 | 0.02906600 0.02813162 0.02864619 0.02864621
-7 1 0.10945100 0.10626696 0.10813867 0.10813874
0 | 0.33124200 0.32773952 0.33170734 0.33170690
5 | 0.64419900 0.64527157 0.64485522 0.64485474
10 | 0.92631100 0.93338995 0.92627116 0.92627268
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4.3 Near-exact distributions

The first near-exact distribution provides a good approximation to the exact dis-
tribution but performs poorly relative to other approximations methods. The second
near-exact distribution is more accurate than the empirical distribution. It is accurate
to at least the fifth decimal digit whereas the other two methods are accurate to at most

three significant digit. This further supports the conclusion in Subsection 4.3.1.

4.3.3 CDF plots

This Subsection contains plots of the empirical cdf, first near-exact cdf, second near-exact
cdf and exact cdf of Z = —logY'.

Simulated First Near—exact

4 -z 2 4 6 g -4 -z 2 4
Second Near-exact Exact

N

Figure 4.1: Case I cdf plots of various appr- Figure 4.2: Simultaneous plots of

oximate distributions and exact distribution. cdf plotted on Figure 4.1.

Figure 4.1 provides cdf plots for empirical distribution, first near-exact distribution,
second near exact distribution and exact distribution respectively. Figure 4.2 is a plot
of the cdf of these distributions on the same set of axes. Thought it is admittedly hard,
traces of colours of the first near-exact cdf and the exact cdf in Figure 4.1 can be seen in
Figure 4.2. However, the colour of the second near-exact cdf in Figure 4.1 is difficult to
see in Figure 4.2. This is because when plotted on the same axes, the second near-exact
distribution lies almost completely on top of the exact distribution while it is not the

same case with the first near-exact distribution.
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4.3 Near-exact distributions

A(-0.4191;0.746592) )

\ ‘ \ A.1(-0.4191;0.74784087)

A.2(-0.4191,0.75073885)
f—""—'x A.3(-0.4191;0.74784081)

Figure 4.3: Re-plot of Figure 4.2 with point A
adjusted for each cdf.

Figure 4.3 is the same plot as Figure 4.2 except point A in Figure 4.2 has been man-
ually adjusted to help show separate cdf plots in Figure 4.3. In Figure 4.3; points A,
A.1, A.2 and A.3 lie on the empirical, first near-exact, second near-exact and exact cdf
plot respectively. As can be observed in Figure 4.2 (see point A), these points are so
close to each other that it is hard to distinguish one from the others. Figures 4.1, 4.2,
and 4.3 further emphasises the high level of accuracy of the near-exact distributions in

approximating the exact distribution of Z and in turn the exact distribution of Y.

Simulated First Near—exact 10F /. ——

e

Second Near-exact Exact

0z
04 0.4 /
02 02
L =i L
5 0 15 0 5 10 5 2 5 5

Figure 4.4: Case II cdf plots of various appr-  Figure 4.5: Simultaneous plots of

oximate distributions and exact distribution. cdf plotted on Figure 4.4.
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-47 =20 20 -0 -40

Second Near-exact Exact

0.4 0.4

Figure 4.6: Case III cdf plots of various appr-  Figure 4.7: Simultaneous plots of

oximate distributions and exact distribution. cdf plotted on Figure 4.6.

Figures 4.4 and 4.5 and also Figures 4.6 and 4.7 paints a picture similar to that of
Figures 4.1 and 4.2. Figure 4.5 provides clear evident on the difference in accuracy of the
first near-exact distribution relative to the second nea-exact.distribution. Their cdf plots
can clearly be identified from each other whereas the cdf plots of the exact distribution
can be seen because it lies almost entirely on top of the cdf plot of the second near-exact

distribution.

4.3.4 Computer run-time

(4.1) provides a means to obtain the exact distribution of Z and hence of Y. The natural
question would be to ask why it is approximated when it can be obtained exactly. Table
4.1 shows the computer run-time for the exact, first near-exact and second near-exact dis-
tributions for Case II (see Table 4.1) and various precision parameter. The computations
were run using a Personal Computer Intel Core i7 @ 2.4GHz. The exact distribution is not
affected by the choice of the precision parameter. For near-exact distributions, the higher
the precision parameter requires more computer run-time. Since the precision parameter
controls the accuracy of the near-exact distribution, the accuracy of the near-exact distri-
bution is at the cost of computer run-time. The first near-exact distribution consistently
requires relatively less computer run-time than the exact and near-exact distributions. For
larger values of the precision parameter, the second near-exact distribution takes longer
computer run-time than the exact distribution. The precision parameter of 10 provides a
good approximation (see Table 4.3) at half the computer run-time required by the exact

distribution. Therefore, the required accuracy can be obtained at an efficient computer
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run-time by choosing a suitable value of the precision parameter.

Table 4.7: Run-time for exact and near-exact distributions.

Distribution Precision parameter
type 4 10 15 20
Exact 2.90625 | 2.90625 | 2.90625 | 2.90625
First near-exact | 0.015625 | 0.0625 | 0.109375 | 0.171875
Second near-exact | 0.671875 | 1.54688 | 2.39063 | 3.26563

The empirical distribution naturally provides an unstable distribution i.e. different
distributional values are obtained with each simulation. The larger the simulated random
sample, the more relative stable results can be obtained. However, simulating larger
sample means that more computer run-time is required. In situations where stability is of
importance, the required sample size to be generated and thus the required computer run-
time may be unrealistic. This, combined with lower accuracy level relative to the more
stable second near-exact distribution, makes the empirical distribution an unattractive

means of approximating the exact distribution.

4.4 Chen’s approximation

The accuracy of near-exact distribution relative to the empirical distribution in approx-
imating the exact distribution was dealt with in Section 4.3. This section performs an
assessment of the quality of Chen’s approximation relative to near-exact distributions as
proposed in [15] and [17]. To do the assessment, cumulative probabilities and run-times

of each of the approximation method is evaluated.

Chen’s approximation requires the power parameter to be the same for all generalised
gamma random variables considered. As a results, the statistic of interest in this section
will differ to that defined in (1.5). The statistic of interest shall be defined the same
as (3.28) so that the fixed power parameter is either positive or negative. This statistic
of interest, denoted by Ygr, is just as special case of the statistic of interest which was
studied by authors in [17] and [15]. [17] and [15] the power parameters are not necessarily
equal but are all either positive or negative whereas in Ygr (see (3.23)), power parameters

are assumed to be equal.

For Ygr, the power parameter is assumed to be positive. Following an approach similar
to the one in Section 3.1.1, the first near-exact distribution of Y is SGIG (f, m, 3,0+ FE [Zl])where
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l is the number of independent exponential random variables with
distinct parameter 0 (r + k) for £ =0,2,. ..

is the precision parameter

,v— 1 and ~

B= (81,89 ,B,) f3; is the parameter of the 4t distinct exponential
random variable

m = (my,ma,...,my)" such that m; is the number of exponential random variables with
parameter [3;

0 >~ log (A,); and
j=1

E 7] The expected value of the approximated random variable in the

decomposition of the random variable Z = —log (Yar)

Also following an approach similar to the one in Section 3.1.2, the second near-exact
distribution of Ygr is GNIG (E,m, Byps, 0+ g25) with ¢,m, 8 and ¢ defined above and
p, 1 and 6 shifted gamma parameter. More detail of these near-exact distribution can be
obtained in [15].

Table 4.8: Sets of parameters considered

on Chen’s approximation.

Case r A )
I | {1,1,1} | {1,1,1} | {1,1,1}
II g4 {2,3} {2,2}

For computational purposes, two cases of a set of independent gamma distributed
random variables will be considered and are summrised in Table 4.8. Chen’s approxima-
tion, exact- and near-exact distributions will be evaluated and contrasted against each

other. For near-exact distributions, the precision parameter is set at 20.

Table 4.9: Case I cumulative probabilities from various distribution functions.

y Exact First near-exact | Second near-exact Chen’s

£ 10.4797166535 |  0.4780258803 0.4797168322 0.4760854883
1] 0.7763872468 | 0.7801793736 0.7763870227 0.7755972501
21 0.8383692748 | 0.8431836528 0.8383689492 0.8384876671
2 | 0.8761380071 | 0.8813553388 0.8761376475 0.8767666136
2 10.9015172592 | 0.9068328141 0.9015169018 0.9024358694
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Table 4.10: Case II cumulative probabilities from various distribution functions.

y Exact First near-exact | Second near-exact Chen’s

£ 10.4797166535 | 0.4780258803 0.4797168322 0.4760854883
1] 0.7763872468 | 0.7801793736 0.7763870227 0.7755972501
21 0.8383692748 | 0.8431836528 0.8383689492 0.8384876671
2 | 0.8761380071 | 0.8813553388 0.8761376475 0.8767666136
21 0.9015172592 |  0.9068328141 0.9015169018 0.9024358694

Tables 4.9 and 4.10 shows cumulative probabilities from exact distribution, first near-
exact distribution, second near-exact distribution and Chen’s approximation. It is evident
from both these tables that Chen’s approximation generally provides a better approxima-
tion for the cdf of Ygr (see (3.23)) than the first near-exact distribution when the precision
parameter is set at 20. However, the accuracy of the first near-exact distribution can be
increased by increasing the value of the precision parameter. Chen’s approximation per-

forms poorly relative to the second near-exact distribution.

Table 4.11: Run time for each approximation method

Approximation Run time (in seconds)
method Case I Case II
Chen’s 0.00000000000000001 | 0.00000000000000001
First near-exact | 0.10937500000000000 | 0.09375000000000000
Second near-exact | 8.95313000000000000 | 3.81250000000000000

Table 4.11 show the amount of time each approximation method took to calculate

cumulative probabilities at point y = %

Computer Intel Core i7 @ 2.4GHz. Chen’s approximation is the fastest of the three ap-

The computations were run using a Personal

proximations methods. Since Chen’s is computationally faster and more accurate than the
first near-exact distribution, it would be sensible to use Chen’s approximation. Though
the second near-exact distribution takes considerably longer time, it is by far much more
accurate method. Hence when high precision is of greater necessity than of run time, the

second near-exact distribution should be used.

4.5 Chapter summary
Contribution in this chapter are summarised as follows:

e The precision parameter controls the accuracy of the near-exact distributions, i.e.
the accuracy of the near-exact distribution increases when the precision parameter

increases (measure by A, see (4.2)).
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e Given the accuracy and computer run-time, the second near-exact distribution is

the better option compared to the first near-exact and empirical distribution.

e Chen’s approximation is computationally faster than the near-exact distributions.

However, it is less accurate than the second near-exact distribution.

e Chen’s approximation restrict the shape and the power parameter to be fixed in all
generalised gamma distributed random variable. Near-exact distributions provides

flexibility on parameter choices
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Chapter 5
Conclusion and future research

Of interest in this study was the statistic Y (see (1.5)) defined as the distribution of the
ratio and the product of independent generalised gamma distributed random variables.
Chapter 1 gave current literature of the statistic as well as its application. It was also
shown in this chapter that the ratio of independent generalised gamma distributed random
variables can be represented as the product of independent generalised gamma distributed
random variables with some re-parametrisation i.e. at least one power parameter being
negative and another be positive.

Chapter 2 presented the exact distribution of the statistic of interest in terms of Fox’s
H- function, special cases of Y were also considered and their exact distribution given
in terms of Meijer’s G- functions. Fox’s H- functions are not readily computable, hence
approximations of the distribution of Y were derived in Chapter 3. Also in Chapter 2,
the characteristic function of Z = —logY was decomposed so that Z can be represented
as the sum of two independent random variables. In the process of decomposing the
characteristic function of Z, a new flexible parameter called the precision parameter was
introduced. By approximating only one of this two independent random variables and
leaving the other one unchanged, the near-exact distribution of Z, and hence of Y, were
derived in Chapter 3. An alternative approximation method, Chen’s approximation, was
also presented. However, this alternative only considered a case where the rate parameters
are equal and power parameters are also equal.

Chapter 4 performed numerical studies of the approximate distributions and the ex-
act distribution and compared them against each other. The exact distribution of Y was
computed using the inversion theorem. However, this required longer computer run-time
and is thus not efficient for regular use. Though providing a better degree of accuracy,
empirical distributions were no more efficient in computer run-time. Chen’s approxima-
tion provided a very good level of accuracy and was most efficient in computer run-time.

However, unlike other appproximate methods considered in this study, it can only be
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applied to special cases of Y. The choice of the precision parameter controls the de-
gree of accuracy for the near-exact distributions. The larger the precision parameter, the
more accurate the near-exact distribution but the greater amount of computer run-time
is required. The first near-exact distribution is less accurate than all other approximate
method. However the efficiency in computer run-time relative to empirical distribution
makes it relatively attractive. The second near-exact distribution is the most accurate
approximate distribution presented in this study. A suitable choice of the precision para-
meter in the second near-exact distribution can give an optimal combination of accuracy
and computer run-time.

To derive near-exact distributions of Z, the decomposition Z = Z;+ 75 was considered.
For the first near-exact distribution, Z, was left unchanged while Z; was approximated
by its expected value which is a fixed value (see Section 3.1.1). The second near-exact
distribution is an improvement to the first near-exact distribution and is obtained by
approximating Z; by a single random variable. Future research can improve on the second
near-exact distribution by approximating Z; by a weighted sum of random variables. A

similar approach was considered in [17].
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APPENDICES

A. Mathematical functions and expressions

This section contains mathematical results which are useful in this study.

Result 1 (/10], p.zliii)

x factorial is defined as

zl=x-(x—1)-(x—2)---2- 1L

Result 2 ([10], p.zliii)

Let x € R, n € N and n < x, then x combination n is defined as

<93) - x(x_l)(fv—Q)...(x_n+1)i'

n n!
x!

(x —n)In!’

Result 3 ([10], p.895 (8.331))
Let v € RT,
F(x+1)=2l(z).

Result 4 ([10], p.897 (8.339))
Let x € N,
['(z)=(x—1)!

Result 5 (/10], p.xliii)
Let x € R and n € N, the Pochhammer coefficient is defined as

(), = z(xz+1)...(x+n—-1)
['(x+n)
[ (z)

(A.5) can be re-arranged as

I'(z4+n)=(x), ' (x).

n

© Universify of Pretoria
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Result 6 (/10], p.1023(9.210))
Let z,a,m € R, the confluent hypergeometric function is defined as

(a+1)z?* ala+1)(a+2)z?

a
1F1(a;?7;m) = l+—=+—""=
nll  nn+1) 2! nn+1)(n+2) 3!

y {F(n)}_lx_o I'(a+1) {r(nﬂ)]‘lx_l

(a) [T'(n)] O I'(a) I (n) 1!
T(a+2) [T(n+2)] " 22
o T T —
Applying (A.5) in the above equation:
1 Fi(a;m; ) ; D (A.7)

where (), is the Pochhammer symbol.

Result 7 ([10], p.899 (8.350))
Let z € R and o € R*, the lower and upper incomplete gamma functions are respec-
tively defined as

z

v (a, 2) = /e_tta_ldt (A.8)
0
and -
" (a,2) = /e_tto‘_ldt. (A.9)

z

Notation T'* (o, 2)is used in order to avoid confusion with other notations in this study.

Result 8 (/10], p.900 (8.352))
Let z € R and o € RY, then

o

v (a, 2) = % 1Py (a0 + 15 2) (A.10)

Result 9 (/10], p.900 (8.354))
Let z € R and a € RY, a series representation of the incomplete gamma function
defined in (A.8) is given by

(A.11)
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Result 10 (/10/, p.25)

Let a,z € R and n € N, the binomial power series is defined as

(a+ )" = zn: (Z) aFan 7k,

k=0

Result 11 Letn € N. Then

n J

SN ) =S A

i=1 j=i j=1 i=1

Result 12 Let h,r, j1, jo, - - jn € N. Define

Ti Ji J2 Jh—

E(hﬂ"ajl,jm"'jg 1 ZZZZ Z F(hor,gi, 92,5 1)

1=1 j1=1j2=1 jz=1 Jh—1=1

where f(h,7,j1, 72, jn_1) 1S any function depending on h,r, j1, ja, "+ jh_1.
(A.14) can be re-arranged as

Ty Ti J1 J2

h
E’(h7raj17j27"'jh71) = Z ZZZ
i=1 k=1 ji=k jo=k jz—=Fk

Jh—3

xz > (g da e dn)

Jja=k Jh—2=k

Proof. Assume that h = 4. Then (A.14) becomes

Ti Ji J2

= (h,r, 1, Jo2, j3) = ZZZZf (4,7, j1, j2. j3)

i=1 j1=1jo=1j3=1
apply (A.13) in the last two summation of (A.16) so that

Ti Ji Ji

= (4,7, J1, j2,J3) = ZZ Z Z f (4,7, j1, Jas J3) -

=1 j1=173=1j2=73

Another application of (A.13) to the middle two summations in (A.17) yields

= (4,7, 71, 2, j3) = ZZ 2 Z f (4,7, j1, J2, J3)

1=1 j3=1j1=7j3 jo=J3

© Universi® of Pretoria
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Let j3 = k the above equation becomes

4 T T jl

E(4,7, 51,2, J3) = ZZ Z Z f (4,7, 1,72,73) -

i=1 k=1 ji=k jo=k

The proof follows similarly for any value of h > 2. m

Result 13 (/8/, p.252)
Let h,k € N. then

h—1 k+i—1

h—1 h—1—i (k+i-1)! o
. (—LL') Z Tti—
i=0 ! t=0 t A
(k-1 (h+i—1)!
—= . )xkll Tt ’ (A18)
=0 L 6
Result 14 ([10], p.340 (3.351))
Let \,a € RT, then
/ t* Lexp (=At)dt = A °T ()). (A.19)
0
Result 15 ([10], p.340 (3.381))
Let z,\,a € R, then
/to‘_l exp (—At) dt = AT (a, A\z) . (A.20)
where T* (+) is defined in (A.9)
Result 16 ([10], p.346 (3.381))
Let A\, € RT, then
/to‘_l exp (—At)dt = X%y (a, A\z) . (A.21)
0
Result 17 ([10], p.340)
Let A € R and o € N, then
[ o al ol 2k
/ 1" exp (M) dt = S —exp (N Y T (A.22)
k=0

0
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Result 18 Let z,t,\,a € RT andn € N,

/t—z t* Lexp (—\t)dt

o)

y (}) =T 2= bro)

!
Proof. Applying (A.12) on (¢t — 2)" it follows that

/ "t Lexp (—At) dt

o0

Y ( ) / el axp (= At) dt. (A.23)
k=0

z

Using (A.20) and (A.23),
/ "t Lexp (—At) dt

n ( ) VT (n+a—k,At). (A.24)

k=0

Result 19 (A useful representation of the cdf of the gamma distribution (see B.6))
Let \,a € RT, then

z

AT ) . .
/mt exp (—At) dt = m 1F1 (o a+1;=Az).

Proof. From (A.21) it follows that

0

z

A
/mt exp (—At) dt

z

= I (o) /to‘_ exp (—At) dt

= A% (o, Az)

= v (o, \z) . (A.25)
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Using (A.10), (A.25) can be written as

z

AOL
/ t* Lexp (—At)dt
0

I'(a)
= ( ) o, L — AL
= T(a)a 1Fi(a,a+1;—=)A2)

Applying (A.2), (A.26) becomes

z

Y a—1
/ T (&)t exp (—At) dt
0

_ (e . .
— P(a+1> 1F1<Oé,0{+1, AZ)

Result 20 (This is an alternative proof to the proof suggested in [5])

z

/ (z— )" P Lexp (—\t) dt

ek o
(q — 1) q Z Ap—j, q Zj*l)\ijfp exp (_)\2) .

Proof. Applying (A.12) to (z — )" in the expression [ (z —t)?"" t#~

0

z

/ (2 — )7 7 exp(— M)t
q—1 1
= /Z (q— ) ) 20710 exp (= \t) dt
=0
q—1 z
— Z (q ; ) ) 2171 J/tj“’l exp (—\t) dt.
=

0
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By applying (A.22), (A.29) becomes

/ tP~exp(—\t)dt
0
q

1

- ‘0(qz1>< oy

<

%

(A.30)

i+p—1
(j+p—1)! & (j+p- 1) 2
N &P (=A2) ZO il MNP

Furthermore; (A.30) results from applying (A.22). After some algebraic manipulation
and noting that (—1)) = (—1)"7 for j € N, (A.30) can be written as

/ (z — )" P Lexp(—At)dt
0
q

- .l(q‘l) (1) 257 (o p = DT+ (1) e

J=0 J
qg—1 Jj+p—1 ,. .
q—1 g—j—1 _g—1-j G+p-—1! =
X . ( j ) (—1) L0417 Z 7 e (A.31)
j:O =0
Subsequently, use (A.18) in (A.31)
/ (z — )" " P~ Lexp(—At)dt
0
q—1 _1 '
=X (q . ) (~1)7 2719 (b p— AT
J=0 J
p 1
+(=1)"exp ( ( : )zplj (g+j— 1A
y:0
—  (g—) ~
= (=1 2T (4 p— DI
;J!(q—l—])!< ) ( )

+ (—=1)%exp (—A2) Z %zp g+ 1IN (A.32)
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(A.32) is simplified further to obtain

z

/Xz—tf*ﬁFHKM—Awﬁ

0

— (¢ —1)! 1—
- Zjl(q_l_j> ()" P (g+p—2— N
3=0 7"

+ (—=1)%exp (—A2) Z % (q+p—2— NP
= (¢—Dip—1)

X (qii<—1>q—1—f ZN et (‘-’”_Q_j)l-) > +(=1)*

! —D(g—1—-=9)!
pr il (P =DHg—1-7)!

p—1

X (qg—1)!(p—1)! (Z%ZWHH( (q+p_2_j>!.)‘) exp (—Az)

g—Dp—1-j)

=0
qg—1 .
= DY L (e 1—J‘zw—q—p+1<c1+p—2—ﬂ)
]ﬂj' p—1
i tp—92—
+(@—D!(p-1) (—1)‘12 — NPt (q b ‘7> exp (—Az)
= q—1
q .
1 S —1-
= (=DM =)D gy (C AT (q“’ j) +(g-1!p- 1)
p .
1 o —1-
< (-1)"Y TSR (q “; . 3> exp (—\2). (A.33)
j=1 '
Define , )
Jtaq—
Ajq = < g—1 ) (A.34)

so that (A.33) can be simplified using (A.34) as

z

/(2 — )T P L exp(—At)dt
0
q

= (=D - D=1 Y —(C.”q‘“’ E N

— 1!

+(@—D(p—1!(-1) Z —(;p_j’lq)!zj_l)\j_q_p exp (—Az) .
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Definition 1 (/22/, p.195)
The Fox’s H- function is defined as

_ m,n (a17041)7"' s(ap,ap)
H(r) = Hp,q |:x|(b1,,81),~-,(bq7ﬁq):|

- B;3) 1T~ a;+a)
_ ZL / ) = . v=ds.  (A.35)
! :H o,

where

0 < m<yg,
0 < n<p,
a; > 0 for j=1,2, D
B; > 0 for 7=1,2,--- q,

and a; (j =1,2,---,p) and b; (j =1,2,---,q) are complex numbers such that no pole
of T (bj —5js) for j = 1,2,--- . m coincides with any pole of I' (1 — a; + «;s) for j =
1,2,--- ,n. Furthermore w is some real number such that the points
btk

B;

forj=1,2,--- . m and k=0,1,--- and the points

_aj—l—k
S_—v
Q

forj=1,2,--- nand k=0,1,---, lie to the right and the left of C, respectively. C is
the complex contour.

Result 21 (/22], p.196)
An tmportant property of Fox’s H- function

mn | ci(ar,a1),,(ap,ap)
g [ s +(bq ,Bq)]

1 1) e (0,22
=l Ly e ER
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Definition 2 (/19], p.60)
Meijer’s G- function

G(x) = G [x b b ]

- / q . v%ds, (A.36)
C H I'(l—0b;—2s) HF(aj—i—s)
j=m+1 j=n+1

where z # 0, i = v/—1, C is a suitable complex contour. Parameters ay, as, ..., a, are
complex numbers such that
—bj—v#1—a,+a,

forg=12....m k=12 ..., nv,a=0,1,...

Result 22 (/19], p.23) If f (x) is a real, singled valued function that is defined almost
everywhere for x > 0 and is absolutely integrable over the range (0,00), then the Mellin
transformation of f () is defined by

o0

My (s) = E[X*] = / 21 (2) da. (A.37)

0

Result 23 ([19], p.23) If My (s) is a Mellin transformation of f (z) and is analytical
over s € C, then the Mellin inversion integral is equal to f (x) and given by

Fl@) = — / v M, (s) ds. (A.39)

211
C

where s € R and i = +/—1.

Result 24 ([18], p.194) The Mellin transformation of the product of independent random
variables is the product of the Mellin transformation of the individual random variables

Proof. Let X, Xs,---,X,, be a series of n independent random variables such that
X; has a distribution with pdf fx, (z). Let

© Universi®y/ of Pretoria
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The Mellin transformation of Y is given by

My (s) = E[Y*]

o)
- E _ﬁXfll .

Since X1, Xy, ..., X,, are independent, we have

My (s) = H B[Xx:]

= HMXi (). (A.39)

which completes the proof. m
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B. Statistical distributions

This Section contains statistical results that are applied in this study. For the convenience
of the reader. Proofs have also been provided for some of non-standard statistical results.

Result 25 Exponential distribution ([25], p.54).
Suppose that a random variable X is exponentially distributed, with parameter X,
denoted by
X ~EXP(N).

Then the pdf of X s given by
f(z;A) = Aexp (—Az); x>0 (B.1)

where X € RY. The characteristic function of X is given by

¢x (1) = Elexp (itX)]

_ <1 - %) o (B.2)

The Mellin transformation (see (A.37)) of X is given by

o0

Mx (s) = /xSI)\ exp (—xA) dz

0

= I'(s) Al_s/r)\ 7 texp (—z ) dv
0

The latter integral equates to a 1 so that

Mx (s) = (B.3)

Result 26 Rayleigh distribution ([25], p.138)
Suppose that a random variable X is Rayleigh distributed, with parameter o, denoted
by
X ~ Ra(a).

Then the pdf of X s given by

fx (x;r X)) = % exp <— (%)) ; x> 0. (B.4)

where o € RT.
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Result 27 Nakagami—m distribution ([12])
Suppose that a random variable X is Nakagami—m distributed, with parameters €2 > 0
and m > 0.5, denoted by

X ~ Nm (2, m)
Then the pdf of X s given by
‘ B my™ 1 9m Mmoo\
fX(x,Q,m)—2(9> F(m)x exp( a:), x>0 (B.5)

Result 28 Gamma distribution ([25], p.69)
Suppose that a random variable X has a gamma distribution, with parameters r and
A, denoted by

X ~T(r,N).
Then the pdf of X s given by
L A '
fx (xy;r, X)) = T exp (—Ax); x> 0. (B.6)

where v > 0, A\ > 0. For integer values of r, the distribution of X is known as Erlang
distribution with cdf given by

r—1 i

Fx (x5, \) exp (—Ax); x > 0. (B.7)
=1
The s" moment of X is given by
L'(s+7)
E[X°] = ——— B.8
X = 5505 (B3)

and its characteristic function is given by

¢x (t) = Elexp (itX)]

SN ®9

Using (B.8), the Mellin transformation of X is

L(r+s—1)

Mx(8) = =\ p )

(B.10)
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Result 29 Generalised gamma distribution ([25], p.73)
Suppose that a random variable X has a generalised gamma distribution, with para-
meters r, X\ and ¢, denoted by

X ~ GT (r, A, 0)
Then the pdf of X s given by
)\57"1,&71 s
fix (7, 0,0) = 0] = - e (— (A1) ) : x>0 (B.11)

where v > 0, A > 0 and § any real number. The s moment of X is given by

EX°] = / 2’ fx (x,r, N\, 6) dx
® . )\57“3:&—1 5
= /x 0] ) exp (— (A\x) )daz
F(T—{—E) * . x(r-{-%)é—l
— o\ T8 / sIACr+s) 7 — (M)’ d
F(T) || F(r+§)eXp< (l’)>$
The latter integral equates to 1 so that
T s
B = L +5) (B.12)
C(ryx—
From (B.12) the Mellin transformation of X is given by
Mx (s) = E[X"]
I (r+ 54
= 0/ B.13
r(r) ( )
Result 30 If X ~ I['(r,\) (see (B.6)) then V. = —log X has log-gamma distribution
denoted by V' ~ Logl' (r,\). The characteristic function of V is given by
[ (r — )
t e
¢V( ) F (T’) )\—’Lt
(See [16])
Proof.
Py(t) = Elexp(—itlog X)]
= E[X"]
[ (r—it)
—\ B.14

which completes the proof. =
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Result 31 If X ~ I['(r,\) (see (B.6)) then V. = —log X has log-gamma distribution
denoted by V'~ Logl' (r,\). V can be represented as an infinite sum of independent
exponentially distributed random variables (see [16]). (See [16])

Proof. Using the result from [16]

1A 1\° ~1
F(Z)ZZH<1+E> (1—1—%) ; for z ¢ C
k=1
we get another representation of the characteristic of V', (B.14) as

1 [ee} 1 r—it o —1
w0 = () ()

k=1
~1
[e’e) r 1 '
x[%H(l—i—%) (1+%) ] Al
k=1
B J— 1\ k 1\ " k+r it
- r_itH<1+z) (m) (HE) o (los (1)

k=1
[ = 1\ " k+r
= i1 14+ = A
_r—z’teXp(”OgA)]g< +l<:) (k+r—it)
(
1 :
= Ty &P (itlog \)
1—z't(—)
\ r
- 1 , 1
X H( ( 1 >) exp(—ztlog(lth))
k=1 11—t
k+r

Let
1

Py, (1) = w
o = 1 ! exp (—itlog (1+%)) (B.15)
HEes)

exp (itlog \)

k+r

¢y, (t) is a characteristic function of an exponential random variable with parameter r and
shift exp (itlog \). ¢y, (t) is a characteristic function of the sum of infinite independent
exponential random variables with parameter k and shift exp (—it log (1 + %)) Therefore
V = Vi + V5 is the sum of infinite independent exponential random variables. m
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Result 32 Consider a random variable X with pdf given by

k;Hcm|(a1’a1) """ (ap.ap). for x>0
b1,81)5e-e by,B, )’
fx (x) = (160t (B.16)

0; otherwise,

where H () is Fox’s H— function defined in (A.35). k,c,a; (j = 1,2,....p), a; (j = 1,2,...,p),
bj(j = 1,2,...,p) and 8; (j = 1,2,...,p) are parameters of the dzstmbutzon then X is sazd
to follow the H—function distribution. (See [22])

Result 33 Let W ~ T'(p,d) and X ~ T'(r,\) be independent random variables where
p € RT\N and r € N. Define

Z =W —-X.
The pdf of Z s given by
(e L D=1k (01 6)2)
kz::()( k ) ( ) ()\+5)p+r—k—1
AP
xmexp()\z); 220
J2 () = Til (T’—l) (— )k Cp+r—Fk—1) (B.17)
=0 " (A +6)PTrFt
A"oP
XWGXP(AZ>; Z<O,
and the cdf of Z is given by
et R s () e
L(@i—k+p,(A+9)z2) 2> 0
(2) AR ) (B.13)
o° = DU
) P (Az) ; = zz;o (k) (—2)"
L'(i—Fk+p) B
At o) e =

(see [16])

Proof. The pdf of Z will be presented first, followed by the presentation of the cdf
of Z.

From the independence of W and X, the pdf of Z can be written as
= / fx (w = 2) fw (w) dw. (B.19)
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To evaluate (B.19), two cases will be considered i.e. z > 0 and z < 0.

Consider the first case; z > 0. (B.19) becomes

fz(2) = /fx(w—z)fw(w)dw+/fx(w—2)fw(w)dw

—t/ﬁdw—zHWQMMM (B.20)
Using the pdf of W and X (see (B.6)), (B.20) becomes
fz(2) = % exp (A\z2) / (w—2)"""w exp (— (A + 6) w) dw (B.21)

z

(A.24) simplifies the integral in (B.21) so that (B.21) can be represented as

_ ZT* r=1) e lilr 1=kt p (0 49)2)
BO= eI X () I e e

Consider the second case; z < 0. (B.19) becomes.
= /fX (w— 2) fw (w) dw, (B.23)
0
using the pdf of W and X (see (B.6)), (B.23) becomes
MM r o
fz(2) = T () exp (Az) wPrexp (— (A +0) w) dw. (B.24)
0

By applying (A.12), (B.24) is

1) = Foyro P Z( )
X 7pr”k2 exp (— (A +0) w) dw. (B.25)

(A.19) simplifies the integral in (B.25) so that (B.25) can be represented as

AT ext (s — [r—1 _ZkF(p—l—r—k;—l)
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From (B.22) and (B.26), the pdf of Z is given by

= kDi(r—1—k+p,(A+0)2)
kz::o( k ) (=2) (A + 5)p+7"*k*1
T ) ”0
fz(2) = = rL(ptr—k—1)
kgo( . ) (—2) (4 o)
X—F (:) (;‘p(p) exp (Az); z <0,

Similarly for the cdf of Z, two cases of z will be considered i.e z > 0 and z < 0. From the
independence of W and X, the cdf of Z can be written as

Fz(z) = | Fx(w=2)fw(w)dw

Fx (w = 2) fw (w) dw. (B.27)

0\8 é\g

Consider z > 0. Using (B.7), (B.27) becomes

z o0

Fz(2) = 1—/Fx(w—z)fW(w)dw~|—/FX(w—z)fw(w)dw
= 1—/FX (w—2) fw (w) dw. (B.28)

z

Using (B.7) and (B.6), (B.28) becomes

oo

Fz(2) = 1—/[1—2:Mexp(—)\(w—z))]

z

X ——wP ™ exp (—dw) dw
mip" P
1 o ]pr_le p (—éw) dw
= —_ X —_
I'(p)

z

r—1
AZ
exp (A2) E —'/ w—2)' wlexp (— (A + 0)w) dw. (B.29)
i!
=1
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Integral in (B.29) is simplified using (A.24) so that (B.29) becomes

Pa() = 1= S g ee ()
rfl)\z i 7 kri(i—k‘i‘pv()‘_'—é)z)
><;§;2T — (k) =) Aoy o

Fy(2) = 1—7

= 1- /fW (w) dw + Fé(/’p) exp (Az) Z 2!1

X / (w — 2)" w’ ™ exp (— (A + 0) w) dw. (B.31)

The former integral equates to 1. Applying (A.12) in (w — z)’ in (B.31), we can rewrite
(B.31) as

r—1

RO = eea A3 ()

=1

(—2)" / W exp (= (A 4 6) w) du. (B.32)

Adopting the integrand in (B.32) to be of the form of (B.6), if follows that

_ ,\ZZT I_ZZ _Zkr(i_k"‘P)
00 )\+5z k+p Z A p_leX B ) dus
/ T e (- (A )

S 0SS () Lo D=k )
= p (A ;Z!Z(> )(A+5)i"“+'f (B.33)

© Universif of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

APPENDICES
B. Statistical distributions

From (B.30) and (B.33), the complete cdf for z is

(

D k=
i —k+p,(A+0)z
(A ) e ’

5P r—1 )i

Fer IS T E (1) -

I'(i —k
A+

r
X

Result 34 (/5], p. 88) Let Yy and Y, be independent random variables such that Y; ~
L (ri, Ni) for Ay >0, i =1,2 and integer valued r;. Define the random variable Z as

The pdf of Z is given by
( 2 S—r; 2 S—r
ATAY 24 (=17 2 (= 1)7 7 exp (—24)
fz(2) = xZ DrimgSor j- L2\, — LY, forz>0 (B.34)
= (= 1)
| 0 for z <0,

where S =1y + 1y, L =X+ Xy and a,,_j s_, defined as in (A.34). (See [5])

Proof. From the independence between Y7 and Y3 and (A.28), the pdf of Z is
F2) = [ B ) o = )
0

— [ A ()\191)7“171 exD (— Az (A2 (2 — ?/1))1”271
B / I'(r1) D (=uta) I ()

exp (—A1 (z — w1)) dy;. (B.35)
By using (A.3), (B.35) can be written as

AT'A5? exp (—Ag2)

12 (2) (r— 1) (rp — 1)!
x / (2 = 2)" g7V exp (= (A — o) wa) dn (B.36)
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The integral in (B.36) is simplified using (A.28) so that
AT A exp (—Aq22)

fz(z2) = (= Dl(ry— 1] (r1 — D! (rg — 1)!
D D G = Oy

ATARZ exp (—Ag22)
(7’1 — 1)‘ (7’2 — 1)'

T1

><<—1>’"QZ@”_—”{§“<A1 Aol exp (= (M = do)2) (B3T)

(r1 — 1) (rg — 1)!

(B.37) is simplified further to obtain

T2

riyT 1 Aro—jr1 _j— j—r1—"2
fz(2) = AU'AF (1) Z (j——]l)'zj = (=AY exp (—A22)
Jj=1 '
FATAY (—1)" Z %Zjl (A1 — )\2)]‘%1”77"2 exp (—A12)
J=1 '

T2
= AR (_1)(r1+7‘2)—r2 Z arz*j‘,(rﬁrz')frz i1

X (2)\2 — ()\1 — )\2))j—T1—T2 exp (—)\22>

LT ri+r2)—r Qry—j,(r1+ra)—r1 -1
+\ 1)\2(_1)( 1+r2)—"r1 1 J. 2]
L ; (-1

X (201 — (A1 — X)) T T exp (—Ag2)

Let S=7ri+ryand L = A\; + Ay

2 2
AN Y ()T (-1 )S "exp (—2A)
=1 =1
fz(2) = xzarljsnjl()\ Ly~ for z > 0
= (=1
0; for z < 0.
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Result 35 Let
}/ZNF(T“)\,L) 211,2,3,_922

be independent gamma random variables. Then, if r; (i = 1,2,3..., g) are integers, the pdf
of Z=Y1+Yos+...+Y, is given by

9 T A
fZ (Z) = KZ (_1)57” Z ari*jl,ri‘i ()‘l - )‘Tl)]l
=1

=l
‘jl . . * ,jg—2 a’j j *1
*3\J2—J1—T g—2"Jg-1,Tg_1
X Z ajlfjg’T;i (AZ o )\2 ) e Z (] - 1;'
2=1 dga=1 V91 '
(N — )\221)3971_357245‘1 o1 Lexp (= \2), (B.38)
for z > 0, with
g
K = H AT (B.39)
i=1

g
S: E Tiy
=1

and a,- are defined as in (A.34). X' is the j™ element of the set {1, Az, - Ag}\ {\i}
and T;i is the j™ element of set {ry,ra,--- ,r,} \{ri} where ”\” denote set difference.

Z is said to follow the generalised integer gamma with parameters g,r = (r1,r9, - ,rg)/
and A = (A1, Aa, - -+ ),), denoted by

Z ~GIG (g,r,A).
(See [5])

Proof. Result 34 obtains the distribution of Z; = Y; + Y5. For g = 3, define
Zy=Y1+ Yo+ Y3 =71 + Y3 The pdf of Z; is given by (B.34)

2 T
*—r; Qr;—j1,5%—r;
fo () = K> (-1)° Zﬂ—sl,
Xz (2N — LY T T exp (= Niz) (B.40)
2
where S* = > r; and K = A"\ so that pdf of Z5 is given by

=1
Sz (22) = / fzu (22) oy (22 — 21) d. (B.41)
0

First consider fz, (21) fys (22 — 2z1) above. Using (B.40), (B.6) and the independence be-
tween Z; and Y3, it follows that
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le (21) st (2’2 - Zl)

2 T

= KY (- Y S (g, gy
i=1

— 1!

As (Ag (22 — 21))" "
I (r3)

T

2
>\T3 —r; Ti—J1,9%—7; j1—r1—"T
_ Z nzaz‘h,s P2\ — L)Y
(j1 —1)!

=1 ji=1

X eXp( Agz2) 20 (2 — 21)" Lexp (— (N — A3) 1), (B.42)

X exp (—A\;z)

exp (=3 (22 — 21))

Substituting (B.42) into (B.41), the latter can be written as

fz,(22) = /f21 (21) frs (22 — 21) d,
0

AL G i S N
- K 3 -1 T Tz. J1,0 T4 2/\1'_[/]1 T1—T2
2T Gy e )

i=1 j1=1

X exp (—Aazs) / 1 (2 — ) e Mg (B.43)

The integral in (B.43) is simplified using (A.28) to obtain the following representation of
f Za (ZQ)

Tq

2
A’ *—ry (ri—j1,8*—r; 1—T1—T2
fz(22) = K20 (=1)F 7y " =il (o), — 1)) exp (—Ag2)

I (rs) i—1 =1 (i — !
T3
> (]1 _ 1)! (7“3 _ 1)! (_1)1'1 Z s — J21J1 J21 ()\3 —\ )12 r3—Jj1
et (o — 1!
7‘3 2 T a
L T 3 e o 1 v
i=1 ji=1
J1 .
X (j1— D (rs=1!(-1)" L
(i = s = DD 3 s
X (A = A2 exp (— (A — Ag) 22). (B.44)

Using (A.3) and the fact that (2); — L)' 7772 (=1) = (L — 2)\,)7 77772 (=1) 1"
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T

2
fZ2 (22) = /\TS - T1+T2 Z o Z Ary—j1,5—r; (L - 2/\i)]1—r1—7°2 exp (_>‘3Z2)
i=1 G1=1
2
X 7"3 J27J1 ]2 1 A3 — \; J2—r3—j1 K\'s q*
J2= =
X Z QAr;—j1,8*—r; (2>\Z - L)jl*ﬁ*ﬁ (_1)7"3 Z (?1j2iT;'
ji=1 jam1 2T

x 227 (A = Ag)2 T exp (= Niz2)
J1

T3
- _ a s r
_ K)\gg, (_1)T1+T2 § :arsfjhm ()\3 o Al)jl T1—T3 2 : .Jl J2,72

Ji=1 ja—1 (J2 — 1)'
X2 (g = Xo) " exp (~Ag2)
2 v
+K )\ Z (—1)7itT Z Uy, jy5e—r (20 — L)
=1 j1=1

% Z ]321 _]2,17”3 Si2—1 (A — Az)’ 231 exp (—A;za) .

Assume that elements in a set are ordered in chronological order of their subscripts i.e.
element associated with smallest subscript is taken as the first elements and so on. In
the above derivations, A; € {A;, \a}. Therefore, set {A;, A2} is an intersection of mutu-
ally exclusive sets {\;} and {A1, A2} \ {\;} with the latter set having only one element
as well. We can therefore express 2)\; — L as the difference between \; and the (first)
element in set {A1, Ao} \ {\;}. A3 — A; is the difference between A3 and the first element
of {\1, A2, A3} \ {A\3}. Similarly statements can be made with reference to set {ry, 79, 73}.
Let S and 7' denote the ;™ element of set {A1, A2, A3} \ {\;} and {ry,72,r3}\ {r;} re-

spectively. Furthermore, let S = Z i, S; = (=1)°7" and K = AP A2A5, then the pdf of
=1
Zy can be written as

T .
- § 5 T § : _ xi\J1—ri—ry’
fZ2 ZQ = K ‘ a”,jhrfz (Al — )\1 )

Jji=1

Qjr—jo,rs i\J2—J1—r3" 1
><E _ATIaE (N =)™ 22’%2 exp (—A;za) .

et (j2 — 1!

Similarly, pdf of Z7 =Y; + Y5 + ... + Y, for g > 2 can be derived as
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g T Ji

S— . . S PR *
fz(2) = KY (=17t =AY ag gy
i=1 j1=1 ja=1
wi\ Ja—j1—r5t = Ujg2—jg—1,r3" 4 wi \Jo—1—Jg—2—Tg_1
x (A = A) ”'Zm()‘i_)‘g—l)
jgfl:1 a ’

x 27971 Lexp (—\2)

]92

g9 T
_ S T *7 Ji—ri— 7’1 )
= KE (_ E E § Qr, 51, 7“1” )‘ _/\ ) ajl—]éﬂ";l
i=1

Jj1=1j2=1 Jg—1=1

i\ J2—j1—r5" Jg—2—Jg—1,Tg 1 i \Jg—1—Jg—2—T;"
X (A S (e
(Jg—1 —1)!

21" exp (—)\;2). (B.45)

g g9
where S = > 7, S; = (=1)°7" K = [[ A" and a,+ are defined as in (4.34). =
i=1

If € R is a shift parameter then Z 4+ 6 ~ SGIG (g,r, A, 0). Next, the computational
form of (B.45) is obtained

Using (A.15) with j,_1 = k, (B.38) can be written as

T4 T ]1 J2 Jg 3

g
FCIEIED DICHEND D) D5 DD DI DI Ut L
i=1

k=1 j1=k jo=k jz=k Jg—2=k

N Y CL-_,’*' .
(= AT L (6 - ) T A e (<2).

(k—1)!
Let
Wy = e (AT
%3\ Jt—Jt— Ty
/Bjt = a/jt—lfﬂty’/’t ()\ _A )t - t t:273’4""7‘g—2
Ajo_g—kr*t wi \E—jg_a—r*l
o= S ()

Therefore f7 (z) can be written in the form

g T i J1 Jj2 Jg—3 9—2
S—r;
= KX > 0T D e > and] 8,
=1 k=1 Jj1=Fk jo=k jz=k jg_2=k‘ t=2

x 2" Lexp (—\i2).

Furthermore, let
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T4 J1 J2 Jg 3

ci (9,0, A) = PN aﬁakﬂ 8, and (B.46)

J1=k jo=k jz=k Jg—2=k

P = e (g )
k=1

Computational form of (B.46) is given by (B.50) and (B.51) below. Hence

g

fz(2) =K P(2)exp(=\z). (B.47)

i=1

The cdf of Z is derived as

Fz(2) = /fz(t)dt

= KZZC,k g,r)\/ Lexp (—\it) dt

i=1 k=1

¢ Lk [ A
B

i=1 k=1

- KZZ% 9,7, ) A(’“) L (2), (B.48)

i=1 k=1

where Fz, (z2) is the cdf of a random variable Z;; ~ I' (k, \;). Further note that

1 = 7fz(2)dz

= /KiZCzk (g,7,A) 2" Lexp (—\i2) dz
0

=1 k=1

g T )

- KZZCi,k (Q,Zaé)/zk_l exp (—A\;i2) dz
=1 k=1 0

= Kiia (g,1,]) k)7 Af L exp (—Asz) dz
i=1 k=1 s / I (k) ‘ '
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The latter integral equates to 1 so that

g T
I'(k
K§ Cik g,?" )‘> )Ek),
=1 )

k=1

hence

Z ; cik (9.1, ) F)Ek) (B.49)

i=1 k=1 i
Note that (B.46) in its current form is not easy to compute. The computation form of
(B.46) can be found in [5] and is given by:

1 J .
Ci,n‘ (97£7 A) = —1 H ()‘] - )\’L> ! ) (B50)

and for k=0,1,2,...,r,—1

k .
Ci,nfk(ga£7ﬁ) = _§ ( J )R<]_1,Z,g,f,é)

k (ri —k—1)!
7=1
XCiri—(h=3) (9,75 A) (B.51)
where ,
R(ni,g,r, )= Y ri(A—=X) """, n=012...,r—1
i=1,i#j

Result 36 (Generalised near-integer gamma with only two variables). Let

W ~ T'(p,6) and
Xp o~ T(r, A1),

where 6, \1 € RT, r; € N and p is positive non-integer number. Define
=X+ W

The cdf is given by

(02)°
I'(p+1)

><T§1 LA Fi(pyi+p+1;,—(0—X\)=2) >0, (B.52)
v 1 L= — Z), z .
Z+,0+1 141 (P P ) 1 ) )

Fyz(2) 1Fi(p;p+1;—02) —exp (—A\i12)
where 1 Fy (+) is defined as (A.7)

Result 36 is a special case of Result 37. It is included in this study for the first time
and will be used to give and alternative proof of Result 37 presented in [6].
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Proof. Using independence between X; and W and their respective pdf, the cdf of
Z is given by

z

Fr(z) = / F, (2 — w) f (w) du

0

_ / (1 _ i: (/\l(zi—!_w))lexp (=i (z— w)))

0 =0

Using ([10] p.347 (3.383)), it follows that

/ (2 — w) w exp (— (p — M) w) duw

= ——2""" 1 F (p; Li—(—A

then
Fy(2)
r1—1 i ;
Sl Nigpaite
= F _ _ A S
w (w) —exp Alz); T(i+p+1)
X(F(pritp+1;—(0—M)2)).

Using (A.27), Fiy (w) can be written as

Fiv (0) = s B o+ 1,-02),
therefore
Fz () % 11 (pyp+1;—02) — exp (—A12)
VP P ,
x;m 1Fr(pitp+1L,—(0—X\)z2).
| |
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Result 37 (Generalised near-integer gamma with at least two variables) Let V. and W
be independent random variables such that V ~ GIG (g,r,\) where r = (r1,72---14) and
A=A, 22 Ay) and W ~ T'(p,0) where p is non-integer. Define the random variable

Z=V4+W.
then the random variable Z follows a generalised near integer gamma distribution denoted

by
Z ~GNIG (g,T,\, p,0).

The pdf of Z 1is given by

I (k
fz(2) = K(SpZeXp —z\;) Zc”f g,7,A) ()

T (k+p)
xzk“’ YR (g k4= (0= N)2); z >0, (B.53)
and the cdf of Z is given by
Fz(2) = )" 1Fi(p,p+1,-62) —K(S”Zg:i:cfk (g,7,7)
F(p+ 1) ’ ) pr i,k PR A
k-1 N 2+ .
X exp (— er+p+ P (pj+p+ 15— (0—N)2), (B.54)
7=0

for z > 0, where K is defined as in (B.39), ¢;x (9,1, ) is deﬁned asin (B.46) and 1 Fy (-) is
defined as (A.7). Furthermore c;; (g,7,A) = cix (9,1, )\) . (See [6] for further details.)

Proof. Given the independent between V' and W, we can use the pdf of V in (B.47)
and pdf of in W in (B.6) to get the pdf of Z as

fz(2) = /fy (2 — w) fiv (w) du

B / [KZ Z Cin (9,1, 2) (z = ) exp (= (z —w) \y)

0 i=1 k=1
§PwPt
I'(p)
5 g

= Z —2z\;) ZCZ’“ RN

X exp (—ow) dw

e
/ wLexp (— (6 — A)w) dw, (B.55)

© University of Pretoria



&
UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF PRETORIA

Qe YUNIBESITHI YA PRETORIA

APPENDICES
B. Statistical distributions

where K is defined as in (B.39) in terms of (r, \) and ¢;; (¢,7,A) is defined as in (B.46).
Note that from ([10] p.347)

z

/ (z —w) " P w exp (— (6 — \) w) dw
L'(k)I (p) -l By

Therefore (B.55) becomes
9 i
fz(z) = Ko Z exp (—Aiz) Z Ci (9,7, A)
i=1 k=1

I (k)

k+p—1 F -k . 6_>\z .

The cdf of Z is given by

Fz(z) = (z —w) fw (w) dw

/F

_ ° (k)

= /KZZCMf g,7,A) \F —2Fy, (2 —w) fw (w) dw
0 k=1

=1

= KZ cik (9,1, A) L' (k) /ink (z —w) fw (w) dw. (B.56)

k
=1 k=1 >\

[ Fz, (z —w) fw (w) dw is the cdf of a sum of two independent gamma random variables
0

ie. Zj + W where Z;y ~ F(k Ai) and can therefore be represented by (B.52). Let
Cir (g, A) =cin(g,r )X /\k in (B.56) such that

Fz(2) = KZZ% 9,1, ) EM )[Fl(p,p+1,—52)]

=1 k=1
k—1
)\]zﬁp
—Ko* (9,7, ) exp (
x 15y (p;j+p+1;—(5—Ai) z). (B.57)

Next, use (B.49) in (B.57)
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Fr(z) = K(K) E 5 1B i+ 1:-02)
T k—1 )\JZJ—H)
—Ko° 7, A)
2; . (g, A) exp ( ZF Gtprl
A 7=0
X 1P (p;j+p+1;—(Ni+06)2)
0" b (it 1:-02) K&pi Y r,A)
= _— — Z C
F(p+1) 141 10710 g k ga
k—1
/\JZJ-H?
X Fi(psg+p+1,—(0—N)=2).
exp ( Z;Fj+p+1 (psj+p ( ) 2)

Result 38 [8] Let X1 ~ GIG <p1,rlj, )\j) where Ty = (r11,712 - T1p,) and A = (A, A+ -

and X9 ~ GIG (pg,@, ﬂ) where ro, = (111,712 T1p,) and v; =

pendent random variables and define

Z = X1 - XQ.
Then the pdf of Z is given by
p1 T k—1
'71]; ;}1 pjszzj,”v (2);
fz(z)=q "

ro; h—1

S 5% vtz (-2

where Zj; ~ T'(k—1i,)\;) and Z}; ~ T'(h —i,v;). Furthermore Ky and cj, are defined

z2>=0

z <0,

(Vlal/Z"'

Vy,) be inde-

(B.58)

in a similar manner as (B.39) and (B.46) and K5 and dy;, are defined in a corresponding
manner, replacing p1by ps and rij by roj. pik and piy, are respectively given by

o, (k=D (h+i—1) 1
Pkt = K1Kocj, Z Z dlh il h—?—i e
J

=1 h—1 (A

and

r15
(k+i—1) 1
Dikt = KlKlehZZCjk( . ) Sy )kJ)FZ et

7=1 k=1

Z is said to follow the difference generalised integer gamma distribution and is denoted

by
Z ~ DGIG (m;m7ﬁjuﬂuplup2) :

(See [8])
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Proof. Let X, = X; — Z. Using independence between X; and X5, the pdf of Z is
given by

o0

Iz (2’) = / Ix: (961) Ix, (331 - Z) dxy
max(z,0)
= / K, ZZCJ’“% exp (—A;jxq) K.
max(z,0) J=1 k=1
p2 T21
X Z dy, (7 — z)h_l exp (—v (x1 — 2)) dxy
I=1 h=1
- [ S5 (St
max(z,0) J=1i=1 -
T21
(Z dip, (1 — z)h1> exp (— (v + Aj) z1) exp (v12) dzy
h=1
p1 P2
= KIKQZZ / exp (— (v + A\j) x1) exp (v12)
j=t 1= 1max z,0)
™15 T2
<Z Z cipdip ™ (2 — z)h_1> dx;. (B.61)
k=1 h=1

Using (A.12), it follows that

h—
2 (=)
=0

(2

>—‘

hence (B.61) can be written as

P11 P2 15 T2
eSSl I
J=11=1 k=1 h=1
max(z,0)
1o .
>3 ( Z. ) (=)' exp (= (v + Ag) 21) exp (2) day
i=0
P11 D2 15 Tal
= KlKQZZeXp (v12) ZCJkdth( ) )l
j=1 I=1 =1 h=1
« / A exp (= (v 4+ Ay) 1) day. (B.62)
max(z,0)
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Using (A.19) to simplify the integral in (B.62), (B.62) becomes

( P1 P2 Tl T2 h=1 /h 1
KiKy Y Y exp(viz) ) Z Ciedin Y ( . ) exp (— (vi + Aj) 2)
j=1i=1 k=1 h=1 i=0
i et (k40— 1)! 2t
h—i—1
X (—2 —: z20
( ) ;} t' (l/l + )\j)k+l+t
fZ (Z) - P11 P2 T1j T h=1/7/h —1 he—i1
K $ e 3 S £ (") o
j=11=1 k=1 h= i=0 ¢
k -1
(+Z—k+)z’ z < O
(V1 +A5)
(B.63)
From (A.18) follows that
“h—1 i i — 1) 2t
i (_Z) Z Al A k—i+t
i=0 t=0 ' (Vl+ j)
S 1(’“—1) peic (B A= 1)1
i=0 L (Vi + A )hﬂ
therefore (B.63) can be rewritten as
( p1 P2 T1j To k=1 /1
Kk 3 S e (-20) 3 cuan (V7
j=11=1 =1 h= i=0 ?
N k—i— 1(h+7/—_hl+)7, z 2 0
(Vl + \; )
fz(2) = pL p2 Ty Ty h—1
ik 35 S expen) 3 32 e S (")
j=11=1 =1 h=1 t
, — 1!
X (—2)" M 2<0
\ (Vi + )
( p1 Ty k=1 p2 Ty kE—1 (h+i_1)!
K1 Ksc; d . -
x2F "l exp (—2))); 220
=\ s pZ Z h—1\ (k+i—1)! (B-64)
K Ksd c ) _
Soa\ T lh] 1k=1 Jk( v )(Vl—l—)\j)]’ﬂrZ
x (—2)""exp(z1y); z < 0.
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Next, use (A.1) and (A.3) in (h—,l)M.

7 Vl+)\j)k+z '

< ) (k+i—1)!
7 ( l+)\j)k+z

(h—1)! (k+i—1)!
it(h—i— 1) (1 + X))
(h—1)! (k+i—1)! 1

it (AT (i)

Similarly
(k 1) (h+i— 1
B (h+1i— 1) 1
‘! (Vl+)\ VT (k=)
Let

el —1 (h+i—1)
P = Kikaey 303 dn )

h+i
I=1 h=1 (Vi + Aj) +
r1j
. (k+1—1)!
1x
piy = KiKady, c]k( , )—IH
] ]Zl ; (Vl =+ )\j) +
Then f7 (2) in (B.64) can be written as
p1 "1 k-1 1 o
j:l’;::l = Jklr = )Z exp (—A;2); 2>0
fz(2) = e 1 -
S h—i—1
T (h—4) " exp(nz);  z2<0.
=1 h=1 z:Op]le(h—Z) ( ) p( l )

Thus Z with pdf given by (B.65) can be seen as a mixture of particular independent
random variables. To make this variables come from a familiar distribution, we can make
the following definitions

1
Pjki = pjkz i
)\J
1
* _ 1x
Pjri Piki =
v
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Therefore, Z is a mixture of independent gamma random variables and has pdf given by

( p1 T k—1 )\;?*i A
ZMZI > Pﬂclmzk_’_l exp (—=A;z2); 220
j=1k=11i=0
fZ (Z) = < P1 Ty h—1 Vh 7 heie1
. 12 mﬁ(—z) Texp (112); z2<0
1= = =0
( p1 T k—
- p2 T h—1
ZMZI > pjkllem (—2); z <0,

\

where fz,.(2) is the pdf of Zj; ~ I'(k—i,);) and fz; (—2) is the pdf of Zj; ~
P(h—’i,l/l) . n

If € R is a shift parameter then

Z+9 ~ SDGIG (le>@7Ajaﬂﬂplap279> .

Next, the cdf of Z is determined using the pdf of Z in (B.58) as

2) = /Zfz (t) dt

Two cases, i.e. z > 0 and z < 0 will be considered.

When z > 0;
FZ (Z)
= /fZ () dt

— /OfZ(t)dt+/ZfZ(t)dt

ror h—1 r1j k—1
- /Zzzpjklleh dt_'_/ Z kalesz
oo =1 h=1 =0 0 7=1 k=1 =0
p2 1o h—1 15 k—1
= ZZZP;I«:Z/JCZZM t) dt + ZZpgm/fZM
=1 h=1 =0 7=1 k=1 =0
p2 T2 h—1 p1 T k—1
- ZZZP;MJFZ Zp lFngz
=1 h=1 =0 =1 k=1 =0
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where F,, (2) is the cdf of Zj;,. Therefore when z > 0, then

p2 T2 h—1 Ty k—

Z Z Zpﬂcl + Z Z ijleijl : (B.66)

=1 h=1 =0 j=1 k=1 =0

If 2 <0

Fy(z) = / Fy (1) dt

ro; h—1

S

=1 h=1 =0

—00

p2 T2 h—1

=ZZZ%/%

=1 h=1 i=0
p;kl /szm dt /fZlhz

>

p2 1o h—1

1

I=1 h=1
p2 T h—1
= p;kl (1 FZth ( ’Z)) :
I=1 h=1 i=0
Therefore if z < 0:
p2 191 h—1
=33 wh (1= P (=2)) (B.67)
I=1 h=1 i=0

Combining (B.66) and (B.67), the cdf of Z is given by

p2 T2 h—1 p1 Tij k—1

S Yt XL Db (z) 220
FZ (Z) = P2 Top hz 1 / ! (B68)
lzlhzl > Pjki ( FZ;M (—2)> z < 0.

Lastly, the weights in (B.58) and (B.68) are shown to add to 1, and hence valid weights.
Integrating f7 (z) over the entire state space yields
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0o 0 00
/fZ(Z)dZ = /fz(z)dZ—i-/fZ(z)dz
p2 T h—1 p1 T k—1 o0
= 33> / P s+ 35S [ e 14
=1 h=1 =0 j=1 k=1 =0
p2 T2 h—1 p1 T k-1
= DD Pt YD b (B.69)
=1 h=1 =0 7j=1 k=1 =0

Since [ fz(z)dz =1, the weights sum to 1.

Result 39 [16] Let Y and W be independent random variables such that

Y ~ DGIG <T1j,@, A‘aﬂaplﬂp2)

A

and W ~ T (p,0). Define the random variable Z, such that
=Y +W.

The cdf of Z1 is given by

( p1 T1j k—

>0 ZPaleGI()
7j=1k=11:=0
p2 T2 h—1

Fz (2)=< T Z > Z p]k;lFDGl (2); 220 (B.70)

=1h=1 1=
p2 ror h—1

Zzzp]leDGl()7 z <0,

\ [=1h=11i=

where pjx and piy, are defined in (B.59) and (B.60) respectively. Fg, (2) and Fpg, (2) is
of form (B.52) and (B.18) respectively. The pdf of Z is given by

( p1 "1 k—1

il kZJl 2} pjklfG1 (Z)

p2 T21 h—1

[z, (2) = ‘I'ZZ Zp]klfDal( z); Z

=1h=1 1=

WV
o

p2 T2 h—1

ZZijszDcl( z); z <0,

=1h=1 1=

\

where fa, (2) and fpg, (2) is of form (B.53) and (B.17) respectively. (See [16] for further
details.)
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Proof. Using independence of Y and W, cdf of Z; is given by

[e.e]

Fz (2) = /Fy(z—w)fw(w)dw z € (—00,00).

—00

When z > 0, (B.68) can be use and if follows that

Fa()) = [ B w)fw ot [Fre = u)y @) du
—oo =0 z <0
= /Fy(z—w)fw (w)dw—l—/Fy(z—w)fW (w) dw
o \W—/O J T
_/FY(Z_w)fW (w) dw
—00 <0
2 ror h—1 T k—1
/ [ZZZI%MZ pinkFz,, (z —w )] fw (w) dw
oo LI=1 h=11 0 j=1 k=1 =0
= ror h—1
+ / S S0 S b (1 Fag, (0= 2)) i ()
=1 k=1 i=0
2 pa Ty h-1
/ZZZP;M — Fyy (w—2)) fw (w) dw (B.71)
=1 h=1 i=0

(B.71) can be simplified further to obtain:

p2 T2 h—1

S D 3 LIRITS 9 ot

=1 h=1 =0 j=1 k=1 i=0
h—

z

< / Fu (2 — w) fiv (w) duw + Z P | Fur (w) duw

—00 0

ro; h—1

DD P / Frg, (= 2) fu (w) du

=1 h=1 =0

p2 T2 h—1

—zzzpﬂd/fw

=1 h=1 i=0

p2 T h—1

#2202 ri / ~2) i (), ®.72)

=1 h=1 i=0
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where Zj; ~ ' (k —i,\;) and Z}, ~ ' (h —i,v;). Note that

/ Fpp (2 — w) fiv (w) duo

0
P(ijl S Z — W)

(B.73) is the cdf of a sum of two independent gamma random variables, therefore Zj;; +
W ~ GNIG (2,r*,\") where r* = (k—i,p) and A* = (A;,d). Denote this cdf by
Fg, (2) and is given by (B.52). (B.72) can be simplied using (B.73) and the fact that

/fW (w)dw = /FZz*m (w — z) fw (w) dw = 1. Therefore (B.72) becomes

—00

FZ1 (Z) - . : pjkl/Fijl (Z - w) fW (w) dw

+ p;kl/FZ;kl (w— z2) fw (w) dw
‘ 0
T2l h—l

p2
= piFe, (2)+ D> piuFoa, (2).

j=1 k=1 =0 =1 h=1 i=0

When z < 0, use (B.68) and derive

Fy(2) = / Fy (2 — w) fw (w) dw

ro; h—1

N /Zzzp}(kl (1_FZl*hi (U)—Z>)fw(w)dw

» =1 h=11=0

p2 1oy h—1 0
= ZZZ%/fW (w) dw
=1 h=1 =0 e
p2  rop h—1 o
SN S v [ P (w2 o () B.74)
=1 h=1 =0

z
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Further note that
/FZ;M (w—2) fw (w) dw
= P(Zy<W-2)
= 1-PW-2,<2). (B.75)
(B.75) is the cdf of W — 7%, and will be denoted by Fg, (2), the form of Fipg, (2) is

given in (B.18).
Integrals in (B.74) equates to 1. Using (B.75); the cdf in (B.74) can be represented as

p2 T2 h—1 p2 1o h—1
Fri(2) = 2.3 D Pw=2_2 D Pu(l=Fra (2))
=1 h=1 =0 =1 h=1 =0
p2 T2 h—1
= > > PuFoe (2),
=1 h=1 =0

and the cdf of Z; is therefore given by

( p1 "1 k-1

Fz(z) =9 +X > 2 Pintpc, (2); 220

=1 h=1 =0
p2 T h—1

Zzzp]leDGl()v z <0,

\ [=1h=11=

The pdf of Z; is given by

fZ1 (Z)

= + Z ]klfDG1< )7 z20

jk‘lfDGI ( )7 z < 07

where fg, (2) and fpe, (2) is of form (B.53) and (B.17) respectively. m
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Result 40 [16] Let Y and W be independent random variables such that

Y ~ DGIG <m,@,éj,ﬂ,plapz>

and W ~ T (p,0). Define the random variable Z; such that

The cdf of Z; is given by

(

FZz (Z) =

\

where pjr and piy, are

1=> > ZpgkzFDaz(
1_2 > ijleGz(
+>2 2 > PimFpe, (—2

ZQIY—W

p1 T k—1
z);

J=1k=111=

(B.76)

p2 T2 h—1
z)

=1h=11i=

p1 T k—1
z >0,

);

j=1k=1i=0

defined in (B.59) and (B.60) respectively. Fg, (2) and Fpg, (2)

are defined in (B.52) and (B.18) respectively. The pdf of Zs is given by

fZ2 (Z) =

( p1 Tij k—1
> PiktfpG, (—2); z>0
=1 k=1i=0
p2 T2 h—1
.20 > Piufa, (—2) (B.77)
=1 h=1 i=0
p1 T1 15 —
> Z Z piktfoa, (—2); 2> 0,
\ j=1k=11i=0

where fq, (2) and fpg, (z) is defined by (B.53) and (B.17) respectively. (See [16] for

further details.)
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Proof. Two cases, i.e. z > 0 and z < 0 will be considered.
Consider first when z < 0.Using independence between Y and W, the cdf of Z; is
given by

Fz,(2) = /Fy(w + 2) fw (w) dw + /Fy(w + 2) fw (w) dw
0 <0 Zz >0
p2  T9; h—1 p2 T2 h—1
= Zp}kkz/fw ) dw — ZZZP}};/FZ*M —z—w) fw (w) dw
I=1 h=1 i=0 I=1 h=1 i=0
p2  ror h—1 o0 Ty k—
+ p;kl fw (w dw+ZZZkaZ/FZJkl (z +w) fw (w) dw
I=1 h=1 i=0 j=1 k=1 i=0
p2 T2 h—1 ° p2 T2 h—1
= p;kl/fW ) dw — ZZ p;kl/FZ " —w) fw (w) dw
I=1 h=1 i=0 o I=1 h=1 i=0
p1 T k—1 o0
+ ijkl/Fngl (Z + w) fW( ) w, (B?S)
j=1 k=1 i=0

where Zj; ~ ' (k —1,\;) and Z}, ~ ' (h —i,v;) . Note that

—z

/ Fys, (=2 —w) fir (w)
= P(Z,<—2z-W)
= P (Z;kl + W < —z)
= Fg,(—2), (B.79)

Zjw +W ~ GNIG (2,17*,\*) where r* = (h —14,p) and \* = (v;,9). Therefore the cdf

of Zji + W is given by (B.79) and is of form (B.52) and shall be denoted by Fg, (—=z).
Next, consider

[e.e]

/ Frp (2 + ) fir (w) duo

= 1—P(ijl§W—Z)
== 1—P(ijl—W§—Z>
= 1—Fpg, (—2), (B.80)

where Fpg, (—2) is the cdf of Fpg, (—2) with its form given by (B.18). Substituting
(B.79) and (B.80) in (B.78) so that it becomes
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p2 T2 h—1 p2 T2 h—1
Fy, (Z) - Z Zp;kl - pjleGz ( Z)
I=1 h=1 i=0 I=1 h=1 i=0
p1 T k—1
+ piki (1 — Fpa, (—2)) . (B.81)
j=1 k=1 i=0
From (B.69), it follows that
p2 T2 h—1 15 k—1
> Pjw + Z Pkt =1,
=1 h=1 =0 7j=1 k=1 i=0
therefore (B.81) becomes
p2 T21 h—1 p1 T k—1
F22 = pﬂglf‘ﬁ(;2 —|— ijleDGQ . <B82)
=1 h=1 i=0 7j=1 k=1 i=0

If z > 0. Using independence between Y and W, the cdf of Z, is given by

Fa@) = [Fws)few)de
0 >0
p2 121 h—1 o0
- p;kl/fw
=1 h=1 =0 0
15 _ oo
+ ijkl/ Zjkl Z + w) fW( ) w. (B83)
7=1 k=1 =0 0

p2  1rop h—1 T k—1 p1 T k—1
*
Fg(2) = > Pj + Pjkl — pinEpa, (—2)
=1 h=1 =0 7=1 k=1 =0 7=1 k=1 =0
p1 T k—1
= 1- pjleDGg (—Z) . (B84)
7j=1 k=1 i=0

From (B.84) and (B.82) the cdf of Z, is given by
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( p1 T k—1

1_Zzzp1leDG2< 2); 2> 0

j=1k=111=

p2 T2 h—1

Fyz, (2) = 1_ZZZPJMFG2( z)

=1h=11i=
p1 T k—1

+ZZZP]I€IFDG2< 2); 2> 0,

\ J=1k=1:i=

The pdf of Z; is given by

d

fzz (z) = EFZ2 (Z)

( p1 Tij k—1

o2 > pirfpa, (—2); 2> 0

j=1k=1i=0

p2 T h—1

=) =2 2 Pufe ()

=1h=1i=
p1 "1y k-1

— > > > Pikifpa, (—2); z >0,

\ j=1k=11=0

where fg, (2) and fpg, (2) is defined by (B.53) and (B.17) respectively. =
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C. Computational modules

This section contains details of the proposed computational modules for the near-exact
distributions of Y (see (1.5)) and their implementations. The proposed computational
modules are implemented using Mathematica, Version 10.

D1: All modules for the implementation of the first and second near-exact distribu-
tions are available at the following link:

http://www.up.ac.za/media/shared /115 /product-of-independent-gen-
gamma.zpl101826.pdf

D2: The link also contains modules for the implementation some of important statis-
tical distributions used in near-exact distributions developed in this study. Among these
statistical distributions is the generalised near-integer gamma. Modules for implemen-
tation of its pdf and cdf are denoted, respectively, by GNIGpdf|z_,elA_,['A\_,elr_,Ir_]
and GNIGcdf[z_,el\_,TA_,elr_,I'r_] where z is the running value, the vector el\ and
the parameter I'\ are the rate parameters, the vector elr is a list of the integer shape
parameters and ['r is a non-integer shape parameter. Alternative modules can be found
at the following link:

https:/ /sites.google.com/site /nearexactdistributions/

D3: The module to implement cumulative probabilities for the first near-exact dis-
tribution is denoted by SDGIGcdf [z_,rl1_,r2_,A1_,A2_]. z is the running value, the
vectors rl and r2 are list of parameters as indicated in (3.4) (specifically 6; and f3%).
The vectors A1 and A2 contains parameters as indicated in (3.4) (specifically m;” and m ).

D4: The proposed module to implement cumulative probabilities for the second near-
exact distribution is denoted by SDGIGcdf2[z_,r1_,r2_,A\1_,A2_,F'A ,I'r_]
where z, r1, r2, Al and A2 are defined above. I'\ and I'r denote, respectively, the rate
and the shape parameters for the independent gamma distributed random variables.

D5: Parameters used in modules GNIGpdf[z_,elA_,['\_,elr_,Ir_|, GNIGcdf[z_-
,el\_,TA_,elr_,I'r_| and SDGIGcdf2[z_,r1_,r2_,A1_,A2_,TA ,T'r_] are obtained us-
ing a module denoted by ParameterPrep|rn_,rd_,An_,Ad_,0n_,dd_,precision_|, where
rn, A\n and dn denote vectors for shape, rate and power parameters, respectively, of gener-
alised gamma distributed random variables that are in of the numerator of G (see (1.3))
or having positive power parameters in Y (see (1.1.2)). rd, Ad and dd denote vectors for
shape, rate and power parameters, respectively, of generalised gamma random variables
in the denominator of G (see (1.3)) or with negative power parameter in Y (see (1.1.2)).
The precision parameter is denoted by precision.

D6: To evaluate modules for both the first- and second near-exact distribution, some
preliminary modules in the link need to be evaluated first. Table 5.1 contains a list of such
modules with an indication by X of whether they should be evaluated before a module for
a given near-exact distribution is evaluated.
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Table 5.1: List of preliminary modules to be evaluated before a near-exact distribution
module is evaluated

Module First Second
near-exact near-exact
FactorK[A ,r_] X X
cik[t_,r_,A_] X X
GNIGcdf[z_,elA_,TA ,elr_,I'r_| X
DGamErlangcdf(z_,el\_,TA_,elr_,I'r | X
SDGIGcdfpos(z_,rl_,r2_,A\1_, \2_,TA_,I'r_] X
SDGIGcdfpos(z_,rl_,r2_,A\1_,\2_,TA_,I'r_] X

D7: In addition to these preliminary modules, the module for the first near-exact
distribution uses a Mathematica function to evaluate the cdf of the Erlang distribution
(see B.7).

As an example of an application of these modules, consider Case III in Table 4.1
1 2 1 1 1
r { 737572}7 )\ {37 Y 077}7 5 {27 Y 47 3}

1 2 11
By using ParameterPrep[{2, 3}, {5, 5} ,{3,2}, {10, ?} , {%, 2} , {Z’ §} ,20], the pa-

rameters for near-exact distributions are obtained. Various computational studies (similar
to those in Section 4.3) can be perfomed using these parameters and a relevant module
for a particular near-exact distribution.

Modules for the implementation of empirical distribution can be obtained in the link
below

http://www.up.ac.za/media/shared /115 /product-of-independent-gen-
gamma.zpl101826.pdf
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